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Kurzfassung

Wellenleiterdisplays sind eine wichtige optische Architektur für Displaybrillen,
die durch Mehrfachauskopplungen ein großes Sichtfeld und eine große Eyebox
bei gleichzeitig kompakter Bauform ermöglichen. Die Integration herkömmlicher
planarer Wellenleiterdisplays in Korrektionsgläser mit konvexen Basiskurven
führt jedoch zu dickeren und schwereren Brillengläsern. Sphärisch gekrümmte
holografischeWellenleiter hingegen ermöglichen dünne und leichte Displaygläser
in der Bauform herkömmlicher Korrektionsgläser.

Nach Kenntnis des Autors präsentiert diese Arbeit erstmals ein exaktes ge-
ometrisches Designverfahren für sphärische holografische Wellenleiterdisplays.
Es wird gezeigt, dass die exakten Eigenmoden, auf denen vorherige Aberra-
tionskorrekturen planarer und zylindrischer Wellenleiterdisplays beruhen, in
sphärischen Wellenleitern nicht existieren. Stattdessen werden mithilfe exak-
ter Sprungabbildungen geschlossene geometrische Modenfamilien für planare,
zylindrische und sphärische Wellenleiter konstruiert, die im planaren und zylin-
drischen Grenzfall mit Eigenmoden übereinstimmen. Geschlossene Moden
vermeiden Mehrdeutigkeiten in den Strahlfeldern überlappender Generationen
von im Wellenleiter geführter Strahlbündel und überführen die Einkoppel- und
Expandergitter in analytische Translationen im Modenraum. Verbleibende ge-
ometrische Aberrationen entstehen ausschließlich bei der Bildauskopplung. Für
sphärische Krümmungen unter 3D werden über ein diagonales Sichtfeld von
22◦ für eine 8mm-Augenpupille monochromatische Winkelfehler von weniger
als einer Bogenminute erreicht, vergleichbar mit dem Auflösungsvermögen des
menschlichen Auges.
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Anschließend befasst sich die Arbeit mit der Belichtung holografischer Wellen-
leiter. Herkömmliche Verfahren zur Aufzeichnung holografischer Kopplergitter
beruhen auf immersionskontaktierter Belichtung, was die Herstellung erschw-
ert. Änderungen der Aufzeichnungswellenlänge und der Aufzeichnungsgeometrie
werden als mögliche Ansätze zur Herstellung von Wellenleiterdisplays ohne Im-
mersionskontakt untersucht. Für planare und schwach gekrümmte holografische
Gitter werden analytische Grenzen für immersionsfreie Belichtbarkeit hergeleitet.
Die Ergebnisse zeigen, dass für typische Photopolymerwellenleiter die betra-
chteten reflektiven Einkoppler- und Auskopplergitter für die roten, grünen und
blauen Farbkanäle ohne Immersionskontakt aufgezeichnet werden können. Prak-
tisch relevante Expandergitter für planare und sphärische Photopolymerwellen-
leiter erfordern dagegen zwingend eine Immersionsbelichtung.

Die automatisierte Immersionsbelichtung von Wellenleitern erfordert sowohl
einen großen Bereich von Strahlwinkeln als auch Strahlaperturen im Zentimeter-
bereich, um Einkoppel-, Expander- und Auskoppelgitter aufzeichnen zu können.
Nach Kenntnis des Autors beschreibt diese Arbeit die erste automatisierte Be-
lichtungsanlage für holografische Wellenleiterdisplays. Das System kombiniert
zwei auf Sechsachsrobotern montierte Kollimatoren mit einer eigens entwick-
elten immersionskontaktierten Prismenkonstruktion. Die Roboterposen werden
mithilfe inverser Strahlverfolgung und Roboterkinematik berechnet, wobei Mate-
rialschrumpfung und Strahlpolarisation berücksichtigt werden. Die Kalibrierung
ergibt einenmittleren absolutenWinkelfehler von weniger als 0.1◦, während inter-
ferometrische Messungen über typische Belichtungszeiten eine Phasenstabilität
von ±λ/20 nachweisen. Die Belichtungsmaschine wird durch die Herstellung
eines planaren Wellenleiterdisplays validiert. Die Modulationsübertragungsfunk-
tion des Displays wird bestimmt, und die durch die Pupillenabtastung verursachte
Intensitätsmodulation im lasergescannten Bild wird analytisch erklärt.

Diese Ergebnisse belegen die optische Realisierbarkeit sphärischer holografis-
cher Wellenleiterdisplays und identifizieren deren Herstellung als die wesentliche
verbleibende Herausforderung. Das entwickelte Designverfahren, die Analyse der
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immersionsfreien Belichtbarkeitsgrenzen und die automatisierte Belichtungsan-
lage für planare Wellenleiter bilden eine Grundlage für die zukünftige Entwick-
lung sphärischer Wellenleiterdisplays.
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Abstract

Waveguide displays are a prominent optical architecture for near-eye displays
because exit-pupil expansion enables a large field of view and a large eyeboxwithin
a compact form factor. However, embedding conventional planar waveguides into
prescription lenses with convex base curves increases lens thickness and weight.
Spherically curved holographic waveguides could avoid these penalties, enabling
lightweight display glasses with the form factor of conventional eyewear.

To the author’s knowledge, this thesis presents the first exact geometric design
framework for spherical holographic waveguide displays. It is shown that the
exact eigenmodes underlying previous planar and cylindrical waveguide display
designs do not exist in spherical waveguides. Instead, closed geometric mode
families for planar, cylindrical, and spherical waveguides are constructed using
exact jump maps that recover previously known eigenmodes in the planar and
cylindrical limit. These modes make overlapping generations of guided beams
single-valued and turn incoupler and expander gratings into analytic translations
in mode space. Residual geometric aberrations arise only during image extraction
at the outcoupler. For spherical curvatures below 3D, non-sequential ray tracing
predicts angular errors below 1 arcmin for monochromatic imaging to an 8mm

pupil across a 22◦ diagonal field of view, approaching the visual-acuity limit.

The thesis then addresses the fabrication of holographic waveguides. Conven-
tional recording schemes rely on edge-lit exposure with immersion contact, which
complicates both prototyping and fabrication. Shifts in recording wavelength and
recording configuration are investigated as potential means of fabricating waveg-
uide displays without immersion contact. Analytical bounds on immersion-free
recordability are derived for planar holographic gratings and remain approximately
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valid for gratings formed on weakly curved substrates. The results show that the
considered red, green, and blue incouplers and outcouplers for typical reflective
photopolymer waveguides can be recorded without immersion contact. By con-
trast, the expander gratings required for practically relevant planar and spherical
photopolymer waveguides lie outside the range of immersion-free recordability.

Automated edge-lit waveguide recording requires both a wide range of beam
angles and centimeter-scale beam apertures to record the incoupler, expander,
and outcoupler gratings. To the author’s knowledge, this thesis reports the first
automated recording platform for holographic waveguide displays. The system
combines two collimators mounted on six-axis robots with a custom edge-lit prism
assembly. Exposure poses are computed from the prescribed gratings using in-
verse ray tracing and robot kinematics, with compensation for material shrinkage
and alignment of the recording-beam polarization. Calibration yields a mean ab-
solute angular error below 0.1◦, while interferometric measurements demonstrate
relative optical-path stability of order ±λ/20 over typical exposure times. The
complete workflow is validated through the fabrication of a planar waveguide that
transmits readable text. Its modulation transfer function is evaluated, and pupil-
sampling-induced intensity modulation in the laser-scanned image is explained
analytically.

Together, these results establish the optical feasibility of lightweight, prescription-
compatible spherical holographic waveguide displays and identify fabrication as
the principal remaining challenge. The developed design framework, recordabil-
ity analysis, and automated exposure platform for planar waveguides provide a
foundation for the future development of spherical waveguide displays.
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1 Introduction

Augmented reality (AR) overlays digital information, such as text messages, nav-
igation cues, or contextual annotations, onto a user’s view of the physical en-
vironment. Integrating this functionality into glasses promises everyday weara-
bility, but imposes stringent optical requirements: the display must be compact,
lightweight, transparent, and compatible with natural eye motion and realistic
variations in spectacle fit.

The near-eye display (NED) is the optical system that forms the virtual image and
superimposes it on the world view. Each virtual image point is represented by a
ray bundle that enters the eye pupil at a particular chief-ray angle. The bundle is
collimated for an image at infinity and divergent for an image at a finite distance
s, as shown in Fig. 1.1. The angular extent of all such bundles defines the display
field of view. The displayed image must remain visible as the eye rotates, as pupil
position varies between users, and as the glasses slip on the face. The optical
system must therefore provide not only a numerical aperture sufficient for the
specified field of view (FOV), but also an exit pupil diameter DEP large enough
to accommodate a specified volumetric eyebox. Within this volume, the eye
pupil may shift relative to the exit pupil while the image remains visible without
vignetting, see Fig. 1.1. A larger field of view requires a larger system exit pupil
to maintain this eyebox. To first order, the available eyebox diameter DEYB is
determined by the eye relief EYR, defined as the distance from the eye pupil to
the rear surface of the eyeglass, and the system exit pupil distance EPD, defined
as the distance from the NED exit pupil to the rear surface of the eyeglass [1]

DEYB = DEP − 2 (EYR + EPD) tan(FOV/2). (1.1)
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The combined requirement for a large field of view and a large exit pupil can be
expressed through the one-dimensional system étendue, the product of exit pupil
diameter and field of view [2],

G1D = 2DEP sin (FOV/2) . (1.2)

This étendue requirement is one of the central constraints in the design of
augmented-reality glasses. In a classical lossless optical system without ray
splitting, étendue is conserved. Field of view and eyebox can therefore be traded
against one another, but achieving both simultaneously requires large étendue and,
consequently, large optical apertures, which increase system volume and weight
[1–3]. Large system size is incompatible with the glasses-like form factor required
for wearable AR glasses.

In free-space combiner systems, the virtual-image ray bundles propagate through
free-space optics and are superimposed on the world view by a semi-transparent
optical element. This principle dates back to Grubb’s 1901 reflective gun sight,
where a collimated illuminated mask was combined with the scene by a tilted
partially reflective plate [4], see Fig. 1.2(a). In modern AR displays, the mask is
replaced by a microdisplay or scanned source. The same architecture reappeared
in the 1950s and 1960s in aircraft head-up displays (HUDs) and helmet-mounted

Figure 1.1: Schematic of a near-eye display showing a virtual image at distance s. Exit pupil and
eyebox volume are illustrated.
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Figure 1.2: Comparison of display architectures. (a) A free-space combiner uses a semi-transparent
optical element to overlay the virtual image on the real-world view, requiring a relatively
large collimator to support the desired field of view and eyebox. (b) Awaveguide combiner
guides and repeatedly extracts light to expand the exit pupil within a compact form factor
suitable for integration into an eyeglass lens. Actual waveguide substrates are thinner than
illustrated, increasing pupil-sampling density.

display systems [5, 6]. However, due to étendue conservation, conventional free-
space combiner architectures remain constrained when a large eyebox, wide field
of view, and eyeglass-like compactness are required simultaneously.

Waveguide combiners address this constraint by introducing controlled ray split-
ting. In a 1980 filing, Searle proposed injecting an angular spectrum of collimated
ray bundles, corresponding to a virtual image at infinity, into a planar substrate
at angles guided by total internal reflection. The ray bundles are repeatedly
and partially extracted along the propagation direction [7], see Fig. 1.2(b). This
replicates the exit pupil along one dimension and expands the system’s eyebox,
thereby increasing the effective étendue at the cost of dividing the optical power
among the pupil replicas. Amitai and Friesem later extended this principle by
partially redirecting the guided light prior to extraction, enabling a matrix-like
two-dimensional eyebox expansion (2D EBE) [8, 9]. Eyebox expansion enables
highly compact waveguide displays that combine large field of view and large
eyebox, making waveguide combiners an attractive architecture for compact AR
glasses.

3
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Several waveguide coupler technologies have been developed for light insertion,
redirection, and extraction. Holographic waveguides use volume grating couplers,
so-called holographic optical elements (HOEs), and build on foundational waveg-
uide work by Upatnieks in the 1980s [10–12], Amitai et al. [13, 14] in the 1990s,
and early industrial research [15]. This approach was developed into products by
Sony [16–18] and BAE Systems [19, 20]. Surface relief grating (SRG) waveg-
uide couplers were developed by Nokia [21] and later used in products such as
Microsoft HoloLens [22]. Lumus developed geometric couplers using partially
reflective mirrors embedded in the waveguide substrate [23, 24]. These have
recently been adopted in the Meta Ray-Ban Display [25].

Holographic waveguide couplers offer two important advantages for consumer
AR glasses. First, they can provide high transparency with low levels of visual
artifacts. Volume diffraction from HOEs provides higher angular and wavelength
selectivity than surface diffraction from SRGs. As a result, most ambient light is
far off-Bragg and is not diffracted into the user’s or a bystander’s eye, reducing
rainbow artifacts. Similarly, undesired diffraction orders of the display light
are suppressed, reducing active display eyeglow and leakage [22]. Geometric
waveguides, by contrast, exhibit several stray-light paths and produce a louvre-
blind effect when the partially reflective mirrors are positioned directly in front of
the eye [22].

A second, less widely recognized advantage is that holographic waveguides are
particularly well suited for integration into thin, lightweight, curved prescription-
lens stacks. Regular prescription lenses use a convex front base curvature to
conform to face-wrapped eyewear frames and to control off-axis aberrations [26,
p. 74], while the back surface provides the required prescription power. Inserting
planar optical elements between the front and back prescription-lens surfaces leads
to significantly thicker lens stacks than regular eyewear, unlike spherically curved
elements that naturally conform to the base curvature [27, 28]. Consequently,
existing planar geometric and SRG waveguide displays generally require nearly
vanishing base curvature if acceptable thickness and weight are to be maintained,
leading to unnaturally flat eyewear with limited face-wrap.

4
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Recent work has demonstrated that spatially varying holographic couplers can
enable cylindrically curvedwaveguideswithmonochromatic aberration correction
[29–34], following earlier conceptual filings [35, 36]. For integration with a
nonzero base curvature, the outcoupling HOEmust impart the same optical power
to the display light as the front surface imparts to the world view. The back surface
curvature then brings both the world view and the display image into focus [37].

Holographic waveguides can, in principle, provide both curved-waveguide aberra-
tion correction and the required outcoupling power. Their spectral selectivity also
provides a path toward full-color curved waveguides by stacking several HOEs
dedicated to individual color channels. This combination appears difficult to
realize with less selective SRGs, while geometric waveguides lack the required
wavefront control. These properties make holographic waveguides particularly
promising for lightweight integration into prescription lenses.

Realizing prescription-compatible spherical waveguide displays requires progress
in both optical design and holographic fabrication.

From a design perspective, freeform HOEs providing non-paraxial aberration cor-
rection have so far been derived only for cylindrical waveguide displays, whereas
direct conformity with ophthalmic base curves requires spherical curvature.

From a fabrication perspective, spherical waveguides require spatially varying
HOEs recorded by accurately controlled freeform object and reference wavefronts,
adjusted for material shrinkage. This exceeds the capabilities of established
waveguide recording systems. Currently, even planar holographic waveguide
prototyping commonly relies on custom exposure systems rather than dedicated
commercial mastering machines. Incoupling, expanding, and outcoupling HOEs
are typically recorded in separate purpose-built exposure systems and subse-
quently relaminated onto a common substrate [38, 39]. Iterative compensation
of shrinkage or design changes therefore requires repeated manual realignment
of the exposure systems. Conventional waveguide coupler recording additionally
relies on immersion contact with edge-lit prisms, which complicates handling
and slows fabrication cycles. A reliable and repeatable planar fabrication process
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is therefore a necessary experimental foundation for spherical-waveguide devel-
opment: it enables systematic characterization of material shrinkage, exposure
dose, alignment tolerances, immersion-liquid flow, and other process bottlenecks
that must be controlled before curved substrates or spatially varying recording
wavefronts can be implemented. Recently proposed wavelength-shifted exposure
strategies avoid immersion contact and edge-lit exposure for selected waveguide
coupler geometries and could substantially simplify fabrication and prototyping if
they were applicable to practical planar and spherical waveguide designs [40–42].

To the author’s knowledge, this thesis presents the first non-paraxial design frame-
work for spherical holographic waveguides, shows that immersion-free recording
is not applicable to practically relevant planar and spherical photopolymer waveg-
uides with two-dimensional eyebox expansion, and introduces an automated
robotic exposure platform for the repeatable fabrication of planar holographic
waveguide displays using a single custom-designed edge-lit prism assembly. To-
gether, these contributions establish theoretical and experimental foundations for
the broader goal of realizing spherical holographic waveguides. The thesis is
structured as follows.

Chapter 2 introduces the optical and holographic foundations used throughout the
thesis and quantifies the weight advantage of embedding spherical waveguides
into prescription lenses. Chapter 3 shows that the eigenmode concept, which
has been successfully applied for aberration correction in cylindrical waveguide
design, breaks down for spherical waveguides: no such eigenmodes exist. Instead,
the chapter introduces closed modes under waveguide jump maps, which coincide
with eigenmodes in the cylindrical limit but remain available in the spherical
case. Based on this concept, the chapter presents the first non-paraxial designs
of spherical waveguide displays. The method is compatible with 2D eyebox ex-
pansion, is quasi-analytical, and decomposes the highly non-convex end-to-end
design problem into two simplified optimization problems.1 Chapter 4 examines

1 Published in: Marvin Feil, Moritz Esslinger, Reinhold Fiess, and Wilhelm Stork, “Closed-
mode families for planar, cylindrical, and spherical waveguide display design,” Opt. Ex-
press 34(14): 26031–26046 (2026). (Editors’ pick)
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how far immersion-contacted, edge-lit exposure can be avoided by shifting the
recording wavelength and configuration. It derives analytical recordability limits
and shows that a broad range of relevant incouplers can be recorded from air,
whereas typical planar and spherical expander gratings cannot.2 Chapter 5 intro-
duces an exposure machine based on two six-axis robot arms that automatically
adjust the recording-beam positions, directions, and polarization orientations. A
custom edge-lit prism system enables edge-lit recording of planar waveguide dis-
plays in a single substrate, including incoupler, expander, and outcoupler gratings.
The complete process is demonstrated with a planar 2D-EBE validation sample.3

The outlook returns to the fabrication of spherical holographic waveguides and
outlines two directions for future work. First, it proposes a concept for extending
the twin-prism exposure system to curved waveguide displays using refractive
freeform optics.4 Second, it proposes a concept for the spatially resolved scattero-
metric metrology of waveguide couplers.

2 Published in: Marvin Feil, Tobias Wilm, Moritz Esslinger, Reinhold Fiess, and Wilhelm Stork,
“Limits of immersion-free recording of holographic waveguide displays,” Opt. Lett. 50(2): 606–
609 (2025).

3 Submitted for publication: Marvin Feil, Reinhold Fiess, and Wilhelm Stork, “Automated mas-
tering of holographic waveguide displays with robot-mounted optics,” Appl. Opt. Parts of this
work were presented in Marvin Feil, Reinhold Fiess, and Wilhelm Stork, “Automated mastering
of holographic waveguide displays,” in Proc. SPIE 13821, p. 138210A (2026), and Marvin
Feil, Tobias Wilm, Reinhold Fiess, and Wilhelm Stork, “Automated holographic recording using
six-axis robot arm pair,” in Proc. SPIE 13529, p. 135290J (2025).

4 Part of this work was awarded first place at the SPIE AR |VR |MR Student Optical Design
Challenge 2026: Marvin Feil, Moritz Esslinger, Yuchen Deng, Reinhold Fiess, and Wilhelm
Stork, “Freeform Recording of Curved Holographic Waveguides.”

7





2 Fundamentals

In this chapter, we introduce the fundamentals of holographic optical elements
(HOEs), discuss the HOE couplers required for conventional planar holographic
waveguide displays, and quantify the weight and thickness advantage of curved
waveguides over planar ones when integrated into prescription lenses.

2.1 Holographic optical elements (HOEs)

The interference of two coherent optical fields

E1(r) = A1(r)e
iϕ1(r), E2(r) = A2(r)e

iϕ2(r), (2.1)

produces regions of high and low intensity,

I(r) ∝ |E1+E2|2 = |A1|2+ |A2|2+2|A1 ·A∗
2| cos(ϕ1−ϕ2+arg(A1 ·A∗

2)).

Recording this interference pattern in a film of photosensitive material without
oversaturation yields, to first order, a spatially varying permittivity structure

ϵ(r) = ϵ′ + γI(r). (2.2)

Yuri Denisyuk called such a patterned film a wave photograph and showed that it
diffracts the original recording field E1 into E2, and vice versa [43]. Today we
refer to such wave photographs as holograms, a term first introduced by Dennis
Gabor [44]. Denisyuk’s argument is based on integrating the Fresnel reflection of
E1 over themany constant-permittivity surfaces, or Bragg planes, of the hologram
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2 Fundamentals

volume. For holograms in thin films, additional diffraction orders and diffracted
fields can occur. These are suppressed in sufficiently thick film layers.

Denisyuk demonstrated this wave reconstruction principle experimentally by
recording the interference between a light beam and its reflection from a con-
vex mirror in a silver halide emulsion [43]. For the incident reference wavefront,
the hologram reproduces the optical functionality of the convex mirror: the in-
cident field is diffracted into the wavefront that would be produced by reflection
from the mirror. We refer to such holograms of optical elements as holographic
optical elements (HOEs) [45].

HOEs are strongly wavelength- and angle-selective. A wavefront different from
the recording wavefront will generally be diffracted by the HOE differently from
how it would be reflected by the recorded convex mirror. HOEs can operate
in both transmission and reflection and can be recorded from arbitrary optical
elements, such as lenses, mirrors, gratings, or any other element that provides an
optical field. The HOE function is independent of the hologram film curvature as
long as the geometry is unchanged between recording and replay [45].

In many practical applications, HOEs are used with several different incident
beams, for example to image a finite field of view. The HOE can be optimized to
diffract these different incident wavefronts approximately into target wavefronts,
rather than diffracting one wavefront perfectly. This optimization accounts for the
angular and wavelength dispersion of the diffraction physics and typically results
in spatially varying permittivity structures that must be recorded using appropriate
freeform wavefronts [46, 47].

2.1.1 Local volume grating description

At any position r′, the holographic film is locally planar, irrespective of its overall
curvature, with surface normal N̂(r′). Similarly, the fields in Eq. (2.1) can be
approximated

Ei(r) ≈ Ai(r
′)ei[ϕi(r

′)+ki(r
′)·(r−r′)], (2.3)
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2.1 Holographic optical elements (HOEs)

with the amplitude Ai varying slowly on the scale of a few wavelengths and the
wave vectorki(r

′) = ∇ϕi(r′) being normal to the local phase front. The resulting
local interference pattern is a sinusoidal irradiance grating with reciprocal grating
vector

Girr(r′) = k2(r
′)− k1(r

′). (2.4)

Ignoring material shrinkage, this pattern is recorded as a permittivity grating with
reciprocal vectorG ≈ Girr. The Bragg planes are normal toG, and their spacing
is given by the grating pitch Λ = 2π/|G|. Modern holographic photopolymers
are usually highly transmissive, Im(ϵ) ≈ 0, and weakly modulated,∆ϵ≪ ϵ̄. The
corresponding refractive-index modulation n(r) =

√
ϵ(r) shown in Fig. 2.1 is

therefore also approximately sinusoidal,

n(r) = n̄+∆n cos(G · r+ ϕ0). (2.5)

The achievable index modulation ∆n is limited by the finite dynamic range 2δn
of the recording material before saturation, as well as by the visibility V of the
recording interference pattern. Low visibility means that the dark fringes are not
completely dark, so that the index is also increased in these regions, reducing
the attainable modulation. Reaction-diffusion models of photopolymer exposure
show that, below saturation, the maximum recorded modulation is [48, 49]

∆nmax ≈ V δn =
2
√
I1I2|Â1 · Â∗

2|
I1 + I2

δn. (2.6)

Figure 2.1: Cross-section of a volume grating, visualizing the grating vector and coordinate system.
Slant angle ϕ, period Λ, normal period ΛN and tangential period ΛT are shown.
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2.1.2 Local grating coordinate system

For later analysis, we define the local grating coordinate system {N̂, T̂, D̂} at-
tached to the hologram surface, see Fig. 2.1. It is spanned by the surface normal
N̂, the tangential grating direction T̂ =

(
G− (G · N̂)N̂

)
/
∣∣∣G− (G · N̂)N̂

∣∣∣,
and the binormal D̂ = N̂× T̂.

In this system the grating vector is described by only two components,

G = GT T̂+GNN̂, (2.7)

the normal grating componentGN = N̂ ·G and the tangential grating component
GT = T̂ · G. We also define the tangential grating vector GT = G − GNN̂.
The sign of the fringe normal G is arbitrary. We fix it by requiring GN > 0. By
construction of T̂, we have GT > 0. The local pitch and slant of the grating are
fully described by GT and GN , with pitch Λ = 2π/|G|, tangential pitch ΛT =

2π/|GT |, normal pitch ΛN = 2π/|GN |, and slant angle ϕ = arctan(GT /GN ).
In a general coordinate system, the third coordinate of the grating vector specifies
the rotation of the grating on the hologram surface.

2.1.3 Hologram shrinkage

Most holographic recording materials shrink during post-exposure curing. Be-
cause the holographic film is attached to a carrier substrate, this shrinkage is typi-
cally anisotropic, with different shrinkage coefficients in the normal and tangential
directions. If the exposure irradiance pattern has periods Λirr

N and Λirr
T , the mate-

rial grating after curing has periods ΛN = (1 − s)Λirr
N and ΛT = (1 − sT )Λ

irr
T ,

where s and sT are the normal and tangential shrinkage coefficients [46, 50].
Equivalently, the irradiance grating vector required to obtain a desired material
gratingG = GT T̂+GNN̂ is

Girr(G, s, sT ) = Girr
T T̂+Girr

N N̂ = GT (1− sT ) T̂+GN (1− s) N̂. (2.8)
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2.1 Holographic optical elements (HOEs)

2.1.4 Decomposition in recording wavefronts

For a desired grating vector G, the required exposure irradiance grating vector
Girr is specified by Eq. (2.8). Equation (2.4) specifies the irradiance grating
vector produced by two recording wave vectors ko and kr. There is an infinite
family of recording wave vector pairs satisfying this condition [46, 47]. As derived
in Appendix A.1, this family can be parametrized by the recording wavelength λ
and the angular recording configuration parameter σ ∈ [0, 2π),

kr(σ, λ) = −Girr

2
+

√
k2 − (Girr)

2

4
∆̂

ko(σ, λ) =
Girr

2
+

√
k2 − (Girr)

2

4
∆̂. (2.9)

Here k = 2πn/λ is the recording wave vector magnitude inside the recording
material with refractive index n and the unit vector ∆̂ is normal to the grating
vector,

∆̂(σ) = cos(σ)
1

Girr

(
Girr

T N̂−Girr
N T̂

)
− sin(σ)

(
N̂× T̂

)
. (2.10)

To achieve maximum recording visibility and, consequently, the maximum holo-
gram modulation in Eq. (2.6), the polarization overlap |p̂r · p̂∗

o| of both recording
beams must be unity. Assuming linear polarization, this requires

p̂r = p̂o = ± kr × ko

|kr × ko|
. (2.11)

2.1.5 Volume grating diffraction

Consider a plane wave with wave vector ki incident on a volume grating. Due to
discrete translation symmetry, as detailed in Appendix A.2.1, the diffracted field
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is given by a sum of discrete plane wave diffraction orders m with wave vectors
km
d . The tangential part of this wave vector km

d,∥ = km
d −

(
N̂ · km

d

)
N̂ is

km
d,∥ = ki,∥ +mGT T̂, m ∈ Z, (2.12)

where ki,∥ = ki −
(
N̂ · ki

)
N̂ is the tangential part of the incident wave vector.

We call this the tangential momentum matching equation or in angular form the
grating equation. The corresponding wave vector normal component kmd,N =

N̂ · km
d is determined by the dispersion relation,

kmd,N = ±
√
k2 −

∣∣∣km
d,∥

∣∣∣2 = ±
√
(2π/λ)

2
ϵ̄−

∣∣∣ki,∥ +mGT T̂
∣∣∣2. (2.13)

The two possible signs correspond to transmitted and reflected diffraction orders.

Efficient diffraction occurs only in the orders that are phase matched through the
grating thickness. If there is a nonzero Bragg wave vector mismatch

∆k(ki, N̂,G,m) = ki,N +mGN − kmd,N (2.14)

for a given diffraction order, wavelength and incidence direction, waves generated
at different depths interfere destructively, as detailed in Appendix A.2.2. For a
thick grating, appreciable diffraction is confined to a narrow neighborhood of the
Bragg phase matching condition,∆k = 0. Combining Eq. (2.14) with Eq. (2.12)
gives Laue’s formulation of the Bragg condition [51]

km
d = ki +mG, m ∈ Z, k = (2π/λ)

√
ϵ̄ = |km

d |. (2.15)

This condition is best interpreted following Ewald [52]. Efficient diffraction
occurs when the sum of the incident wave vector and an integer multiple of the
reciprocal grating vector lies on the dispersion relation, or Ewald sphere.

For a given incidence direction and wavelength, sinusoidal volume gratings trans-
fer meaningful energy only in the first order closest to phase matching, either the
reflective or transmissive m = ±1 branch, and not in any higher orders. This
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is explained in Appendix A.2.3. This is the origin of the strong angular and
wavelength selectivity of thick volume gratings: only one first order is efficiently
excited, and only when the incident wave is sufficiently close to phase matching.

Kogelnik’s coupled-wave theory treats this two-wave regime [53]. The resulting
transmitted and reflected diffracted-field amplitudes are summarized for arbitrary
incidence and polarization in [54]. The corresponding diffraction efficiencies for
TE and TM polarization are obtained by taking the squared field magnitudes and
applying the obliquity factors [53]. For non-absorbing volume phase gratings, the
resulting transmission and reflection efficiencies are

ηtrans =
sin2

√
ν2i + ξ2

1 + ξ2/ν2i
, ηreflect =

1

1 +
1−ξ2/ν2

i

sinh2
√

ν2
i −ξ2

. (2.16)

The coefficients ξ and νi in Kogelnik’s theory differ for reflection and transmission
gratings, but may be written in a unified form as shown by Lindlein [46],

νi =
dκi√
|cScR|

, ξ =
ϑd

2cS
. (2.17)

Here, d is the grating thickness, cR = N̂ · k̂i and cS = N̂ · (ki + mG)/k

are obliquity coefficients, and ϑ =
(
k2 − |ki +mG|2

)
/(2k) is the dephasing

parameter. The eigenpolarization-dependent coupling coefficient is

κi =
π∆n

λ

{
1 TE-pol,
k̂i · (ki +mG)/|ki +mG| TM-pol.

(2.18)

For vanishing ∆k, the dephasing parameter ϑ becomes zero.

2.1.6 Hologram ray tracing

We perform geometrical ray tracing through an HOE following Welford [55].
The hologram is represented by an effective diffracting surface carrying the local
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grating vector G, index modulation ∆n, and surface normal N̂. An incident
ray is treated locally as a plane wave with direction k̂i inside the holographic
substrate. The tangential component of the diffracted ray direction is calculated
from the tangentialmomentum-matching condition in Eq. (2.12), while the normal
component follows from the dispersion relation in Eq. (2.13). Only the single non-
negligible first diffraction order is traced, with the efficiency given by Eq. (2.16).

Refraction into and out of the holographic substrate is applied at two surfaces
surrounding the effective holographic surface. The substrate refractive index is
set to the average hologram index [54, 55].

2.2 Planar holographic waveguide displays

This section introduces planar holographic waveguide displays using terminology
that connects directly to the mode-based treatment of arbitrarily curved waveg-
uides in Chapter 3.

2.2.1 Planar waveguide eigenmodes

As discussed in Chapter 1, a waveguide display transports image information
from the light engine to the eye as an angular spectrum of collimated ray bundles
guided by total internal reflection within a transparent substrate. Each bundle is
characterized by its wave vector k and is focused by the eye onto a corresponding
image point on the retina. The optical power carried by each angular component
determines the brightness of the associated image point.

Propagation is described in the waveguide system {x̂, ŷ, ẑ} shown in Fig. 2.2,
where ẑ is normal to the substrate and points toward the inner waveguide surface.

At the design wavelength λd, the free-space wavenumber is k0 = 2π/λd, and
the wave vector magnitude in the waveguide core is kd = nk0, where n is the
refractive index of the waveguide core.

16



2.2 Planar holographic waveguide displays

Figure 2.2: Exemplary orthogonal (a) 1D-EBE and (b) 2D-EBE planar waveguide architectures. The
central free-space mode is shown in dark blue and incoupled and outcoupled normal to
the substrate. In the 2D-EBE architecture, the expander rotates the in-plane propagation
direction by 90◦ while preserving the propagation angle θp = 56◦. One off-axis mode
(corresponding to a (−8◦,−8◦) field point) is shown in each case in light blue.
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A ray bundle is guided by total internal reflection when its angle of incidence at
both planar interfaces exceeds the critical angle. Equivalently, its tangential wave
vector components satisfy

k2x + k2y > k20n
2
clad, (2.19)

where nclad is the refractive index of the waveguide cladding. The bundle then
propagates between the two interfaces by repeated reflections, as illustrated in
Fig. 2.2. Wedefine onewaveguide jump as a round trip from the outer surface to the
inner surface and back. At each reflection, only the normal component of the wave
vector changes sign, whereas the in-plane components (kx, ky) remain unchanged.
These components are therefore invariants of propagation, and the ray bundle
recurs after each jump up to a lateral translation. We refer to the set of translated
ray bundles generated in this way as a planar waveguide eigenmode, specified by
the invariant mode coordinates (kx, ky). The two propagation branches of the
same mode are

k±(kx, ky) = kxx̂+ kyŷ ± kz ẑ, kz =
√
k2d − k2x − k2y. (2.20)

Reflections alternate between k+(kx, ky) and k−(kx, ky) without changing the
mode coordinates.

Modes that do not satisfy Eq. (2.19) are not guided and can cross the waveguide
interfaces. In the following, they are referred to as free-spacemodes. Awaveguide
image source, such as a laser-beam scanner or a collimated display panel, provides
an angular spectrum of such collimated input bundles.

2.2.2 Central-mode grating coupler construction

In a holographic waveguide, volume holographic gratings couple the input free-
space modes into guided modes, redirect these modes within the substrate, and
finally extract them toward the eye. The coupler HOEs are constructed for the
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central free-space mode, which lies at the center of the source angular spectrum
and represents the center of the displayed field of view.

Immediately inside the substrate, the central image bundle reaches the incoupler
with wave vector k(i) = k−(k

(i)
x , k

(i)
y ). For normal incidence, (k(i)x , k

(i)
y ) = (0, 0)

and k(i) = −kdẑ.

In a reflective holographic waveguide, an incoupling HOE located at the outer
surface diffracts this bundle into the guided mode k(1) = k+(k

(1)
x , k

(1)
y ). Its

propagation angle relative to the substrate normal is θp = arccos[|k(1) · ẑ|/kd].

After one or more jumps, the first guided mode returns to the outer surface
with wave vector k(1)

r = k−(k
(1)
x , k

(1)
y ). In a one-dimensional eyebox-expanding

waveguide, this mode is extracted directly by the outcoupling HOE. In a two-
dimensional eyebox-expanding waveguide, an expander HOE first redirects it into
a second guided mode k(2) = k+(k

(2)
x , k

(2)
y ), which is subsequently extracted by

the outcoupler.

The tangential grating vectors of the reflective incoupler, expander, and outcoupler
required for this light redirection follow from the tangential momentum match-
ing condition in Eq. (2.12), whereas the normal grating vector components are
specified by Eq. (2.15) such that the central mode is efficiently diffracted:

Gi = k(1) − k(i), Go1D = k(out) − k(1)
r ,

Ge = k(2) − k(1)
r , Go2D = k(out) − k(2)

r .
(2.21)

These expressions also apply to non-normal incoupling and outcoupling caused,
for example, by light-engine tilt, face wrap, or pantoscopic tilt. A finite image
distance can be introduced by recording the outcoupler with a defocused object
wave, thereby adding a spatially varying defocus component to its local grating
vector field.
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2.2.3 Orthogonal waveguides

The minimal geometry shown in Fig. 2.2 excludes light-engine tilt, face wrap, and
non-orthogonal redirection by the expander. We refer to such 1D- and 2D-EBE
architectures as orthogonal waveguides. Their central mode is incoupled and
outcoupled normal to the substrate, k̂(i) = −ẑ and k̂(out) = ẑ. In the orthogonal
2D-EBE architecture, the expander rotates the in-plane propagation direction by
90◦ while preserving the propagation angle θp. The corresponding guided modes
are

k(1) = kd (sin θpx̂+ cos θpẑ) , k(2) = kd (− sin θpŷ + cos θpẑ) . (2.22)

Equation (2.21) then gives

Gi = kd [sin θpx̂+ (1 + cos θp) ẑ] ,

Ge = kd [− sin θp (x̂+ ŷ) + 2 cos θpẑ] ,

Go1D = kd [− sin θpx̂+ (1 + cos θp) ẑ] ,

Go2D = kd [sin θpŷ + (1 + cos θp) ẑ] . (2.23)

The corresponding local tangential and normal grating components are

Gi
T = Go1D

T = Go2D
T = kd sin θp,

Gi
N = Go1D

N = Go2D
N = kd (1 + cos θp) ,

Ge
T =

√
2 kd sin θp,

Ge
N = 2kd cos θp.

(2.24)

Thus, the incoupler and outcoupler have identical local components (GT , GN )

and differ only in their in-plane orientation. The 1D-EBE architecture shown in
Fig. 2.3 therefore uses the same local incoupler and outcoupler gratings as the
corresponding 2D-EBE architecture.
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2.2.4 Off-axis modes and achromaticity

Off-axis image points are represented by incident collimated bundles with tangen-
tial wave vector components (kx, ky). According to the tangential momentum-
matching condition in Eq. (2.12), each planar coupler designed for the central
image mode translates the corresponding off-axis image mode in the kx–ky plane.
For example, the incoupler performs the mapping

(kx, ky;λ) 7→ (kx +Gi
x, ky +Gi

y;λ). (2.25)

Provided that the translated mode remains inside the guiding region, a 2D-EBE
waveguide transports it to the expander, redirects it to (kx+Gi

x+G
e
x, ky +G

i
y +

Ge
y), and transports it to the outcoupler. The extracted free-space mode then has

tangential coordinates (kx + Gi
x + Ge

x + Go2D
x , ky + Gi

y + Ge
y + Go2D

y ). In a
1D-EBE waveguide, the incoupled mode is extracted directly, without expander
redirection, into (kx+Gi

x+G
o1D
x , ky+G

i
y+G

o1D
y ). Thismode-translation picture

is central to the generalization from planar to curved waveguides in Chapter 3. It
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Figure 2.3: k-space diagram illustrating the orthogonal 1D- and 2D-EBE waveguides shown in real
space in Fig. 2.2. The marked region corresponds to a 16◦ × 16◦ FOV that is translated
in k-space by the incoupler, expander and outcoupler. The blue markers correspond to
the modes that transport the center image point and the cyan markers to the (−8◦, 8◦)
off-axis image point.
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is most transparent in k-space, as illustrated in Fig. 2.3 for orthogonal 1D- and
2D-EBE designs with θp = 56◦, λd = 520 nm, n = 1.51, and nclad = 1.

If the central outputmode is collinearwith the incident centralmode, the tangential
grating vector components satisfy

0 = Gi
T +Ge

T +Go2D
T and 0 = Gi

T +Go1D
T , (2.26)

where GT = GT T̂ = (T̂ ·G)T̂. Consequently, every extracted off-axis mode
has the same tangential wave vector as its corresponding incident mode. Because
this closure condition involves only the fixed grating vectors, it is independent
of wavelength. Equation (2.26) therefore defines the directional achromaticity
condition of a planar waveguide. This condition does not imply wavelength-
independent diffraction efficiency, which remains limited by the spectral and
angular selectivity of the volume gratings.

The lateral extent of the outcoupler determines the exit pupil of the system and
therefore the eyebox according to Eq. (1.1).

2.2.5 Achievable display field of view

Only modes satisfying the total internal reflection condition in Eq. (2.19) are
transported through the waveguide. In the kx–ky mode plane, the guided modes
occupy the annulus between the cladding-side Ewald circle of radius k0nclad and
the waveguide-side Ewald circle of radius k0n. In practice, the propagation angle
of off-axis modes is additionally limited to θmax to maintain sufficiently dense
output sampling. The usable outer radius is therefore k0n sin θmax.

The maximum guidable square field of view is represented by the largest square
that fits inside this usable annulus of inner radius r = k0nclad and outer radius
R = k0n sin θmax. At the optimum, the nearest side of the square, with edge
length 2∆kmax, is tangent to the inner circle, so that its two farthest vertices are
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located at (r+2∆kmax,±∆kmax) on the outer circle. The outer-circle constraint
R2 = (r + 2∆kmax)

2 +∆k2max then gives the positive root

∆kmax =
k0
5

(√
5n2 sin2(θmax)− n2

clad − 2nclad

)
. (2.27)

The corresponding guidable horizontal and vertical angular fields of view in air
are both

HFOVair
□ = VFOVair

□ = 2arcsin(∆kmax/k0). (2.28)

A larger rectangular region can, in principle, be fitted into the annulus. In an
orthogonal 2D-EBE architecture, however, the expander translates the field in an
orthogonal in-plane direction, and the non-square portion of such a rectangle is
shifted outside the guided region or into evanescent modes. The square field of
view therefore provides the relevant limit for this architecture.

Table 2.1 lists the guidable horizontal angular field of view in air, HFOVair
□ , for

several combinations of core and cladding refractive indices. The results show
that the guidable field of view is strongly constrained by the available refractive-
index contrast. Although high-index substrate materials are available, the average
refractive index of typical holographic photopolymers is approximately n ≈ 1.5

[56]. Holographic materials with n > 1.5 are under active investigation [57, 58],
as are low-index cladding materials [59].

Table 2.1: Guidable horizontal angular field of view in air, HFOVair
□ , for θmax = 75◦. Values in

parentheses correspond to θmax = 90◦.

nclad n = 1.5 n = 1.7 n = 2.0

1.0 25◦ (28◦) 36◦ (39◦) 52◦ (56◦)

1.2 14◦ (17◦) 25◦ (28◦) 41◦ (45◦)

1.3 8◦ (11◦) 19◦ (22◦) 35◦ (39◦)

1.4 3◦ (6◦) 14◦ (17◦) 30◦ (34◦)
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Exploiting the full guidable field of view also requires the holographic cou-
plers to maintain high diffraction efficiency over the corresponding angular band-
width. Reducing the grating thickness broadens the angular response but, for
a fixed refractive-index modulation, reduces the attainable diffraction efficiency,
see Eq. (2.16). A sufficiently large modulation∆n is therefore required. Modern
high-performance holographic photopolymers provide refractive-index modula-
tions of approximately∆n ≈ 0.06 [56]. Simultaneously achieving a high average
refractive index and a large refractive-index modulation remains an active research
direction and is important for the broader adoption of holographic waveguide dis-
plays [58].

2.3 Waveguide integration in prescription
lenses

For consumer adoption, waveguide-display glasses must provide prescription cor-
rection while retaining the aesthetics and weight of conventional eyewear. Total
device weights above approximately 40 g are considered uncomfortable for ex-
tended wear [60, 61], limiting consumer acceptance.

2.3.1 Regular lens geometry

Prescription frames span a broad range of aperture sizes. Typical examples
include the regular Ray-Ban RX 4340V glasses and the display-free Ray-Ban
Meta Wayfarer Gen 2 smartglasses, both with an aperture width of 50mm and
height of 41mm [62, 63]. Sunglasses typically have slightly larger apertures.
Examples are the Ray-Ban RB 2184, with a width of 57mm and height of 43mm

[64], and the Oakley Flak 2.0 XL, with a width of 59mm and height of 38mm

[65]. Figure 2.4 compares representative aperture outlines for regular prescription
glasses, sunglasses, and sport sunglasses.
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2.3 Waveguide integration in prescription lenses

The front surface curvature of an eyeglass lens is specified by its base curve,
expressed in diopters. For a given base curve, the rear surface is chosen to provide
the required prescription power.

Base curve selection affects lens thickness and weight. For myopic prescriptions,
stronger base curves generally increase both thickness and weight [26, p. 48].
Stronger base curves can, however, improve off-axis aberration correction [26,
p. 74]. Most prescriptions range from −6D to 4D [66]. Within this range, base
curves of 3D to 6D are common for myopic prescriptions, whereas 6D to 8D

are common for hyperopic prescriptions [26, p. 76].

In practice, base curve selection is also constrained by frame aesthetics and face-
wrap. Sunglasses, and especially sport sunglasses, often wrap more strongly
around the face, as illustrated in Fig. 2.5. This typically requires larger base
curves, for example approximately 6D for standard sunglasses such as the Ray-
Ban RB 2184 and 8.75D for sport sunglasses such as the Oakley Flak 2.0 XL.

Mechanical stability imposes a minimum lens thickness over the full aperture.
Eyeglasses sold in the U.S. market must sustain a ball-drop impact test [67]. In

57 mm

43 mm

59 mm
38 mm

50 mm

41 mm

Sport sunglasses
Regular sunglasses
Prescription (Rx) frame

Figure 2.4: Lens aperture outlines, viewed normal to the face-wrap plane, for representative prescrip-
tion glasses (green), sunglasses (red), and sport sunglasses (blue).
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2 Fundamentals

minus lenses, the center is typically the thinnest point. In plus lenses, the edge
is typically thinnest. Common minimum thicknesses at these points are 1mm–
2.2mm [26, p. 48]. Safety eyewear requires a minimum lens thickness of 3mm

[26, p. 48].

2.3.2 Waveguide display prescription correction

Waveguide displays can be prescription-corrected by adding a prescription lens
element between the waveguide core and the eye. This so-called pull lens com-
pensates both the real-world view and the display image for the wearer’s refractive
error. It can provide spherical power only or a combined spherical and cylindrical
correction. The same waveguide display can be combined with different pull
lenses for user-specific prescriptions.

With existing planar waveguides, finite base curvature requires an additional
convex-plano push lens in front of the waveguide. The real-world view then ex-
periences the combined push- and pull-lens powers, whereas the display image
experiences only the pull lens. Simultaneous correction of both views therefore
requires the waveguide outcoupler to add, in the display path, an optical power

Figure 2.5: Top-view comparison of a standard fashion frame (top) and a high base curve sport frame
with large face-wrap angle (bottom).
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2.3 Waveguide integration in prescription lenses

matching the push lens while leaving the real-world view unaffected [37]. For pla-
nar holographic waveguides, this can be implemented by recording the outcoupler
with an appropriately focused object beam.

2.3.3 Lens stack thickness and weight

Bonding the push lens, waveguide core, and pull lens without air gaps produces
a rigid compound stack that can be assessed as a single element for the U.S. ball-
drop impact test [67]. This relaxes the minimum-thickness requirement on the
individual push and pull lens elements, enabling a lighter lens stack. We evaluate
bonded stacks containing planar, cylindrical, or spherical 0.5mm-thickwaveguide
cores for the representative prescription frame at 4D base curve (R1 ≈ 132mm)
and the representative sunglass frame at 6D base curve (R1 ≈ 88mm) shown in
Fig. 2.4, over prescriptions from −6D to 4D.

The push-lens front radius is fixed by the base curve BC and lens index n viaR1 =

(n−1)/BC, withR1 in meters and BC in diopters. The push-lens rear surface and
the pull-lens front surface follow thewaveguide-core geometry: planar, cylindrical
along the horizontal aperture direction, or spherical. The pull-lens rear radius
is determined from the target prescription power using the ABCD matrix of the
preceding stack. The derivation is given in Appendix A.3. For cylindrical cores,
the buried cylindrical meniscus introduces only a weak astigmatic term, which
is neglected in the weight calculation. Eyeglass stack cross-sections are shown
in Fig. 2.6 for different waveguide geometries and representative prescriptions of
−6D and 4D.

The push- and pull-lens center thicknesses are chosen as the smallest values that
keep every local element thickness above dmin = 0.5mm over the aperture.
For the spherical and cylindrical surfaces considered here, the thinnest point lies
either at the apex or on the aperture boundary. Details are given in Appendix A.3.
Element volumes are obtained by numerical integration of the local thickness over
the aperture, also described in Appendix A.3.
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2 Fundamentals

The waveguide core is assumed to be polycarbonate, with n = 1.586 and ρ =

1.20 g cm−3 and the push and pull lenses are assumed to be Trivex, with n = 1.53

and ρ = 1.11 g cm−3 [68]. The resulting weight and minimum stack thickness
trends are shown in Fig. 2.7. Representative cross-sections are shown in Fig. 2.6.
A single reference lens without a waveguide, with a minimum local thickness of
1mm, is included for comparison.
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Figure 2.6: Cross-sections (x-cut and y-cut) of lens stacks for a standard prescription frame with
base curve 4D (R ≈ 132mm) at prescriptions of −6D (left) and 4D (right), without
a waveguide and with embedded spherical, cylindrical, and planar waveguides. The
waveguide core is shown in red.
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2.3 Waveguide integration in prescription lenses

Relative to the single-lens reference, the spherical waveguide embedding intro-
duces only a small mass penalty. At the prescription-range endpoints of −6D

and 4D, the mass increase is only about 15% to 20% for both the regular pre-
scription frame and the sunglass frame. Moreover, this penalty is not intrinsic
to the spherical waveguide geometry. The spherical embedding would be essen-
tially weight-neutral relative to a conventional prescription lens if the push and
pull elements were made slightly thinner, such that the minimum stack thickness
matched that of the single-lens reference.

By contrast, the cylindrical embedding is substantially heavier. In the prescription
frame, themass increases by roughly 80% at−6D and 50% at 4D. In the sunglass
frame, the corresponding increases are roughly 110% and 90%, respectively.
The planar embedding produces the largest penalty for myopic prescriptions,
increasing the lens mass by approximately 150% in the prescription frame and
200% in the sunglass frame at−6D. In absolute terms, the planar-waveguide lens
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Figure 2.7:Weight (solid lines, left axis) and minimum total stack thickness (dashed lines, right axis)
versus prescription power for the prescription lens aperture at BC 4D (R ≈ 132mm,
left) and the regular sunglasses lens aperture at BC 6D (R ≈ 88mm, right) shown
in Fig. 2.4. Four stack configurations are compared: without waveguide embedding,
spherical waveguide embedding, cylindrical waveguide embedding, and planar waveguide
embedding.
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exceeds 12 g per lens for −6D myopic users, while the corresponding sunglass
lens exceeds 22 g per lens.

Since total system weight above approximately 40 g can be uncomfortable during
extended wear [60, 61], these results help explain why current waveguide glasses
favor flat, low base curvature designs. They also highlight the need for spherical
waveguides to enable prescription-compatible AR glasses with the appearance
and wearability of regular eyewear.
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3 Design of curved waveguide
displays using closed modes

Curvedwaveguide displays could avoid the thickness andweight penalties incurred
when planar waveguides are embedded in ophthalmic lenses. However, to our
knowledge, no exact design framework has previously been available for spherical
waveguides with two-dimensional pupil expansion. We introduce closed geomet-
ric mode families for planar, cylindrical, and spherical waveguides based on exact
jump maps. These geometric modes make overlapping guided-beam generations
single-valued and turn incoupler and expander gratings into analytic translations
in mode space. Residual geometric aberrations arise only during image extraction
at the outcoupler. For moderate spherical curvatures below 3D, corresponding
to radii above 175mm, non-sequential ray tracing yields angular errors below 1
arcmin for monochromatic imaging to an 8mm pupil over a 22◦ diagonal field,
comparable to visual acuity. The framework therefore establishes a route toward
thin, prescription-compatible, glasses-like augmented-reality displays.

3.1 Introduction

As discussed in Chapter 1, conventional waveguides are planar, complicating
their integration into eyeglass lenses with ophthalmic base curvature. The flat
waveguide substrate must be embedded between a convex push lens providing the

Parts of this chapter have been published in: Marvin Feil, Moritz Esslinger, Reinhold Fiess, and
WilhelmStork, “Closed-mode families for planar, cylindrical, and sphericalwaveguide display design,”
Opt. Express 34(14): 26031–26046 (2026). doi: 10.1364/OE.606418 (Editors’ pick)
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3 Design of curved waveguide displays using closed modes

front base curvature and an often concave pull lens providing prescription correc-
tion. This increases eyeglass stack thickness and weight as shown in Sec. 2.3.3.
Spherically curved waveguides remove this penalty by conforming naturally to
ophthalmic base curvature.

However, curvature introduces a fundamental optical difficulty. In a planar waveg-
uide, collimated guided beams remain collimated under repeated total internal re-
flection and waveguide couplers can be homogeneous gratings. In curved waveg-
uides this translational symmetry is lost: a naively injected collimated beam is
generally distorted during propagation, causing imaging aberrations. Blanche,
Draper and Zhang et al. systematically analyzed curved waveguide displays
and proposed paraxial correction schemes for two-dimensional pupil-expanding
cylindrical waveguides and one-dimensional spherical waveguides using spatially
varying holographic gratings [30, 69, 31, 70]. Their work established the intuition
that specially shaped ray bundles can self-reproduce during curved-waveguide
propagation within paraxial approximations. Vostrikov et al. provided the first
rigorous aberration analysis for cylindrical waveguides, deriving the exact cylin-
drical eigenmodes and coupler expressions [33]. More recently, Weng et al. used
these eigenmodes for the numerical design of a two-dimensional pupil-expanding
cylindrical waveguide [34]. Thus, exact design methods have so far been available
only for cylindrical waveguides, not spherical ones.

In this chapter, we show that the eigenbeam concept is too restrictive for spherical
waveguides: we prove that no exact, non-paraxial eigenbeams exist for this ge-
ometry. Instead, we introduce waveguide jump maps for planar, cylindrical, and
spherical geometries and use them to define two mode properties sufficient for
waveguide coupler design. The first is local consistency, which ensures single-
valuedness across overlapping jump generations of one mode. The second is
closure, which allows grating couplers to operate on a finite field of view of
modes. We derive explicit closed and locally consistent mode families for planar,
cylindrical, and spherical waveguides. For planar and cylindrical waveguides,
they coincide with the eigenmodes known from previous work. We provide
a framework for constructing grating couplers from these closed mode expres-
sions, generalizing the planar k-vector diagram to u-mode space. Incouplers and
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3.2 Propagation in the waveguide

expanders act as translations in a two-dimensional closed mode space and can
therefore be designed analytically for the full field of view. The outcoupler is
treated separately because, for curved substrates, the final transformation into col-
limated air-side beams is not itself a closed operation. We quantify the resulting
residual aberrations using non-sequential ray tracing for planar, cylindrical, and
spherical waveguides. We demonstrate that spherical waveguides with moderate
base curvature can achieve imaging performance comparable to visual acuity. We
also investigate light-engine design for closed free-space modes and provide a
chromatic-aberration analysis for finite-bandwidth sources.

3.2 Propagation in the waveguide

We describe ray propagation by discrete jump maps and use them to define
waveguide modes.

3.2.1 Ray jump maps

Guided rays propagate by consecutive total internal reflections between the inner
and outer waveguide surfaces. We describe this propagation on the outer surface
Sout. A ray is specified by its starting point p ∈ Sout and outgoing unit direction
k̂. One propagation cycle from the outer surface to the inner surface and back
defines one jump,

τ : (p, k̂) 7→
(
τp(p, k̂), τk(p, k̂)

)
, (3.1)

where τp gives the next intersection point on Sout, and τk gives the corresponding
outgoing direction after the second reflection. The jump maps are geometry-
specific, as shown in Fig. 3.1. For planar, cylindrical, and spherical waveguides,
they are a translation, a screw motion, and a rotation.

We attach a surface frame {x̂, ŷ, ẑ} to the apex of the outer waveguide shell, with
ẑ directed toward the center of curvature. We also use an axis-aligned centered
frame {X̂, Ŷ, Ẑ} whose origin is the center of curvature. An outer-surface point
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3 Design of curved waveguide displays using closed modes

is identified with its apex-frame position vector p. For curved waveguides, the
corresponding centered-frame position is P(p) = p − rẑ. Direction vectors
have identical components in both frames, whereas position vectors differ by this
translation. Unit vectors are denoted by hats, for example, P̂ = P/|P|. The
waveguide thickness is d. For concentric cylindrical and spherical waveguides,
the outer radius is r, the inner radius is r − d = ρr, and ρ = 1− d/r. The jump
maps are derived in Appendix A.4.

Planar waveguide. With inward surface normal ẑ, the jump map is a pure
translation,

τplp (p, k̂) = p+ 2d
k̂− (k̂·ẑ)ẑ

k̂·ẑ
,

τplk (p, k̂) = k̂. (3.2)

Concentric cylindrical waveguide. The jump map is a screw motion,

τ cylp (p, k̂) = Rŷ

(
Γ(Icyl)

)
P(p) + rẑ+∆y ŷ,

τ cylk (p, k̂) = Rŷ

(
Γ(Icyl)

)
k̂, (3.3)

Figure 3.1: The jump map τ transports a ray (p, k̂) from the outer surface through one round trip
back to the outer surface. For planar waveguides, the jump map is a translation. For
cylindrical waveguides, it is a screw motion. For spherical waveguides, it is a rotation.
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3.2 Propagation in the waveguide

with the rotation matrix R, angular advance Γ(Icyl) = 2
(
arcsin(sin Icyl/ρ) −

Icyl
)
, signed meridional angle Icyl = atan2(uφ, ur), and axial advance ∆y =

2ρr (uy/uφ) sin
(
Γ(Icyl)/2

)
. Here, uy = ŷ · k̂, ur = r̂ · k̂, and uφ = φ̂ · k̂

with cylinder axis ŷ, inward radial normal r̂(p), and meridional tangent φ̂(p),
see Appendix A.4.2 Eq. (A.23).

Concentric spherical waveguide. The jump map is a pure rotation about the
ray’s conserved angular momentum axis L = P(p)× k̂

τ sphp (p, k̂) = RL̂

(
Γ(Isph)

)
P(p) + rẑ,

τ sphk (p, k̂) = RL̂

(
Γ(Isph)

)
k̂, (3.4)

with the same Γ(Isph) as for the cylinder but with incidence angle Isph =

arccos
(
−P̂(p) · k̂

)
.

3.2.2 Beam propagation and rayfield description

We describe a beam launched on the outer waveguide surface Sout as a rayfield
k̂ : Ω → S2 that assigns an outgoing geometric ray direction p 7→ k̂(p) to each
point p of its footprint Ω ⊂ Sout. Beam propagation is obtained by applying
the jump map τ pointwise to this rayfield. A rayfield is guided if its local
incidence angle exceeds the critical angle arcsin(1/n) throughout the footprint,
where n is the waveguide refractive index. This condition is preserved in all
considered waveguides because k̂(p) · N̂(p) = τk(p, k̂) · N̂

(
τp(p, k̂)

)
as follows

from Eqs. (3.2)–(3.4).

3.2.3 Waveguide modes and families

A guided beam generates a sequence of generations under repeated jumps. We
refer to the complete sequence of generations as a mode. A mode is fully deter-
mined by the rayfield of its launch beam, k̂(p), since each subsequent rayfield
k̂(n)(p) is obtained by applying the jump map to the previous generation.
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3 Design of curved waveguide displays using closed modes

In a waveguide display, each image point is encoded by one guided mode. Trans-
porting a finite two-dimensional field of view therefore requires a continuous
two-parameter family of modes,

k̂(p;u), (3.5)

where u = (u1, u2)
T ∈ U ⊂ R2 labels the transported image points.

3.3 Closed and locally consistent modes

We now introduce two mode properties required for grating-coupler design: local
consistency and closure. Local consistency removes the multi-valuedness caused
by overlapping jump generations, whereas closure ensures that one grating can
redirect a finite field of view of modes. The discussion is geometry-independent.
Explicit mode families are derived in Sec. 3.4.

3.3.1 Removing multi-valuedness: local consistency

Designing coupler gratings in curved waveguides is nontrivial even for the central
image point. Several beam generations of this central mode interact with the same
expander and outcoupler grating. In curved waveguides, these generations gen-
erally have distinct rayfields because repeated reflections deform the propagating
beam. Moreover, in typical waveguide designs the jump length is smaller than
the beam diameter to achieve high pupil fill. Therefore, the footprints of the n-th,
(n+ 1)-th, and higher generations overlap.

The grating must diffract all overlapping generations as intended. However, if
different generations arrive at the same grating position with different local ray
directions, a single local tangential grating vector can correctly redirect only one of
them. The grating-design problem is well-posed if all overlapping generations of a
mode share the same local ray direction. In that case, the overlapping generations
can be represented by a single extended rayfield k̂(p), rather than by separate
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3.3 Closed and locally consistent modes

rayfields k̂(n)(p). The grating can then redirect the combined incident beam into
any prescribed output rayfield. In holographic grating recording, the combined
beam acts as the reference wave. This motivates the following formal definition.

Definition: locally consistent mode. A guided rayfield k̂ : Ω → S2 is called
locally consistent if it can be extended to a larger domain on Sout such that

k̂
(
τp
(
p, k̂(p)

))
= τk

(
p, k̂(p)

)
, ∀p ∈ Ω. (3.6)

Thus, the ray direction predicted by the extended field at the arrival point agrees
with the outgoing direction produced by one jump. The same rayfield therefore
describes all overlapping jump generations of the mode. Local consistency is
precisely the condition that removes the multi-valuedness of the local grating-
design problem.

3.3.2 Supporting finite field of view: closure under
tangential grating redirection

A locally consistent mode k̂(p;u(1)) encoding the central image point must be
redirected by the expander into another locally consistent mode k̂(p;u(2)), so that
the redirected mode remains single-valued at the outcoupler. By tangential wave
vectormatching, this is achieved by choosing the tangential expander grating vector
Ge

T =
(
T̂ ·Ge

)
T̂ = Ge

∥ = Ge −
(
N̂ ·Ge

)
N̂ as the tangential difference

between the two modes,

Ge
T (p) = kd

(
k̂∥(p,u

(2))− k̂∥(p,u
(1))
)
, (3.7)

where λd is the mode wavelength for which the grating is designed, kd = k(λd) is
the corresponding wavenumber, and k̂∥ = k̂−

(
N̂ · k̂

)
N̂ the tangential rayfield

with the local surface normal N̂(p). For a finite field of view, the same expander
must also redirect any other locally consistent incident mode k̂(p;u(3)) into
another locally consistent mode k̂(p;u(4)). Tangential momentum matching
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3 Design of curved waveguide displays using closed modes

gives k∥(p;u
(4)) = k∥

(
p,u(3)

)
+ Ge

∥(p) = k∥
(
p,u(3)

)
+ k∥

(
p,u(2)

)
−

k∥
(
p,u(1)

)
. For waveguide design we seek a simple mode parametrization in

which the diffraction action is additive in mode space u(4) = u(3) + u(2) − u(1).
This requirement motivates closure.

Definition: closed mode family. Let F = {k̂(p,u)} with u ∈ U ⊂ R2

be a family of locally consistent rayfields describing waveguide modes. We
call F closed under tangential grating redirection if, for any three modes
k̂(p,u(1)), k̂(p,u(2)), k̂(p,u(3)) ∈ F , the tangentially redirected field defined
by

k̂∥

(
p,u(3) + u(2) − u(1)

)
= (3.8)

k̂∥

(
p,u(3)

)
+ k̂∥

(
p,u(2)

)
− k̂∥

(
p,u(1)

)
corresponds, after restoring the normal component (∥k̂∥ = 1), to another member
k̂
(
p,u(3)+u(2)−u(1)

)
∈ F wherever the resulting field remains non-evanescent

(∥k̂∥∥ < 1).

A closed mode is specified by its mode coordinate u and wavelength λ. The
wavelength does not affect the normalized rayfield k̂∥, but it scales the wave
vector component, k∥ = k(λ)k̂∥. Closure implies that closed gratings designed
from two closed modes u(1),u(2) at wavelength λd, with design wavenumber
kd = k(λd), act on the full closed family at any wavelength as mode-space
translations

(u, λ) 7→ (u+∆u(λ), λ) (3.9)

=

(
u+

kd
k(λ)

(u(2) − u(1)), λ

)
.

Thus, any incident closed mode u is mapped to another closed mode u + ∆u.
This property makes a single expander usable for the entire field of view, rather
than only for one image point.
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3.4 Explicit closed mode families

3.4 Explicit closed mode families

As shown in Appendix A.5, a closed mode family is closed if and only if its
tangential rayfield is affine in themode coordinatesu = (u1, u2)

T . For the planar,
cylindrical, and spherical geometries considered here, the relevant families can be
written in the linear form

k̂g
∥(p;u) = Ag(p)u,

k̂g(p;u) = Ag(p)u+

√
1− |Ag(p)u|2 N̂g(p). (3.10)

Here N̂g(p) is the inward surface normal specific to geometry g, and Ag(p) is
a 3 × 2 tangent-valued matrix mapping mode coordinates to local tangential ray
components. The linearity of Eq. (3.10) in u makes closure directly explicit,
while local consistency is verified in Appendix A.6.1.

3.4.1 Planar family

For the planar waveguide, Apl is the fixed tangent basis (x̂, ŷ), and the inward
surface normal is ẑ. Equation (3.10) gives the usual collimated planar modes

k̂pl(p;u1, u2) = u1x̂+ u2ŷ +
√
1− u21 − u22 ẑ. (3.11)

3.4.2 Cylindrical family

For the cylindrical waveguide, Acyl is formed by the cylindrical unit vectors
(φ̂(φ), ŷ), and the inward surface normal is the radial unit vector r̂(φ), see
Appendix A.4.2 Eq. (A.23). Equation (3.10) gives

k̂cyl(p;u1, u2) = u1φ̂(φ) + u2ŷ +
√
1− u21 − u22 r̂(φ). (3.12)
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3 Design of curved waveguide displays using closed modes

The angle of incidence of these modes is constant because |k̂cyl
∥ | = |u| is inde-

pendent of position.

3.4.3 Spherical family

For the spherical waveguide, Asph is not the local spherical-coordinate tangent
basis, because fixed spherical components would not be locally consistent under
the spherical jump map. Instead,

Asph(p) =
P̂(p)P̂(p)T − I3

P̂(p) · ẑ
[
x̂ ŷ
]
. (3.13)

The spherical rayfield domain is naturally foliated into great circles, which we call
leaves. Each leaf, labeled by the scalar ℓ, is the set of surface points satisfying
P̂ ·bℓ = 0, with normal vector bℓ = a× ẑ+ ℓẑ where a = u1x̂+ u2ŷ. On such
a leaf, Eqs. (3.10) and (3.13) give k̂∥ = bℓ × P̂. Therefore, both the rayfield’s
angular momentum L = P × k̂ = rbℓ and the normal ray direction component
are constant on the leaf. By Eq. (3.4), the spherical jump angular advance is
also constant. Since the spherical jump rotates each ray about the conserved
angular momentum axis, it maps the ray to another point on the same leaf with
the direction prescribed by the same rayfield. The spherical family is therefore
locally consistent, see Appendix A.6.1 for a detailed proof.

At the apex, k̂sph
∥ (x = 0, y = 0;u) = u1x̂ + u2ŷ. Thus u1 and u2 are the

Cartesian tangential direction cosines at the apex, and remain approximately
equal to them over a sufficiently small aperture around it.

3.4.4 Free-space and guided modes

Only non-evanescent modes are relevant, requiring |k̂g
∥(p;u)| = |Ag(p)u| < 1

throughout the aperture. In curved waveguides, rays must also be steep enough
to reach the inner shell. For planar and cylindrical families, non-evanescence
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3.4 Explicit closed mode families

is equivalent to |u| < 1. For the cylindrical family, inner-shell intersection is
guaranteed by the stricter sufficient bound |u| < ρ. For the spherical family,
|k̂g

∥| increases away from the apex. Therefore, for a radial aperture of width W
centered at the apex, |u| < ρ

√
1− (W/2r)2 ensures both inner-shell intersection

and non-evanescence.

Guided modes additionally require total internal reflection at every aperture point∣∣∣k̂g
∥(p;u)

∣∣∣ > 1/n. For planar and cylindrical waveguides, this reduces to |u| >
1/n. The same threshold applies to the spherical family when the aperture
includes the apex. Modes below this threshold are free-space modes. They are
not guided and can enter or leave the waveguide. Both mode types are used in the
proposed design strategy, see Sec. 3.5.

3.4.5 Comparison with previous eigenbeam concepts

Previous curved-waveguide work introduced self-reproducing ray bundles as
building blocks for grating-coupler construction. Blanche and Draper proposed
cylindrically focused object beams for cylindrical holographic waveguides using
a paraxial Coddington-equation argument [30, 31]. Volkov et al. later referred to
such self-reproducing bundles as eigenbeams [32], and Vostrikov et al. derived
exact non-paraxial eigenbeams for cylindrical waveguides [33]. We formalize
this concept using the jump-map notation. Definition: eigenbeams and global
rigidity. A guided beam described by a rayfield k̂ : Ω → S2 is called an
eigenbeam, or globally rigid under the jump map, if there exists one rigid motion
g(p) = Rp+ t, withR ∈ SO(3) and t ∈ R3, such that

τp
(
p, k̂(p)

)
= g(p),

τk
(
p, k̂(p)

)
= Rk̂(p) (3.14)

for all p ∈ Ω. Thus, after one jump, the entire beam is recovered up to one global
rigid displacement and rotation.
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3 Design of curved waveguide displays using closed modes

The planar and cylindrical closed modes in Eqs. (3.11) and (3.12) are eigenbeams,
as shown in Appendix A.6.3. The cylindrical family coincides with the exact
eigenbeams of Vostrikov et al. [33], and its small-aperture limit recovers the
cylindrically focused beams of Blanche andDraper, as discussed in Appendix A.7.
Wenow show that, for sphericalwaveguides, no exact guided eigenbeamwith finite
two-dimensional footprint exists. The paraxial spherical eigenbeams discussed
by Zhang and Blanche [70] do not contradict this result. They are small-aperture
approximations and coincide in that limit with the closed spherical modes derived
here.

Theorem. Let Ω ⊂ Sout be a finite footprint with nonzero two-dimensional
extent on the outer surface Sout of a concentric spherical waveguide, and let
k̂ : Ω → S2 be a smooth guided rayfield. Then k̂ cannot describe a globally rigid
eigenbeam in the sense of Eq. (3.14).

Proof. Assume a two-dimensional footprint Ω ⊂ Sout for the eigenbeam and
consider a ray launched at position p ∈ Ω, in the centered frame P = p− rẑ, in
direction k̂ = k̂(p). Since a jump in the waveguide maps the eigenbeam footprint
onto the same sphere, the rigid motion Eq. (3.14) must be a pure rotation: for
every launch ray after one jump P(1) = RP and k̂(1) = Rk̂. The ray’s angular
momentum after one jump is L(1) = P(1) × k̂(1) = (RP) × (Rk̂) = RL.
Spherical propagation conserves L = P × k̂: straight propagation leaves r × k̂

unchanged, and reflection at a concentric sphere changes only the radial component
of k̂. HenceRL = L for every ray launched in the footprint. R = I3 corresponds
to zero angular advance. For guided beamsR ̸= I3 and L ̸= 0, thus all rays must
have angular momentum parallel to the single rotation axis of R. Since L ⊥ P,
all launch points must lie in the plane through the sphere center perpendicular
to this axis. Its intersection with Sout is a great circle, not a two-dimensional
footprint. Contradiction. ■

As discussed in the next section, waveguide coupler design does not require
eigenbeams. Local consistency and closure are sufficient. These weaker condi-
tions coincide with eigenbeams in planar and cylindrical waveguides, but remain
available for spherical waveguides.
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3.5 Closed mode waveguide design framework

3.5 Closed mode waveguide design
framework

We now formulate the waveguide-design problem and show how closed mode
families provide analytical constructions for the incoupler and expander, before
discussing the outcoupler.

3.5.1 Design problem

Figure 3.2 illustrates the operating principle of a diffractive waveguide display
independent of waveguide geometry. A light engine provides a two-parameter
family of free-space input beams. We first assume a monochromatic design
wavelength λd. Finite-bandwidth sources are discussed in Sec. 3.5.4. Each beam
represents one image point. Its intensity encodes the pixel value, and its output
direction encodes the angular field coordinate. After refraction into thewaveguide,
the incoupler diffracts each input beam into a guided mode. The guided modes
propagate by total internal reflection, are redirected by the expander, and finally
reach the outcoupler. The outcoupler should transform all generations of one

Figure 3.2: The light engine and incoupler encode image points in guided modes. After waveguide
transport, the outcoupler collimates these modes, and the eye refocuses them on the retina.
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3 Design of curved waveguide displays using closed modes

image point into the same collimated air-side beam, so that the eye focuses them
onto one retinal point.

Thus, for a prescribed output field of view, the design problem is to determine (i)
the free-space input beams generated by the light engine, (ii) the guided modes
used for waveguide transport, and (iii) the tangential grating vector fields of the
incoupler, expander, and outcoupler, so that each field point exits as a collimated
beam with the desired air-side direction.

3.5.2 Solution using closed modes

Closed modes provide both the structured free-space input beams and the guided
modes used to encode the image. They also define the incoupler and expander
gratings.

We assume reflective diffractive gratings located on the outer waveguide shell,
where the closed mode rayfields are defined. This construction can be transferred
to transmission gratings.

Figure 3.3: Exemplary waveguide cross-section (left) and corresponding u-mode diagram (right).
The u-diagram visualizes the grating-induced translations∆u.
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3.5 Closed mode waveguide design framework

3.5.2.1 Mode diagrams

Closed mode propagation is fully specified by the single-valued rayfield k̂(p;u)

across the entire eyeglass aperture. Moreover, closed gratings constructed from
closed modes act in mode space as fixed translations, see Eq. (3.9). This property
allows the k∥-vector diagrams used for planar waveguides [22], introduced in
Fig. 2.3 of Chapter 2, to be generalized to arbitrary geometry. In planar designs,
each guided collimated mode is represented by its in-plane wave vector k∥. Ho-
mogeneous gratings translate points in the k∥-plane by their tangential grating
vector GT . The evanescence and total-internal-reflection constraints define the
allowed guiding annulus in k∥-space. For curved waveguides, each closed mode
is represented by a point in the u-mode diagram and each spatially varying closed
grating acts as a fixed translation ∆u(λ), see Fig. 3.3. The guiding annulus in
u-space is derived in Sec. 3.4.4.

3.5.2.2 Incoupler grating

By analogy with the planar waveguide, we propose to refract a spectrum U of
closed free-space modes u ∈ U , structured by a suitable light engine, onto the
waveguide incoupling grating. We construct the grating from the incident central
closed free-space mode and a suitable guided closed mode. The choice of closed
free-space mode determines the incidence angle of the light cone. We choose
u = 0, fixing it normal to the waveguide surface. The tangential grating vector is

Gi
T (p) = kd

(
k̂∥(p,u

(1))− k̂∥(p,u = 0)
)
. (3.15)

Analogously to planar k-diagrams, this incoupling process can be drawn in the
proposedu-diagram (Fig. 3.3). The incoupler shifts the free-spacemode spectrum
U at wavelength λd into the guided spectrum U +∆ui = U + u(1). The choice
of u(1) fixes the propagation angle and incoupling direction and therefore the
expander placement. Figure 3.3 shows a typical waveguide display layout.
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3 Design of curved waveguide displays using closed modes

3.5.2.3 Expander grating

The expander is a closed grating constructed from the central guided mode u(1)

and the redirected central guided mode u(2) using Eq. (3.7). The choice of u(2)

sets the central propagation angle and direction after redirection, and therefore the
outcoupler placement. Its physical extent must cover the full transported mode
spectrum, since off-axismodes separate from the centralmode during propagation.
In theu-diagram, the expander translates the guided spectrumU+u(1) toU+u(2)

by ∆ue = u(2) − u(1), as shown in Fig. 3.3.

3.5.2.4 Outcoupler grating

A natural outcoupler construction is a closed grating that shifts the guided spec-
trum U +u(2) back to a closed free-space spectrum U around the surface-normal
mode. However, this is not generally sufficient for ideal image formation: an
eye accommodated to infinity focuses an image point only if all rays associated
with that point leave the waveguide as one collimated air-side beam. In curved
geometries, closed free-space modes are generally not collimated ray bundles,
and they are further deformed by refraction out of the waveguide. Only in the
planar case do closed modes coincide with collimated beams, and refraction at the
exit surface preserves this collimation. For all other geometries, the outcoupler
grating can only be exact for one selected field of view direction.

To construct the exact outcoupler for given air-side direction cosines c = (cx, cy),
we assign the corresponding incoupled closed mode coordinate u(c) ∈ U . This
arbitrary mapping must be included in the light-engine design to avoid distortion.
We choose u(c) such that this mode’s chief ray launched from the outcoupler
center refracts into the desired air-side direction c. Placing the outcoupler center
at the apex gives, for all geometries, chief-ray launch direction cosines u1 and u2.
After refraction, the air-side direction cosines satisfy cx = ηgx(d, n, r,u)u1 and
cy = ηgy(d, n, r,u)u2, with u = u(c). The geometry-specific factors ηgx, ηgy are
derived in Appendix A.8.1 and reduce to n for vanishing curvature.
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3.5 Closed mode waveguide design framework

In Appendix A.8.2 we construct the rayfield k̂R,g(p; c, d, r, n) by reverse tracing
the collimated air-side beam with direction c to the waveguide outer surface. By
reciprocity, the grating

Go
T (p, c) = kd

(
k̂R,g
∥ (p; c, d, r, n)− k̂∥(p;u(c) + u(2))

)
, (3.16)

perfectly outcouples the incident mode u(c) + u(2) into a collimated beam with
direction cosines c. For finite-field operation, the implemented outcoupler must
compromise between the ideal single-field gratings, as first proposed by Vostrikov
et al. for cylindrical waveguides [33]. We perform this optimization numerically
for the exemplary waveguide in Sec. 3.6.2.

3.5.3 Homogeneity and efficiency optimization

The preceding construction fixes only the tangential grating vector fields required
for high-fidelity image transport. These are readily converted to local grating
orientation and period. Mode-specific efficiency optimization for eyebox and field
of view homogeneity remains an implementation-specific design problem. For
volume holographic gratings, the normal component GN and index modulation
can be optimized independently of the prescribed GT [47]. For surface-relief
gratings, local slant and groove shape provide efficiency degrees of freedom at
fixed period and orientation.

3.5.4 Polychromatic image transport

Equation (3.9) shows that closed incoupler and expander gratings remain closed
operations for all wavelengths, not only for the design wavelength λd. Thus, if the
light engine provides closed free-space modes (u, λ) ∈ U × S, all wavelengths
in the spectrum S still generate single-valued wave vector fields k(p,u, λ) =

k(λ)k̂(p;u) at the outcoupler. This requires an achromatic light engine but
introduces no additional waveguide-propagation error.
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3 Design of curved waveguide displays using closed modes

The limiting element is again the outcoupler. In planar waveguides, the dispersive
shifts of incoupler, expander, and outcoupler cancel, yielding achromatic image
transport, as discussed in Sec. 2.2.4. The same cancellation would occur in
u-space if the outcoupler were an ideal closed grating. In curved waveguides,
however, the outcoupler requires collimation corrections that are not closed mode
translations. These corrections break the wavelength cancellation and introduce
chromatic pointing and collimation errors.

In Sec. 3.6.5, we optimize the outcoupler for a finite-bandwidth green source
and quantify the residual chromatic aberrations. For strongly curved substrates
or broad visible bandwidths, a single outcoupler grating is unlikely to provide
good imaging performance across the full spectrum. Wavelength-selective vol-
ume holographic gratings may then be used to extract different spectral bands
separately.

3.6 Waveguide design studies

We now evaluate the proposed design framework for the two-dimensional pupil-
expanding architecture shown in Fig. 3.3. We quantify outcoupler aberrations,
system-level imaging performance, curvature dependence, chromatic sensitivity,
and light-engine feasibility.

3.6.1 Exemplary architecture

We consider a waveguide of thickness d = 0.5mm and refractive index n = 1.51.
The incoupled central mode is chosen as u(1) = (0.3,−0.7622), which corre-
sponds to downward propagationwith a slight lateral tilt and places the transported
field well inside the guided-mode annulus. The expander redirects the central
mode to u(2) = (0.78, 0.1715). The outcoupler patch is 13 × 13mm, and the
transported field of view is 16◦ × 16◦, represented by c ∈ [− sin(8◦), sin(8◦)]2.
The design and replay wavelength is 520 nm. Figure 3.3 describes the waveguide
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3.6 Waveguide design studies

in the apex surface frame {x̂, ŷ, ẑ} introduced in Sec. 3.2.1. The outcoupler is
centered atx = y = 0 as discussed in Sec. 3.5.2.4. We evaluate the same layout for
planar, cylindrical, and spherical substrates. Unless curvature is explicitly varied,
the curved substrates have a radius r = 125mm, corresponding approximately
to a 4D ophthalmic base curve. All coupler gratings are implemented as volume
holographic gratings using the ray-tracing model summarized in Sec. 2.1.6. We
assume an index modulation of 0.06, representative of high-performance pho-
topolymers [42], and a grating thickness of 1µm. This implementation affects
efficiency but not the imaging errors discussed here. Our non-sequential ray
traces use a termination threshold of 10−9, chosen sufficiently low not to affect
the reported spot sizes. The displayed spot diagrams are worst-case point-spread
estimates that exclude intensity roll-off.

Figure 3.4: Outcoupler optimization for cylindrical (top) and spherical (bottom) waveguides with
r = 125mm. Panels show the maximum angular collimation error for exact on-axis,
exact corner-field, and minimax-optimized gratings.
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3.6.2 Outcoupler optimization

The preceding framework shows that, apart from light-engine errors, residual geo-
metric aberrations arise only at the outcoupler. For a pupil-expanding layout with
sufficiently small jump length, the closed guided modes fill the full outcoupler
area, so the entire outcoupler contributes to each output beam. We therefore
evaluate outcoupler performance by sampling the field of view with a 50 × 50

grid of directions ci. For each field point, rays are launched from a 25 × 25

grid of outcoupler positions pj according to the incident closed mode rayfield
k̂∥(pj ;u(ci)+u(2)), diffracted by the outcoupler, and refracted out of the waveg-
uide. The maximum angular deviation of any ray from the bundle’s centroid
defines the collimation error for that field point. This metric is a conservative
resolution estimate because a finite pupil samples only part of the beam.

Figure 3.4 compares outcouplers that exactly collimate a single design field point.
When the exact grating is constructed for the field center (0◦, 0◦) or for the corner
(8◦, 8◦), the residual finite-field error reaches about 4 arcmin for the cylindrical
waveguide and 6 arcmin for the spherical waveguide. We obtain a finite-field
compromise by adding a tangential grating correction,

∆GT (p) = kdΠ
g
∥(p)

∑
1≤i+j≤N

xiyj (Aijx̂+Bijŷ) , (3.17)

where Πg
∥(p) = I − N̂g(p)N̂g(p)

T projects onto the local tangent plane, x, y
are coordinates of the apex surface frame centered on the outcoupler, and the
coefficientsAij , Bij are determined by numerical minimax optimization over the
field of view. First-order (N = 1) optimization reduces the maximum collimation
error to about 2 arcmin for the cylindrical waveguide, for which only A10 is
nonzero, and 4 arcmin for the spherical waveguide, for which only A10 and
B01 are nonzero, as shown in the right column of Fig. 3.4. Adding higher-
order correction terms N > 1 did not further reduce the maximum error or
introduce additional nonzero coefficients. The first-order grating correction can
be interpreted as a phase plate ϕ(x, y) = kd(A10x

2 + B01y
2)/2 on the curved

surface. This phase plate provides cylindrical optical power in x for the cylindrical
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waveguide and astigmatic optical power in x and y for the spherical waveguide.
The surface gradient∇S of the phase acts as an effective tangential grating vector,
∇Sϕ(p) = Πg

∥(p)∇ϕ(x, y), recovering Eq. (3.17) for the retained first-order
terms [71].

3.6.3 Non-sequential waveguide ray trace

We next perform full non-sequential ray traces through the planar, cylindrical, and
sphericalwaveguideswith the optimized outcouplers fromSec. 3.6.2. Closed free-
space modes for the field center and four field corners are launched immediately
before the incoupler at the design wavelength. Each launch beam has a diameter
of 1mm and is Fibonacci-sampled with 50 rays.

Rays exiting the outcoupler are traced to an eye model centered on the outcoupler
with 5mm eye relief, see Fig. 3.5. The eye is an ideal sine-condition lens with
f = 19mm and an 8mm pupil. Similarly, rays are traced to eyes displaced by
±4mm to the corners of an 8mm× 8mm eyebox.

We report imaging performance using the conservative maximum geometric an-
gular error, defined as the geometric spot radius, and the corresponding line pairs
per degree that are ideally resolved, 1/(4 · spot radius).

As expected, the planar waveguide gives ray-traced geometric spot radii≪ 1 arc-
sec across the five eyebox and field positions, well below the diffraction-limited
Airy radius of the pupil, 1.22 · 520 nm/8mm ≈ 0.27 arcmin (56 lp/deg). The
cylindrical waveguide retains this precision along the cylinder axis and shows a
maximum residual error of 1.3 arcmin (12 lp/deg) in the curved direction. The
spherical waveguide shows a maximum error of 2.4 arcmin (6 lp/deg) across
the field and eyebox. Repeating the analysis with a 4mm pupil gives maxi-
mum angular errors of 0.7 arcmin (21 lp/deg) for the cylindrical and 1.3 arcmin
(12 lp/deg) for the spherical waveguide, with the diffraction limit being 0.55
arcmin (27 lp/deg).
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3 Design of curved waveguide displays using closed modes

These errors agree with the outcoupler bounds from Sec. 3.6.2, confirming that
propagation through the closed mode waveguide itself does not introduce addi-
tional geometric aberrations. When the outcoupler is instead designed for one

Figure 3.5: End-to-end ray trace for planar, cylindrical, and spherical waveguides. Cross-sections
show traced rays. Geometric spot diagrams show absolute and centroid-subtracted retinal
distributions after optimized outcoupling.
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specific field point, that field point is imaged with a diffraction-limited spot also
for cylindrical and spherical substrates.

For comparison, Vostrikov et al. reported, for a 4mm pupil, a similar maximum
outcoupling error of 0.7 arcmin (21 lp/deg) for a 1D pupil-expanding cylindrical
waveguide with a 150mm radius of curvature, a 24◦ × 24◦ field of view, and an
8mm-wide eyebox without vertical expansion [33]. Weng et al. reported, for
a 4mm pupil, MTF values above 0.35 at 30 lp/deg at the field center across a
6mm× 6mm eyebox, for a 2D pupil-expanding cylindrical waveguide designed
for a 24◦ × 24◦ field of view, a 10mm× 10mm eyebox, and a 100mm radius of
curvature [34]. Weng et al.’s expander grating is recorded from two eigenbeams
and therefore coincides for the cylinder with our closed expander construction.
The outcouplers ofVostrikov et al. andWeng et al. are optimized similarly to ours.
However, in both works, the incoupler grating performs the mode shaping from
collimated free-space beams into guided eigenmodes, whereas in our framework
the mode shaping is assigned to the light engine and the incoupler becomes a
closed grating. This avoids finite-field incoupling errors, provided that the light
engine generates the required closed free-space modes, as discussed in Sec. 3.6.6.

3.6.4 Curvature dependence of outcoupling aberrations

We repeat themonochromatic system ray trace for spherical substrateswith radii of
curvature between 75mm and 225mm, corresponding to 7D to 2D base curves,
respectively, re-optimizing the outcoupler for each radius. The residual aber-
ration increases monotonically with curvature, as expected from the increasing
departure of closed free-space modes from collimated beams. High-base-curve
eyewear, such as sports glasses, is therefore more demanding. Figure 3.6 shows
that for an 8mm pupil maximum angular errors below 1 arcmin (>15 lp/deg)
across the field of view are achievable for spherical base curves below approxi-
mately 3D (175mm), whereas stronger curvatures show increasing outcoupling
error. For the 175mm waveguide and a 4mm pupil we find maximum geometric
angular errors of 0.5 arcmin (30 lp/deg), below the diffraction limit. These values
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exclude light-engine aberrations, treated separately in Sec. 3.6.6 and wave optical
considerations discussed in Sec. 3.7. Human visual acuity is commonly associated
with a minimum resolvable angle of 1 arcmin, corresponding to a 30 lp/deg vision
threshold, with recent work suggesting somewhat higher values [72]. The lp/deg
values reported here for the waveguide are conservative resolution estimates de-
rived from the maximum spot radius, not strict cutoff frequencies. Depending on
the point-spread function shape and contrast criterion, higher spatial frequencies
may still be transmitted with reduced contrast.

Figure 3.6: Curvature dependence for spherical waveguides: maximum angular deviation (8mm
pupil) versus radius and centroid-subtracted geometric spot diagrams for r = 75mm,
125mm, 175mm, and 225mm after outcoupler optimization. Diopter equivalents
calculated for a 1.5 refractive index.
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3.6.5 Color aberrations for finite spectral bandwidth

We next quantify the chromatic outcoupler error (8mm pupil) for a green micro-
LED channel centered at λd = 520 nm with ±10 nm bandwidth, represented by
three lines at 510 nm, 520 nm, and 530 nm. As shown in Fig. 3.7, the wavelength-
dependent grating shift separates the guided mode spectra in u-space. These
shifts cancel for ideal closed gratings, but the corrected outcoupler breaks this
cancellation and leaves residual wavelength-dependent pointing and collimation
errors.

Figure 3.7: Chromatic aberrations for a 20nm green spectral bandwidth in the spherical waveguide.
The plots show wavelength-dependent u-space shifts, the corner-field geometric retinal
spot, and the absolute angular error across the field of view.
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The linear outcoupler correction of Sec. 3.6.2 is re-optimized jointly over all three
wavelengths. The bottom row of Fig. 3.7 shows the resulting absolute angular
error across the field of view, including both centroid shift and bundle spread.
The maximum error increases to about 9 arcmin (2 lp/deg), substantially above
the monochromatic case. A full system ray trace for the (+8◦,+8◦) field point
confirms the corresponding wavelength-separated retinal spots. These results il-
lustrate the imaging penalty of finite-bandwidth sources and motivate narrowband
laser engines or wavelength-selective outcouplers for curved waveguide designs.

3.6.6 Exemplary light engine design

We now replace the idealized light engine assumed above with an exemplary
design for the r = 125mm spherical waveguide. The design transforms the
two-dimensional cone of collimated beams from a laser beam scanner (LBS) into

Figure 3.8: Freeform 4f beamshaper for the spherical waveguide. The relay transforms collimated
scanned beams into closed free-space input modes. The plots show mode error across the
field and the resulting geometric retinal spots after full-system tracing.
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the structured closed free-space modes required at the incoupler using an approx-
imately unit-magnification 4f relay, f1 ≈ f2. The 16◦ × 16◦ target field of view
is sampled by a 15× 15 grid of directions ci, which are mapped to closed mode
coordinates ui = u(ci) as described in Sec. 3.5.2.4. The corresponding LBS
direction cosines are assigned by the linear relation si = Mui, with M ∈ R2×2.
For each field sample ci, the 1mm LBS pupil is Fibonacci-sampled with 50 rays
launched in direction si and traced sequentially through the relay to the incou-
pler grating, where we evaluate the maximum angular deviation from the desired
closed rayfield k̂(p,ui). The relay consists of two N-BK7 freeform lenses with
two-dimensional Legendre sag profiles of polynomial order 10, corresponding to
66 coefficients per surface. Layout distances, the mapping matrix M, and all
surface parameters are jointly optimized to minimize the maximum angular error
across the field of view. As shown in Fig. 3.8, the generated input modes deviate
from the ideal closed mode rayfields by less than 1.5 arcmin. A full system trace
through the relay, incoupler, waveguide, and optimized outcoupler shows that the
additional retinal blur beyond the outcoupler-limited case remains of the same
order, indicating that closed mode propagation does not substantially amplify
light-engine aberrations.

3.7 Wave optical correspondence and scope
of the rayfield model

The preceding analysis treats light as geometrical ray bundles, parametrized by
rayfields on the outer waveguide surface, as introduced in Sec. 3.2.2. In this
section we discuss the limitations of this modeling approach.

3.7.1 Integrability of closed rayfields

In the short-wavelength limit of wave optics, ray directions are normal to the
phase fronts, k̂(x, y, z) = ∇Φ(x, y, z)/k, where k is the wavenumber. For the
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tangential rayfields describing our closed modes on the outer waveguide surface
with sag zg(x, y), this implies k̂∥(x, y) = Πg∇ϕ(x, y)/k where ϕ(x, y) =

Φ(x, y, zg(x, y)) is the surface phase. Therefore, for a rayfield to admit a wave-
optical analogue, its tangential component must be integrable to a scalar phase,
i.e., it must be conservative, requiring 0 = N̂g · (∇ × k̂∥), except at phase
singularities [73].1 Planar and cylindrical closed rayfields satisfy this condition,
whereas spherical closed rayfields do not and can therefore only be approximated
by conservative rayfields derived from a regularized phase. For the 125mm

spherical waveguide of Sec. 3.6.1, with 16◦ × 16◦ field of view and 1mm beam
diameter, we approximate each closed free-space rayfield incident at the incoupler
center (xi, yi) by a quadratic phase

ϕ(x, y,u) = c1(u)x̄+ c2(u)ȳ + c3(u)x̄ȳ + c4(u)x̄
2 + c5(u)ȳ

2 (3.18)

where x̄ = x − xi and ȳ = y − yi. The resulting maximum angular deviation
from k̂sph

∥ (x, y;u) is below 0.2′. Repeating the ray traces of Sec. 3.6.3 with
these regularized rayfields increases the maximum spot radius across the five
pupil positions and field directions from 2.4′ to 2.6′ for the 8mm eye pupil.
The refractive freeform relay of Sec. 3.6.6 preserves phase integrability of the
collimated input by the Malus–Dupin theorem [74], hence, its reported mismatch
to the closed rayfields already includes this integrability constraint.

3.7.2 Integrability of spherical grating couplers

To record a holographic grating through interference of two continuous wave-
fronts, its tangential grating vector field must be the gradient of a scalar Ψ [75]

GT = ko
∥ − kr

∥ = Πg
∥∇ (ϕo − ϕr) = Πg

∥(x, y)∇Ψ. (3.19)

1 Since∇×∇ϕ̄ = 0 and N̂g · (∇× N̂g) = 0, with N̂g ∝ ∇[z − zg(x, y)], we obtain

N̂g · (∇× k∥) = −N̂g · ∇ × [(N̂g · ∇ϕ̄)N̂g ] = −(N̂g · ∇ϕ̄)N̂g · (∇× N̂g) = 0.
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3.8 Conclusion

The spherical coupler gratings in Eqs. (3.15), (3.7), and (3.16) generally yield non-
conservative tangential grating vector fields and therefore cannot be represented
exactly by a continuous scalar phase.

Several methods have been developed to realize non-conservative grating vector
fields, either by introducing local grating dislocations [76], or by segmenting the
grating aperture into several patches with continuous phase but discontinuities at
their boundaries [77]. Sufficiently dense segmentation allows accurate approxi-
mation of a non-conservative grating vector field. While the thin patch boundaries
can be neglected in geometrical optics, diffraction at interfaces and dislocations
introduces additional spread beyond the geometric spot radii reported in the previ-
ous sections. To avoid dislocations and allow regular recording, non-conservative
grating vector fields can be approximated by a regularized phase plate [75]. To
each coupler α of the 125mm spherical waveguide we fit fifth-order phase plates

Ψα(x, y) =
∑
i,j≥0

1≤i+j≤5

cαij (x− xα)
i
(y − yα)

j
,

(3.20)

minimizing Gα
T − Πg

∥(x, y)∇Ψα. We then adjust the phase coefficients of all
couplers simultaneously by an end-to-end ray-trace optimization. To evaluate the
image quality of the regularized spherical couplers, we perform non-sequential ray
tracing as described in Sec. 3.6.3. Instead of the exact closed free-space rayfields,
we launch the regularized rayfields of Eq. (3.18). We find a maximum geometric
spot radius of 2.9′ across the five field points and five eye positions (8mm pupil),
compared to the 2.4′ achieved with the exact closed gratings. Across 10 × 10

launched field points over the field of view and 10× 10 eye positions distributed
uniformly in the eyebox, we find a maximum radius of 3.8′.

3.8 Conclusion

We have introduced a geometric mode-based design framework for planar, cylin-
drical, and spherical waveguide displays. The central result is that grating-coupler
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3 Design of curved waveguide displays using closed modes

design does not require eigenmodes, which do not exist for spherical waveguides.
Instead, locally consistent and closed modes are sufficient: consistency removes
the multi-valuedness caused by overlapping jump generations at the couplers,
while closure makes grating redirection well defined over a finite field of view.

The derived mode families recover the standard planar modes and the known
cylindrical eigenmodes, and extend the same analytical construction to spherical
waveguides. In closed mode space, incouplers and expanders act as translations,
generalizing the planar k-vector diagram to curved substrates. Non-sequential
ray tracing confirms that closed mode incoupling, propagation, and expansion do
not introduce additional aberrations for the closed target rayfields. The residual
imaging error is purely determined by the non-closed outcoupler and by the
accuracy with which the light engine generates the target input modes. Both light
engine and outcoupler can be optimized independently, without computationally
expensive end-to-end waveguide tracing. For moderate ophthalmic spherical base
curves, the investigated two-dimensional pupil-expanding architecture achieves
geometrical imaging performance close to human visual acuity over a 22◦ diagonal
field of view. We have shown that the geometrically derived spherical closed
grating couplers have non-conservative grating-vector fields that are not exactly
integrable to scalar phase plates. We presented an approach for approximating
these fields with phase plates and discussed the resulting increase in beam spread.

These results provide a route toward thin, prescription-compatible waveguide dis-
plays that conform to ophthalmic base curvature without the thickness and weight
penalties of embedding planar waveguides in lens stacks. The formalism also pro-
vides a basis for more advanced architectures, including crossed gratings, crossed
outcouplers, and butterfly expansion schemes. The chromatic analysis indicates
a system-level trade-off: narrowband laser engines are naturally compatible with
closed mode transport, whereas finite-bandwidth micro-LED engines will require
spectral management at the outcoupler, for example through wavelength-selective
holographic grating couplers. Very large fields of view may likewise require
angle-selective outcouplers. Based on the analytical construction, future work
may explore end-to-end regularization strategies for spherical waveguide cou-
plers, which should also discuss wave optical effects.
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4 Limits of immersion-free
waveguide recording

Recording holographic waveguide gratings in their replay configuration requires
at least one recording beam to exceed the critical angle of the hologram–cladding
interface. Achieving these angles necessitates edge-lit exposure using prisms
and immersion liquids, which slows down display prototyping and is challenging
for roll-to-roll mass production. In this chapter, we present analytical equations
describing the set of planar holographic gratings that can be recorded without
immersion in reflection or transmission using recently proposed methods of wave-
length and recording configuration shifting. The limits are formulated in terms
of the tangential and normal grating vector components GT , GN . We show that,
by appropriately choosing the recording polarization, superficial holograms can
be mitigated and a large effective index modulation can be achieved. Our re-
sults demonstrate that red, green, and blue (RGB) incouplers and outcouplers
for typical planar reflective holographic waveguide displays in photopolymer can
be recorded without immersion, reducing fabrication complexity for 1D eyebox-
expanding waveguides. However, expander grating couplers for practically rele-
vant 2D eyebox-expanding waveguide displays cannot be recorded immersion-free
within the sensitivity range of typical photopolymers. We discuss the applicability
of these planar limits as local recordability conditions on curved substrates and
demonstrate that immersion-free recording is also not applicable to the expander
grating of the 125mm spherical waveguide display introduced in Chapter 3.

Parts of this chapter have been published in: Marvin Feil, Tobias Wilm, Moritz Esslinger, Reinhold
Fiess, and Wilhelm Stork, “Limits of immersion-free recording of holographic waveguide displays,”
Opt. Lett. 50: 606–609 (2025). doi: 10.1364/OL.545451
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4 Limits of immersion-free waveguide recording

4.1 Introduction

Recording waveguide coupler HOEs conventionally in their replay configuration
requires at least one recording beam inside the holographic substrate to exceed
the critical angle of the waveguide–cladding interface. This necessitates edge-
lit recording with prisms optically contacted to the holographic substrate using
immersion liquid. However, edge-lit recording complicates prototyping and is
challenging for mass production due to the complexities of maintaining a homo-
geneous immersion film [40] and preventing immersion liquid flow, which can
cause phase instabilities [38]. Recently, waveguide gratings have been recorded
at wavelengths different from their intended replay wavelength [40, 41], reducing
the recording beams’ incidence angles and allowing immersion-free recording
without edge-lit exposure. Additionally, shifting to a different recording geome-
try—that is, recording with wave directions different from the desired replay and
object waves—has been proposed to reduce the required incidence angles [42].
Immersion-free recording would be of interest for prototyping planar and spher-
ical waveguide displays, simplifying the required exposure system. However, to
our knowledge, no systematic investigation has been provided to determine the
limits of these immersion-free recording schemes or their applicability to typical
waveguide display geometries. In this chapter, we derive analytical expressions to
identify which planar holographic gratings are recordable immersion-free using
wavelength and recording configuration shifting. We briefly discuss the applica-
bility of these limits to curved substrates.

4.2 Immersion-free recording

Section 2.1 introduced the representation of a prescribed planar holographic
grating by its tangential and normal components, G = GT T̂ + GNN̂, with
GT , GN > 0. For this chapter, we consider only the dominant normal hologram
shrinkage s and neglect tangential shrinkage sT . Equation (2.8) gives the irradi-
ance grating componentsGirr

T , Girr
N > 0 required to record the prescribed grating.

62



4.2 Immersion-free recording

Equation (2.9) parameterizes the complete family of recording wave vector pairs
kr,ko that produceGirr by the recording wavelength λ and configuration param-
eter σ ∈ [0, 2π). Figure 4.1(a) illustrates these configurations for a representative
planar waveguide incoupling grating.

4.2.1 General holographic resolution limit

No real-valued wave vector pair may be found from Eq. (2.9) for Girr > 2k,
which is a manifestation of the resolution limit Λirr ≥ λ/(2n). This constrains
the generally recordable grating vectors to

√
G2

T + (GN (1− s))
2 ≤ 4π

λ
n. (4.1)

Figure 4.1: (a) Visualization of possible decompositions into reference and object waves (recording
configurationσ) for the grating vector of a typical reflectivewaveguide incoupler (532nm,
propagation angle 56◦ [38]). (b) Reference and object incidence angles for this grating in
air for all possible configurations, with and without typical shrinkage. For σ = π/2 and
3π/2, the smallest limiting incidence angle is achieved with the same incidence angle for
both reference and object beams.
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4 Limits of immersion-free waveguide recording

4.2.2 Immersion-free recording condition

When recording holograms with edge lighting, a prism is optically attached to the
holographic substrate using immersion liquid, allowing arbitrary incidence angles
inside the substrate given a suitable prism. For immersion-free recording both
recording wavefronts must be transmitted into the substrate from air through the
boundary planes normal to N̂. The air-side incidence angle of recording wave
i ∈ {r, o} is measured relative to the local surface normal,

θairi (σ, λ, n;Girr) = arccos
(
|k̂air

i · N̂|
)
, (4.2)

and must be smaller than 90◦. In practice, only angles smaller than a maximum
permissible value θairmax < 90◦ are allowed due to strongly increasing Fresnel
reflection and spot size under grazing incidence. Therefore, a grating Girr is
recordable immersion-free at a given wavelength λ and configuration σ when it
satisfies the resolution limit Eq. (4.1) and

θairr , θairo < θairmax ⇔ θ̄(σ, λ, n;Girr) < θairmax (4.3)

with the limiting incidence angle

θ̄(σ, λ, n;Girr) = max
(
θairr , θairo

)
. (4.4)

4.2.3 Incidence angles for immersion-free recording

The tangential components ki,∥ of both recording wave vectors i ∈ {r, o} are
conserved across the boundary planes due to translational symmetry, k2i,∥ =

k2 − (N̂ · ki)
2. Inserting Eq. (2.9) gives for recording configuration σ,

k2i,∥(σ) = k2 −

(√
k2 − (Girr)2

4

Girr
T

Girr
cosσ +Φi

Girr
N

2

)2

, (4.5)

with Φr = −1 and Φo = 1.
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4.2 Immersion-free recording

Since the air-side wave-vector magnitude is 2π/λ, the incidence angle follows as

θairi (σ) = arccos

√
1−

(
λki,∥(σ)

2π

)2

, (4.6)

provided that ki,∥ ≤ 2π/λ. For ki,∥ > 2π/λ, no propagating air-side wave
exists, we assign the angle the value +∞ so that Eq. (4.3) remains valid. Fig-
ure 4.1(b) shows the incidence angles for recording an exemplary waveguide
incoupler grating in various configurations σ. Some recording configurations
yield lower incidence angles than others.

To determine whether any immersion-free configuration fulfills Eq. (4.3), we seek
the configuration σ minimizing the limiting incidence angle in Eq. (4.4):

θ̄min(λ, n;G
irr) = min

σ∈[0,2π)
θ̄(σ, λ, n;Girr). (4.7)

The angle θairi ismonotonically increasing in k2i,∥. Thus, minimizing θ̄(σ) is equiv-
alent to minimizing max(k2r,∥(σ), k

2
o,∥(σ)) = k2 − f(x(σ))2, where Eq. (4.5)

gives

f(x) = min

(∣∣∣∣x− Girr
N

2

∣∣∣∣ , ∣∣∣∣x+
Girr

N

2

∣∣∣∣) =

∣∣∣∣|x| − Girr
N

2

∣∣∣∣ . (4.8)

Here x(σ) =
√
k2 − (Girr)2/4Girr

T /Girr cosσ. Consequently, minimizing the
limiting incidence angle θ̄min with respect to σ ∈ [0, 2π) is equivalent tomaximiz-
ing f(x)overx(σ) ∈ [−xl, xl], withxl(λ, n;Girr) =

√
k2 − (Girr)2/4Girr

T /Girr.
We consider valid recordingwavelengthsλ satisfying the resolution limit Eq. (4.1),
for which xl is real and nonnegative.

A recording configuration σ is either transmissive, with both recording waves
incident from the same side of the substrate (kr,Nko,N > 0), or reflective, with
the recording waves incident from opposite sides (kr,Nko,N < 0). Grazing con-
figurations with kr,Nko,N = 0 are not physical. Equation (2.9) gives ki,N =

x + ΦiG
irr
N /2, showing that a recording configuration is reflective if and only if

|x(σ)| < Girr
N /2, and transmissive if and only if |x(σ)| > Girr

N /2.
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4 Limits of immersion-free waveguide recording

On the domain of all reflective recording configurations, x ∈ R = [−xl, xl] ∩
(−Girr

N /2, Girr
N /2), we can write f(x) = Girr

N /2−|x|. If reflective configurations
exist, Girr

N > 0, the maximum on the reflective domain is attained at x = 0, cor-
responding to σ ∈ {π/2, 3π/2}. Therefore, the smallest limiting incidence angle
for any reflective configuration is obtained by inserting Eq. (4.5) into Eqs. (4.6)
and (4.4)

θ̄refmin = min
σ

kr,Nko,N<0

θ̄(σ, λ, n;Girr) = arccos

√1− n2 +

(
GN (1− s)λ

4π

)2
 .

(4.9)
For the σ ∈ {π/2, 3π/2} configurations, the reference and object waves have the
same incidence angle, equal to Eq. (4.9).

On the domain of all transmissive recording configurations, x ∈ T = [−xl,−Girr
N

/2) ∪ (Girr
N /2, xl], we can write f(x) = |x| − Girr

N /2. Transmissive recording
configurations exist only if xl > Girr

N /2. In that case, the maximum on the
transmissive domain is attained at the endpoints x = ±xl, corresponding to
σ ∈ {0, π}. Thus, the smallest limiting incidence angle for any transmissive
recording configuration follows from Eqs. (4.5), (4.6), and (4.4)

θ̄transmin = min
σ

kr,Nko,N>0

θ̄(σ, λ, n;Girr) (4.10)

= arccos


√√√√√1− n2 +

√n2 − (λGirr

4π

)2
Girr

T

Girr
−
λGirr

N

4π

2
 .

The maximum value of f on the reflective domain is f(0) = Girr
N /2 and on the

transmissive domain f(±xl) = xl−Girr
N /2. The global minimum of the limiting

angle is therefore attained in the reflective configurations σ ∈ {π/2, 3π/2} if
xl < Girr

N and in the transmissive configurations σ ∈ {0, π} if xl > Girr
N . For

xl = Girr
N , all four configurations attain the minimum.
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4.2 Immersion-free recording

Summarizing, the smallest limiting incidence angle across all configurations σ is

θ̄min(λ, n;G
irr) =

θ̄
ref
min, xl ≤ Girr

N ,

θ̄transmin , xl > Girr
N .

= min
(
θ̄refmin, θ̄

trans
min

)
. (4.11)

To make the last equality rigorous, if either expression θ̄refmin or θ̄transmin becomes
non-real, no propagating air-side solution is available for that branch, and the cor-
responding angle is assigned the extended-real value +∞. The same convention
is used when the reflective or transmissive configuration set is empty.

4.2.4 Monochromatic immersion-free recording limit

A grating with components GT , GN is recordable without immersion at a given
wavelengthλ if and only if it satisfies the resolution limit in Eq. (4.1) and has a lim-
iting incidence angle small enough to fulfill Eq. (4.3) for at least one configuration
σ. Equivalently, the minimum limiting incidence angle across all configurations
is smaller than the permissible incidence angle, θ̄min(λ, n;G

irr) < θairmax.

The grating is recordable immersion-free in reflection at a given wavelength λ
when the resolution limit Eq. (4.1) is fulfilled and θ̄refmin(λ, n;G

irr) < θairmax or
equivalently

GN >
4π

λ(1− s)

√
n2 − sin2(θairmax). (4.12)

Equation (4.12) and the resolution limit Eq. (4.1) together define the gratings
GT , GN that are recordable immersion-free in reflection at a fixed wavelength λ.

A grating with components GT , GN is recordable without immersion in trans-
mission at λ if(
GT − 2π

λ
sin θairmax

)2

+

[
(1− s)GN +

2π

λ

√
n2 − sin2 θairmax

]2
<

(
2πn

λ

)2

.

(4.13)
This inequality ensures θ̄transmin < θairmax and implies the resolution limit Eq. (4.1).
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4 Limits of immersion-free waveguide recording

Figure 4.2 (left) shows the reflection- and transmission-recordable gratings at
532 nm in a typical photopolymer with n = 1.51 and s = 0.03 [56]. The
color encodes θ̄min(λ = 532 nm, n = 1.51, s = 0.03;GT , GN ). The lower
region corresponds to transmissive recording and the upper region to reflective
recording.

For orientation, Fig. 4.2 shows the grating componentsGT (θp, λd) andGN (θp, λd)

derived in Eq. (2.24) for normal-incidence reflective incouplers and orthogonal
expanders commonly used in planar waveguide displays. The marked gratings

Figure 4.2: Each position (GT , GN ) represents a holographic grating in a material with n = 1.51
and s = 0.03. The left plot shows the minimum limiting incidence angle for any
recording configuration at 532nm. The upper region belongs to the reflective branch and
the lower region to the transmissive branch. The right plot shows the global infimum
over all positive recording wavelengths and configurations, obtained from the reflective
and transmissive branch expressions in Eqs. (4.15) and (4.17). The black dotted and
dashed outlines indicate the gratings recordable within 450nm to 650nm and 450nm
to 850nm, respectively. White dashed contours mark a limiting incidence angle of 60◦.
Colored solid and dotted curves denote on-axis incouplers and orthogonal expanders from
Eq. (2.24); the three markers along each curve correspond to propagation angles of 45◦,
56◦, and 60◦. Blue, green, and red denote the replay wavelengths. The off-axis incoupler
of [56] is shown in purple, and the 125mm spherical-waveguide couplers are shown in
gray.
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4.2 Immersion-free recording

cover the propagation-angle range θp ∈ [45◦, 60◦] and representative blue, green,
and red display replay wavelengths λd ∈ {473 nm, 532 nm, 633 nm}.

The figure indicates that green incouplers with moderate propagation angles and
blue incouplers with larger propagation angles can, in principle, be recorded
immersion-free at a recording wavelength of 532 nm in the reflective branch.
Bruder et al. demonstrated immersion-free recording of a blue orthogonal ex-
pander and an off-axis incoupler designed for a propagation angle of θp = 45◦

[56]. Both gratings lie within the recordable region of the reflective branch in
Fig. 4.2. For the incoupler, the central image mode is incident at θi = 5.5◦

from the surface normal, k(i)
B = kB

[
sin(θi)T̂ − cos(θi)N̂

]
, and is diffracted

into a guided mode with θp = 45◦, where kB = 2πnwg(λB)/λB and λB =

473 nm. Equation (2.21) therefore gives GB
T =

(
sin(45◦) − sin(5.5◦)

)
kB and

GB
N =

(
cos(5.5◦) + cos(45◦)

)
kB. Relative to normal incidence, the off-axis

configuration reduces the required angular deflection and hence the grating vector
magnitude, corresponding to a larger grating period. This shift is sufficient to
make the incoupler recordable immersion-free in reflection at 532 nm.

4.2.5 Polychromatic immersion-free recording limit

A grating GT , GN is not recordable immersion-free if no recording wavelength
and configuration yield a limiting incidence angle that fulfills Eq. (4.3).

The smallest limiting incidence angle for reflective recording in Eq. (4.9) decreases
with increasing recording wavelength. Its smallest value for any wavelength is
achieved at the largest wavelength permitted by the resolution limit,

λmax(n, s;GT , GN ) =
4πn√

G2
T + [GN (1− s)]

2
. (4.14)
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4 Limits of immersion-free waveguide recording

Substitution into Eq. (4.9) gives the smallest limiting incidence angle for any
reflective configuration and wavelength

θ̄ref,∀λmin (n, s;G) = arcsin

 nGT√
G2

T + [GN (1− s)]
2

 . (4.15)

Thus a grating is recordable in reflection for some wavelength, θ̄ref,∀λmin < θairmax, if

GN >

√
n2 − sin2(θairmax)

(1− s) sin θairmax

GT . (4.16)

This inequality describes a cone around the GN axis in GT –GN grating space.

In contrast, the smallest limiting incidence angle for transmissive recording in
Eq. (4.10) decreases as the recording wavelength decreases. Ignoring dispersion,
its minimum is approached for λ→ 0,

θ̄trans,∀λmin = inf
λ>0

θ̄transmin (λ, n, s;G) = arcsin

 n(1− s)GN√
G2

T + [GN (1− s)]
2

 ,

(4.17)
and a grating in the transmissive branch is recordable for some configuration and
wavelength, that is θ̄trans,∀λmin < θairmax, if

GN <
sin θairmax

(1− s)
√
n2 − sin2(θairmax)

GT . (4.18)

This inequality describes a second cone around the GT axis. Figure 4.2 (right)
visualizes both the reflective and transmissive recordability cones for a typical pho-
topolymer with n = 1.51, s = 0.03 [56]. The plot colors encode θ̄∀λmin(n, s;G).

Gratings outside both cones are not recordable immersion-free at any wave-
length or recording configuration. Practically, only a limited part of both cones
is recordable because the material is sensitive over a finite wavelength range
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4.2 Immersion-free recording

[λlower, λupper], such as 450 nm to 850 nm for state-of-the-art photopolymer
[56].

In the reflective branch, the shortest available wavelength λlower limits the record-
able cone at large GN by an elliptical boundary, which is circular when s = 0

through the resolution limit Eq. (4.1). The longest available wavelength limits the
reflective region at small GN through Eq. (4.12) by a horizontal cut-off. Because
Eq. (4.9) decreases with increasing wavelength, the smallest reflective-branch an-
gle in [λlower, λupper] is attained at λ⋆ref = min{λmax(n, s;GT , GN ), λupper}. If
λmax < λlower, the grating violates the resolution limit throughout the available
range.

In the transmissive branch, Eq. (4.10) decreases monotonically as the wavelength
decreases. Its minimum in the finite range is therefore attained at λlower. The
shortest available wavelength also bounds the transmissive region by the ellipse
in Eq. (4.13).

With the branch-specific angles assigned +∞ whenever they are complex and
therefore unphysical, the global minimum over the finite wavelength range is

θ̄
[λlower,λupper]
min =


min

[
θ̄transmin (λlower), θ̄

ref
min(λ

⋆
ref)
]
, λmax ≥ λlower,

+∞, λmax < λlower.

(4.19)

Figure 4.3 shows the smallest limiting incidence angle attainable over the prac-
tically accessible photopolymer range 450 nm to 850 nm and over an extended
100 nm to 850 nm range.

By allowing wavelength shifting, a wide range of RGB incoupling gratings can be
realized in the considered photopolymer without immersion at recording angles
below 60◦ in the reflective recording configuration. However, immersion-free
reflective recording of expanders requires large incidence angles even at moder-
ate waveguide propagation angles and ceases to be possible at larger propagation
angles. Intermediate-propagation-angle expanders lie between the reflective and
transmissive cones and are not recordable in either branch. At sufficiently large
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4 Limits of immersion-free waveguide recording

Figure 4.3: Smallest limiting incidence angle attainable over the finite recording-wavelength ranges
450nm to 850nm (left) and 100nm to 850nm (right), for n = 1.51 and s = 0.03. At
every grating, the smaller of the reflective- and transmissive-branch angles from Eq. (4.19)
is shown. Uncolored regions have no propagating air-side recording solution anywhere in
the specified range and are not recordable immersion-free. Grating curves and markers
are defined as in Fig. 4.2.

propagation angles, expanders enter the transmissive branch, but only at very short
recording wavelengths. For the 60◦ RGB expanders shown here, propagating air-
side solutions require recording wavelengths below 100 nm. These wavelengths
are far outside the 450 nm to 850 nm sensitivity range of state-of-the-art pho-
topolymers [56]. Figure 4.3 shows that extending the lower limit to 100 nm

remains insufficient. Existing holographic photopolymers are not compatible
with these extreme-ultraviolet exposure wavelengths. Therefore, the practically
relevant expander gratings considered here continue to require edge-lit exposure
in photopolymer.

4.2.6 Applicability to spherical waveguide couplers

The limits derived above can also be applied pointwise to freeform gratings with
spatially varying GT (p) and GN (p). Strictly, however, the derivation applies
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4.2 Immersion-free recording

only to planar holographic substrates, since the calculation of the air-side inci-
dence angles assumes planar entry surfaces with a locally constant normal N̂(p).
Nevertheless, for HOEs on weakly curved or thin substrates, such as the spherical
waveguide couplers of Chapter 3, the limits remain valid to first order.

The grating decomposition in Eq. (2.9) is a purely local relation at p and is
exact irrespective of curvature. The recording air-side angles θairi , defined in
Eq. (4.2), however, depend on the surface normal at the entry points. Because
the substrate has finite thickness d, each recording ray i ∈ {r, o} enters at a
point pi that is offset from p. To first order, treating the substrate locally as
a planar slab, the ray crosses the thickness at internal angle θint,i and lands a
tangential distance ∆si ≈ d tan θint,i away from where it entered. On a spher-
ical substrate, the surface normal is radial, so two surface points separated by
an arc length ∆si subtend a central angle ∆si/R; hence, the entry-point nor-
mal N̂(pi) is rotated relative to N̂(p) by ∆αi = ∆si/R, with R the radius of
curvature. In immersion-free recording, all beams enter from air, so the internal
angle cannot exceed θc = arcsin(1/n). The walk-off, and hence the normal tilt,
is therefore bounded independently of wavelength and configuration by |∆αi| ≤
d/R tan θc = d/

(
R
√
n2 − 1

)
. This tilt bounds the change in the air-side inci-

dence angle by |∆θairi | ≤ arcsin(n sin(|∆αi| + θint,i)) − arcsin(n sin(θint,i))

with θint,i = arcsin(1/n sin(θairi )). Away from grazing incidence the angular
error is small relative to the planar prediction in Eqs. (4.9) and (4.10). For the
R = 125mm spherical waveguide with d ≤ 0.5mm and n = 1.51 discussed
in Chapter 3, |∆αi| < 0.21◦ and |∆θairi | < 2◦ for θairi < 80◦. The planar
monochromatic limits in Eqs. (4.12) and (4.13), and the arbitrary-wavelength lim-
its in Eqs. (4.16) and (4.18), therefore remain approximately applicable pointwise
when the grating lies safely away from a recordability boundary.

The GT and GN components of the spherical coupler gratings vary across the
coupler aperture. The corresponding GT –GN regions are indicated in light
gray in Fig. 4.2. Because these regions are small, they are additionally marked
by dark gray central markers. Consistent with the planar result, the 125mm

spherical waveguide expander introduced in Chapter 3 cannot be recorded without
immersion for any wavelength or recording configuration.

73



4 Limits of immersion-free waveguide recording

4.3 Recording polarizations

The inequalities derived in the last section determine the set of gratings that are,
in principle, recordable without immersion. However, there are further practical
limitations due to polarization effects:

Effective index modulation The effective index modulation∆n of a holographic
grating determines the required thickness for high diffraction efficiency and, there-
fore, indirectly affects the angular and spectral bandwidth of a holographic grating,
see Eq. (2.16). As discussed in Sec. 2.1.1, the effective indexmodulation decreases
for visibilities V < 1. To achieve unity visibility, both recording waves must ex-
hibit complete polarization overlap. Incomplete polarization overlap reduces the
attainable modulation from the material limit δn by the visibility factor V .

Superficial holographic gratings Only part of the recording wave is transmitted
out of the holographic substrate back into air due to polarization-dependent Fres-
nel reflections. At grazing incidence, strong reflections can add coherently to the
primary reference and object beams. They can disturb the intended holographic
grating and introduce undesired superficial holograms [78, 79]. To prevent this,
the reflections must be weak, or the reflected beams must have vanishing polar-
ization overlap with both primary recording waves and among themselves.

In this section, we investigate the recording polarization and wavelength that mit-
igate these effects for reflective immersion-free recording in the σ ∈ {π/2, 3π/2}
configuration.

4.3.1 Brewster-polarized recording

The Fresnel reflectance vanishes for p-polarized light at the Brewster incidence
angle θairBrew = arctan(n). For reflective recording in the configurations σ ∈
{π/2, 3π/2}, both object and reference incidence angles are θ̄(λ), as shown in
Eq. (4.9). Choosing the recording wavelength appropriately permits incidence at
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4.3 Recording polarizations

the Brewster angle, preventing any reflections. By equating the Brewster angle
and Eq. (4.9), the required Brewster wavelength λBrew is found

λBrew =
n2√
1 + n2

4π

|Girr
N |
. (4.20)

However, the resolution limit Eq. (4.1) must be fulfilled for a grating to be
recordable at λBrew. Inserting Eq. (4.20) into Eq. (4.1) gives

GN ≥ n

1− s
GT . (4.21)

This defines the cone in GT –GN space describing the Brewster-recordable grat-
ings in reflection. It is steeper and encloses fewer gratings than the cone of
generally reflective recordable gratings defined by Eq. (4.16). Brewster record-
ing is therefore not applicable to all holographic gratings that may, in principle,
be recorded without immersion in reflection. Additionally, while completely
removing superficial holograms, Brewster polarization results in only moderate
polarization overlap. In general, the s- and p-polarization vectors of either record-
ing wave i are defined as p̂s

i = ki × N̂/|ki × N̂| and p̂p
i = p̂s

i × ki/|p̂s
i × ki|.

In the relevant σ ∈ {π/2, 3π/2} recording geometry, the polarization overlap of
the p-polarized object and reference waves is

|p̂p
o ·p̂p

r | =

∣∣∣∣∣∣
((
Girr

N

)4
+
(
Girr

N

)2 (
Girr

T

)2)
λ4 − 24π2

(
Girr

N

)2
λ2n2 + 128π4n4

8π2n2
(
16π2n2 −

(
Girr

N

)2
λ2
)

∣∣∣∣∣∣ .
(4.22)

The overlap for different gratings at their Brewster wavelength is plotted in Fig. 4.4.
All gratings with the same GN value have the same Brewster wavelength, see
Eq. (4.20). The three horizontal lines mark the gratings that can be recorded
under Brewster incidence for 450 nm, 650 nm, and 850 nm. The gratings between
those lines are recordable with recording wavelengths in this range. Regardless
of wavelength, the considered waveguide expanders cannot be recorded in the
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4 Limits of immersion-free waveguide recording

Brewster configuration. The considered waveguide incouplers are recorded with
reduced polarization overlap and consequently reduced ∆n, see Fig. 4.4.

4.3.2 Quasi-Brewster-polarized recording

While vanishing completely at the Brewster angle, the p-polarized reflectance
is also very small for surrounding angles. Therefore, to increase polarization
overlap, we allow the recording wavelength to differ from the Brewster recording
wavelength. For recording in the reflective σ ∈ {π/2, 3π/2} configuration, we
choose the wavelength that maximizes the polarization overlap.

At the resolution boundary λmax in Eq. (4.14), the component of the recording
vectors orthogonal to Girr vanishes, see Eq. (2.9), so the two recording vectors
are antiparallel and their p-polarization overlap is one. Because unity is the
largest possible overlap, λmax maximizes the overlap for every grating that is

Figure 4.4: (a) Each position (GT , GN ) in the plots represents a holographic grating. The color
shows the polarization overlap achievable in Brewster-polarized recording with vanishing
reflectance. Typical incoupling and expanding gratings are marked as defined in Fig. 4.2.
(b) The color shows the reflectance for quasi-Brewster-polarized recording with full
polarization overlap.
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4.4 Conclusion

immersion-free recordable in reflection. It also yields the smallest reflective-
branch incidence angle, see Eq. (4.9). Figure 4.4(b) shows the corresponding p-
polarization reflectance. The considered on-axis RGB incouplers can be recorded
this way with perfect polarization overlap and Fresnel reflectance below 2%.
However, for expanding gratings, reflections grow rapidly with propagation angle.
To reduce reflections, amultilayer antireflection coating specified for the incidence
angle θ̄min(λmax) can be applied to the holographic film. This coating leaves the
previous incidence and overlap analysis intact, as ki,∥ is conserved in the stack.

4.4 Conclusion

In this chapter, we established analytical limits for immersion-free recording of
holographic gratings with wavelength and recording configuration shifting, using
the local GT , GN formalism. The global minimum limiting incidence angle has
a reflective and a transmissive branch. Our analysis demonstrates that all consid-
ered RGB incouplers for typical planar reflective holographic waveguide displays
in photopolymer can be recorded without immersion, which could simplify pro-
totyping and manufacturing. We also highlighted the importance of recording
polarization in achieving high effective index modulation and minimizing superfi-
cial holograms, constraining the set of practically recordable gratings. Practically
relevant orthogonal expanders and the expander of the spherical waveguide dis-
cussed in Chapter 3 remain outside the immersion-free recording range of typical
photopolymers and therefore require edge-lit exposure.
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5 Automated planar waveguide
recording

Automated recording of holographic waveguide displays is limited by the simulta-
neous need for highly adjustable beam angles exceeding the waveguide–cladding
interface critical angle and centimeter-scale recording beams. We report, to
our knowledge, the first automated holographic waveguide recording platform,
combining two six-axis robot-mounted collimators with a custom edge-lit prism
system. Exposure poses are computed from target grating vectors, including
shrinkage compensation and polarization alignment, using inverse ray tracing and
robot kinematics. Calibration yields mean angular accuracy better than 0.1◦, and
interferometry shows relative optical-path stability within ±λ/20 during record-
ing. A fabricated 2D eyebox-expanding validation sample transmits readable text,
and its modulation transfer function is evaluated. We analytically explain a pupil-
sampling-induced intensity modulation in the laser-scanned image. The presented
fabrication platform supports more rapid and reproducible prototyping of planar
holographic waveguide displays.

Parts of this chapter have been published in: Marvin Feil, Reinhold Fiess, and Wilhelm Stork,
“Automated mastering of holographic waveguide displays with robot-mounted optics,” Appl.
Opt. 65(28): 9786–9797 (2026). doi: 10.1364/AO.608922. Parts of this work were presented in
Marvin Feil, Reinhold Fiess, and Wilhelm Stork, “Automated mastering of holographic waveguide
displays,” in Proc. SPIE 13821, p. 138210A (2026), doi: 10.1117/12.3080347; and Marvin Feil,
Tobias Wilm, Reinhold Fiess, and Wilhelm Stork, “Automated holographic recording using six-axis
robot arm pair,” in Proc. SPIE 13529, p. 135290J (2025), doi: 10.1117/12.3055606.
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5 Automated planar waveguide recording

5.1 Introduction

Prototyping holographic waveguide masters remains challenging. In contrast
to surface relief gratings (SRGs), which benefit from mature lithography and
nanoimprint tools, mastering holographic optical elements (HOEs) for holo-
graphic waveguide displays still often relies on purpose-built optical exposure
setups and repeated manual alignment [38].

Several automated holographic recording systems have been developed to improve
recording flexibility and reproducibility. Early computerized platforms enabled
faceted hologram recording by combining substrate translation with adjustable
recording beams [80, 81]. Later systems introduced fiber beam delivery, mo-
torized stages, and goniometers for more flexible hologram fabrication [82–86].
Spatial-light-modulator-based holographic printers provide another route to pro-
grammable recording wavefronts [87, 47, 88].

These systems are not designed for waveguide holograms and provide either
limited recording angle range or small recording field size. These limitations
are unsuitable for reflective waveguide display HOEs, which must be centimeter-
scale to achieve large eyeboxes while simultaneously requiring recording angles
exceeding the critical angle of the hologram-cladding interface [89]. Providing
these large recording angles requires immersion-assisted recording, for example
using edge-lit prisms or immersion objectives [10, 88]. Therefore, recording full
waveguide systems with all coupler HOEs requires an extensive angular range
due to the distinct orientation of each grating coupler. Optical wavefront printers,
for example, have insufficient étendue to simultaneously provide both centimeter-
scale field size and numerical aperture for the angular range [88], requiring faceted
printing that impacts hologram fidelity [47]. Existing mechanical systems must
similarly trade off beam aperture against angular range.

Consequently, existing waveguide prototyping workflows record the individual
HOEs in separate manually aligned recording prism systems and subsequently
laminate them onto a common substrate [38, 39]. This requires repeated substrate
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5.1 Introduction

handling and immersion contact, introduces lamination tolerances, and slows de-
sign iterations. Manual realignment becomes particularly time-consuming when
recording angularly multiplexed couplers to increase bandwidth [90].

This chapter introduces, to our knowledge, the first automated recording platform
for holographic waveguides, combining two six-axis robot arms with a dedicated
dual-prism recording system that we call the twin-prism. The key advantage of our

Figure 5.1: Conventional multiple-immersion and relamination workflow and proposed twin-prism
waveguide recording.
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5 Automated planar waveguide recording

prism geometry is that all waveguide couplers can be edge-lit using the same prism
pair, requiring only a single immersion contacting step, as illustrated in Fig. 5.1.
The robots provide control of the beam position, direction, and linear polarization
for beam apertures up to 50mm. Robot recording poses are computed directly
from target grating vectors, including shrinkage compensation and polarization
alignment, using inverse ray tracing and robot kinematics. The robots sequentially
expose the different waveguide couplers in the same substrate, avoiding post-
recording relamination and providing intrinsic relative alignment. We investigate
platform stability and angular accuracy and demonstrate the full fabrication chain
with a validation sample, including laser-scanned image transport. The proposed
platform provides a route toward more rapid and reproducible development of
holographic waveguide displays.

5.2 Recording system design

In Sec. 2.2.3, we derived the coupler gratings required for planar orthogonal
1D- and 2D-EBE waveguide displays. We now introduce a recording system for
these displays. The system is designed for waveguides with propagation angles
around θp = 56◦ and a recording wavelength close to the replay wavelength,
while remaining sufficiently flexible to support other propagation angles, record-
ing wavelengths, shrinkage compensation values, and moderately non-orthogonal
waveguides with face wrap or light-engine tilt.

5.2.1 Recording prisms

As discussed in Chapter 4, recording waveguide display couplers requires record-
ing wave vectors that are typically inaccessible by illuminating the holographic
substrate directly from air. The required internal recording angles in the hologram
layer can exceed the critical angle of the air–hologram interface, making edge-
lit prism-assisted exposure necessary. In conventional holographic waveguide
prototyping, the incoupler, expander, and outcoupler gratings are often recorded
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5.2 Recording system design

in separate edge-lit prism systems and subsequently laminated onto a common
substrate, as illustrated in Fig. 5.1 [38, 39]. This repeated immersion contacting
and lamination increases process complexity and introduces relative alignment
tolerances between the individual HOEs.

To avoid these repeated handling steps, we use a custom twin-prism system in
which the holographic substrate is immersion-contacted once and remains fixed
during the complete recording sequence. The assembly supports substrates up to
90mm in width. The prism pair, shown schematically in Fig. 5.1, is fabricated
from N-BK7, with the edge-lit facets cut at 56◦. It is designed so that the
incoupling, expanding, and outcoupling gratings of orthogonal 1D- and 2D-EBE
layouts can be recorded without reorienting the substrate. The prism coordinate
system P is centered at the intersection of the prism contact plane, its bottom
plane, and its side plane. The assembled twin-prism is shown in Fig. 5.2 (left).

5.2.2 Ray tracing

The accessibility of the required recording angles and the corresponding air-side
beams are determined by inverse ray tracing. We consider exemplary orthogonal

Figure 5.2: Left: 2D-EBE waveguide sample in immersion contact with the twin-prism system after
recording. Right: Robotic exposure platform. The bottom-left shows the stability-
measurement setup.
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5 Automated planar waveguide recording

1D- and 2D-EBE waveguides on a 60mm× 80mm substrate. The designs use a
replay wavelength of λd = 520 nm, a propagation angle of 56◦, and the coupler
layout shown in Fig. 5.3, corresponding to the k-vector diagram in Fig. 2.3.

For each coupler v ∈ {i, o1D, o2D, e}with grating vectorGv given by Eq. (2.23),
Eq. (2.9) gives the object and reference recording wave vectors kv

o and kv
r as func-

tions of the decomposition parameter σ, recording wavelength λ, and material-
shrinkage parameters s and sT . Suitable decomposition parameters for the in-
coupler, 1D outcoupler, 2D outcoupler, and expander are σi = π, σo1D = π,
σo2D = π, and σe = π/2, respectively. The corresponding linear polarization
directions p̂o and p̂r for optimal recording visibility are given by Eq. (2.11).

For each beam b ∈ {o, r}, a ray is launched from the coupler center in the direction
opposite its recording wave vector and traced outward through the prism assembly
until it refracts into air. The resulting exit position, air-side propagation direction,
and polarization in the prism frame P are denoted by rPb,air, ŝPb,air, and p̂P

b,air,
respectively.

For visualization, Figs. 5.4 and 5.5 show the corresponding forward trace of the
recording beams from the air-side exit positions rPb,air toward the couplers in
directions −ŝPb,air. The traces assume the 14mm recording-beam diameter and
λ = 532 nm recording wavelength, used for sample fabrication in Sec. 5.4. The
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Figure 5.3: Exemplary orthogonal 1D- and 2D-EBE waveguides on a 60mm × 80mm substrate.
The 2D-EBE waveguide corresponds to the sample presented in Sec. 5.5.
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5.2 Recording system design

dashed rays neglect material shrinkage, with s = sT = 0 and n = 1.51. The
solid rays include shrinkage compensation and are incident normally on the prism
facets. They correspond to s = 2.7% and sT = 1.6% for the incoupler and
outcoupler, and s = 3.6% and sT = 1.7% for the expander.

5.2.3 Parasitic hologram suppression

Fresnel reflections at the immersion-oil, photopolymer, and prism exit interfaces
can interfere with the primary recording beams and record parasitic superficial
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Figure 5.4: Recording-beam ray traces for a 1D-EBEwaveguide coupler. Solid rays include shrinkage
compensation.
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5 Automated planar waveguide recording

holograms. The twin-prism assembly is therefore designed to suppress unwanted
reflected beams before they re-enter the holographic substrate.

The N-BK7 prismmaterial is approximately index-matched to typical Bayfol-type
photopolymer films with refractive index near n = 1.51 [91]. During exposure,
the substrate is contacted to the prisms with an N-BK7-matched immersion oil
(Zeiss Immersol-F), reducing Fresnel reflections at the prism–oil–substrate in-
terfaces. After the primary beams pass through the recording region, they are
terminated by strategically placed absorbing filter elements bonded to the prism
assembly. The filters are made from NG9 absorbing glass and are bonded using
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Figure 5.5: Recording-beam ray traces for a 2D-EBEwaveguide coupler. Solid rays include shrinkage
compensation.
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5.3 Robotic holography platform

NorlandNOA65 cement, both approximately index-matched to the prismmaterial.
This approach is inspired by Upatnieks [10].

This absorbing-termination strategy is useful because it allows the recording an-
gles to be varied to account for shrinkage compensation, off-design recording
wavelengths, or different waveguide designs. Previous waveguide-recording ge-
ometries suppressed reflection-induced stray exposures by choosing prism facets
such that the recording beams exit at normal incidence and by reducing the re-
maining Fresnel reflections with antireflection coatings [38]. Our termination
approach suppresses reflections over a broad angular and wavelength range while
preserving optical access for the recording beams and simplifies prism mounting
through a flat bottom surface.

5.3 Robotic holography platform

During waveguide development, recording angles must be continuously adapted
and optimized, for example to account for shrinkage of different holographic
composites or new waveguide designs. The twin-prism supports the recording of
a wide range of coupler gratings.

The role of the robotic platform is to generate these recording beams reproducibly.
Two six-axis industrial robots carry laser collimation heads and allow independent
control of the recording position, direction, and polarization roll angle of the object
and reference beams. During automated waveguide mastering, the robots move
through the exposure poses for the incoupler, expander, and outcoupler and record
the HOEs sequentially with computer-controlled laser shutter timing. Changes in
waveguide design or shrinkage compensation require only a recalculation of the
recording poses, not a manual realignment of the optical setup.
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5 Automated planar waveguide recording

5.3.1 System details

The recording source is a monochromatic 532 nm laser split into two polarization-
maintaining fibers with numerical aperture 0.13. Each fiber feeds an identical
robot-mounted collimation head. The fiber output is coupled directly into free
space. Its divergence is increased by a −15mm achromat placed 30mm from
the fiber tip, and the resulting beam is collimated by a 200mm achromat. An
adjustable iris provides output beam diameters up to 40mmwith high uniformity.
The edge-to-center intensity roll-off is below 50%. A cross-sectional view of the
collimation head is shown in Fig. 5.6.

The collimators are mounted on two Stäubli TX2-60 six-axis robots placed on
opposite sides of the prism assembly, as shown in Fig. 5.2. Each robot provides
six-degree-of-freedom control of the corresponding recording beam, including
rotation about the beam axis for setting the linear polarization direction. The
mechanical locking system of the robots is used during exposure to suppress
servo-induced motion. All robot poses are calculated with respect to the prism
coordinate system P introduced in Sec. 5.2.1. The Stäubli base frame Bb of each
robot is centered at the first joint, 375mm above the robot mounting plate. In the

Figure 5.6: Cross section of robot-mounted laser collimators. Illustration of angular calibration
procedure described in Sec. 5.3.5.
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5.3 Robotic holography platform

nominal mechanical layout, the origins of the two robot base frames, expressed
in the prism coordinate system, are

rPB1
= (−420, 166, 334)T mm, rPB2

= (430, −413, 334)T mm.

The object recording beam is provided by robot 1 and the reference beam by
robot 2, corresponding to the left and right sides of Fig. 5.2 (right), respectively.

5.3.2 Robot pose calculation

We use an inverse algorithm to compute the robot poses required to generate pre-
scribed recording wave vectors at selected coupler positions on the holographic
substrate. In contrast to forward-search approaches, in which the hologram posi-
tion and grating vector are evaluated for many candidate exposure settings [92],
our method starts from the desired grating vector Gv , recording geometry σ,
recording wavelength λ and material shrinkage s, sT and directly computes the
corresponding robot targets.

The ray trace outlined in Sec. 5.2.2 yields the prism exit point rPb,air, air-side
propagation direction ŝPb,air, and polarization p̂P

b,air of each recording beam b ∈
{o, r} in the prism frame P . For readability, the dependence of these quantities
on the selected coupler v and on (σ, λ, s, sT ) is omitted in the following.

A Cartesian tool frame Tb is attached to each robot-mounted collimator, as shown
in Fig. 5.6. The frame origin is located on the optical axis at the tip of the
collimator. The tool-frame axis x̂Tb

points in the forward laser direction, while
ẑTb

is normal to the optics mounting plate. The polarization-maintaining fiber is
mounted such that the linear polarization axis of the laser coincides with ẑTb

.

The tool-frame origin is placed a distance db from the prism exit point along the
back-traced recording chief ray,

uP
Tb

= rPb,air + db ŝ
P
b,air. (5.1)
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The tool-frame is oriented such that its optical axis launches the forward ray

x̂P
Tb

= −ŝPb,air, (5.2)

and reproduces the required recording polarization

ẑPTb
= χb p̂

P
b,air, (5.3)

where χb = ±1 reflects the sign ambiguity of linear polarization. This fully
determines the tool orientation in the prism frame,

RPTb
=
[
x̂P
Tb

ŷP
Tb

ẑPTb

]
, ŷP

Tb
= ẑPTb

× x̂P
Tb
. (5.4)

Together with the tool-frame origin, this gives the affine transform from the tool
frame to the prism frame,

TPTb
=

(
RPTb

uP
Tb

0T 1

)
. (5.5)

The six-axis robot servos command the position of the robot’s flange frame Fb,
centered at the final mechanical mounting plate of the robot wrist, relative to the
robot’s base frame Bb according to the target transform TBbFb

. The laser tool is
mounted to the flange such that the tool and flange frames are connected by the
static transformTFbTb

, with their axes approximately coinciding, up to alignment
errors, and their centers mechanically offset by uFb

Tb
= (210, 0, 50)T mm. To

improve laser pointing accuracy, we refine the laser tool axis x̂Fb

Tb
orientation in

the flange frame using the angular calibration described in Sec. 5.3.5.

The required flange pose in the robot base frame is therefore

TBbFb
= TBbP TPTb

T−1
FbTb

. (5.6)
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5.3 Robotic holography platform

Here TBbP is the fixed transform from the prism frame to the robot base frame.
Its translation is obtained from the mechanical offsets described in Sec. 5.3.1,
with its orientation defined by the angular calibration described in Sec. 5.3.5.

5.3.3 Inverse robot kinematics

The target transform TBbFb
does not uniquely determine the physical robot con-

figuration. For each beam, the polarization sign χb = ±1 gives two equivalent
tool orientations, and the distance db between the collimator and prism inter-
face can be chosen within the mechanically accessible range. For each resulting
flange transform, the Stäubli TX2-60 inverse kinematics can have up to eight joint
solutions,

j
(q)
b = IKq(TBbFb

(db, χb)) , q = 1, . . . , 8. (5.7)

The TX2-60 belongs to the class of six-axis industrial robots with an ortho-
parallel regional structure and a spherical wrist. We therefore use the analytical
OPW inverse-kinematics formulation of Brandstötter et al. [93]. For the Stäubli
TX2-60, the effective OPW parameters are

(a1, a2, b, c1, c2, c3, c4) = (0, 0, 20, 0, 290, 310, 70)mm. (5.8)

Here, theOPWparameter b is unrelated to the beam index b used above. The values
c3 and c4 are the axis distances described in the TX2-60 data sheet [94]. The side
projection in the data sheet shows no OPW side offsets, giving a1 = a2 = 0. The
375mm vertical offset from the mounting plate to the first joint is not included
in c1, because the Stäubli base frame is centered on the first joint rather than on
the robot bottom plate, as used in the convention of Brandstötter et al. The eight
analytical branches are labeled using the Stäubli configuration flags “shoulder”,
“elbow”, and “wrist”. The relationship between these labels and the Brandstötter
et al. solutions 1–8 is summarized in Appendix A.12 Tab. A.1.
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Expander

Outcoupler

Incoupler

Figure 5.7: Robot poses for exposure of the coupler gratings of the 2D-EBE waveguide.

92



5.3 Robotic holography platform

5.3.4 Robot path planning

The inverse optical pose calculation provides, for each coupler exposure, a fam-
ily of admissible flange targets TBbFb

(db, χb), parametrized by the tool distance
db and the polarization sign χb = ±1. For each target, the analytical inverse
kinematics yields up to eight joint configurations. The remaining task is there-
fore a discrete path-planning problem: a collision-free joint configuration must
be selected for each coupler exposure, and the selected configurations must be
connected by executable, nonsingular robot trajectories.

This step is performed in a dedicated robot-planning environment [95, 96]. CAD
models of the TX2-60 robots, collimation optics, prism mount, substrate holder,
optical table, and relevant fixtures are imported into the planning scene. Can-
didate configurations are checked for collisions between the robots, recording
optics, and surrounding hardware. Configurations that produce excessive twisting
or unfavorable routing of the polarization-maintaining fibers are also rejected.
Among the feasible candidates, we select paths with continuous joint motion and
sufficient clearance around the prism system.

Figure 5.7 shows the recording poses for the expander, outcoupler, and incou-
pler holograms of the 2D-EBE waveguide introduced in Sec. 2.2.3, using the
shrinkage-compensated decomposition parameters discussed in Sec. 5.2.2. The
tool distance is db = 80mm. These recording poses are collision-free and can
be connected by continuous robot trajectories. The validated trajectories are ex-
ported from the planning environment and executed on the TX2-60 controllers
using custom drivers.

5.3.5 Angular absolute calibration

For accurate hologram recording, the laser-axis direction in the flange frame, x̂F
T ,

and the rotation from the prism frame to the robot base frame, RBP , must be
absolutely calibrated. The calibration is performed independently for the two
robot-mounted laser heads.
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The twin-prism pair is fabricated with an angular tolerance of one arcminute.
The outward normal N̂P

f of each facet f is therefore known to within 0.02◦ and
serves as a calibration reference. The prisms are mechanically contacted during
calibration. The robot is repeatedly jogged manually to different facets f until
the output laser beam is normal to the prism surface, as determined by the laser
back-reflection. If the laser is incident at an angle α with respect to the surface
normal, the reflected beam re-enters the collimator at an angle 2α with respect to
the collimator optical axis, see Fig. 5.6. As derived in Appendix A.11, it is then
refocused onto the fiber-output plane with a lateral offset of h = −α · 1200mm,
with α in radians for the optics described in Sec. 5.3.1. The smallest visually
resolvable displacement from the optical axis is estimated to be approximately
0.3mm, allowing the laser to be adjusted to be normal to the prism surface to
within 0.02◦.

Since the laser is always directed toward the prism surface, normal incidence
requires the laser direction to be antiparallel to the outward normal. For each
measured pose, the robot forward kinematics gives the flange rotation RBF,f .
The measured laser direction in the robot base frame is therefore

x̂B
f = RBF,f x̂

F
T , (5.9)

whereas the corresponding inward prism normal is

−N̂B
f = −RBPN̂

P
f . (5.10)

The angular residual for pose f is

εf =
∣∣∣atan2(∥∥∥x̂B

f ×
(
−N̂B

f

)∥∥∥ , x̂B
f ·
(
−N̂B

f

))∣∣∣ . (5.11)

The calibration parameters are obtained byminimizing the sum of squared angular
residuals, (

x̂F
T ,RBP

)
= argmin

x̂F
T ,RBP

N∑
f=1

ε2f . (5.12)
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Table 5.1: Angular calibration of the two laser tools. Face labels refer to Fig. 5.6, numbers in brackets
indicate repeated measurements on the same face in different robot poses.

Arm Faces used N Mean(εf ) Max(εf )
Robot 1 F1(3), F2(3), F3(2) 8 0.07◦ 0.11◦

Robot 2 F4(3), F5(5), S2(2) 10 0.09◦ 0.21◦

In the implementation, RBP is parametrized by three Euler angles, and x̂F
T is

represented by a normalized three-vector. The resulting calibration quality is
reported by the mean and maximum values of εf in Tab. 5.1. The maximum
residual angular error, which is in the 0.2◦ range, is dominated by errors in the
robot kinematic chain, such as robot assembly tolerances. The angular precision,
or repeatability, of the robots is better than can be quantified with the present
back-reflection method.

The proposed calibration determines the absolute laser direction but not the
optical-axis roll. The resulting polarization error in the robot pose is set by
the mechanical alignment tolerance of the collimator assembly and has only a
minor effect on recording fringe contrast.

5.3.6 Interferometric stability

Mechanical jitter of the robot arms or optical-path fluctuations in the fibers can
translate the recording interference pattern during exposure. To evaluate the
stability of the proposed platform, both robot-mounted collimators are positioned
approximately normal to a 50mm beamsplitter cube, as shown in Fig. 5.8(top-
left). The beamsplitter is near the edge of the reachable workspace of both robot
arms and therefore represents a mechanically unfavorable recording configuration
with both arms fully extended. The irises of both collimation optics are fully
opened to 50mm. The two beams are manually overlapped at a small mutual
angle, producing carrier fringes across the full aperture. The interference pattern
is imaged onto a beam profiler (DataRay WinCamD-LCM) after demagnification
with a Galilean telescope consisting of−40mm and 200mm lenses, as shown in
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5 Automated planar waveguide recording

Fig. 5.8(top-right). The recorded intensity can be written as a slowly modulated
carrier-fringe pattern,

I(r, t) = I0(r) + Im(r) cos[k0 · r+ φ(r, t)] , (5.13)

where k0 is the spatial carrier frequency andφ(r, t) is the relative phase of the two
recording beams. Following the Fourier-transform method of Takeda et al. [97],
one carrier sideband is isolated in Fourier space, shifted to baseband, and inverse-
transformed to obtain a complex fringe field c(r, t). The local fringe phase is
then given by arg c(r, t). Details of the phase-retrieval procedure are given in
Appendix A.13. The global phase drift relative to the first recorded frame is
calculated from the complex inner product over the beam-overlap region Ω,

∆φ(tn) = arg
∑
r∈Ω

c∗(r, 0) c(r, tn). (5.14)

The unwrapped phase trace in Fig. 5.8(bottom) corresponds to a relative optical-
path variation on the order of ±λ/20 over a 10 s exposure, corresponding to a
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Figure 5.8: Top-left: Interferometer for stability measurement. Top-right: Recorded interference
pattern during stability measurement. Bottom: Phase drift extracted over 209 frames.
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recording-fringe visibility above 95% [98]. The measured stability is therefore
sufficient for the exposure times of less than 10 s used in Sec. 5.4.

5.4 Waveguide sample fabrication

To demonstrate the automated recording workflow, we fabricate a 2D-EBEwaveg-
uide with a 56◦ propagation angle and a 90◦ expander redirection angle, as intro-
duced in Sec. 2.2.3 and shown in Fig. 2.3.

Development-grade Bayfol photopolymer film [49] is laminated onto 1.1mm-
thick Corning EAGLE XG glass wafers with dimensions of 60mm×80mm. The
photopolymer is first cut to match the wafer dimensions and then applied in a
cleanroom using a double-roller laminator. All handling of the unexposed film is
performed under dark-red to near-infrared illumination to minimize unintended
pre-exposure.

The laminated substrates are clamped between the twin-prisms using 0.375mm-
thick polycarbonate spacer foils on both sides. The spacers are cut in a U-shape
to permit filling of the prism gap with Zeiss Immersol-F immersion fluid from the
top. The liquid is injectedwith a syringe until the full contact region is covered and
no visible air inclusions remain. This step is essential because trapped bubbles
or inhomogeneous oil films would perturb the recording wavefronts and reduce
hologram quality.

No exposure mask or pre-exposure is applied. Both recording beams are adjusted
to a diameter of 14mm by closing the iris of the collimation optics. The exposure
is then executed automatically by the robot controllers, following the recording
poses for the expander, outcoupler, and incoupler shown in Fig. 5.7 and the 2D-
EBE ray traces in Fig. 5.5. At the recording poses, the 532 nm laser beams
are normal to the prism facets, consistent with the approximately 3% normal
shrinkage compensation used in Sec. 5.2.2 for typical Bayfol films [56].
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5 Automated planar waveguide recording

The incoupler and outcoupler are exposed for 6 s with a nominal irradiance
of 1.5mWcm−2 per beam, measured in a plane normal to each beam. For
a beam of power P , normal cross-sectional area A, and irradiance I = P/A

incident at an angle θp to the sample normal, the illuminated sample area is
Ap = A/ cos θp. Equivalently, A = Ap cos θp, and the irradiance in the sample
plane is Ip = P/Ap = I cos θp. With one normally incident beam and one beam
at θp = 56◦, the total dose is tI(1 + cos θp) ≈ 14mJ cm−2. The expander,
recorded with two oblique beams, is exposed 30% longer, giving a total dose
of 1.3 t I(2 cos θ) ≈ 13mJ cm−2. After exposure, the sample remains in the
prism assembly and is cured for 15min under intense white LED illumination. A
second 15min curing step is then carried out under UV illumination. Finally, the
sample edges are coated with black UV-curing nail polish to suppress parasitic
back-reflections from the waveguide facets.

5.5 Sample validation

5.5.1 Scope of validation sample

The fabricated waveguide is used as an end-to-end process validation sample. Its
purpose is to close the experimental chain from grating vector design and robot-
pose calculation to automated exposure and waveguide display readout. It is not
intended as an optimized near-eye-display demonstrator.

For this reason, the sample uses a deliberately simple implementation: circular,
unmasked coupler apertures, a thick 1.1mm carrier substrate chosen for robust
handling during fabrication, and a non-miniaturized laboratory projector and sim-
ple relay as the image source. These choices affect the measured image quality.
The circular coupler footprints limit the usable field and eyebox, the substrate
thickness increases the guided-ray jump length and makes pupil-sampling modu-
lation visible, and the projector/relay optics impose their own resolution limit and
do not provide built-in angular efficiency compensation.
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5.5 Sample validation

Consequently, the MTF, field uniformity, and collected throughput reported be-
low are system-level validation metrics. They demonstrate that the automatically
recorded incoupler, expander, and outcoupler operate together as a complete 2D
eyebox-expanding waveguide. They should not be compared directly with opti-
mized near-eye-display demonstrators that use designed coupler apertures, appro-
priately thin substrates, optimized projection engines, and dedicated electronic
uniformity correction. The relevant validation criterion here is the functionality
of the automated mastering platform.

5.5.2 Imaging test bench

The recorded 2D-EBE waveguide sample is characterized using the imaging test
bench shown in Fig. 5.9. An RGB laser projector, originally designed for screen
projection, is used as a computer-controlled image source. The projector output
is relayed by two achromatic doublets with focal lengths of 40mm and 50mm.
The 40mm lens is placed as close to the projector as mechanically possible, and
the lens separation is adjusted until the output image is approximately afocal.

The relayed image is first inspected directly with a 25mm effective-focal-length
objective with an 8mm entrance pupil (EO Techspec 33892) and imaged onto
an 8-bit RGB camera sensor with a 3.45µm pixel pitch and 2448 × 2048 pixels

a) b)

Figure 5.9: Left: Test bench with projector and translatable camera. Right: Active projector relayed
through the waveguide.
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(IDS U3-3280SE-C-HQ). The relay is adjusted until the projector scan lines are
clearly resolved in the center of the image. The relay output is then redirected by a
prism mirror and made incident on the waveguide incoupler. The incoupled spot
is positioned near the edge of the incoupling hologram adjacent to the expander
hologram. This placement avoids a second interaction of the guided angular
spectrum with the incoupler.

The same camera and objective are mounted on an automated XYZ translation
stage, allowing the output image to be recorded at different pupil positions. For
the 25mm objective, 1◦ corresponds to approximately 126 camera pixels. The
recorded images are cropped to 2048× 2048 pixels, corresponding to an angular
field of approximately 16◦ × 16◦.Only the green projector channel at 520 nm is
efficiently coupled by the recorded volume holograms. Unless stated otherwise,
images are acquired with an ND 0.5 filter placed between the projector and the
waveguide, an exposure time of 50ms, and a camera gain of 1.

5.5.3 Intensity uniformity

We first evaluate the intensity uniformity across the field by displaying a uniform
green image and recording the output image at the center of the outcoupler at an
eye relief of 5mm. Two distinct intensity variations are observed. The first is
a slowly varying angular envelope caused by the finite Bragg bandwidths of the
three recorded holograms. The second is a high-spatial-frequency gridmodulation
caused by pupil sampling.

5.5.3.1 Hologram bandwidth and display correction

Figure 5.10 (left) shows the corresponding camera capture. The dynamic range
of the camera is insufficient to capture the full intensity variation without sat-
uration at the field center. The observed intensity roll-off to the field edges is
expected because the total waveguide throughput is determined by the angular
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Bragg efficiencies of the coupler gratings. The gratings were recorded for maxi-
mum efficiency near the chief ray, so the uncorrected image is brightest near the
center of the field.

To compensate this slowly varying intensity envelope, we apply a display-space
correction mask to the green projector channel. The mask is constructed from
manually adjusted scalar weights that are interpolated to the full projector reso-
lution using a smooth piecewise-cubic interpolation and then multiplied by the
displayed 8-bit green-channel image. The minimum value of the correction mask
is 5%. The corrected camera capture is shown in Fig. 5.10(right). Saturation in
the image center is removed, while the higher-frequency modulation remains.
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Figure 5.10: Camera captures of a uniform green image (a) before and (b) after display-space intensity
correction. The numbered lines indicate the cross sections along which the plots below
show the 8-bit green-channel values with fits to the first-order modulation model.
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5.5.3.2 Keyhole pupil sampling effect

The residual grid-like intensity modulation in Fig. 5.10(right) shifts when the
camera pupil is translated. We attribute this modulation to sparse pupil sampling
in the 2D-EBEwaveguide. The guided beamgenerates a discrete two-dimensional
lattice of outcoupled replicas, separated by the guided-ray jump length. Each
replica acts as a finite “keyhole” throughwhich the observation pupil receives light
from the angular component of the image corresponding to the respective guided
beam. Because the replica lattice changes with launch angle, neighboring field
angles can place different numbers of beam replicas inside the finite pupil. The
resulting field-dependent sampling produces the observed grid-like modulation.
This artifact has been reported previously [99].

We model this effect analytically in Appendix A.14. The incident beam at the
incoupler is modeled as a circular top-hat beam of diameter B, and the camera
pupil as a circular aperture of diameter D. Neglecting HOE angular selectiv-
ity, guided-mode depletion, and finite coupler apertures, the leading field-center
modulation is

I(θx,θy) ∝ 1 + C

[
cos

(
2π

∆θ
θx + φx

)
+ cos

(
2π

∆θ
θy + φy

)]
,

C =2

∣∣∣∣jinc(πBL0

)
jinc

(
πD

L0

)∣∣∣∣ , ∆θ =
L0

seye + Leff
.

(5.15)

Here L0 = 2dwg tan θp is the same-surface jump length of the central guided ray,
seye is the eye relief, and Leff is an effective angular lever arm for the field-angle-
dependent displacement of the outcoupling lattice. The contrast is suppressed
when the incident beam diameter or the pupil diameter is comparable to L0.

In the present setup, the relay images the scanner beam onto the incoupler with an
estimated diameter ofB ≈ 1mm, while the camera objective has a pupil diameter
of D ≈ 8mm. For dwg = 1.1mm and θp = 56◦, the central jump length is
L0 ≈ 3.26mm, giving a predicted contrast C ≈ 8%. For the approximately
symmetric pupil displacement of the camera from the incoupler in the experiment,
with a transverse distance rI ≈ 30mm, the lever arm can be estimated from
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the refractive index n = 1.51 as Leff ≈ rI(n sin θp)
−1(1 + sec2 θp). The

model predicts ∆θgrid ≈ 1.8◦. To compare these predictions with the camera
captures, we extract two cross sections of the green channel along ridges of the
grid modulation, such that the orthogonal cosine term in (5.15) is approximately
unity, see Fig. 5.10. Assuming that the 8-bit green-channel value g is proportional
to the optical intensity within the unsaturated range, we fit (5.15) to the cross
sections. For the display-space-corrected capture, the fitted periods are 1.9◦

and 1.6◦, with modulation contrasts of 28% and 15%, respectively. The fits are
restricted to regions in which the modulation amplitude is approximately constant,
marked with white background in Fig. 5.10, since the first-order model does not
account for amplitude variations caused by the finite VPH angular bandwidth.
Themanually adjusted display-space correction does not perfectly homogenize the
modulation amplitude along cross section 2. Although the green-channel signal
in the uncorrected capture is saturated over most of the field, the unsaturated
field-edge region along cross section 2 exhibits a comparable grid-modulation
period and contrast before and after correction, see Fig. 5.10(d). The measured
grid periods agree well with the first-order model. We attribute the quantitative
discrepancy in modulation contrast to the stated idealized model assumptions and
neglected higher-order contributions.

The grid modulation effect is most pronounced for scanned-beam illumination
because the incident beam diameter is constrained by the scanner aperture. Larger
input beam diameters, as in display-panel illumination, larger observation pupils,
and thinner waveguides suppress the modulation contrast. Thinner waveguides
also reduce the modulation period.

5.5.4 Image transfer and resolution assessment

Figure 5.11 shows representative camera captures of a checkerboard pattern, a
natural image, and a text image displayed through the recorded waveguide with
the display-space intensity correction applied. The text is readable and the bright
laboratory background remains visible through the transparent waveguide.
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5 Automated planar waveguide recording

To quantify image sharpness, checkerboard targets are recorded in a dark labora-
tory at the center pupil position and at four displaced pupil positions (±3mm).
Edge-spread functions are evaluated near the field center and near the four field
corners (±5◦,±5◦), using edges parallel and orthogonal to the projector scan-
line direction. The modulation transfer functions (MTFs) are extracted using the
slanted-edge method [100] and shown in Fig. 5.12. The selected edge regions and
all extracted MTF20 values are given in Table A.2 of Appendix A.15. Spatial
frequencies are first calculated in lp/mm on the camera sensor and then converted
to lp/deg using the known pixel pitch and objective focal length. With the waveg-
uide present, the field-center MTF20 remains between 9–11 lp/deg. Across all
evaluated field points and pupil positions, the recorded waveguide sample gives a
mean value of 8 lp/deg. A direct reference capture without the waveguide gives

a) b)

c) d)

Figure 5.11: Representative images displayed through the waveguide display with projector intensity
correction. Captures cover 16◦ × 16◦.
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8–16 lp/deg across the evaluated field points, showing that the projector and
relay optics alone significantly contribute to the total MTF. The lowest waveguide
values occur at outer eyebox and off-axis positions, where the raw captures show
strong residual intensity modulation and field-dependent clipping by the circular
coupler apertures. The reportedMTF20 values should therefore not be interpreted
as the transfer function intrinsic to the holographic coupler gratings alone, nor as
a performance limit of the mastering platform.

5.5.5 Optical throughput

The optical throughput of the validation sample is measured with a power meter
using an 18mm×18mm sensor aperture (Thorlabs S170C). For a full green im-
age without (with) the display-space correction mask, the incident power on the
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Figure 5.12:MTF results without and with waveguide at different eyebox and field of view positions.
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incoupler is PA = 4.5mW (1.9mW). The directly transmitted, non-incoupled
power is PB = 3.9mW (1.65mW), giving an angular-spectrum-averaged in-
coupled fraction η̄i = (PA − PB)/PA ≈ 13% in both cases. The total output
power across the entire outcoupler is PC = 27µW (2.5 µW), corresponding to a
collected total throughput PC/PA = 0.6% (0.13%).

5.6 Conclusion

We have demonstrated, to our knowledge, the first automated recording plat-
form for holographic waveguide displays based on two six-axis robot-mounted
collimation heads and a custom edge-lit prism system. The platform calculates
exposure poses directly from target grating vectors, including shrinkage compen-
sation and polarization alignment, using inverse ray tracing and robot kinematics.
This workflow allows incoupler, expander, and outcoupler gratings to be recorded
sequentially in a single fixed, immersion-contacted substrate, avoiding repeated
prism contacting and post-recording relamination of separate HOEs.

The experimental characterization confirms that robot-mounted optics can pro-
vide the angular control and interferometric stability required for holographic
exposure. Prism-facet back-reflection calibration gives mean angular absolute
accuracy better than 0.1◦ for both robot arms. Interferometric measurements
showed a relative optical-path variation on the order of ±λ/20 over typical expo-
sure times, corresponding to high recording stability and integrated fringe contrast
exceeding 95%. The complete fabrication chain was validated by recording and
characterizing a 2D eyebox-expanding waveguide sample. The sample transmits
images and readable text, and we quantified its intensity uniformity, MTF, and
collected throughput. The measured grid-modulation period agrees well with our
analytical model for sparse pupil sampling, while the higher measured contrast
indicates contributions beyond the first-order prediction.

The chapter establishes and validates a reproducible route from planar waveguide
design to automated holographic recording.
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6.1 Conclusion

This thesis introduced a concept for lightweight, prescription-compatible AR
glasses based on spherical holographic waveguide displays. Section 2.3 quantified
the substantial weight reduction achievable by integrating spherical waveguides
into prescription-lens stacks, relative to planar and cylindrical waveguides. The
work made three contributions toward the broader goal of realizing such spherical
waveguide displays.

On the design side, this thesis established the first non-paraxial aberration-
correction framework for spherical waveguides. It was shown that the exact
eigenmodes underlying previous planar and cylindrical waveguide-display de-
signs do not exist in spherical waveguides. Nevertheless, local consistency and
closure were demonstrated to provide weaker mode properties that remain suf-
ficient for coupler construction. A complete design for a spherical waveguide
display with 2D eyebox expansion was presented, and its imaging performance
was verified using non-sequential ray tracing.

The subsequent analysis investigated whether immersion contacting and edge-lit
exposure could be avoided by shifting the recording wavelength, thereby simpli-
fying the prototyping of such waveguide displays. Analytical recordability limits
were derived in terms of the local tangential and normal components of the grat-
ing vector. Practically relevant expander gratings for waveguides with 2D eyebox
expansion were shown to lie outside the immersion-free recording range of typical
photopolymers. This included the expander required for the spherical-waveguide
design presented in this thesis.
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An automated edge-lit recording platform was developed to establish a controlled
and reproducible fabrication process for planar holographic waveguides. Two six-
axis robotic arms positioned and oriented the recording beams at poses calculated
directly from the prescribedwaveguide coupler grating vectors, with compensation
for material shrinkage. A custom-designed edge-lit prism assembly provided
simultaneous access to the recording angles required for the incoupler, expander,
and outcoupler gratings. The complete fabrication workflow was demonstrated
by producing a functioning planar waveguide display with 2D eyebox expansion.
Measurements of the MTF and intensity uniformity confirmed the functionality
of the fabricated sample.

Taken together, these results indicate that the principal remaining barriers to spher-
ical holographic waveguide displays lie in fabrication rather than optical design.
This thesis established that prescription-compatible spherical waveguides can be
designed with imaging performance approaching the visual-acuity limit, while
also demonstrating that their spatially varying holographic expander gratings re-
quire edge-lit recording in available photopolymers. The automated recording
platform developed for planar waveguides provides a controlled basis for inves-
tigating critical fabrication parameters, including immersion-liquid contacting,
stray-light suppression, material shrinkage, and exposure dose. It therefore con-
stitutes a concrete step toward a reproducible fabrication process for spherical
waveguide displays.

6.2 Outlook

Fabricating spherical waveguide displays requires a recording system capable of
generating accurate freeform recordingwavefronts for the spatially varying coupler
HOEs. One possible approach is to extend the proposed edge-lit prism architecture
for planar waveguides by cementing two plano-freeform refractive beam-shaping
elements for each coupler to the corresponding prism entrance facets. The external
recording beams could remain normally incident on the prism facets, while the
freeform elements transform them into the spatially varying object and reference
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wavefronts required at the curved holographic substrate. This architecture would
integrate naturally with the existing robotic exposure platform.

The recording freeforms could be calculated from the prescribed spherical-
waveguide coupler grating vector fields using a modified version of the algorithm
developed by Jang et al. [47], adapted to account for curved hologram surfaces
and intermediate prism interfaces. A major challenge will be achieving sufficient
accuracy in the freeform optics while accounting for hologram shrinkage. To
obtain visual-acuity-limited performance, the outcoupled display rays must have
angular errors on the order of 1 arcmin. This corresponds to a required local
accuracy on the order of 0.01% in the tangential grating vector component and
sub-nanometer tangential grating period accuracy.1 Meeting these tolerances will
require a detailed understanding of holographic-material shrinkage, which may
be inferred approximately from measurements of planar waveguide gratings.

Achieving this level of accuracy will likely require a closed-loop process compris-
ing exposure, measurement, and adaptation of the recording freeforms. Existing
holographic-grating metrology methods are typically scatterometric and rely on
measurements of the transmitted or diffracted field over a range of incidence an-
gles and wavelengths [101–105]. Characterizing waveguide coupler gratings is
complicated by their tendency to diffract incident probe light into guided modes.
First, the diffracted beam is inaccessible to a free-space receiver. Second, the
guided light can interact with the grating again, producing secondary outcoupled
fields that overlap the transmitted probe field and thereby bias the measured trans-
mission signal. Immersion-based mitigation methods have been proposed [105].
Most existing methods are pointwise, with the notable exception of the imaging-
based transmission-measurement approach developed by Steckmann et al. for
free-space holograms [106].

1 For normal outcoupling of a ray propagating at θp = 56◦ in a waveguide with refractive index
n = 1.51, tangential momentum matching requires |GT | = nk0 sin θp, where k0 = 2π/λ. A
relative grating vector error ε produces a residual tangential output wave vector ∆kT = εGT .
Because the tangential component is conserved upon refraction into air, sin∆θair = ∆kT /k0 =
εn sin θp. For ε = 0.01%, this yields∆θair = arcsin(10−4 · 1.51 sin 56◦) ≈ 0.43 arcmin.
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Preliminary results have been obtained for waveguide gratings by extending this
approach to immersion-based multispectral probing. A tunable supercontinuum
source is expanded and collimated to illuminate a large region of a waveguide
sample immersed in a tank with two optical windows. A bi-telecentric imaging
system records the transmitted intensity as a function of position on the sample. As
the illumination wavelength is varied, regions satisfying the local Bragg condition
diffract light out of the transmitted beam and therefore appear darker in the
recorded image. Repeating the measurement for several angular orientations of
the sample produces a multidimensional transmission data set as a function of
spatial position, wavelength, and incidence angle. Fitting the local spectral and
angular responses using coupled-wave expressions could then be used to recover
the spatially resolved grating vector components, hologram thickness, and local
refractive-index modulation. In principle, this method is applicable to both planar
and moderately curved waveguide substrates.

Realizing spherical waveguide displays will require further advances in both ex-
posure and metrology methods. In particular, achieving the required exposure
accuracy remains a major engineering challenge. The methods and results pre-
sented in this thesis provide a foundation for addressing these challenges.
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A.1 Derivation of the grating vector
decomposition

All decompositions into reference and object wave vectors kr and ko must satisfy

Girr = ko − kr, |kr| = |ko| = k = 2πn/λ. (A.1)

The reference wave vector kr of any solution may be represented as a linear
combination ofGirr ̸= 0 and some unit vector ∆̂ orthogonal toGirr.

kr = µGirr +∆∆̂ (A.2)

At this stage, µ, ∆, and the orientation of ∆̂ parametrize the possible decom-
positions. Enforcing equal wave vector magnitudes constrains these quantities.
Inserting Eq. (A.2) into Eq. (A.1), one finds the object vector corresponding to
this particular solution

ko = (1 + µ)Girr +∆∆̂ (A.3)

Enforcing the dispersion relation Eq. (A.1), one finds

kr :

(
2πn

λ

)2

= µ2
(
Girr

)2
+∆2 (A.4)

ko :

(
2πn

λ

)2

= (1 + µ)2
(
Girr

)2
+∆2. (A.5)
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Subtracting Eq. (A.4) from Eq. (A.5) and assuming physical gratings withGirr ̸=
0, one finds µ = −1/2. Inserting into Eq. (A.4) and solving the quadratic
equation, one finds ∆ = ±

√
k2 − (Girr)

2
/4. Thus, |∆| =

√
k2 − (Girr)

2
/4.

This is true for every possible decomposition of the grating vector into reference
and object waves. All possible solutions must have the form

kr = −Girr

2
+

√
k2 − (Girr)

2

4
∆̂

ko =
Girr

2
+

√
k2 − (Girr)

2

4
∆̂ (A.6)

The unit vector ∆̂ is arbitrary up to its orthogonality with Girr. Without loss of
generality, it may be parametrized by the angle σ with

∆̂(σ) = cos(σ)
1

Girr

(
Girr

T N̂−Girr
N T̂

)
− sin(σ)N̂× T̂ (A.7)

The entire solution space for the decomposition is therefore parametrized by a
single scalar parameter σ. This angle may be restricted to [0, 2π). Other values
do not add distinct solutions. This proves the completeness of the decomposition
given in [47] and in Eq. (A.6).

A.1.1 Symmetry of [0, π) and [π, 2π) configurations

While the angles σ ∈ [π, 2π) produce different vectors ∆̂ from those obtained
for σ ∈ [0, π), they differ only in sign. Inspecting the expressions in Eq. (A.6),
one finds

k̂r(σ + π) = −k̂o(σ), k̂o(σ + π) = −k̂r(σ). (A.8)

Therefore, the [π, 2π) angles correspond to recording geometries that are merely
the recording geometries generated by [0, π) mirrored around the origin with
switched labeling.
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A.2 Volume diffraction derivations

A.2.1 Discrete symmetry

In general, the diffracted field can be written as a Fourier transform, that is, an
integral over plane waves with wave vector kd. The volume grating is invariant
under translation by one surface periodΛT T̂ in direction T̂, defined in Sec. 2.1.2,
and fully invariant under translations in direction D̂ = N̂ × T̂. The relative
phase of an incident wave with wave vector ki and the diffracted field must
therefore be invariant modulo 2π under such translations. Therefore, for each
Fourier component kd of the diffracted field (kd − ki) · T̂ΛT = 2πm, or, using
GT = 2π/ΛT , T̂ · (kd − ki) = mGT and therefore kd,T = ki,T + mGT .
Similarly, one finds for an arbitrary translation in D̂ that D̂ · (kd − ki) and
therefore kd,D = ki,D. The tangential component of the diffracted wave vector is

kd,∥ = kd −
(
N̂ · kd

)
N̂ = kd,T T̂+ kd,DD̂

= (ki,T +mGT ) T̂+ ki,DD̂ = ki,∥ +mGT T̂ (A.9)

This is the tangential momentum-matching condition Eq. (2.12) and explains the
discrete diffraction orders. This derivation is valid also for thin gratings.

A.2.2 Phase matching

This phase matching argument is originally due to Bragg [107]. The incident
wave with wave vector ki scatters at each point r on a grating plane, as well as
each point r + ĜΛ on the neighboring grating plane. The incident wave arrives
at the second plane with an additional phase ki · ĜΛ and excites the scattered
wave with this phase delay. The scattered wave accumulates an additional phase
−kd · ĜΛ from the second plane to the first plane.
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Therefore, to ensure perfectly constructive interference of the scattered fields of
both neighboring grating planes,

2πm
!
= kd · ĜΛ− ki · ĜΛ ⇔ |G|2m !

= G · (kd − ki). (A.10)

Inserting Eq. (2.12) in Eq. (A.10) one finds that Bragg’s phase matching condition
is fulfilled if the normal component given by Eq. (2.13) coincides with

kd,N
!
= ki,N +mGN . (A.11)

A.2.3 Sinusoidal volume grating coupling

Because a holographic volume grating is sinusoidal, the m-th diffraction order
couples only to its neighboring orders m± 1 [108]. The incident order, denoted
by m = 0, can therefore couple directly only to the two first orders m = ±1

and their respective transmission and reflection branches. In a thick volume
grating, efficient energy transfer additionally requires phase matching. For a
given incidence wave vector, at most one of the directly coupled first orders can be
close to phase matched. Higher orders cannot be phase matched simultaneously
with this first order, which suppresses any indirect coupling to higher orders. In
contrast, thin volume gratings give rise to multiple orders, see Moharam and
Gaylord [108].

A.3 Implementation lens-stack weight analysis

The following details support the lens-stack calculation in Sec. 2.3.3. For each
push or pull element, the local thickness is

t(x, y) = dc + s2(x, y)− s1(x, y), (A.12)

where s1 and s2 are the front and rear surface sags, respectively, and dc is the
center thickness. For a spherical surface of signed radius R, ssph(x, y;R) =
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R − sgn(R)
√
R2 − x2 − y2, and for a cylindrical surface curved in x only,

scyl(x;R) = R− sgn(R)
√
R2 − x2. Planar surfaces are treated as s = 0.

A.3.1 Center thickness

To ensure a minimum local thickness dmin over the apertureA, each lens element
must satisfy

dc +min
p∈A

[s2(p;R2)− s1(p;R1)] ≥ dmin. (A.13)

For the spherical and cylindrical surface combinations used here, the limiting
point occurs either at the lens apex or on the aperture boundary. Since the sag
difference is zero at the apex, the minimum required center thickness can be
obtained by sampling the aperture outline O and enforcing

dc = max

[
dmin −min

p∈O
(s2(p;R2)− s1(p;R1)) , dmin

]
. (A.14)

A.3.2 Pull-lens rear radius

The push-lens front radius is fixed by the base curve, and its rear radius is fixed
by the waveguide geometry. The waveguide thickness and shape also determine
the pull-lens front surface. The remaining pull-lens parameters are therefore the
rear radius R2,pull and center thickness dc,pull, which must together provide the
target prescription power ΦRx.

Let

M =

(
M11 M12

M21 M22

)
(A.15)

be the cumulative ABCD matrix through all stack elements up to and including
refraction at the pull-lens front surface. The output medium of this partial matrix
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is the pull-lens material with refractive index n. Propagation through the pull lens
and refraction at its rear surface into air give

T = R2,pullF(dc,pull)M, (A.16)

with

F(d) =

(
1 d

0 1

)
, R2,pull =

(
1 0

(n− 1)/R2,pull n

)
. (A.17)

The required total power is
−T21

!
= ΦRx, (A.18)

Solving for the rear radius gives

R2,pull =
(1− n) (M11 +M21dc,pull)

nM21 +ΦRx
. (A.19)

Equations (A.14) and (A.19) are coupled because the required center thick-
ness depends on the rear radius. To avoid an iterative calculation, we first set
dc,pull ≈ dmin in Eq. (A.19) and then compute the final center thickness using
Eq. (A.14). The resulting focus error is negligible for the present weight analy-
sis. The astigmatic power of the buried cylindrical waveguide is also neglected
because its front and rear surface powers nearly compensate.

A.3.3 Volume and weight

The volume of element k is

Vk =

∫ xmax

xmin

∫ ymax(x)

ymin(x)

tk(x, y) dy dx. (A.20)

The element weight is mk = ρkVk and the total stack weight is the sum of the
push lens, waveguide core, and pull lens.
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A.4 Derivation of waveguide jump maps

We derive the jumpmaps stated in Sec. 3.2.1. As in Sec. 3.2.1, p denotes the apex-
frame position vector of a point on the outer surface and for curved waveguides
P(p) = p − rẑ the corresponding centered-frame position vector. Direction
vectors have the same components in both frames. We consider a ray launched
from position p on the outer surface in direction k̂ and derive its position p(1)

and direction k̂(1) after one jump (propagation to the inner surface, reflection,
propagation back to the outer surface, reflection). This yields the jump map

τ : (p, k̂) 7→ (p(1), k̂(1)). (A.21)

We write this as p(1) = τp(p, k̂) and k̂(1) = τk(p, k̂).

A.4.1 Planar waveguide

The ray is launched on the outer plane at point p in direction

k̂ = k̂xx̂+ k̂yŷ + k̂z ẑ, k̂z =
√
1− k̂2x − k̂2y > 0.

A

B

C

Sout

d
I

I

Figure A.1: Cross-section of a planar waveguide along the propagation plane of a single ray. The
angle of incidence I of the ray is conserved throughout each jump.

117



A Appendix

For the geometric interpretation in Fig. A.1, we define the incidence angle I by
cos I = k̂z . The transverse propagation direction is

k̂T =
k̂xx̂+ k̂yŷ√
k̂2x + k̂2y

.

Thus the displacement over one jump is

∆p = 2d tan I k̂T = 2d
k̂xx̂+ k̂yŷ

k̂z
.

Hence

τplp (p, k̂) = p+∆p, τplk (p, k̂) = k̂. (A.22)

A.4.2 Cylindrical waveguide

In the centered frame we adopt cylindrical coordinates X = R sinφ, Z =

−R cosφ (with φ = 0 at the apex), where R = r on the outer surface and
R = ρr on the inner surface. The inward radial and tangential basis vectors are

r̂(φ) = − sinφ x̂+ cosφ ẑ, φ̂(φ) = cosφ x̂+ sinφ ẑ, (A.23)

which coincide with the inward surface normal and tangent at the corresponding
polar angle. They satisfy the rotation identities

r̂(φ+ c) = cos c r̂(φ)− sin c φ̂(φ), (A.24)
φ̂(φ+ c) = sin c r̂(φ) + cos c φ̂(φ). (A.25)

In the centered frame a point on the outer surface is written asP = −r r̂(φ)+y ŷ.
The ray starting there may propagate in direction

k̂ = φ̂(φ)uφ + r̂(φ)ur + ŷuy (A.26)
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with some uφ, uy ∈ R such that u2φ + u2y < 1 and ur =
√

1− u2φ − u2y .

As discussed by Vostrikov et al., there are two special cases: propagation in the
sagittal plane (uφ = 0) and in the meridional plane (uy = 0) [33].

Sagittal case uφ = 0: If the ray propagates in the sagittal plane, its propagation
behavior is the same as in the planar waveguide, k̂(1)(uφ = 0, uy) = uyŷ +

ur r̂(φ) = k̂(uφ = 0, uy) and P(1) = P+ 2duy/urŷ.

Meridional case uy = 0: A ray launched from the outer surface at an angle
I = arcsin(uφ) in the meridional plane remains in that plane because of the
symmetry along the cylinder axis. However, propagation in the meridional plane
is non-trivial as the surface normal rotates during propagation. As shown by
De Hoog et al. [109] and visualized in Fig. A.2, applying the sine rule in the
triangle OAB gives the angle the ray encloses with the inner surface normal at
its intersection point B as

sin(Ii) =
1

ρ
sin(I). (A.27)

The angle it encloses with the local outer surface normal when returning to the
outer surface at C is again I . The total polar angular advance during one jump
is therefore Γ = 2(Ii − I) = 2(arcsin(sin(I)/ρ) − I). Since both the position
and direction are rotated by Γ around the cylinder axis, the jump map is a pure
rotation for the meridional case. The formula assumes that the ray intersects the
inner shell, i.e. | sin I| ≤ ρ, otherwise the corresponding inner-surface reflection
does not occur.

General skew case (uy ̸= 0, uφ ̸= 0): The helical ray motion makes this case
more involved. However, because the cylinder normal has no ŷ component,
specular reflection at either surface does not change uy . The axial motion is
therefore a uniform drift superposed on the meridional rotation in the x–z plane,
and the ray direction is rotated about the cylinder axis as before.
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The in-plane (meridional) direction angle I⊥ of the x–z projection of k̂ is given
by

I⊥ = atan2(uφ, ur), sin I⊥ =
uφ
u⊥

, u⊥ =
√
u2r + u2φ. (A.28)

Following the meridional-case argument, the inner-surface in-plane angle Ii sat-
isfies sin(Ii) = sin(I⊥)/ρ. The total polar advance is

Γ = 2(Ii − I⊥). (A.29)

Because uy is constant during reflections at the cylindrical surfaces, the ray
direction is again rotated by the total polar advance after one jump:

k̂(1) = Rŷ(Γ)k̂. (A.30)

By symmetry, the total meridional propagation distance is twice the meridional
distance from the outer shell to the inner shell s. Applying the sine law yields

s

sin(Ii − I⊥)
=

r

sin(π − Ii)
=

r

sin(Ii)
. (A.31)

A

B
C

O

nA nBI Ii

2

r

r

Sout

Figure A.2:Meridional cross-section of the jump geometry. A ray launched in the meridional plane
from A on the outer surface Sout at incidence angle I propagates to B on the inner
surface, where it is reflected at incidence angle Ii, and returns to C on the outer surface.
The total angular advance seen from the center O is Γ = 2(Ii − I).
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With each propagation ∆s in the meridional plane the ray drifts ∆y =
uy

u⊥
∆s

along the cylinder axis.

∆y = 2s
uy
u⊥

= 2 ρr
uy

u⊥ sin(I⊥)
sin(Ii − I⊥) = 2 ρr

uy
uφ

sin
(Γ
2

)
. (A.32)

Accounting for both polar advance and axial shift, the centered-frame update is

P(1) = Rŷ(Γ)P+∆y ŷ = −r r̂(φ+ Γ) + (y +∆y)ŷ. (A.33)

Returning to the apex-frame position vector gives

p(1) = τ cylp (p, k̂) = P(1) + rẑ = Rŷ(Γ)
(
p− rẑ

)
+ rẑ+∆y ŷ, (A.34)

k̂(1) = τ cylk (p, k̂) = Rŷ(Γ)k̂. (A.35)

A.4.3 Spherical waveguide

Let p be the apex-frame position vector of the launch point on the outer sphere,
and write P = P(p) = p − rẑ for the corresponding centered-frame position
vector. The inward unit normal is therefore

r̂s = −P̂ = −P

r
. (A.36)

We decompose the launch direction into normal and tangential parts,

k̂ = k̂T + ur r̂s, uT = |k̂T | =
√

1− u2r.

The incidence angle in the propagation plane is I = arcsinuT . Specular reflection
at a concentric spherical surface exerts only a radial impulse, no torque about the
sphere center. Hence the ray’s angular momentum

L = P× k̂, L̂ =
L

|L|
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is conserved during the outer-to-inner-to-outer jump. The ray therefore remains
in the fixed plane orthogonal to L̂, spanned by P and k̂.

In this plane the geometry reduces to the same concentric-circle construction as
in the cylindrical meridional case. From Eq. (A.27) we find the inner-surface
incidence angle Ii = arcsin(uT /ρ), and the total angular advance is given by
Eq. (A.29) with I⊥ replaced by I . Thus the net effect of one jump is a rigid rotation
in the propagation plane, or equivalently a rotation by Γ about the conserved
angular-momentum axis. In centered coordinates,

P(1) = RL̂(Γ)P, k̂(1) = RL̂(Γ)k̂.

Returning to the apex-frame position vector gives

p(1) = RL̂(Γ)P(p) + rẑ. (A.37)

A.5 Mode closure forces affine structure

Here we show that a mode family {k̂(p;u)}u∈U⊂R2 is closed if and only if its
tangential rayfield is affine in the mode coordinates u = (u1, u2)

T .

Closure⇒ affinity: By definition for any three closed modes,

k̂T (p;u3 + u2 − u1) = k̂T (p;u3) + k̂T (p;u2)− k̂T (p;u1). (A.38)

We fix an aperture point p and write Fp(u) := k̂T (p;u). Using Eq. (A.38) with
(u3,u2,u1) = (u+ z,v,u) gives

Fp(v + z)− Fp(v) = Fp(u+ z)− Fp(u). (A.39)

Thus, for a given displacement z, the change in the tangential field is independent
of the starting mode. We therefore define

∆p(z) := Fp(u+ z)− Fp(u), (A.40)
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with any admissible u. Successive mode displacements then satisfy

∆p(z1 + z2) = Fp(u+ z1 + z2)− Fp(u) = ∆p(z2) + ∆p(z1), (A.41)

where Eq. (A.39) was used in the last step. Hence the response to a combined
mode displacement is the sum of the separate responses. Because the rayfield is
continuous in u, this additive displacement response is linear and there is a linear
map A(p) : R2 → TpSout from mode coordinates to tangential displacement
such that

∆p(z) = A(p)z. (A.42)

Choosing any reference mode u∗ ∈ U , we obtain

Fp(u) = Fp(u∗) +A(p)(u− u∗) = A(p)u+ b(p), (A.43)

with b(p) = Fp(u∗)−A(p)u∗. Thus, closure requires the tangential field to be
affine in the mode coordinates:

k̂T (p;u) = A(p)u+ b(p). (A.44)

Affinity ⇒ closure: Assume conversely that the tangential field is affine in the
mode coordinate,

k̂T (p;u) = A(p)u+ b(p).

For any three admissible mode coordinates set u4 = u3 + u2 − u1. Then

k̂T (p;u4) = A(p)(u3 + u2 − u1) + b(p)

=
[
A(p)u3 + b(p)

]
+
[
A(p)u2 + b(p)

]
−
[
A(p)u1 + b(p)

]
= k̂T (p;u3) + k̂T (p;u2)− k̂T (p;u1). (A.45)

Hence, affine tangential dependence is sufficient for closure.
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A.6 Properties of the mode families

We verify the local consistency, closure, and global rigidity properties of the three
mode families introduced in Sec. 3.4.

A.6.1 Local consistency

Planar: For the planar family introduced in Sec. 3.4.1, the jump map leaves the
direction unchanged and translates the launch point by an aperture-independent
displacement, p(1) = p + ∆ppl(u). Since the planar rayfield Eq. (3.11) is
spatially constant,

k̂pl(p(1);u) = k̂pl(p;u) = τplk (p, k̂pl),

which is the local consistency condition.

Cylindrical: For the cylindrical family introduced in Sec. 3.4.2, the local
components (u1, u2, ur) are independent of the aperture coordinates. Hence the
cylindrical incidence angle, the polar advance Γ0, and the axial drift∆y0 are fixed
for a given mode. One jump gives

P(1) = Rŷ(Γ0)P+∆y0ŷ, k̂(1) = Rŷ(Γ0)k̂.

Since the cylindrical basis co-rotates with the aperture point, φ̂(φ + Γ0) =

Rŷ(Γ0)φ̂(φ) and r̂(φ + Γ0) = Rŷ(Γ0)r̂(φ). Evaluating the same mode at
p(1) = P(1) + rẑ, therefore gives

k̂cyl(p(1);u) = Rŷ(Γ0)k̂
cyl(p;u) = τ cylk (p, k̂cyl).
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Spherical: For the spherical family introduced in Sec. 3.4.3, fix one mode u

and set a = u1x̂+ u2ŷ. We define the leaf label and leaf vector by

ℓ(p) :=
(a× P̂) · ẑ

P̂ · ẑ
, bℓ := a× ẑ+ ℓẑ.

Equivalently, bℓ = (a × P̂)/(P̂ · ẑ). Hence P̂ · bℓ = 0, so each leaf is a great
circle. Moreover, using Eq. (3.10),

bℓ × P̂ = Asph(p)u.

Since the inward surface normal is−P̂, the spherical field can therefore be written
on each leaf as

k̂sph(p;u) = bℓ × P̂−
√
1− |bℓ|2 P̂.

Its centered-frame angular momentum is Lℓ = P × k̂sph = r bℓ, so bℓ is
parallel to the conserved jump axis. Also |k̂T | = |bℓ|, hence the jump angle
Γℓ := Γ(arcsin |bℓ|) is constant on the leaf. The spherical jump rotates all rays
on that leaf about b̂ℓ. Since this rotation maps P̂ to P̂(1) and leaves bℓ invariant,
evaluating the same field at the jumped point gives

k̂sph(p(1);u) = Rb̂ℓ
(Γℓ)k̂

sph(p;u) = τ sphk (p, k̂sph).

A.6.2 Closure

For all three constructed families, the tangential field has the linear form

k̂g
T (p;u) = Ag(p)u, g ∈ {pl, cyl, sph}.

Therefore, all are closed

k̂g
T (p;u3) + k̂g

T (p;u2)− k̂g
T (p;u1) = k̂g

T (p;u3 + u2 − u1).
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A.6.3 Global rigidity

Planar: The planar family is globally rigid because one jump is the same
translation for every aperture point,

p′ = p+∆ppl(u), k̂′ = k̂.

Thus the whole field is reproduced by a single rigid translation.

Cylindrical: The cylindrical family is also globally rigid. For fixed u, the jump
angle Γ0 and drift∆y0 are aperture-independent, so every ray undergoes the same
screw motion,

P′ = Rŷ(Γ0)P+∆y0ŷ, k̂′ = Rŷ(Γ0)k̂.

Hence one rigid motion reproduces the full cylindrical field after one jump.

Spherical: The spherical family is not globally rigid on a finite two-dimensional
aperture. The local consistency argument shows that each leaf ℓ is rigidly re-
produced by a rotation about the leaf angular-momentum axis. However, a finite
two-dimensional aperture intersects a continuum of leaves. For u ̸= 0, with
a = u1x̂ + u2ŷ, the vectors bℓ = a × ẑ + ℓẑ change direction and magnitude
with ℓ, so both the rotation axes and the jump angles Γ(|bℓ|) are leaf-dependent.
A single rigid motion cannot represent these different leaf-wise rotations, agreeing
with the non-existence proof for spherical eigenbeams in Sec. 3.4.

A.7 Closed modes reduce to previous paraxial
eigenbeam results

A.7.1 Paraxial 1:1 imaging at an off-axis mirror

Following Blanche et al. [70, 31], a suitably astigmatically focused beam is an
eigenbeam under the off-axis reflection at the outer waveguide surface [70, 31].
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Consider a beam whose chief ray is incident on the outer surface at an angle ϕ
in the meridional plane. Assume that the sagittal and meridional ray fans of this
beam emerge from points at distances ss and sm along the chief ray, respectively.
The ray fans are then paraxially focused at distances Ss and Sm along the chief
ray according to the Coddington equations [110]

1

si
+

1

Si
=

1

Fi
, (A.46)

with the sagittal focal length Fs = r/(2 cos(ϕ)) and meridional focal length
Fm = r cos(ϕ)/2. A 1:1 eigenbeam satisfies si = Si = 2Fi, hence it must be
focused by focal lengths

fs =
r

cosϕ
, fm = r cosϕ. (A.47)

along its chief ray. The corresponding normal distances from the mirror are
di = cos(ϕ)fi, therefore

ds = r, dm = r cos2 ϕ. (A.48)

For ϕ = 54◦, this gives dm ≈ 0.35r and ds = r, largely consistent with the
reported rule-of-thumb values dm ≈ 0.3r and ds ≈ 0.9r for the sphere [70]. The
argument is readily adapted to the cylinder, yielding the same meridional focal
length and no sagittal focusing [70, 31].

A.7.2 Paraxial approximation of the closed modes

We now show that, near the apex, the cylindrical and spherical closed modes
reduce to the focal distances predicted by Eq. (A.47). The chief ray lies in the
meridional x-z plane Q0(t) = t(sinϕ x̂ + cosϕ ẑ), corresponding to the u1 =
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sinϕ, u2 = 0mode. Around the apex φ̂(x) ≈ x̂+(x/r)ẑ and r̂(x) ≈ ẑ−(x/r)x̂,
therefore the cylindrical closed modes Eq. (3.12) are approximately

k̂cyl(x) ≈
(
sinϕ− x

r
cosϕ

)
x̂+

(
cosϕ+

x

r
sinϕ

)
ẑ. (A.49)

Amarginal ray launched at x isQx(s) ≈ xx̂+s k̂cyl(x). SolvingQ0(t) = Qx(s)

gives t ≈ r cos(ϕ)+x sin(ϕ) around the apex. Thus the paraxial meridional focus
distance is fm = r cosϕ, in agreement with Eq. (A.47).

For the spherical geometry we have for an outer surface point around the apex
P̂(x, y) ≈ −ẑ+(x/r)x̂+(y/r)ŷ, the closed spherical modes rayfield is therefore

k̂sph(x, y) ≈
(
sinϕ− x

r
cosϕ

)
x̂− y

r
cosϕ ŷ +

(
cosϕ+

x

r
sinϕ

)
ẑ. (A.50)

The meridional fan, obtained by setting y = 0, is identical to the cylindrical
calculation and therefore focuses at fm = r cosϕ, with xm = r sinϕ cosϕ and
zm = r cos2 ϕ.

The sagittal fan is obtained by setting x = 0. A marginal ray launched at y is
Qy(s) ≈ yŷ+ s

(
sinϕ x̂− y

r cosϕ ŷ + cosϕ ẑ
)
. SolvingQ0(t) = Qy(s) gives

t = r/ cosϕ. Therefore, the sagittal focal distance is fs = r/ cosϕ, in agreement
with Eq. (A.47).

A.8 Refraction out of waveguide

In this section, we consider refraction out of spherically and cylindrically curved
waveguide substrates. A unit incident ray î at an interface with unit normal N̂
(sign chosen such that q = î · N̂ > 0) is refracted into direction

Sn1→n2
(̂i, N̂) = µ

(̂
i− qN̂

)
+
√
1− µ2(1− q2) N̂, µ =

n1
n2
. (A.51)
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A.8.1 Mode coordinate to chief ray direction cosine

First, we derive the mapping between the mode coordinates u and the air-side
direction cosines c of the mode’s chief ray after launch at the surface apex and
refraction out of the waveguide. The closed mode chief ray propagates within the
waveguide substrate toward the inner surface with direction

k̂c(u) = u1x̂+ u2ŷ +
√

1− u21 − u22ẑ. (A.52)

The ray direction after refraction is

k̂air
c (c(u)) = cx x̂+ cy ŷ +

√
1− c2x − c2y ẑ. (A.53)

For a planar waveguide, the direction cosines after refraction are

c = nu.

For curvedwaveguides, the refracted direction depends on the intersection position
of the ray with the inner surface. The inner surface satisfies

x2 + γgy
2 + (z − r)2 = (r − d)2.

Here, γg = 1 for the sphere and γg = 0 for the cylinder. Substituting the chief
ray tk̂c gives the quadratic equation

Ait
2 − 2ruzt+ 2rd− d2 = 0,

with uz =
√
1− u21 − u22 andAi = u21+γgu

2
2+u

2
z. ThusAi = 1 for the sphere

and Ai = 1 − u22 for the cylinder. Solving for the physical positive intersection
distance finds

ti =
ruz −∆i

Ai
with ∆i =

√
r2u2z −Ai(2rd− d2). (A.54)
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At the intersection point tik̂c, the inner-surface normal pointing from core to air
is

N̂g
i =

−tiu1x̂− γgtiu2ŷ + (r − tiuz)ẑ

r − d
. (A.55)

Applying Snell’s law, Eq. (A.51), yields the chief ray direction in air k̂air
c , see

Eq. (A.53). For the sphere we derive the direction cosines

c = ηsph(u; d, n, r)u (A.56)

with

ηsph(u; d, n, r) = n+

(
nqi −

√
1− n2 (1− q2i )

)
ti

r − d
, (A.57)

where qi = ∆i/(r − d). For the cylinder we have the same expression for c1 but
for c2 = nu2.

A.8.2 Refraction-compensated output field

We now calculate the rayfield k̂R,g(p; c) on the outer waveguide surface that,
after refraction out of the waveguide, produces a perfectly collimated wave in the
direction k̂air

c , as defined in Eq. (A.53). To determine this field, we trace each
collimated beam backward into the waveguide, refract it at the inner surface, and
propagate it to the outer surface.

A.8.2.1 Planar waveguide

For the planar waveguide, only refraction at the inner surface must be considered.
Propagation does not affect the result because of the translational symmetry of
the collimated fields:

k̂R,pl
T =

c1
n
x̂+

c2
n
ŷ. (A.58)
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A.8.2.2 Curved waveguides

For curved waveguides, each inner-surface point is given in the surface coordinate
system by

pi = xix̂+ yiŷ + zin(xi, yi)ẑ.

The ray in the waveguide is the reciprocal rayfield obtained by applying Snell’s
law, Eq. (A.51), to the incident collimated ray direction:

k̂−
g (xi, yi; c) = S1→n

(
−k̂air

c ,−N̂g
i (xi, yi)

)
, (A.59)

The ray reaches the outer surface after some distance at

po = pi(xi, yi) + sok̂
−
g (xi, yi; c).

The outer point (xo, yo) corresponding to the prescribed inner point (xi, yi)
follows from this intersection equation:

(xi, yi) 7→ (xo, yo).

This map must be inverted to obtain the refraction-compensated forward rayfield
on the outer surface. It is the negative of the reciprocal ray field evaluated at the
corresponding inner surface point

k̂R,g(xo, yo; c) = −k̂−
g (xi(xo, yo), yi(xo, yo); c). (A.60)

In the following paragraphs, we derive this map explicitly for the spherical and
cylindrical geometries. We use both surface coordinates and centered coordinates
as defined in Sec. 3.2.1, with small and capital letters respectively. Direction
vectors are the same across both systems.

Spherical coordinate map: We first derive the inner-to-outer map for the spher-
ical geometry and then invert it. A given ray propagates in the meridional plane
spanned by the spherical origin, the surface point, and the air-side direction k̂air

c .
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We choose a primed centered coordinate system with Ẑ′ = k̂air
c , and X̂′ orthogo-

nal to it in this meridional plane. We define the normalized transverse coordinates

ξi =
X ′

i

r − d
and ξo =

X ′
o

r
.

The intersection points of the ray with the inner and outer spherical surfaces are
parametrized by these tangential coordinates

P′
i(ξi) = r

[
ρξiX̂

′ − ρ
√
1− ξ2i Ẑ

′
]

and P′
o(ξo) = r

[
ξoX̂

′ −
√
1− ξ2o Ẑ

′
]
.

(A.61)
Because the reciprocal plane wave is incident along −Ẑ′ in the meridional plane,
the problem reduces to 2D concentric circles. Applying Snell’s law (A.51) at the
inner surface gives

k̂−′(ξi) = S1→n

(
−Ẑ′, P̂′

i(ξi)
)

(A.62)

=
ξi

[√
n2 − ξ2i −

√
1− ξ2i

]
n

X̂′ −
ξ2i +

√
n2 − ξ2i

√
1− ξ2i

n
Ẑ′.

The outer point is reached when

P′
o(ξo) = P′

i(ξi) + rℓ k̂−′(ξi;N).

Eliminating ℓ gives the scalar inner-to-outer map, with N = n for the sphere:

ξo = AN (ξi) =
ρξi

[
ξ2i +

√
N2 − ξ2i

√
1− ξ2i

]
N2

+
ξ2i

[√
N2 − ξ2i −

√
1− ξ2i

]
N2

√
N2

ξ2i
− ρ2.
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For the numerical results of Sec. 3.6 we invert the mapping numerically. For a
waveguide thin compared to its radius the inverse is approximated by

A−1
N (ξo) = ξo + (1− ρ) ξo

√
1− ξ2o√
N2 − ξ2o

+O
(
(1− ρ)2

)
. (A.63)

Now consider a point with surface coordinates (xo, yo) on the outer surface

Po = xox̂+ yoŷ +
[
zsphout (xo, yo)− r

]
ẑ.

From this position and the desired ray direction in air we can calculate

X̂′ =
Po −

(
Po · k̂air

c

)
k̂air
c∣∣∣Po −

(
Po · k̂air

c

)
k̂air
c

∣∣∣ , ξo =

∣∣∣Po −
(
Po · k̂air

c

)
k̂air
c

∣∣∣
r

. (A.64)

From the inverse map we find the corresponding inner transverse coordinate

ξi(xo, yo) = A−1
n (ξo(xo, yo)). (A.65)

Therefore, the forward refraction-compensated spherical field can be expressed
solely in terms of the surface coordinates by inserting (A.65) and (A.64) into the
reciprocal ray direction (A.62) and then reversing it according to (A.60), yielding

k̂R,sph(xo, yo; c) = −k̂−
sph(ξi) (A.66)

=
ξi

(√
1− ξ2i −

√
n2 − ξ2i

)
n

X̂′ +
ξ2i +

√
1− ξ2i

√
n2 − ξ2i

n
k̂air
c .

Substituting the expressions for X̂′ from Eq. (A.64) and for k̂air
c from Eq. (A.53)

expresses the ray direction fully in the surface coordinate system defined in
Sec. 3.2.1.
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Cylindrical coordinate map: For the cylinder, the inner-surface normal has no
axial component. We therefore split the desired air-side ray, Eq. (A.53), into its
axial and meridional parts

k̂air
c = c2ŷ + c⊥Ẑ

′. (A.67)

With the meridional magnitude c⊥ =
√
c21 + c2z , the unit vector Ẑ′ pointing in

the direction of the meridional ray projection is

Ẑ′ =
c1x̂+ cz ẑ

c⊥
. (A.68)

Orthogonal to this unit vector, we define

X̂′ =
czx̂− c1ẑ

c⊥
. (A.69)

The reciprocal ray refracted into the substrate at an inner cylindrical surface point
with inward normal N̂cyl

i is

k̂−
cyl = S1→n

(
−k̂air

c ,−N̂cyl
i

)
.

Since N̂cyl
i · ŷ = 0, the axial component follows directly from the tangential part

of (A.51),
k̂−
cyl · ŷ = −c2

n
.

Hence the refracted ray can be written as

k̂−
cyl = κk̂−

⊥ − c2
n
ŷ, κ =

√
1−

(c2
n

)2
,

where k̂−
⊥ is a unit vector in the meridional plane. To determine this direction,

let q′ = (−Ẑ′) · (−N̂cyl
i ). Since the meridional component of the incident ray
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is −c⊥Ẑ′, the scalar product in (A.51) is q = c⊥q
′. Projecting (A.51) onto the

meridional plane and dividing by κ gives

k̂−
⊥ =

1

Ncyl

[
−Ẑ′ − q′

(
−N̂cyl

i

)]
+

√
1− 1

N2
cyl

(1− q′2)
(
−N̂cyl

i

)
,

with effective index Ncyl = nκ/c⊥. The square-root term follows from the
relation c2⊥ + c22 = 1. Thus

k̂−
⊥ = S1→Ncyl

(
−Ẑ′,−N̂cyl

i

)
.

The remaining construction is therefore identical to the spherical meridional
construction. In both cases the reduced problem consists of a unit incident ray
−Ẑ′, a radial inner-surface normal, and two concentric circular boundaries of radii
ρr and r. The only change is the replacement n 7→ Ncyl. Consequently, the same
normalized transverse coordinates (ξi, ξo) and the same circle parametrization as
in (A.61) apply, and the cylindrical inner-to-outer map is

ξo = ANcyl
(ξi), ξi = A−1

Ncyl
(ξo).

For an outer coordinate xo, the centered meridional point is Po,⊥ = xox̂ +

[zcylout(xo)− r]ẑ, and therefore

ξo(xo) =
Po,⊥ · X̂′

r
=
czxo + c1

√
r2 − x2o

rc⊥
, ξi(xo) = A−1

Ncyl
(ξo(xo)).
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Inserting this coordinate into the reciprocal meridional ray expression of (A.62),
with n replaced by Ncyl, and restoring the axial component gives

k̂R,cyl(xo; c) =
κξi

[√
1− ξ2i −

√
N2

cyl − ξ2i

]
Ncyl

X̂′

+
κ
[
ξ2i +

√
1− ξ2i

√
N2

cyl − ξ2i

]
Ncyl

Ẑ′ +
c2
n
ŷ. (A.70)

Because X̂′ and Ẑ′ are already given in the unprimed basis, (A.70) is expressed
in the surface coordinate system. The result is independent of yo, as required by
cylindrical symmetry.

A.9 Visualizing immersion-free recording

In this appendix, we compare edge-lit with immersion-free recording configura-
tions for an exemplary on-axis waveguide incoupler operating at 532 nm with a
56◦ propagation angle.

A.9.1 Traditional edge-lit in-plane recording

Conventionally, in- and outcouplers are recorded with both recording waves in the
T̂ − N̂ plane [38], corresponding to the σ = 0 or σ = π recording configura-
tions, see Eq. (A.6). For these configurations, the incidence angle of one of the
two recording waves becomes minimal and that of the other becomes maximal,
requiring edge-lit exposure. The σ = 0 configuration is visualized in Fig. A.3.
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Figure A.3: (a) k-space diagram of the σ = 0 recording configuration of an on-axis waveguide
incoupler operating at 532nm with a propagation angle of 56◦. Recording is performed
in the same configuration and at the same wavelength as replay in the waveguide display.
Both recording wave vectors and the hologram surface normal N̂ lie in one plane,
corresponding to in-plane recording. The tangential component of the object wave
vector is larger than the radius of the air dispersion sphere, so the configuration cannot
be realized without edge-lit exposure. (b) Zemax non-sequential ray-trace model of a
practical implementation of this recording configuration. As proposed in [38], two prisms
are optically contacted to the substrate using immersion liquid to provide the large object
wave incidence angle and reduce multiple reflections.
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Figure A.4: (a) k-space diagram of the alternative σ = π/2 recording configuration for the incoupler
discussed in Fig. A.3. This configuration exhibits the smallest limiting incidence angle
and enables immersion-free recording. The tangential components of the recording wave
vectors do not exceed the radius of the air dispersion sphere, allowing recording beams
incident from air to enter the holographic substrate. The surface normal and the two
recording wave vectors no longer lie in one plane. The wave vectors have components
orthogonal to the normal vector. In a typical laboratory arrangement, both recording
beams therefore point down toward the optical table. Panel (b) shows the corresponding
Zemax ray trace.
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A.9.2 Immersion-free out-of-plane recording

By shifting the recording configuration of the reflective incoupler from the σ = 0

recording configuration to the minimum-incidence reflective configuration σ =

π/2 or 3π/2, the incidence angles can be reduced sufficiently for light from air to
enter the holographic substrate without edge-lit exposure. In this configuration,
the two recording wave vectors no longer lie in one plane with the surface normal.
They have components orthogonal to the normal vector, corresponding to out-
of-plane recording, as shown in Fig. A.4(a). The components of the object and
reference recording wave vectors in the T̂–N̂ plane are exactly ±Girr/2. They
also have equal components in the direction D̂ = N̂× T̂, so both vectors satisfy
the dispersion relation. This symmetry gives both waves the same incidence angle
and yields the smallest limiting incidence angle for reflective recording.

A.10 Recording limit analysis for
high-refractive-index holograms

Chapter 4 considers holographic materials with refractive index n = 1.51 and
normal shrinkage s = 0.03, typical for photopolymers [56]. Figure A.5 repro-
duces Fig. 4.2 for a high refractive index holographic material with n = 2 and
s = 0.03. Waveguide incoupler and expander gratings for these high-refractive-
index waveguides exhibit significantly longer grating vectors, corresponding to
shorter grating pitches. Additionally, recording wave vectors incident from air
experience stronger refraction as they penetrate the holographic material. No rele-
vant expander gratings can be recordedwithout immersion in such high-refractive-
index materials. They lie outside the recordable area in Fig. A.5. Even incoupler
recording becomes increasingly challenging: red-channel incouplers that remain
recordable require red or near-infrared exposure, while the 60◦ examples have no
propagating air-side solution.
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Figure A.5: This figure is a reproduction of Fig. 4.2 fromChapter 4 forn = 2. The grating parameters
for incouplers and expanders depend on n according to Eq. (2.24).

Figure A.6: Smallest limiting incidence angle for n = 2 and s = 0.03 over the finite recording-
wavelength ranges 450nm to 850nm and 100nm to 850nm. Upper region corresponds
to reflective and lower region to transmissive recording.
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A.11 Angular sensitivity of the robot optics

The angular sensitivity of the fiber-collimator assembly is obtained with the
paraxial ray-transfer matrix

M = L(f2)T (d2)L(f1)T (d1) =

(
A B

C D

)
, (A.71)

where

T (d) =

(
1 d

0 1

)
, L(f) =

(
1 0

−1/f 1

)
. (A.72)

For an input ray (h, θ0)T the output angle is

θout = Ch+Dθ0. (A.73)

The lens separation d2 is chosen such that an on-axis point source is collimated,
i.e. D = 0. Solving D = 0 for d2 yields

d2 =
d1(f1 + f2)− f1f2

d1 − f1
. (A.74)

For the collimation optics discussed in Sec. 5.3.1 with d1 = 30mm, f1 =

−15mm, and f2 = 200mm, this gives d2 = 190mm. The angular coefficient is

C =
d2 − f1 − f2

f1f2
. (A.75)

Thus the collimated output angle δ generated by a transverse source displacement
h is

δ = Ch = − h

600mm
. (A.76)

Because the back-reflected beam angle is 2α, the refocused displacement is h =

−1200mmα.
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A.12 Relation between OPW and Stäubli VAL3
robot arm configurations

Brandstötter et al. enumerate the OPW inverse kinematics as four regional so-
lutions of the first three axes and two spherical-wrist solutions. In their Table
II, solutions 1, 2, 5, and 6 use the first shoulder branch θ1;i, whereas solutions
3, 4, 7, and 8 use the second shoulder branch θ1;ii [93]. We show here how
these branches map to the Stäubli VAL3 configuration flags. The VAL3 shoulder
criterion for a TX2 arm is “lefty” for Qs ≥ 0 and “righty” otherwise, with [111]

Qs = d1 sin θ2 + d2 sin(θ2 + θ3) + δ

TX2−60
= 290mmsin θ2 + 310mmsin(θ2 + θ3)

= c2 sin θ2 + c3 sin(θ2 + θ3). (A.77)

From the TX2-60 data sheet [94] and the Stäubli Robotics Studio software
[96] we infer δ = 0, d1 = 290mm. For the TX2-60 OPW parameters
(a1, a2, b, c1, c2, c3, c4) = (0, 0, 20, 0, 290, 310, 70)mm the VAL3 shoulder
quantity Qs is identical to the OPW coordinate cx1 . Following Brandstötter
et al. [93], we denote

ψ1 = atan2(b, nx1 + a1) . (A.78)

For the present case a1 = 0, and the OPWdefinitionnx1 =
√
c2x0

+ c2y0
− b2−a1

gives
ψ1 = atan2

(
b,
√
c2x0

+ c2y0
− b2

)
. (A.79)

With ϕ = atan2(cy0 , cx0) and ρ =
√
c2x0

+ c2y0
, the two OPW shoulder branches

are
θ1;i = ϕ− ψ1, θ1;ii = ϕ+ ψ1 − π. (A.80)
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To determine the sign of the corresponding OPW cx1 coordinate, we use the
inverse base rotation

cx1
(θ1) = cx0

cos θ1 + cy0
sin θ1. (A.81)

Substitution of the first shoulder branch gives

Qs(θ1;i) = cx1
(θ1;i) = cx0

cos(ϕ− ψ1) + cy0
sin(ϕ− ψ1)

= ρ cosϕ cos(ϕ− ψ1) + ρ sinϕ sin(ϕ− ψ1)

= ρ [cosϕ cos(ϕ− ψ1) + sinϕ sin(ϕ− ψ1)]

= ρ cos(ϕ− (ϕ− ψ1)) = ρ cosψ1

= ρ

√
ρ2 − b2

ρ
=
√
ρ2 − b2 ≥ 0. (A.82)

Similarly, substitution of the second shoulder branch gives

Qs(θ1;ii) = cx1
(θ1;ii) = cx0

cos(ϕ+ ψ1 − π) + cy0
sin(ϕ+ ψ1 − π)

= ρ cosϕ cos(ϕ+ ψ1 − π) + ρ sinϕ sin(ϕ+ ψ1 − π)

= ρ [cosϕ cos(ϕ+ ψ1 − π) + sinϕ sin(ϕ+ ψ1 − π)]

= ρ cos(ϕ− (ϕ+ ψ1 − π)) = ρ cos(π − ψ1)

= −ρ cosψ1 = −
√
ρ2 − b2 ≤ 0. (A.83)

Therefore OPW branch θ1;i maps to “lefty”, and OPW branch θ1;ii maps to
“righty”. VAL3 defines the elbow flags “epositive” and “enegative” by θ3 ≥ 0

and θ3 < 0, respectively [111]. From the OPW definitions it follows using a2 = 0

that

θ3;i, θ3;iii ≥ 0, θ3;ii, θ3;iv ≤ 0.

Therefore, θ3;i and θ3;iii are “epositive”, while θ3;ii and θ3;iv are “enegative”.
VAL3 defines the wrist flags “wpositive” and “wnegative” by θ5 ≥ 0 and θ5 < 0,
respectively. The OPW definitions give θ5;p ≥ 0, corresponding to “wpositive”,
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and θ5;q = −θ5;p ≤ 0, corresponding to “wnegative”. The resulting mapping
is given in Table A.1, which also contains the numerical encoding righty =

1, lefty = 2, epositive = 1, enegative = 2,wpositive = 1,wnegative = 2.

Table A.1:Mapping between the eight OPW inverse-kinematics solutions [93] and the corresponding
Stäubli VAL3 configuration flags and their numerical encoding.

OPW
solution

OPW
regional branch shoulder elbow wrist (s,e,w)

1 i lefty epositive wpositive (2,1,1)
2 ii lefty enegative wpositive (2,2,1)
3 iii righty epositive wpositive (1,1,1)
4 iv righty enegative wpositive (1,2,1)
5 i lefty epositive wnegative (2,1,2)
6 ii lefty enegative wnegative (2,2,2)
7 iii righty epositive wnegative (1,1,2)
8 iv righty enegative wnegative (1,2,2)

A.13 Fourier phase extraction for
recording-stability measurement

The interferometric stability measurement in Sec. 5.3.6 evaluates the temporal
drift of the recording fringe pattern generated by the two robot-mounted col-
limators. The two collimated fields are modeled as slowly varying envelopes
multiplied by plane-wave carriers,

Ei(r, t) = Ai(r, t) exp{i [ki · r+ ϕi(r, t)]} , i ∈ {1, 2}. (A.84)

Here,Ai describes the beamenvelope,ki is the carrierwave vector, andϕi contains
slowly varying phase contributions from mechanical motion, optical-path drift,
and fiber-induced phase changes.
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The recorded intensity is

I(r, t) = |E1(r, t) + E2(r, t)|2 = A2
1 +A2

2 + 2A1A2 cos[k0 · r+ φ(r, t)] ,

(A.85)

with k0 = k1 − k2 and φ(r, t) = ϕ1(r, t) − ϕ2(r, t). Equation (A.85) can
therefore be written in complex carrier form as

I(r, t) = a(r, t) + c(r, t)eik0·r + c∗(r, t)e−ik0·r, (A.86)

where a(r, t) = A2
1 + A2

2 and c(r, t) = A1A2e
iφ(r,t). The beam envelopes

and relative phase are assumed to vary slowly compared with the carrier term
k0 · r. Thus, taking the two-dimensional Fourier transform of Eq. (A.86) gives
a central DC lobe and two conjugate sidebands centered at ±k0. Following the
Fourier-transform fringe-analysis method of Takeda et al. [97], one sideband is
isolated with a circular window, shifted to the Fourier origin, and inverse Fourier
transformed. This yields the complex fringe field c(r, t), from which the local
relative phase follows as

φ(r, t) = arg c(r, t). (A.87)

For the stability measurement, only the spatially averaged temporal drift of the
recording pattern is required. We therefore compare each recovered complex field
c(r, tn) to the first recorded frame c0(r) = c(r, 0). The average phase drift is
evaluated over the beam-overlap region Ω as

∆φ(tn) = arg
∑
r∈Ω

c∗0(r) c(r, tn) = arg
∑
r∈Ω

w(r, tn) exp{i [φ(r, tn)− φ(r, 0)]} .

(A.88)

wherew(r, tn) is a weight proportional to the local beam amplitudes. For uniform
recording beams, it is approximately constant across the overlap region. The
resulting temporal phase trace is unwrapped in time.
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A.14 Model for sparse-pupil grid modulation

This section derives the analytical model used in Sec. 5.5.3.2 to interpret the
grid-like intensity modulation observed in the displayed image. We consider the
90◦ 2D-EBE waveguide introduced in Sec. 2.2.3 and use the same coordinate
convention. The finite scanner beam at the incoupler is modeled as a circular
top-hat ray bundle of diameter B, with radius RB = B/2. The coordinate origin
is chosen at the center of the incident beam on the incoupler.

The transverse components of the normalized guided wave vectors before and
after redirection at the expander are, for the on-axis field,

k̂
(1)
T,0 =

(
sin θp

0

)
, k̂

(2)
T,0 =

(
0

− sin θp

)
, (A.89)

where θp is the central guided propagation angle measured from the substrate
normal. For an output field angle (θx, θy), conservation of tangential wave vector
at the outcoupler gives

k̂
(j)
T (θx, θy) = k̂

(j)
T,0 +

1

n

(
sin θx

sin θy

)
, j = 1, 2, (A.90)

with n the waveguide refractive index. Between two consecutive encounters with
the same waveguide interface, a guided ray is laterally displaced by

∆rj(θx, θy) = 2dwg
k̂
(j)
T (θx, θy)√

1−
∣∣∣k̂(j)

T (θx, θy)
∣∣∣2 , j = 1, 2. (A.91)

At the field center this gives

∆r1(0, 0) =

(
L0

0

)
, ∆r2(0, 0) =

(
0

−L0

)
, L0 = 2dwg tan θp.

(A.92)
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We assume that the expander and outcoupler are sufficiently large that edge
clipping can be neglected locally. A ray launched with offset ξ from the beam
center at the incoupler generates an entire 2D lattice of outcoupling-positions due
to its guided propagation before and after expander redirection

routmn = ξ +m∆r1(θx, θy) + n∆r2(θx, θy), m, n ∈ Z. (A.93)

At eye relief seye, the rays outcoupled at these positions intersect the pupil plane
at

reyemn = routmn + seye

(
tan θx

tan θy

)
. (A.94)

We model the pupil as a hard aperture of radius RP and diameter D centered
at re = (xe, ye)

T . Ignoring guided-mode depletion, non-uniform coupler effi-
ciency, and angular selectivity, all outcoupled rays are assigned the same power.
The detected angular intensity is then proportional to the number of outcoupled
rays reaching the pupil, integrated over the incident beam’s top-hat irradiance
distribution

I(θx, θy) ∝
∑

m,n∈Z

∫
χRB

(ξ)χRP
(reyemn − re) d

2ξ. (A.95)

Here we describe the beam intensity distribution and the pupil by the circular
aperture function

χR(x) =

{
1, |x| < R,

0, |x| ≥ R.
(A.96)

With the definitions

q(θx, θy) = seye

(
tan θx

tan θy

)
− re,

D(θx, θy) = (∆r1(θx, θy),∆r2(θx, θy)) . (A.97)
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Equation (A.95) becomes

IB(θx, θy) ∝
∑

m,n∈Z

∫
χRB

(ξ)χRP

(
ξ + q+D

(
m

n

))
d2ξ

=
∑

m,n∈Z
f

(
D

(
m

n

))
. (A.98)

Where we write the convolution as

f(r) =

∫
χRB

(ξ)χRP
(ξ + q+ r)d2ξ = (χRB

∗ χRP
)(q+ r). (A.99)

The last equality in Eq. (A.98) is a sum over the lattice Λ = DZ2. We use
the lattice Poisson summation formula [112, Sec. 1.3.2.6.7] with the Fourier-
transform convention

F [φ](Q) =

∫
R2

φ(x)e−iQ·xd2x, φ(x) =
1

(2π)2

∫
R2

F [φ](Q)eiQ·xd2Q.

(A.100)
With this convention the reciprocal lattice is

Λ∗ = 2πD−TZ2, Qℓ = 2πD−T ℓ, ℓ = (ℓ1, ℓ2)
T , (A.101)

and the lattice sum∑
x∈Λ

f(x) =
1

| detD|
∑

Q∈Λ∗

F [f ](Q) =
1

| detD|
∑
ℓ∈Z2

F [f ](Qℓ). (A.102)

Using the shift and convolution theorems,

F [f ](Q) = F [χRB
](Q)F [χRP

](Q)eiQ·q. (A.103)

The Fourier transform of a circular top-hat aperture is the well-known Airy
pattern F [χR](Q) = πR2 jinc(R|Q|). Absorbing the determinant factor that
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slowly varies across the field of view into the proportionality constant gives the
intensity

I(θx, θy) ∝
∑
ℓ∈Z2

jinc(RB |Qℓ|) jinc(RP |Qℓ|)eiQℓ·q. (A.104)

Combining reciprocal-lattice terms in pairs ℓ and −ℓ gives the real cosine series

I(θx, θy) ∝ 1 + 2
∑
ℓ∈S

jinc(RB |Qℓ|) jinc(RP |Qℓ|) cos (Qℓ · q) , (A.105)

where S contains one representative from each nonzero pair±ℓ and we define the
jinc-function as

jinc(x) =
2J1(x)

x
(A.106)

whereJ1 is theBessel function of the first kind. We keep only the two fundamental
orders (1, 0) and (0, 1). The higher orders are strongly suppressed by the jinc
functions. Using that near the field center |Q10| ≈ |Q01| ≈ 2π

L0
this gives

IB(θx, θy) ∝ 1+2 jinc

(
2πRB

L0

)
jinc

(
2πRP

L0

)
[cos(Q10 · q) + cos(Q01 · q)] .

(A.107)
Equivalently, using RB = B/2 and RP = D/2, the contrast coefficient used in
the main text is

C = 2

∣∣∣∣jinc(πBL0

)
jinc

(
πD

L0

)∣∣∣∣ . (A.108)

The absolute value is used because a negative product of jinc factors is equivalent
to a phase shift of π. To make explicit that the fundamental orders explain the
observed grid-like intensity modulation across the field of view, we linearize the
phase terms in the field angles. At the field center,

D0 =

(
L0 0

0 −L0

)
, Q

(0)
10 =

(
2π/L0

0

)
, Q

(0)
01 =

(
0

−2π/L0

)
.

(A.109)
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The first-order derivatives of the jump vectors are

∂∆r1
∂θx

∣∣∣∣
0

=
L0

n sin θp

(
sec2 θp

0

)
,

∂∆r2
∂θx

∣∣∣∣
0

=
L0

n sin θp

(
1

0

)
, (A.110)

∂∆r1
∂θy

∣∣∣∣
0

=
L0

n sin θp

(
0

1

)
,

∂∆r2
∂θy

∣∣∣∣
0

=
L0

n sin θp

(
0

sec2 θp

)
. (A.111)

UsingQℓ = 2πD−T ℓ and linearizing the tangents in the definition of q, the two
fundamental phases close to the field of view center become

Q10 · q ≈ 2π

[
− xe
L0

+
seye + Leff,x

L0
θx

]
, (A.112)

Q01 · q ≈ 2π

[
ye
L0

− seye + Leff,y

L0
θy

]
, (A.113)

where

Leff,x =
xe sec

2 θp − ye
n sin θp

, Leff,y =
xe − ye sec

2 θp
n sin θp

. (A.114)

Thus
∆θx =

L0

seye + Leff,x
, ∆θy =

L0

seye + Leff,y
. (A.115)

In summary, we write

I(θx, θy) ∝ 1 + C

[
cos

(
2π

∆θx
θx + φx

)
+ cos

(
2π

∆θy
θy + φy

)]
. (A.116)

Validity The model describes the fundamental grid period and the leading con-
trast scaling. Away from the field center, the full expression Eq. (A.105) should be
used. Higher-order terms in θx and θy introduce grid curvature through θ2x, θ2y , and
θxθy contributions. In addition, finite expander and outcoupler apertures, guided
beam depletion, and Bragg selectivity modify the detailed intensity pattern. Full
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finite-aperture ray tracing is therefore required for quantitative prediction over the
complete field of view.

A.15 Modulation transfer function measurement

The modulation transfer function is evaluated from checkerboard captures using
the slanted-edge method [100]. Figure A.7 shows the captures and selected edge
regions. Edges are evaluated near the field center and near the four field corners,
with orientations approximately orthogonal and parallel to the projector scan-line
direction. Table A.2 reports all extracted MTF20 spatial frequencies, in lp/mm
and lp/deg, for each evaluated eyebox position, field position, and edge orientation.

Table A.2: Extracted MTF20 spatial frequencies (lp/mm / lp/◦) for orthogonal (⊥) and parallel (∥)
edges, at five field positions, across five eyebox positions and without the waveguide.

Eyebox Edge spatial frequency, lp/mm / lp/◦

top-left top-right center
bottom-
left

bottom-
right

(-3,+3) ⊥ 13.4 / 5.9 18.4 / 8.0 21.6 / 9.4 11.7 / 5.1 18.3 / 8.0
∥ 14.8 / 6.5 18.9 / 8.3 25.1 / 11.0 16.8 / 7.3 20.8 / 9.1

(+3,+3) ⊥ 11.2 / 4.9 20.5 / 9.0 22.7 / 9.9 13.4 / 5.8 20.0 / 8.7
∥ 17.9 / 7.8 19.1 / 8.3 23.3 / 10.2 16.6 / 7.3 18.8 / 8.2

(0,0) ⊥ 17.8 / 7.8 19.3 / 8.4 26.0 / 11.3 12.0 / 5.2 20.2 / 8.8
∥ 18.3 / 8.0 19.9 / 8.7 23.4 / 10.2 16.8 / 7.3 20.0 / 8.7

w/o WG ⊥ 26.8 / 11.7 34.4 / 15.0 26.5 / 11.6 25.0 / 10.9 36.5 / 15.9
∥ 27.3 / 11.9 30.2 / 13.2 33.0 / 14.4 18.7 / 8.2 23.2 / 10.1

(-3,-3) ⊥ 9.1 / 4.0 17.9 / 7.8 21.2 / 9.2 10.8 / 4.7 19.5 / 8.5
∥ 9.2 / 4.0 22.7 / 9.9 23.3 / 10.2 16.4 / 7.2 19.9 / 8.7

(+3,-3) ⊥ 11.0 / 4.8 19.1 / 8.3 21.1 / 9.2 12.6 / 5.5 22.7 / 9.9
∥ 20.9 / 9.1 20.9 / 9.1 25.0 / 10.9 16.9 / 7.4 23.0 / 10.0
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EB ( 3,+3) mm EB (+3,+3) mm

EB (0,0) mm w/o waveguide

EB ( 3, 3) mm EB (+3, 3) mm

Figure A.7: Checkerboard captures used for resolution evaluation. The color outlines show the edge
regions used for the MTF calculation.
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