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 a b s t r a c t

Forecasts for uncertain future events should be probabilistic. Probabilistic forecasts are
commonly issued as prediction intervals, which provide a measure of uncertainty in
the unknown outcome whilst being easier to understand and communicate than full
predictive distributions. The calibration of a (1 − α)-level prediction interval can be
assessed by checking whether the probability that the outcome falls within the interval is
equal to 1−α. However, such coverage checks are typically unconditional and therefore
relatively weak. Although this is well known, there remains a lack of methods to assess
the conditional calibration of interval forecasts. In this work, we demonstrate how this
can be achieved via decompositions of the well-known interval (or Winkler) score. We
study notions of calibration for interval forecasts and then introduce a decomposition
of the interval score based on isotonic distributional regression. This decomposition
provides meaningful non-negative measures of the discriminative ability and conditional
miscalibration of interval forecasts, at both the population and the sample level, and
additionally provides an interpretable diagnostic tool to assess conditional calibration in
practice. This is illustrated on simulated data and in three applications to benchmark
regression datasets.

© 2026 The Author(s). Published by Elsevier B.V. on behalf of International Institute of
Forecasters.

This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Reliable forecasts are essential for effective decision making in the face of uncertainty. Forecasts are commonly issued 
as prediction intervals, which specify a range within which an outcome is expected to lie with a certain probability. 
Prediction intervals account for the uncertainty in the unknown outcome, in contrast to traditional point forecasts, whilst 
providing a convenient means to communicate the output from full predictive distributions to forecast users. They are 
therefore issued in a variety of application domains: national weather centres commonly report prediction intervals for 
temperature and precipitation to the general public; epidemiological forecasts often take the form of a collection of 
prediction intervals at several probability levels, such as those available in the COVID-19 Forecast Hub (Ray et al., 2020); 
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and interval forecasts have also been requested in popular forecasting competitions (Hong et al., 2016; Makridakis et al., 
2020, 2022). Throughout this paper, we use the terms ‘interval forecast’ and ‘prediction interval’ interchangeably.

Interval forecasts have gained considerable attention recently, due to the development of conformal prediction 
algorithms, which can generate prediction intervals that are calibrated (or valid) by construction (Vovk et al., 2022, 
Section 2). Generally, the calibration of a (1 − α)-level prediction interval is assessed by checking whether the empirical 
coverage of the prediction intervals is close to 1 − α. It has repeatedly been acknowledged that such unconditional 
checks for calibration are insufficient, since biases can cancel out in such a way that the forecasts have the correct 
marginal coverage despite being clearly miscalibrated in particular circumstances (Christoffersen, 1998). For example, 
many conformal prediction algorithms achieve unconditional calibration despite issuing prediction intervals of a fixed 
length, which thus do not adapt to covariates or to the complexity of the forecasting task (see e.g. the discussion in 
Romano et al., 2019).

It is therefore desirable to additionally assess the conditional calibration of interval forecasts, which essentially 
corresponds to the prediction intervals having the desired coverage conditional on some auxiliary information. This 
auxiliary information typically corresponds to the information used to generate the forecast, represented by covariates, 
filtration sets, or the forecast itself. In practice, conditional calibration is often evaluated by grouping together forecasts 
according to this auxiliary information, and then checking whether the prediction intervals exhibit the correct coverage 
given that each group occurred. Statistical tests for conditional calibration can similarly be derived by checking whether 
it is possible to predict when the outcome will fall within the prediction interval. If this is predictable given the auxiliary 
information, then there is evidence to suggest that forecasts are not conditionally calibrated (Gibbs et al., 2025). This is 
analogous to the standard framework of conditional moment testing (Andrews & Shi, 2013; Newey, 1985), which is closely 
related to the notions of multicalibration and multiaccuracy in fair machine learning (Hébert-Johnson et al., 2018; Kim 
et al., 2019), and is also often used to test for conditional calibration of quantile forecasts (or, equivalently, conditional 
backtesting of value-at-risk forecasts) (Engle & Manganelli, 2004; Kuester et al., 2006; Nolde & Ziegel, 2017).

In this paper, we present an alternative framework to quantify the conditional (mis)calibration of interval forecasts. 
This framework provides a diagnostic tool that practitioners can use to assess whether or not their interval forecasts 
are conditionally calibrated. While this measure of miscalibration could also be used to construct tests for conditional 
calibration, we do not explore this here. The framework that we introduce is based on score decompositions, which are 
commonly used to assess the conditional calibration of both point forecasts and probabilistic forecasts. Scoring functions 
and scoring rules summarise forecast quality in a single number, through which competing forecasters can be ranked 
and compared (Gneiting, 2011; Gneiting & Raftery, 2007). Average scores over multiple forecast cases can be decomposed 
into terms that measure different aspects of forecast performance. Most commonly, average scores are decomposed into 
measures of forecast uncertainty, information content, and (conditional) miscalibration. Such decompositions were first 
proposed by Sanders (1963) and Murphy (1973) for the squared error. DeGroot and Fienberg (1982) and Bröcker (2009) 
then generalised this decomposition to any scoring rule, thus facilitating an assessment of the conditional calibration of 
probabilistic forecasts. Bentzien and Friederichs (2014) applied this decomposition to the quantile score (or pinball loss), 
allowing the conditional calibration of quantile forecasts to be quantified. Gneiting and Resin (2023) introduced a general 
framework for decomposing scoring functions when the forecast is an arbitrary univariate functional of a predictive 
distribution. A detailed history of score decompositions is provided by Mitchell (2020) and Pohle (2020).

However, despite the importance of prediction intervals in many application domains, no score decompositions have 
been proposed to assess the conditional calibration of interval forecasts.1 In this work, we demonstrate how a conditional 
notion of interval forecast calibration can be assessed via decompositions of the interval score (also referred to as the 
Winkler score), which is the canonical scoring function with which to assess central prediction intervals (Brehmer & 
Gneiting, 2021; Gneiting & Raftery, 2007; Winkler, 1972). The decomposition of the interval score provides a measure of 
conditional calibration that is non-negative and equal to zero if and only if the interval forecasts satisfy a relatively strong 
notion of conditional calibration, namely auto-calibration (Gneiting & Ranjan, 2013; Tsyplakov, 2011). The decomposition 
additionally provides a measure of discriminative ability that quantifies how informative the interval forecasts are, which 
is not available from existing tests for conditional calibration.

Having introduced the interval score decomposition at the population level, we then demonstrate how the decompo-
sition terms can be estimated in practice using isotonic distributional regression (IDR; Henzi et al., 2021). This follows 
a recent strand of literature on the estimation of score decomposition terms using isotonic regression: Dimitriadis et al. 
(2021) originally proposed this when evaluating probability forecasts for binary outcomes; Gneiting and Resin (2023) 
extended it to forecasts for particular functionals, which was applied to quantile forecasts by Gneiting et al. (2023); Arnold 
et al. (2024) employed IDR to estimate the decomposition terms for the continuous ranked probability score (CRPS) when 
evaluating the conditional calibration of full predictive distributions. Like their population counterparts, the estimated 
interval score decomposition terms are guaranteed to be non-negative. In a series of applications to simulated data and 

1 Braun et al. (2025) recently independently proposed a similar decomposition-based approach to estimate the conditional calibration of interval 
forecasts. While we focus here on decompositions of the interval score, Braun et al. (2025) considered decompositions of scoring rules for binary 
outcomes, such as the Brier score or log score, which are used to assess predictions for whether the outcome will fall within the interval forecast. 
One benefit of this latter approach is that the decomposition terms are arguably easier to estimate in practice. However, by decomposing the interval 
score, the decomposition terms are more directly connected to the overall performance of the interval forecasts, since this is typically quantified 
using the interval score. In particular, we can quantify how much of a forecast’s interval score is attributable to conditional miscalibration.
2
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benchmark regression datasets, we demonstrate that the resulting decomposition terms provide information that is not 
available from simply comparing the average length of unconditionally calibrated prediction intervals, which is commonly 
performed for example in the conformal prediction literature (Fontana et al., 2023; Shafer & Vovk, 2008).

The remainder of the paper is organised as follows. Notions of coverage and calibration of interval forecasts are intro-
duced and compared in the following section. Section 3 demonstrates how these can be assessed using decompositions 
of the interval score. These decompositions are applied to simulated data in Section 4, and to benchmark regression 
datasets in Section 5. All proofs are deferred to Appendix  A, while R code to reproduce the results herein is available at 
https://github.com/sallen12/CondIntCal_rep.

2. Calibration of interval forecasts

2.1. Notation

Suppose that we wish to forecast a real-valued variable Y ∈ R, and that our forecast takes the form of a central (or 
equal-tailed) 1−α prediction interval for some arbitrary fixed α ∈ (0, 1). We treat the interval forecast here as a random 
interval, with lower and upper bounds denoted by L ∈ R and U ∈ R, respectively, with L ≤ U almost surely. In practice, 
forecast evaluation is performed over a set of multiple forecasts and observations, which can be interpreted as realisations 
of [L,U] and Y .

Following Brehmer and Gneiting (2021), we denote the set of possible intervals as I = {[ℓ, u] : ℓ, u ∈ R, ℓ ≤ u}. We 
treat [L,U] as a central prediction interval, in the sense that the forecaster assumes that the probability that Y  is lower 
than L is equal to the probability that Y  is larger than U . Central prediction intervals are by far the most common form 
of interval forecast in practical applications, though extensions to non-central prediction intervals and modal interval 
forecasts are discussed in Appendix  B and Appendix  D, respectively.

Central prediction intervals are often generated from the quantiles of a predictive distribution F . We denote by Qα(F )
the set of α-quantiles of F , and by qα(F ) an arbitrary element of this set. The set of quantiles Qα(F ) is either a singleton, 
making qα(F ) the unique α-quantile of F , or a closed interval between the lower and upper α-quantiles of F . We simplify 
the notation to Qα(Y ) and qα(Y ) to denote the α-quantiles of the marginal distribution of Y , and Qα(Y | Z) and qα(Y | Z)
for the α-quantiles of the conditional distribution of Y  given an arbitrary random variable Z .

Regardless of how the forecasts are constructed, we assume that the interval forecasts implicitly or explicitly depend 
on some covariate information X ∈ X . That is, L and U can be interpreted as functions of X . More generally, X can 
be interpreted as the information available to the forecaster at the time the forecast [L,U] is issued. We assume that 
X characterises the information used in the prediction, in the sense that σ (L,U) ⊆ σ (X). We denote by P the joint 
distribution of the tuple (L,U, Y , X), and, where relevant, assume that equalities involving these random variables hold 
almost surely.

2.2. Unconditional calibration

The calibration of a central prediction interval is typically assessed by checking whether the outcome falls within the 
interval with the desired coverage level, 

P(Y ∈ [L,U]) = 1 − α. (1)

While this definition ignores that [L,U] is a central prediction interval, in that it neglects the probabilities with which the 
outcome falls above and below the interval, it is common to additionally assess whether P(Y < L) = P(Y > U) = α/2, 
which would imply that (1) is satisfied. Requiring equality in (1) may also be prohibitive, especially when Y  is discrete. 
To account for this, we therefore define an interval forecast as unconditionally calibrated if it satisfies the following 
requirement.

Definition 1.  An interval forecast [L,U] is unconditionally calibrated if 

P(Y < L) ≤
α

2
≤ P(Y ≤ L), and P(Y > U) ≤

α

2
≤ P(Y ≥ U). (2)

If a forecast is unconditionally calibrated according to (2), then 

P(Y ∈ (L,U)) ≤ 1 − α ≤ P(Y ∈ [L,U]), (3)

which simplifies to (1) when P(Y ∈ {L,U}) = 0. This generalised notion of unconditional calibration accounts 
for discontinuities in the joint distribution of (L,U, Y ). In the literature, accommodating discontinuities in the joint 
distribution is often achieved by weakening (1) to P(Y ∈ [L,U]) ≥ 1− α, allowing conservative prediction intervals to be 
calibrated. The additional lower bound in (3) strengthens the requirement for calibration by limiting how conservative a 
calibrated prediction interval can be.
3
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2.3. Conditional calibration

The definition of unconditional interval calibration averages across all possible forecasts and observations, neglecting 
possible conditional biases and rendering the requirement in (2) fairly weak. One could argue that it therefore provides a 
minimum requirement for forecasts to be considered reliable, justifying checks for unconditional calibration in practice. 
However, it has repeatedly been remarked that forecasts should be conditionally calibrated, since this ensures that 
the prediction intervals exhibit the correct coverage in particular forecasting scenarios, not just on average (see e.g. 
Christoffersen, 1998; Fontana et al., 2023; Shafer & Vovk, 2008). Given the covariates X used to obtain the forecast, 
conditional calibration is typically defined as follows.

Definition 2.  An interval forecast [L,U] is conditionally calibrated given X if 

P(Y < L | X) ≤
α

2
≤ P(Y ≤ L | X), and P(Y > U | X) ≤

α

2
≤ P(Y ≥ U | X). (4)

As defined in (4), conditional calibration given X implies that 
P(Y ∈ (L,U) | X) ≤ 1 − α ≤ P(Y ∈ [L,U] | X), (5)

which simplifies to the more familiar requirement that P(Y ∈ [L,U] | X) = 1 − α when P(Y ∈ {L,U} | X) = 0. As in (1), 
the inequalities in (4) and (5) constitute sensible bounds on how conservative a conditionally calibrated interval forecast 
can be.

The requirement in (4) is often referred to simply as conditional calibration. We make explicit in the definition that 
this corresponds to conditional calibration given X , since calibration could more generally be defined conditional on other 
information sets. For example, in the probabilistic forecasting community, it is common to condition on the information 
provided by the forecast itself. This is typically referred to as auto-calibration (Gneiting & Ranjan, 2013; Tsyplakov, 2011).

Definition 3.  An interval forecast [L,U] is auto-calibrated if 

P(Y < L | L,U) ≤
α

2
≤ P(Y ≤ L | L,U), and P(Y > U | L,U) ≤

α

2
≤ P(Y ≥ U | L,U). (6)

Remark 4.  Both conditional calibration and auto-calibration can alternatively be defined in terms of quantiles of the 
conditional distribution of Y . In particular, (4) is satisfied if and only if

L ∈ Q α
2
(Y | X), and U ∈ Q1− α

2
(Y | X).

That is, the interval forecast is conditionally calibrated if and only if L and U provide calibrated forecasts for the α/2 and 
1 − α/2 quantiles of Y . Similarly, the forecast is auto-calibrated if and only if

L ∈ Q α
2
(Y | L,U), and U ∈ Q1− α

2
(Y | L,U).

Auto-calibration again implies a conditional coverage requirement, which simplifies to P(Y ∈ [L,U] | L,U) = 1 − α
when the joint distribution of (Y , L,U) is continuous. While it is more common to assess the conditional calibration of 
interval forecasts given covariates, as defined in (4), auto-calibration constitutes a very intuitive notion of calibration, since 
it implies that the forecast can be taken at face value, which is the minimum requirement for forecasts to be useful for 
decision making. Auto-calibration is analogous to the notion of conditional calibration typically used to assess probabilistic 
forecasts for binary events, where it is required that the conditional probability that the event occurs given the forecast 
is equal to the forecast itself (Dawid, 1982; Murphy & Winkler, 1977). This is often referred to as ‘perfect calibration’ 
in the machine learning literature (e.g. Guo et al., 2017). Similarly, the calibration of mean forecasts is often assessed 
conditionally on the forecast value (Gneiting & Resin, 2023; Mincer & Zarnowitz, 1969).

Moreover, when X is high-dimensional, auto-calibration also has the advantage that it is generally easier to assess 
than conditional calibration. Conditional calibration assessment requires estimating the conditional quantiles of Y  given 
X , which is essentially equivalent to the original forecasting problem. In contrast, assessing auto-calibration requires 
estimating the conditional quantiles of Y  given the prediction interval, which is typically easier in practice. Essentially, 
the forecast [L,U] represents a lower-dimensional proxy for the information provided by X . A similar argument is 
sometimes made to justify assessing the calibration of probabilistic classifiers conditional on forecast probabilities rather 
than covariates (e.g. Huang et al., 2023). If the forecast leverages all information provided by the covariates, in the sense 
that σ (L,U) = σ (X), then auto-calibration and conditional calibration are equivalent. More generally, this is the case if 
[L,U] is a sufficient statistic for Y  relative to X . On the other hand, if the forecast does not efficiently utilise the information 
provided by the covariates X , then auto-calibration will generally be a weaker notion of calibration than conditional 
calibration. Recall that we want our forecasts to satisfy the strongest notion of calibration possible, since this implies that 
they exhibit the correct coverage conditional on a larger information set.

If the forecast fails to use any of the information in the covariates, then σ (L,U) is trivial, in which case auto-calibration 
is equivalent to unconditional calibration. Conditional calibration also simplifies to unconditional calibration if Y  and 
4
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X are independent. In practice, Y  is generally independent of neither X nor [L,U], so that conditional calibration and 
auto-calibration are much stronger than unconditional calibration. Similarly, when the forecasts are obtained using 
state-of-the-art statistical and machine learning models, [L,U] contains much of the information provided by X , so that 
auto-calibration is not much weaker than conditional calibration. These relationships between the different notions of 
calibration are summarised in the following proposition.

Proposition 5.  The following relationships hold between the notions of interval calibration:
(i) Conditional calibration given X implies unconditional calibration. Unconditional calibration implies conditional calibration 

given X if Y  and X are independent.
(ii) Auto-calibration implies unconditional calibration. Unconditional calibration implies auto-calibration if Y  and [L,U] are 

independent.
(iii) Conditional calibration given X implies auto-calibration. Auto-calibration implies conditional calibration given X if [L,U]

is a sufficient statistic for Y  relative to X.

Remark 6.  We assume throughout that the information provided by the forecasts is no larger than the information 
provided by the covariates, i.e. σ (L,U) ⊆ σ (X). In this case, Proposition  5(iii) states that if an interval forecast is 
conditionally calibrated, then it is also auto-calibrated; put differently, conditional calibration is the stronger notion 
of calibration. If we were to consider conditional calibration with respect to a smaller subset of covariates, for which 
σ (L,U) ̸⊆ σ (X), then conditional calibration will generally not imply auto-calibration. Conversely, if σ (X) ⊆ σ (L,U), then 
auto-calibration would imply conditional calibration, making it the stronger notion of calibration.

Example 7.  Let X = (X1, X2), where X1, X2 ∼ N(0, 1) independently. Suppose Y ∼ N(X1 + X2, 1), and let τ  be equal to 
1 and −1 each with probability 1/2. Consider the predictive distributions F0 = N(0, 3), F1 = N(X1, 2), F2 = (1/2)N(X1 +

X2, 1) + (1/2)N(X1 + X2 + τ , 1), and F3 = N(X1 + X2, 1), with corresponding prediction intervals Ii = [qα/2(Fi), q1−α/2(Fi)], 
for i ∈ {0, 1, 2, 3}. The forecast I0 does not use the information provided by X1 and X2, issuing the central prediction 
interval of the unconditional distribution of Y . This forecast is unconditionally calibrated and auto-calibrated but not 
conditionally calibrated given X . The forecast I1 uses the information provided by X1 but not X2, issuing the central 
prediction interval of the conditional distribution of Y  given X1. This forecast is unconditionally calibrated and auto-
calibrated, and is conditionally calibrated given X1 but not given X = (X1, X2). The forecast I2 uses the information 
provided by X but not perfectly, exhibiting a positive or negative bias with probability 1/2. These biases average out so 
that the forecast is unconditionally calibrated, though the forecast is neither auto-calibrated nor conditionally calibrated 
given X . Finally, the forecast I3 issues the central prediction interval of the conditional distribution of Y  given X1 and X2. 
This forecast is conditionally calibrated given X , and is therefore auto-calibrated and unconditionally calibrated. These 
results are demonstrated in a simulation experiment in Section 4. In practice, a typical model for Y  in this example would 
be to fit two linear quantile regressions for the lower and upper interval bounds—that is, to assume that L and U are 
linear functions of both X1 and X2. Since qα(Y | X) is a linear function of X1 and X2 for any α ∈ (0, 1), it follows that 
auto-calibration and conditional calibration are equivalent for such a forecast.

3. Interval score decompositions

In this section, we demonstrate how the auto-calibration of interval forecasts can be assessed using decompositions 
of the interval score. After introducing the interval score, we present a population-level decomposition of the expected 
interval score into terms of forecast uncertainty, discriminative ability, and conditional (auto-) miscalibration. We then 
illustrate how these decomposition terms can be estimated in practice using isotonic distributional regression (IDR; Henzi 
et al., 2021).

3.1. The interval score

Calibration is a necessary requirement for interval forecasts to be considered trustworthy. However, checks for 
calibration do not directly provide a means to compare competing forecasts. Instead, interval forecasts should be compared 
using consistent scoring functions (Brehmer & Gneiting, 2021; Gneiting, 2011). A scoring function takes a forecast and an 
observation as inputs, and outputs a numerical value that quantifies the forecast accuracy.

A scoring function is consistent for a functional of a distribution if it is minimised in expectation when the functional 
of the true outcome distribution is issued as the forecast. If forecasters know the true data generating process, then they 
are therefore incentivised to issue this as their prediction (Gneiting, 2011). Consistent scoring functions are closely related 
to proper scoring rules for full predictive distributions, with a lower score being indicative of a more accurate forecast 
(Gneiting & Raftery, 2007; Waghmare & Ziegel, 2025).

For example, a scoring function S : I × R → [0, ∞) is consistent for the central 1 − α prediction interval if 
E[S([ℓ∗, u∗

], Y )] ≤ E[S([ℓ, u], Y )] (7)
5
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for all ℓ∗
∈ Qα/2(Y ), u∗

∈ Q1−α/2(Y ), and [ℓ, u] ∈ I. That is, the expected score is minimised when the interval forecast is 
derived from the relevant quantiles of the outcome variable Y . The scoring function is strictly consistent if equality holds 
in (7) if and only if ℓ ∈ Qα/2(Y ) and u ∈ Q1−α/2(Y ). Note that the interval forecast [ℓ, u] in (7) is a fixed (not random) 
element of I.

Interval forecasts are typically assessed using the interval score, or Winkler score (Gneiting & Raftery, 2007; Winkler, 
1972),

ISα([ℓ, u], y) = |u − ℓ| +
2
α
1{y < ℓ}(ℓ − y) +

2
α
1{y > u}(y − u) (8)

=
2
α

[
QS α

2
(ℓ, y) + QS1− α

2
(u, y)

]
, (9)

where 
QSα(x, y) = (1{y ≤ x} − α)(x − y) (10)

is the quantile score, or pinball loss, at level α. The quantile score at level α is consistent for the α-quantile, and, as a sum 
of quantile scores, the interval score is therefore consistent for the central 1 − α prediction interval.

The interval score is equal to the length of the interval forecast plus a penalty if the outcome falls outside the interval. 
The penalty increases as α decreases, recognising that the 1−α prediction interval should contain the outcome more often 
when α is close to zero. The interval score therefore implicitly rewards interval forecasts that are as short as possible, 
subject to containing the outcome with the desired coverage probability. This is made more explicit in the following 
section using decompositions of the interval score.

The interval score can be extended by applying non-decreasing transformations of ℓ, u, and y, thereby changing how 
outcomes outside of the interval are penalised (Brehmer & Gneiting, 2021), and can also be generalised to non-central 
prediction intervals. These two extensions are considered in Appendix  B.

3.2. Population-level decomposition of the interval score

While scoring functions condense forecast performance into a single numeric value, expected scores can be de-
composed into terms that quantify different aspects of forecast performance (Bröcker, 2009; Murphy, 1973). Most 
commonly, forecasts are decomposed into three terms, quantifying the inherent uncertainty in the forecast scenario, 
the discriminative ability of the forecast, and the forecast’s conditional (auto-) miscalibration. While decompositions of 
quantile scores have previously been studied (Bentzien & Friederichs, 2014; Gneiting et al., 2023), decompositions of the 
interval score have not yet been considered.

For the interval score, we can write 
E[ISα([L,U], Y )] = UNC − DSCA + MCBA, (11)

where

UNC = E[ISα([q α
2
(Y ), q1− α

2
(Y )], Y )],

DSCA = E[ISα([q α
2
(Y ), q1− α

2
(Y )], Y )] − E[ISα([q α

2
(Y | L,U), q1− α

2
(Y | L,U)], Y )],

MCBA = E[ISα([L,U], Y )] − E[ISα([q α
2
(Y | L,U), q1− α

2
(Y | L,U)], Y )].

The expectation in (11) is taken over both the interval forecast [L,U] and the outcome Y . These decomposition terms can 
be defined using arbitrary α/2 and 1 − α/2 quantiles of Y  (i.e. any qα/2 ∈ Qα/2 and q1−α/2 ∈ Q1−α/2), since all result in 
the same expected interval score.

The first term, UNC, is the expected interval score with the unconditional α/2 and 1 − α/2 quantiles of Y  used to 
construct the prediction interval. This term is independent of the forecast and depends only on the outcome, providing a 
measure of uncertainty in the forecasting scenario. The second term, DSCA, is the expected improvement in score obtained 
by using the conditional quantiles of Y  given the prediction interval [L,U] to define the interval forecast rather than the 
unconditional quantiles of Y , providing a measure of the discriminative ability inherent in the forecast [L,U]. This term 
acts negatively on the score, so that more informative forecasts yield lower interval scores. The final term, MCBA, is the 
expected improvement in score obtained by using the conditional quantiles of Y  given the prediction interval [L,U] to 
define the interval forecast rather than [L,U] itself, providing a measure of the miscalibration in the forecast [L,U]. This 
term acts positively on the score, penalising forecasts that are miscalibrated.

Since the interval score is non-negative and strictly consistent for the central prediction interval, the decomposition 
in (11) satisfies several desirable properties.

Proposition 8.  The decomposition of the expected interval score in (11) satisfies the following properties:
(i) DSCA ≥ 0 with equality if and only if qα/2(Y | L,U) ∈ Qα/2(Y ) and q1−α/2(Y | L,U) ∈ Q1−α/2(Y ).
(ii) MCB ≥ 0 with equality if and only if the interval forecast [L,U] is auto-calibrated.
A
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Of particular interest here is the miscalibration term, MCBA. This term provides a measure of how far the interval score 
for [L,U] differs from that of an auto-calibrated forecast interval based on the same information, thereby quantifying the 
extent to which the forecast [L,U] is not auto-calibrated. In particular, the measure of miscalibration obtained from the 
score decomposition can be interpreted as the amount by which the average interval score would be improved if the 
forecast were auto-calibrated.

Remark 9.  An analogous decomposition could also be used to measure conditional calibration instead of auto-calibration 
by replacing the quantiles qα/2(Y | L,U) and q1−α/2(Y | L,U) with qα/2(Y | X) and q1−α/2(Y | X), respectively. 
Analogous theoretical properties to Proposition  8 would hold, with the miscalibration being equal to zero if and only 
if the interval forecast is conditionally calibrated. This decomposition is discussed in detail in Appendix  C. However, such 
a decomposition requires knowledge of the conditional quantiles of Y  given X , which is essentially the original forecasting 
problem, limiting the applicability of such a decomposition in practice. For this reason, we restrict our attention in the 
following to auto-calibration and the decomposition in (11).

3.3. Sample-level decomposition of the interval score

In practice, an evaluation is performed over a set of n interval forecasts [ℓ1, u1], . . . , [ℓn, un] and corresponding 
outcomes y1, . . . , yn, which can be interpreted as realisations of the random interval [L,U] and the outcome variable Y . 
To estimate the terms of the auto-calibration decomposition in (11), we require estimates of the conditional quantiles 
of Y  given [L,U]. However, assuming that the forecasts [ℓ1, u1], . . . , [ℓn, un] are pairwise distinct, we only have one 
realisation of Y  given each observed interval forecast. Estimation of the conditional quantiles therefore requires making 
some assumptions about the relationship between Y  and [L,U], which should ideally be as weak as possible.

Several recent studies have argued that it is often reasonable to assume that there is an isotonic relationship between 
the forecasts and the observations. That is, a larger forecast generally corresponds to a larger observation. In this case, 
the decomposition terms can be estimated using variants of isotonic regression (Arnold et al., 2024; Dimitriadis et al., 
2021; Gneiting & Resin, 2023; Gneiting et al., 2023). Following this reasoning, we estimate the conditional quantiles 
qα/2(Y | L,U) and q1−α/2(Y | L,U) using isotonic distributional regression (IDR; Henzi et al., 2021), a flexible non-
parametric distributional regression procedure that requires very few implementation choices. IDR essentially corresponds 
to fitting isotonic quantile regressions at every quantile level simultaneously, under the constraint that the quantiles do 
not cross. Gneiting et al. (2023) employ isotonic quantile regression to obtain decompositions of the quantile score when 
evaluating quantile forecasts, and the framework adopted herein can therefore be interpreted as an extension of this 
approach to interval forecasts, which additionally accounts for possible quantile crossing.

We apply IDR to the observations yi using the corresponding interval forecast [ℓi, ui] as covariate, for i = 1, . . . , n. 
IDR assumes that a larger covariate corresponds to a larger observation, and hence, to fit IDR, we require a formal 
definition of when one interval forecast is larger than another. In other words, we require a partial order on I. We say 
that [ℓi, ui] ≤ [ℓj, uj] if ℓi ≤ ℓj and ui ≤ uj. That is, an interval forecast is larger (smaller) than another if the bounds of the 
interval are larger (smaller) than those of the other forecast. In this case, we say that the two forecasts are comparable; 
if they are not comparable, the intervals are nested. In theory, other orderings on the space of interval forecasts could 
also be considered, though not all orderings will result in meaningful decomposition terms; this is discussed further in 
Appendix  E.

Applying IDR to the interval forecasts and observations yields discrete predictive distributions F̃1, . . . , F̃n, and we 
denote by Q̃α,i the set of α-quantiles of F̃i, with q̃α,i = min Q̃α,i being the lower α-quantile of F̃i, for i = 1, . . . , n. We 
similarly denote by Q̄α the set of α-quantiles of y1, . . . , yn, and q̄α = min Q̄α . In assuming an isotonic relationship between 
the covariates and the outcome, the resulting IDR prediction intervals satisfy [q̃α/2,i, q̃1−α/2,i] ≤ [q̃α/2,j, q̃1−α/2,j] when 
yi ≤ yj, for all i, j = 1, . . . , n, where the ordering of the intervals is understood as defined above.

The general idea is that IDR provides recalibrated versions of the original interval forecasts, with q̃β,i an estimate of 
qβ (Y | L = ℓi,U = ui), for β ∈ {α/2, 1 − α/2}. The empirical quantile q̄β similarly provides an estimate of qβ (Y ). Using 
this, we can estimate the terms of (11) using the sample decomposition 

ÎS =
1
n

n∑
i=1

ISα([ℓi, ui], yi) = ÛNC − D̂SCA + M̂CBA, (12)

where

ÛNC =
1
n

n∑
i=1

ISα([q̄ α
2
, q̄1− α

2
], yi),

D̂SCA =
1
n

n∑
i=1

ISα([q̄ α
2
, q̄1− α

2
], yi) −

1
n

n∑
i=1

ISα([q̃ α
2 ,i, q̃1− α

2 ,i], yi),

M̂CBA =
1
n

n∑
ISα([ℓi, ui], yi) −

1
n

n∑
ISα([q̃ α

2 ,i, q̃1− α
2 ,i], yi).
i=1 i=1
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Each of these terms corresponds to a sample estimate of the respective terms in (11). Arnold and Ziegel (2025) 
demonstrated that, for infinite sample sizes, the IDR distribution can be interpreted as the isotonic conditional law of 
Y  given the covariates. Hence, it is additionally possible to study this isotonic decomposition at the population level, 
facilitating a greater understanding of its theoretical properties. This population-level decomposition and its relation to 
interval forecast calibration are discussed in detail in Appendix  F.

The decomposition in (12) is exact, in that the terms of the decomposition cancel out to recover the average interval 
score of the forecasts [ℓ1, u1], . . . , [ℓn, un]. Since the interval score is non-negative, it follows that ÛNC ≥ 0. As in the 
population decomposition, this term depends only on the observations y1, . . . , yn. Moreover, Henzi et al. (2021, Theorem 
2) demonstrated that IDR implicitly learns the interval forecasts that optimise the interval score over its training data, 
subject to the constraint that a larger interval corresponds to a larger observation. Since the original interval forecasts 
and the unconditional quantiles are also admissible solutions to this isotonic regression problem, it follows that the 
recalibrated prediction intervals receive a lower interval score, so that the estimated discrimination and miscalibration 
terms of the decomposition are non-negative. This ensures that the estimated decomposition terms are interpretable. This 
is formalised in the following proposition.

Proposition 10.  The sample decomposition of the interval score in (12) has the following properties:
(i) D̂SCA ≥ 0 with equality if and only if q̄α/2 = q̃α/2,i and q̄1−α/2 = q̃1−α/2,i for all i = 1, . . . , n.
(ii) M̂CBA ≥ 0 with equality if and only if ℓi ∈ Q̃α/2,i and ui ∈ Q̃1−α/2,i for all i = 1, . . . , n and (ℓ1, . . . , ℓn), (u1, . . . , un) are 

valid solutions to the respective isotonic quantile regression problems.

Remark 11.  The last condition—that (ℓ1, . . . , ℓn) and (u1, . . . , un) are valid solutions to the respective isotonic quantile 
regression problems—means that (ℓ1, . . . , ℓn) needs to be a minimiser of the criterion 

n∑
i=1

QSα/2(xi, yi) (13)

over all sequences (x1, . . . , xn) such that xi ≤ xj if [li, ui] ≤ [lj, uj], where the quantile score is defined in (10), and 
analogously for (u1, . . . , un). Any such solution satisfies ℓi ∈ Q̃α/2,i for all i = 1, . . . , n. Conversely, while it is tempting 
to think that all sequences that satisfy ℓi ∈ Q̃α/2,i, i = 1, . . . , n and the ordering constraints are valid solutions, this is 
unfortunately not true; see Jordan et al. (2022, Section 4.1). However, the sequence of lower quantiles, upper quantiles, 
or any convex combination thereof is always a valid solution.

Proposition  10 states that the terms of the sample decomposition in (12) are guaranteed to be non-negative, with the 
discrimination component equal to zero if and only if the estimated conditional quantiles are equal to the unconditional 
quantiles of y1, . . . , yn, providing a sample version of the requirement in Proposition  8(i). Similarly, the miscalibration 
term is equal to zero if and only if the forecasts are equal to the estimated conditional quantiles (up to an unimportant 
technical requirement on the exact choice of the quantiles), which corresponds to a sample analogue of Proposition  8(ii).

Remark 12.  The properties listed in Proposition  10 hold without any requirements on the data. However, for the terms 
of the sample decomposition to be practically meaningful, three things are required:

1. Sufficient data are available. IDR typically requires a moderate (effective) sample size to provide reasonable 
estimates of the conditional quantiles and thus the decomposition terms. From our experience, we find that a 
sample size of n = 500 is usually sufficient, with a larger n resulting in more accurate quantile decomposition 
estimates.

2. The interval forecasts are largely comparable. That is, [ℓi, ui] ≤ [ℓj, uj] or [ℓi, ui] ≥ [ℓj, uj] holds for a large 
proportion of the data. Incomparable pairs of forecasts reduce the effective sample size used to train IDR, which 
can violate the previous requirement.

3. There is an isotonic relationship between the interval forecasts [ℓ1, u1], . . . , [ℓn, un] and the observations y1, . . . , yn. 
That is, [ℓi, ui] ≤ [ℓj, uj] generally implies that yi ≤ yj. This is not necessary for the theoretical properties of the 
decomposition terms derived in this section to hold, but the decomposition will essentially measure a stronger 
notion of conditional calibration when there is a stronger isotonic relationship. This is discussed further in Appendix 
C.

We argue that these three properties are satisfied in many practical applications. If a larger interval forecast does not 
imply a larger observation, then an assessment of conditional calibration may be superfluous, since this could suggest the 
forecasts are not informative (depending on the application). If the interval forecasts are often not comparable, then an 
alternative approach is to fit two separate isotonic quantile regression models for the lower and upper quantiles, where 
the model for the lower quantile depends only on the lower bounds ℓi, and the model for the upper quantile depends 
only on the upper bounds ui. In theory, this assesses a slightly weaker notion of calibration than when both ℓi and ui are 
covariates, thus providing a worse estimate of auto-calibration. Nonetheless, it may circumvent issues related to a reduced 
8
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effective sample size in practice, since it removes the need for interval forecasts to be comparable, thus alleviating the 
second requirement in Remark  12.

In some applications, the required sample size to fit IDR will be prohibitive, though we argue that any method to assess 
the conditional calibration of interval forecasts will require a moderate amount of data. IDR can also be computationally 
expensive if it is fit to large datasets, in which case it may be useful to combine IDR with subsample aggregation 
(subbagging) strategies designed to reduce computational cost (Henzi et al., 2021, Section 2.3). In the following sections, 
we demonstrate the practical utility of the isotonic decomposition of the interval score when sufficient data are available.

Of course, there will be some applications where the requirements in Remark  12 are not satisfied, in which case the 
estimated decomposition terms may not be informative. For example, as pointed out by a reviewer, if we are interested 
in forecasting a heteroskedastic process with a constant mean, then the assumption of isotonicity will generally be 
unreasonable. In this case, other methods could be used to estimate the conditional quantiles in (11). In the economics 
literature, it is common to assess conditional calibration using linear regression rather than isotonic regression (Mincer & 
Zarnowitz, 1969), which has been used by Dimitriadis and Puke (2026) to decompose the quantile score. Since the interval 
score is a sum of quantile scores, non-negativity of the estimated decomposition terms (Dimitriadis & Puke, 2026, Theorem 
3.2) should extend readily to decompositions of the interval score. However, details for this would need to be worked 
out. In any case, we argue that the isotonicity assumption adopted here is appropriate in many applications.

4. Simulation examples

Following Gneiting et al. (2007), suppose Y | µ ∼ N(µ, 1), where µ ∼ N(0, 1), and let τ  be equal to 1 and −1 each 
with probability 1/2, independently of (µ, Y ). Consider the following forecast distributions: 

• The unconditional forecast: N(0, 2)
• The ideal forecast: N(µ, 1)
• The unfocused forecast: (1/2)N(µ, 1) + (1/2)N(µ + τ , 1)
• The mean-biased forecast: N(µ + τ , 1)
• The sign-biased forecast: N(−µ, 1)
• The mixed forecast: 1{τ = 1}N(0, 2) + 1{τ = −1}N(−µ, 1)
We generated central 0.9-level prediction intervals from these six distributions, and evaluated their calibration using 

the decomposition of the interval score proposed in the previous section. The unconditional and ideal prediction intervals 
are auto-calibrated, and therefore also unconditionally calibrated. However, while the unconditional forecast contains 
no more information than the marginal distribution of the response Y , the ideal forecast has knowledge of µ, and 
should therefore be more discriminative. The unfocused prediction intervals are unconditionally calibrated, but not auto-
calibrated. The mean-biased, sign-biased, and mixed forecasts satisfy no notion of calibration considered here, but each 
contain different amounts of information. The calibration properties of these forecasts are summarised in Table  1.

We simulated n = 1000 realisations of µ, τ , and Y , and evaluated the calibration of the corresponding prediction 
intervals. For each method, IDR was applied to the 1000 prediction intervals using the isodistrreg package in R 
(Henzi, 2021), from which the (lower) α/2 and 1 − α/2 quantiles were obtained in order to calculate the interval score 
decomposition terms. While we chose q̃α/2,i and q̃1−α/2,i to be the lower α/2 and 1− α/2 quantiles of the corresponding 
IDR predictive distribution, respectively, this choice is somewhat arbitrary and should not significantly affect the resulting 
decomposition terms, especially when n is large. The decomposition terms for the six forecasts are displayed in Fig. 
1. Miscalibration-discrimination plots display the discrimination term of the interval score decomposition against the 
miscalibration term, with parallel grey isolines corresponding to different mean interval scores (Dimitriadis et al., 2024). 
Methods that issue more accurate forecasts, as assessed using the interval score, will be closer to the top-left corner of 
the plot.

As expected, the unconditional forecast is found to be auto-calibrated yet completely uninformative, with M̂CBA ≈

D̂SCA ≈ 0. The unconditional prediction intervals are constant, yielding constant IDR distributions F̃1 = · · · = F̃n whose 
quantiles correspond to the empirical quantiles of the realised observations. The ideal forecast is also auto-calibrated, but 
is considerably more discriminative than the unconditional forecast, resulting in the lowest average interval score. The 
fact that M̂CBA is not exactly zero for the ideal forecast is due to the finite sample size used to calculate the decomposition 
terms; the miscalibration term tends towards zero as the sample size increases (not shown). The mean-biased forecast 
receives a higher average score, since it performs worse than the ideal forecast with respect to both miscalibration 
and discrimination. As a mixture between the ideal and the mean-biased forecasts, the unfocused forecast produces 
miscalibration and discrimination terms between those of its two component forecasts. Similarly, the mixed forecast 
is equal to the unconditional and sign-biased forecasts with equal probability, and therefore also has zero discriminative 
ability, as well as a miscalibration term halfway between those of its two component forecasts.

Although the sign-biased forecast contains the information provided by µ, it receives a discrimination term of zero. 
The reason for this is that there is an antitonic relationship between the sign-biased prediction intervals and the outcome, 
meaning the forecast contains no isotonic information, which is what is measured by the discrimination term estimated 
using IDR. This corresponds to a case where the requirements in Remark  12 are not satisfied. As discussed in the previous 
9
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Fig. 1. Miscalibration-discrimination plot for the ideal, the unconditional, the unfocused, the mean-biased (MB), the sign-based (SB), and the mixed 
forecaster with α = 0.1 and n = 1000. The miscalibration and discrimination terms of the isotonic interval score decomposition in (F.1) are shown 
on the x- and y-axis, respectively. The diagonal grey lines are isolines at different values of the interval score, with the green line indicating the 
estimated uncertainty term of the decomposition, when M̂CBA = D̂SCA = 0. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)

section, more accurate estimates of the decomposition terms would be obtained by using a model with other assumptions 
in this case. Such an antitonic relationship between the prediction intervals and the outcomes is unlikely to materialise 
in reality, but it is included here to highlight the behaviour of the estimated decomposition terms in this case. Aside from 
this, the estimated decomposition terms capture the theoretical properties of the different forecasts.

Table  1 displays the average interval score for the six forecasts, as well as the (unconditional) empirical frequency 
with which the outcome falls below and above the prediction interval bounds, before and after being recalibrated using 
IDR. The unconditional calibration of the unconditional, ideal, and unfocused forecasters is seen by the original forecasts 
having lower and upper coverages close to the nominal 0.05 level. For the recalibrated prediction intervals, we show these 
coverages corresponding to both the open and closed interval forecasts, i.e. P(Y < L), P(Y > U) and P(Y ≤ L), P(Y ≥ U). 
Since IDR yields prediction intervals that are unconditionally calibrated, the nominal frequency α/2 = 0.05 is situated 
between these two coverages (see (2)). The open and closed coverages are the same for the prediction intervals before 
recalibration, since P(Y ∈ {L,U}) = 0 for the original interval forecasts.

The average length of the interval forecasts can either increase or decrease after the recalibration procedure, as only 
the order of the intervals is relevant when fitting IDR. Hence, to determine whether the isotonic decomposition could 
reasonably be applied to a collection of interval forecasts in practice, one could count how many pairs of prediction 
intervals are ordered. If only a small number of prediction intervals are ordered, then the resulting IDR distributions will 
be coarse step functions, with sets of quantiles that correspond to relatively large intervals. In this case, the difference 
between P(Y ∈ (L,U)) and P(Y ∈ [L,U]) can be large, making the notion of calibration in (3) somewhat weaker. This 
relates to the second requirement in Remark  12.

5. Applications

5.1. Data

In this section, we apply the interval score decomposition to prediction intervals obtained from several prediction 
algorithms applied to three benchmark regression datasets. The data and methods are a subset of those considered by 
Romano et al. (2019). While Romano et al. (2019) study the average length and coverage of prediction intervals across 
11 benchmark datasets, we present results separately for three of these datasets of different sizes, allowing us to analyse 
how the amount of data affects the interval score decomposition terms. We consider predictions for the Student-Teacher 
Achievement Ratio (STAR) in Tennessee (Mosteller, 1995), for which n = 433 test data points are available; the usage of 
a bike sharing system in Washington D.C. (Fanaee-T & Gama, 2014), with n = 2178 test data points; and the number of 
comments that a Facebook post will receive (Singh, 2016), for which n = 8190.

For each of the three datasets, prediction intervals were obtained from eight different methods. These methods include 
three versions of the original split conformal prediction algorithm (Vovk et al., 2018) using random forests (RF), ridge 
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Table 1
The performance of the 0.9-level prediction intervals from the six forecasts in the simulation study. The second and 
third columns denote whether each forecast is unconditionally calibrated (UC) and auto-calibrated (AC) in theory. 
The fourth column presents the average interval scores of the original forecasts. The remaining columns show the 
unconditional calibration and length of the prediction intervals before and after recalibration using IDR. Lower and 
upper coverage correspond to the empirical estimates of P(Y ≤ L) and P(Y ≥ U), respectively, which should be close to 
0.05 if the forecasts are unconditionally calibrated. For the IDR-recalibrated intervals, the coverage is shown for both 
the open (L,U) and closed [L,U] intervals. The unconditional calibration of IDR ensures that 0.05 lies between these 
two coverages (see (2)). 
 Original Recalibrated

 Interval Lower Upper Length Lower Upper Length 
 Forecast UC AC score cov. cov. cov. cov.  
 Unconditional 3 3 5.92 0.046 0.049 4.65 0.049 - 0.050 0.050 - 0.051 4.56  
 Ideal 3 3 4.23 0.062 0.061 3.29 0.040 - 0.067 0.040 - 0.067 3.29  
 Unfocused 3 7 4.56 0.055 0.057 3.68 0.041 - 0.063 0.043 - 0.063 3.57  
 Mean-biased 7 7 6.55 0.135 0.135 3.29 0.042 - 0.063 0.041 - 0.063 3.86  
 Sign-biased 7 7 14.55 0.220 0.217 3.29 0.049 - 0.053 0.050 - 0.051 4.56  
 Mixed 7 7 10.46 0.133 0.142 3.95 0.049 - 0.051 0.050 - 0.053 4.56  

regression (Ridge), and neural networks (Net), as well as locally adaptive variants of each. The local variants apply the 
conformal prediction algorithms to normalised residuals, allowing the methods to adapt to heteroskedasticity (Lei et al., 
2018; Papadopoulos et al., 2008). We additionally consider the conformalised quantile regression approach of Romano 
et al. (2019) in combination with a neural network (CQR_Net), as well as a non-conformal quantile regression method 
combined with a neural network (Q_Net). Additional details regarding the methods can be found in the supplementary 
material of Romano et al. (2019). The methods were implemented using code from https://github.com/yromano/cqr. Two 
additional methods based on quantile random forests were also considered by Romano et al. (2019), though these are 
omitted from the analysis here, since no working code is available to reproduce them. IDR was implemented using the 
isodistrreg package in R, and all prediction intervals were generated at level α = 0.1.

5.2. Results

Table  2 presents the average interval score, unconditional lower and upper coverages, and average length of the 
prediction intervals obtained from the eight methods for each of the three datasets. Every method has approximately the 
correct unconditional coverage in all datasets, with both the lower and upper coverage close to the nominal level 0.05. 
The different methods yield intervals of very similar lengths for the STAR dataset, resulting in similar interval scores. 
The lengths and scores vary more between the methods in the other two datasets, where the CQR and quantile neural 
networks always yield the narrowest intervals and lowest interval scores.

The length and unconditional coverage of the IDR-recalibrated prediction intervals are also shown in Table  2. Due to 
the in-sample calibration guarantees of IDR, the coverage inequalities in (1) are satisfied by construction. To illustrate this, 
the coverages of the open and closed prediction intervals are shown, which always contain α/2 = 0.05. A small difference 
between these open and closed coverages suggests a smoother IDR fit, resulting in smaller sets of IDR quantiles and more 
reliable estimates of the interval score decomposition terms. The Local Ridge approach tends to have a larger difference 
between these coverages, since it often produces nested interval forecasts, reducing the effective sample size to fit IDR 
(see Remark  12). Similarly, there is an even larger difference between the lower coverages for the Facebook dataset. This 
is because the variable of interest is censored below at zero, resulting in a high probability that Y = L when the lower 
bound L = 0, in which case Y /∈ (L,U) but Y ∈ [L,U].

Fig.  2 presents miscalibration-discrimination plots obtained from the sample decomposition of the interval score in 
(12). The decomposition terms allow us to understand why certain prediction methods issue more accurate forecasts 
than others. For example, for the STAR dataset, the Neural Network and Quantile Neural Network prediction intervals 
exhibit similar (conditional) miscalibration, but the Quantile Neural Network is more discriminative. Thus, the difference 
in interval score between these methods is attributable to differences in their information content. Conversely, Random 
Forests and the CQR Neural Net yield interval forecasts with similar discriminative ability, suggesting that the more 
accurate Random Forests predictions are due to improved auto-calibration.

However, for the STAR dataset, the miscalibration term of most methods is larger than the discrimination term, 
meaning they perform worse than a hypothetical unconditional forecast, whose score is equal to the uncertainty term 
of the decomposition. The reason for this is likely the smaller amount of data used to train the models. The more 
complex neural network approaches therefore overfit the training data, resulting in poorer conditional calibration and 
thus less accurate predictions. The high discrimination and miscalibration of the Local Ridge method is likely due to 
the comparatively low percentage of comparable interval forecasts (see Table  2), resulting in a worse estimation of the 
decomposition terms.

The forecasting methods are more useful when applied to the Bike and Facebook datasets, where they are ranked 
similarly: the more accurate forecasts are obtained from the Quantile and CQR Neural Networks, followed in general 
11
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Table 2
The performance of the 0.9-level prediction intervals from the eight prediction methods applied to the STAR (top), 
Bike (middle), and Facebook (bottom) datasets. The second column denotes the proportion of comparable interval 
forecasts for each prediction method. The third column presents the average interval scores of the original forecasts. 
The remaining columns show the unconditional calibration and length of the prediction intervals before and after 
recalibration using IDR. Lower and upper coverage correspond to the empirical estimates of P(Y ≤ L) and P(Y ≥ U), 
respectively, which should be close to 0.05 if the forecasts are unconditionally calibrated. For the IDR-recalibrated 
intervals, the coverage is shown for both the open (L,U) and closed [L,U] intervals. The unconditional calibration of 
IDR ensures that 0.05 lies between these two coverages (see (2)).
 Original Recalibrated

 STAR Comp. Interval Lower Upper Length Lower Upper Length 
 (%) score cov. cov. cov. cov.  
 Ridge 100.0 0.22 0.06 0.07 0.17 0.04 - 0.06 0.04 - 0.07 0.17  
 Local Ridge 51.0 0.23 0.03 0.08 0.19 0.03 - 0.14 0.03 - 0.11 0.15  
 Random Forests 100.0 0.22 0.04 0.07 0.18 0.04 - 0.06 0.04 - 0.06 0.17  
 Local Random Forests 99.1 0.22 0.04 0.07 0.18 0.04 - 0.06 0.04 - 0.06 0.17  
 Neural Net 100.0 0.25 0.03 0.07 0.20 0.04 - 0.06 0.04 - 0.06 0.19  
 Local Neural Net 97.6 0.28 0.02 0.09 0.22 0.04 - 0.06 0.04 - 0.08 0.18  
 CQR Neural Net 91.0 0.26 0.03 0.08 0.19 0.04 - 0.07 0.04 - 0.06 0.18  
 Quantile Neural Net 88.7 0.23 0.04 0.05 0.20 0.03 - 0.09 0.04 - 0.07 0.17  
 Original Recalibrated

 Bike Comp. Interval Lower Upper Length Lower Upper Length 
 (%) score cov. cov. cov. cov.  
 Ridge 100.0 3.30 0.02 0.09 2.21 0.04 - 0.07 0.04 - 0.06 2.11  
 Local Ridge 60.7 2.99 0.02 0.08 2.18 0.03 - 0.11 0.04 - 0.09 1.87  
 Random Forests 100.0 1.19 0.05 0.06 0.71 0.03 - 0.07 0.03 - 0.08 0.60  
 Local Random Forests 99.3 1.16 0.06 0.06 0.68 0.04 - 0.08 0.03 - 0.08 0.59  
 Neural Net 100.0 1.30 0.03 0.08 0.73 0.03 - 0.07 0.04 - 0.07 0.67  
 Local Neural Net 99.1 1.15 0.05 0.06 0.65 0.03 - 0.07 0.04 - 0.07 0.60  
 CQR Neural Net 96.1 0.93 0.05 0.06 0.59 0.03 - 0.09 0.03 - 0.09 0.58  
 Quantile Neural Net 94.5 0.79 0.05 0.04 0.59 0.03 - 0.10 0.03 - 0.10 0.49  
 Original Recalibrated

 Facebook Comp. Interval Lower Upper Length Lower Upper Length 
 (%) score cov. cov. cov. cov.  
 Ridge 100.0 12.59 0.06 0.04 3.72 0.00 - 0.55 0.04 - 0.08 3.05  
 Local Ridge 59.5 8.41 0.05 0.05 3.46 0.00 - 0.56 0.03 - 0.09 2.86  
 Random Forests 100.0 9.26 0.06 0.04 1.87 0.01 - 0.56 0.03 - 0.22 2.09  
 Local Random Forests 96.9 7.56 0.06 0.04 1.62 0.01 - 0.56 0.03 - 0.24 2.06  
 Neural Net 100.0 11.52 0.05 0.05 2.34 0.00 - 0.56 0.04 - 0.08 2.72  
 Local Neural Net 85.3 8.39 0.04 0.05 1.78 0.00 - 0.56 0.04 - 0.09 2.58  
 CQR Neural Net 59.9 6.17 0.02 0.08 1.11 0.01 - 0.56 0.03 - 0.18 2.12  
 Quantile Neural Net 58.5 4.34 0.06 0.05 1.57 0.01 - 0.56 0.03 - 0.21 1.94  

by the localised and then non-localised versions of Random Forests and the Neural Network, with the Ridge regression 
forecasts performing worst. For these datasets, the decomposition terms suggest that the ridge-based methods are less 
informative than the other methods, resulting in a lower discrimination term. In contrast, the flexibility of the Quantile 
and CQR Neural Networks generally allows them to produce better-calibrated forecasts, particularly when the sample size 
n is large. However, the miscalibration term is non-zero for all methods, suggesting that none of the generated forecasts 
are auto-calibrated.

The decomposition terms again allow us to better understand the behaviour of the different methods in these datasets. 
Most forecasting methods (except for the ridge regression approaches) are found to be similarly discriminative, suggesting 
that differences in the interval score between these methods are mainly attributable to differences in miscalibration. 
For example, in the Facebook dataset, the Quantile Neural Net predictions contain the same amount of information 
as the Random Forest predictions (D̂SCA = 11.32 versus D̂SCA = 11.27) but are considerably better auto-calibrated 
(M̂CBA = 1.23 versus M̂CBA = 6.10). This improvement in conditional calibration results in a 50% improvement in the 
average interval score (4.34 versus 9.26).

Finally, the decomposition terms in the miscalibration-decomposition plots also provide information that is not 
available by simply comparing the average lengths of unconditionally calibrated prediction intervals, which is a commonly 
used method for comparing competing interval forecasts. For example, in the Facebook dataset, Local Random Forests 
generate relatively short prediction intervals while achieving perfect unconditional coverage of 0.9. However, Fig.  2 and 
Table  2 demonstrate that the shorter intervals are indicative of more informative forecasts (seen by a large discrimination 
term), but not of better conditional calibration (seen by a large miscalibration term). Local Random Forests therefore 
achieve a worse overall interval score than other methods, despite their shorter intervals and perfect unconditional 
coverage. This demonstrates that a forecast can be unconditionally calibrated with prediction intervals that are very 
12
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Fig. 2. Isotonic miscalibration-discrimination plots for the eight prediction methods applied to the STAR (left), Bike (middle), and Facebook (right) 
datasets. See Fig.  1 for details. For the STAR dataset, the decomposition terms of RF and RF (L) are almost equivalent. For the Bike dataset, the RF, 
Net, RF (L), and Net (L) are clustered together. Some of these labels have therefore been omitted for ease of presentation.

narrow, despite not being conditionally calibrated. This poor conditional calibration is reflected in the interval score, 
highlighting why such scoring functions are informative. However, from the interval score alone, it is not possible to 
diagnose why the forecast performs poorly. For this, we additionally require the estimated decomposition terms.

6. Conclusion

This paper provided a general framework with which to assess the conditional coverage of interval forecasts. 
The framework leverages a decomposition of the interval score into terms quantifying the discriminative ability and 
conditional miscalibration of the forecast, as well as the inherent uncertainty of the forecasting problem. While this 
decomposition has received much attention in the literature, it has not previously been applied to the interval score. 
In addition to providing a measure of conditional forecast calibration, the decomposition allows differences in forecast 
accuracy to be attributed to differences in information content and miscalibration, facilitating a more comprehensive 
understanding of forecast performance.

The score decompositions discussed herein assess auto-calibration, which is an intuitive and relatively strong notion of 
forecast calibration that is popular in the probabilistic forecasting community. However, the interval score decomposition 
can also be extended to assess stronger notions of conditional calibration (see e.g. Allen et al., 2023; Ehm & Ovcharov, 
2017). For example, the conditional calibration of interval forecasts often refers to the intervals having the correct coverage 
conditional on the covariates used to construct the forecast. In Appendix  C, we demonstrated that this notion of conditional 
calibration can be quantified using a decomposition of the interval score analogous to that studied here. However, 
this decomposition is not particularly useful in practice, since it relies on estimates of the conditional quantiles of the 
outcome variable given the covariates, which is essentially the original forecasting problem. Auto-calibration can instead 
be interpreted as a meaningful proxy for conditional calibration that is easier to estimate.

Throughout this paper, we focused on central (or equal-tailed) prediction intervals. However, the score decomposition 
framework can also readily be extended to generalised interval scores, and to non-central prediction intervals; these 
extensions were detailed in Appendix  B. While different interval scores will generally lead to different measures of 
conditional miscalibration, all will return a value of zero when the forecasts are auto-calibrated. Brehmer and Gneiting 
(2021) additionally introduced a consistent scoring function for modal interval forecasts, defined as the interval that 
maximises the probability of containing the outcome, subject to having a fixed length. This scoring function similarly 
admits a decomposition into discrimination and miscalibration terms, allowing us to quantify the conditional calibration 
of modal interval forecasts. This analysis is presented in Appendix  D. However, this notion of calibration for modal interval 
forecasts is not directly related to conditional coverage, which was the main focus of this paper.

Moreover, the approach could be used to evaluate the conditional miscalibration of central prediction intervals at 
several coverage levels simultaneously. For example, epidemiological forecasts typically take the form of collections of 
many prediction intervals, and Bracher et al. (2021) suggested evaluating these forecasts via a weighted interval score 
that corresponds to a weighted sum of the standard interval score at different coverage levels. This weighted interval 
score could similarly be decomposed using the methods proposed herein, allowing for an assessment of the conditional 
calibration of these collections of prediction intervals. As the number of prediction intervals increases, the decomposition 
terms tend towards those for the CRPS decomposition proposed by Arnold et al. (2024).

We estimated the score decomposition terms using isotonic distributional regression (IDR), which assumes that there 
is a (roughly) isotonic relationship between the forecasts to be assessed and the corresponding observations. That is, a 
higher interval forecast generally corresponds to a higher outcome. This isotonicity assumption has become standard when 
estimating score decomposition terms (Arnold et al., 2024; Dimitriadis et al., 2021; Gneiting & Resin, 2023; Gneiting et al., 
13
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2023), and should be appropriate in many applications of interval forecasts. If this isotonicity assumption is not valid, then 
other quantile regression models could be used to obtain more accurate estimates of the decomposition terms. Dimitriadis 
and Puke (2026), for example, used linear quantile regression to decompose the average quantile score, which should 
extend easily to the interval score. However, details for other methods would need to be worked out. As Dimitriadis and 
Puke (2026) remark, ‘the choice of estimation method remains an active area of research,’ and further research is therefore 
required to understand what methods yield meaningful decomposition terms.

One advantage of using IDR is that it provides forecast distributions that simultaneously optimise a large class of 
scoring rules over the training data, subject to the isotonicity assumption (Henzi et al., 2021, Theorem 2). This optimality 
ensures that the estimated decomposition terms are non-negative, which is required for them to have a meaningful 
interpretation. The quantile score, interval score, weighted interval score, and CRPS are all examples of scoring rules 
within this class. This class additionally contains weighted versions of the CRPS (Gneiting & Ranjan, 2011). By applying an 
analogous decomposition to the threshold-weighted CRPS, we would obtain a framework with which to assess conditional 
notions of tail calibration of probabilistic forecasts (Allen et al., 2025).

One disadvantage of IDR, however, is that it is generally not straightforward to perform inference on the estimated 
decomposition terms. Following Dimitriadis et al. (2024), the estimated decomposition terms were here used to produce 
informative diagnostic plots that simultaneously displayed the discriminative ability and the conditional miscalibration 
of interval forecasts. These miscalibration-discrimination plots would be more informative if they additionally provided a 
measure of uncertainty in the estimated terms. This could then be used to derive methods to formally test whether or not a 
forecast issues auto-calibrated predictions, which would complement the existing literature on conditional coverage tests. 
Tests could also be derived to assess whether there is a significant difference between the discrimination or miscalibration 
terms of competing forecast methods, along the lines of Dimitriadis and Puke (2026). This would allow us to determine 
whether one forecast issues more calibrated or more informative forecasts than another. Such a test would have to take 
into account that different forecast methods may yield a different number of comparable prediction intervals (see Table 
2).

Finally, we remark that the score decomposition framework is more theoretically appealing than simply comparing the 
average length of prediction intervals that are unconditionally calibrated, which is the common procedure in conformal 
prediction, for example. Even if interval forecasts are auto-calibrated, there is no guarantee that a shorter interval 
corresponds to a more informative prediction, in which case no direct connection between the length of the prediction 
interval and conditional calibration or forecast accuracy can be established.
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Appendix A. Proofs

Proof of Proposition  5.  For parts (i) and (ii), it suffices to take expectations in (4) and (6), respectively. For the reverse 
directions, the unfocused forecast in Section 4 is unconditionally calibrated but neither conditionally calibrated nor auto-
calibrated. For part (iii), it suffices to take conditional expectations in (4). For the reverse direction, the unconditional 
forecast in Section 4 is auto-calibrated but not conditionally calibrated. If [L,U] is a sufficient statistic for Y  relative to X , 
then Qα/2(Y | X) = Qα/2(Y | L,U) and Q1−α/2(Y | X) = Q1−α/2(Y | L,U), in which case the definitions of auto-calibration 
and conditional calibration are equivalent (see Remark  4). □

Proof of Propositions  8, 16 and 22.  We only prove the properties of the decomposition assessing isotonic interval 
calibration (Proposition  22), as the statements for the decompositions evaluating auto-calibration (Proposition  8) and 
conditional calibration (Proposition  16) follow immediately, since σ (L,U) and σ (X) are also σ -lattices, and all A(L,U)-
measurable random variables are also σ (L,U)-measurable and thus σ (X)-measurable. Here, A(L,U) denotes the σ -lattice 
generated by [L,U] (see Appendix  F for details).

We recall Proposition 6.3 in Arnold et al. (2024) on the characterisation of conditional quantiles given a general σ -
lattice. It states that for all α ∈ (0, 1), a random variable belongs to the conditional quantile Qα(Y | A) given some σ -lattice 
A if and only if it minimises the expected quantile score E[QS (Z, Y )] over all A-measurable random variables Z .
α
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Since ISα([L,U], Y ) =
2
α
[QSα/2(L, Y ) + QS1−α/2(U, Y )], the discrimination term can be written as 

DSCI =
2
α

[
E[QS α

2
(q α

2
(Y ), Y )] − E[QS α

2
(q α

2
(Y | A(L,U)), Y )]

]
(A.1)

+
2
α

[
E[QS1− α

2
(q1− α

2
(Y ), Y )] − E[QS1− α

2
(q1− α

2
(Y | A(L,U)), Y )]

]
.

This satisfies DSCI ≥ 0 because qα/2(Y ) and q1−α/2(Y ) are both A(L,U)-measurable, since they are constant. Moreover, 
both terms in the large square brackets are non-negative. Therefore, DSCI = 0 if and only if qα/2(Y | A(L,U)) ∈ Qα/2(Y )
and q1−α/2(Y | A(L,U)) ∈ Q1−α/2(Y ) almost surely.

The miscalibration term can be rewritten in a similar way, and since L and U are both A(L,U)-measurable by definition, 
it follows that MCBI ≥ 0 with equality if and only if L ∈ Qα/2(Y | A(L,U)) and U ∈ Q1−α/2(Y | A(L,U)) almost surely. □

Proof of Proposition  10. 
For the proof of part (i), suppose that D̂SCA = 0. This implies that q̄α/2 is a minimiser of the expression in (13). Hence, 

q̄α/2 ≥ q̃α/2,i for all i = 1, . . . , n. The lower isotonic quantiles q̃α/2,i induce a partition of {1, . . . , n} such that q̃α/2,i is the 
lower quantile of the empirical distribution of yj for j ∈ B, where B ⊂ {1, . . . , n} is the partition element that contains i
(Henzi et al., 2021, proof of Theorem 2.2). The partitions do not need to be unique. The stochastic order of the empirical 
distributions implies that q̄α/2 ≤ q̃α/2,i for all i = 1, . . . , n. This implies that q̄α/2 = q̃α/2,i for all i = 1, . . . , n. Part (ii) is 
immediate. □

Proof of Propositions  17 and 23. 
Since σ (L,U) ⊆ σ (X), a conditional quantile given σ (L,U) is σ (X)-measurable. Therefore,

E[QS α
2
(q α

2
(Y | X), Y )] ≤ E[QS α

2
(q α

2
(Y | L,U), Y )] (A.2)

E[QS1− α
2
(q1− α

2
(Y | X), Y )] ≤ E[QS1− α

2
(q1− α

2
(Y | L,U), Y )]

and therefore MCBC ≥ MCBA. Since the interval score is non-negative by definition, we have E[ISα([L,U], Y )] ≥ MCBC ≥

MCBA. This proves Proposition  17. Proposition  23 follows analogously to above, but with σ (L,U) replaced by A(L,U) and 
σ (X) replaced by σ (L,U). □

Proof of Proposition  18.  The expected modal interval score can be written as
E[MISc(Z, Y )] = −P(Y ∈ [Z − c, Z + c]) = −E[P(Y ∈ [Z − c, Z + c] | Z)].

By definition of the midpoint functional, mc(Y | Z) ∈ argmaxa∈R P(Y ∈ [a − c, a + c] | Z). Hence,
MCBMod = E[MISc(Z, Y )] − E[MISc(mc(Y | Z), Y )]

= E[P(Y ∈ [mc(Y | Z) − c,mc(Y | Z) + c] | Z)] − E[P(Y ∈ [Z − c, Z + c] | Z)]
= E[argmax

a∈R
P(Y ∈ [a − c, a + c] | Z) − P(Y ∈ [Z − c, Z + c] | Z)].

The term argmaxa∈R P(Y ∈ [a − c, a + c] | Z) − P(Y ∈ [Z − c, Z + c] | Z) ≥ 0 almost surely, with equality if and only if 
Z ∈ Mc(Y | Z) almost surely, and thus this holds also for the miscalibration term itself. An analogous result holds for the 
discrimination term DSCMod by replacing Z above with mc(Y ). □

Proof of Proposition  20.  Part (i) follows from Arnold and Ziegel (2025, Proposition 5.3). For the reverse direction, see 
Arnold and Ziegel (2025, Examples 5.1 and 5.2). Part (ii) follows from Arnold and Ziegel (2025, Proposition 6.3) and the fact 
that L and U are A(L,U)-measurable. The condition in the reverse direction of part (ii) implies that Qβ (Y | L,U) = Qβ (Y |

A(L,U)); see the last paragraph of Section 6.1 in Arnold and Ziegel (2025). In this case, the definitions of auto-calibration 
and isotonic calibration in (6) and (F.2) are equivalent. □

Appendix B. Generalisations

B.1. Extension to non-central prediction intervals

The interval score is constructed to evaluate central prediction intervals. However, it can readily be extended to 
evaluate non-central prediction intervals by combining the quantile score at different quantile levels. More generally, 
a non-central interval score at levels α1, α2 ∈ (0, 1), with α1 < α2, could be defined as

ISα1,α2 ([ℓ, u], y) =
1
α1

QSα1 (ℓ, y) +
1

1 − α2
QSα2 (u, y)

= |u − ℓ| +
1
1{y < ℓ}(ℓ − y) +

1
1{y > u}(y − u).
α1 1 − α2
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The standard interval score is a particular example of this when α1 = α/2 and α2 = 1 − α/2. The notions of interval 
forecast calibration in Section 2 can similarly be generalised to the non-central case.

Definition 13.  A non-central interval forecast [L,U] at levels α1, α2 is unconditionally calibrated if
P(Y < L) ≤ α1 ≤ P(Y ≤ L) and P(Y < U) ≤ α2 ≤ P(Y ≤ U).

This simplifies to P(Y ≤ L) = α1 and P(Y ≤ U) = α2 when P(Y ∈ {L,U}) = 0.

Definition 14.  A non-central interval forecast [L,U] at levels α1, α2 is conditionally calibrated given X if
P(Y < L | X) ≤ α1 ≤ P(Y ≤ L | X) and P(Y < U | X) ≤ α2 ≤ P(Y ≤ U | X).

Definition 15.  A non-central interval forecast [L,U] at levels α1, α2 is auto-calibrated if
P(Y < L | L,U) ≤ α1 ≤ P(Y ≤ L | L,U) and P(Y < U | L,U) ≤ α2 ≤ P(Y ≤ U | L,U).

Analogously to Remark  4, conditional calibration can alternatively be written as
L ∈ Qα1 (Y | X) and U ∈ Qα2 (Y | X),

while auto-calibration can be expressed as
L ∈ Qα1 (Y | L,U) and U ∈ Qα2 (Y | L,U).

The relationships between the different notions of calibration listed in Proposition  5 extend readily to these more 
general definitions of calibration for non-central prediction intervals. The auto-calibration of the non-central interval 
forecasts can then be assessed analogously to that in Section 3, by decomposing the non-central interval score by 
comparing the expected score to the expected score of the non-central intervals obtained from the unconditional and 
conditional distributions of Y  at the relevant levels. All of the desirable properties of the decomposition terms extend 
naturally to the non-central case.

B.2. Extension to generalised interval scores

As mentioned in Section 3, the interval score is strictly consistent for central prediction intervals, which follows from 
the representation of the interval score as a weighted sum of two quantile scores. However, the quantile score is not the 
only scoring function that is strictly consistent for quantiles. In particular, the quantile score in (10) can be extended to 
the generalised quantile score (or generalised piecewise linear loss), which takes the form

GQSα,g (x, y) = (1{y ≤ x} − α)(g(x) − g(y)),

for some non-decreasing function g : R → R (Saerens, 2000; Thomson, 1979).
Using this, Brehmer and Gneiting (2021) define a generalised interval score of the form

GISα,g1,g2 ([ℓ, u], y) = w1GQS α
2 ,g1 (ℓ, y) + w2GQS1− α

2 ,g2 (u, y),

for non-decreasing real-valued functions g1, g2, and non-negative weights w1, w2 ∈ (0, ∞). Brehmer and Gneiting 
(2021) remark that ‘essentially all strictly consistent scoring functions for [the central (1 − α)-level prediction interval] 
are equivalent to this form.’ The standard interval score is recovered when g1 and g2 are the identity function and 
w1 = w2 = 2/α. This is the most commonly used interval score, which is also the only interval score that is symmetric and 
translation invariant (Brehmer & Gneiting, 2021, Theorem 3.1). The generalised interval score essentially transforms the 
observation and the prediction interval before calculating the standard interval score, with the transformation allowing 
the events {y > u} and {y < ℓ} to be penalised (and weighted) differently.

The generalised interval score can be decomposed analogously to the standard interval score. In particular, we can 
replace the interval score in the decomposition terms with the generalised interval score, and apply this to the quantiles 
obtained from isotonic distributional regression. If the functions g1 and g2 are strictly increasing, then the generalised 
interval score is strictly consistent for the central prediction interval, and we recover exactly the same theoretical 
properties as outlined in Section 3.

Different interval scores will generally result in different measures of the discrimination and miscalibration terms, 
which may result in different orderings when these terms are compared between different forecast models. While this 
may seem undesirable, it aligns with the idea that the generalised interval score allows the events {y > u} and {y < ℓ} to 
be penalised differently. In any case, all interval scores will result in an auto-calibrated forecast obtaining a miscalibration 
term of zero. Moreover, the decomposition terms allow the measure of forecast miscalibration to be directly interpreted 
in terms of the forecast’s overall performance, regardless of what scoring function is chosen to assess this. That is, 
the miscalibration term can be interpreted as the improvement in score that would be obtained if the forecast were 
auto-calibrated. This is not the case for existing methods to assess conditional calibration.
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Appendix C. Conditional decompositions of the interval score

The decomposition of the interval score in (11) provides a miscalibration term that quantifies auto-calibration. 
However, the interval score can also be decomposed into a term that quantifies conditional calibration given covariates, 
as defined in (4). In particular, we have that 

E[ISα([L,U], Y )] = UNC − DSCC + MCBC, (C.1)

where

UNC = E[ISα([q α
2
(Y ), q1− α

2
(Y )], Y )],

DSCC = E[ISα([q α
2
(Y ), q1− α

2
(Y )], Y )] − E[ISα([q α

2
(Y | X), q1− α

2
(Y | X)], Y )],

MCBC = E[ISα([L,U], Y )] − E[ISα([q α
2
(Y | X), q1− α

2
(Y | X)], Y )].

This differs from (11) only in that the conditional quantiles qα/2(Y | L,U) and q1−α/2(Y | L,U) have been replaced with 
qα/2(Y | X) and q1−α/2(Y | X), the conditional quantiles of Y  given X .

This has the same desirable properties as the auto-calibration decomposition, as summarised by the following 
proposition, which is analogous to Proposition  8 for auto-calibration.

Proposition 16.  The decomposition of the expected interval score in (C.1) satisfies the following properties:
(i) DSCC ≥ 0 with equality if and only if qα/2(Y | X) ∈ Qα/2(Y ) and q1−α/2(Y | X) ∈ Q1−α/2(Y ).
(ii) MCBC ≥ 0 with equality if and only if the interval forecast [L,U] is conditionally calibrated given X, as defined in (4).
As suggested by Proposition  5, if the conditional quantiles of Y  given X are equivalent to those given [L,U], then 

auto-calibration and conditional calibration are equivalent, and (C.1) reduces to (11).
These conditional decompositions were studied by Ehm and Ovcharov (2017) and Allen et al. (2023). Under the 

assumption that σ (L,U) ⊆ σ (X), the miscalibration term MCBC in (C.1) will be at least as large as the miscalibration 
term MCB in (11), with equality when σ (L,U) = σ (X).

Proposition 17.  It holds that
E[ISα([L,U], Y )] ≥ MCBC ≥ MCBA.

However, in practice, this decomposition is arguably less useful than that in (11), since it requires knowledge of the 
conditional quantiles of Y  given X , which is exactly the original forecasting problem. In practice, estimating the conditional 
quantiles of Y  given [L,U] is generally more feasible. For example, the decomposition terms could not generally be 
implemented with isotonic regression, since there is no reason to assume that a higher covariate value results in a higher 
outcome; instead, other more restrictive assumptions would have to be made. Moreover, X could be high-dimensional, 
while the interval forecasts condense the covariate information into a lower-dimensional representation where the 
isotonicity assumption is more sensible.

Appendix D. Modal intervals

For ease of presentation, we restrict our attention here to distributions with Lebesgue density. Following Brehmer and 
Gneiting (2021, Theorem 3.10), the unique strictly consistent scoring function to assess modal intervals in this case is 

MISc(z, y) = −1{y ∈ [z − c, z + c]}, (D.1)

for prespecified c > 0. Since the length c is fixed, the modal interval can be parametrised via its midpoint z, rather 
than its lower and upper bounds. Following Brehmer and Gneiting (2021), for a probability distribution F , we define the 
(set-valued) midpoint functional given length c as Mc(F ) = argmaxa∈R(F (a + c) − F (a − c)). We use mc(F ) to denote an 
arbitrary element of Mc(F ).

Akin to the general framework outlined by Gneiting and Resin (2023), the expected modal interval score can be 
decomposed into 

E[MISc(Z, Y )] = UNCMod − DSCMod + MCBMod, (D.2)

where

UNCMod = E[MISc(mc(Y ), Y )],
DSCMod = E[MISc(mc(Y ), Y )] − E[MISc(mc(Y | Z), Y )],
MCBMod = E[MISc(Z, Y )] − E[MISc(mc(Y | Z), Y )],
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with mc(Y ) a midpoint functional of the marginal distribution of Y , and mc(Y | Z) a midpoint functional of the conditional 
distribution of Y  given Z . As above, the exact choice of midpoint functional is irrelevant, since they all receive the same 
expected score. The interpretation of the decomposition terms in (D.2) is similar to the interpretation of those in (11): the 
first term measures forecast uncertainty, the second term quantifies discriminative ability, and the third term constitutes 
a measure of conditional miscalibration for modal intervals.

The following proposition is an analogue of Proposition  8 for modal intervals (see also Gneiting & Resin, 2023, Theorem 
2.23).

Proposition 18.  The decomposition of the expected modal interval score in (D.2) satisfies the following properties:
(i) DSCMod ≥ 0 with equality if and only if mc(Y | Z) ∈ Mc(Y ).
(ii) MCBMod ≥ 0 with equality if and only if Z ∈ Mc(Y | Z).

This latter requirement, that Z ∈ Mc(Y | Z), can be interpreted as a notion of auto-calibration for modal interval 
forecasts. This is essentially a particular example of (conditional) T-calibration, as defined by Gneiting and Resin (2023, 
Definition 2.7). Hence, these score decompositions can be used to assess the auto-calibration of modal interval forecasts. 
Note, however, that this notion of calibration has no direct correspondence to the coverage of the interval forecast, which 
is more commonly of interest when assessing central prediction intervals.

Appendix E. Orderings

To estimate the decomposition of the interval score in Section 3.3, we define a partial order on the space of interval 
forecasts. This is necessary for the implementation of IDR when estimating the conditional quantiles, since IDR assumes 
that a larger observation generally occurs when a larger interval forecast is issued. Thus, we require a definition of when 
one interval forecast is ‘larger’ than another. We choose an ordering that defines an interval forecast as larger than 
another if both the lower and upper bounds are no smaller than those of the other forecast, with at least one bound 
being strictly larger. This is similar in essence to stochastic ordering of predictive distributions. While other partial orders 
could also be employed, not all orderings will yield interval score decomposition terms with the desirable properties listed 
in Section 3.3.

IDR is designed so that a larger covariate value, according to the chosen partial order, results in a larger predictive 
distribution, according to the stochastic order on distributions (denoted ≤st in the following). In our context, the IDR 
predictive distributions uniquely minimise the average interval score over all n-tuples (F1, . . . , Fn) of distribution functions 
that satisfy Fi ≤st Fj if [ℓi, ui] ≤ [ℓj, uj] for i, j ∈ {1, . . . , n}, where [ℓ1, u1], . . . , [ℓn, un] represent the original interval 
forecasts on which IDR is applied. We additionally have that the IDR prediction intervals uniquely minimise the average 
interval score over all n-tuples ([ℓ∗

1, u
∗

1], . . . , [ℓ
∗
n, u

∗
n]) of interval forecasts that satisfy ℓ∗

i ≤ ℓ∗

j  and u∗

i ≤ u∗

j  if [ℓi, ui] ≤

[ℓj, uj] for i, j ∈ {1, . . . , n}. These statements hold regardless of the ordering chosen on the space of interval forecasts.
The theoretical guarantees in Proposition  10 rely on the fact that the original interval forecasts satisfy the same order 

relations as the prediction intervals obtained from the IDR-recalibrated predictive distributions. That is, for the partial 
order employed in Section 3.3, the n-tuple of original forecasts ([ℓ1, u1], . . . , [ℓn, un]) satisfies ℓi ≤ ℓj and ui ≤ uj if 
[ℓi, ui] ≤ [ℓj, uj], since this is simply the definition of the partial order. They therefore belong to the class of n-tuples 
over which IDR is the optimal solution. The average interval score of the IDR-recalibrated prediction intervals is thus no 
worse than that of the original forecasts, which ensures that the miscalibration term of the isotonic decomposition is 
non-negative.

As an example of where this does not hold, consider the order on the space of interval forecasts defined by [ℓi, ui] ≤

[ℓj, uj] if (ℓi + ui)/2 ≤ (ℓj + uj)/2. That is, one interval forecast is larger than another if its midpoint is larger. This 
corresponds to a total order rather than a partial order, which could circumvent the practical issues related to non-
comparable prediction intervals discussed in Remark  12. However, with this ordering, [ℓi, ui] ≤ [ℓj, uj] does not necessarily 
imply that ℓi ≤ ℓj and ui ≤ uj. Hence, while the IDR predictive intervals are still optimal with respect to the average 
interval score over all intervals that satisfy ℓ∗

i ≤ ℓ∗

j  and u∗

i ≤ u∗

j  if [ℓi, ui] ≤ [ℓj, uj] for i, j ∈ {1, . . . , n}, this 
criterion is not satisfied by the original forecasts. There is therefore no guarantee that the average interval score of the 
recalibrated prediction intervals is lower than the average interval score of the original interval forecasts, meaning that 
the miscalibration term of the decomposition could be negative. It is therefore necessary to choose an order that aligns 
with the stochastic order of predictive distributions that is used in IDR.

Appendix F. Isotonic calibration

To estimate the terms of the decomposition of the interval score in (11), we employ isotonic distributional regression 
(IDR). Arnold and Ziegel (2025) show that the population version of the IDR predictive distributions is the isotonic 
conditional law of the outcome variable Y  given the covariates. The isotonic conditional law of Y  given a random variable 
Z is the conditional distribution of Y  given the σ -lattice generated by Z , denoted by A(Z). A σ -lattice shares the same 
definition as a σ -algebra, except that it does not need to be closed under complements. Hence, every σ -algebra is 
also a σ -lattice, and the σ -algebra generated by a random variable is always larger than the corresponding σ -lattice, 
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i.e. A(Z) ⊆ σ (Z). The isotonic conditional law of Y  given Z coincides with the conditional distribution of Y  given Z if 
and only if the latter is already isotonic in Z (Arnold & Ziegel, 2025, Theorem 3.3). We refer readers to Arnold and Ziegel 
(2025) and the references therein for further details on σ -lattices and isotonic conditional laws; the basic properties listed 
above are all that is necessary to understand the results in this section.

Using the relationship between IDR and isotonic conditional laws, we can define a population counterpart to the sample 
decomposition in (12) as 

E[ISα([L,U], Y )] = UNC − DSCI + MCBI, (F.1)

where UNC is as defined in (11), and

DSCI = E[ISα([q α
2
(Y ), q1− α

2
(Y )], Y )] − E[ISα([q α

2
(Y | A(L,U)), q1− α

2
(Y | A(L,U))], Y )],

MCBI = E[ISα([L,U], Y )] − E[ISα([q α
2
(Y | A(L,U)), q1− α

2
(Y | A(L,U))], Y )],

with A(L,U) the σ -lattice generated by L and U , and qα(Y | A(L,U)) an arbitrary α-quantile of the isotonic conditional 
law of Y  given L and U .

This facilitates a definition of isotonic calibration for interval forecasts, which is analogous to the definition of isotonic 
calibration for probabilistic forecasts introduced by Arnold and Ziegel (2025, Definition 5.1).

Definition 19.  An interval forecast [L,U] is isotonically calibrated if 

L ∈ Q α
2
(Y | A(L,U)) and U ∈ Q1− α

2
(Y | A(L,U)). (F.2)

That is, L and U are quantiles of the isotonic conditional law of Y  given the interval forecast. From Remark  4, this 
definition is analogous to the definition of auto-calibration, except that the conditional distribution of Y  given L and U has 
been replaced by the corresponding isotonic conditional law. However, in contrast to auto-calibration, isotonic calibration 
does not correspond to a conditional coverage guarantee as in (6).

Under mild conditions, isotonic calibration implies that 

L ∈ Q α
2
(Y | L) and U ∈ Q1− α

2
(Y | U). (F.3)

See Arnold and Ziegel (2025, Lemma 6.8). That is, the bounds L and U are quantile calibrated predictions for the α/2 and 
1 − α/2 quantiles of Y , respectively, in the sense of Gneiting and Resin (2023). The requirement in (F.3) could itself be 
used to define a notion of quantile calibration of interval forecasts, though since this is generally strictly weaker than 
isotonic calibration, we do not consider it in the following.

Isotonic interval calibration additionally implies unconditional interval calibration, as defined in (1). However, isotonic 
calibration is implied by auto-calibration. In other words, isotonic calibration is stronger than unconditional calibration, 
but weaker than auto-calibration. The relationships between these different notions of interval calibration are summarised 
below.

Proposition 20.  The following relationships hold between the notions of interval calibration:
(i) Isotonic calibration implies unconditional calibration, but the converse is not true.
(ii) Auto-calibration implies isotonic calibration. Isotonic calibration implies auto-calibration if, for any g(L,U) ∈ Qβ (Y | L,U), 

β ∈ {α/2, 1 − α/2}, it holds that g is componentwise increasing.

Remark 21.  The reverse direction in Proposition  20(ii) implies that the conditional α/2 and 1−α/2 quantiles of Y  given L
and U are monotonic; note that any conditional quantile Z ∈ Qβ (Y | L,U) for some β ∈ (0, 1) can be written as Z = g(L,U)
for some (measurable) function g of L and U .

If Y  is continuous and the interval forecast is constant, then auto-calibration, isotonic calibration, and unconditional 
calibration are equivalent, since the interval [L,U] is deterministic. More generally, auto-calibration is a stronger 
requirement than isotonic calibration, and both are much stronger than unconditional calibration. Isotonic and auto-
calibration are equivalent if the conditional upper and lower quantiles of Y  are ordered (formalised in part (ii), above), 
which is a natural requirement for informative predictions and should be satisfied at least approximately in many relevant 
forecasting situations. This is the motivation for employing IDR to estimate the decomposition terms.

Using the properties of the isotonic conditional law (see Arnold & Ziegel, 2025), we can deduce that this isotonic 
decomposition has desirable properties analogous to those of the decomposition in (11).

Proposition 22.  The decomposition of the expected interval score in (F.1) satisfies the following properties:
(i) DSCI ≥ 0 with equality if and only if qα/2(Y | A(L,U)) ∈ Qα/2(Y ) and q1−α/2(Y | A(L,U)) ∈ Q1−α/2(Y ).
(ii) MCB ≥ 0 with equality if and only if the interval forecast [L,U] is isotonically calibrated.
I
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In this case, the miscalibration term MCBI measures the extent to which the interval forecast [L,U] deviates from an 
isotonically calibrated prediction interval. Since auto-calibration implies isotonic calibration (Proposition  20(ii)), it follows 
that MCBI is also equal to zero when the forecast is auto-calibrated. More generally, the deviation from auto-calibration 
is always at least as large as the deviation from isotonic calibration, but these terms will often be the same since these 
two definitions are equivalent in many relevant forecasting situations (reverse direction of Proposition  20(ii)).

Proposition 23.  It holds that
E[ISα([L,U], Y )] ≥ MCBA ≥ MCBI.

Data and code availability

The code and data used in this study are publicly available. Instructions to reproduce the results herein can be found 
at https://github.com/sallen12/CondIntCal_rep.
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