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Abstract

We show how magnetostatic higher-order multipole traps can be used to generate macroscopic
quantum interference of the motion of levitated superconducting microparticles. An appropri-
ate combination of multipolar magnetic fields offers great versatility in constructing various trap
potentials, including anharmonic trap potentials such as Duffing or double-well types. Crucially,
the anharmonic trap potentials realize a nonlinearity on the order of hundred times the zero-point
motion, i.e. on a length scale below nanometers. These anharmonic potentials allow for the gen-
eration of quantum features of the center-of-mass motion of a magnetically levitated supercon-
ducting microparticle. Importantly, they can be easily generated with a static arrangement of coils,
requiring only that the current running through them is tunable. We propose protocols exploiting
the versatility of the magnetic trap landscape to generate non-Gaussian motional states. We solve
the dynamics of the center-of-mass motion of the particle in phase space and analyze its param-
eter dependence. Furthermore, we give a recipe to distinguish classical from quantum behavior

in a statistically meaningful way through measurement of the position of the particle. Our results
open a path to accessing the quantum regime of the center-of-mass motion of objects with masses
larger than picogram, i.e. 10'* atomic mass units. This will enable fundamental physics experi-
ments for studying the transition between quantum and classical behavior, exploring the intersec-
tion between quantum physics and gravity as well as probing of certain types of dark matter.

1. Introduction

The generation of nonclassical states of macroscopic objects is of fundamental relevance. It enables
exploring the validity of quantum mechanics for larger objects [1-4], for testing models for wave-
function collapse [5-7], or for probing the interface between quantum mechanics and gravity [8—11].
Furthermore, nonclassical states of macroscopic objects can also be used in novel quantum sensing
schemes, see, e.g. [12—15], which specifically exploit the mass of the object.

Levitation of nano- or micrometer-sized particles constitutes a suitable platform for generating non-
classical motional states of massive objects [16, 17] and can be based on optical [18-24], electrical
[25, 26], or magnetic traps [27-33]. In particular, magnetic levitation of superconductors offers a
promising alternative to optical or electrical traps for macroscopic quantum experiments as it pro-
vides a noise-free trap environment that does not pose a mass limit on the levitated object [27, 28, 34].

© 2026 The Author(s). Published by IOP Publishing Ltd
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Magnetic quadrupole traps—such as those generated by anti-Helmholtz coils—were proposed as an
approach to trap superconducting microparticles [27] and have recently been implemented at millikelvin
temperatures in both on-chip [32] and macroscopic traps [33, 35]. However, these systems are limited
to harmonic confinement for small motional amplitudes and thus require additional means to prepare
nonclassical states. Methods to generate nonclassical motional states of trapped particles can be based on
using projective measurements [34, 36, 37], external [12, 27, 28, 38] or internal coupling [8, 9, 39-42]
to qubits, or the use of non-harmonic potentials [34, 43—49]. The latter method is appealing as it allows
a direct dynamic manipulation of the center-of-mass motion of the particle without requiring external
means.

In our work, we propose and analyze a protocol that exploits dynamical state evolution in an anhar-
monic potential [45, 46, 50] with the aim to generate a non-Gaussian state of the center-of-mass motion
of a trapped superconducting microsphere. The following features (i)—(iii) characterize the approach
developed in this work, whereas features (iv)—(vi) are established advantages of superconducting mag-
netic levitation. Our proposal brings together (i) dynamic state evolution in anharmonic potentials that
realize a nonlinearity on a length scale of hundred times the zero-point motion (i.e. sub-nanometer),
(ii) a recipe to generate the required magnetic fields with static coil arrangements, and (iii) stationary
trapping of the same microparticle allowing for repeated experiments to acquire sufficient statistics.
Furthermore, our proposal is implemented within the platform of superconducting magnetic levitation
that combines the desirable built-in features [12, 27, 28, 34] of (iv) operation at cryogenic vacuum con-
ditions, (v) use of noiseless magnetic trap fields, both reducing decoherence, and (vi) the capability to
couple the particle’s motion to superconducting quantum circuits for efficient read-out [12, 27, 28, 34].
We will show that these features allow us to realize and verify a non-Gaussian state of a micrometer-
sized superconducting particle with a total extension of about 100 picometers.

Our work presents a toolbox based on higher-order magnetic traps (HOTs), in which the dominant
terms in the magnetic potential arise from multipoles higher than the quadrupole—such as the hexapole
and beyond. While higher-order multipole contributions have previously been observed as perturbations
to harmonic magnetic traps for large motional amplitudes [32], HOTS realize these as the principal trap
terms, i.e. for amplitudes on the order of hundred times the ground-state motion, i.e. about 0.2 nm.
HOTs enable flexible, anharmonic trap confinement and provide the anharmonicity required to generate
nonclassical states of motion. Importantly, this is achieved while retaining full confinement of the lev-
itated particle. This provides a complementary architecture to propagation-based schemes such as the
magnetic skatepark of [34], where the particle propagates along one direction through a static magnetic
landscape. In a HOT, different potential landscapes can instead be accessed while the particle remains
localized within the same trapping region by tuning the applied control fields. We focus specifically on
spherical-hexapole traps [51, 52]—the lowest-order HOTs—that offer both strong confinement and high
symmetry. When the hexapolar field is combined with homogeneous or quadrupolar fields, they enable
a rich set of trap landscapes, including double-well and other anharmonic potentials. We calculate the
dynamics of the motion of the microparticle in such potentials and identify parameter regimes, which
allow to distinguish quantum from classical signatures in a statistically meaningful sense.

In the following, we describe the general recipe to obtain various magnetic potentials for trapping of
superconducting microspheres (section 2), derive the accompanying Hamiltonians (section 3), and ana-
lyze the motional dynamics numerically in phase space (section 4). We illustrate the generation of non-
classical states of motion by using the Wigner function and discuss how to distinguish between quantum
and classical dynamics and the parameter-dependence of the protocol (section 5), assisted by analyz-
ing the dynamics through an approximate model analytically (section 6). Finally, we elaborate on the
challenges in an experimental implementation (section 7) and give a summary and outlook of our work
(section 8). We include an appendix, which gives details for the derivation of HOTs, the numerical anal-
ysis in phase space, the analytic modeling, and additional results.

2. Magnetic higher-order trapping fields

We consider trapping of a spherical particle of radius R, that is a perfect diamagnet with magnetic
susceptibility xm = —1, i.e. a type-I superconductor with R, > A, where Ay is the London penetra-
tion depth of the utilized superconductor. For the elemental type-1 superconductors being used in
experiments [29, 32, 53], this holds as R, is in the micrometer scale and Ay, is typically on the order of
50nm. The mechanical potential experienced by such a particle under any source-free applied magneto-
static induction field, B,, is given by
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where r is the position of the center of the particle, r’ denotes the position relative to the center of the
particle, and V,, = 4« R; /3 is its volume. The coefficients a,,, are given by the applied field evaluated on
the surface of the particle, S, = 4w R?,, as

n+2
RP

)

55 [Ba (r+ Rper) -] 1, (87,¢) 422, (2)
SP
where Y™ (0',") are the conjugated orthonormalized spherical harmonics and dQ2’ = sinf’d6#’dy’
is the solid angle differential in spherical coordinates. A detailed derivation of these equations, which
enables calculating the potential landscape of a trapped superconducting particle in a straightforward
way is found in appendix A.1.

If the applied field—the field in the absence of the particle—is uniform, or can be approximated as

such, over the volume occupied by the particle, then the potential simplifies to U(r) = 7;7}2; |B,(r)[*. We
refer to this limit as the small-sphere approximation [27, 34, 54, 55]. In this case, the range of admissi-
ble mechanical potentials is only constrained by Maxwell’s source-free magnetostatic equations V - B, =0
and V x B, =0 [51, 56]. Hence, one could create any mechanical potential i x V - (¢V¢), with ¢ being
any magnetic scalar potential, B, = —po V.
For larger particles and arbitrary applied fields—where the full equation (1) must be used—the
coefficients a,,, are generally difficult to obtain analytically. However, many of these coefficients van-
ish for some fields with particular symmetries, such as axial symmetry. This situation arises specifically
for fields that can be decomposed into simple sums of pure cylindrical-multipole components, which
can be generated by certain configurations of coaxial current loops. Then, a configuration of w coax-
ial current loops or dipoles is required to generate the 2w-multipolar term, where w denotes the order
of the field [51, 52]. In such cases, as we state in appendix A.1.2, the highest order of the multipolar
fields determines which coefficients are non-zero. The coefficients for the uniform field, the quadrupole
(figure 1(d)), and for the first HOT field, the spherical hexapole (figure 1(e)), are explicitly given in
appendix A.1.1. This first HOT field can be induced in the center of a spherical coil configuration con-
sisting of three coaxial coils, see figure 1(b) [51, 52]. The field strength from the center of this hexapolar
trap increases with the distance squared, unlike the quadrupole, which increases linearly. This feature
makes the hexapole a candidate for building anharmonic traps.
In the following, using shifted coordinates ¥ = (X,7,zZ) =r +t’, we consider the combination of fields
up to hexapolar order that leads to the total applied field as
- - s o~ -
B, (r) = — {b3 (zx) + bz;:| e — [53 (z9) + bz};] e, + [h32232cy2 +byz+ by |e;. (3)
This applied field depends on the parameters bs, the strength of the hexapole in T m~2 [from
equation (52) and equation (56), see figure 1(b)]; b,, the strength of the quadrupole in T m~! [from
equation (50) and equation (54), see figure 1(a)]; and b;, the magnetic induction field in T for the uni-
form field [from equation (48) and equation (55)].
These coefficients can be either positive or negative depending on the direction of the currents.
Importantly, obtaining a symmetric field profile with two minima along the z direction—required
to generate a symmetric double-well potential (DWP)—necessitates b; and b; to have opposite signs
and b, = 0. This situation is shown in figure 1(f). Note that the total magnetic field strength that can
be applied will ultimately be constrained by the critical field B, of the utilized superconductor. Thus,
> |Bw|<Bc with

B, = wagfl, (4)

and all B have units of T.

3. Hamiltonian for anharmonic magnetic trap landscapes

3.1. General Hamiltonian
To evaluate the particle’s dynamics, we construct the Hamiltonian

H=T+U, (5)
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0 |B| (arb. units) 1

Figure 1. Harmonic and anharmonic magnetic traps for superconducting particles. Coil configurations, magnetic fields, and
mechanical potentials for a magnetic quadrupole (a), (d), (g), magnetic hexapole (b), (e), (h), and double-well potential
obtained from the superposition of a uniform magnetic field and magnetic hexapole (c), (f), (i). These fields are induced in

the central region of a suitable arrangement of coils, all of them with cylindrical symmetry in the z-direction. The crosses and
dots indicate the sense of the current in the coils. Equal magnitudes of currents are represented by the same colors. The magnetic
field modulus is shown for small particles R, < rrms (d)—(f) and large particles R, = rrms ()—(i), calculated via finite-element
simulations. The mechanical potential along the z-direction is shown in thick blue lines [see equation (7)].

for a superconducting particle placed in the applied field given by equation (3). Considering only trans-
lational degrees of freedom, the kinetic term is given by 7 = p*/2m, where m is the mass and p the lin-
ear momentum of the particle. The potential I/ is obtained by calculating the coefficients a,,, for the
field of equation (3), which are given in equation (49), and equations (51)—(53). We obtain

R3
U= :6 L [3617% —36b3b) (x* + y* — 22%) + 24b, (2b3R? + 3by + 3b32°) 2+ 3b5 [4R] +3(x* + y* +427) ]
Ho
+ B3 [6RE + 16R2 (2 + 2 +32) + 9(x* + 22297 +y* + 42%)] } . 6)

The potential &/ contains terms up to fourth order in position, and the motion of the particle along
the z-direction is decoupled from the motion along the x and y directions, while the latter two are cou-
pled. Note that the decoupling of z is possible only for field combinations up to hexapolar order. In

4
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HOTs with contributions beyond the hexapole, the axial and transverse degrees of freedom generally
become coupled.

The fact that the motion along the z direction decouples from the x and y directions allows us to
constrain our analysis to the z direction only. Then, the potential along the z direction is given by

TR
U,= WP (663) 2* + (12b3by) 2° + (12b3by + 6b5 + 8R3Db3) 22
0
+ (12bsby + 8R%bsb,) z+ 6b; + 2R2b5 + R3b3 | - (7)

It is instructive to analyze how the particle’s radius influences its expected dynamics. To this end, we
distinguish “small” and “large” particles. A particle is considered small—in the sense of the small-
sphere approximation introduced earlier—if its radius is much smaller than its motional amplitude,
i.e. Ry < Zuy,. Large particles correspond to the case when R, 2 z:ms. When a pure hexapolar field is
applied, i.e. by = b, =0 and b3 # 0, a small particle would be exposed to a dominantly anharmonic
potential proportional to z* (see figure 1(e)). In contrast, a large particle would see a harmonic poten-
tial (see figure 1(h)).

We assume now for the purposes of state generation that an initial motional state of the particle is
prepared through ground-state cooling in a harmonic potential. In the case of equation (7), this har-
monic potential is given by the term proportional to z?, which can be obtained either by using a pure
quadrupolar field (i.e. by = b; =0), or by using a pure hexapolar field in the large particle approxima-
tion, which will be automatically realized through sufficient pre-cooling of the particle’s motional ampli-
tude. In this harmonic potential, the initial harmonic trap frequency of the particle is

6B B 43 (B)” 4 4 (Bin)?
2400R}

; (8)

Wy =

where o0 = 3m/ (47TRI3)) is the mass density of the particle, with an associated zero-point motional ampli-
tude of z,pr = \/75/(270) . After state purification, the fields required for the particle to explore a new
potential are rapidly set to the desired values. We may write down a quantized Hamiltonian of the parti-
cle motion in the new potential in terms of the ladder operators of the initial harmonic trap using the parti-
cle position 2 = z,¢(a" +a) and its momentum p = p,pe(d — a') /i with p,pr = \/Fimw,/2 and [a,a'] = 1.
We obtain (neglecting constant terms)

N hwo ,. .2 ! oAt
sz—To(a—aT) +EZ;Qj(a+aT)], 9)
P

with rates €);

Ql = (6BzBl + 4B3Bg) Zzpf/Rp s

Q) = ¢o (6B3By + 3B; +4B3) z,,¢/ R,

Q3 = (6B3B2) Zipf/Rf) s

Q= ¢ (3B3) Zpe/ Ry » (10)

where ¢y = 7R /(3110h). We will use this Hamiltonian to analyze protocols exploiting the nonlinear
dynamics of the particle’s motion. Note that the system of equations for the rates €); in terms of fields
B,, is overdetermined, as further discussed in appendix B.3.

In the following, we focus on two types of nonlinear potentials that contain terms up to order four
in the operators, which lead to the generation of non-Gaussian motional states: a double-well potential
(denoted as DWP) and a pure duffing potential (denoted as DP). In general, the flexibility of magnetic
traps extends beyond these specific choices. Alternative configurations, such as a tilted DWP or other
anharmonic potentials, might also be accessed through tailored coil arrangements. Interested readers may
use table 2 to, for example, construct potentials from even higher-order fields.

3.2. Double-well potential (DWP)
We can create a narrow DWP by introducing a field detuning d = (3B; + 2B3)/5(3B; — 2B3) between the
ratio of By and B; and setting B, = 0. We obtain

ﬁ?w"?@(a_a*)2+mz(a+a*)2+m4(é+ﬁ*)4a ()

5



10P Publishing

Quantum Sci. Technol. 11 (2026) 045072 J Cunill-Subiranas et al

with Qy = —40c,B3z,¢d/(1 — 5d)R; and Q4 = 3¢y B3z, ¢/R;. Note that d needs to be non-zero to have

the harmonic term with non-zero €2, in the Hamiltonian. The distance Dpwp between one of the two
minima of the double well and the center of the trap is

Dowe _ Ry [ Bi 2 (12)
Zzpf Zzpf Bs 3’

with B;/B; = —2(14 5d)/3(1 — 5d). The height of the barrier separating the two lobes is

|AE| TR s —&—%B 2 (13)
rle - huowo ! 3 ’ '

When the particle is initially in the center of the double well, |AE| will be the expectation value of the
potential energy imparted to the particle.

The length scale of the double well, 2|Dpwp|, is set only via the ratio of the magnetic field strengths.
For example, to obtain a narrow DWP, the ratio between the fields B; and B; should only be very
slightly detuned from —2/3, see equation (12). Importantly, Dpwp is not limited by the use of a spe-
cific geometry or light of a certain wavelength, such as in optical levitation [45, 46]. With HOTS, anhar-
monic potentials are instead generated through the combination of precise currents and the field mixing
obtained from the potential being U |Ba|2. Thus, we can realize relevant nonlinearities on the order of
the zero-point motion [57].

Note that a particle could be initialized in the DWP either on the top of the barrier, or in either of
the wells. The latter situation is similar to the one considered in [45], and we call this displaced DWP
(D-DWP).

3.3. Duffing potential (DP)
A pure DP, i.e. a pure 2* quartic potential, can be obtained by setting the detuning d = 0, such that
B; = —3B;/2 and B, = 0. We get

i)

2 (a—at) +hq(a+a")’", (14)

[yDP _
H, =

with Q4 from equation (10).

4. Phase-space dynamics

4.1. Classical case
We now consider the dynamics of the particle’s motion when exposed to the nonlinear potentials. To
this end, we use a phase-space representation of the particle’s motion to study its time evolution. This
allows us to evaluate the Wigner function W(z,p,t), which captures the complete information of the par-
ticle’s motional state. This method is preferred in cases where a density matrix formulation is impractical
due to a large state delocalization, which is the case in our protocols. We thereby follow the approach
outlined in [50].

We consider the Hamiltonian from equation (11) with rates {2, and {24 and use from now on unit-
less quadratures (z/z,pf — 2, p/popt — P)

H/h:%pz—i—szz—i—Qz;z“. (15)

The conservative classical dynamics of the Wigner function, denoted as W, can be found by taking
the Poisson bracket between W, and H /A, yielding

_OWelept) __wp OWe 06 4 40,5 38”;, (16)

CWC
£ ot 2 0z

where we defined L. as a Liouville operator responsible for the classical dynamics. The resulting
equation (16) is a Klein—Kramers equation, and its solution can be obtained through Liouville’s theo-
rem (see appendix C.1). We obtain the exact solution for the classical trajectories of the motion (see also
[58, 59]), denoted as z. and p,,
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Figure 2. Classical dynamics of the motion of a 1 m radius particle. We show Wigner functions and their marginal probabil-
ity distributions in position (top panels) and momentum (side panels) at different times, given in terms of the original har-
monic oscillator time scale. State evolution in (a)—(c) the DP potential (parameters: & in table 3), (d)—(f) the DWP potential
(parameters: # in table 3), and (g)—(i) the D-DWP potential for an initial state displaced by 35z,¢ (parameters: d in table 3).
In the case of the DWP and D-DWP potentials, the region of m > 1 according to condition equation (79) is shaded, where the
motion is constrained to one half of the double well. Note that the initial state shown in panels (a), (d), (g) is the ground state
(see zoom-in).

z. (1) = qen(vt+ ¢, m),

pe(t) = —Zlclsn(yt—i—cz,m)dn(yt+cz,m), (17)
Wo
where v = \/wy(Q, +2Qc3), m = wSycl /1? is the elliptic modulus, and the cn, sn, and dn-functions

denote the respective Jacobi elliptic functions. In the case that {24 = 0, they reduce respectively to the
cosine, sine, and identity functions, as would be the solution for a harmonic oscillator. Details on
obtaining the integration constants ¢; and ¢, from the initial conditions can be found in appendix C.2.
From the periodicity of the Jacobi elliptic functions, the solutions always exhibit a periodicity of 7=
2Re(K(m))/v for the cases we consider (see appendix C.2), which can be used to obtain an approximate
timescale for the dynamics.

Figure 2 shows the solutions of the classical dynamics for a 1 um radius particle in the DP, DWP,
and D-DWP protocols. In all protocols, the dynamics are propagated for one mean period time (7|7) of
the initial state. For all cases, the state expands strongly along the position quadrature, while it remains
at roughly the same extent along the momentum quadrature. The latter is due to the fact that we change
the potential term in the protocol, but the momentum term remains unchanged.

In the DP, once the state has expanded to a size large enough for the nonlinearity to become active,
the component of the state with large displacement rotates faster and generates the spiraling structure
visible in figures 2(b) and (c), see also [50]. The DWP protocol generates a vastly different phase space
structure with fast acceleration towards the turning point of the double well (figure 2(e)) and later on a
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partial revival towards the center (figure 2(f)). The trajectory in the D-DWP protocol (figures 2(g)—(i))
is restricted to one lobe of the double well, i.e. within the shaded region marking the case of the elliptic
modulus being m > 1. For initial conditions starting within this region, which is present only in the D-
DWP, the motion is constrained to the lobe that they start in.

As the dynamics in all of these cases are classical, the Wigner functions are always positive. However,
in the marginal probability distributions peaks can be observed, as, e.g. observable in the side panels of
figures 2(b)—(f), which resemble wave interference.

4.2. Quantum case
To model the full dynamics, we include a Liouvillian term producing quantum dynamics given by

3
o= 802 (18)

which is found by specializing the general expression [60] to potentials up to order four in the coor-
dinates. Furthermore, noise processes during the dynamics are captured by the dissipative Liouvillian
[50, 61]

0 2’)/0kBT 82
Lo=v(1+p— -, 19
o ( +p8p> + huwo  Op? (19)
and additional momentum diffusion processes could be taken into account by [37, 50]
62
Lo=A—, 20
5 (20)

with A a localization parameter [37, 60]. Details for these Liouvillian terms are found in appendix C.4.
The mean occupation of the environment 7 at wy is related to the temperature T in the high-
temperature limit via 7 ~ kg T/Fiw,, which is about 2-10® at T = 10mK with wy = 27 - 100 Hz. The
nature of the limiting loss and noise processes in magnetic levitation experiments of superconducting
microparticles at ultralow temperatures are still unknown. They could be related to, for example, exter-
nal vibrations, magnetic field fluctuations, magnetic flux vortices, gas collisions, or black-body radia-
tion, see, e.g. references [12, 27, 34, 36, 62, 63] for a detailed analysis. In our work, we assume for sim-
plicity that coherence is limited by coupling to a thermal environment according to equation (19). We
therefore parametrize dissipation in terms of the quality factor Q = wy/~o. Note that if the frictional
term in equation (19) can be neglected [47], one can use the mapping A = ~o7/2 and equation (20)

to evaluate these different noise processes. Theoretical estimates predict quality factors for magnetically
levitated superconducting microparticles in excess of 10'° [27, 28], with current experiments at 2 - 107
[33]. Below, we show that a quality factor of at least 10! is required to observe quantum features in the
Wigner function, which is in the range of theoretically estimated values [27, 28].

We make use of a rotating frame transformation with respect to the classical dynamics (Liouville
frame, reference [50]), in which we write the transformed Wigner function as W. The main advantage
of this procedure is that the phase space grid deforms along the classical trajectories, accurately captur-
ing narrow regions in phase space without needing excessively fine . The equation governing the time
evolution in this frame is then

%}’ =e N (Ly+ Lo+ Lg) ™' W. (21)
This equation now captures the full dynamics of the system in the Liouville frame, including an envi-
ronment (L, £.) and quantum effects (£q). We numerically obtain the solution to equation (21) by
employing the computational method of [50], which we modified by performing the classical trajectory
part of the simulation using the exact solution, i.e. equation (17). We elaborate further on these modifi-
cations in appendix C.3. Note that all resulting Wigner functions that we show are given in the original
frame.

5. Non-Gaussian motional states

In the following, we will analyze the generation of non-Gaussian states of motion of a trapped super-
conducting microparticle with a particle radius R, = 1 um in the nonlinear magnetic trap potentials we
introduced. Parameters for the magnetic field to arrive at the desired potentials are given in appendix D.
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Figure 3. Non-Gaussian motional state of a levitated superconducting microparticle. DP case (parameters: & in table 3): The
motion is initially near ground-state cooled (# = 0.07) in a harmonic potential, including very weak coupling to the environ-
ment (Q = 10'2). At time ¢ = 0, the z*-potential is abruptly switched on, while maintaining B; = Bi. The upper panel shows

the evolution of the Wigner function, the middle panel shows the switching of coils to realize certain magnetic fields, and the
lowermost panel shows the position probability distribution P(z) as well as the potential Z4;. We observe that the z-motion first
experiences motional squeezing, followed by a generation of interference fringes upon surpassing the turning point. At the end of
the protocol the position of the particle is measured. The particle could be recaptured in a harmonic potential for this purpose.

5.1. Dynamics of the Wigner function

We exemplarily focus on the DP protocol with parameters & from table 3, and show the time evolution
of the Wigner function in that potential in figure 3. We observe that the particle’s motion experiences
first a squeezing action, i.e. coherent inflation [34, 45, 64], until a point where the motional ampli-
tude has become large enough for the quartic part of the potential to become active. This generates a
superposition in position with associated interference fringes in the momentum distribution, see also, for
example, reference [65]. At this point in time, a possibility could be to retrap the particle in a harmonic
potential, let the particle’s motion evolve dynamically until the fringes map to position [34], and then
measure the position quadrature. However, we find that higher visibility fringes are directly generated in
the position distribution by letting the evolution continue in the DP to times wyt/27 > 9. Furthermore,
the extent of the fringes in position is significantly larger than the initial momentum fringes. In princi-
ple, the evolution in the anharmonic potential could continue for longer times. Yet, as the experiment is
anticipated to be decoherence limited, the motional state should be measured as soon as visible fringes
appear. When the initial phonon occupation is slightly increased from n = 0.07 to n = 0.5, the fringes
lose visibility, see figure 8 in appendix C.6. Importantly, we can identify that a motional center-of-mass
state with an extent of about 80 times the zero-point motion, i.e. 0.1 nm, can be created with HOTs,
accounting for residual phonon occupation and a finite quality factor.

We also show the Wigner function dynamics for a R, = 1 um in the DWP protocol in figure 9 in
appendix C.6. Also in the case of the DWP, we observe negativity and associated fringes in the Wigner
function evidencing nonclassicality. We note that cases similar to the D-DWP protocol have been treated
previously in [45, 58].

5.2. Comparison of quantum and classical dynamics

Importantly, we now analyze the ability of the experiment to distinguish quantum from classical dynam-
ics. To this end, we stop the evolution in the DP at a time when visible fringes in the position probabil-
ity distribution P(z) have appeared, see figure 4(a). We observe that the quantum dynamics produce a
clearly visible fringe pattern in the position distribution, while such a pattern is absent for the classical
dynamics. To quantify this observation, we plot the difference AP between the two probability distri-
butions in the inset of figure 4(a) and transform it into reciprocal space to F[AP], which is shown in
figure 4(b). We observe a clear peak with an amplitude F[AP](kpax) at peak wavenumber kpax. In the
following analysis, we will use the amplitude F[AP](kmax) and wavenumber k., of this peak as a mea-
sure for the experimental accessibility for verifying quantum dynamics with the protocol.

9
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Figure 4. Discerning quantum from classical dynamics in the DP protocol. (a) Probability distribution of the position quadrature
for an initial phonon occupation of n = 0 (dark purple, straight) and n = 3.5 (light purple, dashed), compared to the classical
dynamics (black). For these simulations, Q = co. The inset shows the difference between the quantum and classical probability
distributions AP. (b) Fourier transformation of AP, restricted to the respective highlighted areas in the inset of (a). Gaussian fits
(dashed lines) are used to extract the peak wavenumber kmax and maximal amplitude F[AP](kmax)-

5.3. Finite phonon number
We consider the case of non-zero phonon occupation of the initial state that will be exposed to the non-
linear potential by using the initial Wigner function

Wiep0) = e Hrororo] )
270 ,0p
with n = (ata) = 1 (o2 + 0’;) — 1. The o0, and o, terms account for the initial uncertainty of the state in

the position and momentum quadratures, respectively. We restrict our analysis to states with a symmet-
ric initial uncertainty o, = 0, = /2n + 1, but note that squeezed initial states could be analyzed as well
and may be beneficial for the protocol [47].

Figure 4(a) shows the position probability distribution for n = 3.5, corresponding to an initial state
purity of P =1/(2n+ 1) = 12.5% [66]. When considering the difference between the quantum and clas-
sical dynamics (inset of figure 4(a)), fringes are still visible, but with reduced amplitude compared to
the n =0 case. Figure 4(b) shows this behavior clearly as a reduction of the peak height in reciprocal
space, simultaneously occurring at a smaller wavenumber. However, quantum features persist even in
this impure occupation case, similar to recent experiments observing noisy cat states [67].

Figures 5(a) and (c) show a systematic decrease of the fringe amplitude and wavenumber, respec-
tively, with the initial phonon occupation. Interestingly, for short protocol times, i.e. around wyt/2m ~
10, we observe that a non-zero phonon number results in the largest fringe amplitude, see figure 5(b).
For longer protocol times, the maximum fringe amplitude increases and shifts towards smaller phonon
numbers. This behavior can be understood by considering the mean period time (7) in the DP potential
and its dependence on the initial conditions. A larger initial phonon number results in a faster timescale
for the dynamics such that the nonlinearity of the DP can impact the state more strongly for the same
evolution time, yielding an earlier fringe generation. Overall, we find that protocol DP is relatively robust
against imperfect ground state cooling. Furthermore, a non-zero initial phonon occupation may even be
advantageous.

5.4. Thermal decoherence
We now study the influence of the thermal environment on the experiment. To this end, we use the dis-
sipative Liouvillian £, to model thermal decoherence, assuming coupling of the particle’s motion to
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Figure 5. Observability of quantum dynamics in the DP protocol. We show in panels (a), (e) the fringe amplitude F[AP] (kmax)
and in (), (g) the peak wavenumber kpay. Panels (a), (c) show these quantities for different initial phonon occupations n, while
panels (e), (g) show them dependent on the quality factor Q. Panels (b), (f) show line cuts of the fringe amplitude and panels (d),
(h) of the wavenumber at times wyt/(27) = {10, 13.28}. The data points are results from numerical simulation of the dynamics,
while the lines are fits to the approximate analytical model.

a thermal environment at a temperature 7= 10 mK with a dissipation rate 7y, which is parametrized
through the quality factor Q = wp/~,. Note that in the following analysis, we assume that the particle’s
motion is precooled to near the ground state with n = 0.07.

Figures 5(e) and (g) show an increase of both the fringe amplitude and wavenumber with the qual-
ity factor followed by saturation. A minimal quality factor of about Q = 10!! is required to obtain an
observable fringe amplitude, see figure 5(f). Saturation occurs at quality factors larger than Q = 10%%, see
figures 5(f) and (h), which represents the maximum visibility achievable for the given parameters of the
DP protocol.

6. Qualitative analysis

To gain insight into the phase-space dynamics beyond the numerical simulations, we employ analytical
methods exploiting appropriate approximations to arrive at scaling relations for the fringe amplitude and
wavenumber. As a result, we obtain analytic functions of these quantities in dependence of the initial
phonon occupation and the quality factor as seen in figures 5(d), (f), (h), but not for figure 5(b), see
appendix E. In the following, we will give the idea behind that analytic treatment and state the results,
while details of the derivation can be found in appendix E.

We examine the dynamics of the state generated via equation (11) and apply to this equation the
rotating-wave approximation (RWA) to eliminate off-resonant contributions. We obtain

Hrwa/li= Qoala+ Qg (a7 + @) + Qe (a10)”, (23)

with a renormalized resonance frequency €y = wy/2 — £, squeezing strength Qyq = — (wo/4 —€2,), and
Kerr nonlinearity Qgerr = 3€04/2. Importantly, the squeezing term is kept from the RWA as €}y is not
generally small compared to the relevant frequency scale set by wy, unlike the case considered in, e.g.
reference [47].

The dynamics of the particle’s motional state p can be described by the Lindblad master equation

d. 4 5 5 .
a_p = ‘qu [P] + Lkerr [/)] 5 (24)

which is composed of a dominant quadratic squeezing contribution including the free evolution (also
known as generalized squeezing) and a weaker noisy Kerr contribution, which are given by

Lo [p] = —i [ﬂsq/h, p} , (25)
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L 7] = =i [Flxrr /15| + D [VAoHa] p+ D [v/30 (5 1Dd] 26)
with

Hg/h = Quq (4T + %) + Qo ala, (27)
7:lKerr/h = QKerr (aTa>2 (28)

and the dissipator terms D[O]/ are of the standard kind, with their relation to the dissipative Liouvillian
term £, discussed in appendix E.2. The formal solution to equation (24) is

p (1) = el batLrn)if(0). (29)

One could formally solve equation (29) to obtain the motional state p(¢) of the particle at any time,
possibly using the decomposition described in appendix E. However, the RWA has been invoked such
that the solution may deviate from our numerical simulation of the complete phase space dynamics.
Furthermore, solving equation (29) with Fock basis requires use of a large enough Hilbert space, which
is computationally demanding. Therefore, we have chosen to numerically simulate the dynamics in the
phase space formulation only.

6.1. Fringe amplitude

We start with finding a relation between the fringe amplitude and the dissipation ,. We consider the
short time regime k..t < 1, which is applicable to our case, at which fringes already appear in the
Wigner function. In that situation, the evolution can be approximately factorized using the Trotter
decomposition [68]

p (1) ~ erbutelinteiLut () (30)

which enables an effective decomposition into simpler sub-dynamical terms of the pure generalized
squeezing dynamics given by efs! and the noisy Kerr evolution given by eLxert We note that a more
accurate higher-order Trotter decomposition would merely involve a longer sequence of squeezing-Kerr-
squeezing terms.

This decomposition into sub-dynamics provides a deeper analytical insight into the open system
dynamics as each of these sub-dynamics have already been studied. The squeezing-induced dynamics
eilal is a generalized squeezing transformation, as has been analyzed in [69]. In contrast, the noisy Kerr
dynamics describes a dissipative anharmonic oscillator and admits an exact Lie-algebraic decomposition
as [70]

ez:l(crrt — eﬁ[eﬁ+k+ eﬁ3f<3 eﬁ,f(, , (31)
where the operators K, represent some finer distinct sub-dynamical generators, and the coefficients F,
encode their corresponding amplitudes, see appendix E for their explicit definitions.

Crucially, the term e/*%* governs the amplitude of the density matrix elements. In particular, it deter-
mines the decay of the amplitude of the interference fringes in phase space. An associated effective decay
factor v.gt can be estimated via the truncated operator norm [71-74] in the case of vyt < 1, which
holds for the protocols we consider. We obtain

Yettt = || F3Ks |, = 20% 0t (1 +272) /4, (32)

with the truncation being performed at Fock state number 1y &~ zy? /4 and z, denoting the phase-space
coordinate at which the fringe amplitude is evaluated. This expression is similar to the one found in
[45, 58].

We can now use equation (32) in a fit of an exponential decay exp{(—~st)} of the fringe ampli-
tude due to coupling to the thermal environment. Note that we fit a prefactor to the exponential and z,
while vy and 7 are set by the initial conditions and the time ¢ is fixed. The result is shown in figure 5(f)
in dependence on the quality factor Q = wy /. Despite the slight discrepancy in the exact thermal cou-
pling (appendix E.2), the functional dependence is correctly captured by the simplified analytical model.
Further, we obtain fitted values of zy = 40.3 and zy = 45.9 for wyt/27 of 10 and 13.28, respectively.
These values are consistent with the state size along the position quadrature as shown in the Wigner
function plot in figure 3 at similar times.
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Examining equation (32) indicates that states with fringes appearing further away from the origin,
i.e. having larger zj, experience a stronger decay. This implies an experimental trade-off between a faster
state generation realized through an increased squeezing rate {}q and the increased coherence require-
ment for larger states, and is relevant when comparing the DP and DWP protocols.

6.2. Fringe wavenumber

Next, we study the peak wavenumber kn.x of the interference fringes. To this end, we analyze the Wigner
function for a density matrix evolving under the Kerr interaction and identify a threshold that deter-
mines the dominant oscillations in phase space. The detailed heuristic argument for finding its scaling
behavior is given in appendix E.3.2. We arrive at

n (kmax) ~ Aeﬁ - Ckmax, (33)

where A, B, and C are fitting parameters characterizing the scaling behavior. We fit equation (33) to the
inverse numerical data, i.e. n(kmax), see figure 5(d). We obtain a good correspondence between the ana-
lytic scaling and our numerical results.

To arrive at a scaling relation for ki, (Q), we make the assumption that the dynamics of a ther-
mal state in a closed system figures 5(c) and (d) is equivalent to the dynamics of a vacuum state in a
hot thermal environment figures 5(g) and (h), i.e. when kgT > Fiw,. In both cases, the Fock state dis-
tribution will be broadened by populating higher phonon number states, thereby increasing the mean
phonon occupation. Since this redistribution plays an analogous role in both cases, we treat them on
equal footing, see appendix E.3.2. We arrive at

Al s C -
Q (kmax) & —wot [ln (1 - ?ekmax + ﬁkmax)] , (34)
with A’, B/, and C’ are fitting parameters characterizing the scaling behavior. We fit again to the inverse
numerical data of equation (34), i.e. kmax(Q). The result is shown in figure 5(h) and we find a good
agreement between the numerical results and the analytic scaling.

7. Experimental feasibility

We now discuss the experimental feasibility of realizing the proposed protocols. We place particular focus
on the precision and stability required to generate the magnetic potentials, on how to resolve quantum
fringes via a measurement of the position of the microparticle, and on how to distinguish quantum from
classical dynamics with statistical confidence.

7.1. Magnetic potential landscape

Both the DP and DWP potential require realization of accurate magnetic field ratios. To this end, the
current in the field generating coils as well as the coil geometry must be precise. Let us give an esti-
mate on the required accuracy and stability. Assuming a Pb particle of R, = 1 um and BY" such that

wo = 27 - 100 Hz with B; = B, the required field detuning |d| must be smaller than 2.6-10~° to achieve
Dpwp/zzps < 100. This means that we need an accuracy and stability of the magnetic fields on the order
of ppb.

Magnetic fields can reach ppb-level stability when sourced by persistent currents in superconduct-
ing coils, see, for example, references [75-77]. Our protocols rely on dynamically changing the mag-
netic field landscape and, therefore, switching of magnetic fields. We expect maintaining stability dur-
ing switching to be an additional challenge beyond steady-state stability. Hence, it may be desirable to
reduce the number of dynamically switched magnetic fields. Possibilities for realizing either of the pro-
tocols could be to initially have B turned on, and then go directly to the desired ratio of B; and B,
or through initially having B turned on only, see table 3. Then, a protocol starting from B has an
advantage over one starting from B as only one field needs to be dynamically varied. By a suitable
implementation of flux pumping [78] and superconducting contactors [79], even dynamically con-
trolled coils could operate in persistent current mode, and, thus, reach a ppb-level of stability [76].
Furthermore, the field switching time must be slow enough to avoid the occurrence of displacement cur-
rents, but faster than the oscillation period of the particle. The former time scale is set by R, /c, where ¢
is the speed of light in vacuum. For particle sizes on the order of pm, the switching times must be larger
than fs. The particle’s motional period is on the order of ms for a trap frequency of wy = 27 - 100 Hz.
Hence, a switching time of us would be appropriate.
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The precise geometry of the coils affects the ability to produce the desired nonlinearity. For the
hexapole configuration shown in figure 1(b) with R.; = 150R,, displacing one of the lateral coils by
R, toward the trap center produces, within the small-sphere approximation, a DWP with a separation
D ~ R /25, rather than the quartic single-well potential shown in figure 1(e). This separation D exceeds
Z,p by several orders of magnitude. Such geometric imperfections can, however, be compensated by fine-
tuning currents. In this example, adding a current of approximately I3/77 to the central coil restores the
quartic single-well configuration; see appendix B.6 for details. Wide DWPs can also be deliberately engi-
neered by only employing the hexapole configuration and finely tuning the current through the central
coil. Such a configuration could for example be used to trap two microparticles [45]. Small errors in coil
orientation or radius produce comparable field distortions. For example, tilting one of the lateral coils
by 1° increases the ratio €),/{)y, i.e. the harmonic contribution, and shifts the potential minimum by
roughly R /50.

We therefore anticipate that the experimental implementation will require a precise tune-up of the
coil currents to compensate for geometric inaccuracy, possibly involving the use of additional compensa-
tion coils beyond the configuration shown in figure 1. Furthermore, it will be required to use supercon-
ducting coils, which are driven by persistent currents to achieve a ppb-level of stability.

7.2. Resolving fringes in position
The fringes in the position probability distribution are typically peaked at wavenumbers kpax ~ 0.25/z,f,
see figures 4(b) and 5(d), (h). This implies that a position resolution smaller than 1/2kpay = 22 is
required to resolve them.

We consider first a continuous measurement. Such a measurement would be a natural way to per-
form state initialization at the start of the protocol using measurement-based feedback cooling of the
particle’s motion. In the case of cooling as well as for resolving the fringes, the measurement will be

bounded by the imprecision noise S _backaction noise Sha product \/S?znpS}’éa = €hi, with the energy
resolution € > 1/2 and e = 1/2 for the ste}ndard quantum limit [80]. In case of measurement-based

cooling, a measurement rate I'neas > i [81-83] is required to cool to a phonon occupation

[eTEmy e
n, which is bounded from below by n > ¢ — % We may consider using the same measurement proce-
dure at the end of the protocol to determine P(z). For resolving fringes with a resolution on the order of
2z,p¢ for n ~ 1, a continuous measurement with a duration of about wy/ (27 I'meas) ~ 10* for Q =10",
T=10mK, wy = 27 - 100Hz, and € = 1/2 is required. This is far longer than the state will exist for and,
thus, a continuous measurement is unsuitable.

An alternative measurement approach relies on a strong pulsed position measurement in a cavity
optomechanics setting [84—87]. In that case, the motion of the particle is coupled to a cavity, which can
be realized through inductive magnetomechanical coupling, see references [35, 88—90]. In the bad cavity
limit, i.e. when the cavity decay rate x > wy, a pulsed measurement of the particle probability distribu-
tion P(z) leaves an imprint on the phase quadrature P of the light field as [84]

7(Xz/zzpffPL)z/20?)Lp(z) dz, (35)

1
P(PL)m/e

where op, is the uncertainty of the input light phase quadrature with op, = /€ for unsqueezed input
and x X go+/7lcav/ K is the measurement strength with the coupling rate g and number of intracavity
photons in the pulse #1¢,y. For the measurement to linearly map the position z to Py, it is required that
2/ 2,8 < K/ [87].

Figure 6(a) shows sampled histograms of P(Py) for various x. With x > 1, the interference fringes
can be visually observed in the histograms, while with decreasing x they become unresolvable. Current
experimental demonstrations of cavity readout of a levitated superconducting microsphere realize
80y/Ncav/K ~ 1077 [35], and thus, will require substantial improvement in both signal collection and
coupling [91]. Optical cavity readout of levitated superconductors could be an alternative [92], but is
so far limited by particle heating, preventing long experimental runs, and would require levitation of
high-reflectivity objects the shape of which would prevent obtaining the desired trap nonlinearity.

Finally, an option could be to decrease the wavenumber of the generated fringes at the end of the
protocol by using an inverted harmonic potential, as, e.g. suggested in [34, 46, 64, 93]. Using HOTs up
to order three, this can be achieved by suitably tuning B; and B;, in the same manner to what can be
done to realize the DWP potential. Then, a coarser measurement resolution could be tolerated, at the
cost of a more involved protocol.
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Figure 6. Hypothesis testing for quantum dynamics. (a) Histograms built from N = 10* samples of the position probability
distribution for classical dynamics (black), and quantum dynamics when measured through pulsed measurement according to
equation (35) with e = 1/2 (purple). (b), (c) Probability distributions for the likelihood ratio under the quantum (purple) and
classical (black) hypotheses for the dynamics for (b) 10° and (c) 10* samples. Decision boundaries corresponding to 3o (dashed)
and 50 (solid) are shown. The probability distributions for the likelihood ratio for varying measurement strength x are shown
stacked in (b), (c).

7.3. Statistical significance

We give now an estimate of the duration of the experiment necessary to observe nonclassicality with sta-
tistical confidence, following [94]. We consider a simple binary test for distinguishing between a classical
and a quantum model for the system dynamics [94, 95]. A more complete statistical analysis would also
have to take into account uncertainty in the various experimental parameters, which we here consider to
be completely known. We define as a test statistic the likelihood ratio between two alternative models 1
and 0 as

N 1/N

B Py (d;)
Air = 11;[1 Py (d) , (36)

for the data D = {d;}}_| with the individual samples d; being drawn from a true probability distribution
for the experimental outcome, the total number of samples N, and the model probability distributions
P, for the alternative hypothesis and Py for the null hypothesis.

Taking the n = 0 state shown in figure 4, we compute the likelihood ratio A;g with quantum dynam-
ics as the alternative hypothesis P; and classical dynamics as the null hypothesis Py for data drawn from
the predictions of the respective dynamics. We first consider the limiting cases of sampling from the
exact position probability distributions without any resolution limit and compute the likelihood ratio for
quantum data (Lq+ L) as well as for classical data (L£.). Histograms of these distributions are shown in
the bottom part of figures 6(b) and (c) for N= 10 and 10*, respectively.

We determine that for N = 10° (figure 6(b)), the statistical power is near unity for both 3¢ and 50.
With x =1, the statistical power at 30 (50) decreases to 94% (36%), and decreases further to 5.5%
(0.03%) for x =0.5. An experiment limited in measurement strength would thus be unlikely to confirm
quantum dynamics at 50 given 10° repetitions. The statistical power increases substantially for N = 10*
[figure 6(c), inset], achieving 30 (50) at 90% (29%) for x = 0.5.

Finally, let us estimate the total time required to perform the experiment. A single run requires

frun = feool T fevo + Fmeas) (37)
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with teo01 ~ 1/Tmeass fevo ~ 15+ 27 /wp, and fmess << 27 /wp, as we assume an instantaneous pulsed mea-
surement. The cooling time is about 600 s for Q = 10'" and T= 10 mK and dominates the time scales.
Note that with access to pulsed measurement, one could consider pulsed cooling schemes from, e.g. ref-
erences [84, 96] to decrease the required cooling time drastically. With a pulsed measurement of strength
X = 1, the total experimental run time is expected to be seven days when repeating the experiment

N = 10° times to acquire statistics that would give a statistical power of 94% at 30. During this time

the experiment must be sufficiently stable such that the experiment reproduces an identical state up to
the measurement resolution. Though this is a challenging experimental task, the time scale would not be
unrealistic for an experiment at this level of sophistication.

8. Conclusions and outlook

HOTs provide a powerful and flexible framework for realizing anharmonic trap potentials for magnet-
ically levitated superconducting microparticles. We have shown how to achieve strongly anharmonic
potentials such as a double-well or DP. Crucially, the nonlinearity is already active on the scale of about
hundred times the zero-point motion of the particle, which enables generation of non-Gaussian states of
the center-of-mass motion of the trapped microparticle with an extent of about 0.1 nm.

We have numerically simulated the dynamics in phase space of a trapped 1 pm radius microparti-
cle exposed to these nonlinear potentials. We identified clear signatures of nonclassicality in the posi-
tion probability distribution, provided the particle’s quality factor is at least 10'! and cooled close to its
motional ground state. We derived analytic scaling relations relating the observability of quantum fringes
to the quality factor and initial phonon occupation of the particle’s motion, which guides the search for
relevant parameter regimes.

We have outlined how one can discern classical from quantum dynamics based on the measure-
ment of the position probability distribution of the trapped particle. To this end, we proposed pulsed
measurement in a cavity magnetomechanics setting as a viable measurement strategy for position. We
showed how the measurement strength of the pulsed measurement would set the number of repeti-
tions of the experiment needed to confirm quantum dynamics at a given significance level and statistical
power.

Opverall, our work outlines an experimentally challenging path to observe nonclassicality in the
center-of-mass motion of a trapped superconducting microparticle with a mass in the picogram regime.
Such an experiment would contribute to the pursuit of generating quantum states of objects with
increasing size and mass [1, 4, 97-99]. Our proposal leverages the unique opportunities that supercon-
ducting magnetic levitation offers: the trap is noiseless as it is driven by superconducting persistent cur-
rents, the trap field has no upper mass limit, HOTs provide built-in trap anharmonicity on length scales
close to the zero-point motion while retaining full confinement of the particle, enabling repeated real-
izations with the same levitated object and reconfiguration of the potential landscape within the same
trapping architecture, and the motion of the microparticle can be coupled to superconducting quan-
tum circuits via flux-based coupling schemes for efficient read-out [35, 88-90]. Interesting extensions of
our proposal would be to consider trapping of nonspherical particles [55, 100] in anharmonic magnetic
trap potentials and their suitability for the observation of rotational quantum states [101], or trapping
of multiple particles. The non-Gaussian motional state of the levitated superconducting microparticle
could be used in future experiments for sensing tasks [102, 103], for probing unconventional decoher-
ence models [5-7] or testing modifications of quantum mechanics [104, 105], or for exploring the inter-
play between quantum physics and gravity [8—11].
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Appendix A. Theoretical framework for magnetic higher-order magnetic traps (HOTs)

A.1. Magnetic potential energy for an arbitrary magnetic field

The magnetic potential energy—magnetostatic interaction energy—experienced by a magnetic object,
with a simply-connected volume V, and surface S,,, in the presence of an applied magnetic induction
field B, can be calculated as

u:—f/ (M-B,)dV, (38)
Vi

where M = M(H) is the magnetization of the material [assumed to be linear to H=H(B,)], and it is
induced by the applied field. Here, the back-action of the magnetic object on the currents generating B,
is neglected, such that the applied field is assumed to remain unaffected by the presence of the object.
The magnetic force on the object will be F = —V U, with £ being a small displacement of the object
[106, 107].
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If we assume a magnetic object with a linear magnetic susceptibility x,, = —1 (perfect diamagnetic
material), then inside the material,

—Hgyjin - By, (39)

with Hg;, = Hi, — H, being the demagnetizing field due to the currents induced on the surface of the
object. If there are no free currents, we can define this field as the gradient of a magnetic scalar potential
Hy = —V¢q. Then

1 1
= / |Ba|2dvf 7/ (Ba : vQﬁd,in) dv= ul +Z/{27 (40)
20 Jv, 2y,

P

where the first term, U, is the magnetic energy of the applied field inside the particle. For the second
term, U, we will use the boundary condition

(B, -ey)

Sy = Ho (Vodout - €n) |Sp- (41)
Then, since V- B, = 0 and carefully applying Gauss’s theorem at the surface of the object, it becomes

1 Ho
Z/{Z == ¢d,inBa : endS = = ¢d,inv¢d,out . end57 (42)
2 Js 2. Js
P p
with e, the normal vector pointing from inside to outside on the object’s surface. The magnetic poles
give the difference between |V g out — VPa,in| - €4 at the surface.
Now we assume that the diamagnetic object is a spherical particle (radius R,) centered at r = (x,y,z).
Redefining the coordinates in terms of the center of the particle, r’, one can write the magnetic potential
energy experienced for this particle under any applied magnetic field as

U()=U (r)+U (1)

1

= 7/ |Ba (1'+ 1',) |2dV/ _ ke % (gbd,ianzSd,out . er/) ds’. (43)
2410 Jy, 2. Js,

The scalar potentials ¢q;, and ¢qou satisfy Laplace’s equation in spherical coordinates. Then, imposing a

finite value for them at r’ = 0 and fixing the origin of the potential at ' — oo (since they are the poten-

tials associated with the demagnetizing field, not with the total field),

¢d 1n Z r/n Z ban )
N m=—n (44)
d’d out Zr, (n+1) Z AnmY, ;90/) )

m=—n

where Y"(6,¢’) are the orthonormalized Laplace spherical harmonics. The continuity of the potential
at the surface of the sphere implies that

bnm = R;(2n+l)anm~ (45)

Then, the second term of equation (43) can be developed by taking advantage that our potentials are
real (i.e. ¢an = #3;,), and using that at the surface dS’ = Rpsinf’df’dp’ = Ry dQ,

LYY Y S Jasam 0 0 v ey @ e e

n=0m=—nn'=0m'=—n’ S

Finally, by the orthogonality of the spherical harmonics, the potential magnetic energy for the spherical
particle becomes equation (1).

Note that the coefficients a,,, can be easily obtained by using the Neumann boundary condition, as
equation (41),

ar’ ¢d,out (47)

=R, = ,U,(;I (Ba : eT’) =R,

Therefore, for a general magnetic induction field the coefficients a,,(r) can be obtained as given in
equation (2).

Finally, and therein lies the strength of this method, one only needs to calculate the coefficients
anm(r) by equation (2) to get the magnetic potential energy of the spherical particle from equation (1).
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A.2. Axisymmetric multipole fields and projection coefficients
We state here the coefficients of equation (2) for several applied fields. Centering the spherical particle
at r = (x,y,z), we will use the coordinates defined in section 2 of the main text. We denote the field B,,
with a numerical subscript w, which indicates the order of the field.

The simplest case is that of an external uniform field (order 1), which, notably, does not qualify as a
trapping field,

B1 = blez. (48)
This field produces a response from the spherical diamagnet of

b] s
=——4/=R. 49
ao R (49)

At order 2, we encounter the external quadrupolar field,

Bz:%[—(x+x’)ex—(y+y’)ey+2(2+z')ez]’ (50)

which produces the response [108]

a1 = %R (x+1y), (51a)
ayp = — gR z, (51b)
a; = — %R i (51¢)
ay = —% e Rf; (51d)

An external hexapolar field (order 3),

B; :b3[— (z+2') (x+x")ec— (z+2') (y+y') e, + ((z+z’)2_ (x+x") —;—(y-H’I) )ez], (52)

generates the response coefficients

b3 T 3 .
_1=—4/—=R 53
a- ,uo”6 S (x+iy)z, (53a)

- b3 i 3 2
ay = MO,/lzRP (& +y* =27, (53b)

011:*%\/%&2@*9’)2’ (53¢)
0

b;
ay_ = ,/ 135Rg (x+iy) , (53d)

axy — —— —R Z, (536)
Mo

by [8m .
az = 7[]/ 135Rp( 1)’) ) (sz)
ayo=— 22 | TR (53g)
30 o\ 287 g

Together with the potential energy equation (1), these coefficients make it possible to analyze the
potential generated for a combination of multipolar fields up to order 3 with fully tunable relative field
magnitudes. Note that the units of by, by, b3 are T, T m~, T m~?, respectively. We also use the field
magnitudes as By = by, B, = b;R,, and B; = b3R}2) such that the units of the capital letters are all in T.
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Table 1. Magnetic HOT applied fields in cylindrical coordinates, up to the tetrakaidecapolar field. Note that the units
of by, are Tm ™ (*=1) being w the order of the field.

Order  Magnetic HOT Trapping field

3 Hexapole B; =b; [ zpes + (22 — p*/2) ez}

4 Octupole By, =by [(Sp /8 —32p/2)e; + (2 —32p*/2) €:]

5 Decapole Bs = bs [(35°2/2 — 2p2°) 5 + (2 — 325" + ~4/8) e

6 Dodecapole Bs = bs [(15*3*2/4 —5p2/2—5p°/16) e5 + (2 — 52 5% + 15p'2/8) €]

7 Tetrakaidecapole By = by [(152°5° /2 — 152° /8 — 32°p) e; + (2° — 15~4 ~2/2 + 4522 5" /8 — 55°/16) €.

Table 2. Projection coefficients for the octupolar and the decapolar field. All coefficients that are not
listed in this table are zero for both cases.

Anm (1) Octupole Decapole

a1 _% TR+ —42) SRR (e i)2(3x 4 3y — 42)

a o BRI (3 43y = 22)z —% TR (3(x2 +7)? — 24(x% + %) 2 + 82%)
an uo R (x—iy) (2 + 7 — 42%) 1/24 R} (x — iy)z(3x + 3y* — 42%)

Aoy — e R (et iy)? — b SR (x+iy)z

ay—1 ;% %RE(xHY)Z _% ZIRS(X‘H}’)(X +y* —42)
az0 %\/ERS (2 +y7 —22) — i ER (3 ) +22)2
az b SWRS(X iy)z % ZIRS(X_U’)(xZ'i‘)’Z_‘lZZ)
axn \/; > (x—iy)? Z’O 2R S (x—iy)*z

as— 0 ZO ,217275 Rl (x+1iy)?

as— % 11§R7(x+iy) % 27"R7(x+1y)

aso —%\/%REZ % 9WR7(X +y* =22

as - % TR (x—iy) z’o TER(x—y)z

as 0 ZO ,217275 R)(x—iy)?

as— 0 % SR (x+iy)

aso —% %R? —% %Rzz

as 0 ;bt; ff;; R; (x—1y)

aso 0 _% SRy

A.3. Magnetic HOTs beyond the hexapoles

We explore some HOTs of order higher than the hexapole. These traps can be useful for creating a wide
variety of potential landscapes beyond the double well or the duffing potential (DP). In table 1, derived
from table I in [51], we show the applied HOT cylindrical fields for trapping particles in cylindrical
coordinates (p, @,2).

We can now calculate the projection coefficients from equation (2). The response coefficients gener-
ated by the superconducting sphere for the octupolar field B4 and the decapolar field Bs, from table 1,
are shown in table 2. Note that for a cylindrical multipole of order w, the only non-zero a,,, coefficients
are the ones with 1<n<w and —k<m(,—, i) <k when they exist (so, when n > |m]|). The proper combi-
nation of these HOT fields allows us to tune the potential landscape for the levitated particle, with each
field contributing two additional degrees to the polynomial in terms of the z motion compared to its
previous-order field.

Appendix B. HOT coils and Hamiltonians

B.1. Coil configurations and field strengths

For the generation of a quadrupole field (w = 2), which produces a harmonic trap suitable for ground-
state cooling, an anti-Helmholtz coil (AHC) geometry can be used, among other approaches [27, 109,
110]. Such an AHC is realized through two coaxial coils with radius R, and N, turns, which are sepa-
rated by R, and carry the same current I, in opposite directions, see figure 1(a). Then, the field strength
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from equation (50) is given by

48119N, I 48uoN,I, R
L= Ho 2222 L = Mo 2272p. (54)
25v/5R%, 25v/5 R
By changing the direction of the current threading one of the two coils, i.e. a Helmholtz coil
geometry (see figures 1(f) and (i)), we can directly pass from a quadrupole field to a uniform field,
equation (48), with
3/2
4 ,u()Nlll
bj=B=|- 55
1 1 < 5) Rd 9 ( )

where Ny, I}, and R represent the number of turns, current, and radius of the Helmholtz coil. These
parameters could take the same values as for the quadrupole if it is the same coil.

For the hexapole field, we propose a spherical coil configuration consisting of three coaxial coils with
the same number of turns, N3. The central coil has radius R, and carries a current of I5. The other
two coils with a radius of R.3/+/2 are coaxial with the central one, placed at a distance +R.3/v/2 from
it, and carry a current of I3 in the opposite direction to that of the central coil [51, 52]. The resulting
hexapolar-field strength is then related to the coil current as [51],

o 15/,L()N313

15u0N;1; R2
by = — By = HoiN313 BKp

SI, 5 R, (56)
B.2. Realizable Hamiltonians

We show some examples of interesting Hamiltonians that one could get from equation (6). To identify
the Hamiltonian resulting from a combination of multipolar fields, we use a vector subscript in which
each component denotes the order of the multipoles used. Thus, the Hamiltonian H; ;) is obtained
by combining three cylindrical multipoles of orders w =1, j, and k. Therefore, from equation (6),
quadrupolar traps (w =2 only) are governed by the harmonic Hamiltonian,

B ﬂ Wb%R;

H, =
2T om T 1240

[3(x+7* +42°) +4R’] (57)

derived from equations (50), (1) and (2). Under the small-sphere approximation, R, < fyms, the lowest
HOT, a magnetostatic spherical hexapole, equation (52), gives a clearly anharmonic Hamiltonian,

2 TR} 4 4 2y 4
Hy o = 2L TR (24 N x+y2+y) . (58)
m o 4
However, for not-so-small particles, the potential landscape is modified accordingly, following
equation (1),
Hs = Pf b [9RS (x* +2x%% 4+ y* +42") + 16R> (x* +)* +32°) + 6R | . (59)
2m | 36pe P P P

Note that, depending on the motional amplitude, the previously described pure anharmonic potential
behaves like a harmonic potential if the amplitude is sufficiently small. This introduces an additional
degree of freedom: for very large particles (R, > zyy), the pure hexapole resembles a harmonic trap,
whereas for small particles (R, < zyy) the anharmonic term dominates, approaching the small-sphere
limit, Hm(Rp/zrms)%O Hs = H3 small-

Hexapolar traps, compared to quadrupolar traps, allow the possibility to create double-well potentials
(DWPs) when combined with uniform fields, as previously discussed and shown in figure 1(f). In such
cases, the Hamiltonian becomes

R3
Horn = Ho+ % [0 — bibs (2 + 5% — 22)] | (60)
0

SO,

2 bR 27 bsR3 (3b; + 2b3R? mR? (6b% + b2R?
Pi+ 3PZ4Jr 3p( 1 3p)zzJr p( 1 3p)' (61)

H =
20 om Ho 3tk 640
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Finally, regarding combinations of hexapoles and uniform fields with quadrupole fields, as shown
in equation (6), as long as the axis of the multipoles remains aligned, we may focus on the z-motion,
which decouples from the x and y motion, and write the Hamiltonian solely restricted to z as

2 TR3
Ho 123 = ﬁ + Wj (6b3) 2* + (12b3b,) 22 + (12b3by + 6b3 + 8R2b3) 22
+ (12b2b, + 8R3b3by) z+ 6b7 + 2R2b5 + Ryb3 |- (62)

B.3. Overdetermined system of rates {2;

The system of equations equation (10) is overdetermined. This means that not every combination of
the four rates is achievable by adjusting the three fields. For example, in equation (10), when leaving €4
completely undetermined, the lower-order rates must satisfy

0,0, + /(B —20,)

9 >0and Q5 >20,Q;. (63)
1

In general, adding the next multipole term B,, to a field that initially includes components up to order
B,,—; introduces one additional degree of freedom (an extra variable for tuning the rates), while increas-
ing the total number of rates (different from zero) to 2w — 2.

B.4. Rates §2; for protocols when cooling in BiM
In protocols DP and DWP, when we keep B; = B, we calculate the coefficients as

0 27 BMR,, (3B, + 2BYY) zipf B 1 3B, +2BM
2 = - )
3poh V 200 4Ry

PN}
7 (BY) Z‘Z‘pf 9%
Q = - - (64)
FipoR, 1287 oR})
and, therefore,
3 B 1
QZ/WO = gBiSni + Za
9k
1287 RIBI\/ 20

B.5. Displacement of particle in DWP

To achieve an initial displacement of the microparticle in DWP-Bi™, the xy-plane of a quadrupole coil
system could be intentionally translated by z; relative to the coil system generating the double-well. Since
achieving geometrical precision at z,,¢-level would be difficult, as an alternative uniform fields could be
superimposed on the original quadrupole field to spatially shift the position of the potential minimum.
This inherent ability to position the particle without dynamic manipulation is an advantage of the D-
DWP protocol. Another option would be to initiate the protocol using only two consecutive coils out of
the three that generate the hexapole field. In this way, a distorted quadrupolar field would be produced,
resulting in a displaced potential minimum. Then, by activating the third coil and the Helmholtz pair
responsible for generating the double-well, the particle would initialize on only one side of the double-
well, but not at a well-determined location.

B.6. Simulations on required geometric alignment accuracy

We analyze the robustness of the trap potential against geometric imperfections of the coil configuration.
To this end, we use numerical simulations and quantify the extent to which such imperfections can be
compensated by current tuning.

We model the magnetic field generated by the coil geometry shown in figure 1(b), solving Ampere’s
law for the whole system using finite-element simulations. Each colil is treated as a circular current loop.
The effective trap potential along the axial directio? z is extracted from the applied field magnitude fol-
lowing the small-sphere approximation, U(z) = ﬂszp |B.(2)]%.

We start from the ideal, symmetric hexapole configuration with current ratios chosen as described
in figure 1. We assume Rc; = 150 um, I3 = 1 A, and a particle with R, = 1 um. Note, however, that the
absolute values of these parameters are not essential due to the linearity of the system. Only their relative

22



10P Publishing

Quantum Sci. Technol. 11 (2026) 045072 J Cunill-Subiranas et al

a) b)
1251 — (i) Ideal hexapole () = —— (i) Ideal hexapole (i) =
10.0] — (D) Z+=Rc3/150 —— 15{ — (ii) Rotation 0.75° —
: (iii) Ziat+=R.3/150, = (iii) Rotation 1° —_——

T 75 lcentr+=13/17 (i = =
N —) ~N
S 5.0 s 3

2.51 (il ="

\/ \_/
0.0’ . - . — T T T
5 0 5 -5 0 5
z [pm] z [um]

Figure 7. Trap potential along the z-axis, under the small-sphere approximation in the presence of geometric imperfections of
the hexapolar coils. (a) Potential for a configuration in which one lateral hexapole coil is displaced by 1 um toward the trap cen-
ter, resulting in a symmetric double-well potential (blue). A compensated potential can be obtained by increasing the current
through the central coil by 13 mA (light blue), which cancels the induced quadratic contribution. The ideal case is also shown
(black). (b) Potential for configurations in which one lateral hexapole coil is tilted from its symmetry axis by 0.75° (blue) or 1°
(light blue), illustrating the sensitivity of the potential shape to small orientation errors.

ratios matter. Small deviations are then introduced in a controlled manner, including lateral displace-
ments or tilts away from the coil symmetry axis. For each perturbed configuration, the axial potential is
numerically calculated around the trap center.

Figure 7(a) shows the trap potential when a vertical displacement of one of the lateral coils by 1 ym
toward the trap center is assumed. Then, a symmetric DWP is formed. By adjusting the current through
the central coil by an amount of 13 mA, the quadratic contribution induced by the geometric imperfec-
tion can be canceled. Figure 7(b) shows the trap potential when one of the lateral hexapole coils has its
symmetry axis tilted from the z-axis by 0.75° or 1.00°.

Appendix C. Phase space dynamics

We analyze the phase space dynamics using the Wigner function W(z,p,t), which for the classical case
is equivalent to the joint probability distribution of finding the particle at position z and momentum

p at time ¢ [60]. Under classical dynamics, the Wigner function is a positive-valued function and we
can identify the Wigner function with the probability distribution function that is solved for in classical

stochastic dynamics [61], while in the quantum case it can take negative values and W becomes a quasi-
probability distribution. However, the marginalized probability distributions for the conjugate variables

P(z,t) = / W(z,p,t)dp, (66)

P(p,1) = / Wiz,p,t)dz (67)

are true probability distribution functions in either case. For the quantum case, the Wigner quasiproba-
bility function can also be obtained from the density matrix through

_ b y
W(zp.1) = 27rh/<z+ 2

or the density matrix from a Wigner function through

p (1) :/ [/ ‘Z-‘r %> W (z,p,t) /" <z— g‘dzdp} dy. (69)

p(o)]a—2) ey, (68)

[111].
C.1. Solving the classical dynamics using Liouvilles theorem

Liouvilles theorem can be used to solve the conservative classical part of the dynamics of the Wigner
function separately from the quantum dynamics, see [50, 61]. The theorem states

WC (Zapa t) = WC (ZC (Za 71)7 t) ) 7pc (27 *P, t) 70) ) (70)
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where z. and p. are the classical trajectories obtained through the Hamilton equations of motion [61]. In
our case, these are

dp.

% = 20z — 42,

dz.  wy

@& 27 71)

for which we use the exact solutions [58, 59] in terms of the Jacobi elliptic functions. Explicitly, the
solution is given in equation (17).

C.2. Finding the integration constants and quadrature derivatives

Starting from equation (17), the integration constants ¢; and ¢, can be found from the initial conditions
by solving the equations resulting from setting z.(t = 0) = z and p.(t = 0) = p, respectively. The resulting
equations are

z=cien (e, m)

p= —Zlclsn (c2,m)dn (cz,m), (72)
Wo

where we defined v = \/wp( +2c3€) and m = wp ¢} /1%, The second equation can be rewritten uti-
lizing the relationships between the Jacobi elliptic functions to

p+z:0c1\/(1—(z/c1)2) [(1 —m)+m(z/c1)2} —0 (73)

which has the solution

Q2 2 w0p2 Qz
=44 24— - — 74
a \/(Z + 294) LPTORETOR (74)

and consequently
¢, =cn"'(z/c;,m) = F(arccos (z/c;), m) (75)

such that both integration constants can be obtained. Here F(¢, m) denotes the incomplete elliptic inte-
gral of the first kind, defined in equation (82).

The outer sign chosen for ¢; should be the opposite sign of p, and the inner sign choice should
always be made positive such that ¢; € R. The reason can be seen by noticing that as a consequence of
the inner sign being positive, v € R which it must be for physical reasons. With a frequency v, the solu-
tions are doubly periodic with one real and one imaginary period such that

ze (v (t+2mK (m) + 2niK (1 —m))) = (=1)" "z (vt) (76)
pe (v (t+2mK (m) 4 2niK (1 —m))) = (=1)" " p. (v1), (77)
where K(m) is the complete elliptic integral with modulus m. Whenever |m| < 1, both K(m) and K(1 —

m) are real. The case when m > 1 leads to some additional insight. We first simplify the expression for
the elliptic modulus, finding

me Lo /4 . (78)

N

With Q, < 0, m is always positive. For m > 1, K(m) becomes complex, which holds when
Ot + 02 + %pz <o. (79)

This will only take place in the DWP case and will then occur for a bounded bow-tie shaped region in
phase space close to the origin. In figure 2, this region is marked with gray shading. As Im(K(m)) =
—K(1 —m) for m > 1, the solutions still exhibit a real periodicity of 2K(m) + 2K(1 — m), but now with
no sign change as both m and n are incremented at once. The consequence for the motion is that trajec-
tories inside the region of m > 1 will orbit stably in one lobe of the double well without crossing over to
the other side. This phenomenon is well-illustrated in figures 2(g)—(i).
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Compared to the method prescribed in [50], utilization of the exact solutions from equation (17)
allows for direct numerical evaluation of quadrature derivatives of the type

__ 0"qc(z,p,—1)
k _ C LN ]
Ohge= T

) (80)
k
ap 2=2c(2,p,1) ,p=pc(2,p,1)
which are needed for performing the frame transformation. For example, with g =z and k=1
equation (80) corresponds to
t t t) —
apzc: hm Zc (ZC(Z’p7 )?pC (Z’p7 )+€’ ) Z7 (81)
e—0 £

which can now be evaluated using finite difference schemes. In the case of an arbitrary combination of
uniform and hexapolar fields, the derivatives of both quadratures up to order k = 3 with regard to p
needs to be evaluated at each time step in order to perform the transformation into the Liouville frame.
When using second order finite differences, for each phase space discretization vertex 4 evaluations of
the incomplete elliptic integral and five evaluations of the Jacobi elliptic functions sn, cn and dn are
required in order to propagate W one time step.

C.3. Numerical evaluation of the Jacobi elliptic functions and elliptic integrals
In solving both the case of classical and quantum dynamics, it is necessary to calculate the classical tra-
jectories for each discrete location in phase space and simulation time. This requires evaluating a large
number of Jacobi elliptic functions, some with complex arguments and some with elliptic parameter
outside the standard range m € (0,1). In order to do this, a fast converging algorithm for finding the
Jacobi elliptic functions [112], the Jacobi imaginary transformation and the addition theorems [113], are
used.

In order to find the integration constant ¢, using equation (75), the incomplete elliptic integral of
the first kind needs to be evaluated for ¢ € (0,7) and arbitrary real m. Formally the definition of this
integral reads

@
F(¢,m) 1:/ Lz (82)
0 V1—msin?0
Fortunately, it is possible to very efficiently evaluate this integral in the full domain by using the sym-
metric Carlson Rp-function [114] and the quasiperiodic extensions [115]. Algorithms for computing all
of the special functions were implemented in Python, and JIT compiled using numba [116] to facilitate
rapid evaluation.

C.4. Liouvillian operators for Wigner dynamics
The quantum dynamics of the Wigner function are captured by the Liouvillian term
63
Eq = _8942871)37 (83)

which is found by specializing the general expression [60] to potentials up to order four in the
coordinates.

In order to model the noise processes present during the time evolution, we use, as in [50], the dissi-
pative Liouvillian

0 2vks T 07
L= <1+p8p>+ 7};}: o’ (84)

standard to classical Liouvillian mechanics [61], but rewritten in unitless quadratures. Furthermore,
following [37, 50], additional momentum diffusion processes could be taken into account by adding a
term

82

e — A77
L o

(85)

which can be constructed from the term —% [2,[2,p]] in the density matrix picture by using operator

correspondences to go to the phase space formulation [60]. Such a term would, for example, arise from
the continuous spontaneous localization model, given that the scale of the delocalized state is much
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smaller than the localization length [117, 118], or various noise processes including vibrational noise,
magnetic field fluctuations, magnetic flux vortices, gas collisions, or black-body radiation, see, e.g. refer-
ences [12, 27, 34, 36, 62, 63].

C.5. Solving the propagation equation for W(z, p, t)
Like the procedure in [50], the differential equation resulting from equation (21) for the phase-space
dynamics in the Liouville frame is discretized and written in the form

OW (1)
ot

=D(HW(t), (86)

where D(t) is a sparse matrix representation of the transformed Liouvillian operator. Equation (86) is a

linear system of differential equations, and we obtained the best results both in terms of speed and accu-
racy by solving it using the Magnus expansion [119]. Briefly, this method entails writing the solution to

equation (86) as

W (t+ di) = W (1), (87)

The matrix (f+ dr,7) can then be expanded in a series Q(t+dt,1) = > 2 Q,(r+dz,1), and the terms
truncated at a fixed order n in dt, where expressions for €2, and efficient methods to compute them are
known. We specifically adopt a 4th-order method (€2-terms up to n = 2) with 6th-order error control
[120]. The procedure to take one time step starts with evaluating the D-matrix in order to form the
necessary expansion terms for the 6th order method:

1 3

D, =D (t+ ;dt) (89)
1 3
D;=D <t+ (2 + 20) dt) (90)

5D, + 8D, +5D;

from which we can calculate

B©® — 1
e (91)
B0 = Y2 (p, _p)) (92)
36
1
B = 5; (D1 +Ds) (93)

and then form the approximate Magnus expansion terms as

Q, =dmB® (94)

Q, = dr’ [B“), %B(O) —~ 6B(2)] (95)
. 1 1 - 3 )

V=0, + 0, =dP [B(O), [B(O), SdiB®) — 6092” + e [Bm,nz] . (96)

An error estimate can now be found from
1 ~ ~ P&~
E = ’ ((Ql _ 2]1) V- an) e2f=k“kw‘ , (97)

which, by standard methods can be used to propose a new timestep [121]. Provided the error is suffi-
ciently small, we take then

W (t+dt) = eXi= W () (98)

and advance the simulation by dt. We note that propagating one timestep with this method requires
three evaluations of the D-matrix, as well as two calculations of a matrix exponential. For evaluating
the matrix exponentials, we use the algorithm [122] as implemented in SciPy [123], which we modified
to compute the sparse matrix operations multithreaded using MKL.
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C.6. Additional numerical results

C.6.1. DP protocol

Figure 8 shows the Wigner function evolution in the DP protocol with weak coupling to the environ-
ment, i.e. Q = 10'2. The state is initially cooled in a harmonic trap to a phonon occupation 1 = 0.5,
higher than in figure 3. We observe that the same fringes in momentum at time wyt/27 = 7.2 as well
as the fringes in position at time wy#/27 = 14.6 are reduced in amplitude compared to the case shown
in figure 3.

2|2yt 2)Z5p5 2[Z
-40 0 40 -40 0 40 -40 0 40
: . . : . : . : : 0.2
P
4 o Q1 W 44 4
3 0.1
w +£30 3 2
g 0 [ 2z 01 /,J:l\ 0 0.0 N
o /! /’ \‘\ =
I 4 X\
/ -0.1
“41n=05 -4 -4
-0.2
(1) Cooling (2) Evolution
- 0.6+3d B
] 0
@ -0.4-2d B1

< 501 1 - ] 1.0
N 251 1 r 1 05%
= 0.0

—40 0 40 -40 0 40 -40 0 40 -40 0 40 —40 0 40

Z/Z3pf Z[Zzpt Z/Zapf 2] Zzpf Z2/Z3pf

Figure 8. Non-Gaussian motional states of a levitated superconducting microparticle in the DP protocol (parameters: & in

table 3, including very weak coupling to the environment with Q = 10'2). Compared to figure 3, we consider here an increased
initial phonon occupation of n = 0.5. At time = 0, the z*-potential is abruptly switched on, while maintaining Bs = B™. The
upper panel shows the evolution of the Wigner function, the middle panel the switching of coils to realize certain magnetic fields,
and the lowermost panel shows the position probability distribution P(z) as well as the potential ;.

C.6.2. Double-well potential (DWP) protocol

Figure 9 shows the Wigner function evolution in the DWP protocol with weak coupling to the envi-
ronment, i.e. Q = 10'2. The state is initially cooled in a harmonic trap to a phonon occupation n = 0.5.
We observe fringes in momentum appearing at time wpt/27 = 6.4. Due to the emergence of numerical
error, we were unable to evolve the state further in time with good accuracy. As we were able to prop-
agate the conservative classical dynamics for virtually unlimited time, we hypothesize that this error is
due to the stepping algorithm. We expect however that fringes would eventually also appear in the posi-
tion probability distribution when the state is further evolved in time. We observe also that the generated
state in the DWP protocol has about twice the extent in position as in the DP protocol. Therefore, we
expect it to have four times the effective decay rate based on equation (32). Considering limits imposed
by decoherence, it may thus be advantageous to use the DP protocol over DWP.
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respectively.
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Figure 9. Non-Gaussian motional state of a levitated superconducting microparticle in the DWP protocol (parameters: # in
table 3, including weak coupling to the environment with Q = 10'2). At time t = 0, the DWP-potential is abruptly switched

on, while maintaining B; = B with a detuning between By and B; of d = 10~ to realize a DWP. The upper panel shows the
evolution of the Wigner function, the middle panel the switching of coils to realize the magnetic fields, and the lower two panels
show the position probability distribution P(z) as well as the potential U, and the momentum probability distribution P(p),

Appendix D. Parameters

Table 3 shows the parameters considered for the magnetic potential landscape for the different protocols.

Table 3. Rates realizable in experiments with an initial field given by B or Bi, depending on the protocol, assuming a Pb particle with

radius R, = 1 pum, mass density o = 1.13 - 10* kgm ™

frequency determines the initial field value.

, mass m = 47 pg and critical field B. = 80 mT. Note that the initial trap

Protocol  Field parameters

Q4/WO D/Zzpf |AE‘/(HWO)

DP-(BY) 3By = —2BM, wy =27 - 100 Hz, d =0 0 3.3.1071% — -
3By = —2B3 = 6B /5,wo = 2w - 100 Hz,d =0 & 0 2.7-1077 - -
3B; = —2B™, wo = womax(BM = Bc),d =0 0 2.2-10710 — -
3By = —2B3 = 6B./5, wo = Womax (B = B.),d =0 0 7.9-10717 — -
DWP-(B) 3(1 — 5d)By = —2(1 + 5d)BM, wo = 27 - 100 Hz, d = 10~° 3.3-10718 6.1-10' 4.7-107¢
3(1 —5d)B; 2(1+45d)Bs = 6B./5,wo =27 - 100 Hz,d = 107° & 2.7-1077 6.1-10' 3.9-10°
( ( 221071 2.4-10° 7.1-1073
( (

3(1—5d)B; = —2(1 + 5d) B, wy = womax (B = B.), d =107

2(1+5d)Bs = 6B, /5, wo = Womax (B = B.), d = 107

7.9-

1077 2.4-10° 2.6-1073

DWP-(BM) 3(1 —5d)B; = —2(1 + 5d)Bs = 6B /5, wo = 27 - 100 Hz, d = 10~°
3(1—5d)B; = —2(1+ 5d)Bs = 6B./5, wy = 2m - 100 Hz, d = 10™°

3(1 —5d)B; = —2(1 4+ 5d)Bs = 6B /5, wy = wo,max (B = B.),d = 107"

1.6
2.7-
1.2

1071 6.1-10' 2.3-107°
1077 6.1-10' 3.9-10°
10~ 2.2.10° 3.0-103
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Appendix E. Algebraic analysis of phase space dynamics

E.1. Formal solution using Lie algebra decomposition
We derive an approximate analytical description of the open system dynamics introduced in section 6.
We begin by simplifying the system Hamiltonian. Starting from equation (11), we first write

Yy W0 s 2 4 ) ata A2 | A2 At A\

H/h= P + 02"+ 2t = Qpa'a+ Qg (a7 + %) + Q4 (a’ +a) (99)

where we have dropped an irrelevant constant term and defined

Q= L 120, quz—(ﬂ—gz). (100)
2 4
Next, we move to a rotating frame defined by the unitary transformation Up(t) = ¢~ ynder
which the Hamiltonian becomes
U (1) (H /h) Ub (1) = Quq (2101 4 e 20137) 0 ('l + e~ ia)" (101)

Applying the rotating wave approximation (RWA) in the weak quartic potential regime €24 /Qy < 1, we
neglect rapidly oscillating terms in the quartic interaction and obtain

UO (t) (r)ﬁl/h) U(])‘ (t) ~ qu (eziQothZ + e—ziQotéZ) + 68y (aTd)z_ (102)

Here, we note that the squeezing terms cannot be eliminated within the RWA, as their prefactor (2 is
not perturbatively small compared to €. Finally, transforming back to the laboratory frame, the effective
Hamiltonian takes the form

Flrwa /I = Qoala+ Qg (a7 + 8) + Qerr (470), (103)

qu HKerr

where Qe = 624, and we have grouped different dynamics according to their corresponding parameter
strengths, namely the generalized squeezing H,q, and the weak Kerr interaction Herr.

Based on equation (103), the corresponding Lindblad master equation, including single-phonon loss
and thermalization, takes the form

d%ﬁ = i [Faq 0+ i [tk ] + D [V p+D [V T 1a] 5

L Lere
= Ly [p] + Liere [7]. (104)

where D[0]p denotes the standard Lindblad dissipator
1

D [é] p=0p0" -3 {éfé,ﬁ} (105)

for an arbitrary jump operator O. Now the time evolution can be formally solved by taking the expo-
nential of the right-hand side.

Since the dynamics generated by ﬁsq and ﬁKm can each be decomposed into simpler sub-dynamics
using Lie-algebraic methods [69, 70], we employ the split-operator (Trotter) decomposition [68]

e(LatLxerr )t e%f:sqteflkmte%ﬁsqt7 (106)

which allows each exponential to be treated independently. The decomposition of e3Lu! has been
obtained in [69] as

eifut = R(1/2) pR71 (1/2). (107)

Here, R(t) is a generalized squeezing operator of the form
R (1) = ei6+A+ e*i&":‘oez*ig”:‘*7 (108)
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with generators

A 1 A 1 1
Ay =—a? A_ = —a? Ag=~(2aTa+1 1
v =547 S, 4(aa+) (109)
and coefficients
qu sinh (Ft)
§+ = 5— = 1
I' | cosh (I't) + 55 sinh (I't)
& = —2iln {cosh (Tr) + % sinh (Ft)} ) (110)
S
0 4

The evolution generated by Lxerr can be decomposed as [70]
Skerr (t) = eﬁc eﬁ+k+ eﬁﬂ%} eﬁ7 K- s (111)

where the superoperators K, act on the density matrix as

=
|
>
Il
D>
— X
ISP
piA
>
+
>
Il
ISP
pi
>
=

Ksp=d'ap+ pa'a, op=atap—pa'a,
and the coefficients F, are operator-valued functions given by

A 2~yritanh (E t)

F+:1§+(A+’yo(2n+1 )tanh(%)
(2n
B

F;=—1In (cosh (2 > A+V

270 (n+ 1) tanh (gt)
B+ (A+’yo (2n+ 1)) tanh (gt) 7

I SV
F.=F+ ZAt+ —t
c 3+2 +2 )

+1) sinh (Bt>> ,
2 (112)

ﬁ7:

with

A = 12iK,,

“ o 2 o
B= \/(A+’Yo) + 4Avon.

It is convenient to work with these superoperators in the vectorized formalism, where K, are defined as

(113)

K_=a®a, Ky =a'wal,
. . (114)
K=dlawl+1eala, K =alawl-1wa'a

from which their action on the Fock basis vectorized density matrix can now be understood.

E.2. Equivalence of the environmental couplings

To illustrate how the environmental couplings in the phase space and density matrix picture are con-
nected, we separately convert the dissipator terms into the phase space picture according to the corre-
spondence rules established in [60]. The dissipator term is given in equation (105). In the case of the
terms in equation (104), using the correspondence rules yields

2 2

- - RO o, 0 0
D [vAona'] p D[\/%(Hl)a}pﬁ2‘){2+zaz+p8p (2n+1)<822+8p2

)} W(z,p,t). (115)
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The right hand side expression for the Wigner function environmental coupling term is different from
the momentum diffusion process modeled in equation (84) used in the phase space numerical analysis,
as it distributes the diffusion equally into momentum and position diffusion. However, for small fre-
quency oscillators at high environmental temperature (kg7 > fiwy), the two different noise models are
expected to be equivalent [124]. We thus posit that equation (115) can be used to model the environ-
mental coupling L. in the density matrix picture, despite the correspondence not being exact.

E.3. Scaling relations

We show now how we obtain the scaling relations that are used to fit the data of figures 5(d), (f)
and (h). However, we can currently not provide a scaling relation for the data of figure 5(b). The lat-
ter would require a combination of the amplitude reduction due to phonon loss and of a broadened
phonon distribution due to thermalization, which we leave to future work.

E.3.1. Fringe amplitude

The term ef*X* from equation (111) governs the amplitude of the density matrix elements. In particular,
it determines the decay of the amplitude of the interference fringes in phase space. An associated effec-
tive decay factor 7.t can be estimated via the truncated operator norm [71-74] as

Vefft = HﬁSIA(??”zo

= max  (m,n|F3K;|m,n)
m,ne{0,1,...,np}

= ‘72110 In ((71 +1)ent/2 — ﬁe*%t/z) ’

~ 20>t (1 4 27) /4, (116)

where in the last line we assumed ~t < 1, the truncation was performed at Fock state |n,), with

1o ~ z% /4, and z; denotes the phase-space coordinate at which the fringe amplitude is evaluated. Here,
the vectorized formalism has been used, in which the density matrix entry |m)(n| becomes |m) ® |n) =
|m, n).

Although in the presence of Kerr nonlinearity the superoperator F3K3 can acquire complex values
when acting on off-diagonal density matrix elements, where the real part corresponds to their con-
tribution to decay and the imaginary part to nonlinear phase evolution, the maximal decay rate is
always determined by the diagonal elements. Visually, this can be understood from the aspect that the
quantum Kerr interaction primarily adds a phase to the classical phase space structure, which in turn
induces an oscillating negative fringe pattern. That is, the decay of these fringes is still ultimately gov-
erned by the decay of the diagonal population that supports the pre-existing positive pattern. This pop-
ulation is determined by the action of the squeezing operation on the initial state esLut
equation (106).

according to

E.3.2. Fringe wavenumber
The Wigner function expressed in polar coordinates r = /22 + p? and ¢ = tan™!(p/z) for a density
matrix pg =Y., Cma|m)(n| evolving under the Kerr interaction in a closed system can be written as

W(T, d)) = Z Z Cm,m-l—kfm,k (T, ¢)a (117)

m=0k=—m
with
(mrfk)! e—ik(6—(2m+k)Ka10) ¢
m k
CU 22) Ik (21) e if k>0,

fm,k (7‘7¢)) = i
%e_lk(gﬁ—@m—kk)&z%) X
) _k
(_%)H (27) Lk (2R) e if k<0,

where L7 (e) is the associated Laguerre polynomial [111, 125].
Crucially, the index k quantifies the amount of off-diagonality of the density matrix element ¢ i
and thereby directly controls the angular oscillation of the Wigner function. The latter can in particular
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be seen via the term proportional to e (¢ =), We can, thus, assume that the index k is proportional
to a wavenumber. This also means that larger values of k correspond to faster oscillations in the ¢ direc-
tion, which are characterized by a larger wavenumber k.. Since the index k is bounded from below
—m<k < 00, and we are interested in the large |k| regime, we may focus only on the positive part k >0.
A naive expectation would suggest that enhancing populations at higher Fock states should increase
the dominant wavenumber kp.x. However, as observed in figure 5(d), more strongly thermalized states
instead exhibit a peak at lower wavenumber. This apparent discrepancy arises because the Wigner func-
tion involves a summation over m, and the dominant prefactor at large k is (using Stirlings formula)

1

—— (118)

which suppresses contributions from large k.

We stress that while there are different functions involving k within the Wigner function of
equation (117), such as ekz, ak, and (m+k)!, the form that increases the fastest with an increasing k is
the function (m + k)* coming from applying the Stirling formula on the factorial term (m + k)!. The
other term in the Stirling formula (m+ k)™ grows much slower, so we ignore it, as including it would
contribute merely another parameter D as e in equation (120). We also note that exponential factors
of the form ~ e* can be effectively absorbed into fitting prefactors associated with m and k, such that
the dominant scaling of the factorial term is governed by the functional dependence k*. Consequently,
rapidly oscillating contributions carry exponentially small weight and can be neglected within the RWA.

The dominant contribution therefore arises from an intermediate value kg, which is smaller than the
expectation based solely on the wavenumber. This value is set by a competition between wavenumber
and amplitude suppression: higher k contributions are suppressed by the RWA, while terms with appre-
ciable weight are typically associated with smaller k.

Based on this balance, we estimate the relevant threshold via (m + k) ~*/2 ~ ¢, where ¢ denotes a
rough compromise above which contributions are significant but do not correspond to a maximum
wavenumber, and below which the wavenumber becomes sufficiently high but their contributions are
negligible. We can rewrite this relation as

m+k~ e ¥k, (119)

To arrive at a scaling relation that we can use for fitting, we write m ~ 1/A - n with the mean phonon
occupation n of the oscillator. This relation follows from the fact that the mean phonon occupation and
the Fock state phonon number both quantify the number of phonons in the system and, thus, must fol-
low a linear relation. We furthermore relate k linearly with the maximal wavenumber as k ~ C/A - k-
The latter follows from our argument that k quantifies the rate of change of the fringes, which is quanti-
fied by the wavenumber. We further define e =24/€ = P for simplicity, and obtain

1~ Aefms — Choas, (120)

with A, B, and C are fitting parameters characterizing the scaling behavior. We used equation (120) to fit
to our numerical results, the result is shown in figure 5(d).

To arrive at a scaling relation between Q and k,,,, we make the assumption that the dynamics of
a thermal state in a closed system figures 5(c) and (d) is equivalent to the dynamics of a vacuum state
in a hot thermal environment figures 5(g) and (h), i.e. when kgT > fiwp. In both cases, the Fock state
distribution is essentially broadened by populating higher phonon number states, thereby increasing the
mean phonon occupation. Since this redistribution plays an analogous role in both cases, we treat them
on equal footing. Thus, for the case of an initial vacuum state evolving in a thermal environment, the
relevant occupation number can be approximated by the time-dependent mean thermal population

n—n(l—e ) = ﬁ(lfe_%m), (121)
leading to the modified scaling relation

ﬁ(l—e_%ot) ~ Aletms — Clhas, (122)
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which can be written as

t A"y C
_Wt n<1_ei+k>, (123)
Q n 7l

A fit to the numerical results using equation (123) is shown in figure 5(h).
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