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ABSTRACT

In order to ensure the longevity of active materials, microscale processes that occur during lithiation and delithiation must be

better understood. These processes include chemical diffusion, the mechanical equilibrium of the host material, and fatigue phe-

nomena in the material, which result in damage. Since experimental investigation of these individual but strongly intercoupled

effects is hardly possible given the current state of research, this work presents the mathematical, theoretical equations for a 1D

single-particle model with their mutual feedbacks and a phase field approach for the damage calculation. To solve the resulting

system of equations, a Physics-Informed Neural Network (PINN) is used, which combines the advantages of Artificial Neural

Networks (ANN) of fast execution and grid freedom with the advantages of conventional numerical methods such as interpret-

ability and a flexible handling of boundary conditions. It is shown that a PINN is capable of learning the complex coupled gov-

erning differential equations. NMC622 is investigated as the active material on the cathode side. It was found that during lithiation

with a stress-free surface, notably high currents lead to damage in the particle. This damage then occurs predominantly in the
center of the particle and is mainly favored by a high level of lithiation.

1 | Introduction

In the quest for sustainable energy solutions, lithium-ion batteries
have emerged as a cornerstone technology due to their high energy
density, long cycle life, and lightweight design. These attributes
have propelled their widespread adoption across a range of appli-
cations, from portable electronics to electric vehicles and large-
scale energy storage systems. As the demand for efficient and
reliable energy storage continues to grow, advancing the perfor-
mance and longevity of lithium-ion batteries remains a critical
challenge. Understanding the fundamental mechanisms that
govern their operation and degradation is essential for the devel-
opment of next-generation battery technologies capable of meeting
the increasing energy demands of modern society [1].

Within this context, mechanical stresses in the cathode, resulting
from ion insertion and extraction, pose significant hurdles to the
longevity and durability of lithium-ion batteries. These stresses can
lead to material degradation and structural failures, ultimately
undermining the battery’s overall performance and lifespan [2-4].
For layered materials such as lithium nickel manganese cobalt
oxide (NMC), lithium nickel cobalt aluminum oxide (NCA),
and nickel cobalt oxide (NCO), which often exhibit polycrystalline
structures, cracking can occur intergranularly within the grain
boundaries or intragranularly within the primary particles [5].
Various practical strategies exist to combat unintended micro-
crack propagation, including the use of single-crystal particles, dop-
ing with foreign ions, applying protective coatings, or designing
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concentration gradients. However, each of these approaches has
distinct limitations [6].

The phenomenon driving the mechanical degradation of batter-
ies is a complex interplay among chemical (de)intercalation,
mechanical displacement within the host lattice, and the result-
ing fracture processes that generate microcracks within electrode
particles. Given the high costs of experimental approaches and
the lack of in-operando analysis, a realistic modeling framework
that captures the holistic interplay of these processes is vital for
advancing the understanding of mechanical degradation in lithium-
ion batteries.

Frequently, the modeling of chemical and mechanical processes
is conducted using first-principles approaches. Coupled models
include here the mechanical stress contributions to the chemical
potential. The result is a nonlinear partial differential equation to
determine the concentration profile inside the electrode particle.
The strain inside the electrode particles results from the spatial
confinement of intercalated lithium atoms [7-9]. Strain levels vary
between approximately 1%-3% in NMC, LCO, and NCA [10].

To model the fracture process, several approaches are available,
including linear elastic fracture models (LEFM), phase-field
models (PFM), and cohesive zone models (CZM) [11]. Some com-
prehensive models employ PFM, integrating it with the nonlin-
ear mechanical and chemical process recoupling and earning a
complex system of differential equations, which is expensive to
solve [12, 13].

In our modern world, artificial intelligence (AI) is increasingly
used to solve challenging tasks in engineering [14]. This encom-
passes a variety of computational techniques designed to mimic
human cognitive functions, ranging from simple rule-based sys-
tems to complex, data-driven models. AI methods can be broadly
categorized based on their dependency on domain knowledge
and data: white-box, gray-box, and black-box models [15, 16].
White-box models are interpretable algorithms incorporating
explicit domain knowledge, allowing for transparent decision-
making processes. In contrast, black-box models, such as deep
neural networks, excel at capturing complex patterns from large
datasets but often lack interpretability. Gray-box models strike
a balance, integrating both data-driven insights and domain
knowledge to improve interpretability and reliability [17].

Amid these approaches, Physics-Informed Neural Networks
(PINNs) have emerged as a powerful framework that incorpo-
rates known physical laws into the training of neural networks
[18]. By embedding partial differential equations directly into the
learning process, PINNs enable the modeling of complex systems
with improved accuracy and generalization capabilities. This
blend of data-driven learning and physical constraints offers a
promising avenue for modeling intricate problems across various
scientific and engineering domains, addressing some limitations
of traditional black-box models by introducing transparency and
robustness rooted in established physical principles. So, PINNs
can be used as a fast, mesh-free, and implicit method to approxi-
mate the solution of differential equations. PINNs have found
widespread application in solving forward problems, where they
are used to predict system behavior by integrating known physi-
cal laws into the learning process [19-21]. In addition to forward

problems, PINNs are also adept at tackling inverse problems,
where they help infer unknown parameters or system states from
the observed data [22-24]. Therefore, by bridging data-driven
learning with physical constraints, PINNs offer a versatile and
powerful toolset for both forward and inverse problem solving
across various disciplines.

Recently, the trend is moving from PINNs toward Deep Energy
Models (DEMs), which do not use the strong formulation of the
differential equation to be learned but rather a weak variational
formulation [25]. This has the advantage of reducing the order of
the differential equation and allowing some boundary conditions
to be more naturally incorporated into the variational formula-
tion. On the one hand, this facilitates the optimization problem.
On the other hand, it accelerates and stabilizes practical training.
In contrast to PINNs, numerical integration must be applied with
DEMs, which makes training more computationally intensive
and makes the solution dependent on the integration schemes
used [26]. Since optimization is performed using integrals here,
resolving fine-grained features may also pose a problem. In [27],
such DEMs were applied in comparison to classical PINNSs.

To tackle the partial differential equations, which govern the pro-
cesses inside the battery, PINNs are already used to estimate the
concentration profile inside the particle for a simple, single-phase
diffusion equation [28-30]. Here, the chemical potential in the
diffusion equation still lacks the contribution of the mechanical
stress and therefore is not of a nonlinear nature. PINNs are
designed to be an unsupervised machine learning technique that
learns from unlabeled data. However, it is also possible to incor-
porate labeled data in the training process to increase the accu-
racy [31]. However, a general weakness of PINNs is that they
tend to have difficulty learning functions with strong fluctua-
tions, hence very high frequencies [32]. One important aspect
of PINNSs is the weighting of the different parts in training.
For given boundary value problems in engineering, boundary
conditions are essential to meeting the physically correct solu-
tion. So, the boundary points are of special interest in the training
of PINNs and have a high influence on the quality of the PINN’s
approximation to the real solution [33]. A recent technique for
handling the weighting of training for a neural network is the
application of self-adaptive PINNs (SA-PINNS) [34, 35].

Regarding batteries modeling, for example, in [12], Al is used to
construct the complex polycrystalline structure of the NMC par-
ticle. Another example of the use of Al in Batteries modeling is
shown in [36], where the state of lithiation in the electrode is
estimated. There is relatively little literature on modeling the gov-
erning equations for transport phenomena using Al. However,
an example in which the chemical and mechanical processes
are modeled using a PINN is described in [37]. Although this
study determines the diffusion-induced mechanical stresses in
1D within a spherical electrode particle, it does not consider a
further damage process.

In this work, the relevant system of equations for the chemical,
mechanical, and fracture processes is first derived in order to cal-
culate the concentration, displacement, and damage in a single-
particle model. A PINN is then trained to solve the complex system
of coupled equations. The solutions of PINN are compared with a
numerical method and evaluated.
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2 | Theoretical Framework
2.1 | Governing Equations

The system of equations for this work is set up below. It consists
of partial differential equations for a chemical process, a mechan-
ical process, and a fracture process. These equations are coupled
with each other. A PFM was chosen for the fracture model.

A spherical, radially symmetrical particle is assumed. Furthermore,
no depletion or blockage should occur in the electrolyte. Perfect
conductivity is assumed in the electrode, which could be achieved
by a correct mixture of conductivity additives and the active mate-
rial [38]. The resulting single-particle model can therefore be set
up radially symmetrical, 1D, in spherical coordinates according to
Figure 1.

2.1.1 | Chemical Process

Assuming a constant charging rate in a cathode particle, the lith-
ium concentration within the particle is described by the mass
balance. This mass balance describes the diffusion process of lith-
ium ions in the active material. The driving force for diffusion is
the chemical potential. Because lithium ions have a spatial
dimension, their incorporation into the active material causes
mechanical strain and, as a result, mechanical stress. The chem-
ical potential in an ideal solid solution under mechanical stress is
given by

,u=;40+RTlnx—1_/0'h (1)

where y, is a constant, R is the universal gas constant, and T is
the temperature. The molar fraction of lithium is x, and V is the
partial molar volume of a lithium ion. The flux of a species can be
expressed in terms of mobility M, concentration ¢ and chemical
potential p [9]:

J=—McVu 2)

The damage phase field variable d introduced Section 2.1.3 should
influence the diffusion coefficient. In the event of defects in the
material, diffusion must bypass the defects in the material.
Therefore, the diffusion coefficient should be degraded via a
degradation function when damage occurs (see Figure 2a). In
addition, mechanical tensile stresses and the resulting elastic
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FIGURE2 | Influence of damage on the effective diffusion coefficient

of a material (a) and on the effective tensile stress inside the material (b).

strain energies can no longer be absorbed in damaged materials.
Accordingly, the tensile stresses are also degraded (see Figure 2b).

For this reason, a degradation function w(d) is introduced, which
maps the effects of damage on diffusion and mechanical stresses.
The requirements for the degradation function are summarized
in [39] and cover several conditions:

w(1) =0 3)

The simplest function that meets these requirements is used here
and is declared as

w(d)=(1-d)>?+k 4)

with a small numeric value k added to the actual function in
order to avoid division by 0 at all times and therefore increase
the stability of the approach.

Substituting Equations (1) into (2) with the introduction of the
diffusion coefficient (D = MRT) and the degradation of the dif-
fusion coefficient and stresses via Equation (4), yields an expres-
sion for the flux

Ve
J= —w(d)D (VC R Vah> )
in which o}, is the degraded hydrostatic mechanical stress, which
is described in Section 2.1.2.

The conservation equation for the species leads to the following
balance law:

oc

—+V.-J=0 6
5t (6)
To obtain the diffusion equation for a radially symmetric prob-
lem, the flux J from Equation (5) is inserted into Equation (6):

dc
— =V(w(d))D
1 o =Vw(d))
" _ _ _
\Y 4 Vo d)D| v? 4 Ve - Vo v Vi

FIGURE1 | Reduction of the model dimension from spatial 3D car- | ve- ﬁc o | +w(d) c— RT ¢-Vop— RT cVioy
thesian coordinates to 1D spherical coordinates for a an active material
particle inside the electrode. ™
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Since this investigation is limited to a 1D radially symmetric
state, a coordinate transformation to spherical coordinates yields
the final diffusion equation

0, ow(d(F) (0 Vido 10 (0

_Votde,_Velo (Lo ©
RT OF 0F  RT# oF oF

where the concentration and the spatial variable are normalized
so that they run in a value range between 0 and 1. This is done by
introducing the new variables € cy,,x = ¢ and 7Ry =r. Here cpax
is the maximum possible lithium concentration in the particle
and R, is the radius of the particle. The resulting partial differ-
ential Equation (8) thus determines the concentration profile in
an active material particle.

2.1.2 | Mechanical Process

Mechanical stresses in the active material particles are deter-
mined by the mechanical equilibrium of forces. Since no external
forces are present here, the mechanical equilibrium is generally
defined by the momentum equation:

V-6=0 )]

Despite the 1D diffusion equation and the assumed radial sym-
metry, a 3D stress state is used. The stress tensor then consists of
a radial component (index r) and two tangential components
(index ¢) that are equivalent due to the symmetry. The mechani-
cal equilibrium can be expressed in spherical coordinates [9]:

260 =0 (10)
Since it is assumed that radial symmetry is maintained before and
after any deformation, the deformation must be distortion-free.
Consequently, the entries in the stress and strain tensors are
reduced to the diagonal entries. For the special case of isotropic
media assumed here, Hooke’s law is generalized by the following
relationship between the strains of the strain tensor ¢ and the
stresses of the stress tensor ¢ and extended by a contribution from
the stored Li-ions [9, 13]

V(C B cref)

1
e = —((1+vp)0y — vody) + 3

_ el h
i =g Jjj —sieja +8i°j °m - (11)

where the first term on the right-hand side describes elastic strain.
The second term on the right-hand side represents chemical strain
due to the stretch of the stored lithium ions. This approach is anal-
ogous to the modeling of thermal stresses from [40].

The Kronecker delta 6 distinguishes the diagonal entries of the
tensors from the nondiagonal entries. Young’s modulus E and
the poisson ratio v, are primarily responsible for the elastic
strains in the material. The chemical strains are determined
by the difference between the concentration and a reference con-
centration c,, in which the particle is assumed to be stress-free.
Adding both strain contributions together gives the total strain in
the material.

Furthermore, for small strains the relationships between the total
strains and the displacements u in the material still apply:

tot _

(Vu+VTu)=:Vu (12)

N =

€

In 1D spherical coordinates, this relationship is expressed
component-wise [9]:

du

u
tot tot — 13
ér dr’ & r (13)

The elastic strain energy absorbed by the material during lithia-
tion is calculated

1
W= Enzeela (14)

and if Hooke’s law is applied to the stresses o; with the Lamé
constants G and 4, the elastic strain energy can be obtained as

W = G((Sela :gela)) + g ((Sela)kk)Z (15)

in which the derivative of the elastic strain energy with respect to
strain results in the mechanical stress:

d
ol = d;{a (16)

Figure 2b illustrates that a completely intact material can still
absorb all tensile stresses. In extreme cases, if the material is
completely damaged, it can no longer absorb tensile stresses
except for the stability correction k which leaves the artificial
elastic rest energy density. Since the particle can only absorb less
elastic strain energy from the tensile strain in a damaged mate-
rial, in our model, only the positive portion of the elastic strain
energy is degraded by the degradation function (4). Accordingly,
the elastic strain energy must be decomposed into positive and
negative strain components:

w(e) = w(d)y (™) +y () =wd)y* +y~ A7)

As mechanical stress is defined by Equation (16), it is also influ-
enced by the degradation function (4):

o =w(d)(2Ge®®+ + Atr(e¥®) *I) + (2G>~ + Atr(e¥1®) ~I) (18)

For the diffusion equation from Section 2.1.1, the degraded
hydrostatic stress o}, = 1tr(c) in the material is required. This
is calculated from the degraded stresses from Equation (18).
The distribution into a positive and a negative part of the strains
is performed using ramp functions. The small constants k,, k, are

added to ensure numerical stability.
8ij - €»Z~ + k2
L A (19)

ej+/ei+k

85' = f’ eij = 2
The aim of the mechanical model is to calculate a displacement u
that satisfies mechanical equilibrium. To do this, a relationship
between elastic strain and displacement is established from
Equations (13) and (11) . The elastic strain is then decomposed
into positive and negative parts using Equation (19) and inserted
into Equation (18) . This allows formulations for the radial and
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tangential stress components to be determined. Inserting these
formulations into the mechanical equilibrium from Equation
(10), a nonlinear differential equation for the displacement u
is obtained. To obtain more manageable values, u is normalized
using the particle radius resulting in @i Ry = u.

2.1.3 | Damage Process

The damage parameter d is determined using a phase field
model. For a detailed derivation of the used PFM, please refer
0 [39]. The principle of the derivation is that a functional of
the total energy is solved for a stationary point. The functional
consists of temporal derivatives of the stored elastic energy, the
dissipation energy, and external energies.

In the following, the dot above a variable denotes the time deriv-
ative. Assuming sufficient smoothness, the functional of the rate
of elastic strain energy E(y(e(u(t)),d(t))) from Equation (14) is
obtained using the chain rule:

E= / 0y dV = / 0.y &+ gy 0,d dV (20)
Q JQ
in which the known quantities can be substituted:
E= / c:Vaa—-2(1—dytddv (21)
Q

Introducing a damage surface density function that applies per
unit volume reveals the functionality of the dissipation rate.
The damage surface density function is given by [39]:

_ L

l
= —d?+ - |Vd]? 22
21+ 51V 22)

4

where [ describes a characteristic length scale of the damage. The
functional of the rate of dissipated energy is also given by [39]:

D= / g 0,y dV = / g. 047 0,d dV (23)
Q Q

D= /g(%(d—l%d))d dv (24)
JQ

The rate of energy dissipated is therefore proportional to the
change in damage d. For thermodynamic reasons, both y must
increase continuously with increasing damage variable and d
must increase continuously with increasing time. Accordingly,
04y and d are always greater than or equal to zero. The parameter
g. refers to the energy required to create new surface area [39].

Since no external power influences damage formation, Equations
(21) and (24) can be used to establish the total functional, which
is the sum of the power that can be stored in the material with the
strain energy per unit of time and the sum of the power dissipated
by the damage that occurs:

1 (i, d) = E(i,d) + D(d) (25)

Variational calculus is then used to find the stationary point,
which is the equilibrium for the total functional:

{i,d} = Arg{ stat T1(i, d)} (26)

,d>0
This results in a system of equations:

V:-6=0 @7
%(d_lmd) =2(1-dy* (28)

Equation (27) is the condition for mechanical equilibrium, which
was already introduced as Equation (9) . Equation (28) determines
the development of the phase field damage parameter d and cor-
responds to the damage equation of the system. Equation (28)
shows that positive elastic strain energy is the source of damage
formation.

To ensure that the damage is not reduced again, a history field is
introduced, which displays the maximum positive elastic strain
energy that has occurred so far [39]:

H(u,t) = max y (e + (u,s)) (29)

s€(0, 1]

This then results in the final damage equation for the 1D radially
symmetric case:

&, B (¥d 20d\\
l(d Rg(af2+faf =21-giH GO

2.2 | Boundary and Initial Conditions

At the start of lithiation, the initial concentration is set to the
discharged reference concentration in the particle. Because it
is assumed that the reference concentration is stress-free, the dis-
placement in the particle is set to zero at the start. It is possible
that damage is already present in the particle. Accordingly, the
initial condition for the damage-phase field can be freely selected:

Art=0)= " G(rnt=0)=0,  d(r,t=0)=dy;(r)
Cmax
(31)

Since the spherical particle is simulated in 1D and radially sym-
metrical, the only spatial axis runs along the radius from the cen-
ter of the particle to the surface edge of the particle. At the center
of the particle, the displacement is set to zero. For the other fields,
a symmetrical boundary condition was chosen:

oc¢ od

— =0, =0,

5 3 =0 on 0 ner (32)

Equation (28) shows that damage in the particle only occurs
under tensile stress. Tensile load in the particle is determined
by the concentration and displacement outer boundary condi-
tions. Figure 3 illustrates the various combinations.

Due to galvanostatic operation, for delithiation and lithiation a
constant current is applied at the surface of the particle to the
chemical flux where i, is the surface-specific current:

Energy Technology, 2026
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FIGURE3 | Choice of boundary conditions for tensile or compressive load in the particle. The trace of the strain tensor ¢ is a measure for expansion

or compression. Delithiation and lithiation are referring to boundary conditions for the concentration profile. Fixed boundary means u =0 and traction-

free means the radial stress equals zero at the boundary. Tensile loads occur for delithiation and fixed boundary or lithiation and traction-free boundary.

Compressive loads occur for delithiation and traction-free or lithiation and fixed boundary.

Qc i -
W(d)D (VC - ﬁ Vgh) = Fn on aVouter (33)
This results in
o¢ Q - aO'h R(z)(cmax - Cref)C U
—_ b o 0\rmax et/ 7w oV, 34
7 TRTC 07~ 10800w(d Doy, O OVouer (Y

with the introduction of the C-rate C=3600I /Qmax using the
current I and the maximum capacity Quax =V (Cnax — Cref)F-
Lithiation and delithiation are distinguished solely by the sign
of the applied current I.

For the displacement, according to Figure 3, either a Dirichlet
boundary condition (1 =0), which does not allow displacement
at the boundary, or a Robin boundary condition in the displace-
ment (6, = 0), which guarantees radially stress-free displace-
ment at the boundary, can be applied at the outer boundary.
In this study, the case of lithiation with a traction-free boundary
is investigated. The damage field at the outer boundary condition
is set to have a zero gradient in the radial direction.

3 | PINN

A common representative of machine learning methods for solv-
ing differential equations is the PINN. In comparison with conven-
tional numerical methods, approaches derived from the class of
neural networks have certain advantages, including independence
from a computing grid and the requirement for recursive calcula-
tions. In order to exploit these advantages, especially for complex
problems and to better understand PINNS, this study uses a PINN
to solve the proposed nonlinear coupled differential equation.

3.1 | General PINN

In a standard Artificial Neural Network (ANN), the loss function
consists of the error between the expected and observed output,
which is calculated using given labeled training data. The train-
able parameters of the network were optimized to minimize this
loss function. Using PINNs, the error is primarily determined
from the residue of a given differential equation with its bound-
ary conditions and initial conditions. For this purpose, the nec-
essary (partial) derivatives of the output with respect to the input
are determined with an algorithm called backpropagation. A
data-based standard error can be added to the loss function as
desired. For a general boundary value problem for a general func-
tion f:R"—>R™, Equation (35) applies, in which L[] is a differ-
ential operator and B[] is a boundary operator:

Vx e Q

{E[f ] (x) = g(x) G3)

B[ f] (x) = h(x) Vx € 0Q

As an advantage over ANNs, PINNs learn not only the values at
the data points but also the slopes and curvatures of these values
by specifying the differential equation. This ensures that areas
between the data points can be learned better and more smoothly.
The function f, is the approximation of the PINN of the function
fwith the trainable parameters 6. Figure 4 shows the basic archi-
tecture of a PINN.

Since the level of the solution to the differential equation is usu-
ally only described by the boundary conditions or initial condi-
tions, it is essential to include this information in PINN as well.
In Equation (36), the loss function from which the PINN learns
has different components:
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(36)

The total loss consists of the errors of the interior points (ip),
errors due to the boundary points (bc), and errors due to the ini-
tial conditions (ic). Even though the classic PINN method does
not require labeled data points, if applicable, labeled data points
(data) may also be used to simplify the training process. The data
sets of the individual components have the sizes N;,, Ny, N, or
Nyaa> respectively. The different errors are weighted using the
factors ;. This weighting is crucial for the accuracy of PINN
[33]. If the boundaries are weighted too heavily, especially in
the case of Dirichlet boundaries, it is possible that only this
low-frequency solution will be learned for the entire domain.
In order to avoid focusing exclusively on the weighting between
boundary points, initial points, and interior points, data points
are helpful here as they can determine the level of the differential
equation without learning a low-frequency pseudo-solution to
the problem. The weighting between equation training and data
training can be determined here by Agqq,.

The error for the differential equation or boundary condition is
calculated from the residual of Equation (35) . To make the error
independent of the sign, it is squared. An error for the initial con-
ditions works in the same way. To quantify the error at each data
point, the squared difference between the observed and expected
outputs is used.

As with ANN, the actual training of a PINN involves an update
step for the trainable parameters . This involves gradient-based
optimization, usually using a gradient descent method or a mod-
ification thereof.

3.2 | Self-Adaptive Weightening

To address the difficulty of learning high-frequency solutions for
PINN and determine a reasonable weighting of the error contri-
butions, this paper uses the SA-PINN presented by [34] instead of
the standard PINN. This approach counteracts those two prob-
lems of conventional PINN during training. Each data point here
gets its own weight. So, compared to Equation (36), the new loss
function differs from Equation (36):

Np.

Z ;Lbc lLbCl Z /110 lLlCl

lCl

1
=5 Aip,iLip i
Nip ;

1 Nata

(37

+ Adata,iLdata,i

Ndata i=1

This means that training points that have not been learned well
will be given greater consideration in the next training step. The
idea is to improve the balancing of the individual terms in the
loss function and thus focus more on the error contributions that
are poorly trained. Using the SA-PINN also creates an update
step for the weights besides the standard update step for the train-
able parameters. The weights of the data points that cause a large
error should be maximized via gradient ascent.

4 | Numerical Procedure
4.1 | Generation of Training Data

Since the arguments in favor of labled data-driven training are
obvious, in this work, labled data is used for the training process.
It is experimentally unfeasible to obtain data on the concentra-
tion, displacement, and damage to single particles. So, numerical
methods are used to generate labeled data, some of which was
incorporated into the actual training process as a term for a
labeled data loss in the total loss function. However, the majority
of these labeled data points were ultimately used to validate the
trained model. Since no complex unstructured grids are used in
this 1D simulation in spherical coordinates, the finite difference
method (FDM) was chosen as the numerical method. The fields
were solved sequentially. A visual summary of the numerical
process is shown in Figure 5.

The concentration Equation (8) was implicitly discretized using a
Crank-Nicholson method, and the resulting tridiagonal system
of equations was solved using a Thomas algorithm. Since the dis-
placement equation from Section 2.1.2 exhibits a nonlinear
behavior, a multidimensional Newton-Raphson method is used
here to iteratively minimize the residuals of the displacement
equation. The elastic strain energy was calculated at each grid
point from the converged displacement profile, and finally, the
damage Equation (30) was solved using the efficient Thomas
algorithm again. The data in Table 1 for NMC622 deliver the used
material parameters.
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FIGURE 5 | Visualization of the generation of training data, the learning process and the validation of the PINN. The term “unlabeled data” here
refers to a dataset of input parameters without the corresponding results. In contrast, “labeled data” includes these results in the dataset.

TABLE 1 | Material parameters of NMC622.

Parameter Value Unit Source

Cmax 50451 molm ™3 [41]

Cref 18 409.57 molm ™3 [41]

D 4.3032e—14 m%s™! [41]

Ry 500e—9 m Choosen

v 1.8e—6 m>mol ™! [13]

E 10e9 kgm™'s™> [42]

vy 0.3 — [42]
293.15 K Choosen

l 5e-9 m Choosen

For the FDM method, the grid and time step were refined until the
solution no longer changed. Data for training the neural network
was then generated using the optimized grid widths and time steps.

4.2 | PINN Configuration

The PINN used is shown in Figure 6 with its input and output
parameters. Since the concentration, displacement, and damage

inputs

fields are based on the previous damage field due to the feedback,
the previous damage field must be specified in the form of the
absolute value and in the form of the local gradient at every point
under consideration as an input parameter. In addition, the
C-rate, which already appears in Equation (34), is specified as
an input parameter. This parameter controls how much lithium
flows into the particle from outside via the Robin boundary con-
dition. It is therefore decisive for the slope in the concentration
profile and, accordingly, also decisive for displacements and
damage in the particle. Another essential input parameter is
the radial coordinate of the 1D fields, which is specified in the
parameter 7.

Looking at the equations for the concentration, displacement and
damage fields, the last input parameter, which is missing from
the concentration Equation (8), is the time ¢. Due to galvanostatic
operation, which assumes a constant charging or discharging
rate, the time dependence is replaced in this work by a depen-
dence of the state of charge (SoC) via Equation (38):

At-I At-C
—ASoC=ADoD=—""-="_— (38)
Qumax 3600

Since cathode active material particles are considered here, the
depth of discharge (DoD) is a more convenient measure than the

outputs

FIGURE 6 | Inputand Output Parameters of the proposed PINN. The PINN consists of three hidden layers with 30 neurons each. Therefore, it is

considered to be a shallow neural network.
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SoC. Accordingly, time derivatives can be substituted with deriv-
atives based on the DoD using the chain rule. The DoD is zero for
a completely delithiated cathode active material particle, one for
a completely lithiated one, and is defined by Equation (39):

fQ (C(V, t) - cLi,ref) dv

DoD =
fg (CLi,maX - cLi,ref) av

(39

The output of the PINN is the normalized concentration field ¢
and the normalized displacement field #i. In addition, the cur-
rently calculated damage field d is returned. Since the introduc-
tion of the history field H in Equation (29) is intended to ensure
that d cannot become smaller, the PINN compares the input d
with the output d and returns the larger value in d,.,. Since
the derivative of d,,, is also relevant as an input for a possible
next time step, it is also returned as output.

Three hidden layers, each with 30 neurons, were used to config-
ure the PINN. This results in a total of 2313 trainable parameters.
A tan h was used as the activation function in this work [43].

4.3 | PINN Training

In addition to the generated data points, the equations of the dif-
ferential equations, boundary conditions, and initial conditions
were used for training. To avoid having to determine optimal
individual weights between the individual parts, the self-adaptive
weighting discussed in Section 3.2 was used. The self-adaptive
weights were optimized by a standard stochastic gradient ascent
optimizer. A large part of the generated data was used exclusively
for validation. The data sets for the individual training data are
shown in Table 2. Mini-batches were used to train more effi-
ciently. The mini-batch size was chosen so that all different types
of training data were included for each training step. At each
training step, the trainable parameters of the PINN are updated.

Since the gradients of the various training sets vary greatly in
magnitude, the gradients were clipped and rescaled before being
added together linearly. In doing so, those gradients that have a
greater influence on the quality of the solution, such as the gra-
dients of the data points and the boundary conditions, were given
a greater weight than the gradients of the differential equation or
those of the initial conditions. Stochastic gradient descent was
used as the optimizer in combination with a line search. This
allows the learning rate to be chosen flexibly so that the residuals
of the individual training parts are minimized as much as possi-
ble per update step.

TABLE 2 | Number of data points and mini-batch sizes for the PINN
training.

5 | Results and Discussion
5.1 | PINN Training Error

The training of the PINN used is shown in Figure 7. The learning
epochs were plotted on the horizontal axis. One epoch is complete
when training with all training data points has been completed
once. The used PINN was trained for 7500 epochs, meaning that
all training data was shown to PINN 7500 times. The vertical axis
shows the validation mean absolute error (MAE). The MAE
describes the error between the output of the PINN and the desired
output and is defined in Equation (40):

MAE, = ‘xPINN - xreall (40)

Since the PINN in the untrained state returns a value in the order of
magnitude 10~! due to the tanh activation functions, one initially
sees a larger MAE for the smaller fields it and d. For all sizes, one
can see that the MAE decreases most significantly during the first
epoch. The remaining training after the first epoch until the last
epoch then reduces each field by about one order of magnitude.

It is apparent that the MAE for ¢ is the highest. This is because ¢
also has the highest values in the order of magnitude 10~ com-
pared to d and @ (both approx. 10~2). Presumably, the PINN
learns the field i better than d because d is explicitly coupled
to u via H. Therefore, the field u must also be learned for the
field d, which increases the error. In general, the frequencies
of the MAE indicate that the error is even with the used line
search not improved in every step due to the differential equation
residues. Despite the fluctuations in training, the general trend of
PINN training is toward error minimization. Figure 8 further
shows the relative L1 residuals of the training points, plotted
between the initial residual at the start of training and the final
residual after training. It can be seen that not all terms of the loss
function could be minimized to the same extent during training.
This is primarily because the loss function consists of many differ-
ent components, making the minimization problem highly sensi-
tive to the weighting of the individual loss terms. Nevertheless, all
terms were minimized, which is primarily attributable to a suitable
initial weighting as well as the use of an SA-PINN. To obtain exact
concentration, displacement, and damage fields from the PINN,
the terms in the loss function that must be given greater weight

X c X i X d

10°

=
o
|
=
I

Validation MAE / -
=
<

Parameter Value Mini-batch size
Naaa 6000 100
Ny, 1500 25
Nie 1500 25 0 37150 7500
N 1500 25 Epochs / -
Nvalidation 10000 — FIGURE 7 | Training process of the PINN.
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FIGURES |
final values of the training process for all terms of the loss function. All
values greater than one indicate an improvement over the initial residuals.

Ratio of the L1 residuals between the initial values and the

vary depending on the field. For example, in the damage field, the
differential equation is more profile-determining than the natural
boundary conditions. Another example is the concentration field,
where the trivial solution ¢ =0 would satisfy the differential equa-
tion everywhere, but the boundary conditions prevent this trivial
solution, which is also favored by spectral bias. Accordingly, the
boundary conditions must be weighted more heavily here. Since
the differential equation of the concentration field alone can be
satisfied by various profiles, the residual here decreased less during
training compared to that in the other fields. The initial estimate
from the PINNs Xavier-Uniform initializer already satisfied the
differential equation rather well, despite its physical nonsensical-
ity. This means that while the final state of the parameters is
significantly more physically meaningful, this behavior is not
reflected in the residual to the same extent. Even with the optimi-
zation of the initial weighting and the use of a SA-PINN, it is clear
how challenging the nonlinear and coupled minimization prob-
lem is, and there is still further potential for optimization.

When comparing the PINN and ANN training in Table 3, it is
noticeable that the values only differ in terms of stochastic

TABLE3 | Comparision of the validation MAE’s of the different fields
after the 7500th epoch of training.

probability distribution. Thus, no better-performing network
can be identified on the validation dataset. However, the valida-
tion dataset was created with the FDM on the grid points that
were also used for training. By learning the slopes and curvatures
of the profiles using PINN, the interpolated data points should be
better represented by PINN. The same applies to extrapolation
as ANNSs fail to extrapolate beyond the learned boundaries [44].
By specifying and teaching the differential equation in PINNS,
extrapolation can be less of a problem here [45].

5.2 | PINN and ANN

Figure 9 illustrates the advantages of a PINN over an ANN. Three
different concentration profiles can be seen, which are labeled in
the legend according to their respective calculation methods. The
FDM solution, as a numerical solution, represents the validation
solution for the two different concepts of neural networks.

When comparing the concentration profiles, the PINN solution
shows a significantly more realistic slope and curvature than the
ANN solution. This is due to the incorporation of the boundary
value problem during training. Therefore, it results in a more real-
istic progression of the solutions. This is particularly important
when the gradients of the solution are of interest, for example,
to infer the mechanical stresses from the learned displacement
in the cathode-active material particle.

5.3 | PINN Accuracy

The following heat maps in Figure 10 show lithiation with a
C-rate of three. As validation for the PINN, the solution of the
numerical FDM method is also plotted in the second column
for comparison. In addition, the MAE between the PINN and
FDM solutions according to Equation (40) is plotted in the third
column of the plot. The first row of Figure 10 considers the ¢ field,
the second row the @ field, and the third row the d field.

The heat maps show the complete lithiation state of the one-
dimensional model for 3C. The fields determined by PINN show
good agreement with the numerically calculated fields of the

Field PINN MAE ANN MAE .

e FDM method. The respective errors of the three fields are all
¢ 3.14-1073 3.34-1073 two orders of magnitude below the orders of magnitude of the
i 1.87-10-4 1.71-10-4 respective fields, which is considered accurate enough. Looking

at the error plot, there is no preferred error spot visible, neither
d 2.87-1074 3.08-107* - . c .
at the boundary nor inside the domain. This indicates a good
0.68 1 —— FDM
ANN
50661 " PINN
[§] o
)
0.64 1
0.62 4 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
I [ Fmax
FIGURE 9 | Comparision between PINN and ANN with a numerical FDM solution. The plot corresponds to a 1C current.
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FIGURE 10 | Validation of the proposed PINN with a FDM simulation. The particle is lithiated with a 3C current. The first row is related to the
normised concentration field, the second row to the normalized displacement field and the third row to the damage-phase field. In the first column are
the solutions of the PINN model, in the second column the solution of a numerical FDM solution and the absolute error between the PINN solution and

the FDM solution is displayed on the right column.

balance between learned boundary points and interior points and
is based on the use of SA-PINN.
5.4 | Investigation of Lithiation States

One major advantage of substituting the numerical model with a
PINN is certainly the explicit nature of the PINN. This means

that it is no longer necessary to recursively run through all pre-
vious states in order to examine certain parameter states.
Furthermore, due to its independence from any calculation grids,
any parameter state can be called up by PINN. These two prop-
erties facilitate in the investigation of the maximum damage
occurring depending on the applied C-rate and the DoD in
Figure 11a and depending on the applied C-rate and the normal-
ized radial coordinate in Figure 11b, respectively.

Energy Technology, 2026

11 of 14

95U8217 SUOLULIOD SAIES1D) 3l (dde ay) Ag pauenob afe S3pdILe WO ‘8SN JO S3|NJ oy Alelg1 SUIIUO 8|1 UO (SUONIPLOI-pUe-SWIS)W0d A3 |1 Alelq U |UO//:SA1Y) SUOIIPUOD Pue SWie | 84} 89S *[9202/0T/6T] U Akiqiaulluo AS|IM “T890L 91U8/200T OT/I0P/L0d A 1M Alelq | Bul|UD//:SANY WOy papeojumoq ‘0T ‘9202 ‘962rr6Te



x10~1
15 15 24
1.8
10 10
3 >
z 12 &
) o
5 5
0.6
0 0 0.0
0.0 0.5 1.0 0.0 0.5 1.0
Depth of Discharge / - I/ Imax
FIGURE11l | Maximum damage which occurs during litiation depending on the C-rate and the DoD in (a) or on the C-rate and the radial coordinate

in (b). It can be seen that, with a higher C-rate and a higher state of lithiation, the damage increases and is dominant at the center of the particle.

Figure 11a shows the maximum damage value along the radial
component plotted against the DoD and the C-rate. It can be seen
that the maximum damage in the particle increases with increas-
ing C-rate and increasing DoD. The areas below approximately 5C
are relatively uncritical. This is consistent with the literature,
which also claims that lithinations below 5C do not cause signifi-
cant damage to NMC [46]. Otherwise, higher DoD ranges and
higher currents result in greater damage to the particle. In [47],
high DoD ranges and high currents are also identified as risk fac-
tors for batteries. However, in this case, the entire battery was
considered, not just the cathode-active material particles. At
higher C-rates, the damage can be limited by restricting the state
of lithiation (here DoD).

In Figure 11b, the dependence of DoD and the radial component
is reversed. Here, the radial coordinate is shown on the horizon-
tal axis, and the coloring indicates the maximum damage for all
DoD states at the respective point in the particle above the C-rate.
Here, too, it can be seen that currents below 5C are relatively
harmless for the model’s damage prediction. At higher currents,
the model predicts generally high damage with maximum values
inside the particle, which has also been shown in the literature
for lithiations [48]. In order to minimize the predicted damage,
constructive methods that can structurally strengthen the parti-
cle inside would be promising.

The trend that high currents lead to high damage can also be seen
from the model equations in Section 2. A higher C-rate during
lithiation inevitably increases the concentration gradient in
the particle. A higher concentration gradient leads to greater
strains and ultimately to higher strain energies, which are the
driving force behind the damage.

5.5 | General Notes Regarding the Model

In the following, the model will be discussed in general terms and
with regard to its informativeness. In our three-dimensional
world, damage actually occurs in the form of defects or cracks.
Nevertheless, the model presented calculates damage in a simpli-
fied, one-dimensional manner. This leads to problems, primarily

because NMC particles are commonly found as secondary par-
ticles, and cracks often occur at grain boundaries [5]. The distinc-
tion between grain boundaries and primary particles is not yet
taken into account in this model. In addition, there is no possi-
bility of experimental validation as in-operando insights into the
lithiation process are hard to obtain. Furthermore, individual
parameters such as Young’s modulus of NMC vary over several
orders of magnitude in the literature studies. Such material
parameters are difficult to determine, and due to its complexity,
the model is very sensitive to changes in parameters, which is
why quantitative statements from the model should be treated
with caution.

Nevertheless, modeling purely theoretical equations helps to bet-
ter understand the process of intercalation-induced damage in
single particles. The simulation approach allows for a better
understanding of the complex coupling of individual material
and process parameters. As shown in the results section, the
qualitative statements of the model correspond well with the
results presented in the literature. The model can therefore be
used to provide an initial assessment of where and to what extent
damage may occur.

The use of PINNs as a solution method demonstrates the poten-
tial of data-driven models to solve even complex and highly cou-
pled differential equations. This behavior becomes particularly
interesting when conservative numerical solution methods reach
the limits of computing power due to an increase in the
dimensionality and complexity of the model.

6 | Conclusion

A model was presented that estimates the intercalation-induced
damage to single particles. The model consists of a chemical,
mechanical, and damage process. For each process, a differential
equation with a respective target field variable was derived. The
chemical process results in a concentration profile along the par-
ticle, the mechanical process in a displacement profile, and the
damage process in a damage profile. Stresses and strains can be
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further calculated from the displacement. The damage has the
character of a phase field and therefore takes values between
0 and 1, where O indicates a completely intact material, and
1 indicates a completely damaged material. For simplicity, the
model was kept rotationally symmetric in 1D. Degradation feed-
back on solid diffusion and absorbable mechanical stresses is
obtained from the damage model in the form of a degradation
function. Only the lithiation of the particle with a freely movable
surface was investigated, which, in combination, leads to a ten-
sile stress case that is susceptible to damage. A PINN was used to
solve the three complex coupled differential equations, whereby
the standard neural network was extended with the residual of
the differential equations in order to expand the model to include
physical interpretability. For training the PINN, in addition to
the points for the differential equation, the boundary conditions,
the initial conditions, and previously calculated data points were
also used. Despite the trained PINN showing similarly good vali-
dation results as a comparable trained ANN, the physics in the
PINN provide better interpolation and for some PDEs, even
extrapolation capabilities. It can be seen that the solution of
the PINN is smoother than the solution of the ANN due to the
specification of the differential equation. The errors between the
PINN and the numerical comparison method show that the devi-
ations between the two quantities are approximately two orders
of magnitude smaller than the respective fields. Even though the
model can only make qualitative rather than quantitative state-
ments due to its sensitivity to inaccurately determinable param-
eters and its simplifications, it is consistent with the literature.
A lithiation current of less than 5C causes hardly any damage
to the particle. In accordance with the literature, damage during
lithiation occurs primarily at high currents and high DoD ranges
inside the particle.

This work has shown that PINN is indeed capable of learning a
complex problem consisting of several coupled differential equa-
tions in order to provide a fast-executable and grid-free alternative
to conventional numerical methods for solving such problems.
This becomes particularly relevant when numerical solvers reach
the limits of their computing power due to the addition of further
dimensions.
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