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Abstract: Uniform integer-valued Lipschitz functions on a domain of size N of the
triangular lattice are shown to have variations of order +/log N. The level lines of such
functions form a loop O(2) model on the edges of the hexagonal lattice with edge-
weight one. An infinite-volume Gibbs measure for the loop O(2) model is constructed
as a thermodynamic limit and is shown to be unique. It contains only finite loops and has
properties indicative of scale-invariance: macroscopic loops appearing at every scale.
The existence of the infinite-volume measure carries over to height functions pinned
at the origin; the uniqueness of the Gibbs measure does not. The proof is based on a
representation of the loop O(2) model via a pair of spin configurations that are shown
to satisfy the FKG inequality. We prove RSW-type estimates for a certain connectivity
notion in the aforementioned spin model.
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1. Introduction

Height functions occupy a central role in statistical mechanics models on lattices. Indeed,
the Ising, six-vertex and dimer models are only some of the lattice models involving
height function representations. The predicted conformal invariance of these models is
tightly linked to the convergence of their associated height functions to the Gaussian
Free Field (GFF) or variations of it. Both statements were proved only in a handful of
cases, and remain fascinating conjectures in general.

In this paper we study integer-valued height functions defined on the vertices of
the two-dimensional triangular lattice T, or equivalently on the faces of the hexagonal
lattice .. It is then natural to impose that height functions are Lipschitz, that is functions
whose difference between any two adjacent vertices is at most 1; see Figure 1. More
specifically, for any finite domain 2 of Hl, we will consider a uniformly chosen Lipschitz
function among those with values 0 outside of &. The question of interest is the behaviour
of such a function, especially as the domain & increases towards H.

Our goal is to show that the variance of the value at the origin of a uniformly chosen
Lipschitz function is of order log N, where N is the radius of the largest ball centred
at the origin and contained in 2. This result, termed delocalisation (or logarithmic
delocalisation to be precise) is in agreement with the conjectural convergence of uniform
Lipschitz functions to the GFF.

The essential tool here is a re-interpretation of the uniform Lipschitz functions as the
loop O(2) model, which in turn is represented as the superposition of two site perco-
lations on T interacting with each other — below we view these as £-spin assignments.
This double-spin representation is obtained by colouring the loops of the loop O(2)
model in two colours (as was done in [7]), then deriving a spin configuration from the
families of loops of each colour. This may be viewed as the infinite-coupling-limit of
the Ashkin—Teller model on the triangular lattice [26].

The loop O(n) model is defined on collections of non-intersecting simple cycles
(loops) on a finite domain & of H and has two real parameters n, x > 0. The probability
of each configuration is proportional to n to the number of loops times x to the number
of edges in it. The loop O (n) model has a rich conjectural phase diagram [4,31] that
remains mostly open; see [35] for an overview of the topic.
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Fig. 1. Lipschitz function — values at any two adjacent faces differ by at most 1. Level lines are shown in
bold; they form a loop configuration distributed according to the loop O(2) measure with edge-weight one

For n = 2, the model is expected to exhibit macroscopic loops when x > % and

exponential decay of loop sizes when x < \/LE The former is confirmed in this paper
forx = 1andin [13] forx = % The latter behaviour is shown to hold for x < % +€
for some € > 0in [21]. The correspondence between the loop O (2) model and Lipschitz
functions holds for any x > 0, but the corresponding height functions are not uniform:
they are weighted by x to the number of pairs of adjacent faces of H having different
values. The regime of exponential decay of loop sizes corresponds to localisation for the

height function; that of macroscopic loops corresponds to logarithmic delocalisation.

A main difficulty in the study of the loop O (n) model is the lack of monotonicity and
positive association. These type of properties are however expected to hold in convenient
representations of the model, as illustrated by the present paper and by [13]. Indeed, a
core ingredient of our arguments is the FKG inequality, which we show for the marginals
of the double-spin representation. We then develop Russo—Seymour—Welsh (or RSW)-
type results for these marginals, which translate to similar statements for the loop and
height function models.

The RSW theory was initially developed for percolation [36,38], and later generalised
to other models via more robust arguments (see for instance [3,10,11,17,42]). It has
become increasingly clear that for the latter type of arguments to apply the essential
feature of the model is an instance of the FKG inequality. Indeed, other restrictions
such as independence, symmetries and planarity have been, in some forms, relaxed in
recent works. In this paper we do yet another step towards generalising this approach
by considering a case where the Spatial Markov property applies only in a limited way.

The FKG inequality mentioned above extends to the case of certain non-uniform
distributions on Lipschitz functions (corresponding to the loop O (2) model with x < 1)
and more generally to the loop O(n) model withn > 2, x < ﬁ Thus, we hope
that this instance of the FKG inequality, together with the strategy of our proofs can be
useful in other studies of the loop O (n) model.

Finally, we want to emphasise that in this work we do not attempt to prove convergence

to the GFF. In general, the RSW theory can be viewed as a robust technique based on
geometric constructions, but is not expected to lead to subtle convergence results. Indeed
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the seminal proofs of convergence of [8,9,27,37,40,41] are all based on some form of
exact solvability, which is missing in our case.

1.1. Uniform Lipschitz functions. Let H denote the hexagonal lattice, embedded in R?
with the origin O being the center of a face and the distance between the centres of
any adjacent faces being 1. Write F(IH) for the set of faces of H. A subgraph ¥ =
(V(2), E(2)) of H without isolated vertices is called a domain if there exists a self-
avoiding polygon in H denoted by g Z such that E(2) is the set of edges surrounded
by dg Z (excluding those of 0g 2). Denote by F(2) the set of faces adjacent to at least
one edge of 2. The inner (and outer) face boundary of &, written i, % (and 0oy Z,
respectively) is the set of faces of Z (and H \ 2, respectively) bounded by at least one
edge in 9 2. The faces strictly in the interior of & are Int(2) = F(2) \ 0nZ.

For a domain 2, a Lipschitz function on & with zero boundary conditions is an
integer-valued function ¢ on the faces of & with the constraint that

e ifu,v € F(2) are two adjacent faces, then |¢ (1) — ¢ (v)| < 1;
o foreach u € 9;,% we have ¢ (u) = 0.

Since Z is finite, only finitely many such functions exist. Write ¢ for the uniform
measure on such functions, and let ® ¢ denote a random variable with law .

Theorem 1.1.

(i) There exist constants ¢, C > 0 such that, for any finite domain 9 with 0 € 9,
¢ logdist(0, 2°) < Var(®4(0)) < C logdist(0, 2°).

(ii) For any increasing sequence of domains (Du)n>1 with0 € 21 and H = J,, %y,
the sequence of variables ® ¢, — ® g (0) converges in law as n — o0 to a random
Lipschitz function @y : H — Z that is equal to 0 at 0. Write my for the law of ®py.

(iii) There exists ¢, C > 0 such that, for any distinct x, y € F(H),

clog|x — y| < Var(Pr(x) — Pu(y)) < Cloglx — yl.

The same holds for ® ¢ for any domain 9 containing the ball of radius 2|x — y|
around x.

One may wish to study height functions with different values imposed on the boundary
via so-called boundary conditions. While we do not attempt to provide the most general
form of our result, let us briefly mention some direct generalisations. First, for constant
boundary conditions — that is if we study uniform height functions with ¢ (1) = ¢ for
all u € 0i,Z — the law obtained is that of ¢ + ® g, and the results above adapt readily.
Versions of the results above may also be deduced for “flat” boundary conditions, that
is boundary conditions whose maximum and minimum differ by at most a constant,
independently of &. The results for such boundary conditions may be obtained using
the FKG inequality for the height function; we refer the reader to the upcoming paper
[15] for formulations and proofs of such results in a slightly different context.

In addition to the theorem above, RSW-type statements may be proved for &g, see

Theorem 5.6. These may be used to prove bounds on the tail of ——— ® 5 (0) in a domain

ViegN
where dist(0, ) = N.
To the best of our knowledge this is the first instance when a uniformly distributed Lip-
schitz function is proven to have logarithmically diverging variance. Previously known



Uniform Lipschitz Functions 1157

results establish that the variance is bounded (referred to as localisation) in high di-
mensions [32], or when the underlying graph is a tree [33] or an expander [34]. The
conjectured convergence of the height function to the GFF indicates that localisation
should also hold on lattices in dimensions three and above.

Recently it was established in [13] that the variance is logarithmic in a very similar
setup — also on the hexagonal lattice, though the distribution is not uniform but instead
the probability of a function ¢ is proportional to (1/+/2)#{#~v: #@#¢ @)} This result
follows from [13, Thm. 1] for n = 2.

On the square lattice Z2, one may also consider the related model of graph homomor-
phisms from Z? to Z, which are defined as functions on the faces of Z? restricted to differ
by exactly one between any two adjacent faces. These functions may be viewed as height
functions of the six-vertex model that has parameters a, b,c > 0. Whena = b = 1
and ¢ > 0 is general, the height functions are weighted by ¢"5*"6, where ns + ng is the
number of vertices of Z?> for which the four adjacent faces contain only two values. For
the uniform model ¢ = 1 (termed square ice) a non-quantitative delocalisation result
is proved in [6] based on an approach described in [39]. In [14] a dichotomy theorem
similar to our Theorem 4.1 is developed and logarithmic delocalisation is shown. In
[22] logarithmic delocalisation at ¢ = 2 and localisation for ¢ > 2 are shown, based on
the Baxter—Kelland—Wu coupling [2] with the random-cluster model and results of [17]
and [12], where the order of the phase transition in the latter model is computed. In the
upcoming [15], the logarithmic delocalisation result is generalised to all ¢ € [1, 2].

Convergence of the height function of the dimer model to the GFF was proven in a
seminal work by Kenyon [27] and was recently extended to the case of a weak interaction
[20]. On the square lattice, this corresponds to graph homomorphisms to Z with ¢ ~ /2.
Proving convergence of delocalised discrete-valued height functions outside of the free-
fermion solution remains a major open problem.

The case of real-valued height functions is better understood. In particular, conver-
gence to the GFF was established for uniformly convex symmetric potentials (under
additional regularity assumptions) [29] and the delocalisation was proven for some non-
convex nearest-neighbour potentials [30].

1.2. The loop O(2) model. Let & be a domain of H. A loop configuration on 7 is a
subgraph of Z in which every vertex has even degree. Thus, a loop configuration is a
disjoint union of loops (i.e., subgraphs which are isomorphic to cycles) that are contained
entirely in 2. In particular, none of these loops contain edges of 9 2. Denote by .Z(2)
the set of all loop configurations on Z.

The loop O(2) model on 2 with edge-weight 1 (and empty boundary conditions) is
the measure Py on .2 (2) given by

!
Py(w) = 72D 27,
where £(w) is the number of loops in w. The normalising constant Z(%), chosen so
that P is a probability measure, is called the partition function.

Write A, for the domain defined by a self-avoiding contour going around the set of
faces at distance n from O (for the graph distance on the dual H* = T of H)). A sequence
of domains (%,),>1 is said to converge to H if, for all k, all except finitely many domains
of (Zn)n>1 contain Ay.

Theorem 1.2 (Existence of Gibbs measure and delocalisation).
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Fig. 2. A loop configuration in a domain & bounded by the path y. The domain & is formed of all the edges
strictly in the interior of y. Loops inside Z are contained in the interior of y and are not allowed to intersect y .
The hexagons or 9j, Z and dout Z are marked by light and dark gray, respectively

(i) For any increasing sequence of domains (Z,)n>1 converging to H, Py has a limit
denoted by Pry.

(ii) The measure Py is supported on even subgraphs of H that contain only finite loops.
(iii) The measure Py is ergodic and invariant under translations and rotations by w /3.
(iv) There exists ¢ > 0 such that, for any even integer n and any finite domain 9

containing A, or for 9 = H,

Py (there exists a loop in A, surrounding Ap2) > c. (1.1)

Moreover, there exists p < 1, such that, for any finite domain 2, if we set n =
dist(0, 0 2), we have

Py (there exist two loops surrounding App) <1 —c. (1.2)

(v) Write Ng for the number of loops surrounding 0, contained in some domain 9.
There exist constants ¢, C > 0 such that for any domain 9,

¢ logdist(0, 2¢) < E4(Ng) < C logdist(0, 2°), (1.3)

where Eg denotes the expectation with respect to Pg. The same holds if we re-
place Eg (N ) with Eg (N ). In particular, Py-a.s., there are infinitely many loops
surrounding the origin.

Any limit of measures of the type Py is supported on even subgraphs of H. Such
graphs are in general disjoint unions of loops and infinite paths on H. Thus, point (ii) of
the above states that no infinite path exists Pp-a.s.

Point (iv) of the theorem above resembles a RSW-type statement for the loops of
the O(2) model; indeed, it stems from an actual RSW result for a related model (see
Corollary 5.2). Due to the imperfect correspondence between the models, the upper
bound of (1.2) takes this slightly odd form. We believe that a similar bound should apply
toany p < 1 (with ¢ depending on p), for any n and for a single loop instead of two. This
statement is of an independent interest as it would in particular imply, via Aizenman—
Burchard [1], tightness of interfaces under Dobrushin 0/1 boundary conditions.

Point (v) is a direct consequence of (iv). Moreover, bounds on the deviation of Ng
from log dist(0, 2°¢) may be obtained in a straightforward manner.
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Finally, we discuss the issue of Gibbs measures for the loop O(2) model. Consider
a measure 7 on {0, 1} supported on even configurations. Recall that these are disjoint
unions of bi-infinite paths and finite loops. Let w be a configuration in the support of 1
and Z be a finite domain. Then w N 2¢ induces certain connections between the vertices
of 0p Z. Indeed, each such vertex may be connected to another such vertex, to infinity,
or be isolated. These connections constitute a boundary condition on &. Formally we
describe boundary conditions as follows.

For & and &, two restrictions to 2¢ of even configurations on H, write & ~ &; if
they induce the same connections on dgZ. A measure n on even configurations on H
is called a Gibbs measure for the loop O (2) model with edge weight 1 if, for any finite
domain Z of H and any restriction £ of an even configuration to ¢,

77((:)0@:0)(”60(’1@6’\IE)=L

9

Z#ﬁnite loops of wyUE that intersect 7 1{ Ut | |
woUE is even

(DLR)

for all wy € {0, 1}F (?) The above equation needs only to hold when the conditioning
is not degenerated. Write Pij for the measure on {0, 1}£(?) described by the right-hand
side above; it is the loop O (2) measure on & with boundary conditions &. It is immediate
that IP’; does not depend on the choice of & within its equivalency class for ~.

Notice that the infinite paths do not contribute to the right-hand side of (DLR). One
may be tempted to add a term of the form (n/)*infinite paths of woUgy that intersect 7 5y (D R)
forsomen’ > 0. This would be superfluous, as the number of infinite paths intersecting 2
is imposed by the boundary conditions.

Theorem 1.3. (Uniqueness of Gibbs measure). There exists only one Gibbs measure for
the loop O (2) model on H with edge-weight 1, namely Pr.

In particular, any Gibbs measure is supported on configurations formed entirely of
finite loops. Notice that we do not require that the Gibbs measure be translation invariant
or ergodic for it to be equal to Py. However, we do not claim that for any sequence of
domains &, converging to H and any sequence of boundary conditions &, on these

domains, IPSQ" tends to Pyy. This is a stronger statement than Theorem 1.3; we believe it

to be true, but have no proof. It may appear surprising, but limits of measures ]P’% need
not be Gibbs in the sense of (DLR). Theorem 1.3 does not imply the uniqueness "of the
Gibbs measure for height functions. We will discuss more on this point in the following
section.

The loop model studied here is part of the larger class of loop O(n) models with
edge weight x, where n and x are positive parameters. The loop O(n) model with
edge-weight x in a domain & is the measure on loop configuration given by

P — ol (@)
2.n,x(@) Zoan "
where |w| is the number of edges in w and Z(Z, n, x) is called the partition function.
Results similar to Theorems 1.2 and 1.3 were proved in [13, Theorems 1 and 2]

for the loop O(n) model with n € [1,2] and x = m They are based on the
(single) spin representation of the loop O (n) model, which is shown to satisfy the FKG

inequality for n > 1 and x < 1//n. This is then used to prove a dichotomy similar to
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1
used to exclude exponential decay of loops, thus proving the equivalent of Theorem 1.2.
The uniqueness of the Gibbs measure is shown via the stronger statement which we are
unable to prove here: convergence to the unique infinite-volume measure of finite-volume
measures on any increasing sequence of domains, with any boundary conditions.

The point n = 2, x = 1 is clearly outside of the FKG regime determined in [13],
and a more complicated spin representation is required. This representation will involve
two spin configurations, and will therefore be sometimes referred to as the double-spin
representation (see Section 2 for precise definitions).

Let us also mention that [16] proves that for n large enough and any x > 0, the
loops of the loop O (n) model with edge-weight x exhibit exponential decay. Moreover,
for n x© large enough, it is shown that at least three distinct, linearly independent infinite-
volume Gibbs measures exist. For n x® small enough (and n large) it was shown in the
same paper that at least one Gibbs measure exists, but its uniqueness (though expected)
was not proved.

our Theorem4.1. For x = andn € [1, 2], the parafermionic observable is then

1.3. Relation between the loop O(2) model and random Lipschitz functions. Fix a do-
main 2. For a Lipschitz function ¢ on &, define an edge configuration w, by w,(e) = 1
if and only if the two faces separated by e have different values of ¢. It is straightforward
to check that w, is indeed a loop configuration.

Proposition 1.4. (i) If ® has law m g, then we has law Pg.

(ii) Given some loop configuration w, the law of ® conditionally on wgp = w is obtained
as follows: define @ by choosing a clockwise or a counter-clockwise orientation
uniformly and independently for each loop £ of w. Then, for each face u of 9, set

D) =L (W u) — L(W 5 u), (1.4)

where EO(Z)); u) and EQ(Z)); u) stand for the number of clockwise (resp. counter-
clockwise) oriented loops of @ surrounding u.

Proof. The correspondence between oriented loop configurations and Lipschitz func-
tions defined by (1.4) is in fact a bijection. Indeed, the reverse mapping can be defined
as follows: given a Lipschitz function ¢ : ¥ — Z, each loop of the corresponding
(unoriented) loop configuration w, is oriented clockwise if the values of ¢ inside of the
loop are higher than those outside, and is oriented counter-clockwise otherwise.

The push-forward of 7w under this bijection is a uniform measure on all oriented
loop configurations on &. Considering the projection on the set of unoriented loop con-
figurations we obtain [Py, since each loop has two possible orientations. This proves (i),
and (ii) follows readily. O

Using the correspondence between Lipschitz functions and loop configurations de-
scribed above, Theorem 1.1 follows easily from Theorem 1.2.

Proof of Theorem 1.1. (assuming Theorem 1.2) (i) By Proposition 1.4 (ii), a random
Lipschitz function ® ¢ distributed according to 74 can be sampled from a random loop
configuration w distributed according to Py by orienting each loop of w uniformly and
independently. Then ® 4 (0) has the distribution of a simple random walk on Z with Ny
steps, where Ng is the number of loops in @ surrounding 0. Thus, Var(®4(0)) =
E4(Ng). The conclusion follows from (1.3).



Uniform Lipschitz Functions 1161

(ii) Using the coupling from Proposition 1.4, we get that for any u € F(2), the value
of ®y(u) — ®4(0) is a function of number of loops separating u from 0 and their
orientations. By items (i) and (ii) of Theorem 1.2 the infinite-volume limit of Py exists
and consists only of finite loops. Thus, the infinite-volume limit of ®¢ — ®4(0) also
exists.

(iii) We will prove the statement for ®y; that for ® 4 is proved in the same way. Similarly
to the previous items, we have

Var(®p(x) — Pr(y)) = En(Noy + Ny\x), (1.5)

where Ny, stands for the number of loops surrounding x but not y and Ny, for those
surrounding y but not x.

For the lower bound, notice that Ny y is larger than the number of loops surrounding x
and contained in A|y_y. Thus, by (1.3), Eg(Ny\y) > clog|x — y| for some universal
constant ¢ > 0. The desired lower bound on Var(®y(x) — ®r(y)) follows.

For the upper bound, define I" to be the outermost loop surrounding x but not y,
provided such a loop exists. Let y be a possible realisation of I" and let Int(y) be the
interior of the domain delimited by y. Notice that the event {I" = y} is measurable in
terms of the configuration on and outside y. Therefore, conditionally on I' = y, the
restriction of P to Int(y ) is the uniform measure among all loop configuration in Int(y),
which is to say it is equal to Pry(,). Thus

Exi(Neyy) = P(Neyy > 0) + Y Eini(y) (Nini(y) () - P (T = ),
Y

where the sum is over all possible realisations y of I' and Npy(y) (x) in the right hand side
stands for the number of loops surrounding x and contained in Int(y). Now, since y ¢
Int(T"), dist(x, Int(y)¢) < |x — y| for any path y appearing in the sum. Thus, (1.3)
proves that Eg(Nm(y) (x)) < 1+ Clog|x — y| for some universal constant C.

The same holds for Eg(Ny\,). Using this and (1.5), we obtain the desired upper
bound on Var(®g(x) — Py(y)). O

Let us briefly comment on the uniqueness of infinite-volume measures for Lipschitz
functions. One may think that, due to Theorem 1.3, myy should be the only infinite-
volume measure with the property that its restriction to any finite domain is uniform
among Lipschitz functions that take the value O at the origin. This is not the case. Indeed,
the correspondence between the loop and Lipschitz functions models is not perfect, and
does not allow us to deduce this.

Moreover the claim is false, as an infinite family of infinite-volume measures for uni-
form Lipschitz functions is expected to exist, one for each global “slope”. The loop rep-
resentation of any of these contains infinite paths and is not Gibbs in the sense of (DLR).

Structure of the paper The rest of the paper is entirely dedicated to the loop O(2)
model with x = 1. In Section 2 we derive a representation of the loop model in terms of
two loop O (1) configurations conditioned not to intersect. These are in turn represented
in terms of spin configurations that are shown to satisfy the FKG inequality and a certain
form of Spatial Markov property.

In Section 3 this spin representation is used to construct an infinite-volume, ergodic
loop O(2) measure. The infinite-volume measure is then shown to be unique (in some
sense that will be made precise later). In doing so, we show that 0 is surrounded by in-
finitely many loops. For height functions, this corresponds to the delocalisation of ® (0) or
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equivalently to the divergence of covariances. At this stage, the delocalisation/divergence
is not quantitative.

Section 4 contains a dichotomy theorem. In the language of uniform Lipschitz func-
tions, the dichotomy theorem roughly states that the covariance between two points
either is bounded or diverges logarithmically in the distance between the points.

Finally, in Section 5, the non-quantitative delocalisation result and the dichotomy
theorem are used to prove Theorem 1.2. Theorem 1.3 is also proved here. Moreover, we
provide an RSW result for height functions in Section 5.4.

The paper is structured so as to isolate the different ingredients of our argument; some
of them may be useful for the analysis of the loop O(n) model with other values of n
and x, or other similar models. We further discuss in Section 2.1 the various properties
of the loop O(2) model that are necessary for our proof.

Notation Below is a list of notation used throughout the paper. Some of it was already
mentioned, some is new.

Recall that H denotes the hexagonal lattice; its dual is the triangular lattice, writ-
ten H* = T. We will call edge-path any finite or infinite sequence of adjacent edges
of H with no repetitions. A face-path is a sequence of adjacent faces of H with no
repetitions, or equivalently it is a path on T that does not visit the same vertex twice.

Domains ¥ = (V(2), E(2)) are interior of edge-polygons of H. The edges of the
polygon form the edge-boundary of &, written g &. The faces of H adjacent to dg Z and
inside 9 Z (outside, respectively) form the inner face boundary of &, written d;, 7 (and
the outer face-boundary written doy &, respectively). The set of faces of H inside dg &
is written F (2); those not adjacent to dg & form the interior of &, denoted by Int(Z) =
F(2)\ 0n2. The dual * = (V(2%*), E(2%)) of 2 is the induced subgraph of T with
vertex set F(9).

An edge configuration on Z is an element w € {0, 1}E(9); it is identified to the
graph with vertex set V(2) and edge-set {¢ € E(Z) : w(e) = 1}. Write u Eovto
indicate that two vertices u, v of V(2) are connected in w. The same notation applies
to H and Z*.

A spin configuration on Z is an element o € {—, +} (9); the notation extends to H.
Below we will use two superposing spin configurations. We identify one as red, the other
as blue and denote the relevant spins by {&, ®} and {@®, @} for legibility.

. . . @
For ared-spin configuration o € {@, @}F(-@) andtwo facesu, v € F(9), write u <>

v (oru M v when the choice of Z is unclear) to indicate that there exists a face-
path in & starting at # and ending at v, formed entirely of faces with o-spin @. Such a
path will be called a @-path or simple-@ path. Connected components for this notion of
connectivity are called @-clusters.

A double-@ path will be an edge-path for which all adjacent faces have spin @;

connections by double-@® paths will be denoted by & The same applies to spins &, @
and @.
Write <A for the negation of <.

2.141=2

Fix a domain 2. Choose a loop configuration w according to Pg and colour each loop
of w in either red or blue, with equal probability, independently for each loop. Extend Py
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to include this additional randomness. Write w, and w, for the configurations of blue
and red loops. Then, for any two disjoint loop configurations w;, wp,

1

o Ler) (1)0wp)

In other words, P is the uniform distribution on pairs of loop configurations (w,, wp)
that do not to intersect.

In the context of Lipschitz functions, one may think of w, as the level lines with
higher value on the inside and w,, as those with higher value on the outside (that is the
clockwise and counter-clockwise, respectively, oriented loops in the language of (1.4)).
While accurate, this interpretation is not relevant below.

Keeping the idea of colouring loops as the intuition, in the next section we introduce
a measure on pairs of red and blue £1 spin configurations. Though this measure is
tightly linked to the loop O (2) measure on pairs of red and blue loops and under certain
boundary conditions these two measures will be shown to coincide, we emphasise that
this is not always the case.

To shorten notation, we will use the symbols &, @ to denote the values of red spins
and @, @ for blue spins.

2.1. Spin representation. Define g to be the uniform measure on all pairs of spin
configurations o, € {&, ®}F @) and ¢, € {@, B} (?) such that for every two adjacent
faces u, v € F(2) atleast one of the equalities o, (1) = o, (v) and 03 (1) = o (v) holds.
We call such configurations o, 0j, coherent and denote this relation by o, L op.

Given a spin configuration o € {£1}Z, define (o) to be set of edges of Z separating
adjacent faces bearing different spin in 0. Then w (o) consists of disjoint loops and paths
linking boundary vertices in 2.

The correspondence o — w (o) is a classical tool in the study of the Ising model,
called the high temperature representation (see for instance [19, Sec. 3.10.1]). If o is
chosen according to a Ising distribution, then w (o) has the law of a loop O (1) model,
with parameter x depending on the temperature of the Ising measure. For the loop O (n)
model with general values of n, this correspondence was used in [13] with the name
cluster representation.

The following proposition describes the relation between i1 ¢ and Py . Define

1o = png(-lo, =P ondpn? and o, = S or 0, = on 3 2), 2.1

where = should be understood as “equal everywhere to”. The notation ,u%f) comes from

Theorem 2.3, where these boundary conditions are shown to be equivalent to setting @
on the interior boundary of & and © on its exterior boundary.

Proposition 2.1. Ifthe couple (o, op) has law M%@, then the couple (w(o,), w(op)) has
law Pg. In particular w(o,) U w(op) has the law of the loop O(2) model on 9.

Proof. Themapo, — w(o,) isabijection between spin configurations o, € {&, ®}F @
that are equal to @ on d;, Z and all loop configurations on Z. Indeed, due to the con-
stant spin of o, on 9;,Z, w(o,) is indeed a loop configuration. Moreover, the reverse
mapping is the following: a loop configuration w on & is mapped to the spin configura-
tion o, € {©, B} P that is equal to @ (resp. ©) at all faces of Z that are surrounded
by an even (resp. odd) number of loops of w.
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Similarly, the map o, +— w(op) defined on the set of spin configurations o) €
(@, B}F @) that are constant on 9, Z and taking values in £ (%) is two to one, due to
its invariance under global spin flip.

The condition o, L o} corresponds to w(o;) N w(op) = @. Thus, u%a induces
a uniform measure on all pairs (w (o), w(op)) of non-intersecting red and blue loop
configurations on &, that is Py. As described above, the marginal of this measure on
the non-coloured loop configuration w (o) U w (0p) is the loop O (2) measure on . O

Remark 2.2. Extensions of the statement to all x # 1 are possible and result in non-
uniform measures on pairs of spin configurations. As already mentioned, the correspon-
dence between double-spins and loops does not extend to general boundary conditions
for the loop O(2) model.

We will show below that, under 1 ¢, the marginals o, and o}, satisfy the FKG inequal-
ity. Moreover the spin measures of the type @ ¢ satisfy the Spatial Markov property in
the following sense. If 2’ is a domain contained in some larger domain 2, then the re-
striction of 1 ¢ to &, conditionally on the spins o, 0, outside 2, is entirely determined
by the values of o, and o, on gyt Z.

It may be tempting to think that these two observations suffice to apply the techniques
developed for the random-cluster model to our setting (such as those of [17,18]). Un-
fortunately this is easier said than done. Indeed, many of these techniques use a form of
monotonicity of boundary conditions. In our case, it is unclear how to compare boundary
conditions consisting of pairs of spins, as the FKG inequality applies only individually
to the single-spin marginals of @ g.

To circumvent this difficulty, we will focus our study on one of the single-spin
marginals of wg; we arbitrarily choose the red-spin marginal, and call it vg. As al-
ready stated, this measure satisfies the FKG inequality, but fails to have a general spatial
Markov property. However, we show in Theorem 2.3 and Corollary 2.4 that a limited
version of the spatial Markov property applies to vy, under certain restrictions.

One may attempt to apply the same strategy to other values of n and x. Our argument
is quite intricate, and different parts of it use different properties of the double spin rep-
resentation described above. The paper is organised to separate the different arguments,
so as to facilitate the identification of blocks that may be applied to other models. Below
is brief list of the essential properties of the double spin representation and their uses.

e The FKG inequality for the red-spin marginal is crucial and is used extensively
throughout the proof. As mentioned in Remark 2.11 (iii), the FKG inequality extends
to the red-spin marginal of a certain double spin representation of the loop O (n)
model with parameters n > 2 and x <

n—1"

e That x = 1 is essentially only used for the spatial Markov property. In its current
form, the property does not apply to x # 1.

e The symmetry between the red and blue spin marginals (which, in light of Re-
mark 2.11 (iii) boils down to n = 2) is akin to a self-duality property, and is used to
prove RSW type estimates (see Lemma 3.8).

Finally, let us mention that it is expected that the loop O(2) model for n = 2 and x >
1/+/2 has a similar behaviour to the case x = 1, that is macroscopic loops exist at every
scale. However, foralln > 2andany x > Oorn = 2and x < 1/+/2, loops are expected
to exhibit exponential decay. Thus, parts of our proof need to fail for more general values
of n and x. The dichotomy theorem of Section 4 (or similar statements) may be expected
to hold for all values of n and x, but no proof is generally available.
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2.2. Spatial Markov property. In general, the measures v, thatis the red-spin marginals
of 1t ¢, do not have the spatial Markov property. However, a version of this property holds
in certain cases. Recall the definition (2.1) of ,u%a and set

1 = ngy( o, =®ondnd).

Let V7 and V77, respectively, be the marginals on o, of the above two measures. Define

the measures /L%‘B, u%a, ,u‘_’; etc. in a similar ways, and write Ve ete. their red-spin
marginals.

Theorem 2.3. (Spatial Markov property). Let 2, 9’ C H be two domains such that
D C E(D). Let 1, € {®,0F D) qnd v, € {8, ?) be two coherent spin
configurations on 9’

(i) if 1, =B on 302 U dout 2, then

o [or,op |0y = T on F(Z)\In(D), op = 1 on F(Z')\ F(D)] £ 15
2.2)

(ii) if 1, =B on dn 2, 1, =S on dou? and s := 1y, (1) for some u € dout 7 , then

M@/[Or’ o | o, =1, on F(.@/) \Int(@), op = Tp ON F(.@/) \ F(-@)]
EA M%aﬁ | o (V) = s for some v € 0, 9D), (2.3)

9 .
where symbol = means that the two measures are equal when o, and o} are restricted

to 9.

Proof. All measures under consideration are uniform over sets of coherent pairs (o, op)
that agree with the corresponding boundary conditions. Thus, it is enough to show that
the two sets corresponding to the two sides of (2.2), and of (2.3), respectively, are equal.

(i) Consider a pair of coherent configurations o, € {®, &} ) andoy, € (@, QD)
contributing to the RHS of (2.2); let us show that they also contribute to the LHS.
By definition, o, = @ on d;, Z, which s to say that o, = 7, on 9j, Z. It remains to
check that, if o, and o}, are completed by , and 73, respectively, on F (2')\ F (2),
they are coherent on 2. For edges of E(2) and E(Z') \ (E(2) U 3 9P), the
coherence condition follow from the coherence of o, with o}, and that of 7,
with 7, respectively. For edges of g Z the statement holds because both faces
adjacent to each such edge are @ in o,

The reverse direction is straighforward since each pair of configurations o, €

(@, @}F(-@) and o, € {©, Q}F(% contributing to the LHS of (2.2) is coherent

and satisfies o, = ® on 9;, 2.

(i) The values of 7, imply that t;, is constant on 9, Z U doy Z. Similarly, the definition
of u®® requires that o, be constant on 9, Z in the RHS of (2.3). The values of 7,
and o on 9,7 are the same because of the condition 7,(u) = op(v) = s for
some u € 9% and v € gyt Z. Thus, the pairs (z,, 1) and (o, o) agree on 0in 7
and as a consequence these boundary values impose the same distribution on the
LHS and the RHS of (2.3). O

Summing equalities of Theorem 2.3 over all possibilities for o5, we get the following
corollary for the red-spin marginals of the measures.
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Corollary 2.4. (Spatial Markov property forv). Let 9, 9’ be two domains such that 9 9 C
E(2). Let T, € {@, @}F(gl). Then the following statements hold:

(i) if t, =B on 3,2 U dout 2, then

vgr(or |0 = 1 on F(2') \ Int(2)) Z v (0);
(ii) if T, = @ on 92 and 1, = © on dou P, then

vy (0 | 0p =1 on F(2') \ Int(2)) zZ v%@(o,),

where by symbol = we mean that the two measures are equal when o, is restricted to 9.

Remark 2.5. 1t is tempting to think that the above Spatial Markov property holds for any
boundary conditions on di, ZUdgy: Z. This is not the case. One significant example is that
of the boundary conditions consisting of four arc of alternating spins ®8, S5, &B, &2,
Indeed, these boundary conditions are coherent with non-intersecting loop configura-
tions! (wy, wp) where wj, contains

e paths between the arcs @@,
e paths between the arcs © or
e none of the above.

The three cases above are mutually exclusive. Depending on the red configuration out-
side Z one or both of the first two cases may be excluded.

2.3. FKG inequality. In this section we show that the red-spin marginals v of the mea-
sures u satisfiy the FKG inequality. This property is crucial to all our proofs. Similar
properties were found in [13] for the single-spin representation of the loop O(n) for
a certain range of parameters and in [22] for a spin representation of height functions
on Z? arising from the six-vertex model.

Fix some domain 2. We start by introducing a partial order on {&, ©}F (7). Given
two elements o, T € {®, O} @) wesay thato < 7 if o (u) < 7(u) forevery u € F(2),
where by convention © < @. An event A C {@®,S}F @) is called increasing if for
anyo € Aand 7 € {®,0}F @ such thato <7, wehave T € A.

A probability measure P on {&, ©}F ) is said to satisfy the FKG inequality (or
called positively associated) if for any two increasing events A, B C {&®, @} D we
have

P(AN B) > P(A) - P(B). 24)

Recall that the marginal of 114 on the red spin configurations is denoted by vg.

Theorem 2.6. The measure vy satisfies the FKG inequality (2.4).

Before proving the FKG inequality, let us compute vg. For a spin configuration o
on 2, let6(o) € {0, 1}EZ") be the set of all edges e = uv € E(Z%) such that o (u) #
o (v). If o is associated to a loop configuration w, then e* € 6(o) if and only if e is
present in w. For readers familiar with the notion of duality in percolation (where the
dual configuration is written w*), we mention that 6(c) = (w*)¢. See Figure 3 for an
example. Denote by k(6 (o)) the number of connected components of 6(o); note that
isolated vertices of 2* (that is faces of 2) are also counted as connected components.

1 Here, due to the atypical boundary conditions, the configurations w; and wy, are allowed to induce odd
degrees for vertices on the boundary of 2. Then they are formed of disjoint loops and paths with endpoints
on the boundary of 2.
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Fig. 3. Left: A red-spin configuration on a domain & and the associated loops. The pink faces correspond
to red spin &, while the gray ones to red spin &. The graph 6 (o) is drawn in black. Right: A blue-spin
configuration coherent with the red one

Proposition 2.7.

(i) The law of o, under |Lg is given by

1
vg(or) = — 2+6Gn), 2.5)

2

where Z g is a normalising constant.
(ii) The law of o, on P under the conditional measure |19 (. | o) is obtained by colouring
independently and uniformly the clusters of 6 (c,) in either @ or ©.

Proof. Leto, € {®, 0} ?) and consider any o3, € {&, ®}F(?) that is coherent with o,..
For any two faces u, v € F(2) corresponding to vertices in V (2*) that are connected
by an edge in 8(o;), we have o,(u) = op(v). Thus, o5 has a constant value on each
connected component of 8 (o). Moreover, there is no restriction on values of o5 on
different connected components of (o, ). Thus, there are exactly 2¢(©) plue spin
configurations coherent with o, and (i) follows readily. In addition, when conditioned
on o,, the measure on these blue spin configurations is uniform, thus asserting (ii). O

Remark 2.8. A straightforward adaptation of the proof above shows that, for &7 C F(2),
the law of o, under (. |0, = @ on &) is given by % 2k 001)) \where ko (6(0,))
is the number of connected components of 6 (o) when all components intersecting .27/
are counted as a single one. When <7 is connected, k. (0 (o)) may be viewed as the
number of connected components of the configuration obtained by adding to 6 (o) all
edges between pairs of adjacent faces of <7

As a consequence

1
v%@ (o‘r) _ ﬁ 2k(9((7r))1{0_r5© on 3n 7} and

2
1 o
v%@(ar) _ ﬁ Zkaﬁ (Q(Ur))l{grz@ on 97}
9

where k34 (0(o,)) is the number of connected components of 6 (o, ), where all compo-
nents intersecting di, & are counted as a single one.

We are in a position to prove Theorem 2.6.
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Proof of Theorem 2.6. By [25, Thm. 4.11], it is enough to show the FKG lattice condi-
tion, which states that, for any two spin configurations o and &,

vg(0 Va)vg(o AG) = vy(o)vy (o), (2.6)

where 0 vV 5,0 A6 € {®, )T are defined by o v 6 (u) = max(o(u),6(u)) and o A
0 (1) = min(o (1), 6 (1)) for every u € T. Moreover, by [24, Thm. (2.22)], it is enough
to show (2.6) for any two configurations which differ for exactly two faces. That is, that
forany o € @, @}F(% and u, v € F(2) two distinct faces,

v7(0%%) - v5(0%°) = 15 (%) 5 (™), 2.7)

where o is the configuration coinciding with o except (possibly) at « and v, and such
that 0’ (u) = a and 0?(v) = b. By Proposition 2.7, the ratio of the LHS and RHS
of (2.7) is written

vz (0*)7(0™) — kO@F))+k(0(0) =k (0 () ~k (O (7)) 2.8)
V7 (0% g (0=°)
Our goal is thus to show that
k(O(0™)) +k©O(0%)) — k(O (©@*)) —k(H() = 0. 2.9)

First we will treat the simple case where o is such that u <—i> vin o® and u <—i> v
in ¢°°. Then u and v are not adjacent and there exist two paths or circuits, one of & the
other of @, that separate u from v in 2. Hence, there exists a path or loop y in w (o) that
separates u from v and does not contain any edges of the faces u or v. For any choice
of a,b € {®,), edges in T that cross y belong to 8(c®), thus forming a path or a
circuit of edges in (o) that separates u from v. The effect on k(6 (o)) of switching
the spin at v from & to © is then independent of the value of the spin at u:

k(O (0%%) — k(0 (*)) = k(@(c™)) — k(O ().

As a consequence, the LHS of (2.9) is zero.

We move on to the case where u and v are connected by a path of @ or by a path
of ©. Before diving into the core of the proof, we need to eliminate a degenerate case:
when u and v are neighbouring faces and no face of & is adjacent to both u# and v.
Then 2 may be split into two domains &, and 2, containing all faces connected to u
in 2 \ {v} and those connected to v in Z \ {u}, respectively. It is then immediate to
see that the number of connected components of (o *®) intersecting &, is the same as
that for 6 (0 ®°). The same statement applies to 8 (6°®) and 0 (c°°). A similar statement
may be formulated for Z,, by pairing 6 (c®®) with 6(c°®) and 6(c*°) with 6(c®).
Finally, in 0(c®) and 0(c®®), faces u and v are in the same connected component,
while in 8(c®®) and 0 (c°) they are in different components. Thus, we find

k(O (0%%) +k(0(%)) — k(@(0%)) — k(O (@"®)) =2 > 0.

Henceforth we may assume that, if # and v are neighbours, then there exists at least
one face of & adjacent to both u and v. Moreover, we will suppose that u and v are
connected by a path of @ in 6®° or by a path of © in ¢°°. By symmetry, we may limit
our study to the case where u is connected to v in 0®® by a @-path; when u and v are
neighbours, we may choose the path to contains at least one vertex other than u# and v.
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Denote by P the @-cluster of u (and implicitly of v as well) in ¢®®; denote by M the
union of all ©-clusters in *® that are adjacent to u or v. Both P and M are fixed sets of
faces of 2. Then all the connected components of 6 (0®%), 8(c*°), 8(c°®), and 6 (¢°°)
that do not intersect P U M are the same in these four configurations, and thus cancel
out in (2.9). It remains to study the contribution of connected components of 6(.) that
do intersect P U M.

For a spanning subgraph ® of Z*, define kp(®) to be the number of connected
components of ® that intersect P, and kjs(®) as number of connected components that
intersect M and do not intersect P. Clearly, kp(®) + kp(®) is equal to the number of
connected components in ® that intersect P U M. Thus, is suffices to prove the following
two inequalities:

kpB(@*®) +kp@(0=) — kp(B(a*°)) — kp(B(c=)) > 0, (2.10)
kp(0(0®)) + kp(0(0%)) — kn(0(0*9)) — kn (8(0=%)) > 0. (2.11)

We start by proving the easier inequality (2.11). Four types of components contribute
to kpr(0(c®°)): those who contain faces adjacent to both u and v, those who contain
faces adjacent to u but not v, those who contain faces adjacent to v but not u, and
those containing no faces adjacent to u or v. Write K, v}, K4}, K{vy and Ky for the
number of components in each category above. By the definition of kj; and the fact
that u, v € P, any connected component contributing to ks (6 (6®®)) is such that all its
faces that are adjacent to u or v have spin € in 6. When turning the spin of u from &
to @, all components of the type K, v}, K{,) become connected to u, and thus cease to
contribute to kjs. The same holds for v, and we find:

km(0(0™)) = Ky + Ky, kn(0(0°%) = Ky + Ky, and  ky (0(0™%)) = Ky.

Using that ky (0(0°°)) = K{u.v} + K{uy + K{v) + Ky, we find that the LHS of (2.11) is
equal to Ky, .}, hence is non-negative.

Let us now prove (2.10). Denote by E,,, E, C E(Z*) the sets of all edges linking u
(resp. v) to adjacent vertices in V (2*). The next claim constitutes the core of the proof
and, as we will see below, implies readily (2.10). O

Claim 2.9. The following equalities hold:

kp(©(0°®) = kp(0(c*™) U E,), (2.12)
kp©(0*°) = kp(0(c*™®) U Ey), (2.13)
kp(0(0=%) = kp(O(®°) UE, UEy). (2.14)

Proof. We start by showing (2.12). Note that
00y COO0**)UE, and [0(c™)UE,\60(G®)
= {uw € E(2%) : ¢®(w) =8).
Thus, it remains to show that for any face w ~ u,

0% 0%
(G%(w) =B and w M P) =>w & u. (2.15)
Figure 4, left diagram, helps illustrate the construction below. Consider a face w

. . 0%
neighbouring u, such that 6°®(w) = @ and w 2970 pLet Y = (Yo, ..., ¥n) be
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Fig. 4. The constructions used in the proofs of (2.12) (left) and (2.14) (centre and right). Spins & are pink
and & are gray; only spins of interest are depicted. The path y (black bold) uses faces of alternating spins until
it enters P, then it continues on P, whose faces (except for v in the central and right diagrams) are of spin &.
The paths x, x ! and x2 (in red) are part of the boundary of P and separate faces of distinct spins. Their dual
edges contain paths linking u to y;, u to v and v to y;, respectively

a simple path of 8(c°®) with 9 = w, y, € P and such that yy, ..., y,_1 ¢ P.By
our assumption 0c°®(w) = ©, we have w ¢ P, son > 1. Continue y by a face-
path vy, ¥u+1, - . ., Ym contained in P and with y;,,, = u. (Note that we do not require that
the path v, ..., ¥ be contained in 0(c®®).) Then it is necessary that O’@©()/m_ D=8,
hence y,,—1 € P, which is to say n < m. Finally set y,,,+1 = w.

Then y is a non-trivial simple cycle on T. Since the domain Z is simply connected, y
delimits a simply connected domain which we denote by D,,. The boundary of P \ {u}
intersects y at two places: the midpoint of the edge y,,—1¥:, and the midpoint of the
edge ¥,—1¥x- Thus the boundary of P \ {u} contains a path x that is contained in D,
and that connects these two midpoints of edges.

Finally notice that, for any two adjacent faces a, b witha € P\ {u}and b ¢ P \ {u},
we have 0%%(a) = @ and 0®®(b) = ©, hence ab € 0(c*®). Applying this to faces
on either side of x, we find that all edges of T crossing x are contained in 6(¢=%). In
particular, we deduce that u is connected in 6 (o%) to yu, hence also to w. This completes
the proof of (2.12). The same argument proves (2.13).

We turn to the proof of (2.14). We will prove this in two steps:

kp(0(c®) = kp @)U E,) = kp@(0*™®) U E, UE,). (2.16)

The second equality above is implied by (2.13). Indeed, we have proved that no edge
of {vw € E(2%): 0% (w) = ©} may connect two distinct clusters contributing
to kp (9 (o ®°)). That is also true for clusters contributing to kp (9 (c®°) U E,,), since the
latter configuration dominates the former.

The first equality of (2.16) is similar to (2.12), with the only difference that it applies
to o rather than 0%, This apparent detail complicates the proof slightly as u is not
necessarily connected to all points of P by paths of @ in ¢*°. The middle and right
diagram of Figure 4 helps illustrate the argument below.

As for (2.12), the proof goes through the equivalent of (2.15). Fix a face w neigh-
bouring u with 0%%(w) = © and which belongs to a connected component of 0 (=)
that intersects P. Our goal is to prove that w is connected to  in 8 (o)

In a first instance let us suppose that w # v. Then, as in the proof of (2.12), we may
produce apathw = 0, ..., ¥u, ..., Ym =usuchthat yo, ..., ¥n—1 ¢ P, Vn, -, Ym €

P and yp, ..., y, uses only edges of 8(c°°). If such a path may be constructed to
not include v, then we choose y such, and the same reasoning as in (2.12) (applied

with P \ {v} instead of P) allows us to conclude that u Vn w.
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Suppose now that no path y with the properties above and which avoids v exists.
Then pick y to visit v at some index k > n and with k < m — 1 (see Figure 4, center).
We have k > n since v € P; we may pick k < m — 1 since, even when u and v are
adjacent, u is connected to v by a non-trivial path of @, and we include this path in y.
It is also true that k > n, since 0°°(yx—1) = @ necessarily. Let D, be the domain
delimited by y.

Consider the boundary of P \ {u, v} inside the domain D, ; it intersects the boundary
of D, at four points: the midpoint of the edges yu—1Vn, Yk—1Vk> ViVik+1 a0d Vi—1 V.
Since no path y avoiding v exists, the boundary of P \ {u, v} contains two non-empty
segments xl and X2 which connect ¥, 1y, t0 Vk—1Yk and Vi Vk+1 tO Yim—1Vm, respec-
tively. By the choice of x! and x? as parts of the boundary of P \ {u, v}, all edges

. ) ) 0(c S
of T that intersect x ! and x?2 are present in 6(¢°°). In particular, we find u &3 v

0(c=° o . .
andy <3 w, which implies that u is connected to w in 6 (°).

Finally let us study the case when w = v and hence u and v are adjacent (see Figure 4,
right). Then, due to our assumption that « and v are connected by a non-trivial path of @
in 0%, we may choose a face-path y = yo, ...,y Withm > 2, 9 = v, Ym = u
and 0%°(y;) = @ forall 1 < k < m. The cycle y U {uv} delimits a simply connected
domain D,,. By considering the interface between P and the © cluster of u in o=°, we
deduce the existence of an edge-path x on E(D,) with @ on one side and © on the
other, that starts on an edge adjacent to v and ends on one adjacent to u. This implies

(=) .
that u <—— v, and the proof is complete. O

Using Claim 2.9, (2.10) becomes
kp(0(c®) —kp(@(@®)UE,) > kp@(@**)UE,) —kp(@(@™*)UE,UE,). (2.17)

The LHS above is the number of distinct connected components in 6 (o ®®) that contain at
least one endpoint of an edge of £, minus one. The RHS is the same number for 6 (c*®)U
E, instead of 8 (0 ®®). Clearly, the former is greater or equal than the latter, and the proof
of (2.10) is finished. 0O

Below we formulate several corollaries about the FKG inequality under various
boundary conditions that we are going to use in the proofs.

Corollary 2.10. The FKG inequality (2.4) holds also in the following cases:

(i) for the red-spin marginal of |Lg, when the red spins are conditioned to take given
values on a set of faces of 9 and the blue spins are conditioned to be @ on a
connected set of faces of 9. More precisely, for o, chosen according to pg(.| o, =
oo on & and o, = B on B), where o is any set of faces of 9, oy is any red spin
configuration on &/, and A is a connected set of faces of D;

(ii) for the measures v%@, v%@, v%@ and v%@.
Proof. (i) First let us show the FKG inequality when <7 is empty. As described in Re-
mark 2.8, conditioning the blue spins to be & on % boils down to counting all connected
components of (o, ) that intersect Z as a single one. When 4 is connected, this may
be achieved by adding to 6(o,) all edges linking pairs of neighbouring vertices in 4.
The proofs of (2.12), (2.13) and (2.14) adapt directly to this situation. Indeed, as already
discussed in the proof above, adding edges to 6 (o) only helps in proving (2.12), (2.13)
and (2.14). The rest of the proof of Theorem 2.6 applies directly.
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Next assume that .o/ is non-empty and og is given. The FKG lattice condition
for g (.|or = opon </ and o, = © on %) is a subset of the inequalities that con-
stitute the FKG lattice condition for 114(.| 6, = @ on ). Since the latter were proved
to hold, so do the former.

(ii) Let 2’ be a domain containing F(2) U dou Z. Then vy satisfies the FKG inequality.
By point (i) and the Spatial Markov property (Corollary 2.4), the FKG inequality also

applies to v%@, v%®, v%@ and v%@. O
Remark 2.11.

(i) The FKG inequality does not apply to o, under 15 (.| o5 = @ on %) when & is
not connected. A counter-example is provided by a domain formed of six faces
in a line, with Z being formed of the first and last face, u and v being the second
and fifth face, respectively, and o being the red spin configuration formed of
alternating ® and © spins.

Nor does the FKG inequality apply to the red spin marginal of ¢ (.| 0 = @ on %,

and 0, = @ on %_), where %, and Z_ are disjoint sets of faces of 2.

(i1) The proof of the FKG inequality only uses limited features of the hexagonal lattice.
Indeed, it adapts to any planar trivalent graph whose set of faces forms a simply
connected domain. It is however worth mentioning that the condition of simply
connectedness is essential. Indeed, counter-examples may be given for sets of faces
of H which are not simply connected: the counter-example of point (i) above may
easily be adapted.

(iii) A similar instance of the FKG inequality extends to the loop O (n) model withn > 2
andx < 1/4/n — 1, whenthered spin configuration is obtained by colouring loops in
red with probability 1/# and in blue otherwise, independently. The only difference in
the proof is that the term 2¥(©)) in (2.5) should be replaced by the partition function
of the Ising model on the graph obtained by collapsing each cluster of 6 (o) into
a single vertex. The FKG property of the FK-Ising representation then leads to the
analogue of (2.17). We do not give further details of this generalisation as it is
irrelevant here; the reader is referred to [22], where similar ideas are used to prove
a FKG statement for the spin representation of a six-vertex model.

2.4. Comparison between boundary conditions. Above he have introduced a number
of boundary conditions for the positively associated measure vg. As for the random
cluster model or other positively associated models, the boundary conditions may have
an increasing or decreasing effect on the measure.

For two measures vy, v, on {&, @} (where F is some non-empty set), say that v
stochastically dominates vy, written v; > 1o, if for any increasing event A C {S, ®}F,
vi(A) = 12 (A).

Corollary 2.12. (Comparison between boundary conditions).

(i) Let 2 be a domain and let o7 C F(9). Leto! < 0% be two (red) spin configurations
on <. Thenvy(.|or =0 on ) <g vy (. |0, =02 on o).
(ii) For any domain 9 the following comparison inequalities hold:

SS] Sl GS] GO
Vg =stVgp =stVgp =stVg - (2.18)

Proof. (i) Write &/ = &/~ U a/,=, where @/ is the set of faces where o1 and o2
agree and 27 that where they disagree. By the ordering o7 < 07, we deduce that oy is
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constantly © on o7 /= while o7 is constantly @ on this set. Due to the positive association
of vy (.| o, = o1 on &) shown in Corollary 2.10,

vg(.|or =01 0n ) =vy(.|o, =01 on F and 0, =S on o =)
<st vz (. |0, = 01 on - and 0, = ® on & =)
=vg(. |0, = 0y on ).

(ii) Let us begin with the first and last inequalities of (2.18). Let 2’ be a domain con-
taining F(Z) U doutZ. By point (i) above,

vor[.|or =@ on dinZ and 0, =S on F(Z) \ F(2)]
<qvg[.|or =@ on 2 U(F(2')\ F(2))].

The Spatial Markov property (Corollary 2.4) translates the above to 17> < v. The
first inequality of (2.18) is proved in the same way.

We move on to the middle inequality of (2.18). Considering (2.3) and the symmetry
of blue spins, this inequality may be written as

pno(lo, =8 ondin?, op =B ondin?) <g no(-lo, =Bondin?, op = ondn?),

where the stochastic ordering refers only to the red-spin marginal. Clearly, the set 9, 7
is connected in H*, thus the inequality follows from Corollary 2.10 (i). O

Let & be a domain with vertices a, b, ¢, d on its boundary dg &, arranged in counter-
clockwise order, and such that the edges incident to a, b, ¢ and d all belong to 9 Z or
to E(2). Call (ab) the segment of dg Z between a and b, when going around & in the
counter-clockwise direction. Define (bc), (cd) and (da) similarly.

Let ;L“;h@C@d@“ be the uniform measure on pairs of coherent red and blue spin con-

figurations on 2 with the property that o, is equal to @ on all faces of 3;, 2 adjacent
to (ab) or (cd) and © on all other faces of ;, 2. The condition above also imposes that
the blue spins of the two faces of 9j, Z that are adjacent to a are equal, and the same for
the pairs of faces adjacent to b, ¢ and d. Other than this, there is no restriction for the

blue spins on di; . The marginal on red spins of the above is denoted by v_‘f@©b@c©d@“.

Fix now a larger domain 2’ with 2 C 2’ (possibly with g 2 N gD’ # ¥). We
say that a configuration 7, on 2’ \ Int(Z) imposes boundary conditions a®bScPdSa
on Z if all the faces adjacent to (ab) U (cd) but not to (bc) U (da) have spin @ in 7,
and all those adjacent to (bc) U (da) but not to (ab) U (cd) have spin €. The faces
of 3in 2 U doy 2 that are adjacent to both (bc) U (da) and (ab) U (cd) may have spins @
or @in 7, 2 (see Figure 5).

As already discussed in Remark 2.5, the spatial Markov property does not apply to the
boundary conditions a®bSc®dSa. Indeed, the connectivity of the edges of 6(t,) that
are adjacenttoa, b, c and d influences the measure in & and is not determined by the spins
on 9y Z U doyt Z. It may be that certain configuration o, are awarded positive probability
in Mf‘@@b@C@d@“, but null probability in ng/ (.| o, = 7 on 2’ \ Int(2)). However, if we
limit ourselves to the red-spin marginal, the Radon-Nikodim derivative of the second
measure with respect to the first may be shown to be uniformly bounded.

2 Due to the choice of a, b, ¢ and d, all such faces are on dout Z; their spins have no influence on the measure
induced in 2.
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Fig. 5. Two domains 2 C 2’ bounded by the black and grey contours, respectively. The configuration
in 2’ \ Int(2) imposes boundary conditions ag&bhS cd&dSa on 9

Lemma 2.13. (i) Let 2 be a domain and a, b, c, d be points on g 2 as above. Let 9’ be
a domain containing 9 and T, be a red spin configuration on 2’ \ Int(2), that imposes
boundary conditions a®bSc®dSa on 9. Then, for any configuration ¢, € {&, ®}F @,

1 BbScBde,
2_3‘}“@ () < vgrloy =g on Do,

=1 on F(@/) \Int(.@)] < 23 va_@@b@c@d@a(gr)‘

(ii) Moreover, ifa, b, c,d € 3 2 N3 D’ and the arcs (bc) and (da) of g Y and 0p D’
coincide, then

’

®HScBAD BHOCBAD
l)a@ c®dOa >y Ua@/ c a

by which we mean that the former stochastically dominates the restriction to 9 of the
latter.

(iii) Finally, ifa’, b', ¢’, d' € gD are another set of four points with the same properties
asa, b, c,d and such that (bc) C (b'c’) and (da) C (d'a’), then

a®bSc®dSa a'®sb'sc’®d'ea’
V@ Est V@ .

Proof. (i) Bothmeasures in the statement are supported on configuration ¢, € {©, @} )
that agree with 7, on 9i, 2. By Proposition 2.7, for any such configuration ¢,

, 1
vag@b@c@d@a (sr) = 7a%bEc@dSa 240 and (-19)
9
1
vorlo, = ¢ron 2|0, = 1, on F(2')\ Int(2)] = Ez"@ Olsrm) (2.20)

where Z‘Zj@b@C@d@“, Z are normalising constants and k4 (6 (g, U 7,)) is the number of
connected components of (¢, U t,) that intersect 2. Indeed, the number of connected
components that do not intersect Z does not depend on ¢, hence cancel out.

Observe that 6 (¢, Ut,) contains more connections than 6 (¢, ), hence fewer connected
components. However, in 6(g,), there are at most four distinct connected components
that may be connected in 6 (g, U 7). Thus,

k(0(sr)) —3 <kg0(sr Utr)) < k(O(sr)).
a@b@c@d@a,

By summing the above over all configuration o in the support of v7; we

find %Z‘;j@b@‘%@“ <7 < Z“;b@"@d@“. Inserting the last two inequalities in (2.19)
provides the desired bound.
(ii) We have

v_zf@@b@c@d@a — Ua@&?b@c@d@a(‘ | o, = @ on @/ \ Il‘lt(@)).
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The FKG inequality implies the desired stochastic domination.
(iii) Let A, be the faces of 9y, 2 that are adjacent to (a’b’) or (¢’d") and A_ be the faces
of 0i, 7 that are adjacent to (bc) or (da). Set A == 0;nZ \ (A+ U A_). Then

v%@b@C@d@“ =vgy(lo,=@BonA, U A= ando, = SonA_) and

Vg EVSCRdCd — (g, =@ on Ay and o, =S on AU Ay).

Corollary 2.12 (i) implies that the first measure dominates the second. O

3. Infinite-Volume Measure: Existence and Uniqueness

In this section we construct an infinite-volume Gibbs measure for the loop O (2) model.
As for the Ising, Potts or FK models, the infinite-volume limit will be created as a limit
of finite-volume measures. The existence of the limit rests on the monotonicity of the
measures Vg in their boundary conditions.

Theorem 3.1. (Existence of limiting measure). For any increasing sequence of domains
(Dp)n>0 with Unzo P, = H, the sequence of measures 7, converges to ameasure M%@

on {8, B ®E Moreover, the u%® is invariant under translations and rotations by
multiples of 7 /3, ergodic with respect to translations, and has positively associated
blue- and red-spin marginals.

The same argument may be used to construct measures /L%e, ,u%" and /LE? as limits
of finite-volume measures with the proper boundary conditions. Below we prove that
these measures are all equal to a single measure . We also show that the measures u%a
converge to up as & increases to H.

For the double-spin representation, the theorem below may be understood as a partial
uniqueness theorem; see Remark 3.3 for more on why it is not a complete uniqueness
theorem. For Lipschitz functions, the theorem below amounts to non-quantitative delo-
calisation: it proves that the value at O is not tight as the domain increases to H, but does
not offer the speed at which its variance increases.

For n > 1, let Circae(n) be the event that there exists a simple closed path of edges
of H surrounding A, with the property that the red spin of all faces adjacent to any of
its edges is @. The events Circes(n), CirCes(n) and Circes (1) are defined similarly.

Theorem 3.2. (Uniqueness of infinite-volume measure / Delocalisation). Foranyn > 1,
uip (Circsa(n)) = iy’ (Circes(n)) = uiy (Circes(n)) = py’ (Circes(n)) = 1. (3.1)

In particular M]%@ = /L%@ = ;L]?f = /L]?_f, and we will simply write [Ly.
Also, for any sequence of finite domains 9, that increases to H, the measures
,u%i, ,u%@n, /f;;n and /L;Z all converge to puy.

Remark 3.3. The theorem above states that any finite-volume measure with any red
boundary condition converges to uy. However, we do not claim this for mixed red and
blue boundary conditions.

It may be tempting to believe that, for any assignment of red and blue spins &/, 5,’17
on di 7, the measure (¢, conditioned to have spins £, and .§,f on di, 7, also converge
to up. Unfortunately this is not the case: counter examples may be created where the

boundary conditions &/, £” force one single configuration inside the domain.

The rest of the section is dedicated to the proofs of the two theorems above. The
RSW theorem developed in Section 3.2 will be of great use also in Section 4.



1176 A. Glazman, I. Manolescu

3.1. Infinite-volume measure for red marginal. We will work here only with the red-spin
marginals v of the measures (.

Theorem 3.4. (Limiting measure for red spins). For any increasing sequence of domains

(DnInz0 with | J, =g Zn = H, the sequence of measures v%@ converges to a measure vg;

on (S, R Moreover UH is translation-invariant, ergodic with respect to transla-
tions and positively associated.

Proof. Let 2 and  be two finite domains, with 2 C 2. Due to the FKG inequality
(Theorem 2.6) and to the Spatial Markov property (Theorem 2.3) for the boundary
conditions ®®,

GO GO
U@ Zst U@/ )

where the above only refers to the restrictions of the measures to &. Thus, the sequence
of measures (v%@) n>0 1s decreasing, hence converges to a measure on e,®F ) which

we denote by vH

Since the limit exists for any sequence of domains, it necessarily is the same for
any sequence of domains (%,),>0. In particular, the same limit is obtained for any
sequence (Ap + z),>1 with z € V (H), which implies that v]ﬁ@ is invariant under trans-
lations.

That vﬁl@ is positively associated for increasing events depending only on the state
of finitely many faces follows by passing to the limit. The property extends to arbitrary
increasing events by the monotone class theorem (see [24, Prop. 4.10]).

In order to prove that v]ﬁ@ is ergodic, we will show that it has the following mixing
property. The measure vﬁ@ is said to be mixing if, for any events A, B, if t,(B) denotes
the translation of B by some x € V (H),

lim v (A N1 (B)) = v (AW (B). (3.2)

[x]—00

The above implies that vH is ergodic with respect to translations, as explained in [24,
Cor. 4.23]. By the monotone class theorem, it suffices to prove (3.2) for events A and B
that are increasing and only depend on finitely many faces. We do this below.

Let A, B be increasing events depending only on the states of faces in some finite
domain of H. Fix € > 0. Then there exists N > 1 such that v]%)l@(A) > v?\?v (A) — €

and vir"(B) > Vi (B) — €. Then, for any x € V(H) with |x| > 2N +2, by positive
association of 17" and (2.2),

| /\

Vi [A N 7o (B) | o, = @ outside Int(Ay) U 7, (Int(Ax))]
var (A) v (B)
Vi (A) Vi (B) + 2e.

V(AN 7(B))

IA

Conversely, positive association implies that
v (AN 7(B)) = vig” (AN (B).

These two inequalities and the fact that € > 0 is arbitrary imply (3.2), and hence the
ergodicity of v, O
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3.2. Crossing estimates for double-plus percolation (weak version). We will work in
the rest of the paper with two percolation models derived from spin configurations. Let
us describe them for a red spin configuration o, on H; the definitions adapt readily to
blue spins, to — instead of +, and to domains of H.

The first corresponds to connections via face-paths of spins @. This percolation, along
with its paths, clusters etc. will be referred to as simple-@; connections between two sets

of faces A and B are denoted by A < B. This notion was implicitly used in the proof
of Theorem 2.6.

The second is termed double-@ percolation. The double-plus configuration dp(o,) €
{0, 1}EM agsociated to o, is formed of the edges of H whose two adjacent faces have
spins @. We regard dp(o,) as a bond percolation on H and use the ensuing notion of

connectivity. In particular, for sets A and B of vertices, we write A gﬁ) B for the event
that there exists an edge-path in dp(o,) with one endpoint in A and the other in B.
More generally, we call a double-@ path, or a double-path of spin @, a path of edges
in dp(o;). All notions related to this percolation (clusters, crossings, circuits etc.) will
be referred to as double-@. Thus, the event CirCes(n) of Theorem 3.2 may be described
as the existence of a double-® circuit surrounding A,. The appeal of this second, more
restrictive percolation model is that double-@® circuits isolate the inside from the outside
in the sense of the Spatial Markov property (2.2).

Since o, is positively correlated under 1t ¢, so is dp(o;). Indeed any event A which is
increasing for dp(o;) is also increasing for o,. A double-minus configuration dm(o;) €
{0, 1Y£® i5 defined in a similar way and is also positively correlated under j¢.¢;. We want
to stress however that the union dp(o,-) Udm(o;, ) is not necessarily positively correlated.

Write Par, , for the set of faces of H with centres at k + 273 with0 < k < m
and 0 < ¢ < n (see Figure 6). They form a domain approximately shaped as a parallel-
ogram. Its boundary dgPar,, , may be partitioned into four sides called Bottom(m, n),
Right(m, n), Top(m, n) and Left(m, n), defined as their name indicates. To be pre-
cise, Right(m, n) and Left(m, n) start and end with vertical edges. Below we will also
use the notation Bottom(m, n), Right(m, n), Top(m, n) and Left(m, n) to refer to the
faces of di,Par,, , U douPar,, , that are adjacent to these sections of dgPar,, ,. Faces
in the corners of Par,, ,, belong to two such sets.

Write Cﬁél (m,n) (and 6 (m, n)) for the event that there exits a face-path in Par,, ,
formed only of faces with spin @, with the first face adjacent to the left side of Par,, ,
and the last face adjacent to the right side (and top and bottom sides, respectively). Call
such face-paths horizontal (respectively, vertical) simple-® crossings of Pary, ,.

Write <5(,5‘69(141, n) (and 65, (m,n)) for the event that there exits a path of edges
of dp(o,) contained in Par,, , with one endpoint on the left side of Par,, , and the
other on the right side (and top and bottom sides, respectively); for technical reasons,
we ask that the endpoints of the paths not be corners of Par,, ,. We call such paths
horizontal (and vertical, respectively) double-® crossings of Par,, ,.

The Russo-Seymour-Welsh (or RSW for short) theory first appeared in the simul-
taneous works of Russo and Seymour and Welsh for Bernoulli percolation [36,38]. Its
ultimate conclusion is that rectangles are crossed with probability bounded by constants
that only depend on the rectangles’ aspect-ratios, not their sizes. Such crossing proba-
bility bounds were obtained for Bernoulli percolation using two separate arguments:

e a self-duality argument proves that the probability of crossing a square of any size
is 1/2 (or more generally bounded uniformly away from 0);
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e the so-called RSW lemma proves that crossing a rectangle of aspect ratio 2 in the
long direction is bounded by a function of the probability of crossing a square of
(roughly) the same size.

The same two step procedure will be used below for the double-&@ percolation. While for
bond percolation on Z? with parameter 1,2 the first point is immediate due to self-duality,
in our context a more complex argument is needed. The second point also requires special
attention, due to the lack of independence and even of a general Spatial Markov property.
A weak version of the RSW lemma is obtained easily using a general argument due to
Tassion [42] (see Proposition 3.10 below). A more elaborate statement is proved later
on (see Proposition 4.7); it requires considerable work.

3.2.1. Crossings of symmetric domains This part contains results on crossing of sym-
metric domains; they are akin to the consequences of self-duality for site percolation on
the triangular lattice or bond percolation on Z2. Two type of crossings will be treated:
simple-@ crossings and double-® crossings. We start with the former, where self-duality
applies as for percolation.

Lemma 3.5. Let 2 be a domain containing Par, , U douPar, , for some n. Let { €
(B, VD) pe such that ¢ =® on Bottom(n, n) U Top(n, n). Then

1|62 (n,n) | or = ¢ outside Int(Par, ;)] > . (3.3)

Proof. Fix 9, ¢ and n. Drop n from the notation Par, Bottom and Top. First observe
that by the monotonicity in boundary conditions (Corollary 2.12 (7)), the LHS of (3.3)
is minimal when ¢ = @ on 2 \ (Bottom(n, n) U Top(n, n)). We will assume this to
be the case. All faces of Bottom(n, n) U Top(n, n) have spin @ in ¢ as required by the
proposition; we will switch the sign of the two left-most faces of Top(n, n) to © — this
only decreases further the LHS of (3.3).

For o, ared spin configuration on Int(Par), write o, U ¢ for the configuration on &
obtained by completing o, with ¢ on 2 \ Int(Par). Write (o) for the configuration
obtained by applying the symmetry with respect to the line ¢!”/%R to —o,.. It is a known
fact (see duality of site-percolation on T [28, Sec. 1.2]) that either o, € % (n, n)
or 7(0,) € Gy (n,n).

Recall from Proposition 2.7 that 3 (o, U¢ ) is proportional to 25 ©rY6)  Also notice
that 0 (7 (0,)U¢) is easily determined in function of 6 (o, U¢ ). Indeed, the configuration ¢
restricted to i, Par U dgy¢ Par is (almost) invariant under t. Thus, 6 (t (o) U ¢) restricted
to ParUdqycPar is the reflection with respect to the line e/OR of (0,UZ). See Figure 6.

All other edges have same state in 8(t (o) U ¢) and 6 (o, U ¢): they are determined
by ¢ and are quite simple. Indeed, in 6(¢), all faces except those in the corners of 9o, Par
are isolated points. Moreover, the top corners of do, Par are connected, as are the bottom
ones.

It follows that, for any oy, k[0 (o, U $)] — k[0 (T (o) U $)]| < 1. Thus

no(0:UE) = 5 1g(t(or) VD). (3.4)
By summing the above over o, € € (n, n) we find
wglés (n,n) | o = ¢ outside Int(Par)] > %u@[‘ég(n, n)¢ | o, = ¢ outside Int(Par)].

This proves the desired bound. O
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Fig. 6. A configuration o, of red spins (& is depicted in red, & in gray) on Int(Par,, ;) with the configuration ¢
on 9y Par U gyt Par. In the left image no simple-& crossing exists between the red arcs Top and Bottom. The
right image is 7 (o) U ¢; it contains a simple-& crossing between these arcs. Observe that 6 (7 (o) U ¢) is the
reflection of 6 (o, U ¢) with respect to the diagonal of the rhombus. In this concrete example k[6 (o7 U ¢)] —
k[6(t (o) U )] = 1 because the clusters of Top and Bottom are linked together after the reflection but not
before

Next we turn to double-@® crossings. The absence of such a crossing does not induce
the existence of a double-& crossing, and we may not apply the same argument as above.
We do however have a similar statement.

Lemma 3.6. For any m,n > 1, and any pair of coherent configurations
o, € (®,8)FPamn) 4nd o), € (@, @) Pamn) either Par,, , is crossed horizontally by
a double path of constant red spin, or it is crossed vertically be a double path of constant
blue spin. That is

[ oo (m, n) U Gie(m, n)] C [%é’@(m, n) U%él@(m, n)]c. (3.5)

Proof. Recall that dp(o,), dm(o,), dp(op), dm(op) C E(Pary, ,) denote the sets of
double plus and double minus edges in o, and o, respectively. Also, recall that to each
edge e € E(H) we associate its dual e* € E(T) that is defined as the unique edge on T
that intersects e. For a set S C E(H) we denote by S* C T the set of edges dual to the
edges in S.

By duality between H and T, either dp(o,) U dm(o,) contains a left-right cross-
ing of Par,, ,, or [E(Parm’n) \ (dp(o,) U dm(ar))]* contains a top-bottom crossing
of Par, ,.

First consider the case when dp(o,) Udm (o) contains a left-right crossing of Par,, ,,.
Any such crossing consists either entirely of edges of dp(o,) or entirely of edges
of dm(o;). Indeed, edges of dp(o,-) and dm(o,) can never share a vertex.

In conclusion, in this case at least one of ‘Ké’@(m, n) and <Kél@(m, n) occurs.

It remains to consider the case when [E (Pary, ) \ (dp(o,) U dm(a,))]* contains a
top-bottom crossing of Par,, ,. Let y* be such a crossing.

For each edge ¢ € E(2), let N(e) C E(Par,, ,) denote the set of edges consisting
of e and all edges in E(Par,, ,) that share a vertex with e. Then, if e* € y*, we claim
that N(e) C dp(op) U dm(op). Indeed, the two faces of Par,, , separated by e have
opposite red spin, hence same blue spin. Moreover, the blue spins of the two faces
adjacent the endpoints of e but not containing e in their boundary must also coincide
with the spins on either side of e.

It remains to observe that the union of N(e) taken over all ¢ such that e* € y*
contains a top-bottom crossing of Par,, ,. Thus dp(op) U dm(o}) contains a top-bottom
crossing of Pary, ,, and thus either €3, (m, n) or 644 (m, n) occurs. O
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Remark 3.7. It is obvious from the proof that Lemma 3.6 may be generalised to other
domains with four arcs marked on the boundary.

Later we will also use the fact that, if an annulus Ay \ A, does not contain a circuit
around A,, of either double-@® or double-S, then A, is connected to Afv by a double-path
of constant blue spin.

Lemma 3.8. For any n > 1 and any domain 9 containing Par,, , and symmetric with
respect to one of the diagonals of Par, ,,

M%a[%él@(”v ”)] Z ?11'
Proof. By Lemma 3.6 we have
L= 15 [€n, )] + w5 [Che(n. m ] + 1 [Coon, )] + 15 [€2e(n, m)]
=215y [Caw(n. )] + 245 [ € (0. m)]
< 41 [Cen, m).

In the equality we used the fact that the blue spin marginal of ,u%a is %(v?; + v%") and

that u%a[(féle(n, n)] = M%ﬁ[%él@(n, n)] ; in the last line we used that V7> > vZ?°. This
provides the desired result. O

Corollary 3.9. For anyn > 1
i [Gow(n,m] = 5.
Proof. For any domain & as in Lemma 3.8, by the monotonicity of boundary conditions,
] = &

By taking the limit of the above as & grows to H], we obtain the desired bound. O

3.2.2. Sub-sequential RSW
Proposition 3.10. (RSW). We have

lim sup v%@[%él@(Zn, n)] > 0. (3.6)

n—0o0
As a consequence lim sup,,_, o, v]%)l@ [Circ@@ (n, 2n)] > 0.

The proof of Proposition 3.10 uses a technique introduced by Tassion in [42]. Indeed,
the main argument of [42, Thm. 1] shows that lim inf,,_, o Vi (67 (n, n)) > 0 (which is
the result of Corollary 3.9) implies (3.6). This technique applies to general percolation
measures with the FKG property and sufficient symmetry. Our model fits in this frame-
work and the relevant part of the proof of [42, Thm. 1] applies readily. We simply point
out that, in order to harness the symmetries of the hexagonal lattice, one should apply
the argument using crossings of hexagonal domains between opposite sides, rather than
crossings of squares or lozenges.

Note that [42, Thm. 1] actually claims a stronger result than (3.6), where lim sup is
replaced by lim inf. This improvement requires an additional ingredient which is lacking
here. For now we are content with the above sub-sequential form of RSW.

A stronger statement (with the lower bound valid for all n) will be proved in Section 4
— see Proposition 4.7. All the ingredients for it are already available, however the proof
is tedious and is not necessary at this point. The argument of [42] is elegant, short and
quite robust, and suffices to prove Theorem 3.2; we prefer it for now.
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Fig. 7. The construction that proves that if o, < %a3n /4> then A, U Ap is crossed vertically with uniformly
positive probability

Proof. The argument of [42, Thm. 1] requires minor modifications because the hexag-
onal lattice in invariant under rotations of /3, unlike the square one, which is invariant
under rotations of 7 /2. We briefly sketch the adapted argument below.

Write T and B for the top and bottom horizontal sections of d A, and let G, (A,)
be the event that T and B are connected to each other by a double-® path contained
in A,. From Corollary 3.9, using standard applications of the FKG inequality and the
invariance of A, under rotations by multiples of /3, we deduce that V%GB [%&9 (2n, n)]
is bounded away from O uniformly in 7.

Following [42], define 2«,, as the maximal width of a centred interval / on B such
that

\}%@[1 @@inAn T] E VI?H@[B\I @@inA,, T]

Call A, the vertical translate of A, by n/2 and T the corresponding translate of T.
Then, using the same argument as in [42, Lemma 2.2] (see also Figure 7), o, < 203,74 <
n/4 implies that

@3 1in A UA,
<>

v]%)l@[B T] > c,

for some constant ¢ > 0 independent of n. Through additional standard applications of
the FKG inequality, the above implies in turn that vﬁ@ [%é’@ (4n,2n)] and
vﬁ@[Circ@@ (2n, 4n)] are bounded below by strictly positive quantities depending only
on c. Moreover, if o, > n/4, then lower bounds on vﬁ@[‘ﬁé’@(4n, 2n)] and

v]%)l@[CirC@@ (2n, 4n)] follow by simple considerations, similar to those of the start of
the proof of [42, Lemma 2.2].

Finally, since 0 < «, < n for all n, there exist infinitely many values of n such
that o, < 203,174, and the proof is complete. 0O

Corollary 3.11. Under VI?H@’ 0 is surrounded a.s. by an infinite number of disjoint circuits
of double-®.

Proof. Suppose the opposite, that is that with positive v%@-probability, 0 is surrounded

by a finite number of disjoint double-® circuits. Since v;® is ergodic and the above event

is translation invariant, it occurs with probability 1.
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Set N = min{n > 1 : Circee(n) does not occur}; observe that N is a random
variable that is, by our assumption, v%@-a.s. finite. Then there exists nq such that

V(N > ng) < li?lsol;p v [Circae(n)].

since the right-hand side is strictly positive by Proposition 3.10. Using that, for all n >
nO’

V(N > ng) = v’ [Circse(n)],

we obtain a contradiction. O

Corollary 3.12. The graph 0(o,) contains v]ﬁ@-a.s. no infinite cluster.

Proof. Observe that a double-@-circuit in o, blocks connections in 6 (o). More pre-
cisely, if o, € Circes(n), then all clusters of 6(c,) that intersect A, are finite. Now
Corollary 3.11 states that vi; (CirCes(n)) = 1 for all n, which implies by the observa-
tion above that 0 (o) contains no infinite cluster a.s. 0O

3.3. Joint infinite-volume measure. We now turn to the existence of limiting measures
for the joint law of the red and blue spins, that is Theorem 3.1.

The crucial property here is that by Lemma 2.7, conditionally on o, 0} is obtained
by colouring independently and uniformly the clusters of 6 (o;) in either @ or ©. This
procedure may also be applied in infinite-volume for red-spin configurations sampled
according to v]?H@. The absence of infinite clusters in 6 (o) is used to show that the result
of this procedure in a finite but large volume is close to that in infinite-volume.

Proof of Theorem 3.1. Let (Z,)n>0 be an increasing sequence of domains with UnZO
2, = H. Recall from Theorem 3.4 that the red-spin marginals of M%‘B converge to an

ergodic translation-invariant limiting measure denoted by vlfﬂ@. Let u%® be the measure
obtained by sampling o, according to v]ﬁ@, then awarding to all faces of each cluster
of 8(o,) a blue spin uniformly chosen in {&®, @}, independently for each cluster. Let us
prove that /L%@n converges to ;L]%@.

Fix k € N and € > 0. We will show that the total-variation distance between the
restrictions of u%@n and u%@ to Ay is smaller than 2¢, provided that 7 is large enough.

0 (or ..
Let K > k be such that vy (Ag el A%) < €. Due to Corollary 3.12, it is always

possible to choose K with this property.
Now, let N = N(e, K) be such that, for any n > N, the distance in total variation
between the restrictions of v@@@ and vﬁ@ to A g is smaller than €. Thus, one may couple v@@@
n n

and v](fﬂ@ to produce configurations oy, o, in such a way o, = o, on A g with probability
atleast 1 — . Moreover, by choice of K, with probability at least | —2¢, 0, = o/ on Ag
and there is no connected component of 6(o;) that intersects both Ay and A%. On
this event, the connected components of 6 (o,) and 6 (o,) that intersect Ay are identical.
Using the same blue spin assignment for these components, we have produced a coupling
of u%‘i and u%@ that is equal inside Ay with probability at least 1 — 2¢, which was our
goal.
Since € > 0 and k are arbitrary, we conclude that M%@n converges to ujy’ .
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The translation invariance of .57 follows from that of vi®. Since %’ is invariant
under rotations by multiples of 77 /3 and converges to ,u ®_the latter is also 1nvar1ant under

such rotations. The ergodicity of M%@ follows from that of vH and from the absence of
infinite clusters in 6 (o,). O

Proposition 3.13. Under ,u@@ o contains a.s. no infinite @-cluster and no infinite @-
cluster. As a consequence, wy, is formed entirely of finite loops ,uH -a.s.

The proof below is a straightforward application of the uniqueness argument of
Burton and Keane [5] and of Zhang’s argument for non-coexistence of clusters (see [23,
Lem 11.12] for an illustration of this argument which was never published by Zhang
himself).

Proof. To start, observe that under /L%@ the number Ng of infinite @-clusters is a.s.
constant. This is a direct consequence of the ergodicity of o, under this measure. The
same applies to infinite @-clusters.

The technique introduced by Burton—Keane in [5] applies readily to the blue-spin
marginal under ,u ®_ Indeed, this marginal satisfies the finite-energy property requlred

by [5]. As a consequence we obtain that either No = 0 /,LH -a.s.or Ng =1 /‘*H -a.s.
Finally, letus prove that Ng = 0 u5;"-a.s. by contradiction. Assume that N = 1 uf;-
a.s. Then, by the symmetry of the blue-spin marginal, the number of O infinite clusters is

also equal to 1 a.s. Thus, there exists some n > 1 such that /r P (Ap & 00) > 1—1/49.

Write 01 A,,, ..., d¢A, for the six sides of 0A,, in counter-clockwrse order. Then
6 nA¢ ©in AS
2 (An 9 00) = w5 ()19 An SO o)) = uE (191 Ay <L 00},
j=1

The inequality is due to the FKG property for o, and to the invariance of the measure
under rotations by 7 /3. Thus we find

HE (1A <% 00) > 1 — (1 - uEP (A, b 00) /0 > 3/4.

The same holds for any side of A, and also for ®-connections instead of & ones.

Define the event o = {91A, <—— o0} N {3A, «<—> oo} and o =

c . c

{02 A, <—— 00} N {d4A,, «<—> oo}. Using the union bound, we find
/,L%© (dg) N %@) >0

Now notice that when the above event occurs, then necessarily either there exist two
infinite ©-clusters or two infinite @-clusters. This contradicts the uniqueness of the
infinite cluster proved above.

Finally, the existence of an infinite path in w;, implies the existence of both infinite &
and @ clusters, which was excluded above. O
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3.4. Uniqueness of infinite-volume measure: proof of Theorem 3.2.

Proof of Theorem 3.2. Let us first prove that M%@—a.s., there exist infinitely many loops
surrounding the origin in the loop representation of (o, o). To that end, it is enough to
show that for any n, M%@-a.s. there exists at least one loop surrounding A,. Fix n and
consider the union of all ©- and ®-clusters that intersect A,. Due to Proposition 3.13,
all these clusters are finite. The outer boundary of their union is then a finite blue loop
surrounding A,. Hence, O is surrounded a.s. by infinitely many loops.

Let us now prove (3.1). Fix n. By the above, M%@-a.s. there exist infinitely many
loops surrounding A, which may be ordered starting from the inner most. Since each
loop is blue or red with probability 1/2 independently, there exist a.s. four consecutive
loops y1, ..., ya surrounding A, that have colours red, blue, red, blue, in this order,
from inside out. Then both y; and y3 have constant blue spins on all faces adjacent to
them, but that for y is opposite to that for y3. That is, either y; is double-@ and y3 is
double-@ or y; is double-@ and y; is double-&. Similarly, of y» and y4, one is double-®
and the other is double-2. This proves (3.1).

A direct consequence of M%@(Cim@@ (n)) = 1 is that the restriction of v]ﬁl@ to A, is

dominated by vﬁ?ﬂe. Thus vﬂ?ﬂ@ = v]%@. Moreover, due to the monotonicity of boundary
conditions, for any sequence of finite domains %, that increases to H, the measures
v(f]f and u?]f, as well as the red-spin marginals of u;:, u‘_’@:, ,u;;: and M?;n all converge

D
to Vy -

Finally, due to the procedure that selects blue spins knowing the red spins, we

conclude that u; —— uj; for all boundary conditions ¢ € {®®, 89,08,
n n—o0

C0,00,09,90,89}. O

4. A Dichotomy Theorem

Below we state a dichotomy result similar to those of [17] and [18]. The result states that
the model is in one of two states: co-existence of phases (see case (i) of Corollary 4.2)
or (stretched)-exponential decay of diameters for clusters of one phase inside the other
(see case (ii)). In Section 5, we show that the latter case contradicts Theorem 3.2.

Compared to the setting of [17] and [18], the present model exhibits considerable
additional difficulties due to the lack of a general Spatial Markov property and to the
absence of monotonicity in the boundary conditions ®2. These difficulties appear in
several places, most notably in proving a crossing estimate inside mixed boundary con-
ditions (Corollary 4.14) and in eliminating case (ii).

Theorem 4.1. There exist constants p > 2 and C > 1 such that, if for n > 1 we set
o, = u?\i” [Circes (n, 2n)], we have

A(p+2)n < Cot,zl foralln > 1. 4.1)

Corollary 4.2. For p > 2 given by the above, one of the two following statements holds
(i) inf, a;, > 0 or .
(ii) there exist constants ¢, C > 0 and ny > 1 such that oy, < Ce™ foralln =
(p +2)kng with k € N.

The constant p in Theorem 4.1 will be chosen large enough to accommodate cer-
tain geometric constructions used in the proof. Its choice only affects scenario (ii) of
Corollary 4.2, which we will see is contradictory. Thus, any value of p suffices for our
purposes.
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Fig. 8. Left: The rectangle Rect,; ,, with boundary conditions &/&&. The dashed lines are the left and right
boundaries; in Cyl,,, ,, they are identified to each other. Right: The cylinder Cyl,, , may be drawn in the plane
as depicted; its top and bottom are marked by bold lines. The resulting graph is trivalent, all its faces except
the interior one are hexagons, and their union is simply connected. The FKG lattice condition may be proved

for this graph in the same way as for domains of the hexagonal lattice. The measure p,go;l/ ©© is obtained as a
m,n

conditioning of the measure on the depicted graph: all faces adjacent to the bottom have red spin &, while all
those adjacent to the top have red spin &

4.1. Preparation: measure in cylinder. Write [a, b] X [c, d] for the set of faces of H
with centres inside [a, b] X [c, d]. Any such rectangle is a domain of H and we will treat
it as such. Its boundary may be split into four segments: bottom, top, left and right. We
do not give precise definitions, but mention that the left and right sections start and end
with vertical edges (see Figure 8 for an illustration).

Forn, m € N, let Rect,, , be the rectangle [—m, m — %] x [0, n]. Write @8 /22 for
the boundary conditions on Rect,, , where all faces adjacent to the bottom of dRect,, ,,
have red spin © and all other faces adjacent to dRect,, , have red spin @. As for other
boundary conditions, these may be defined only on Rect,, ,, with no reference to the
outside faces. One may however check that, since there are only two arcs of different
sign on the boundary, these boundary conditions do satisfy the Spatial Markov property.

We will also consider the cylinder Cyl,, , obtained by identifying the left and right

boundaries of Rect,, ,. Write ®®/&3 for the boundary conditions on Cyl,, , which are
double-® on the bottom and double-& on the top. That is uﬁi/ “is the uniform measure

Im,n
on pairs of coherent spin configurations (o5, ;) on Cyl,, , with the property that all

faces adjacent to the top boundary of Cyl,, , have o, = @ and all those adjacent to the

bottom have o, = ©. No restriction on the blue spins of the boundary faces is imposed.
/S

|m.n

It is immediate that the Spatial Markov property applies to ;L?;?/

as for planar domains. In particular, “ﬁi{fm@n is related to u(gfl/ = by the following.

in the same way

Lemma 4.3. Fix m,n > 1 and let Ly be the right boundary of Rect,, . Then Ly is also
an edge-path of Cyl,, ,,, and

/L(;if@ = M?}?I/ @@(. | o, = @ on faces adjacent to Ly).

While Cyl,,, ,, is not a planar domain, the FKG inequality applies to it.

Lemma 4.4. For anym, n > 1, the red-spin marginal of M(E);?,/ = satisfies the FKG lattice

Im,r

condition and is positively associated.
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Proof. We will not give a full proof of this, only a sketch. Notice that Cyl,,, , UdouCyl,, ,»
may be embedded in the plane and rendered simply connected by adding a face of
degree 4m below the bottom of 9oy Cyl,, ,,, as drawn in Figure 8, right diagram. Write 2
for the planar graph obtained by this procedure. Then a straightforward adaptation of
Theorem 2.6 (see also remark 2.11 (ii)) shows that the FKG lattice condition also holds
for ug.

As explained in Corollary 2.10, conditioning on the value of red spins on a given set
conserves the FKG lattice condition for the red spin marginal. In particular, the red-spin
marginal of 115 conditioned on the event that all faces adjacent to the top of Cyl,, ,
have o, = @ while all those adjacent to the bottom have o, = @ also satisfies the
FKG lattice condition. Finally, the Spatial Markov property states that the conditional

=2/ (when restricted to Cyl, ). O

measure above is identical to Kyl
m,n

4.2. Strong RSW theory. As promised in Section 3.2.2, we will now prove a stronger
RSW result. Variations of it may be envisioned; we will state it in the form most useful
to us. We start with a general lemma that allows to lengthen crossings of long rectangles.
The main result of the section (Proposition 4.7) is given afterwards. It will be stated and
proved for the cylinder, but may also be deduced in other settings.

4.2.1. Lengthening crossings Recall the definition of Par,, , and its boundary seg-
ments Top and Bottom from Section 3.2.

Lemma 4.5. Let 9 be a domain and n be such that Pars, , U douPars,, C 2. Fix
some red spin configuration ¢ on 9 with the property that all faces of Bottom(3n, n) U
Top(3n, n) are awarded spins ®. Then

U Coe(3n, n) | oy = ¢ outside Int(Pars, ,)] > 1/36. “4.2)

The previous lemma may be used to glue crossings of long rectangles as described
below.

Corollary 4.6. Let 9 be a domain such that Pars, , C 9. Then

1 (CL(5n, 1)) = she 119 (Cly(n, ) g (Cls[(n, 0) + Parg, ,]). (4.3)
where (n, 0) + Pary, , is the translate of Pary, , by n units to the right.

Due to the Spatial Markov property, the statements of Lemma 4.5 and Corollary 4.6
also apply to measures with boundary conditions such as u%‘g.

Proof of Lemma 4.5. By the FKG inequality, the LHS of (4.2) is minimal when ¢ = ©
on 7 \ (Bottom(3n, n) U Top(3n, n)). We may assume this below.

Observe that Pars, , may be partitioned into three translations of Par,, ,; call them
R1, Ry and R3 ordered from left to right (see Figure 9). Due to Lemma 3.5 and the FKG
inequality,

1€ (R1) N €L (R3) |0, = ¢ outside Int(Pars, ,)] > 3. (4.4)

If 63/ (R1) occurs, let I'y, be the left-most simple-@ vertical crossing of R;. Formally,
let 'z be the edge-path running along the left side of the spin-crossing. Also, let I'r be
the right-most simple-@® vertical crossing of Rz when % (R3) occurs.
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Fig. 9. Left: The parallelogram Pars, , contains three disjoint translations Ry, Ry and Rz of Pars, ,.
Given the outside configuration ¢, R and R3 contain simple-& vertical crossings with probability at least 1 /2.
Conditionally on the existence of such crossings, Ry contains a vertical double-& crossing with probability
at least 1/4. Right: The latter statement is proved by working in the symmetric domain D, which is crossed
vertically by a double-& path with probability 1/4 at least

Fix two possible realisations yr, yr of I'r, T'g. Let Dg be the domain formed of the
faces of Rects, , between y; and yr. The events I'; = yp and ' = yg are both
measurable in terms of the configuration outside Dy.

Consider the line ¢ running through the bottom left and upper right corner of R, and
let p be the orthogonal symmetry with respect to £; note that H is invariant under p.
Let D be the domain formed of the faces of Dy and those of p(Dy).

Leta, b, c, d be the corners of R; ordered in counter-clockwise order, starting from
the top-left corner. Write (bc) and (da) for the arcs of 9D in counter-clockwise order.
Then, due to the monotonicity in boundary conditions and the FKG inequality,

U6 (R2) T = yr and T'g = yg and o, = ¢ outside Int(Pars3, )]
= 15 [62:(Ry) | 0, = @ on Bottom(3n, n) U Top(3n, )]

> 1[(be) < (ad)] > 1/4.

The equality is due to the specific to the boundary conditions induced by I'y,, I'g and ¢
on Dy (abrief analysis is needed to ensure that the is no multiplicative constant appearing
between the two sides). The first inequality is due to the FKG inequality and the inclusion
of events; the last one is due to Lemma 3.8. Averaging the above over all possible values
of ' and I'g and using (4.4), we obtain the desired bound. O

Proof of Corollary 4.6. LetT'} andI"; be the top and bottom most, respectively, double-
@ horizontal crossings of Paray, ,.

Define I'y, and I'; similarly for the rectangle (n, 0) + Pary, ,. When both Pary, ,
and (n, 0)+Pary, , are crossed horizontally by double-® paths, then either Fz intersects

or is higher than I'}; inside the middle parallelogram (0, n) + Pars, ,, or I'; intersects
or is lower than I'},. As a consequence,

7 @(Fz intersects or higher than I';) + 5 (I'; intersects or lower than F})
> 19 (Gae(dn, ) N G| (n, 0) + Pary, )
> g (Gly(dn, n)) no(Ghs[(n, 0) + Pary, ,]). 4.5)

In the last inequality we used the FKG property. We focus next on the first term in the
LHS above.
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Fig. 10. Left: the paths I‘z and ' are measurable in terms of the hashed regions; its complementis U. Right:
The domain D is delimited by parts of I‘z and ', . Any crossing between the arcs (ab) and (cd) in D induces
a connection between I'y and I'p

For any realisation of I'] and I'p with the former intersecting or higher than the
latter, if I'] and I' intersect or if they are connected to each other by a double-® path,
then /L@(Céél@(Sn, n)) occurs. Below we will show that, conditionally on I'} and I'j,
the two paths intersect or are connected by a double-® path with positive probability.
The case where the paths intersect is trivial; we assume henceforth that FZ and 'y are
disjoint. Notice that Fz is measurable in terms of the spins of the faces of Par, , above
it, and Iy, is measurable in terms of the spins of the faces of (n, 0) + Pary, , below it.
Let U be the set of all faces of Pars, , which are in neither of the two categories above.

Let a be the right endpoint of I'] and ¢ be the left endpoint of I'j. Orient I'j from
left to right and I from right to left. Let b be the last point of intersection of I'] with the
left side of (n, 0) + Pars, ,, and d be the last point of intersection of I'; with the right
side of (n, 0) +Pars,_,. Write D for the domain contained in (n, 0) + Pars, ,, delimited
at the top by the section of I'] between b and a, and at the bottom by the section of '
between d and c.

Let H be the event that there exists an edge-path y contained in D, connecting the
arcs (ab) and (cd) of gD, such that all faces of U N D adjacent to it are of red spin &.
Then, by the FKG inequality and the properties (i) and (ii) of Lemma 2.13,

_ " @ inD
g (H|TF, TR) = sus?boe®S(H) > Luao=e®d® (apy <25 (cd)).

The second inequality is due to the inclusion between the two events. Notice also that
when H occurs, I'], ', are necessarily connected by a double-@® path.
Now, applying again Lemma 2.13, we conclude that

) @®in D '@b'oc’'®d’
paebeesd® ((qpy E2NB (g)) > Mgfr‘;fn‘ *dCIgY, (3n, n)],

wherea’, b', ¢/ and d’ are the corners of the parallelogram, ordered in counter-clockwise
order, starting from the top left. The RHS of the above is bounded below by 1/36, as

proved in Lemma 4.5. Combining the last two displayed equations, we find

@@ in U _ _
g «—— TR IT1, TR) = 5.

Averaging over all values of I'J and I'; as above, we find
;L@(%él@(Sn, n)) > Zgﬁug(f‘z intersects or higher than I'};).

The same bound holds for the second term in (4.5), and (4.3) follows. O
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4.2.2. Statement of the strong RSW The notions of simple and double horizontal and
vertical crossings adapt readily to rectangular domains [a, b] X [c, d]. Use the nota-
tions %f‘([a, b] x [c,d]) and €"([a, b] x [c, d]) for the existence of such crossings.

Proposition 4.7. (Strong RSW). There exists a function ¢ : (0, 1] — (0, 1] such that,
forall N,M,n, k > 1withn+k <N and2n < M,

o5/ [cgg@([_zn, 2n] x [k, k +n])] > 1#(#

co/e®
Heyly y

o [ —3n, 3n] x [k, k + n])]).
' (4.6)

In other words, the above tells us that if wide rectangles are crossed vertically with
positive probability (that is in the easy direction), then they are also crossed horizontally
(i.e. in the hard direction) with positive probability. This is a typical RSW result in that
it relates probabilities of crossings in the easy direction to those of crossings in the hard

direction. What is remarkable is that the measure to which it applies, namely M%?’{ji’ is

not rotationally invariant. Thus, vertical crossings are “orthogonal” to horizontal ones.
The exact aspect ratio of the two rectangles (4 and 6, respectively) is not essential; they
have been chosen to simplify statements later on.

The proof of Proposition 4.7 is quite intricate. It is based on similar results from [18],
but with additional difficulties due to the two layers of spins necessary for the Spatial
Markov property (see Theorem 2.3). A very similar version appears in [14]. The next
section is dedicated to proving Proposition 4.7.

4.2.3. Proof of Proposition 4.7 The structure is reminiscent of a proof by contra-
diction: assuming that (4.6) fails (more precisely that %é'@([—Zn, 2n] x [k, k + n])
has probability below a certain threshold), we prove that double-@ vertical crossings
of [—3n, 3n] X [k, k + n] have some particular behaviour. This is done in a series of
lemmas (Lemmas 4.8, 4.9, 4.10 and 4.11) — the title of each lemma indicates a constraint
that vertical crossings need to satisfy for (4.6) fo fail. Then we prove that two typical
vertical crossings of [—3n, 3n] x [k, k +n] with starting points sufficiently close to each
other are connected with positive probability by a double-@ path (see Lemma 4.12).
Proposition 4.7 follows from this last statement. Lemma 4.12 is the heart of the proof;
it relies on the construction of a symmetric domain, similarly to what was done for
Lemma 4.5.

Fix n, k, M, N as in the proposition. We will work with » large; the function i in
the proposition may be adjusted to incorporate all small values of n. For ease of writing,
translate the cylinder Cyl,, y vertically by —k; write  for the measure with boundary
conditions ©@2/@® on this translated cylinder.

Using this notation, our goal is to prove that, for any C > 0 there exists A > 0
depending only on C, not on n, k, M or N, such that

€l (Rects, )] > C = u[€L (Recty, )] > A.

Form, h > 0, write Ly (m) for the right boundary of the rectangle Rect,, y and Ly, (%)
for the top boundary of Recty, ;. That is Ly (k) is approximately a horizontal line at
height i; Ly (m) is a vertical line m units to the right of 0. Let Strip,, be the set of faces
of the cylinder contained between Ly (0) and Ly (k). Define Midy, () as the segment
of Ly (k) contained in [—m, m] x R. See Figure 11 for illustrations.

Below we will talk about double-@ paths contained in Strip,, with endpoints in Mido (1)
and Midj, (m), respectively. While not explicitly stating it each time, we will always ask
that such a path have trivial winding around the cylinder.
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Lemma 4.8. (Endpoints of paths are centred). For any € > 0 and Cpig > 0 there
exists Amid = Amid(€, Cmig) > 0 such that the following holds. Fix m < n and
write #nig(m) for the event that there exists a double-® path in Strip,,, with one endpoint
in Midy(me) and one in Ly,(m) \ Mid,;, 2me). Then

I Hnig(m)] > Croig = €L (ReCtum m)] > Amid- (4.7)

Proof. Fix Cpiq and suppose [-#miq(m)] > Cmig- Then, by symmetry, with probability
at least Cpig/2 there exists a double-@® path in Strip,, with lower endpoint in Mid (me€)
and upper end-point on Ly, (m), to the right of Ly(2em). By horizontal symmetry and
translation invariance, the event that there exists a double-® path in Strip,, with lower
endpoint in (4em, 0) + Midg(me) and upper end-point on Ly, (m), to the left of Ly (2em)
also has probability greater than Cpyig/2. Notice that when these two events occur, then
the segments Midg(me) and (4em, 0) + Midg(me) are connected by a double-@® path
contained in Strip,,. Using the FKG inequality and the above considerations, we find

@ in Strip,,,
—>

w[Mido(me) (4em, 0) + Midg(me)] > 1 c2 4.8)

mid*

For j € Z,1let M; = (2jem, 0) + Midg(me). Using again the invariance of 1 under
horizontal shift, we find that

@® in Strip,,
Mjn) = 1 Chig ¥ —

™=

1
€

(M

Finally, if all the events above occur simultaneously, then <Ké’@(ﬂectzm,m) also occurs.
By the FKG inequality, we find

1/€
M[%ﬂ(g@(Rerm,m)]ZN[ m {Mjfl
j=—1/¢

@@ in Strip,,, 142
Mj+1}] > (Crmia/4) "™ =t Amig.

O

Lemma 4.9. (Vertical paths wiggle). There exist explicit constants 0 < pin < Pout With
the following property. For m < n define the events

° %?g (m) is the event that there exists a double-® path contained in Strip,,,, from
Midg(pinm) to Mid,, (pinm) that does not cross Ly(pinm) or that does not cross
Lv(=pinm);

° ﬁ‘g (m) is the event that there exists a double-® path contained in Strip,,, from
Midg (pinm) to Mid,,, (pinm) that is not contained in Rect(poutm, m).

Then, for any Cyig > O there exists Ayig > 0 such that, for any m < n,

WAy () U Hgit (m)] > Cuig = € (ReClyn m)] > Avig.  (4.9)

wig wig

In other words, the lemma tells us that, if vertical crossings of Strip,, starting

on Midg (pinm) and ending on Midy, (pinm) wiggle either too little (when jﬁ,’l‘g (m) occurs)

or too much (when %’j,vol‘ét (m) occurs), then wide rectangles may be crossed horizontally.
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Mid,, (pinm)

<«—Strip,,——»

Midg (pinm) Recte pym,m

Fig. 11. Left: Using two symmetric instances of jfv\‘,? (m) we create a vertical crossing of the thin rectan-

gle [—pinm, 3pinm] x [0, m]. Right: When both [—6pin, —2pinm] x [0, m] and [2pi, 6pinm] x [0, m] are
crossed vertically by double-& paths, then these paths may be connected as in Lemma 4.5: first by simple-&
paths (thin red lines), then by a double-& path (bold red line)

Proof. Take pin = 1/72 and pour = 4 + pin. Fix some constant Cyjg; the value of Ayg
will be determined below. If [0 (m)U 2% (m)] > Cwig, then either w0 (m)] >

wig wig ‘wig
Cwig/2 or M[%gt(m)] > Cwig/2.

Suppose the second inequality is valid. If the event e%’jN"i”t occurs, one of the rectan-
gles [pin, Pout] X [0, m] or [—poutm, —pin] X [0, m] is crossed horizontally by a double-
@ path. Thus, due to the invariance of y under horizontal shift, M[‘Ké‘@(Rectzm,m)] >
Cuwig/4. The implication is therefore proved in this case for any Ayjg < Cyig/4.

It remains to consider the case when u[%?g (m)] > Cyig/2. Then, by symmetry, the
probability that there exists a double-@® path from Midg (o) to Midy, (pjnm) contained
in Strip,, and to the right of Ly (— pinm) is greater than Cuwig/4. Moreover, due to the in-
variance of u under horizontal translation and symmetry, with probability atleast Cyig /4,
the segment (2 pinm, 0) + Midg(pipm) may be connected to (2pinm, 0) + Midy, (pinm) us-
ing a double-® path contained in Strip,, that stays to the left of Ly(3pinm). The two
events described above are increasing, and due to the FKG inequality, they occur si-
multaneously with probability at least (Cyig/ 4)2. When both do occur, then the rectan-
gle [—pinm, 3pinm] x [0, m] is crossed vertically by a path of double-®. See Figure 11
- left diagram.

Let 7 be the event that both rectangles [—6 i, —2pinm] x [0, m] and [2pin, 60inm] X
[0, m] contain double-@® vertical crossings. Due to the FKG inequality, invariance under
horizontal translation, and the above estimate, we find that (/) > (Cuyig /4)%.

A rotated version of Lemma 4.5 (and Corollary 4.6) applies to the rectangle
Recte ;,m,m» and proves that the left-most vertical crossing of [—6,0in, —2pin] x [0, m]
connects via a double-® path to the right-most vertical crossing of [2pin, 60inm] X [0, m]
with probability at least 1/36. (The choice of pj, ensures that this rectangle is sufficiently
thin to be covered by three disjoint translates of Par,, 3 /3 placed one on top of the
other. Slight adaptations to the proof need to be made; we leave this to the reader. See
also Figure 11 - right diagram.) Using this and the lower bound on the probability of <7,
we find

i @@ in Strip,,, i
1 [(~4piam, 0)+Mido (2 pinm) ———5 (4pinm, 0) + Mido(2pinm) |2 2 (Cwig/4)*.

The above is akin to (4.8). We conclude as in the proof of Lemma 4.8 that
[ Ch (ReCtoy m)] > Avig. (4.10)
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for some sufficiently small constant Ayig > 0 depending only on Cyig and pjy. O

The last two lemmas will be used for different scales m < n. The following will only
be used at scale n. To simplify notation, we only state it at this scale.

Lemma 4.10. (Vertical paths have fixed width). Let cjoc = 5 and fixanye < piy. Fork >
1, let Goc (€, k) be the event that any double-® path contained in Strip,, with endpoints
in Midg(en) and Mid,,(en) intersects the vertical line L (ken) but not Ly[(k + cjoc)en].
Then, for any constant Cioc > 0 there exists Ajoc = Ajoc(€, Cloc) > 0 such that

(Hlocte. 01 < 1 = Ciog. for all k = Lpin/€]) = nl€Ly(ReCtnn] > Aice.

Notice that %oc(€, k) contains all configurations with no double-® path connect-
ing Midg(en) to Mid, (en) inside Strip, . Indeed, the condition is trivially satisfied.

Proof. Fix € < pj and Cjoc > 0; to simplify notation we will consider pj,/€ to be an
integer. Assume that u[%oc(€, k)] < 1 — Cioc for all k > pjy /€.

Fork > 1,let & be the event that there exists a double-@® path in Strip,, with endpoints
in Midg(en) and Mid,, (en) and which intersects Ly (ken). Also write & for the event
that Mido(en) and Mid,, (en) are connected by a double-® path contained in Strip,,, with
no other restriction. The events & are increasing each, but form a decreasing sequence.
Additionally, define <7 as the event that there exists a double-® path in Strip,, that
connects Midg(en) to Mid, (en) and which does not intersect Ly (ken). Then each .27
is an increasing event and the sequence .o is increasing in k. Moreover Yo (€, k) =
(@ U Eras)”.

Notice that & is contained in all events %o (€, k), hence (&) > Cioc. Set k to be
the smallest index such that u (%) > Cioc/2. The existence of k is guaranteed by the
fact that lim ; u(27j) = u(ép) = Cioc.

Suppose first that & < pj,/€. Then, HD (n) > p(<t) > Cioc/2, and Lemma 4.9

wig
shows that u[%él@(ReCtzn,n)] is bounded below by some constant that only depends
on Cigc.-

Henceforth we assume that k > pi, /€. Then, due to our initial assumption,

1 = Cioc > uHocle, k — 1)) > 1 — u(ah-1) — 1(isa) > 1 — Cloc/2 — 1 (Eisa),

which implies ©(&k+4) > Cloc/2. Write 4&77( for the horizontal shift of the event .27

by 4en. By the choice of k, we have /,L(JZZ() = u() > Cioc/2. Using the FKG
inequality, we find

(i N Epra) = 1) 1(Eera) > (Cloc/2)%

Notice now that, if both 42%;( and &x+4 occur, then the paths in the definition of these two
events necessarily intersect. In conclusion

@® in Strip,,
<~

je[Mido (en) (4en, 0) + Mido(en)] = (Cioc/4)*.

As in the proof of Lemma 4.8, this implies that M[%&B(Rectgn,n)] is larger than some
threshold depending only on € and Cio¢, and the lemma is proved. O
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In the proof of Proposition 4.7 we will work with two scales: the scale n and a lower
scale m chosen below. Moreover, the endpoints of the vertical paths will be fixed in some
segment of length 2en where € > 0 is also chosen below.

Fix m = 522 pn. Then, fix some € > 0 so that

2 pout
€en < %pinm and Pout M < Pin N — Clog € N. “4.11)

In conclusion, the scales en, m and n are fixed so that en is much smaller than m, which
in turn is much smaller than n. All constants below depend on the ratios between these
scales.

Write ', and I'g for the left- and right-most, respectively, double-@ paths contained
in Strip,,, with lower endpoint on Midgy(en) and top endpoint in Mid,, (en) (recall that
these are paths formed of edges of the hexagonal lattice). If no such crossings exists,
set 'y, = 'r = @. We will always orient such paths from their endpoint on Ly, (0)
towards that on L, (n).

When 'y and g exist and are disjoint, write Int(I'z, 'g) for the domain with
boundary formed of the concatenation of I'g, the segment of Ly (n) between the top
endpoints of I'g and 'y, (from right to left), 'z (in reverse), and the segment of Ly (0)
between the bottom endpoints of 'y and I'g (from left to right). Also let Ext(I'z, I'g) be
the set of faces of Strip,, which are not strictly inside Int(T'z, T'g); precisely, Ext(T'z, T'g)
contains all faces of Strip,, \ Int(I'z, I'g) as well as all faces adjacent to I', or T'g.

It is standard that I';, and ' may be explored from their left and right, respec-
tively. That is, for y; and yg two possible realisations of I'; and I'g, respectively,
the event {I';, = y; and ' = yg} is measurable with respect to the state of faces in
Ext(yr, yr).

Our next goal is to show that, whenever I'; and I'g exist and behave reasonably
well, they have a positive probability to be connected inside Int(I'z, T'g) by a path of
double-®. The notion of well-behaved vertical paths is defined below.

For an edge-path I' contained in Strip,,, with starting point in Midg (en) and endpoint
in Mid,, (en), let T'? be the segment of I contained between its starting-point and its first
visit of Ly(m). Let I'' be the segment of " between its last visit of Ly (n — m) and its
endpoint.

Define %y (k) as the event that any double-@® path I" contained in Strip,,, with starting
point in Midg (en) and endpoint in Mid,, (en) is well-behaved (for this value of k), that is

(i) T? has one endpoint in Mid,, (2¢n) and I'* has one endpoint in Mid,,_,, (2¢n);
(ii) T? and I'" are both contained in Rect(poum, 1) but each crosses Ly (pinm),
(iii) T crosses Ly(k € n) but not Ly ((k + cjoc) € 1).

In order to apply our reasoning, we will ask that I'; and I'r are well-behaved, that is,
we will ask that %y, (k) occurs for some k. This is guaranteed by the following result.

Lemma 4.11. (Paths are well-behaved). For any Cyp > 0, there exists a constant Ayp >
0 such that

(M%) < 1= Cuy for all k = pnfe) = 1l 6L (Rectan)] > Au.

Proof. Fix Cyp > 0 and assume pu[%yp (k)] < 1 — Cyp for all k > pi, /€. Then, one out
of the three conditions defining 4y, (k) fails with probability at least Cyyp /3 for every k.
Thus, at least one of the following cases occurs:
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e (i) fails with probability at least Cyp/3 for some k. Then Lemma 4.8 states
that M[‘Ké’@(Rectgm,m)] > Amig for some Apjg > 0 depending only on Cyp. Using
the horizontal translation invariance of ., the same bound applies to any horizontal
translate Recty, », + j (m, 0) of Recty, ,, with j € Z. Using this and Corollary 4.6,
we find

1IEE (Recta, n)] = ul6l (Recty, m)] = (cAmig)>"/™, (4.12)

for some universal constant ¢ > 0.

e (ii) fails with probability at least Cyp/3 for some k. Then Lemma 4.9 implies
that M[ngg@(ReCth,m)] > Ayjg for some Ayjg > 0 depending only on Cyy. As
above, we conclude that u[%é'@(ReCtzn,n)] > (cAwig)z"/ mn,

e (iii) fails with probability at least Cyp/3 for all k. Then, by Lemma 4.10 applied
with Cloc = Cup/3, we deduce u[€, (Recty, ,)] > Aloc.

We conclude that in all cases, /L[%é'@(ReCth,,,)] is bounded below by a constant de-
pending only on Cyy, as required. O

Now that we proved that some %, (k) occurs with high probability, we will show that,
when it does occur, 'y and I';, connect to each other. Since I'g and I';, are measurable
in terms of the spins in Ext(I"z, 'r), the same applies to “yp (k). Indeed, if 'z, and T'g
satisfy the conditions of %y (k), then so do all double-@ paths contained in Strip,,,
from Midg(en) to Mid,, (en).

Lemma 4.12. There exists some universal constant Cont > 0 such that, for any possible
realisations yr., yr of T, T g with the property that Gy (k) occurs for some k > pin/€
and any red spin configuration ¢ such that Ty, = yp and Tp = yp

@@ in Inf(yr,yR)
wlyr <———5 y& [T = yr. Tg = vr. Gub(k), (4.13)

or = ¢ on Ext(yz, yr)] = Cent. (4.14)

The conditioning in (4.13) may be reduced simply to {o, = ¢ on Ext(yr, yr)},
since this determines I'y, = y;, 'g = yg, which in turn implies that %,y (k) occurs.
We included the latter conditions in (4.13) to emphasise their importance.

The lemma above is the heart of the proof of Theorem 4.7.

Proof. Fixyr,yr and ¢ asinthe statement. Letk > pj, /€ be some value for which %, (k)
occurs. We may assume that y;, and yg are disjoint, otherwise the conclusion is trivially
attained. We will proceed in two steps, first we will create simple-@ connections be-
tween yr, and yg, close to the top and bottom of Strip,,, respectively. In a second stage,
we connect y;, and yg by a double-@ path contained between the two simple-@ paths
shown to exist in the previous step.

Recall that y; and yg are oriented from bottom to top. Let Ry = Rect(ooum, m)

and Ry = R +(0, n —m) be the vertical translation of R contained between Ly (n —m)
and Ly, (n). Due to %y (k) occuring, yllj and y}? are contained in Ry, while y; and y}
are contained in R».
Step 1: Simple-@ crossings. Let .# be the event that y7 and yz are connected by two
simple-@ paths contained in Ry and R, respectively. We will now prove that .# has
positive probability, uniformly in m, n, yr, yg and ¢. We do this for the connection
in Ry; the same argument applies in R. The argument used in this step is exactly that
of [18]. Figure 12 contains an illustration of the construction below.
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Fig. 12. The paths yf and yg are drawn in solid lines; the thicker parts are yi and y IIQ‘ The reflections of parts
of VI/‘ and VI/Q are in dashed lines. The domain Z is shaded. Observe that any crossing from yg to yp in ¥
induces a connection between yf and Vlg

Recall that both Vf and y 1’3 intersect Ly (pip#) but that their endpoints are in Midg (en)
and Mid,, (2en), hence to the left of Ly (pinm). Let A be the first point where y;, inter-
sects Ly (pinm) and write y; for the subpath of y; from its starting point up to A.

Then y}; contains at least one subpath contained in the part of R; to the right
of Ly(pinm), which has both endpoints on Ly (pij,m), one below A and one above A
(this is because y}; has both its endpoints to the left of Ly(pinm)). Write y for the
left-most such path and let C be the endpoint of y; above A.

Write 7 for the reflection with respect to Ly(pinm) (actually, with respect to the
vertical axis {| pin7 |} X R). Then 7 leaves the lattice invariant.

Observe now that 7(y; ) intersects yg. Indeed, 7(y;) runs from A to Ly(0) and is
contained in the region to the right of Ly(piym), while y,’? separates A from L (0) in
this same region. Let B be the first intersection point of 7(y;) with y, when starting
from A and let y4 be the subpath of 7(y;) between A and B. Let yp be the subpath
of y]’e between B and C. Finally set yc = t(yB), yp = t(ya) and D = t(B).

The paths y4, ¥, yc and yp only intersect at their endpoints and their concatenation
bounds a domain which we call Z.

Let us derive a bound on the crossing probability of &, independently of how &
was formed. Consider the red spin configuration & on Cyl consisting only of © with the
exception of the faces adjacent to yp and those adjacent to yp, which have spin ©. By
the same reasoning as in Lemma 3.5 and due to the invariance of 2 under t, we obtain

@in 7 .
1(ys <25 yp|o, =& on 2°U 8,2) > 1.

Write ,uij for the conditional measure above.

By Corollary 2.12 and due to the condition I'y = y; and 'g = ygr, the mea-
sure u[. | o = ¢ on Ext(yr, yr)] restricted to Z NInt(yy, yr) dominates the restriction
of ,u; to this same set of faces.

Set 7 to be the event that there exists a face-path x in &, with the first and last

faces adjacent to yp and yp, respectively, and such that all faces of yx that are contained
in Int(y,, y&) have spin @. Then

®in 9
ple [or = ¢ on Ext(yr, yr)l = MS@(%) > M;(VB — ) > 3.
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Now observe that a path x as in the definition of &7 necessarily contains a subpath
contained in Int(yy, yg) with the first and last faces adjacent to y;, and yg, respectively.
We conclude that

@in Int(yL,yrR)NR]
>

wlye vk |or = ¢ on Ext(y, yr)] = 1.

Using the same argument in R, and the FKG inequality, we obtain
u[ 7 oy = ¢ on Ext(yr, yr)] = - (4.15)
Step 2: Double-@® crossing. We will now prove that

@@ in Int(yL,
ZRTI, el o, = ¢ on Ext(yz, yg) and 7 occurs] = 4. (4.16)

ulve
The procedure is similar to that of Step 1, but at scale n rather than m and with some
additional difficulties. We recommend that the reader inspects Figure 13, which contains
the strategy of the proof as well as the relevant notation.

When .# occurs, we will denote by 2! and E2 be the lowest and highest, respectively,
paths of simple-@® from y; to yg, contained in Int(yz, yr). More precisely, define 2!
to be the lowest edge-path contained in Int(y., yr), with endpoints on y; and yg,
respectively, with the property that all faces above it have spin @. Define 22 similarly,
only that it is highest and that all faces below it are required to have spin @. By the
definition of .# and the first condition of ¢4 (k), E! and £ are contained in R; and Rs,
respectively, whenever .# occurs.

Let x! and x? be possible realisations of E! and E2, respectively, such that .#
occurs. Define the domain Int = Int(yz, y&, x!, x?) as the set of faces delimited by
these four paths. Also let Ext = Ext(y, ¥&, x|, x?) be the set of faces outside Int along
with those of 3y Int. By a standard exploration argument, the event {E! = x!, 82 =
%2} is measurable with respect to the spins on Ext. Fix a red spin configuration &
on Ext(yr, yr, x', x*) with &€ = ¢ on Ext(yr, yg) and such that ' = x!, 2 = x2.
This implies in particular that all faces of d;,Int have spin @ in .

The line Ly (k € n) separates x ! from x? inside the simply connected domain Int. It
follows that there exists at least one segment of Ly (k € n) that is fully contained in Int and
that separates x ' from x 2 inside this domain. Indeed, Ly (k € n) needs to intersect both ;.
to yg in order to separate x! from x2. Consider the intersections of Ly (k € n) with y .
and yp in increasing vertical order; there necessarily exists one intersection with yg
followed by one with y;.. The segment of Ly (k € n) between these two intersections has
the desired property.

Let [A, C] be the first such segment when going from x! to x2, where A denotes
its higher endpoint (the segments with this property are naturally ordered, for instance
by their end-points on I'7). Then A is a point of 7 while C is a point of yg. Write yL]
and yL2 for the subpaths of y; from the intersection with x! to A and from A to the
intersection with x2, respectively. The same notation applies to yg.

Then [A, C] separates Int into two sub-domains. The first, which we call Int!, has
boundary formed of x !, yLl, [A, C]and y}e. The boundary of the second, called Int?, is
the concatenation of XZ, yl%, [A, C] and yLz.

Let 7 be the reflection with respect to the vertical axis Ly (k € n). Now define & as
the union of the sets of faces of Int' and 7(Int?). Then 2! is itself a domain, whose
boundary consists of x!, 7(x2), [A, C] and pieces of yLl, y}e, r(yLz) and t(y,%). It is
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Fig. 13. Top left: the paths y;, and yg are connected in Ry and R, by simple-& paths (in red). The dashed
lines delimit Strip,, and (0, n — m) + Strip,,,; Ly ((k + cjoc) € ) is also dashed. Top right: The domain 2!
contains X] and ( X2) in its boundary. Bottom left: the domain & is formed from 2! (blue) and 92 (orange).
These two domains are in different copies of H, glued along the segment [A, C]. Bottom right: a deformation
of 2 allows to embed it in the plane; it contains Int, whose deformation is shaded. Any crossing from (A B)
to (C D) contains a path from yy, to yg in Int

particularly important that x ! is fully part of the boundary of 2'. This is because T (Int?)
lies entirely to the right of Ly ((k —cjoc) € 1), and thus does not intersect Ry (property (iii)
of well-behaved paths, see also (4.11)). For similar reasons, 7 (x 2y is also fully contained
in the boundary of 2.

Let B be the intersection point of y; and x '; it is on the boundary of 2. Write 2? =
7(2") and D = ©(B). Define the domain 2 by gluing 2' and 2? along the seg-
ment [A, C]. The result of this operation is not a domain of H. Indeed, 2 Land 22 may
intersect in H; we will consider them as embedded in two different copies of H that
are then glued along the segment [A, C]. Nevertheless, & is planar (that is, it may be
embedded in the plane after some distortion; see Figure 13) and is simply connected. Ori-
ent dg Z in counter-clockwise order and write (AB), (BC) etc. for the portions of dg ¥
between A and B, B and C etc.

Let us study the measure with boundary conditions €2 on 2. By the same argument
as for Lemma 3.6, either (AB) is connected to (C D) inside 2 by a path of double-@®
or double-2, or (BC) is connected to (DA) by a path of double-@ or double-®. As in
Lemma 3.8, the domain is symmetric with respect to 7 and the boundary conditions ®&
favour the connection with double-&. Thus we find

uE[(aB) &2% (cp)] = L. 4.17)

Observe now that 2 contains Int. Moreover, any path crossing from (AB) to (C D)
in Z contains a subpath which is contained in Int and which has endpoints on y;, and yg,
respectively. Indeed, the segment (A B) is above yg, while (C D) is below y,%.
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Finally, we claim that the restriction of u(.|o, = & on Ext) to Int dominates that
of /L%@. We start off with a heuristic explanation. The key to this argument is to observe
that 2 may be obtained from Int by “pushing away” parts of the boundary of &, but that
these only belong to y and yg, not to x! or x2. Since these are double-® paths in &,
the monotonicity of boundary conditions applies, and we may conclude.

Let us now present a rigorous proof of this domination with a slightly weaker conclu-
sion. As already explained, Z is part of two copies of H glued along the segment [A, C].
Let 2’ be a planar domain of this graph that contains & along with all faces adjacent
to it. Then, due to the Spatial Markov property that also applies in this slightly different
setting, u%a is the restriction to Z of pg (.| oy = Qon 7' \ Z and 0, = @ on 8;,2).

Since 2’ is planar, the FKG inequality holds for wgr. Let &7~ be the set of faces
of doyInt adjacent to x! or x2. Let @/* be all the other faces of & \ Int along
with djyInt. Then, by the monotonicity of boundary conditions (Corollary 2.12 (i))
and the consideration above, the restriction of ,u%a to Int is dominated by that of

wo(.|or = ®on ./t and 6, = © on &/ ). Moreover, the latter is equal to the re-
striction of (.| o, = @ on Ext\ &/~ and 0, = @ on &/ ") to Int. (Here o7~ is also
viewed as a subset of Cyl.)
In conclusion
wlye Zoinint YR | or = & on Ext]

> ulye Zoinint Yr|or =@ onExt\ &~ ando, =S on & |

=nolve inlng Yr|or =®on.#* ando, =S on & |
@ in Int
> ul [y < vk]
@0 @ in 9 1
>y [(AB) <=5 (cD)] = L.
Conclusion. Equations (4.15) and (4.16) imply that

@@ in Int(yL,yr) 1
«— 0y o

mlve Yr|or = ¢ on Ext(yr. vr)] = 3.

which is the desired bound. O
We are finally ready to prove the main result of the section, namely Proposition 4.7.

Proof of Proposition 4.7. Recall from (4.11) that m and e are fixed. Let
Cy = ul[6y,(Recty, ,)]. The bottom boundary of Rects,, , may be partitioned into 18/¢
segments of length en/3. At least one of these segments is connected inside Strip,, by
a double-® path to Ly (n) with probability at least C,e/18. Since the measure u is
translation invariant,

@@ in Stri (&
wu[Mido(en/6) P4 Ly(n)] = 1”86. (4.18)
Let Amjg be given by Lemma 4.8 with Cpig = C;"; and €/6 instead of €. If

M[‘Ké’@(Rectzn,n)] > Apmig the proof is complete. We will therefore assume that
W[ Fhig(m)] < Cmig, which along with (4.18) implies

in Stri v
0 Mid, (en/3)] = Coe (4.19)

/L[Mido(en/3) 36
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For j € Z, write M? = (j5en, 0)+Midy(en/3) and M, = (j3en, 0)+Mid, (en/3).
Let 7 be the event that M j’ is connected to M ; by a double-@ path inside Strip, for

both j = —1 and j = 1. Using again the translation invariance of u, the FKG inequality
and (4.19), we find

ul 71> (C;;)z. (4.20)

Now let Ayp be the constant given by Lemma 4.11 with Cyp = %(%’J;)z. If

M[Cfél@(ReCtzn’n)] > Awp We have obtained the result. We may therefore assume the
opposite, thus that

plGup ()] > 1 = Cwp,

for some k > pin /€. By choice of Cyp and using a union bound, we conclude that

2
17 N %] = 5(%5)" = Cun. @21)
Applying now Lemma 4.12, we find

@@ in Int(T',T'g)
u[{TL ————5TrIN _Z N%up(k)] = Cont - Cup-

When _# occurs, the endpoints of I'; are contained in M ﬁ , and M L |» Tespectively,
while those of I'g are in M f and M i Thus, when all three events above occur simulta-
neously, M? | and M f are connected inside Strip,, by a path of double-®. We conclude
that

@® in Strip,,
«—

/L[Mfl Mi] > Cent - Cup-

We conclude in the same way as in the proof of Lemma 4.8: the lower bound above applies
@® in Stri
also to {M;.’f1 10 Oy M§'+1} for all —% <j< % Using the FKG inequality, the

intersection of all these translations occurs with probability at least (Cent - Cup)/€*1.
When all the events above occur, Recty, , contains a double-® horizontal crossing.
Thus

M[(fé’@(Rectznﬁ)] > (Cent - Cwb)3/€+1.

Since € is a universal constant and Ccnt and Cyy only depend on C,, the above provides
the desired bound. O

4.3. Crossing rectangles in mixed boundary conditions. We give two statements that
are crucial in the proof of Theorem 4.1. They are crossing probability estimates similar
to those of Proposition 3.10. What is essential here is that they are in finite domains with
mixed boundary conditions.

Proposition 4.13. For C > 3 there exists § = §(C) > 0 such that, for alln > 1,

;L(g(fll/jin [%é'@([—Zn, 2n] x [3n, 4n])] >68 or
e®/c0

Ooter s [([=3n,3n] x [3n, 4n])] = 6.
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B2 dr

Fig. 14. Left: A vertical double-crossing of red plus of Strip, contains either a vertical crossing of a 6n x n
rectangle or a horizontal one of a 4n x n rectangle. Middle: The absence of a vertical double-crossing of Strip,
of constant red spin implies the existence of a double-circuit of constant blue spin. Conditionally on it, we
study the probability that R contains a double crossing of red-plus spins. Right: The symmetric cylinder Cyl.
The probability that R is crossed (horizontally or vertically) by a double red-plus path is higher in the right
image than in the middle

Corollary 4.14. For all Cy, > 3 and C, > 1 there exists § = §(Cp, Cy) > 0 such that,
foralln > 1,

&9/e8
ReCtChn,Cvn

[€L (Rectc,nn)] > 6.

Corollary 4.14 is referred to in [18] as the “pushing” lemma; it is an essential result
in establishing the dichotomy of Corollary 4.2.

The results stated above mimic the structure of the original RSW theory: the first
result serves as an input (such as self-duality in critical bond percolation on Z? or as
Corollary 3.9 for the weaker RSW statement of Proposition 3.10), the second states
that horizontal crossings may be extended to longer rectangles. The latter follows from
the former in a fairly standard way using Proposition 4.7. For clarity, we will avoid
using Proposition 4.7 in the proof of Proposition 4.13. We start with the proof of the
proposition; the proof of the corollary may be found at the end of the section.

Proof of Proposition 4.13. Fix C > 3. We will proceed by contradiction and will assume
that
®B/00
CyIC n,5n
®® /00
'uCyIC n,5n

[, (1—2n,2n] x [3n,4n])] <8  and
[6([—3n, 3n] x [3n,4n])] < 6, (4.22)

for some constant § > 0 that we will choose later. It will be obvious that the choice of §
only depends on C.

Write Cyl for Cylc, s, and u = ;L?:(f,l/ “° The cylinder is split into five strips of

height n: Strip; = [-Cn —2,Cn+2] x [(i — Dn,in]fori =1,...,5.
The proof of the proposition is based on two claims that we state and prove below.
The whole argument is summarised in Figure 14. O

Claim 4.15. Write Circoe (Strip,) for the event that there exists a double-Q path winding
around Cyl and contained in Strip,. Assuming 8 is small enough,

w[Circes (Strip,)] > 1/4.

Proof. The same argument as in the proof of Lemma 3.8 shows that either Strip, is
crossed vertically by double-path of constant red spins, or it contains a horizontal double-
circuit (winding around the cylinder) of constant blue spins. Thus

w(Circes (Strip,)) + 11(Circes (Strip,)) + (6 (Strip,)) + (62 (Strip,)) > 1,
(4.23)
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where CirCes is defined similarly to Circee and % (Strip,) is the event that Strip,
contains a path of double-@ with one endpoint on its bottom and one on its top.

If €%, (Strip,) occurs, then at least one of the rectangles [kn, (k + 6)n] x [2n, 3n]
with —C < k < C is crossed vertically by a double-@ path, or one of the rectan-
gles [kn, (k +4)n] x [2n, 3n] with —C < k < C is crossed horizontally by a double-®
path. Due to our assumptions (4.22) and to the monotonicity with respect to boundary
conditions, all of the crossing events above occur with probabilities at most §. Thus,

[ (Stripy)] < 4C8.
The same argument applies to double-2 crossings and we find
ul65s(Strip,y)] < 4C6.

For this second inequality, the monotonicity of boundary conditions was not used, but
rather the invariance of u under vertical reflection composed with red spin flip.

Assume now that § < ﬁ. Then the first two terms of (4.23) sum up to at least 1/2.
Moreover, u is invariant under blue spin flip, hence these two terms are equal. In con-
clusion, each is larger than 1/4. O

Claim 4.16. Let R = [—2n, 2n] x [3n, 4n]. Then
1[€4,(R)| Circos (Strip,)] + n[ %% (R) | Circes (Stripy)] > 1.

Proof. 1f Circge(Strip,) occurs, let I' be the lowest circuit as in its definition. Let y
be a possible realisation for I' and let y be the reflection of y with respect to the
horizontal line R x {7n/2}. Then ¥ lies entlrely above R x {5n}, hence above the top
of Cyl. It will be useful to view y and ¥ as drawn on the infinite vertical cylinder
Cyly, = (R/(2Cn +4)Z) x R, of whom Cyl is a subset.

Let CyI be the cylinder contained between y an and ¥ and let Top be the top boundary

%/ *® be the measure on CyI

/00
|
measure on pairs of coherent spin conﬁguratlon (o, 0p) ON Cyl with the property that
all faces adjacent to y have blue spin o5, = @ and all faces adjacent to y have o, =

of Cyl (it may be seen as a horizontal circuit in Cyl) Let uss

with boundary conditions ®® on ¥ and ©@ on y. Premsely, U= & is the uniform

Then, both the red-spin and blue-spin marginal of ,u C | ° have the FKG property. We

sketch the proof of this fact next. Embed Cyl in the plane in the same way that CyI mon
was embedded in Figure 8; call & the planar graph thus obtained. The measure u ~ & e3/60
is equal to that on & with the faces adjacent to y conditioned to have blue spin & and
those adjacent to ¥ to have red spin @. By Corollary 2.10, this conditioned measure does
satisfy the FKG inequality for both the blue and red-spin marginals.

Moreover, the boundary conditions of ﬂ%%/ oo
property for measures on Cyl . Let A, be the set of faces that are either below y, above 7,
or below y but adjacent to it. Similarly, let A, be the set of faces that are above 7, below y,
or above y but adjacent to it. Then, for any red spin configuration &, with the property
that all faces adjacent to ¥ have spin @ and any blue spin configuration &, with the

property that all faces adjacent to y have spin @, we have

satisfy the following Spatial Markov

e8/00

mcyl, (-|or =& on A, and o, = & on Ap) = My
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where the equality refers only to the restriction on 637|. This fact may be proved exactly
as Theorem 2.3 and we do not give further details.

In addition, the Spatial Markov property for boundary conditions @@ holds un-
%%/ ®® Thus, using the FKG property for M%%/ *® we find

w(C® T =y) = ug) P (@R | Top =8) = ug/ = (L), (“24)

der n

where Top = @ stands for the event that all faces adjacent to the top of Cyl have red
spin @. The same holds for €%, (R).

Finally, let us mention that u?:%/ ®® is invariant under reflection with respect to
the horizontal line R x {7n/2} composed with colour inversion. This transformation
maps 6, (R) onto 65, (R) and €73 (R) onto 624 (R). Now, due to Lemma 3.8, R con-
tains either a horizontal double-crossing of constant red spin, or a vertical one of constant
blue spin. Thus,

s ugg (€M) +ug ™ (CRR) +ugy ™ (C@) + g™ (62(R)

eB/O [k SD/OB [k ®D/00 ®D/00
= ke (Ca(R)) + K& (¢ze(R)) + K& (Cae(R)) + K& (¢2(R)).

(4.25)

oo/00

Cyl

B0V | i o the si £ all red spins. Usine th

&yl y tlipping the sign of all red spins. Using the same argument

as in Corollary 2.12 (ii), it may be shown that the red spin marginal of u

co/o0
Cyl

Define the boundary conditions & /@@ on Cyl in the same way as B8 /G, Then

is obtained from u
/%% Jominates
Cyl

that of . In particular,

Het ™ (1 (R) = gl ™ (6 (R) < g ™ (e (R)).

The same holds for vertical crossings. Insert the above in (4.25) and use (4.24), to find
e8/00 0D/00
1< 2% (6L R) + 20 (€2 (R) < 2u(€La(R|T =)
+2u(€2(R)|T = 7).
In conclusion
[ €2 (R)| Circes (Strip,)] + u[ €% (R) | Circes (Strip,)]

=3 [P T = y) + 1(€&%R)| T =y)] - 1[I = y| Circeo(Stripy)] = .
14

where the sum is over all possible realisations y of I'. O

Finally, let us finish the proof of Proposition 4.13. For § > 0 small enough for
Claim 4.15 to hold, using Claims 4.15 and 4.16, we find

1 (2 (R) + n(64s(R))
> (M[%g@(m CirCes (Strips) | + u[ €% (R)| Circ@a(Stripg)])

- 1 Circos(Strips) | > %
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However, by our assumption (4.22), the left-hand side is bounded above by 2§. This
leads to a contradiction if § is chosen smaller than 1/16. O

Proof of Corollary 4.14. Fix Cy, C, and n as in the statement. We may assume » larger
than some constant depending on C,, and Cj; the inequality for smaller values may be
satisfied by altering the value of 6 (Cy, Cp).

Apply Proposition 4.13to N = %n and C = 5% to obtain that

©®/e8 i
Cyle,n.con [¢5([—2N,2N1 x [BN,4N])| =8  or (4.26)
e/eo

Oyl [Goa(I=3N, 3N] x BN, 4ND] = 5, 4.27)

for some § > 0 depending only on Cj and C,. If the second inequality occurs, then
Proposition 4.7 implies that

e®/c0
Clehn,Cvn

[62,(1-2N,2N] x [3N,4N]D)] = ¥(5) > 0.

Thus, up to replacing § by ¥ (8), we may suppose that (4.26) holds always. Then, by
repeated applications of Corollary 4.6 we deduce that

e®/ee
Clehn,CUn

[€L,([—Cpn, Chnl x [3N,4ND)] > 8, (4.28)

for some §p > 0 depending only on Cj, and C,.
A consequence of Lemma 4.3 and of the FKG property is that the red-spin marginal

of Mgﬁ(jjm is dominated by that of ppgere . . Usingthis, and the fact that N' = S,
we find
e o (= Con, Com x [3Con, €]
> Uyler o[ (=Cn., Cyn] x 3N 4N)] = do. (429)

Define the rectangles R; = Rectc,, 4/s)ic,, and S; = [-Cpn, Cpn] x [% .

(%)ijn, (%)/’“Cvn]. Then (4.29) applies to any of the rectangles R; with j > 0,
and we find

Mif/@@[%g@(sj)] > 8, (4.30)

for some §; > O that depends on Cj, C, and j, but not on n. 3

‘When %”é’@(S 1) occurs for some j > 0, there exists a double-@® path contained
in §; C Rj41, connecting the left and right side of Ry. Any such path separates the top
of Ry from its bottom. Let I" be the highest such path and Under(I") be the set of faces
of Ry that are separated from the top of Ry by I'. Then I' is measurable with respect to

the spins above and adjacent to I". For any possible realisation y of I", due to the Spatial

Markov property, the red-spin marginal of M?ef/ @@[.|1" = y] restricted to Under(y)

stochastically dominates that of [,Li&;{ ?@. It follows that

Wiy (kS0 | T = y] = 1 [6ha(Sje0] = 801 4.31)

3 We may actually restrict ourselves to n and j such that the rectangles R; and S; do not degenerate below
the mesh size. Indeed, (4.30) will only be used with j < logs 4 Cy and n may be assumed large enough.
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Ry

—— N N P A N

|
VA S— "IS"“

Rj+1

Fig. 15. The rectangle Ry = Rectc, ,, c,n With & boundary conditions on the top and lateral sides and &€&
on the bottom. If ‘K&B(S '7) occurs, the measure under I' dominates ;leg;?i ?e and %Eg@(s j+1) is more likely to

occur than in R4

This may appear surprising, as it is not always the case that ;.1 C Under(y). Let us
@8 /08

explain briefly why (4.31) is nevertheless true. Couple the red-spin marginals of u Rje1

and M%j/ @e[.|I‘ = y] in an increasing fashion (this is possible do to the stochastic

domination of the former by the latter). Then, if (o, 6,) is a sample of this coupling,
&, is equal to @ for all faces adjacent to y and is greater of equal to o, for the faces
of Under(y). If o, is such that ‘Ké’@(SjH) occurs, then 6, € ‘fé‘@(SjH) as well. See
Figure 15 for an illustration.

Summing over all possible values of y, we find

eD/e8 e8/ee [

Hry  [Coa(SisD) | € (S)] = np ! [Cha(SjsD] = 8ju.

Iterating this for j < J := [logs 4 Cy], we find

J
ety con L[| Gta(S)] = 13~ [ 50)]
Jj=0

! J
ey [k (SpIEk ;0] = [18)
j=1 0

Notice that S is included in Rectc, . ,, hence the above implies that
y J
®®/c0 5
MRethhn,cvn [%@@(Rethhn,n)] = 1_[ d;.

j=0

The right-hand side of the above is a positive constant depending only on Cj, and C,,
and the proof is complete. O
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Fig. 16. Left: Create Circggp(xy ) and CirCeg(x g) by first creating one double-& circuit surrounding the whole
of A(p4+2)n (atacosto(y42),), then creating two smaller circuits inside A (,42), Which come at constant cost.
Right: when Circgg(xz ) NCircgs(xg) occurs, Corollary 4.14 allows us to create two long double-& crossings
in the strips above and below Ay, (x7,)

4.4. Proof of dichotomy theorem (Theorem 4.1 and Corollary 4.2).

Proof of Theorem 4.1. Fix n and let p be some large constant (we will see below how
to choose it). We will work in the domain B := A ;(,42)s, under the measure /,Lge. The
steps of the proof are described in Figure 16.

Let x; = (—pn, 0) and xg = (pn, 0). Write Ay (xr) for the ball of radius k centred
at x; , and use the same notation for xg. Let Circes (x) and Circes (xg) be the events that
there exists a double-® circuit in Ay, (x7) \ A, (xp)and Ao, (xg)\ An(xR), respectively.
Notice that both Circes(x7) and Circes(xg) depend only on the spins inside A (ps2)n.
Recall that Circes(k, £) is the event that there exists a double-® circuit in A, that
surrounds Ay.

By the monotonicity of boundary conditions

/‘LE@ [CirCEB@(xL) N CirC@@(xR)]
> ug [Circss(x1) N Circse(xg) | Circes((p +2)n, 2(p +2)n) |
- 1 [CirCes ((p +2)n. 2(p + 2)m)]

> Mi&;m)n [Circes (x2) N CirCes (xr)] ct(p+2)n
o : 2
> Wi om [CilCes (X1) | et(ps2n-

In the second inequality we used the monotonicity of boundary conditions (Corol-

lary 2.12) and the definition of ¢, 42),; the lastinequality is due to the positive association
of o, under Mi@i(ﬂ+2)n' It is a standard consequence of the comparison of boundary con-
ditions and Corollary 4.14 that u?\fwz)n [Circes(x)] > co for some constant cg > 0

that does not depend on . In conclusion
1g [Circse(x1) N Circes (xg)] = ¢ a2(ps2yn- (4.32)

We will now condition u” on the event CirCes (x1.) NCirCes (xg), and will construct

double-D circuits around Asy, (xz) and Ao, (xR). Using the Spatial Markov property,
these will allow to bound the probability in (4.32) as a product of two probabilities «;,.
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When Circee(xz) occurs, write Z; for the innermost double-® circuit as in the
definition of Circes(x1). Then E is measurable in terms of the spins of the faces inside
and adjacent to it. Define E in the same way. Let xz and xr be two possible realisations
of E1 and Eg, respectively. A straightforward variant of the Spatial Markov property
(Theorem 2.3) states that the restriction of ;LS@[. | EL = xz and Eg = xr] to the faces
of B outside of x; and xp is independent of the values of the spins strictly inside x,
and xr. In particular, the restricted measure above is equal to ME@[. | xz =P and xg =
@], and its red-spin marginal satisfies the FKG inequality (see Corollary 2.10).

Consider the horizontal strip Strip; = R x [«/§n, 2«/§n]; it sits above Ao, (x7)
and Ay, (xg). Write ‘éé’@ (Strip; NB) for the event that Strip, NB is crossed horizontally
by a double-© path (Strip; N B is not technically a rectangle, but we use the same
notation). Then Corollary 4.14 (or rather its variant with @ and © inverted) implies the
existence of a constant ¢; > 0 independent of n, x7 and xg such that

& (¢ (Strip; NB)| EL = x, and Eg = x&] = c1. (4.33)

Indeed, the red-spin marginal of u3°[. | E, = x; and Eg = xg]restricted to Strip; NB
is dominated by that in the rectangle [—p (o +2)n, p(p +2)n] x [v/3n, p(p +2)n] with
boundary conditions ®® on the bottom and &2 on all other sides.

The estimate (4.33) also holds for Stripg, the symmetric of Strip; with respect to
the horizontal axis R x {0}. Thus, by the FKG inequality,

5 [€L (Strip; NB) N €L (Strip, NB) | & = x and Eg = xr] = cf.
Summing over all possible values x; and xr of E; and Eg and using (4.32), we find
& [€24(Strip; N B) N G2 (Stripg N B) N Circss (x) N Circes (xg) ] = ¢f co t(ps2yn-
Asa consequence
g [Circas(x1) N Circes (xr) | €24 (Stripy N B) N 6L (Stripg N B)] > ¢f ¢§ ct(psayn.

Write D for the domain that is the intersection of B with the strip R x [—2«/§n, 2\/§n].
Then, by conditioning on the highest and lowest double-& crossings of Strip; and Strip 5,
respectively, using the spatial Markov property and the monotonicity of boundary con-
ditions, we find

1 [Circes(x.) N Circes (xg)]
> 115 [Circes (x1.) N Circse (xg) | €2 (Strip; N B) N 62 (Stripg N B)]
> f 6§ &(ps-
Now consider the parallelogram Par formed of the faces with centres at k + £¢!™/3
with 0 < k < 24n and —4n < £ < 4n. Define its horizontal translates Par;; =
Par — ((p +26)n, 0), Par gp = Par — ((p — 2)n, 0), Parg;, = Par + ((p — 26)n, 0)
and Pargg = Par + ((p + 2)n,0). These are all contained in D, touch its top and
bottom and are left of Ay, (xr), right of Ay, (xr), left of Ay, (xg) and right of Ay, (x,),
respectively. Let us assume that p is large enough so that Pary ; and Pary g are included
in Apn(xp) (p > 30 suffices). Then Parg; and Pargg are included in A, (xg) and, in
particular, are disjoint from the first two parallelograms.
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Fig. 17. The rectangles Pary ; and Pary g are to the left and right of Ay, (x), respectively, and their top
and bottom is part of the boundary of D. Due to the && boundary conditions on D, Lemma 4.5 applies to
both these parallelograms. Thus, each is crossed vertically by a double-& with uniform positive probability,
independent of the configuration in the rest of D

Now observe that, due to Lemma 4.5 (applied with @ and @ exchanged)

g [€2(Parpy) N 64 (Parpg) N 62 (Parg.) N %2 (Pargg) | Circes (x1.)
N Circea(xg) ] > c2,

for some universal constant ¢, > 0. Then, using Bayes rule

1 [Circes(x.) N Circes(xg) | €2 (Par, 1) N €4 (Pary g)
N 63 (PargL) N 62 (Pargg)]
> up [¢2(Parp.) N 6L (Par,g)
N6 (PargL) N 62 (Pargg) | Circas (x) N Circee (xg)]
x up [Circas (x) N Circas (xg) |
>0 c% c% A (p+2)n-
Finally, by conditioning on the left-most vertical double-& crossing of Par;; and the

right-most of Pary g, and using the monotonicity of boundary conditions, it may be
shown that the restriction of u%@[. | 63 (Par ) N 63 (Parpg)] to Ag,(xy) is dom-

inated by that of M?\in (x)- Moreover, due to the Spatial Markov property, this is true

even when conditioning on the spins to the right of Pary g. The same procedure may
be applied to ,u%@[. | 62, (Pargr) N €3 (Pargg)] for the measure in Ay, (xg). Notice

that the areas that determine the restriction of ,u%@[. | 62 (Pary ) N €3 (Par g) N
Cas(Pargr) N 63 (Pargg)] to Az, (xp) and Aj,(xg) are disjoint. Thus, the restric-

tion of u3°[. | 62 (Par, 1) N €2 (ParLg) N 62 (Pargr) N 62 (Pargg)] to A, (xp) N
A2, (xg) is dominated by the independent product of uiin (x, and M?\in (xp)- In conclu-
sion,
M%@ [Cil’C@@(xL) N Circea(xg) ’ %g@(ParLL) N %)@(Parm)
N %’@(Parm) n %’@(ParRR)]
< M?\inm)[CirC@@(xL)] 'M?\in(xR)[CirC%(xR)] =a?.
The last two displayed equations yield the desired conclusion. O

Proof of Corollary 4.2. Let p, C be the constants of Theorem4.1. Suppose thatinf, «;, =
0. Let ng be such that o, < % Then a simple induction involving (4.1) implies

that (o), < é2_2k for all k > 0. This implies the stated inequality for ¢ <
log2/log(p +2) and C chosen accordingly.
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\

An Abn Aan \

Fig. 18. The small annuli Annyp, ..., Anng placed inside Ay, \ A, have inner radius m and outer radius 2m.
They are such that the balls of radius pm around each of their centres are contained in A, . If they all contain
double- circuits, then these form a circuit around A, contained in Ap,, C Agn

5. Conclusions

In this section we prove Theorems 1.2 and 1.3. To this end, we first resolve the dichotomy
stated in Corollary 4.2 and then transfer the results from the spin representation to the
loop O(2) model.

5.1. Excluding stretched-exponential decay. The goal of this section is to show that the
case (ii) of Corollary 4.2 is incoherent with Theorem 3.2. Once it is established that case
(i) holds, it is fairly standard to deduce Theorem 1.2; this is done in Section 5.2.

Proposition 5.1. Case (i) of Corollary 4.2 occurs. That is, inf,, M?\in [Circ@@ (n, 2n)] >
0 for some fixed constant p > 2.

The constant p and the ratio between the inner and outer radii of the annulus above may
actually be chosen arbitrarily, as we prove below. Other variants referring to rectangle
crossings may also be formulated.

Corollary 5.2. For any a > 1,
inf {M?\?n [Circ@@(n, an)] n> %} > 0.

The lower bound on # in the infimum above is to ensure that the annulus is thick
enough to allow the existence of a double-@ circuit. We start by proving the corollary,
based on Proposition 5.1. The remainder of the section is then dedicated to proving
Proposition 5.1.

Proof. This is a standard application of Proposition 5.1, the FKG property and the
monotonicity of boundary conditions.

Fixa > 1 and let b = (1 + a)/2. We may limit ourselves to values of n larger than
some threshold depending on a; smaller values of n only add strictly positive numbers
to the set whose infimum we are considering.

Recall that p is fixed by Theorem 4.1. Let m = Lmin{%; b%l} - n], and suppose
that n is large enough so that m > 2. Then there exists a number K = K (a, p), not
depending on m or n such that one may place K translates Annyp, ..., Anng of the
annulus Ay, \ Ay, inside Ap, \ A, in such a way that, if all of them contain a circuit of
double-@®, then Circsw (1, an) occurs. See Figure 18 for an example.
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Since mp < (a — b)n, all faces at distance pm from each Ann; are contained in Ag,.
It follows from the FKG inequality and the monotonicity of boundary conditions that

K
M?Sn [Circ@@(n, an)] > 1_[ u?\in [Circ@@(Ann‘/)] > (u?\im [CirC@@(m, 2m)])K > K,
j=1

where ¢ = inf, pL A [Circes(n, 2n)] is a strictly positive constant due to Proposition 5.1.
Since the ultimate lower bound above does not depend on n, the proof is complete. O

‘We now turn to proving Proposition 5.1. We will proceed by contradiction. Fix p > 2
given by Theorem 4.1 and recall that ¢, = M?\in (Circ@@ (n, 2n)). Will assume that case

(ii) of Corollary 4.2 occurs, namely that there exist constants ¢, C > 0 and ng > 1 such
that

oy < Ce™™ foralln = (p + 2)kn0 with k € N. (ExpDec)

We start by proving a series of results based on (ExpDec). All constants below depend
implicitly on the values of ng, p, ¢ and C of (ExpDec).

Lemma 5.3. Under assumption (ExpDec), for any k > 2 there exists C1 = C1(k) > 0
such that

WE [An S A5 ] <e O™ =1 (5.1)
Proof. Fix k > 2 and n arbitrary. Let R := Recty, /2. The annulus A, \ A, may be
covered by six translations and rotation Ry, ..., Rg of R in such a way that, if {A, ﬁ
Agn} occurs, then at least one of Ry, ..., Rg is crossed in the short direction by a double-
@ path (see Figure 19). For 1 < i < 6, write o (R;) for the appropriate rotation and

translation of €, (R). Then, using the union bound and the monotonicity of boundary
conditions, we deduce that

6
ILAM [An = AS,] < MAKn[U%éJ@(Ri)] =6 A(m)n [Caa(R)]. (5.2)
i=1

Henceforth we aim to prove a stretched-exponential upper bound for M?\iu)n [Can(R)].

Let xp and x7 to be the points of the bottom and top, respectively, of R that are most

probable under M?\?ﬁz)n to be connected by a double-@ path contained in R. Then

@@ in R
Mi;)\?x+2)n (XB XT) - 16}’12 MA(K+2))I [%(S@(R)], (53)

since there are 16n2 potential pairs of points (x7, xg). Let T be the reflection with respect
to the horizontal line R x {0}. Then we also have

@® in 7(R)
W [T00B) = T(1)] = izt ), [€o6 (RO (5.4)

If the events of (5.3) and (5.4) occur simultaneously, then x7 and 7 (x7) are connected
inside RUt (R) = [—2n, 2n]x[—n/2, n/2] (see Figure 19). Thus, by the FKG inequality,

@ in 7(R)UR
>

S 1 S 2
HA s [T(xT) XT] = WMA(HZW[%(;@(R)] .
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O\
T xT
BL)\ R
R
TEF A+
Ry Trdes  TBEy
++++ ++++++ i
T(R) +++  H+ O FFE  H+
+HFEF+HE+F ++++4
++ +F++ ++++
++
T(.?}T)

Fig. 19. Left: One may place six copies of R around A, so that, if {A, <$—EB> Agn} occurs, then at least one of
them is crossed in the short direction (here the crossed copy is shaded). Right: When x7 is connected to xp
in R and 7 (x7) is connected to t(xpg) in 7(R), then 7 (x7) is connected to x7 in 7(R) UR

Fig. 20. Combining K vertical crossings of (rotations and translations of) [—2n, 2n] x [—8n, 8n] produces a
circuitin Apy \ A . Each such vertical crossing is constructed from vertical crossings between 7 (x7) and x7
in sixteen copies of R U t(R)

Using the above, the FKG inequality again and the monotonicity of boundary conditions,
we find,

Ko [ € ([=2n.2n] x [=8n, 8n])] = Gimhi,,,, [Goa(RIPZ. (5.5)

Indeed, a vertical crossing of [—2n, 2n] x [—8n, 8n] may be obtained by intersecting

. @@ in t(R)UR .
sixteen translates of the event {t(x7) L x7}. The box has been increased

to A (c+10)n SO that all of these events occur in rectangles with distance to the boundary
greater than (« + 2)n.

Recall the fixed values p > 2 and ng of (ExpDec). Let £ be minimal such that,
for N := (p + 2)¥ng, one has

N/n > max{16, ’:;T]g}.

By the minimality of k, we have N < con for some constant ¢y depending on p, n¢ and
only. Then, there exists a constant K = K (p, ng, k), that depends on p, ng and « but not
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on n or on the resulting value of N, such that one may construct a circuitin Aoy \ Ay
by combining at most K vertical crossings of translates of [—2n, 2n] x [—8n, 8n] and
rotations by 27 /3 and 4 /3 of this rectange, all contained in A,y (see Figure 20). Due
to the choice of N, the faces at distance (« + 10)n from any of these rectangles are
all contained in A ,u. Thus, by the monotonicity of boundary conditions and the FKG
inequality,

an = p5, [Circes2N. N)] = M?\im)n [62(1—2n, 2n] x [8n, 82"

(4n)64K “Akn[ @@(R)]32 K

Due to (ExpDec), this implies

Han [ Ges(R)] = (4n)* (C _Nc)ﬁ < c2(dn)?e= M,

for constants c1, ¢ > 0 depending only on «, p and ng. Finally, from (5.2) we deduce
that

:U“A,(,, [A <—> A%n] < 66‘2(411) e—cin’

This implies (5.1) with C| chosen small enough to absorb the multiplicative factor. O

Lemma 5.4. Under assumption (ExpDec), for any k > 2 there exists C; = Ca(k) > 0
such that

C [An B AG] <@ Va1, (5.6)

Proof. Fix k > 2 and let C; be some small constant to be fixed below (it will be obvious
that the bound on C; depends only on «). It suffices to prove the statement for n large

enough; small values may be incorporated by adjusting Cs.

Suppose by contradiction that there exists n > 1 (large) such that u% A [A, S

A5 1< 1— ¢~C2"° From now on n is fixed and it is crucial that we use the assumption
above only for this particular value of n.
Due to the monotonicity of boundary conditions, we deduce that

,u%a[An Piad AS, ] <1- e
for any domain & containing A ,. Suppose now that C, is chosen smaller than C (4«) /2,

with C1(4«k) given by Lemma 5.3. Then, assuming »n is above some threshold (which
we will do from now on), we have

U [An S AS,] < emC1On° < Lg=Con”, 5.7)
Due to the two displays above, and to the monotonicity of boundary conditions,
@ © @
Sl{An B A5 N (A, B A5 ] = 1= 1S (A, S AS,]
) Cont
— M?[An P Agn] > %e Can®

for any domain & with A, C 2 C Agen.
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As in Lemma 3.6 , the absence of a double-@ or double-2 connection between A,
and A§, implies that at least one of CirCes(n, 2nn) and CirCes(n, 2n) occurs (see also

Remark 3.7). Under u%a, the blue spins are interchangeable, and we deduce that

15 [Circea(n, 2n)] = u%; [Circes(n, 2n)] > te=Cm, (5.8)

for any domain & with Ay, C I C Aagn.

Next we work in the domain A3,,,. Place translations Anny, ..., Anng of the annu-
lus Az, \ A, around the outside of A, as in Figure 18 so that, if all of them contain
double-@ circuits, then there exists a double-@ circuit in A (42), surrounding A,. As
discussed in the proof of Corollary 5.2, this procedure employs a number K of translates
that only depends on «, not on n. Thus

K
M?\in [Circes(kn, (x +2)n)] > “?\in [ ﬂ CirCaa(Annk)]
k=1

K
A\ K
> [1u, [Circss(am)] = (7). (5.9)
k=1

The second inequality is due to the FKG property of blue spins under u?\@m (see Re-
mark 2.11 (i) with reversed colours). The last inequality is a consequence of (5.8).
Indeed, if Az, is translated by the translation that sends Anng to Az, \ Ay, then it
contains A, and is contained in Ag,,, hence (5.8) applies to it.

When Circes(kn, (k + 2)n) occurs, write I" for the exterior most double-@ circuit
in A(c42)n that surrounds A,,. Let y be a possible realisation of I". Due to the Spatial
Markov property, the measure u?&m [.|T = y] restricted to the interior Int(y) of y is
simply “ﬁ?t( ) Then (5.8) with inverted colours applies to the domain Int(y), and we
find

M?SKH [Circ@@(n, 2n) | I' = )/] = ,uﬁ,?t(y) [CirC@&)(l’l, 2}1)] > JTe—Czn".
Averaging the above over all possible values y taken by I' and using (5.9), we find
u?\in [Circ@@(n, 2n)] > ,u?\in [Circ@@(n, 2n) N Circea(kn, (k + 2)n)]

= 3 Hia, [Circss(n. 20) |T = y] -5, (@ =)
14

o\ K+1
> (J—te_czn ) .
This contradicts (5.1) provided that C, is small enough (any C2» < C1(3x)/(K + 1)

suffices) and #n is large enough. O

Lemma 5.5. Under assumption (ExpDec), for any k > 2 there exists C3 = C3(k) > 0
such that

u [Circes(n, 2n)] > 1 — e~ 4", ¥n> 1. (5.10)

As a consequence, for any € > 0, there exists n1 > 1 such that

MH[ () Circes(2/n1, 2j+1n1):| S l—e (5.11)
j20
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Proof. Fix some k > 2. Let us first prove that
Wi [ G2 (RECY 16,0/2)] > 1 — e~ (5.12)

for all n and some fixed constant C4 > 0. Notice that we are aiming to show that
a thin rectangle is crossed in the long (vertical) direction with very high probability.
Heuristically, Lemma 5.4 says that such rectangles are crossed with high probability
in the short (i.e. horizontal) direction. To pass from crossing in the short direction to
crossings in the long direction, we will use the same argument as in the proof of (5.5).
However, since this argument applies to small probabilities rather than large ones, we
will use it for the model dual to double-© connections.

Recall the notation dm(o,) for the set of edges of H with spin © on either side.
Let dm(o;)* be the dual of dm(o,); it is a percolation configuration on T, with edges
open if at least one of their endpoints is a face of spin @. Then G5 (Rect, 16,1/2) fails
if and only if Rect, /16 /2 is crossed horizontally by a path in dm (o, )*. The same holds
with Recty, ,,/» instead of Rect,;16,,/2. Moreover, dm(o,)* is increasing in o,, hence

satisfies the FKG inequality under M?\?ﬁz)n'

The same strategy as in the proof of Lemma 5.3 applies here, namely choosing the
points on the left and right sides of Rect,/16,,/> that are most likely to be connected
in dm(o,)*, using horizontal reflection, the FKG inequality and monotonicity of bound-
ary conditions, we find that

=SS v 4 S<S v 32
1-— A Gesapn [‘K@@(Rectzmn/z)] > I:ﬁ(l ~ M Ao [%@@(Rectn/m’n/z)])] .

Consider now the copies R, ..., Rs of Recty, ,/> placed around A, as in Figure 19.
Then, due to the FKG inequality and the comparison between boundary conditions

6
ES 9 o e 6
oo P 88 1z05 o (6 R) | = (1-45,,, 162 (Rect2)])
i=1

Using the upper bound (5.6) for the LHS, we obtain (5.12) with an adjusted value C4 > 0.

Let us now prove (5.10). There exists some fixed constant K such that one may
place K translations and rotations by 27 /3 and 4x/3 of Rect,/16,,/2 around 0 in

such a way that, if they are all crossed in the long direction by a double-2 path,
then Circes(n, 2n) occurs (look at Figure 20 for inspiration). Using again the FKG
inequality and the monotonicity of boundary conditions, we find

/’L?\in [CirC@@ (n,2n)] = Mi{?xﬂ)u [%é)@ (ReCt"/l6’"/2)]K :

Inserting (5.12) in the above proves (5.10).
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We move on to proving (5.11). For n; > 1, using the monotonicity of boundary
conditions and the fact that uy = lim,— M?\i’ we find

p] (1) Circee(2/n1, 27 ny)]
Jj=0

= l_[ /LH[CiI'C@@(Zjnl, 2j+1n1) \ m Circ@@(ﬂnl, 2£+1}’l1)]
jz0 0>
SS H j j+1
= [ 145, [Circee@/n1, 27 )]
j=0

- [t —eesemn)

j=0

where Cs is given by (5.10) for k = 4. The right-hand side may be rendered as close to
one as desired by taking n; sufficiently large. O

We are ready now to prove Proposition 5.1 and thus resolve the dichotomy stated in
Corollary 4.2. Below we show that assumption (ExpDec) contradicts (3.1), hence it is
false.

Proof of Proposition 5.1.. Suppose (ExpDec) occurs. Fix n| large enough so that

| (1) Circea(@/n1, 27*1n)] = 3.
Jj=0

Recall from Theorem 3.1 that pp is invariant under red spin flip, whence

| () Circas @/n1, 27| = 3.
j=0

Then, the intersection of the two events above occurs with probability at least 1/2. In
particular, for any j > 0,

M?\imn] [Circee(2/n1,27* n1)] > un[Circes(2/n1, 27% ny)

N Circee(2/*ny, 2% ] = 1.

. . ; ; N &
Notice that Circes (2/n1, 2/ +p 1) implies the occurrence of the the translate of {A,; n <

A; j”nl} by (2/n1, 0). By the monotonicity of boundary conditions we deduce that

S 8@ e cS ; j j+l 1
T l[Azjn1 < A, 1z 0y, [Circes(2/n1, 27 n))] = 5.

243, ny

This contradicts (5.1) for j large enough, and (ExpDec) fails. In other words, case (i) of
Corollary 4.2 holds. O
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5.2. Proof of Theorem 1.2. In this section we show how the statements about the spin
representation proven in previous sections imply Theorem 1.2.

Proof of Theorem 1.2.. (i) Recall from Proposition 2.1 that for any domain &, the mea-
sure Py is obtained from ,u%a by considering the edges separating faces of different blue
or red spin.

If (Z,)n>1 is a sequence of increasing domains with Un>] 9, = H, Theorem 3.2

states that u%a converges to uy. As a consequence Py, converges to the measure Py

obtained from pup by the same procedure that produces Py from /,L%a.
(ii) By Corollary 3.11, there exists Py-a.s. no infinite path in w,. Indeed, the existence
of such a path is contradictory with the existence of infinitely many @-circuits surround-
ing 0; the latter event was shown to occur puy-a.s. The statement extends to blue paths
by symmetry.

Alternatively, one may see the proof of Theorem 3.2, where the absence of infinite
paths was proved.
(iii) The ergodicity and rotation invariance of Py follow from the corresponding prop-
erties of uy, which were obtained in Theorem 3.1.
(iv) We start with the lower bound. Fix Z a finite domain containing A, for some n, or
simply 2 = H. The procedure that generates Py from M&; is such that

Py (exists loop in A, surrounding A, /2)
> u%, [Circe(n/2, n) N Circe(n/2,n)]
> %y [Circes(3n, 3n) N Circes(3, n)]

> pa, s [Circea(zn. 3m)] - u%e [CirceaGn, m)].

The second and third inequalities are due to the monotonicity of boundary conditions.
The last term is bounded uniformly away from O by Corollary 5.2.

Let us now prove the upper bound. Fix a finite domain & and set n = dist(0, Z°).
Fix some p < 1 close enough to 1; we will see below how p needs to be chosen and
that it does not depend on n or Z. Let Loop? be the event that there exist at least two
loops in  that surround A ,,. Let Loopz(red,blue) be the event that Loop2 occurs and
that the outermost loop surrounding A, is blue, while the second outermost is red.
Then Py [Loop? (red,blue)] = 1Py (Loop?).

Let us consider for a moment spin configurations (o, 0p) chosen according to /L%a

that correspond to loop configurations in Loop2 (red,blue). The outermost blue loop
corresponds to a double-® circuit in Z \ A,,. Indeed, as any blue loop, it is either a
double-® circuit or a double-2 circuit. Since there is no red loop separating it from 3¢ 2,
its spin is the same as that of 8;,2, namely @®. The second outermost loop, the red one,
induces a simple-© circuit that surrounds A on and is contained inside the double-®
circuit above.

Coming back to general configurations (o, o) on 9, let E be the outermost double-
@ circuit surrounding A ,,; if no such circuit exists, set & = . Let Int(E) be the domain
delimited by E. Due to the Spatial Markov property and a standard exploration argument,
the measure inside E is ufﬁ@).

By the discussion above, if Loop2 (red,blue) occurs, then E # @ and there exists
a simple-© circuit contained in Int(E) and surrounding A ,, (this is not an equality of
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events; generally the latter event contains strictly the former). Thus

1Py (Loop?) < > u%[Circs(on) N {E = 1]
xX#0

=D Hintop[Circs(om] - n5 (& = x), (5.13)
XF#Y

where the sum is over all realisations y # ¢ of E. The event Circo(pn) above refers to
the existence of simple-& circuit contained in Int(x) and surrounding A on-

Due to the monotonicity of boundary conditions “ﬁﬁ(x) [Circa(pn)] < u%‘g [Circa(pn)]
for any x in the sum above. In conclusion

Py(Loop?) < 4 ug[Circa(pm)] - Y 15 (B = x) < 4uf [Circs(om)].  (5.14)
X

Let u be a point where dg A, intersects dg Z (such a point exists due to the choice
of n). By considering the intersection of the annulus u + A, \ A(_,), centred at u
with 2, and using the monotonicity of boundary conditions, we find that

15 [Circa(om)] < 1 — pig [Circa((1 — p)n, m)]. (5.15)

Indeed, the trace on 2 of any configuration o, on H that contains a simple-® circuit
in the annulus u + A, \ A(1—p)» does not belong to Circs(pn). The above conclusion
follows by the domination /L%’g >t Mﬁ[@.

It is a standard consequence of Corollary 5.2 that p < 1 may be chosen so that

ui [Circa((1 — p)n, n)] > % for all n larger than some fixed threshold. Then, by (5.14)
and (5.15), P_@(Loopz) < % for all n above this threshold, as required. Smaller values
of n may be incorporated by altering the constant c.

(v) Fix a domain Z; we will prove the results for Eg; the same proof applied for Ep.
First we show the lower bound. Set K = |log, dist(0, Z¢)] and for k = 1, ..., K,
let Circz(k) be the event that there exists a double-® circuit and a double-© circuit
in A,k surrounding A,«. By the same reasoning as that used to prove (iv) above,

Py (Circ* (k) |y on AGy.p) 2wy, [Circes (32, 2"+1)]M?\22k [Circss (2", 329)] = ¢,
(5.16)
for some constant ¢ > 0 independent of k. As a consequence
Ey#{1 <k < K —1 : Circ*(k) occurs}) > ¢ (K — 1) > ¢ (log, dist(0, 7°) — 2).

Now observe that each event Circz(k) that occurs induces a loop in Z that surrounds O.
This provides the desired lower bound, after alteration of the constant c.

We turn to the upper bound. LetI'y, ..., T'y,, be the loops of w surrounding 0, ordered
from outermost to innermost, when w is chosen according to Py. Set d; = dist(0, I';)
forj=1,...,Ng.

The loop measure inside I'j, conditionally on I'y, ..., I'j, and more generally on the
whole configuration outside I';, is simply Plnt(l“j)- Applying (1.2) we find that

Py(djw2 < pdj|Tj and w outside I';) > c. (5.17)
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From the above, it is standard to conclude that E¢(Ng) < C logn for some constant C
depending on ¢ and p only. We sketch this below.

Let Ty = min{j < Ng : d; < Pk - dist(0, 2°) fork = 1,..., K where K =
ﬂogl/p dist(0, 2¢)].Formally Tx = Ng and Tp = 0.Then (5.17) implies thateach T'j, —
T; may be bounded by a random variable 2G j, where G ; has a geometric distribution
of parameter ¢ > 0. Then E¢(Ng) < Z;{:] 2E(Gj) = ZTK, as required.

Finally, (5.16) also applies to Py instead of P¢, and directly implies that

.. #l<k<K: Circ? (k) occurs}
lim inf >0
K—o00 log K

Thus, there are indeed infinitely many loops surrounding the origin Pg-a.s.. O

5.3. Proof of Theorem 1.3. Finally we prove Theorem 1.3. It may be worth mentioning
that the proof below may be adapted to circumvent the use of the results of Section 4.
Indeed, the non-quantitative delocalisation result of Theorem 3.2 suffices.

Proof of Theorem 1.3. From the construction of Py as limit of finite-volume measures,
it is immediate that it is a Gibbs measure. The rest of the proof is dedicated to showing
it is the only one.

Let n be a Gibbs measure. For any configuration @ chosen according to 7, colour each
loop of w independently in red or blue; colour each infinite path in red. Write @, and wj,
for the obtained red and blue configurations, respectively. Extend 7 to incorporate this
additional randomness.

Additionally, associate to (w, wp) a pair of spin configurations (o, op) obtained by
choosing the spins at 0 (¢, (0), 05 (0)) € {S, @} x {@, @} uniformly, then assign spins
to all other faces with the constraint that two faces have distinct red spin (and blue spin,
respectively) if and only if they are separated by an edge of w,, and wp, respectively.

Thus 7 is both a law on pairs of red and blue loop configurations, as well as a law on
pairs of red and blue spin configurations. We call the latter the double-spin representation
of .

Let us show that the red-spin marginal of 5 is equal to vy. Notice that (DLR) implies
that the double-spin representation of 1 has the spatial Markov property in that, for any
domain 2, the restriction of 7 to Int(2) conditionally on the double-spin configuration
outside Int(Z) is measurable in terms of the double-spin configuration on 9, 7.

Fixe > 0and n > 1. Let N > n be chosen so that

Vi (A) < vE(A) +€, (5.18)
for any event A that depends only on spins in A,. Now let M > N be such that
n(there exists a finite loop visiting Ay and A§,) < e. (5.19)

Since the event above is limited to finite loops, it is always possible to find such a
value M. Write B(N, M) for the event in the probability above.

For a configuration & ¢ B(N, M), let (&) be the domain obtained from A s
by removing the interior of all loops intersecting its boundary. Then Ay C Z(§).
Let X1, ..., Xok be the points on g Z(£) that belong to infinite paths in & \ Z(&) and
which have neighbours inside 2(&), ordered in counter-clockwise order, starting from
some arbitrary point. For £ € B(N, M), set Z(£) = .
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Let D, xy, ..., xp; be a possible realisation of Z(£), Xy, ..., Xox with D # 0.
Then (DLR) describes the restriction Pjy % of n(.| Z(w) = D and X1, ..., Xor =
X1,...,X2¢) to D as

ceey G
P (@) = £ 27O e odd vertices of @ are x1.xn ) Orall € {0, NE),

,,,,,

where £(w) is the number of loops of w entirely contained in D. Indeed, for any £ and w
as above, the loops of the configuration w U (§ N D€) that intersect D are all contained
in D. Additionally D also contains k segments of infinite paths.

Let us describe the conditional measure above for spin configurations. Since no finite
loop intersects 3 D, the blue spins on d;, D are all identical, either @ or @. The red spins
along 3;, D switch from @ to © and vice-versa at every point x; due to the infinite (red)
paths. Write ppy "% **® for the spin measure on D @ on dj, D, ® on the segments of iy D
between x; and x;,1 with i odd, and © on all other parts of 9, D. To be precise, this is the
uniform measure on coherent configurations (o, 03) € {&, ®}F D x @, 0)F D) that
have the values above on i, D. Define pu7) % adl wp *® and p I 77 simi-
larly; these are the push-forward of p7) YU yia (0y, 0p) > (=07, 0p), (Gr, Op) >
(o, —op) and (o, 0p) +— (—0,, —0p), respectively. Then, due to the uniform choice
of the spins at 0,

X1 yeee, X2k, B9
Hp

Due to Corollary 2.10 (iii), the red spin marginals of the mesures
,u’z,"'”’x”’@a, ,ufg """ X248 /ﬁB""’xw@a and /L)B""’Xz‘"ea all satisfy the FKG inequal-
ity. In particular, since Ay C D, their restrictions to A, are all dominated by vf?v. In
conclusion we find that, for any increasing event A depending only on the red spins

inside A,,

n(A) < n(Z2(w) =0) + Z Py (A) - n(P(w) = D; X1 =x1,..., Xop = x24)

D;xy,..., X2k
D#0)
< n(B(N. M)+ Y i (A) - n(Z(w) = D)
D#(
< vg(A) + 2e.

The last inequality is due to (5.18) and (5.19). Recall that the choice of € is arbitrary,
hence n(A) < um(A) for all events A as above.

The same argument may be performed with @ replaced by ©, and yields that for any
decreasing event B depending only on the red spins inside A, (that is the complement
of an increasing event), n(B) < up(B). Thus, n(A) = um(A) for all increasing (and
decreasing) events that only depend on the red spins in a finite region. The monotone
class theorem allows to conclude that the red spin marginals of » and up are equal.

Now, given the red spin marginal of up, the blue spins are obtained by awarding
uniform blue spins to the clusters of 6 (o,-). The same holds for 5, since 0 is surrounded -
a.s. by infinitely many disjoint clusters of (o). As a consequence n = uy. O
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5.4. RSW theorem for height functions. We finish the paper with a RSW result for the
uniform Lipschitz functions model. Recall the notation of Section 1.1. When considering
Lipschitz functions on a domain containing Aj,, write Circ> (n) for the event that there
exists a closed face-path contained in A»,, surrounding A, and formed entirely of faces
for which the function is larger than k.

Theorem 5.6. For any k > 1 there exists c(k) > 0 such that for all n large enough and
any domain 9 containing Azy,.

79 (Circsk(n)) > c(k).

Proof. Fixk > 1. Letn > 1 be a large integer and & a domain containing Ay,. Recall
from Propositions 1.4 and 2.1 that the loop representation of a height function chosen
according to ¢ has law P, and its spin representation has law ,u%a.

Write H for the event that there exist k + 1 closed edge-paths yi, ..., yx41 In A2y
that surround A, that are numbered from outer-most to inner-most, and such that y; is
a double-® path if j is odd and a double-© path if j is even. By repeated applications
of Corollary 5.2, there exists a constant c(k) > 0 independent of n or & such that
W (H) = c(k).

When H occurs, there exist at least k loops in the loop representation that are contained
in Az, \ A, and surround A,. Write H for set of loop configurations which contain at
least k such loops, and denote by ', . . ., ['x the outermost k loops as above. Recall that,
in order to obtain the height function ® from the loop configuration @ chosen according
to Py, loops need to be oriented uniformly, and that the orientation of each loop dictates
whether the height inside the loop is larger or smaller than the one outside. By symmetry,
conditionally on any loop configuration € H, with probability at least 1/2 the height
of the faces outside and adjacent to I'; is at least 0. Moreover, independently of the
above, all paths I'y, ..., [y are oriented clockwise with probability 2=k When both of
the above occur, the height of the faces inside and adjacent to I'y is at least k. Thus

75(Circsx(n)) = 2~* Py () > 27%*D 72 (H) > 27+ De(h),

which is the desired conclusion. 0O
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