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ON MICROLOCAL ARTIFACTS ARISING IN TOMOGRAPHY
MODELED BY A CLASS OF GENERALIZED RADON TRANSFORMS

ERIC TODD QUINTO! ® AND ANDREAS RIEDER?

ABSTRACT. In this paper, we provide a unified framework for understanding how and why
artifacts arise in limited data tomography, using precise microlocal analysis of the underlying
generalized Radon transforms (gRT). Our insights facilitate a more accurate assessment of re-
constructions and eventually enable practical artifact reduction strategies in real-worlddmaging
applications. To this end, we consider gRTs as Fourier integral operators whose,propagation of
singularities is governed by their canonical relations. Thus, we can discérn various.types of sin-
gularities in the reconstructions, including visible singularities (present in both the ground truth
and its reconstruction), invisible singularities (present in the ground truth but not in the recon-
struction), and artifacts (singularities present in the reconstruction but notiin‘the ground truth).
Several concrete examples illustrate the theoretical results: in photoacoustic tomography, mirror
artifacts, a special kind of artifacts, arise due a non-injectivity_property of the canonical relation
(the Bolker condition is violated). In classical X-ray computerized tomography, we consider
region of interest (ROI) tomography, where object independent artifacts, a further subtype of
artifacts, may manifest at the boundaries of the ROI. Lastly; we investigate artifact formation
in linearized seismic imaging (Kirchhoff migration),/which depends on the underlying pressure
wave velocity model used in the linearization process.

Dedicated to the memory of our good friend and mentor Alfred K. Louis
a pioneer and leading researcher in the field who passed away too soon.
His legacy continuesito guide our work.

1. INTRODUCTION

Generalized Radon transforms (gRT) are models for a broad range of inverse problems.
Many problems have limited data; some of the data needed for stable reconstruction are miss-
ing. Reconstruction from standard algorithms can generate artifacts, and some parts of the
object might not be imaged accurately. In this article, we present a general theory to explain
microlocal artifacts ifha‘broad range of tomographic inverse problems and provide formulas to
find the artifacts in general.

The transforms we considerare modeled by generalized Radon transforms integrating over
hypersurfaces in R that are level sets of a smooth function. Let S be an open subset of R"~*
or an n — 1 dimensional smooth manifold such as the sphere, and let X be an open subset of
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R™ Let p: S x X — R be a smooth function with nonzero gradient everywhere. For each
(s,t) € S x R, the set

I(s,t) ={x e R": p(s,x) =1t}

is an embedded hypersurface in R™ whenever it is not empty. Our Radon transform

Fu(s,t) = H(s,z)u(x)dz,
I(s,t)
described in Section 3.1, integrates the function u over the sets J(s,t¢) in. smooth newhere
zero weight /. Many tomographic inverse problems, such as X-ray tomography, sonar, radar,
Compton tomography, and seismic imaging, are modeled by such transforms.
If A C S xR, then data F'u(s,t) for (s,t) € A constitute limited data.and we study filtered
backprojection-type inversion formulas by means of generalized nofmal operators

L= F1,F

and variations of it. Here, 1, is the indicator function of A, and the eperator FI}, denotes a
generalized backprojection operator with smooth weight W on'S.x X . For instance, if W = H
then FJV is formal L? adjoint. The cutoff 1 4 sets the datafo zere off of A and provides a simple
way to extend the data that is used in practice. There are other ways to extend the data, such
as by using the range conditions [30] or an SVD [32]sbut such extensions are generally highly
unstable because the limited data problems are often highly 4ll-posed. Substituting 14 with
a smooth cutoff has been done, but it can turn microlocal streaks into smoothed streaks and
decrease some visible object features (see Remark 3.3).

Our contributions are threefold: First, we ptovide a general methodology that describes how
the limited data imaging operator £ maps singularitiesyor creates artifacts. Second, we present
a systematic taxonomy of microlocal‘artifacts, including object dependent, object independent,
and Bolker related artifacts, along with geéemetric criteria for their occurrence. The latter kind
of artifacts emerges when the Bolker condition,is violated. This condition is an implicit geo-
metric requirement on ¢ that ensures a one-to-one, nondegenerate correspondence between
the singularities in the ground tfuth and,the reconstructed singularities. Third, we showcase
a set of illustrative examples and . numerical experiments that demonstrate how the theoretical
predictions manifest in practice.

Researchers have studied microlo¢al artifacts and visible singularities for X-ray CT, starting
with [38] and more theoretical articles such as [18] for various X-ray tomography problems.
An analysis of the artifacts and visible singularities for limited angle tomography is in [11, 26,
34] and generalized#torR™ in,[13]. The article [7] contains a thorough analysis of microlocal
artifacts for arbitrary limited data sets for the X-ray transform in R?. Results for dynamic
tomography are in [21], and important results using semiclassical analysis in X-ray CT are in
[43] that could be used to analyze limited data problems. A promising statistical *microlocal’
theory is developed in [1].»,Machine learning is being used, along with general microlocal
principalsste good effect for limited data when one has some a priori information, such as a
dictionary of recenstructions [5, 8].

Microlecal analysis is used for many other limited data problems. The spherical transform
of photo/thermo acoustic tomography was considered in [12, 35]. This field has been applied
to problems in Compton tomography, including in [41] for V-lines, [45] for conical Compton
cameras, and [50] for novel Compton scattering tomography problems. The microlocal anal-
ysis of artifacts caused by beam-hardening is in [48], and for general nonlinear tomography
problems motivated by this in [49].
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Our paper is organized as follows. In Section 2, we introduce the notation and microlocal
tools used in the article: wave front sets, conormal singularities, Fourier integral operators,
product results for distributions, and composition rules needed later. In Section 3 we definethe
generalized Radon transform as integration over level sets of a smooth function, representit as
a Fourier integral operator, and describe its canonical relation. We also analyze singularities of
1 4 F'u for a distribution « and how they are propagated by the backprojection &, JV Furthermore,
we classify microlocal singularities and artifacts: visible versus invisible, and'we subdivide
artifacts into Bolker artifacts (which can occur even with full data) and limited data.artifacts,
including object independent and object dependent artifacts, with precise micrelocal criteria in
which each arises. Our results up to this point are summarized in Section'3.7 with pointers to
examples illustrating the different types of artifacts.

We then apply our results to prove theorems stating conditions thatsprevent or allow certain
artifacts, a result on added object independent artifacts when F'u is smoeth at the boundary of
A, and a characterization of mirror point artifacts when the Bolkericondition fails on part of
X. In Section 4 we apply the theory to specific imaging transforms. Wefirst discuss photoa-
coustic and spherical transforms and explain microlocal features and mitror-type artifacts, with
numerical examples. Next, is an example of region-of-interest X-ray tomography, identifying
visible singularities and limited-data artifacts. Numerical experiments are provided that show
the predicted artifact curves. Finally, Kirchhoff migration in seismic imaging is considered,
where straight-line object independent, limited-datagrand mirror point artifacts form from the
isochrone geometry; numerical reconstructions validate the predictions. The paper ends with
appendices containing technical proofs omitted from the main text for easier reading.

2. ‘MICROLOCAL BASICS

Throughout the article, we will assume that our functions and distributions are real-valued.
This is realistic in tomography, and.it simplifies certain arguments.

We now provide some standardfacts,about Fourier integral and pseudodifferential operators
as well as observations about wave front sets and singularities that we will use throughout the
article. See [23, 36, 46, 47] fordfull details.

We will let X and Y be‘open subsets of R". Our definitions and terms go over essentially
verbatim if dim(X) # dim(Y), but we do not need this generality (for the Bolker condition
given below, dim (X' ) must be less'than or equal to dim(Y")).

If B C R” then welet Bi= B\{0}.

The standard notation for partial derivatives on R" uses multi-indices, @ = (aq,..., ) €
n, _ 0% 92 9o
({0,1,2,... H)"4Df = DT T2 B f.

The set E(R™) (or C°%(IR™)) is the set of all functions on R™ that are continuous along with
all their derivatives, and D(IR") is the set of all compactly supported functions in €(R"). The
Schwartz_space, S(R™), is the set of all C* functions on R" that rapidly decrease at infinity
along with their.derivatives. These spaces are all given their standard topologies [42]. Their
dual spaces are called distribution spaces and written D’(X), £'(X), and 8'(R") respectively,
anddthey areall given the appropriate weak topologies. Note that £'(X) is the set of distribu-
tions of compact support on X,

The,geometric concepts we will define, wave front sets and canonical relations, are rigor-
ously defined in terms of cotangent spaces, so we now briefly describe these sets. Let X be an
open subset of R".
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For each x € X, the tangent space, T, (X), is the vector space of all first derivatives

v = i_|_ i+...+ i (1)
-0 @1’1 b2 8902 U”@xn’

and by identifying v with the vector (vy,...,v,) € R", we can view T, (X)) as R". The rangent

bundle of X isthe set T'(X) = {(x,v) : * € X, v € T(X)}.

For ¢ € X, the cotangent space, T,;(X), is the set of all linear functionals on. 7, (X'). For
j € {1,2,...,n} thelinear functional dz; is defined dz; (%) = ¢;;, the Kroneckerdelta, and
extended linearly, so if v is given in (1), then dz;(v) = vj, the ™ coordinate of v. Similarly,
T7(X) can be identified this way with R"” by (21, 29, ..., 2,) — z1dzy F - - - + 2, d,.

The cotangent bundle of X is T*(X) = {(x,n): ¢ € X, n € T;(X)}

We let 7*(X) = T*(X)\ (X x {0}), the set of nonzero covectors in thercotangent space
and if B C X then T%(X) is the subset 7*(X) of cotangent vectorswith first coordinate in B.

If J is a submanifold of R", then N*(J) is the conormal bundleof J, the'set of all covectors
(x, &) such that ¢ € J and T;,(J) is in the null space of &:

N*J) ={(x,&) e T*(R"): ¢ €7, {(v)=0, Yo.eT,(J)}.
If f: X — R, then we define

doe f = 8—fdx1+ﬁdx2+-'-+—qidxn.
8131 81’2 6xn

Hypersurfaces in R™ are sets S that are 7 — L dimensional embedded manifolds, such as the
sphere. Derivatives and the spaces 7(S) and T* (S)rare defined using local coordinates.

2.1. Wave Front Sets and Singularities. Ourfirst definition provides a precise description of
singularity.
Definition 2.1 (Wave front set). Let.X C R" be open and let u € D'(X).

(a) u is microlocally C™ at (x, &one T(X) if for some ¢ € D(X) with ¢(xg) # 0

and some conic neighborhood V' of &y in R"\{0}, the Fourier transform ¢u is rapidly
decaying on'V, that'is, for every M € N exists a constant C' = C(M) > 0 such that

|<757\i(£)| SO+ )™ forallé € V.

(b) The wave front.set WE(u) of u is the set of all (x,§) € T*(X) at which u is not
microlocally C™at(x,§).

If x € X then we denote the wave front directions above x by
WF,(u) ={{eT,: (x,§) € WF(u)}.

If A C Xi then
WF4(f) ={(x,§) € WF(u): « € A}.

As noted, we will often assume functions and distributions are real-valued. This allows us to
use the following fact.

Proposition 2.2. If u is a real-valued locally integrable function or real-valued distribution
and(xy¢) € WF (u), then (x,wt) € WF (u) forall w € R.
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This proposition is true for locally integrable functions because, if ¢ is a smooth real-valued
cutoff function, then F(pu)(—¢) = F(pu)(&) since u is real-valued. Thus, F(pu)wapidly
decays in direction ¢ if and only if F(pu) rapidly decays in direction —¢. The conclusion
follows from the fact that wave front sets are conic. The proof for real-valued distributions is
similar.

In general, one cannot multiply distributions, but our next theorem provides conditions in
which one can.

Theorem 2.3 (Products of Distributions [24, Theorem 8.2.10]). Let u and v be distributions on
an open set X. Assume the non-cancellation condition

V(x,&) € T(X), if (x,£) € WF(u), then (x,—&) & WF(v): (2)

Then the product uv is a distribution on X and 0

WF(uw) C {(x, £ +n): (x,§) € WF(u) (x,n) € WF(v) JuWF (u) UWF(v)  (3)

Remark 2.4. If v is smooth at x, then there is no 1 such that (x,n)y& WE(v). In this case,
we interpret (x,& + 1) in (3) to mean (x,§), and similarlyif.u is smooth at x. Thus, some
covectors in WF (u) and WF (v) are double-counted, but that.doesmot make a difference to the
result.

Also, for real-valued distributions or locally integrable. functions, the condition (2) can be
written, WF(u) N WF(v) = 0 since, for real-valued distributions, (x,—¢) € WF(v) if and
only if (x,£) € WF(v). The proof is a direct application ofPr.oposition 2.2.

If v and v are bounded locally integrable functions,sthen uv is always a distribution, but
the non-cancellation condition might not hold: Our next corollary provides a local version of
Theorem 2.3 and includes results for functions when a local non-cancellation condition fails.
We will use this corollary in analyzing singularities and artifacts in Section 3.

Corollary 2.5 (Local Properties of Products). Let u and v be bounded, real-valued locally
integrable functions, and let x, € X.
(1) If v is smooth near x, then
\VVF:,30 (uv) C WF4, (u). 4)
If v(xg) # 0, then équality holds in (4).
(i1) If the following localnon-cancellation condition holds above x,
VEE s (X), if € € WFy,(u) then — & ¢ WF,, (v), (5)
then
WF,, (uo) € {£+n: & € WFy (u) n € WFg, (v)} UWFg, (u) UWFg, (v) (6)

(ii1) Let v and @ be-real-valued functions. Then the local non-cancellation condition holds
above xg, if and only if

WF,, (u) N WF,,(v) = 0. (7)
Equivalently, if ¢ € WF, (u) andn € WF,, (v), then £ and ) are linearly independent.

Statement (ii) follows from applying Theorem 2.3 to localized versions of u and v (if £ €
WFgg(w) but not in WE,, (v), then there is a cutoff at x, ¢, such that the same is true for pu
and (v). Statement (iii) follows from Proposition 2.2. The proofs of the other statements are
left torthe reader.
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2.2. Fourier integral operators. Fourier integral operators (FIO) are defined in terms of
phase functions and symbols, and we give the basic definitions as found in [23, 25].

Definition 2.6 (Phase function). A real-valued function ® € E(Y x X x RN\{0}) with argu-
ments (y,x, &) is called a phase function if it is positively homogeneous of degree 1 in & and
(dy®,de®) as well as (dz P, d¢P) do not vanishon' Y x X x RV\{0}.
The phase function is nondegenerate if the set {d(y.e)0;;® : j = 1,5, N} islinearly
independent on the manifold
Yo = {(y.2,£) €Y x X x R"\{0} : de®(y, z,&) = O

Definition 2.7 (Symbol). A function p € E(Y x X x RV¥\{0}) is a symbol of order m € R if
for every compact set K C'Y x X and all multi-indices o € N, 3 € N, and % € N¢ there
exists a positive constant C' = C(K, a, 3, ) such that
[DEDZDyp(y. )| < C(1+ J¢])™

holds for all (y,x) € K and all £ with || > 1. The set of all symbels,ofietder m is denoted by
S™(Y x X x RN),

Ifp € S™Y x X x RY), then p is elliptic of order m (or.elliptic ifithe order is clear) if, for
each compact subset K of Y X X, there are positive constants e.and M such that

Ip(y, . &) = (1 +1E)" (8)
forall (y,x) € Kand all £ with |§| > M. .

Definition 2.8 (Fourier integral operator). Given a symbolp € S™(Y x X x RN\{0}) and a
nondegenerate phase function ® € (Y x X xR \{0})We define the Fourier integral operator

(FIO) F applied to u € D(X) by
v~ | a0 do i ©

The order of the operator F' is kn= m — T)

~

If F is an FIO, then (9) is called amoscillatory integral and F' maps D(X) continuously to
E(Y) and can be extended as a continuousimap from &'(X) to D'(Y), see [23, Chap. I].

Definition 2.9. If F is an FIO with\phdse function ® € (Y x X x RY), then the canonical
relation of ' is the set

C = {(y,dy Py, iaypa®(y, 2,9)) : (y,2.8) € To} C T7(Y) x T"(X).
The transpose, C-of.Cisiobtained from C by switching the T*(Y') and T*(X) coordinates
of C.

The canonical.relation, €, of an FIO F' encodes how F' propagates singularities, see (11)
below. To this end, we denote the canonical left projection from € to 7*(Y') by II,: € —
T*(Y'), and the €anonical right projection by Ilg: ¢ — T*(X). If W C T*(X) then the
composition with,€.is defined

CoW ={(s,t,n): I, &) €W, (s,t,n;2,§) € C} (10)
Then, for v &€'(X),
WF(Fu) C €o WF(u) = Hy ;" (WF(u))
={(y,n) € T"(Y) : I(=,£) € WF(u): (y,n;2,¢) € C}.
The inclusion (11) is called the Hormander-Sato lemma, see [24, Theorem 8.2.13].

(11)
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Definition 2.10 (The Bolker condition [19, 20]). Let F': £'(X) — D'(Y') be an FIO and let C
be its canonical relation. Then F (or C) satisfies the Bolker condition if

[y,: € — T*(Y) is an injective immersion. (12)

If an FIO F satisfies the Bolker condition, then it has important microlocal properties. Let
F* be the formal L? adjoint of F. Assume that F™*F is well defined. Then, under the Bolker
condition, F* F' is a pseudodifferential operator, see [20].

Pseudodifferential operators (VDO) are FIOs where X =Y C R" and ®(yga, &) = (y—=):
¢ is the nondegenerate phase function. Their canonical relation is A, the diagonal in T*(X )2,

Pseudodifferential operators are FIOs with favorable qualities for imaging. For instance,
they do not create singularities:

WF(Pu) C WF(u) forany u € &'(X).
In case P is elliptic (i.e., its symbol is elliptic), equality holds [36,p. 226]:
WF(Pu) = WF(u) forany u € & (X):

3. LIMITED DATA IMAGING OPERATORS

In this section, we outline the general techniques we will use to analyze artifacts. We remind
readers that we will consider only real-valued functions:

3.1. The forward operator and backprojection. First, we describe our Radon transform and
the sets that define it in a fairly general setting. We will follow this notation throughout the
article.

We let X be an open subset of R"™ and let.S'be a smooth hypersurface in R"”, such as the
unit sphere, or an open subset of R”~!. When 8 is annembedded manifold in R, then we will
understand ds as the differential of 4p'on.S, and when needed, we will calculate it using local
coordinates.

Let ¢: S x X — R be a smooth function. Assume

V(s,2he S x X, dgpp(s,x) #0. (13)
LetY =S x R.
Our Radon transform will integ{ate over level sets of the smooth function ¢:
I(sit) ={x€ X : ¢o(s,x)=t}, (s,t)eY. (14)

Note that (13) ensures,J(s, ) is.an embedded hypersurface in X whenever (s, t) is nonempty.
Let H € £(S x X)benowhere zero, and define the Generalized Radon Transform (GRT) of
u € &'(X)tobe

Fufs, 1) = / Hi(s, z)u(z) 6(t — (s, x)) da. (15)
X
As proven in [15], using the Fourier representation for the delta function, /' is an FIO

1

Fu(s,t) = —/ / H(s,x)u(x)e®®H2) dy de (16)
21 X JR

withnondegenerate phase function

O(s,t,x,w) =w(t— (s, x)) (17)

and canonical relation

C= {(s,t, —wdsp(s, @), w;x,wdgp(s,x)): (s,t,w) €Y X R,z e J(s,t)} : (18)
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Note that .
SXX xR3 (s,z,w) — (s,0(s, @), —wdsp, w; x,wdgp) (19)

give global coordinates on C.
Let D C Y. We define

Cp={(s,t,;;x,&) € C: (s,t) € D}. (20)

This is the set of points in € whose first coordinates are in D.
Let W be a smooth nowhere zero real-valued weight on S x X. Then, we(define the gener-
alized backprojection Fj, - &'(Y) — D'(X) by

Flygt@) = [ a(s. (s, 2)W(s,2) ds

The formal L?-adjoint F* has weight W = H. Using similar arguments; F;V is an FIO with a
nondegenerate phase function

Flg(x) —//e’qh(s’t’m’“)g(w,t)W(s,w) dw ds dt, (21)
v Jr

and F&, is a generalized dual or backprojection operatotr to F.»The canonical relation of FJV
is CT, see [23]. It is also worth pointing out that oufitheorems Will be valid for any Radon
transform defined by ¢ with a smooth, nowhere zero real-valued weight on F' since they are
elliptic FIOs with the same microlocal properties as F', v

3.2. The limited data operator. Many of{the most interesting inverse problems have limited
data—not all data needed for standard reconstruction methods is available. We now describe one
fairly standard way of dealing with limited data.

Definition 3.1 (Limited Data Set). A set A €Y will be a limited data set if A # Y and A
is connected, compact, and has nontrivialinterior. To exclude degenerate cases, we assume
A = Cl(Int(A)).

If F'is the forward operator, then the limited data (forward) operator is 1 4 F.

Note that singsupp(l4) = Bd(A) since A = Cl(Int(A)).

The limited data operatorjust takes.the given data on A and extends it by zero to all of Y.
Researchers often use standard seconstruction methods on this extended data.

If u is an arbitrary distribution, then 1 4 F'u might not be defined if the non-cancellation con-
dition (2) fails. Howeverpif u 1s'a bounded measurable function of compact support, then F'u is
a locally bounded measurable function, so 1 4 F'u is a distribution, and we can use Corollary 2.5

to calculate a superset for WF (1,4 Fu). This superset, which sometimes even coincides with
WEF(1 4Fu), will be.calculated in Section 3.6.

Remark 3.2/ If F'is properly supported, that is, F': £ (X) — &'(Y), then A does not need to
be compact, aslong as A is connected and closed, and A = Cl(Int(A)). This is true since in
this casej B'= Amsupp(F'u) will be compact for every u € E'(X).

For a'smooth nowhere zero weight W on S x X we will consider the generalized normal
operator

L= Fl14F. (22)
Let Pand'@) be properly supported WDQO’s. More general operators can be formed as follows
PE},Q14F, (23)

Page 8 of 35
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Because A is compact and P and () are properly supported, the compositions all are defined
for u € &'(X). If P = 1 and @ is an elliptic properly supported ¥YDO, then FJVQ]I AF
is a generalized filtered backprojection operator. These operators have the same microlocal
properties as £, except they can be of different orders depending on the order of P and @. This
type of operator covers concrete examples in the literature (see, e.g., [7, 15, 26, 34]).

Remark 3.3. We mention two reasons to consider smooth cutoffs rather than A 4. In limited
data tomography, one way to suppress the artifacts caused by multiplication with 1 4 is te
replace 1 4 by a smooth cutoff function ¢: Y — [0, 1] that is supported in A4Then, our general
operator becomes PFJVQSQF . Multiplying by the smooth function ¢ doesnot add non-smooth
artifacts to Fu. However, smoothed versions of the artifacts still appear, unless. one makes ¢
close to zero on a large enough subset of A to smooth out some of the visible singularities that
are near the artifacts. This is shown by example in [29]. ~

In addition, many researchers use the sharp cutoff 1 4 because it is.simple and natural when
extending the data so they can implement standard reconstruction methodss such as the normal
operator or filtered backprojection inversion formulas, on the limited data.

Finally, we note that when data are not limited and F' is properly supported, the operators
in (22) and (23) are defined even without the 1 4. However, if ™ eannot be composed with F,
then one uses a compactly supported smooth cutoff, ¢: Y. — R, and forms the operator F*F,
or in the more general case, PF‘;/Q¢F . We will use.thissconvention without comment when
needed. IS

The full-data operators can still have Bolker artifacts, since those relate to I, not A.

Therefore, understanding the artifacts we eonsider is_important even if one uses a smooth
cutoff ¢ instead of 1 4, and even for full data.

Unless otherwise noted, we will assume v is innL! (X, R), the set of all real-valued integrable
functions of compact support in X.

3.3. Singularities of 1 4F'u. Toranalyze singularities of Lu, we first analyze singularities of
1 4 Fu. We will use these results to find possible singularities of Lu.

The more intricate proofs will be in'the appendix, in particular, those involving composi-
tion with €4 or €, but we will ]{ovide an overview of the process and more straightforward
justifications here.

To simplify our expressionsy/we define the following set. For (s,t) € Y and u € L (X, R),
let

X(s,t,uh={xo € I(s,t) : (xo, dzp(s, o)) € WF(u)}. (24)
As justified by Proposition, A.T, the set X(s,¢,u) contains the base points of all covectors in
N*(I(s,t)) N WE(u) and
x € (s, tow) = Yw e R, (s,t,—wdsp(s, zy),w) € Co WF(u). (25)
The implication
(sit,n) € @o WF(u) = 3 € X(s,t,u), w € R, = (—wdyp(s, xg),w) (26)

follows from(58) in Proposition A.1.

We will ‘use X(s,¢,u) as an upper bound for base points in X that generate singularities
in Fusince every singularity of Fu is in € o WF(u) (by the Hormander-Sato lemma) and
every singularity in € o WF(u) above (s,t) can be generated by a singularity above some
o €X(s,t,u) by (26).
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Since we assume F is elliptic, if F': £'(X) — D'(Y) satisfies the Bolker condition (12),
then € o WF(u) = WF(F'u), so in this case,

xy € X(s,t,u) <= Yw € R, (s,t,—wdsp(s, zy),w) € WF(Fu). (27)

Forn = (n1,n2, .., nn) € R™ setn/ = (01,12, ., 1)
We will use the following result several places in our calculations. Let D‘C Y. Then;

WFp(Fu) C Cpo WF(u) = U {(s,t, —~wdsp(s, xo),w) : @ € X(s,t, u)s
Xt =y (28)
= M"(D,u).

This calculation is verified in Proposition B.1. If F': &'(X) — /D’'(Y.) satisfies the Bolker
condition (12), then, by (27),

WFp(Fu) = MY(D,u). (29)
We will now describe the different microlocal singularities that.ean appear in 1 4 F'u. The only

singularities of 1 4 F'u are above A. We first consider singularitics of 1 4 F'u above Int(A) and
then consider the more subtle case of singularities aboye Bd(A).

Singularities of 1 4 F'u above Int(A). Since the function 1 g isssmooth and nonzero on Int(A),
the singularities of 1 4 F'u above Int(A) are those of Fu. We now calculate these singularities
in terms of WF(u). From (28), we see that

WF(a)(LaFu) = WFEpgu) (Faw) € M (Int(A), u). (30)

Singularities of 14Fu above Bd(A). Toranalyze the interaction of singularities of 1,4 with
those of F'u, we will use Corollary 2.5, whichidescribes the wave front sets of products. With
this in mind, we define the following sets:

B = Bd(A) N supp(Fu),

Bd(A) Aesingsupp(Fu),
)€ By: WF (g4 (1a) NWF (g (Fu) # 0}
theBy . WE(s ) (14) N WF(g ) (Fu) =0} .

€1y

{(

B§°= (s,

Since Bd(A) = singsupp(14), B is the largest subset of Bd(A) on which 1 4Fu can have a
singularity. Notethat

By = singsupp(14) N sing supp(Fu) = B U By

is the set of points above which both 1 4 and F'u have singularities.

The non-cancellation condition of Corollary 2.5 part (ii) fails if (s, ¢) € BS by part (iii) of that
corollary. The superscript 'c’ stands for cancellation. The non-cancellation condition holds if
(s, t)°€ B byCorollary 2.5 part (iii), hence 'nc’ for non-cancellation. We will analyze these
cases separately.

First, assume the local non-cancellation condition (5) fails at (s,t¢). This is equivalent to
(s,t) € BS. Since we cannot use Corollary 2.5 part (ii) above (s, t), we will take the largest
set of possible singularities of the function 1 4Fu above (s,t), which is T(Z,t) (Y), because

Page 10 of 35
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WEF (54 (14Fu) is always a subset of T

(s.0) (Y). The set of all such possible singularities is

Tis(V) = {(s,t,m) € T*(Y) : (s,1) € B} 32)
c | {(s.t.n) eT*(Y): 3wy € X(s,t,u),
(s,)€A (s,t,— dsp(s,xg),1) € WF(14)} (33)
=: M°(A,u).

If one knows BS, then one should use equation (32) in (36) as an upper bound for WF (1 4 F'u),
and if not, one can use (33).

The set M¢(A, u) will be our upper bound for the set of singularities of 1 4 F'u above points
at which the local non-cancellation condition (5) could fail (when" BS 1synot‘known). The
containment in (32)-(33) will be justified in Proposition B.2. -

If F: &(X) — D'(Y) satisfies the Bolker condition (12), themZ ¢ (Y') =/M*(A, u) by (27).

Now, consider the other case, when the local non-cancellation condition (5) holds, i.e., when
(s,t) € B5°. In this case, the set of possible added singulatities are sums of covectors in the
respective wave front sets:

{(s,tm+v) e T*(Y): (s,t) € B,n € WF (), v € WF (s y(Fu)} (34)
C U {(s,t,n+v) e T*(Y): ne WE @ (), w € R,
(s:t)eB5* xo.€ X(s,t,u), v = (—wdsp(s,x),w)} (35)
= M"(A,u).

This is justified in Proposition B.3.

Note that one needs to know Bj° to use these expressions. In the appendix, we provide a
superset of B5°, see (67), that can be used inplace of B¢, if B5° is not known.

If both Bj® and WF(F'u) aré’known, one can use (34) in place of M" (A, u) in (36). How-
ever, if WF(F'u) has not been calculated, then A" (A, u) provides an upper bound for the set
of singularities of 1 4 F/'u above points at which the local non-cancellation condition (5) holds.

The only other singularities th{ affect the product 1 4 F'u are the last two sets in (6),

WFBQ(]IA) U WF32 (FU)

union the separate singularities of 1 4 and of F'u above B\ By, inall: WFg(14) UWF g(Fu),
which we will deal with in (36).

Summary. Putting this all together, we see that

WF(14Fu) CWFgeeay(laFu) UM(Au) UM™(A,u) UWFg(14) UWFg(Fu)

@ M (A, u) UM (A u) UM (A u) UWF gppra)(La) (30)

where we used that B C supp(Fu) so WEg(14) = WF gupp(ru)(14) and then that
WFea)(TaFu) = WF ) (Fu)

and, by (28),

WFInt(A)(FU) U WFBd(A) (Fu) = WFA(FU) - MF(A, u)
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3.4. Singularities of F*1 4 Fu = Lu. We now analyze the singularities that can occur when
reconstructing using the limited data operator £ in (22). Our analysis is valid for the more
general operators given by (23).

We will first provide the general formulas and, in subsequent sections, apply these fesults to
transforms with specific microlocal properties.

Let u be a real-valued integrable function of compact support. We estimate WEF (Lw) using
the Hormander-Sato lemma (11) on the terms in (36), and this becomes

WEF(Lu) C (€ o MY (A, u)) U (€} o M(Au)) U (C) oM™ (A u))
U (GX © WFsupp(Fu)<]1A)) .

We now use the expression for €4 in (18) and the definition of € to give each of the four terms
in (37). The proofs are in Section B.

(37)

~
The first composition in (37) is
CloMF (A u) = U {(z,wdap(s,x)) : ®€I(s,t), wE R, (38
(s.)€A )
ot 20 xo € X(s,t,u), dsp(s, ) = dsgp(s,wo)}.
as will be justified in Proposition C.1.
The second composition in (37) is
ChoTr (V)= | J N2(3(s:8)), (39)
(s,t)eBs
and this set is contained in
Cl oM (A u)= U {(z,¢) e N*(I(s,t)): 3wy € X(s,t,u), 40)
(sit)eA (s,t,—dsp(s,xg), 1) € WF(]IA)}.

The set (39) is the union of all’\*(J(s, t)) forswhich « has a singularity conormal to (s, t)
that produces a singularity in WE gy (Fu) that is also in WF 54 (14). This is justified in
Proposition C.2. This suggests that artifacts can be smeared over all of I(s, t) for such (s, ).

If one knows 55, then one should use ‘equation (39) in (37), and if not, one can use (40). If
F: &(X)— D'(Y) satisfigs the Bolkef condition, then these sets are equal.

The third composition in (37) 1s

@l o M™(A, u) U ez, (0, + w) dap(s,@)) : 1 € WF(54(14), w € R,

U N +w #0,  €I(s,t),Izy € X(s,t,u), (41)

(wdsp(s, o) — 1)}

dsp(s,x) =
(s, z) ——

This is justified in Proposition C.3.
Next, we give thelast set in (37):

e; OWFsupp(Fu)(]lA) :{(33,5) S T*(X) . H(S,t, (77/,77”)) € WFB(]IA>; n 7£ Oa
x €I(s,t): dsp(s, @) = —0'/n,, £ =1, dm@(syw))}-

Note that WF 5570y (14) = WEp(14), so we replace supp(Fu) by B in (42).
The proof of (42) will not be given because it is similar to the proof of (40) given in Propo-
sition'€:2, except, there is no —w dsp(s, xg) term.

(42)

Page 12 of 35
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3.5. Terminology for microlocal singularities and artifacts. To better understand microlo-
cal properties of Radon transforms and to motivate Definition 3.5 we now show thagRadon
transforms produce only singularities conormal to the manifolds of integration.

Proposition 3.4. Let (z,£) € T*(X) and let A be a limited data set.
(1) Letu € E'(X). If (x,£) € WF(Lu), then for some (s,t) € A, (x,§) € N¥I(s,1)).
) If (x,&) ¢ N*(I(s,t)) for any (s,t) € Athen (x,§) ¢ WF(Lu) for any.u € EN(X):

Part (2) is the contrapositive of part (1), and it will be useful in the discussion of.invisible
singularities.

Proof of Proposition 3.4. We apply the Hormander-Sato lemma, (11), to see that for any u €
&'(X),

WF(Lu) C (€4) o WF(1L4Fu) C T (IIA) ™ (1 () =154 (€ ), 43)

T T
where HEA and HEA are the natural projections from € to 7*(Y")and T7(X) respectively. We
compose with €| because the only wave front directions of 14 F'u are above A.
This containment shows that

WF(Lu) C TT4(C)) = Tk (C);
and singularities in ITg (C,) are of the form (z,w d. (8, @p)) for some (s,t) € A, x € I(s, 1)
and w € R since they are last coordinates in C,4 (see (18)). Such singularities are exactly the
conormal singularities to J(s,t) since J(s,t) is defined by ©(s,x) = t. Equivalently, such

singularities are exactly those in the conormal.bundle ' N*(J(s, t)). This proves (1).
Part (2) is the contrapositive of part (1). U

This proposition motivates the following definition.

Definition 3.5. Ler u € &'(X) and let (@3¢) € TA(X).
(A) First, assume (xz,€&) € WEF (u).
(1) If (x,€) is also in WE(Lu), then (x, €) is called a (microlocal) visible singularity
of u (in £).
(2) If (x, &) is not in WE(Lu), then (x, &) is called an (microlocal) invisible singular-
ity of u (in £). N
(B) Assume (x,£) ¢ WE(u). If (x,&) € WE(Lu), then (x,§) is called a (microlocal)
artifact.
(1) If (x,€) € WE(F*Fw), it is called a (microlocal) Bolker artifact'.
(2) If (x, &) WFE(Lw) for some limited data set A but not in WF(F* Fu), we call it
a (microlocal) limited data artifact.

() If.a limited data artifact is in €} o WEF gupp(ru)(La), it will be called an
objectiindependent (limited data) artifact because it does not depend on the
mictolocal properties of u, only supp(Fu).

(i1) Otherwise, the artifact is an object dependent (limited data) artifact because
it depends on whether Fu has singularities above Bd(A) or not.

We eall the artifacts in part (B) (1) Bolker artifacts because they can appear when /' does not
satisfy the Bolker condition (12), and so the normal operator for full data can create artifacts. If
F€(X) = D'(Y) satisfies the Bolker condition, then there are no artifacts from backprojec-
tion of full'data: if /™ and F' can be composed, then for all u € &'(X), WF(u) = WF(F*Fu),

"fE*and F cannot be composed, then any artifact in F* ¢ F'u for some smooth cutoff ¢ is a Bolker artifact.
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and if F™* and F' cannot be composed, then WF (F*¢Fu) C WF(u) for any smooth cutoff ¢.
We will discuss Bolker artifacts in Section 3.6.4.

We include “microlocal” in all of our terms to indicate these are non-smooth artifacts,in
the continuous problem. Smoothed versions of microlocal artifacts can appear as artifacts in
a reconstruction with smoothing. They will not be microlocal singularities, but they can look
like them.

By Proposition 3.4 part (1), the only singularities of « that could be visible in. Lt microlo-
cally are conormal to some integration set J(s, t) for some (s,t) € A. It should be pointed out
that a singularity conormal to some J(s,t) could be both a visible singulatity and an artifact
(for example, if the singularity is also conormal to J(3, ) for some (3, )€ Bd(A)).

3.6. An analysis of visible and invisible singularities and added artifacts in general. All
microlocal singularities and artifacts in L are in at least one of the setsin(37). We now use
this to describe how each of the sets in (37) can affect the reconstruction with £. This will
characterize all types of microlocal artifacts and visible singularities.in reconstruction from the
operators of (22) and (23). Let u € L!(X,R), and let A be a limited data set.

3.6.1. Object dependent limited data artifacts. The set
(€T o M(A,u)) U (CT o™ (A, u))

represents possible object dependent artifacts since! M€ (Ayu) and M"(A,u) are generated by
singularities of u above J(s, t) for (s,t) € Bs.
As shown after (40), if (s,t) € BS, then

N*(3(s, 1)) CUC L6 (A, u), (44)

and object dependent artifacts can belcreated.all along IJ(s, t).

3.6.2. Object independent limited data artifacts. The set of object independent limited data
artifacts are contained in €' o WiEp(14) since they depend only on A and supp(Fu), not
the microlocal properties of u. The arc-shaped artifact in Figure 3 of Section 4 is an object
independent artifact, as explained in that section.

N
3.6.3. Visible singularities/ The set €} o M F(A, u) contains the visible singularities of u. This
is true for the following reasons If (x, &) € T*(X) then a calculation using the composition (10)
shows

(x,6) € Cho(Cao{(z 8},
so singularities of u that are\in Lu must be in this set. By Proposition 3.4, these are wave front
directions (x, £) € WF(u) such that there is a (s,t) € A such that (x,£) € N*(J(s,t)). The

set €} o MF (@A, u) might not contain all such conormal singularities of u, and it can contain
artifacts which we now discuss.

3.6.4. Bolker artifacts. These artifacts can occur even with full data when F': £'(X) — D'(Y)
does not satisfy the Bolker condition because F* F' can create artifacts. We will see such arti-
facts in Section'4.

Such artifacts are contained in € " o MF (A, u)\ WF (u) (for full data, C" o MF(Y, u)\ WF (u)).
They are object dependent artifacts since they depend on WF (u).

Putting this together with the discussion in Section 3.6.3 shows that €} o M¥(A, u) contains
both'the visible singularities of v and the Bolker artifacts.

Page 14 of 35
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For limited data on A, Bolker artifacts can be created either when II;,: €4 — T7(Y') is not
injective or when this map is not an immersion on C 4.’

First, consider when IIj,: €4 — T*(Y) is not injective. In this case, for some (s,4,9).€
T%(Y) there are at least two points:

(s,t,n,xo,&) and (s,t,n, T, Eyn) in Cy
that map to (s, ¢,n) under I1y,. Since the 7*(Y") coordinates are the same, we see
xy € I(s,t), T, € I(s,1), o # X, and dsp(s, xg) = ds(SiT). (45)

We can assert ¢y # «,, because the { coordinate in C is determined by (8yt, 7, x), so if
Xy = x,, for two preimages of (s,t,n), then the £ coordinates agree. (After composing with
CT, one sees

{(0,%0), (®m, Em)} C €T 0 M(A,u) = €' o (Cylo WE(w))"

So, if (29, ) € WF(u) NIIg(Cy), then (xo, &) and (@, &) can both be in WF (Lu), even if
u does not have a singularity at (x,,, &,,). Such artifacts are often called‘mirror point artifacts.
Note that if (¢, &) does not create a singularity in F'u, then (&, £,) will not be visible in Lu
and will not create any mirror point artifacts.

The curve of artifacts outside the unit disk in Figure | of the next section is made up of
mirror point artifacts caused by the object in the unit disk:

The other type of Bolker artifact is when IIy, is not an immersion, but it is less common than
the other artifacts. An example of a Bolker artifact caused when I1;, is not an immersion on all
of C4 is in [39]. One can use the theory of /2 classes of singular FIO to evaluate the strength
of such artifacts [4, 18].

3.7. Summary of our Analysis. Each microlocal singularity in WF(£Lu) must be in at least
one set in the containment (37), and each of the four sets in (37) can generate artifacts.

e Limited data artifacts are in € o MS(A, u), €} o M™ (A, u), and €} o WF gypnru)(La),
since such artifacts depend on WF g0 (1.4).

e Object dependent limited data artifacts are in C} o M¢(A,u), €} o M™(A,u), since
such artifacts depend on WF (1 4).and WF(Fu). The artifacts along lines tangent to
the outside boundaries of the object on the left in Figure 3 in Section 4.2 are object de-
pendent artifacts correspo}ding to lines at the end of the data set-lines in the boundary
of A—at which F'u 18 not smooth.

e Object indepéndent limited data artifacts are in C} o WFp(14), since such artifacts
do not depend ontWF (F'u), only on WF (1 4). The circular arc artifacts in both part
of Figure 3¢in Section'4.2 are object independent artifacts since they are caused by
singularities in 1 4 F'u at the boundary of A where F'u is smooth and nonzero.

e Bolker astifacts are in € o M¥(A, u) because they do not depend on singularities of
1 4 but on whether F’ satisfies the Bolker condition. If the Bolker condition holds, then
there'are‘no Bolker artifacts. If it does not hold, then there can be Bolker artifacts in
Ch'o’ ME(Ast). The two curves of mirror points in Figure | in Section 4.1 are Bolker
artifactsyand they occur because the projection 11y, is not injective.

o _There can be both object independent and object dependent artifacts caused by singu-
larities of 1 4 F'u above the same base point in B (see Figure 3 and Remark C.5).

e Finally, these sets contain all microlocal artifacts and visible singularities in £u because
WEF(Lu) is contained in the union of these sets by (37).

’That is, the derivative of IIy,: C4 — T™*(Y') is not injective at some point on C 4.
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We now use our methodology with two common assumptions about F' and C to better under-
stand the sets in (38)-(40).

3.8. Case I: The best case. We now assume F' and its canonical relation C satisfiessthe fol=
lowing properties.

(I.1) The Bolker condition holds for F': £'(X) — D'(Y), i.e. II;,: ¢ — Z*(Y) 1s an injec-
tive immersion.

(1.2) The projection ITg : € — 7*(X) is injective. This means that for eachy(x, E)he T*(X)
there is at most one (s,t) € Y such (z, &) € N*(I(s,t)).

Therefore, there are no Bolker artifacts for transforms satisfying (I.1) and (1.2).

We point out that (I.1) and (I.2) imply that [Ig: € — T*(X) is also @an injective immersion
where injectivity follows from (I.2) and immersion follows from [23; Propositions 4.1.3 and
4.1.4). Since ITg: € — T*(X) is equivalent to II¢ " : €T — T*(X) by.switching coordinates,
F* also satisfies the Bolker condition.

The assumptions of Case I hold for the Radon hyperplane transforni‘in R”." An analysis
of the artifacts and visible singularities for limited angle temography is in [11, 26, 34], and
a generalization to the hyperplane transform in R" is given,in [13]. /A complete analysis for
arbitrary limited X-ray CT data in the plane is done in [7].

We will study the region of interest problem for‘this transform in the plane—the X-ray
transform—in Section 4.2.

The assumptions of this section also hold for the ¢ommon offset seismic transform with
constant sound velocity for objects below the ocean surface [9, 31]. This transform will be
discussed in depth in Section 4.3.1.

Theorem 3.6 (Visible and invisible singularities). Let X be an open subset of R" andY = SxR
for some open S C R" 1. Assume (1.4) and«(}.2) hold.
Let A be a limited data set and let L be. the limited data reconstruction operator given in
(22). Finally, letuw € L} (X, R). .
Let (x,&) € TIR(C). Let (s,t) be'the unique point in' Y such that (x,§) € N*(I(s,t)).
(a) If (s,t) € Int(A), then
(x,€&) €WE(w) ifand only if (x,€) € WF(Lu).
(b) If (s,t) € Ext(A), then (x,€) ¢ WF(Lu). In this case, any singularity of u at (x,§)
will be an invisible singularity of u in Lu.
Proof. To prove (a),det.(s, &), cdnt(A) and (x,w d,p(s,x)) be an arbitrary point in
N*(I(s,t)) N WF (u).
As noted at the start of this section, /™ satisfies the Bolker condition. We prove part (a) using

the following equivalences:

(zyw dp(ss)) € WF (u) N N*(I(s, 1))

if and only if (s, ¢, (—wdsp(s, x),w)) F(Fu) (by Bolker and (18))

ifand only if (s, ¢, (—wdsp(s, x),w)) F(14Fu) (as (s,t) € Int(A))

if and'only if (z,wdzp(s, x)) € WF(Lu) (as F* satisfies Bolker and F™* can be com-
posed with 1 4 /' without a cutoff).

ew
ew

3This is true when the transform is parameterized by hyperplanes or (S”_1 X ]R) / ~ where S"7! x R >
(w, p)~(—w, —p). The weight H (x,w) must be even in w.
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The proof for part (b) is similar to the proof of (a) but it uses that (s,t) € Ext(A), so 1 4Fu
is zero near (s, t), and finally that F™* satisfies the Bolker condition. U

Remark 3.7. If the only covectors in WF (1 4) have second coordinate of the form (1 ,0) then
C" o WFg(14) = 0. This is true because every covector in C has a nonzero dt coordinatéras
can be seen from (18). Therefore, M°(A,u) = 0. In this case, there are no object independent
artifacts.

Limited angle X-ray CT is a good example of this as shown in [11].

Theorem 3.8 (Added Artifacts). Let X be an open subset of R" and Y = S& R for some open
S € R* ' Assume (1.1) and (1.2). Let A be a limited data set and let Svbe thelimited data
reconstruction operator given in (22). Letu € L}(X,R)

Let (s,t) € Bd(A) and assume Fu is smooth" and nonzero near«(s,t). If X = (s,t,n) €
WEF(1,4) NIIL(CL), then CT o {\} € WF(Lu). ~

This theorem shows that object independent artifacts will be cteated when F'u is smooth and
nonzero near (s,t) € Bd(A).

Proof. Since F'u is smooth and nonzero near (s, t), the singularities of 1 4F'u above (s,t) are
the same as those of 14, s0 A € WF (1 4Fu) NI (C4). Since k™ satisfies the Bolker condition
and is elliptic, this is mapped to a singularity of Lu as indicated inrthe theorem. U

Using (37), we can divide the singularities generated by Lras follows.
WF(Lu) C A(A,u) UV(A,u) where y
A(A u) = (€} o M(A,u)) U(Cho M (Astt)) U (C) o WF5(14)),
V(A u) =€) o MF(A,u).

By the Bolker condition, the set V(Int(A)suw),contains all possible visible singularities of u that
are in some N*(J(s,t)) for (s,t) € Int(A)s: The set A(A, u) contains the limited data artifacts.

3.9. Case II. In this section, wewill examine the artifacts that occur in a more general case
that is illustrated by the PAT transform.in Example 3.10 and in Section 4.1.

Let X be an open subset of R” and let §2,be an open subset of X. Let S be an open subset of
R"!andletY = SxR. Let £ €<(X) — D'(Y') be a Radon transform and let ¢ C T*(Y x X)
be the canonical relation of F'. Let

Co =A(s,t,n,x,&) € C: x € Q}.
For Case II, we have the fellowing assumptions.

(I.1) We assumedT = @q =7 (Y) satisfies the Bolker condition, (12).

(I1.2) We assume for each (s, t,n) € II;,(Cg) there are £ > 1 number of preimages of (s, t,7n)
in the full.canonical relation C. That is for each (s,t,n) € II;(Cq) there are k > 1
covectors (&, &€ T*(X) such that (s,t,n;x;,&;) € Cforj = 1,...,k, where k
dependson (s,t, 7).

Theorem 3.9. Assume F': £'(X) — D'(Y) satisfies (11.1) and (11.2). Let u € &' (X).

Then, for each (s,t,n) € 111, (Cq), only one of the x; in (11.2) is in ).

Foreach singularity (x, &) € IIg(Cqo)NWEF (u), there can be mirror point artifacts for F*Fu
outside of W each one corresponding to a (s,t,n) such that (z,€) € N*J(s,t).

Foreach (s, t,n) € II;,(C,) we will assume, without loss of generality, that x; € (.

#Thiscondition is true if WF(u) N N*(J(s,t)) = 0.
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Proof. Because I1,: Co — T*(Y) is injective, for each (s, t,n) € II;,(Cq) only one of the x;
is in €.

We now calculate €7 o (Cg o {(x1,71)}). We can compose with Cq since u is supported
in €.

Let (x1,&;) € Hg(Cq) N WF(u) and let (s,t, 1) € T*(Y) such that

Al = (S7tan7m1a§1) € eQ

Note that (x1,&;) € N*(I(s,t)) by the proof of Proposition 3.4.
Then,

(S7t777) €Co {(111751)}

since \; € C and by assumption, there are covectors (x;,§;) € T%(X) for j = 2, k such that
(xj,nj,8,t,m) € CT and x; ¢ Q. Therefore, each covector in € o {(&7, 51& generates a finite
number of possible artifacts with base points outside of 2.

If 2 is pre-compact, one can show there are only a finite number of artifact points for each
(x1,&1) because there are only a finite number of preimages of (&4,€) under Iz by [15,
Lemma 3.1]. O

Example 3.10. Let ) be the open unit disk in R?. Thelcircular transform discussed in Sec-
tion 4.1 satisfies the Bolker assumption above €, i.e.pll;: Cq = T*(Y') is an injective im-
mersion, and the reconstruction operator F*F': & (Q)u—> D' () is an elliptic VDO, as noted
there. 'S .

This transform does not satisfy the conditions in Case 1. Let (x,£) € T*(2). Then, the
line through x and in direction & intersects Skin two'peiiits ¢, and cy. The covector (x, £) is
conormal to the two circles centered at c; of radius,|x — c;|, j = 1, 2. Therefore, (1.2) fails for
this transform.

However, the transform satisfies the conditions in Case 1l. As shown in that section, if
(x,€) € T*(Q), then there are mirror point artifacts outside of () if one reconstructs objects
inside §) at points outside $).

The PAT transform also has covectors, \ € C at which 11y, is not an immersion [2]. However,
IIg () has base point outside of ), andwsuch covectors, \, do not affect reconstructions in )
foru e E'(Q).

N
3.10. Case III: When II; /is not an.immersion. As noted in Section 3.6.4, this case is more

difficult, and different types.of artifacts exist as in [3, 10, 18, 39]. We will not consider this
case.

4. ARTIFACT ANALYSIS FOR THE LIMITED DATA OPERATOR IN 2D

In this section, we.demonstrate the versatility of our artifact analysis through a variety of 2D
examples.

4.1. The spherical Radon transform. The spherical Radon transform (spherical mean oper-
ator) with sources and receivers at the same positions on a sphere is a model for photoacoustic
or thermoacoustic tomography, see, e.g., [27]. Mirror artifacts can occur with this transform.

We considerthe problem in R? and the center set is S', the unit circle. Define p: R x R? —
[0,00) by (s, z) = |& — O(s)| where O(s) = (cos s,sins)’ € SL. Then, F: &'(R?\ S!) —
D'(Rx.(0,00)), Fu(s,t) = [p. u(x) 6(t — (s, x))dx, integrates u along the circle of radius ¢
with O(s) as its center. Note that F' is an FIO from &'(R?\ S') to D’(R x (0, 00)) and Fu(s, t)
1S 2m=periodic in s because O is.
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I1.B

1.8

0 0

~

FIGURE 1. Numerical approximations of F*Fu|[_4 2 5)x[481,3.5 for the indicator
functions u = 1, (0.8,0) (left) and u = 1p,,,(1.7,0) (right) where F"1s the spheri-
cal Radon transform with centers on the boundary of thedmit disk {2, see Section 4.1.
The dashed red curve indicates Bd(€2), and the dashed.green curves are the predicted
artifact curves y_ and 4, see (48) for the situation on the left. These curves are not
part of F™* Fu.

The dual operator F'™* is defined for continuous functions g-6n R x (0, o) by

Frg(x) = / Wits, |« 0))) ds, (46)

and, although the integral for F™* is over [0, 27|, £™* cam be written as a FIO on domain D’(R x
(0, 00)) using cutoffs in a way that is‘independent of the cutoffs for 27 —periodic distributions,
see Remark 4.1 below. For the microlocal properties of F' and F™* we refer to [2].

Remark 4.1. We now construct the FIO F*." Let ¢, and ¢ be a partition of unity on S*
subordinate to the coordinate patches\O((—m, 7)) and O((0,27)), and let p; = ¢1 0 © and
9 = ¢ 0 O be their pullbacks to smooth 2w —periodic functions on R. Note that o1 + o = 1.
Let g(s,t) be a continuous funetion that'is 2m—periodic in s, and let F}" be defined as in (46)
but integrating over [—m, 7|. By periodicity, F{g = F*g. Therefore, when g is 2w—periodic,
F*g = F*(p19 + v29) = Fi($19) + F*(p2g) independent of the choice of ¢1 and ¢s.

Note that g — Fy(@19) + EX(@29) is an FIO for g € D'(R x (0, 00)) because the integral
for F*(pag) is with respectito @s(s) ds not 1y 9x(s)ds and similarly for g — F}(p19). This
shows that we canfdefine E* D' (R x (0,00)) — D'(R?\S?) to be an FIO, and for periodic
distributions, the'definition is independent of ¢, and ¢,.

The Bolker/condition, see Definition 2.10, fails for ' on R? because IIy, is not injective. We
will show that mitrror artifacts may emerge from visible singularities of v according to (38) and
(45). Letssve Ruand let ¢y € R*\S'. Let C be the circle centered at O(s) and containing
xo. Now assumei(xg, &) € N*(C) N WF(u). By (45) and a calculation of ¢, a mirror point
artifact /"™ F'u/can occur at &, € C'if

(o — ©(5)) - O(s)" = (@1 — O(s)) - O(s)", 7)

where.O(s)* = O(s + 7/2). This shows that x; is the reflection of x; in the tangent line
to S at ©(s) and therefore is the mirror point artifact to @, (note that z; ¢ CI(2)). As a
conséquence, 1}, is not injective on R,
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For z € R? and 7 > 0 let B,(x) be the open ball centered at « of radius r. Let Q = B;(0)
be the open unit ball.

For instance, © = 15, (5.), €. € 2,0 <7 < 1 — |x.|, may create the concentric curves
0(s)+r

((s)

Y+(8) = (1 + 2¢4(5))O(s) + (. —O(s)) (48)

with |
(s) =]z, —O(s)] and cui(s) = (¢(s) £r)sin (arccos <%>>

as artifact curves in F™* F'u. The left image of Figure | displays a numerical approximation to
F*F1p, ;08,0 The predicted artifacts outside of (2 are clearly visible. Inside'§) no artifacts
will emerge because the Bolker condition holds in 2. The right amage of Figure 1 shows
F*F1p,,;170) The situation is different since not all wave fronfs of A, y(1.7.0) are visible.
In fact, for points near to the north and south pole of Bd(By 15(1.7,0)) there are no spheres
centered on Bd((2) that are tangent to Bd(By 15(1.7, 0)) at these points. Nevertheless, analytical
formulas for artifact curves 7. similar to (48) have been derived by us, but are more involved.’

While 15,505, 18 clearly recognizable as a bright cireular spot'in its reconstructed im-
age, the image of 1 g, ;(1.7,0) is an ellipse elongated in the north/south direction with blurred
boundaries around the north and south poles. These are the invisible singularities as explained

above.
. 4

4.2. Region-of-interest tomography. Here we congider the interior problem or region-of-
interest (ROI) tomography for the classical Radon transform in 2D, see [22, 32, 33] for analyti-
cal and numerical results. The artifacts that occur have been analyzed before in [7, Section 4.3].

Let = B;(0) and define p: R x Q — (—=1,1) by (s, z) = = O(s) where O(s) is the
unit vector as defined in Section 4.1, Thenpl: L*(Q) — L2([0,7] x (=1,1)), Fu(s,t) =
Jou(x)d(t — ¢(s, x))dx, integrates n along the straight line J(s,¢) which is perpendicular
to O(s) and having the signed distance ¢ to the origin (parallel scanning geometry). For this
setting, a filtered backprojection-type.inversion formula is known:

u = iF*(Id ®HO)Fu, wu€ L*(Q), (49)

where F™* is the classical backpfojection operator (formal L? adjoint), H is the Hilbert trans-
form, and O denotes the first order differential operator, see, e.g., [40, eqn. (3.10)].

Remark 4.2. Note that Fyis an FIO from €' () to D'(R x (—1,1)) and F maps into distri-
butions that are 2m=periodicin ©. Using similar arguments to those in Remark 4.1, one can
show F* is an FlO that is consistently defined for 2m—periodic distributions in s (for such

distributions, FEwillintegrate over 0,27, and then the factor in the reconstruction formula
(49) becomes ﬁ ).

We speak-of an interior problem when the lateral variable ¢ of the Radon data F'n is limited to
[—to, to)for 0 <4y < 1. Then n is no longer uniquely determined, even in the ROI C1(B;,(0)),
see [22]. So, ROI-tomography is modeled by the operator

1
Id;, = %F*(Id QHO)L a4 F,  Alto) = [0, 7] x [—to, to].

SFor these formulas see the MATLAB code under https://bwsyncandshare.kit.edu/s/
ODBASSHWzzMCre7 which has been used for creating the images displayed in Figure 1.
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FIGURE 2. Tllustration of « from (50) where white and black represent the numerical
values 0 and 1, respectively. The circles indicate the boundaries of {2 (green)‘@nd the
ROI By/3(0) (red).

~

Now we investigate the types of artifacts that might appear in“Idy,n accerding to the inclu-
sion (37) which also holds for Id;, since Id ® H0 is an elliptic VDO'(see the discussion about
compositions with special singular WDO starting around equation (22) in [15, Proof of Theo-
rem 3.2]). To this end, let

to=2/3, A=A(2/3), u=1p for I =T2w/3,2/3]withv=v2-1, (50

see Figure 2 for the underlying geometric setting. &

First, we consider the set WE(1 4) in (30). We emphasize that we have effectively no re-
striction on the angular variable s. Because‘of periodicity.and symmetry, we could have chosen
A =Rx[-2/3,2/3], see Remark 4.2. So, the only:singularities of 1 4 are those of Try[—2/32/3],
yielding

WE(14) = {((s,£2/3)(0w)) : s € [0, 7], w € R}.
Due to (29) and 9,¢(s, ) = £ 1O (s)* = —rpsin(s) + x5 cos(s) we have that
WF(Fu) C
{((0,2v/3),w(—22,1)) : DE] wE R} U {((0,2/3),w(—w,1)) : 75 € I, w € R}
U {((7/2,2v/3),w(x1, 1)) 11 &, w € R} U {((7/2,2/3),w(z1,1)) 1 21 € I, w € R}
U {((8f(s, el —c O(s)",1)) : s € [0,7], w € R, ¢ is a corner of I’}

The first four sets afe siigularities of F'u generated by singularities of u above the sides of 12
and the last set contains singularities of F'u generated by singularities of u at the corners ¢ of
I, Since F satisfies the Bolker condition, these really are singularities of F'u.

So, the only base points above which both 1, and F'u have singularities are (0,2/3) and
(7/2,2/3). We have

WF 43 (14) = {w(0,1) :w €R} and WF(ga/3)(Fu) = {p(—x2,1) 120 € I, p € R}
as well as
WE /2273 (1a) = {w(0,1) i w € R} and  WF (r/99/3(Fu) = {p(x1,1) : 21 € I, p € R}.

Thus, the non-cancellation condition holds at both (0,2/3) and (7/2,2/3). This shows that
Me(Ayu) = 0.
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Continuing the calculation, we see that
CTo M™(Au) = {(2/3,5.61,0): y R, & R} N
U{(2,2/3,0,&): z € R, & € R}

The base points form straight lines which contain the right and upper boundary of /2, respec-
tively, see Figure 3 (left).” We only validate that the set on the right belongs t0 C." o M(As)
using (41). The other set can be handled in a similar way. Let n = w(0,1) € WF(W/272/3)(]].A),
thatis, w # 0, and v = p(x1,1) € WEF(r/2,2/3)(F'u), thatis, p # 0 and 2, £ . Thenyy' = 0
and ' = px;. So we have

CloM™(Au) = {(z, (w+p)0,1) : w+p#0, x €Ir/2,2/3),
Jy € X(7/2,2/3,u) : Osp(m/2, ) = —py1 /(Wi 0)}.
Here, X(7/2,2/3,u) = I x {2/3}, which is the upper edge of 2. Since J,p(7/2, ) = —x1,

(52)

T yi, 1y €1

w+p
Therefore, for each y; € I, x; can be any number in R except 0 (since p # 0) and y; (since
w # 0), and singularities from M"™ (A, u) above (7/2,2/3) generate artifacts above (z1,2/3)
for all z; ¢ {0,y;}. However, by choosing another point.y’ € (I \ {v1}) x {2/3}, one can
generate a singularity at (y1,2/3,0,1) in the same way. N

As shown above, the covectors (0,2/3, 0, p) and(2/3, 0, p, 0) for p € R are not in M™ (A, u),
but both covectors are in " o WF(1 4) by afcalculation wewill discuss below. Therefore, these
(0,2/3,0, p) is an object independent artifact, and artifacts are all along the lines J(0,2/3) and
I(m/2,2/3).

For convenience, we let R? = R?\{0}:

Further, in view of (42),

C" o WF gupp(ru) (1) = { (@, e Q x R? :9(s,2/3) € supp(Fu), = € I(s,2/3),
x'O(s)F =0, & =wO(s), w € R}
= {((2/3)0(s)hwO(s)) € Q x R?: (s,2/3) € supp(Fu), w € R} (53)

The set (53) is an arc of Bd(35/3(0)) which consists of all points in Bd(B,/3(0)) whose tan-
gents intersect /2, thatds the elosed quarter circle with radius » = 2/3 in the first quadrant.
This arc is clearly visible in both images of Figure 3. It is an object independent artifact.

Of the terms in (37) the only one that does not depend on WF(Fu) is €} o WF(1 4). There-
fore, the singularities in €y © WF (1 4) can give object independent artifacts in (37). However,
the other limited.data artifacts are object dependent because they depend on WF(F'u). Since
the Radon line transform satisfies the Bolker condition, there are no Bolker artifacts.

The endpoints’ of this circular arc are (0,2/3) and (2/3,0), and our calculation shows that
(0,2/3, 05@Y andi(2/3, 0, 0, w) for w € R are part of this object independent microlocal artifact.
Combining with'the object dependent artifacts above the lines J(0,2/3) and J(7/2,2/3), we
see there can be‘artifacts above every point along these lines. This example shows that some
points in Y,can generate both object dependent and object independent artifacts, as we will
discuss in Remark C.5.

®The MATLAB code which produces both images of Figure 3 can be downloaded from https://
PwsyfAl@andshare.kit.edu/s/fj3mPpocRgqJ93ws.
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Idz/gu Idg/gu

-0.5

FIGURE 3. Numerical approximation of Idy /zu for u = 112 (50) (lefpyand « = 1
(right) where @ is the rotation by 7 /4 around the center of 7. The underlying geometric
constellation for the setting of the left image is depicted in Figure:2.

Since the Bolker condition holds, the set €T o WF 4(Fu) in¢ludes only visible singularities
of u. In fact,

C o WF4(Fu) C {(z,&) € WF(u) : 3(s,#) € Az, &) € N*(J(s,t))},

that is, the singularity (z,¢) of w is in €' o WE4(Fu)if & is conormal at « to a line of
integration that intersects the ROI. Since all four boundary edges of I? are part of straight lines
hitting the ROI, they are all visible in Id,/sus even the two edges outside the ROI (Figure 3
left). In contrast to the situation on the right image.of Figure 3: Here u is the indicator function
of a rotated version of I? (rotated by 7/4 around it$icenter). The tangent to the upper right
boundary edge does not intersect the /ROL;This edge is therefore invisible.

Because R* satisfies the Bolker condition, all of the covectors found above are in WE(Lu).

A characterization of artifacts when the ‘angular variable s of the Radon transform is re-
stricted (limited angle problem) is given in [11].

4.3. Seismic imaging. In geophysical exploration, the operator F' as defined in (16) occurs by
the linearization of the underlying.nonlinear seismic inverse problem where the symbol A and
the function ® are implicitly given as'solutions of two PDEs, see, e.g., [44, 17] and also [6,
Appendix EJ.

Now we describe the situation.in'more detail. Let

X={zxecR*: 1, >0}

be the propagation medium for the waves which are initiated at sources x located at Bd(.X)
(o > 0 is the depth,variable and points downwards). The reflected wave fields are recorded
by receivers &, which are located at Bd(X') as well. Assume that we want to reconstruct the
pressure wave speed 74, from the recordings. In the acoustic regime and for a constant bulk

density, the'linearization ansatz
I T+u

2 2
Vo v

about the known background velocity model’ v, leads to the inverse problem Fu = g where g
are the processed recordings.

"The velocity model is assumed to satisfy the geometric optics assumption, that is, any two points in X can be
connected by a unique ray of geometric optics. Rays are the characteristic curves of the eikonal equation (54).
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To express F' in the format of (15), we parameterize pairs of source and receiver positions
by the common offset scanning geometry, that is,
s =x5(s) = (s —,0)" and =z, =z,.(5)=(s+0a,0),
where 2a¢ > ( is the common offset and s is in an open subset S C R. Then, we haye that

a(x, xs(s))a(x, zr(s))

v*(x) ’
where 7(, y) denotes the travel time of the wave from « € X toy € X anddtcan be computed
from the eikonal equation

H(S’ w) = (P(S, m) = T(m, ws(s)) + T(m, $r(3))a

[de7 ()] =0v7%(), T(y,y)=0. (54)

The amplitude a is the solution of the transport equation ~

divy (2. y)dar(-.y)) = 0. lim a(e, y)|x — gpE = Y2
Vo (0*(, y)da7(-, y)) lim a(@, )|z - y] 5

Note that F' integrates u along reflection isochrones as J(s, t) contains all points of X which
have the travel time ¢ to source x(s) and receiver x,.(s)s

In general, neither 7 nor a is known explicitly but ean be computed numerically, see, e.g.,
[16, 37]. There is an exception: the affine velocity medel

v(x) = mzy +b  for m >0 andb’ > 0.

Explicit expressions for 7 and a can be found in, e.g.;.[28]. It can be shown, see [15, Sec-
tion 3.1], that F': &'(X) — D'(R x (2a, o0)) is an.FIO of order —1/2 where

X =int{ex ¢ X : Vs €8 : dzp(s, x) # 0}.
For m = 0 or @ = 0 the Bolker condition'(12) holds in X = X, see [9] and [28], respectively.

4.3.1. The constant velocity model., Let us first consider the constant case: m = 0 and b = 1,
thatis, v(-) = 1, 7(x,y) = |z —gl and a(x,y) = 1/(2\/27 7(x,y)). The isochrones J(s, t),
t > 2a, are ellipses with foci xs(s) and @p(s).” No Bolker artifacts will emerge as the Bolker

condition holds. ~N
For syax = 4.5, tin = 9.5, and 4.« = 8.5 let
AA ~ _A:EF;/[V]IAF7 A = {_Sma)ﬁ Smax] X [tminvtmax]u (55)

be the limited data reconstruction operator. Here, — A, is the Laplace operator and we use the

weight
9 (giteiem)

H(s,z) |dzp(s, )]

which has'been suggested in [15, Section 3.2]. For this example, the offset is o = 2.
The artifacts occurring in Aju for v = 1p (z,), . = (0,3), and u = T[_q 1124, see

Figure 4, can be fully explained by our theory. In fact, we observe an object independent

artifact whichis the straight line at x5 = 3.75 in both images of Figure 4. It is an element of

the set €T o WF supp(Fu) (1 4), see (42), which we will now demonstrate.

W(s,x)=

(56)

8For a = 0, F is a variant the spherical Radon transform of Section 4.1 where the centers of the spheres are on
a line.

Page 24 of 35



Page 25 of 35

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - IP-105577.R1

ON MICROLOCAL ARTIFACTS IN TOMOGRAPHY WITH GENERALIZED RADON TRANSFORMS 25
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FIGURE 4. Numerical approximation of A 4u for the velocity model R) = 1 and
the offset v = 2 where u = 1, ((0,3)) (left) and u = 1 |_1 2 41 (right). The black
dashed curves indicate the singular support of v and the yellow dashed/curves show the
predicted limited artifact curves in the left part of both images. Due toraxial symmetry
with respect to 1 = 0, mirrored versions of these artifact curves also‘appear in the right
part (but are not highlighted by an added colored curve). The straight line at xo = 3.75
is an object independent artifact.

The singularities in WE gpp(pu) (14) With 17, # 0 are/in the Set

{((Satmax)a (07772)) NS (_Smaxasmax)u 772 € ]R}
U {((_Smaxatmax)7 77) ne RQ: DRSS R} S {((Sma)U tmax)u 77) ne RQ, 2 € R}

since the other horizontal edge of Bd(A) does.not intersect supp(Fu). The base points & of
singularities in €T o WF () (1.4) are'thus located on J(s, tmax) satisfying dsp(s, ) = 0,
S € [—Smax, Smax)- T0 solve thislequation for & we provide the derivative

S—I —«Q S — I+«

™) e a9 T T — 5]

and the parameterization N

2
I(s, tmax) = {78@0) : V€0, }, 7s(9) = (s - tn;x cos v, t“j% —a? sim?).

The function [0, 7] > ¥ & Osp(s,vs(1)) is decreasing’ and has its only zero at ¥ = 7/2
yielding the base point v5(7/2) = (s, \/12,../4 — a?) = (s,3.75) for each s € [—Smax, Smax]
with corresponding vertical covectors & = (0,&5), & € R. Hence, the base points in €T o
WF (1 4) form ahorizontalline at xo = 3.75.

Since thesBolker condition holds, the set CT o WF A(Fu), see (38), contains only visible
singularities. Those are wave fronts (x,£) € WF(u) such there is an isochrone IJ(s,t) for
(s,t) €A such that (x,&) € N*(J(s,t)). As a consequence we only see a small part of the
singular support of u: In the left image of Figure 4, only a polar cap is visible around the North
Pole, while'in the right image, we can see the upper edge of the square, but not the vertical and
lower edges.

Thiscan be seen by taking the derivative with respect to ¥ which is negative on (0, 7).
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Finally, limited data artifacts can be observed which are in the set
(€T o MS(A,u)) U (€T o M™(A,u)), (57)

see Section 3.6.1. Those are above ellipses J(s, t) for (s,t) € Bd(A) satisfying WF ,4(Fu,) #
(). In the case of u = 1p,(s,), we have that WE (o, (Fu) = 0 for all t € [t tmax], @S
for these ¢, J(£Smax, t) is disjoint from the closure of B;(x.). Also WF(,4 . (Fu)y= 0 for
S € [—Smax, Smax)- Hence, it remains to investigate pairs (S, tmax)s S € [—Smax, Siax|- Only the
two ellipses J(S, tmax) for s1 ~ +4.07 are tangent to Bd(B;(x.)) and thus'eccuras limited
data artifacts in the left image of Figure 4. Note that we do not need to calculate M™ (A, u)
and M¢(A, u) separately in (57); as noted in Remark C.4, we just need tofind the singularities
above all points (s,t) € By = singsupp(Fu) N singsupp(14).

The situation is a little bit different for uv = 1|_y 1)x2,4]. Againgd"w has no wave fronts
above (S, tmin)s S € [—Smax, Smax)» Since none of the corresponding isochrones hit the square.
All isochrones with parameters (S, timax), S € [—Smax, Smax)» interseet'the edges of the square
transversally. In view of Proposition 3.4, there are no wave fronts above these intersection
points. However, there are two ellipses with parameters (5=, tyax ), 5+ =t (1—174/161/60) ~
+2.595, which intersect the square at its upper left and right cotrners./Since each vector in R?
is a covector above the corners, the ellipses (s, timay) Show up as artifact curves in the right
image of Figure 4. Further, the ellipses J(ESmax, teor)s teor = 2.5 + v 34.25 ~ 8.352, pass
through the upper corners as well and give rise to cortesponding limited data artifacts. So we
have two artifact curves hitting each upper corner. v

4.3.2. The linearly increasing velocity model. Now, let v(x) = mzs + b with m > 0 and
b > 0. Here, the Bolker condition is not satisfied in X but in

X={x € X : 29> Tnn}t and Y =8 X (tgst, 00)

where

b2

see [28]. The geometry of the isochrones,yields mirror artifacts, and this configuration is an
example of Case II in Section.3.9: Even though there is no explicit analytic representation of
I(s,t) known, the authors of [28] 1dentified exactly two points on I(s, t), namely (s, p+) with

b t b2 t
P+ = —(coshE = 1) + \/—sinh22 —a? for t > tg,
m 2 m? 2

b 202 2
Lmin = — ( 1+ e - 1) ) Lhrst = — asinh <%> )
m m b

at which J(s, t) has@horizontal tangent at (s, p). As a consequence the equation ds¢(0,-) = 0
has the two solutiens (s, p1.). For
‘<t 4 I m o
o b (23)
the values.for p_.andp, are positive and, due to (38) and (45), a mirror artifact might form in
A 4u above (z1, p-) provided u has wave fronts above (1, p, ) with vertical covectors, see (55)
and (56) for the definition of A 4.

For a conerete example, set m = 0.1, b = 0.5, and @« = 5. Then, tg4 ~ 17.6275,
Tmin ~ 2.0711, and ¢ ~ 19.2485. Further, u = 1,,>3 is the indicator function of a half
spacen. Isochrones IJ(s,t3) with t3 ~ 17.8416 < t are tangent to the line zo = p, = 3,
see the orange curve in Figure 5. Thus, the horizontal line artifact we observe in Aju at
Ty =ip- ~ 1.25 in Figure 5, is a mirror artifact. Please note that the limited data set used
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3
1
2 0
3
4 : . : : :
—4 —9 0 2 4 -3

FIGURE 5. Numerical approximation of A au, see (55) and (56), for the velocity
model v(x) = 0.1z + 0.5 and the offset & = 5 where u = 1,,>3 is _the indicator
function of a half space. The horizontal line at about xo = 1.25 isa mirror artifact
caused by the shape of isochrones which are tangent to the line o = 3. The orange
curve is one representative of those isochrones restricted to the seleécted reconstruction
area.

—4 —2 0 2 4

FIGURE 6. Numerical approximation of A su for u = 1,,>3103cos(rai/2)- The
other settings are as in Figure 5. Theithree plotted curves are isochrones for differ-
ent source/receiver pairs. They touch the singular support of w at three different points,
which are mirrored to points on the respective isochrone touching the artifact curve,
see (38). These points are marked by black dots (yellow isochrone), black asterisks
(green isochrone), and black'crosses (light gray isochrone).

A =[-12,12] x [17.633, 47.633]\was chosen so large that no other artifacts are present in the
displayed image section.

A more exciting pattern of mieror artifacts forms in A 4u, when w is the indicator function
of a half space which is confined by a periodic curve, see Figure 6. Please note that we can-
not analytically describe this pattern since no explicit expression for the isochrones is known.
However, each artifact curve must be tangent to the corresponding isochrone at its mirror point
for the followingreason. If (x, &) is a mirror artifact, then (z, ) is conormal to its isochrone by
Proposition 3.4. Since-the.artifact curve is caused by these mirror artifacts, (x, ) is conormal
to the artifact curve, too (the wave front set of such singularities on curves is the conormal
bundle of the curve). This fact underpins the visual determination of the three mirror points
indicated in Figare 6.

Acknowledgment. The authors thank Kevin Ganster for kindly providing the reconstructions
displayed in Section 4.3 using his code published in [14]. The first author thanks John Schot-
land and Guillaume Bal for a conversation on multiplying functions that inspired this line of
research.
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Data availability statement. The MATLAB code for producing Figures | and 3 can be down-
loaded from the URLs given in the footnotes of pages 20 and 22, respectively. All computations
in Section 4.3 have been done using Python routines available from [14].

APPENDIX A. GENERAL CALCULATIONS

We now give a few basic statements we will use throughout the appendix. The notation used
here was introduced in Sections 2 and 3.

Proposition A.1. Let u € LL(X,R) and (xo,&) € WF(u). Let D C YauThenihe following
are equivalent

(i) Cpo{(zo, &)} # 0.
(ii) There is a (8o, t0) € D such that (xo, &) € N*(3(s0,t0)) A WE(@):"
(iii) There is a (8o, ty,wo) € D X R such that xq € X(8y, to,m) and §y = wo dz(So, xo)-

In this case,

Cp o {(xo, &)} = {(s0, to, —wo ds(s0, o), wo) : (S0, doswo)iE€ Dix R,

(58)
xo € X(80, to, W)ybo = wo dup(S0, o) }.
Ifxg € X and (s,t) €Y, then
&
xo € X(s,t,u) = Yw € R, (s,t, —w dgp(xhao),w) € Co WF(u), (59)

and X(s,t,u) contains base points of all covectors.in N*(I(s,t)) N WF(u).

This proposition explains the statements about X (s, ¢, u) and the implication in (25) at the
start of Section 3.3 and provides further perspective on the set X(s, t, u).

Proof of Proposition A.1 . Let D»C Y. Then by (18) and (20), Cp is the set of all

(80, to, =0 dstp(sg, x0), wo; To, wo dep(S0, To))

N where (60)
(sodto, wo) € D x R, xo € I(s0, o).

This implies the following. Let (@0, &) € T"(X). Then, Cp o {(zo, %)} # 0 if and only if
there is a (sg, to, wy) € DX R such that

(80, to, —wo ds(80, o), wWo; 0, &) € Cp

by the definition of composition of sets. This can hold if and only if (sg,tg) € D, xy €
I(s0,10), and &y = wo A (Sg, o) for some wy € R.

Therefore, if (xo,§) € WEF(u), then (i) implies (iii) since (xo, dz¢(s,xo)) € WEF(u) if
and only if Vwo.€ R, (x0,wodew(s, @) € WF(u). Assertion (ii) is a different way of
writing (1ii).

Now we show (iii) implies (i). Assume there is a (s, fo,wg) € D X R such that Ty €
X (80, to, u) and & = wo dzp(So,to). As u is real-valued, (x¢, &) € WF(u), and (60) shows
that GD (o) {(:130, 50)} 7£ @

Proofs of the last two statements in the proposition follow from the arguments we have
provided and are left to the reader. U
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APPENDIX B. PROOFS OF THE STATEMENTS IN SECTION 3.3 ABOUT 1 4Fu
Proposition B.1. Let D C Y. Then,

WFp(Fu) CCpoWF(u) = | {(s,t,~wdap(s, @), w) : o € X(s,,u);
Xt weR} (61)
=: M*(D,u).

Proof. By the Hormander-Sato lemma, (11), WEp(Fu) C Cp o WF(u). 4To calculate Cp o
WF (u), we let (xg, &) € WF(u) and use Proposition A.1. For the composition to.be nonempty,
for some (s,t) € D, ¢y € X(s,t,u) and for some wy € R, & = Wode(s, 2g). In this
case, Cp o {(xo, &)} is the set of all (s, ¢, —wo dg(s, &), wo) such.that.(s,t, wy) € D x R,
xo € X(s,t,u), and & = wo da(8, o) by (58). ~

However, because w is real-valued, if ¢y € X(s, ¢, u), then for any,w € ]R,

(o, wdzp(s, xg)) € N*(I(s,t)) N WF(u):

Therefore, whenever X(s,t,u) # (), and for any &y € X(s, ¢, u)and w € R,

(s,t, —wdsp(s,xp),w) € Cho WE(w). (62)
Then, M (D, u) is the set of all covectors (s, t, —w dgg(83@0), w) for all zy € X(s,¢,u) and
w € Rwhen (s,t) € D and X(s,t,u) # (). This finishes the proof. O

Singularities of 1 4Fu above Bd(A). To analyze the interaction of singularities of 14 with
those of F'u, we will use Corollary 2.5, which describes the wave front sets of products of
functions. Please refer to (31) for the definitionof BB, B5, and Bi¢. Then B is the largest
subset of Bd(A) on which 1 4 F'u canhavesa singularity and Bs is the set of points above which
both 1 4 and F'u have singularities. The set 55 1s the set of base points where non-cancellation
condition of Corollary 2.5 part (ii) fails, and Bs° is the set of base points where this condition
holds.

We now justify (33). As explained in Section 3.3, we will take the largest set of possible
singularities of the function 1 4 Fu above (s, t), which is T(*s’t) (Y), because WE (5 (14 F ) is
always a subset of 77, , (Y )a™ "

Proposition B.2. The largest possible set of singularities of 1 4 F'u above points in BS (at which
the local non-cancellation condition (11) fails) is

Ths(V) = { (@ Bm),€94Y) : (s,1) € B3} (63)
C U {(syt,n) € T*(Y) : 3zp € X(s,t,u),
(si8)cA (s,t,—dsp(s,x0),1) € WF(L4)} (64)
= M°(A,u).

If one knows 435, then one should use equation (63), and if not, one can use (64) in (36).
Proof. By (62)5'if (s,t) € Aand o € X(s,t,u), then
(s,t, —wdsp(s, @), w) € Cu 0o WF(u) Yw € R.

Since C4,oWF (u) contains WF 4(Fu), every (s,t,n) € WE(14)NWF(Fu) is of this form. By
settingw = 1, we see (s,t, — dsp(s,xg), 1) € WF(1 4). This justifies the containment. O
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Proposition B.3. The set of added singularities given by Corollary 2.5 part (ii) is contained in
the set in (65), and

{(s,tm+v)eT(Y): (s,t) € BY,n € WF(sn(1a), v € WF(sy(Fu)} (65)
C U {(s,t,n+v) e T*(Y):ne WF(s)(1a), w € R,
(s)e By Xy € X(s,t,u), : v=(—wdsp(siay),w)} (66)
=: M"™(A,u).
Proof. If (s,t,v) € WF(Fu), then by (58), v = (—wdsp(s, xo),w) for some g € X(s,t,u).
This explains the expression for v in (66) and finishes the proof. U

To use (66), one needs to know B3, but if it is not known, one cannotethat
B C {(s,t) € A: Vag € X(s,t,u), (5,8, — da(s, o)y DEWE(14)}.  (67)

This holds using a similar argument to that at the end of the proof of Propesition B.2.
The set in (65) can be larger than the singularities of 1 4 F'u.above Bj¢because Corollary 2.5

part (ii) is a containment.
APPENDIX C. PROOFS OF THE STATEMENTS IN'SECTION 3.4
We start with the containment for Lu: composing € with t{le right side of (36)
WEF(Lu) C (€} o M (A u)) U(ChoM(A u)) U (C) oM (A u))
U (€ o WF supp(ri(1.4)) -

If BS is known, one can replace MY (A, u) by Ty (Y) in calculating (68), as noted below
Proposition B.2.
We first prove (38).

Proposition C.1. For u € L} (X R),
ChoMF(Au) = U {(z,wdaip(s,x)) : ©€I(s,t), we R,

(68)

(sit)eA

(st A0 xo € X(s,t,u), dsp(s, x) = dsgo(s,zcg)}.
Proof. By Proposition B. 1, the arbitrary covector in M* (A, u) is of the form
(5,1, —wdsp(s, xg), @) where (s,t) € A, X(s,t,u) #0, xo € X(s,t,u), weR. (69)
To compose with @), we start with the arbitrary covector in C},
(@, dpp(s',2); 8t/ —w' dsp(s, @), w’)
where (s',t') € A, ® € I(s',t), v €R. (70)

We equate the (syt;) coordinates of this expression with (69). This shows that s’ = s, ¢’ =

t, w =lw, and dgp(s,x) = dsp(s, o).
Therefore, the arbitrary covector in the composition € o M (A, u) is (x,w d, (s, z)) where
(sft) € A, X(s,t,u) # 0, € € I(s,1), w € R, xg € X(s,t,u), and dep(s,x) = dyp(s,x).
U

We now calculate the composition of the sets in Proposition B.2 with C}; to take care of the
seconditerm in (68).
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Proposition C.2. Foru € L!(X,R),
ChoTp(Y)= [J N'(3(s,1)), (71)
(s,t)eBS
and this set is contained in
CloM(Au) = U {(z,¢) e N*(I(s,t)) : 3w € X(s,t,u),

(72)
(s.t)ed (s,t,— dsip(s, o), 1) € WF(Tu) |-

The set in (72) is the union of all N*(J(s, t)) for which u has a singularity conermal to I(s, t)
and for which its image under C 4 is in WF (1 4).

If one knows B3, then one should use equation (71) in (68) to_find,an upper bound for
WF(Lu), and if not, one can use (72). If F': &'(X) — D'(Y) satisfies the:Bolker condition,
then these sets are equal.

Proof of Proposition C.2. To prove (71), we start with an arbitrary ¢ovector in €, as given by
(70) and equate the (s,t,n) coordinates with the arbitrary €ovector (8,t,7) € T*(Y) where
there exists a ¢y € X(s,t,u) such that (s,t, — dsp(s, g)yh) € WE(1 4). Therefore s’ = s,
and t' = ¢, W' = wand —wdsp(s,x) = n'. This puts restrictions on 7 for the composition
to be nonempty but not on € J(s,t). Since w is arbitrary, the composition is made up of
all (z,wdyp(s,x)) for & € I(s,t), that is all peints'in N(J(s,t)) for all (s,t) € A for
which there exists an xy € X(s, t,u) such that (s,t, — dsgp(s,?no), 1) € WF(1 4). This proves
(72). U

We now prove the third composition.
Proposition C.3. Foru € L!}(X,R),
€ o M™(A, u) U {(z, (n, Fw)dzp(s,2)) : 1€ WF(54(1a), w € R,

8 Bn(-
(0 b+ w £ 0. @ € (s, 1), Iy € X(s, 1, 1), 73)

(wdsp(s, o) — 1) }-

dsp(s,x) =
(s, ) —

Proof. We start with an arbitrary?ovector in M™(A,u),
(s,8,m —wds(s,xg), nn +w) | 7
where " (s,t).€ B3, n € WF(54)(14), o € X(s,t,u), w € R.
The arbitrary covegtor in €} is
(@, dpp(s',x); 8" ', —w' dsp(s, @), w’)
where (s',t') € A, W' €R, x € I(s',t'), see (70). Equating the coefficients of the 1Y)

componentof this covector with the covector in (74), wesee 8’ = s, t' =t, W' =n, +w € R,
and

(M + w) dsip(s, ) = —n' + wdsip(s, ). (75)
Solving for.d ¢ (s, x), we get the final condition in (73). O

Remark C4. Assume X C R2 Let (s,t) € BY. Then we claim M™ (A, u)NT, (s (Y') contains

all but at most two one-dimensional subspaces. This makes calculations of €} o M(A,u) and
G 6™ (A, u) easier as will be described at the end of this remark.
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First, consider the case when WF 51y(1 4) is spanned by one covector ) and WF (5 4 (Fu)
is spanned by one covector v. Since (s,t) € B3, n and v are independent, and linear ¢om-
binations win + wqv for w, € R and wy € R spans all but two one-dimensional subspdces
of (*sﬂf)(Y), those spanned by 1 and by v. If there are more independent covectorsiin either
WEF(s4)(14) or WE (s 4)(Fu), then all (or all but one) one-dimensional subspaces of T(’;t) (Y)
are covered by this span.

Then, by an argument similar to the calculation in (71) in the proof of Proposition €.2,
N *(J(s,t)) is covered, except above at most two points in J(s,t), those corresponding to the
two one-dimensional subspaces that are not covered by M" (A, u) NI (Y')-Note that the un-
covered subspaces are of the form win, and (s,t,wn) € WF(14) and (8,1, wov) € WF(Fu)
s0

Seay = (M™(A,u) UM (A, u) UWF(14) UWF (Fu)) N T (Y) (76)

contains all singularities above (s,t). Note that this occurred in thelimited data problem for
the function 12 in Section 4.2 on the line (7 /2,2/3).

This means that, in the two-dimensional case, to find singularities of 1 4Fu above (s,t) €
By, one can take all singularities, and they will be in S y).

Therefore, all singularities in N*(J(s,t)) are in the unionjin (37). Note that this does not
mean that all these singularities are in Lu, but they will be if > and F* satisfy the Bolker
condition.

Remark C.5. We now explain how object dependent and obje%t independent singularities can
be generated by singularities above the same.point in BA(A).

We recall the notation of Section 4.2. Let Qbe the open unit disk in R? and let R be the
Radon line transform. For (s,t) € [0, 7] x (=1, 1) letI(s,t) be the line perpendicular to O(s)
and containing tO(s). Then, Ru(s, t)vis.the integral of u over I(s,t). The limited data set is
A=10,7] x [-2/3,2/3].

As calculated in (51), the following singularities are in C} o M™(A(2/3), u)

{(2,0, Dz € I(7/2,2/3) \ {(0,2/3)}}.

As can be seen from (53),

(0, 27@, 0, 1) - 61; o WFsupp(Fu)(]lA)7

and this is an object independent singularity since it does not depend on the singularities of u.
Putting this together;'we see that (w/2,2/3) generates both object dependent and object
independent singularitiesnFigure 3 seems to show all these singularities.
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