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ARTICLE INFO ABSTRACT
Keywords: The Reissner-Simo and Hodges models are two equivalent continuous descriptions of finite-
Geometrically exact beams strain beam dynamics. The Reissner-Simo formulation uses displacements and rotations, while

Mixed finite elements
Port-Hamiltonian systems
Structure preserving discretization
Multibody dynamics

the Hodges formulation is intrinsic and avoids both variables. Although equivalent in theory, the
two approaches behave differently after discretization and offer distinct numerical advantages.
In this work, we develop a structure-preserving discretization of the intrinsic planar beam formu-
lation. Because the intrinsic equations involve linear differential operators, both kinematic and
dynamic boundary conditions can be imposed naturally using mixed finite elements. The result-
ing formulation also enables multibody systems to be assembled without algebraic constraints,
avoiding the stiff differential-algebraic equations typically introduced by kinematic constraints.
We demonstrate the approach on different examples, also showing that closed kinematic loops
can be modeled without algebraic constraints. The resulting interconnected systems retain a port-
Hamiltonian structure, with all nonlinearities confined to the interconnection operator. This struc-
ture allows exact energy preservation when combined with implicit midpoint time integration.
Furthermore the scheme appears to require less Newton iterations compared to existing energy
preserving scheme.

1. Introduction

Highly flexible beams play a significant role across multiple engineering disciplines. These structures can efficiently absorb vibra-
tions and shocks, reduce structural mass, and allow for compact storage and deployment. Some applications include soft and surgical
robotics [1,2], highly flexible aircrafts [3], wind turbines [4] and deployable space structures [5]. A widely used modeling approach
for these structures is the shear-deformable Simo-Reissner formulation [6,7], which accommodates large rotations and deformations
while treating cross sections as rigid. It is well established that this beam model also admits an intrinsic or material representation,
where the dynamics can be expressed without explicitly tracking positions or rotations [8]. The interested reader can consult [9]
for a formal proof of the equivalence between the intrinsic and displacement-based formulation. The intrinsic form naturally reveals
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$G^{1}$


$\alpha $


$\bm {x} \in \bbR ^n$


$\bm {A}\in \bbR ^{m \times n}$


$i$


$\bm {b}_i$


$s \in \Omega =[0, L]$


\begin {equation*}(f,g)_{\omega } := \int _\Omega f g \, \d {s}, \qquad (\bm {f},\bm {g})_{\omega } := \int _\Omega \bm {f} \cdot \bm {g} \, \d {s}.\end {equation*}


\begin {equation*}\langle f,g\rangle _{\partial \omega } := f(L)g(L) - f(0)g(0), \qquad \langle \bm {f},\bm {g}\rangle _{\partial \omega } := \bm {f}(L) \cdot \bm {g}(L) - \bm {f}(0) \cdot \bm {g}(0).\end {equation*}


$\mathcal {A}$


$\bm {A}^{\top }$


$\mathcal {A}^*$


$\bm {x}, \bm {y} \in C_c^\infty (\Omega )$


\begin {equation*}\inpr [\Omega ]{\mathcal {A} \bm {x}}{\bm {y}} = \inpr [\Omega ]{\bm {x}}{\mathcal {A}^* \bm {y}}.\end {equation*}


$\bm {Ax}$


$\mathcal {A} \bm {x}$


$(\bm {x}, \bm {y}) := [\bm {x}^\top ,\, \bm {y}^\top ]^\top $


$\bm I$


$0$


$\mathbf {x}, \; \mathbf {A}$


$\square $


$f$


$\partial _{\square } f$


$\bm {x}, \; \bm {y}$


$\bbR ^2$


$\bm {S} \in \mathbb {R}^{2\times 2}$


\begin {equation}\label {eqSkewmat} \bm {x} \times \bm {y} = x_1 y_2 - x_2 y_1 = \bm {x}^\top \bm {S} \bm {y}, \qquad \bm {S} = \begin {bmatrix} 0 & 1 \\ -1 & 0 \end {bmatrix}.\end {equation}


$\Omega = [0,L]$


$L \in \mathbb {R}$


$\bm {r}(s,t) \in \Omega _t \subset \mathbb {R}^2$


$s \in \Omega $


$\Omega _0 = {\bm {r}(s, 0) = s\bm {b}_1 \mid s \in \Omega }$


$t \in [0,T]$


$\theta : \Omega \times [0,T] \rightarrow \mathbb {R}$


$\bm {x}$


$\mat {x}$


$\mathbb {R}^2$


\begin {equation*}\bm {x} = \bm {\Lambda }(\theta ) \mat {x}, \qquad \bm {\Lambda }(\theta ) \in \mathrm {SO}(2),\end {equation*}


\begin {equation*}\bm {\Lambda }(\theta (s, t)) = \begin {bmatrix} \cos \theta (s, t) & - \sin \theta (s, t) \\ \sin \theta (s, t) & \cos \theta (s, t) \end {bmatrix}.\end {equation*}


\begin {equation}\label {eq:derivativerot} \partial _t\bm {\Lambda } = \omega \bm {S}^\top \bm {\Lambda } = - \omega \bm {S}\bm {\Lambda }, \qquad \omega :=\partial _t {\theta },\end {equation}


$\bm S$


$A$


$I$


$\rho $


$E$


$G$


$k$


\begin {equation*}\bm {C}_t = \begin {bmatrix} (EA)^{-1} & 0 \\ 0 & (kGA)^{-1} \end {bmatrix} = \mathrm {Diag}\begin {bmatrix} EA \\ kGA \end {bmatrix}^{-1}, \qquad {C}_r = (EI)^{-1},\end {equation*}


$\bm {v}$


$\mat {v}$


$\bm {v} = \bm {\Lambda }\mat {v}$


$\bm {\pi }_v$


$\mat {\pi }_v$


$\bm {\pi }_v = \rho A \bm {v}, \; \mat {\pi }_v = \rho A \mat {v}$


$\omega $


$\pi _\omega $


$\pi _\omega = \rho I \omega $


$\mat {\gamma }$


\begin {equation*}\mat {\gamma } = \bm {\Lambda }^\top \partial _s \bm {r} - \bm {b}_1,\end {equation*}


$\bm {\gamma } = \bm {\Lambda }\mat {\gamma }$


$\mat {n}$


$\bm {n}$


$\bm {n} = \bm {\Lambda }\mat {n}$


\begin {equation*}\mat {\gamma } = \bm {C}_t \mat {n}, \qquad \bm {\gamma } = \bm {\Lambda }\bm {C}_t \bm {\Lambda }^\top \bm {n}.\end {equation*}


$\kappa $


$\kappa = \partial _s \theta .$


$m$


$\kappa = C_r m.$


\begin {equation}\label {eq:spatialmaterial} \begin {aligned} \frac {\partial }{\partial t} \begin {pmatrix} \bm {r} \\ \theta \\ \end {pmatrix} &= \begin {pmatrix} \bm {v} \\ \omega \end {pmatrix}, \\ \mathrm {Diag} \begin {bmatrix} \rho A \\ \rho I \\ \bm {C}_t \\ {C}_r \end {bmatrix} \frac {\partial }{\partial t} \begin {pmatrix} \bm {v} \\ \omega \\ \mat {n} \\ m \end {pmatrix} &= \begin {bmatrix} 0 & 0 & \partial _s (\bm {\Lambda }(\theta )\, \square ) & 0 \\ 0 & 0 & \partial _s \bm {r}^\top \bm {S}\bm {\Lambda }(\theta )(\square ) & \partial _s(\square ) \\ \bm {\Lambda }(\theta )^\top \partial _s (\square ) & \bm {\Lambda }(\theta )^\top \bm {S} \partial _s \bm {r}(\square ) & 0 & 0 \\ 0 & \partial _s(\square ) & 0 & 0 \end {bmatrix} \begin {pmatrix} \bm {v} \\ \omega \\ \mat {n} \\ m \end {pmatrix}, \end {aligned}\end {equation}


\begin {equation}\label {eqphsminter} \begin {aligned} \partial _t \bm {q} &= \bm {P}\bm {e}_{\rm sm}, \\ \bm {M} \partial _t \bm {e}_{\rm sm} &= \mathcal {J}_{\rm sm}^{\bm {e}}(\bm {q}) \bm {e}_{\rm sm}, \end {aligned}\end {equation}


$\bm {M}$


$\bm {M}=\bm {M}^\top \succ 0$


$\mathcal {J}_{\rm sm}$


$\mathcal {J}^{\bm {e}}_{\rm sm} = -(\mathcal {J}^{\bm {e}}_{\rm sm})^*$


$\bm {P}$


\begin {equation*}\bm {P} = \begin {bmatrix} \bm {I} & 0 & 0 & 0 \\ 0 & 1 & 0 & 0 \end {bmatrix} .\end {equation*}


$\bm {q} = (\bm {r}, \; \theta )$


$\bm {e}_{\rm sm} = (\bm {v}, \; \omega , \; \mat {n}, \; m)$


\begin {align}\bm {E}\partial _t \bm {x}_{\rm sm} &= \mathcal {J}_{\rm sm}(\bm {x}_{\rm sm}) \bm {z}_{\rm sm}, \label {eq:pHsm1} \\ \bm {E}^\top \bm {z}_{\rm sm} &= \frac {\delta H_{\rm sm}}{\delta \bm {x}_{\rm sm}} = \bm {E}^\top \bm {Q} \bm {x}_{\rm sm}, \label {eq:pHsm2}\end {align}


$\bm {x}_{\rm sm} = (\bm {q}, \bm {e}_{\rm sm})$


$\bm {E}, \bm {Q}$


$\mathcal {J}_{\rm sm}$


\begin {equation*}\bm {E} =\begin {bmatrix} \bm {I} & 0 \\ 0 & \bm {M} \end {bmatrix}, \qquad \bm {Q} =\begin {bmatrix} 0 & 0 \\ 0 & \bm {I} \end {bmatrix}, \qquad \mathcal {J}_{\rm sm}(\bm {x}_{\rm sm}) = \begin {bmatrix} 0 & \bm {P} \\ -\bm {P}^\top & \mathcal {J}_{\rm sm}^{\bm {e}}(\bm {q}) \end {bmatrix}.\end {equation*}


\begin {equation*}\begin {aligned} H_{\rm sm} &= \frac {1}{2}\int _\Omega (\rho A \bm {v}^\top \bm {v} + \rho I \omega ^2 + \mat {n}^\top \bm {C}_t \mat {n} + C_r m^2) \; \d {s}, \\ &= \frac {1}{2}\int _\Omega \bm {e}_{\rm sm}^\top \bm {M}\bm {e}_{\rm sm} \; \d {s} = \frac {1}{2}\int _\Omega \bm {x}_{\rm sm}^\top \bm {E}^\top \bm {Q}\bm {x}_{\rm sm} \; \d {s}, \\ \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \dot {H}_{\rm sm} = \inpr [\Omega ]{\delta _{\bm {x}_{\rm sm}}H_{\rm sm}}{\partial _t \bm {x}_{\rm sm}}, \overset {\eqref {eq:pHsm2}}{=} \inpr [\Omega ]{\bm {E}^\top \bm {z}_{\rm sm}}{\partial _t \bm {x}_{\rm sm}}, = \inpr [\Omega ]{\bm {z}_{\rm sm}}{\bm {E} \partial _t \bm {x}_{\rm sm}}, \overset {\eqref {eq:pHsm1}}{=} \inpr [\Omega ]{\bm {z}_{\rm sm}}{\mathcal {J}_{\rm sm}(\bm {x}_{\rm sm}) \bm {z}_{\rm sm}}. \end {aligned}\end {equation*}


$\mathcal {J}_{\rm sm}$


\begin {equation*}\begin {aligned} \dot {H}_{\rm sm} &= \inpr [\Omega ]{\bm {z}_{\rm sm}}{\mathcal {J}_{\rm sm}(\bm {x}_{\rm sm}) \bm {z}_{\rm sm}}, \\ &= \inpr [\Omega ]{\bm {v}}{\partial _s (\bm {\Lambda }(\theta )\, \mat {n}) } + \inpr [\Omega ]{\omega }{\partial _s m} + \inpr [\Omega ]{\mat {n}}{\bm {\Lambda }(\theta )^\top \partial _s \bm {v}} + \inpr [\Omega ]{m}{\partial _s \omega } , \\ &= \dualpr [\partial \Omega ]{\bm {v}}{\bm {\Lambda }(\theta )\mat {n}} + \dualpr [\partial \Omega ]{\omega }{m}. \end {aligned}\end {equation*}


$\mathcal {J}_{\rm sm}$


$\bm M$


$\mathcal {J}_{\rm sm}(\bm {q})$


$\bm q$


$U(\bm {q})$


$\delta _{\bm {r}} {U}, \; \delta _{\theta } {U}$


\begin {equation}\label {eqpHsorig} \begin {aligned} \frac {\partial }{\partial t} \begin {pmatrix} \bm {r} \\ \theta \\ \end {pmatrix} &= \begin {pmatrix} \bm {v} \\ \omega \end {pmatrix}, \\ \mathrm {Diag} \begin {bmatrix} \rho A \\ \rho I \\ \bm {\Lambda }\bm {C}_t\bm {\Lambda }^\top \\ {C}_r \end {bmatrix} \begin {pmatrix} \partial _t \bm {v} \\ \partial _t \omega \\ \overset {\nabla }{\bm {n}} \\ \partial _t m \end {pmatrix} &= \begin {bmatrix} 0 & 0 & \partial _s & 0 \\ 0 & 0 & \partial _s \bm {r}^\top \bm {S} & \partial _s \\ \partial _s & \bm {S}\partial _s \bm {r} & 0 & 0 \\ 0 & \partial _s & 0 & 0 \end {bmatrix} \begin {pmatrix} \bm {v} \\ \omega \\ \bm {n} \\ m \end {pmatrix}. \end {aligned}\end {equation}


$\overset {\nabla }{\bm {n}}$


$\bm {n}$


\begin {equation}\label {eq:Liederivative} \overset {\nabla }{\bm {n}} = \bm {\Lambda }\partial _t(\bm {\Lambda }^\top \bm {n})= \partial _t \bm {n} + \omega \bm {S}\bm {n}.\end {equation}


\begin {equation*}\begin {aligned} \partial _t \bm {q} &= \bm {P} \bm {e}_{\rm s}, \\ \bm {M}_{\rm s}(\theta )\partial _t \bm {e}_{\rm s} &=\mathcal {J}^{\bm {e}}_{\rm s}(\bm {r}) \bm {e}_{\rm s}, \end {aligned}\end {equation*}


\begin {equation*}H_{\rm s} = \frac {1}{2} \int _\Omega (\rho A \bm {v}^\top \bm {v} + \rho I \omega ^2 + \bm {n}^\top \bm {\Lambda } \bm {C}_t \bm {\Lambda }^\top \bm {n} + C_r m^2) \; \d {s} = \frac {1}{2} \int _\Omega \bm {e}_{\rm s}^\top \bm {M}_{\rm s}(\theta ) \bm {e}_{\rm s} \; \d {s}.\end {equation*}


$\bm {\Lambda }$


\begin {equation}\label {eqhams} \dot {H}_{\rm s} =\int _\Omega \bm {v} \cdot \partial _t \bm {\pi }_v + \omega \partial _t\pi _\omega + \bm {n} \cdot \overset {\nabla }{\bm {\gamma }} + m\partial _t \kappa \; \d {s}=\dualpr [\partial \Omega ]{\bm {v}}{\bm {n}} + \dualpr [\partial \Omega ]{\omega }{m}.\end {equation}


$\mathcal {J}_{\rm s}^{\bm {e}}(\bm {r})$


$\theta $


\begin {equation}\mathrm {Diag} \begin {bmatrix} \bm {I} \\ 1 \\ \rho A \\ \rho I \\ \bm {\Lambda }\bm {C}_t\bm {\Lambda }^\top \\ {C}_r \end {bmatrix} \begin {pmatrix} \partial _t \bm {r} \\ \partial _t \theta \\ \partial _t \bm {v} \\ \partial _t \omega \\ \overset {\nabla }{\bm {n}} \\ \partial _t m \end {pmatrix} = \begin {bmatrix} 0 & 0 & \bm {I} & 0 & 0 & 0 \\ 0 & 0 & 0 & 1 & 0 & 0 \\ - \bm {I} & 0 & 0 & 0 & \partial _s & 0 \\ 0 & -1 & 0 & 0 & \partial _s \bm {r}^\top \bm {S} & \partial _s \\ 0 & 0 & \partial _s & \bm {S}\partial _s \bm {r} & 0 & 0 \\ 0 & 0 & 0 & \partial _s & 0 & 0 \end {bmatrix} \begin {pmatrix} 0 \\ 0 \\ \bm {v} \\ \omega \\ \bm {n} \\ m \end {pmatrix}. \label {Xeqn8}\end {equation}


\begin {equation*}H_s = \frac {1}{2}\int _\Omega \bm {e}_{\rm s}^\top \bm {M}_{\rm s}(\theta ) \bm {e}_{\rm s} \; \d {s},\end {equation*}


\begin {equation*}\frac {\delta H_{\rm s}}{\delta \bm r} = 0, \qquad \frac {\delta H_{\rm s}}{\delta \theta } = \bm {n}^\top \bm {S}^\top \bm {\Lambda }\bm {C}_t\bm {\Lambda }^\top \bm {n}, \qquad \frac {\delta H_{\rm s}}{\delta \bm {e}_{\rm s}} = \bm {M}_{\rm s}(\theta ) \bm {e}_{\rm s},\end {equation*}


$\partial _\theta (\bm {n}^\top \bm {\Lambda }\bm {C}_t\bm {\Lambda }^\top \bm {n}) = \bm {n}^\top \bm {S}^\top \bm {\Lambda }\bm {C}_t\bm {\Lambda }^\top \bm {n}.$


\begin {equation*}\displaystyle \frac {\delta H_{\rm s}}{\delta \theta } = \bm {n}^\top \bm {S}^\top \bm {\Lambda }\bm {C}_t\bm {\Lambda }^\top \bm {n}, \qquad \overset {\nabla }{\bm {n}}= \partial _t \bm {n} + \omega \bm {S}\bm {n}.\end {equation*}


\begin {equation*}\mathcal {J}_{\rm s}(\bm {x}_{\rm s}) = \begin {bmatrix} 0 & 0 & \bm {I} & 0 & 0 & 0 \\ 0 & 0 & 0 & 1 & 0 & 0 \\ - \bm {I} & 0 & 0 & 0 & \partial _s & 0 \\ 0 & -1 & 0 & 0 & \partial _s \bm {r}^\top \bm {S} + \bm {G} & \partial _s \\ 0 & 0 & \partial _s & \bm {S}\partial _s \bm {r} - \bm {G}^\top & 0 & 0 \\ 0 & 0 & 0 & \partial _s & 0 & 0 \end {bmatrix}, \qquad \qquad \bm {G} := \bm {n}^\top \bm {S}^\top \bm {\Lambda }\bm {C}_t\bm {\Lambda }^\top .\end {equation*}


$\mathcal {J}_{\rm s}$


$\bm {x}_{\rm s} = \begin {pmatrix} \bm {r}, \theta , \bm {v}, \omega , \bm {n}, m\end {pmatrix},$


\begin {equation*}\begin {aligned} \bm {E}_{\rm s}(\bm {x}_{\rm s}) \partial _t \bm {x}_{\rm s} &= \mathcal {J}_{\rm s}(\bm {x}_{\rm s}) \bm {z}_{\rm s}, \\ \bm {E}_{\rm s}^\top \bm {z}_s &= \frac {\delta H_{\rm s}}{\delta \bm {x}_{\rm s}} . \end {aligned}\end {equation*}


\begin {equation}\begin {aligned} \frac {\partial }{\partial t} \begin {pmatrix} \bm {r} \\ \theta \end {pmatrix} &= \begin {bmatrix} \bm {\Lambda }(\theta ) & 0 \\ 0 & 1 \end {bmatrix} \begin {pmatrix} \mat {v} \\ \omega \end {pmatrix}, \\ \mathrm {Diag} \begin {bmatrix} \rho A \\ \rho I \\ \bm {C}_t\\ C_r \end {bmatrix} \frac {\partial }{\partial t} \begin {pmatrix} \mat {v} \\ \omega \\ \mat {n} \\ m \end {pmatrix} &= \left ( \begin {bmatrix} 0 & 0 & \partial _s & 0 \\ 0 & 0 & \bm {b}_2^\top & \partial _s \\ \partial _s & -\bm {b}_2 & 0 & 0 \\ 0 & \partial _s & 0 & 0 \end {bmatrix} + \begin {bmatrix} 0 & \bm {S} \mat {\pi }_V & \bm {S}^\top \kappa & 0 \\ \mat {\pi }_V^\top \bm {S} & 0 & \mat {\gamma }^\top \bm {S} & 0 \\ \bm {S}^\top \kappa & \bm {S}\mat {\gamma } & 0 & 0 \\ 0 & 0 & 0 & 0 \end {bmatrix} \right ) \begin {pmatrix} \mat {v} \\ \omega \\ \mat {n} \\ m \end {pmatrix}. \end {aligned} \label {eqphinterm}\end {equation}


$\bm {b}_2 =(0,1)$


$\bm {S}\bm {b}_1 = -\bm {b}_2$


$\mathcal {J}_{\rm m}^{\bm {e}}$


\begin {equation*}\mathcal {J}_{\rm m}^{\bm {e}}(\bm {e}_{\rm m}) = \mathcal {J}_{\rm m, d}^{\bm {e}} + \bm {J}_{\rm m, a}^{\bm {e}}(\bm {e}_{\rm m}), \qquad \bm {e}_{\rm m}=(\mat {v}, \, \omega , \, \mat {n}, \, m),\end {equation*}


\begin {equation}\mathcal {J}_{\rm m, d}^{\bm {e}}:=\begin {bmatrix} 0 & 0 & \partial _s & 0 \\ 0 & 0 & \bm {b}_2^\top & \partial _s \\ \partial _s & -\bm {b}_2 & 0 & 0 \\ 0 & \partial _s & 0 & 0 \end {bmatrix}, \qquad \bm {J}_{\rm m, a}^{\bm {e}}(\bm {e}_m):=\begin {bmatrix} 0 & \bm {S} \mat {\pi }_v & \bm {S}^\top \kappa & 0 \\ \mat {\pi }_v^\top \bm {S} & 0 & \mat {\gamma }^\top \bm {S} & 0 \\ \bm {S}^\top \kappa & \bm {S}\mat {\gamma } & 0 & 0 \\ 0 & 0 & 0 & 0 \end {bmatrix}. \label {Xeqn10}\end {equation}


\begin {equation*}\begin {aligned} \partial _t \bm {q} &= \bm {P}_{\rm m}(\theta )\bm {e}_{\rm m}, \\ \bm {M} \partial _t \bm {e}_{\rm m} &= \mathcal {J}_{\rm m}^{\bm {e}}(\bm {e}_{\rm m})\bm {e}_{\rm m}. \end {aligned}\end {equation*}


\begin {equation}\begin {aligned} \bm {E}\partial _t \bm {x}_{\rm m} &= \mathcal {J}_{\rm m}(\bm {x}_{\rm m}) \bm {z}_{\rm m}, \\ \bm {E}^\top \bm {z}_{\rm m} &= \frac {\delta H_{\rm m}}{\delta \bm {x}_{\rm m}} = \bm {E}^\top \bm {Q} \bm {x}_{\rm m}, \end {aligned} \label {Xeqn11}\end {equation}


$\bm {x}_{\rm m} = (\bm {q},\bm {e}_{\rm m})$


$\bm {E}, \bm {Q}$


$\mathcal {J}_{\rm m}$


\begin {equation*}\bm {E} =\begin {bmatrix} \bm {I} & 0 \\ 0 & \bm {M} \end {bmatrix}, \qquad \bm {Q} =\begin {bmatrix} 0 & 0 \\ 0 & \bm {I} \end {bmatrix}, \qquad \mathcal {J}_{m} = \begin {bmatrix} 0 & \bm {P}_{\rm m}(\theta ) \\ -\bm {P}_{\rm m}^\top (\theta ) & \mathcal {J}_{\rm m}^{\bm {e}}(\bm {e}_{\rm m}) \end {bmatrix}.\end {equation*}


$\mathcal {J}_{\rm m}$


\begin {equation*}\mathcal {J}_{\rm m}(\bm {x}_{\rm m}) = \mathcal {J}_{\rm m, d} + \bm {J}_{\rm m, a}(\bm {x}_{\rm m}),\end {equation*}


\begin {equation*}\mathcal {J}_{\rm m, d} = \begin {bmatrix} 0 & 0 \\ 0 & \mathcal {J}_{\rm m, d}^{\bm {e}} \end {bmatrix}, \qquad \bm {J}_{\rm m, a}(\bm {x}_{\rm m}) = \begin {bmatrix} 0 & \bm {P}_{\rm m}(\theta ) \\ -\bm {P}_{\rm m}^\top (\theta ) & \bm {J}_{\rm m, a}^{\bm {e}} (\bm {e}_{\rm m}) \end {bmatrix}.\end {equation*}


\begin {equation*}H_{\rm m}= \frac {1}{2}\int _\Omega (\rho A \mat {v}^\top \mat {v} + \rho I \omega ^2 + \mat {n}^\top \bm {C}_t \mat {n} + C_r m^2) \; \d {s} = \frac {1}{2}\int _\Omega \bm {e}_{\rm m}^\top \bm {M}\bm {e}_{\rm m} \; \d {s}.\end {equation*}


$\mathcal {J}_{\rm m}$


\begin {equation*}\dot {H}_{\rm m} = \dualpr [\partial \Omega ]{\mat {v}}{\mat {n}} + \dualpr [\partial \Omega ]{\omega }{m}.\end {equation*}


$\mathcal {J}_{\rm m, d}$


\begin {equation}\label {eq:linearsystem} \mathrm {Diag} \begin {bmatrix} \rho A \\ \rho I \\ \bm {C}_t\\ C_r \end {bmatrix} \frac {\partial }{\partial t} \begin {pmatrix} \mat {v} \\ \omega \\ \mat {n} \\ m \end {pmatrix} = \begin {bmatrix} 0 & 0 & \partial _s & 0 \\ 0& 0 & \bm {b}_2^\top & \partial _s \\ \partial _s & -\bm {b}_2 & 0 & 0 \\ 0 & \partial _s & 0 & 0 \end {bmatrix} \begin {pmatrix} \mat {v} \\ \omega \\ \mat {n} \\ m \end {pmatrix} \quad \Leftrightarrow \quad \bm {M}\partial _t \bm {e}_{\rm m} = \mathcal {J}_{\rm m, d}^{\bm e} \bm {e}_{\rm m}.\end {equation}


$g$


$r_y=\bm {r}^\top \bm {b}_2$


\begin {equation}\label {eq:gravitypotential} U = \int _\Omega \rho A g r_y \, \d s.\end {equation}


$\bm {g} = - \frac {\delta U}{\delta \bm {r}}$


\begin {equation*}\begin {bmatrix} \bm {I} & 0 \\ 0 & \bm {M} \end {bmatrix} \frac {\partial }{\partial t} \begin {pmatrix} \bm {q} \\ \bm {e}_{\rm m} \end {pmatrix} = \begin {bmatrix} 0 & \bm {P}_{\rm m}(\theta ) \\ -\bm {P}_{\rm m}^\top (\theta ) & \mathcal {J}_{\rm m}^{\bm {e}}(\bm {e}_{\rm m}) \end {bmatrix} \begin {pmatrix} \delta _{\bm {q}} U \\ \bm {e}_{\rm m} \end {pmatrix}.\end {equation*}


\begin {equation}\label {eqweakform} \begin {aligned} \inpr [\Omega ]{\bm {\psi }_v}{\rho A \partial _t \mat {v}} &= \inpr [\Omega ]{\bm {\psi }_v}{\partial _s \mat {n}}, \\ \inpr [\Omega ]{{\psi }_{\omega }}{\rho I \partial _t \omega } &= \inpr [\Omega ]{{\psi }_{\omega }}{\bm {b}_2^\top \mat {n}} + \inpr [\Omega ]{{\psi }_{\omega }}{\partial _s m}, \\ \inpr [\Omega ]{\bm {\psi }_n}{\bm {C}_t \partial _t \mat {n}} &= -\inpr [\Omega ]{\bm {\psi }_n}{\bm {b}_2 \omega } + \inpr [\Omega ]{\bm {\psi }_n}{\partial _s \mat {v}}, \\ \inpr [\Omega ]{{\psi }_m}{C_r \partial _t m} &= \inpr [\Omega ]{{\psi }_m}{\partial _s \omega }, \\ \end {aligned}\end {equation}


${\psi }_\square , \; \bm {\psi }_\square $


\begin {equation}\label {eqweakfreefree} \begin {aligned} \inpr [\Omega ]{\bm {\psi }_v}{\rho A \partial _t \mat {v}} &= - \inpr [\Omega ]{\partial _s \bm {\psi }_v}{\mat {n}} + \dualpr [\partial \Omega ]{\bm {\psi }_v}{\mat {n}}, \\ \inpr [\Omega ]{{\psi }_{\omega }}{\rho I \partial _t \omega } &= +\inpr [\Omega ]{{\psi }_{\omega }}{\bm {b}_2^\top \mat {n}} - \inpr [\Omega ]{\partial _s {\psi }_{\omega }}{m} + \dualpr [\partial \Omega ]{{\psi }_{\omega }}{m}, \\ \inpr [\Omega ]{\bm {\psi }_n}{\bm {C}_t \partial _t \mat {n}} &=- \inpr [\Omega ]{\bm {\psi }_n}{\bm {b}_2 \omega } + \inpr [\Omega ]{\bm {\psi }_n}{\partial _s \mat {v}}, \\ \inpr [\Omega ]{{\psi }_m}{C_r \partial _t m} &= +\inpr [\Omega ]{{\psi }_m}{\partial _s \omega }. \end {aligned}\end {equation}


$\mathrm {CG}_1$


$\mathrm {DG}_0$


\begin {equation*}\mat {v}_h\in [\mathrm {CG}_1]^2, \; \omega _h \in \mathrm {CG}_1, \qquad \mat {n}_h \in [\mathrm {DG}_0]^2, \; m_h \in \mathrm {DG}_0.\end {equation*}


\begin {equation*}\bm {\psi }_v\in [\mathrm {CG}_1]^2, \; \psi _\omega \in \mathrm {CG}_1, \qquad \bm {\psi }_n \in [\mathrm {DG}_0]^2, \; \psi _m \in \mathrm {DG}_0.\end {equation*}


$N_\mathrm {el}$


$h=L/N_{\mathrm {el}}$


$L$


\begin {equation}\label {eq:feexpansion} \begin {aligned} \mat {v}_h(s, t) &= \sum _{i=1}^{N_{\mathrm {el}}+1} \begin {bmatrix} \varphi _i(s) & 0 \\ 0 & \varphi _i(s) \end {bmatrix} \begin {pmatrix} \mathrm {v}_{x, i}(t) \\ \mathrm {v}_{y, i}(t) \\ \end {pmatrix}, \\ \omega _h(s, t) &= \sum _{i=1}^{N_{\mathrm {el}}+1} \varphi _i(s) \mathrm {w}_{i}(t), \end {aligned} \qquad \begin {aligned} \mat {n}_h(s, t) &= \sum _{i=1}^{N_{\mathrm {el}}} \begin {bmatrix} \chi _i(s) & 0 \\ 0 & \chi _i(s) \end {bmatrix} \begin {pmatrix} \mathrm {n}_{x, i}(t) \\ \mathrm {n}_{y, i}(t) \\ \end {pmatrix}, \\ m_h(s, t) &= \sum _{i=1}^{N_{\mathrm {el}}} \chi _i(s) \mathrm {m}_{i}(t), \end {aligned}\end {equation}


$\varphi _i$


$i-$


$\chi _i(s) = \mathbf {1}_{\{(i-1)h<s<ih\}}$


$i$


$\partial _s \mathrm {CG}_1 \subset \mathrm {DG}_0$


$\mathrm {CG}_1$


\begin {equation*}C_r \partial _t m_h = \partial _s \omega _h\end {equation*}


$\bm {\psi }_n$


\begin {equation*}\bm {C}_t \partial _t \mat {n}_h = \partial _s \mat {v}_h - \bm {b}_2 \Pi _{\mathrm {DG}_0} \omega _h,\end {equation*}


$\Pi _{\mathrm {DG}_0}$


$L^2$


$\mathrm {DG}_0$


\begin {equation*}\begin {aligned} \bm {y}_v &= \mat {v}|_{\partial \Omega }, \\ \bm {y}_\omega &= \omega |_{\partial \Omega }, \\ \end {aligned}\end {equation*}


\begin {equation}\label {eqfreefree} \begin {aligned} \mathrm {Diag} \begin {bmatrix} {\rho A}\mathbf {M}_{\otimes 2} \\ \rho I\mathbf {M} \\ h \bm {C}_t \otimes \mathbf {I}_{N_e} \\ {C_r} h \mathbf {I}_{N_e} \end {bmatrix} \frac {d}{dt} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix} &= \begin {bmatrix} 0 & 0 & -\mathbf {D}_{\otimes 2}^\top & 0 \\ 0 & 0 & \mathbf {F}^\top & -\mathbf {D}^\top \\ \mathbf {D}_{\otimes 2} & -\mathbf {F} & 0 & 0 \\ 0 & \mathbf {D} & 0 & 0 \end {bmatrix} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix} + \begin {bmatrix} \mathbf {T}_{\otimes 2}^\top & 0 \\ 0 & \mathbf {T}^\top \\ 0 & 0 \\ 0 & 0 \\ \end {bmatrix}\begin {pmatrix} \mathbf {u}_n \\ \mathbf {u}_m \end {pmatrix}, \\ \begin {pmatrix} \mathbf {y}_v \\ \mathbf {y}_\omega \end {pmatrix} &= \begin {bmatrix} \mathbf {T}_{\otimes 2} & 0 & 0 & 0 \\ 0 & \mathbf {T} & 0 & 0 \\ \end {bmatrix} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix}. \end {aligned}\end {equation}


$\mathbf {v} = (\mathbf {v}_x, \mathbf {v}_y) \in \mathbb {R}^{2N_{\mathrm {el}}+2}, \; \mathbf {w} \in \mathbb {R}^{N_{\mathrm {el}}+1}, \; \mathbf {n} = (\mathbf {n}_x, \mathbf {n}_y)\in \mathbb {R}^{2N_{\mathrm {el}}}$


$\mathbf {m} \in \mathbb {R}^{N_{\mathrm {el}}}$


$\mathbf {A}_{\otimes 2}$


$\mathbf {A}$


$i-$


$\mathbf {A}_{\otimes 2} = \mathbf {I}_2 \otimes \mathbf {A}$


$\mathbf {M} \in \mathbb {R}^{(N_{\mathrm {el}}+1)\times (N_{\mathrm {el}}+1)}$


$\mathbf {D} \in \mathbb {R}^{N_{\mathrm {el}}\times (N_{\mathrm {el}}+1)}$


\begin {equation*}[\mathbf {M}]_{ij} = \inpr [\Omega ]{\varphi _i}{\varphi _j}, \qquad [\mathbf {D}]_{ij} = \inpr [\Omega ]{\chi _i}{\partial _s \varphi _j}.\end {equation*}


$\mathbf {F}\in \mathbb {R}^{2N_{\mathrm {el}}\times (N_{\mathrm {el}}+1)}$


\begin {equation*}\mathbf {F} = \begin {bmatrix} 0 \\ \mathbf {\Pi } \end {bmatrix}, \qquad [\mathbf {\Pi }]_{ij} = \inpr [\Omega ]{\chi _i}{\varphi _j}.\end {equation*}


$\mathbf {T}\in \mathbb {R}^{2\times N_{\mathrm {el}}+1}$


\begin {equation*}\mathbf {T} = \begin {bmatrix} \mathbf {b}_1^\top \\ \mathbf {b}_{N_{\mathrm {el}}+1}^\top \end {bmatrix}, \qquad \mathbf {b}_1 = \begin {pmatrix} 1 \\ 0 \\ 0 \\ \vdots \\ 0 \end {pmatrix}, \qquad \mathbf {b}_{N_{\mathrm {el}}+1} = \begin {pmatrix} 0 \\ \vdots \\ 0 \\ 0 \\ 1 \end {pmatrix}.\end {equation*}


\begin {equation*}\mathbf {u}_n = \begin {pmatrix} -\matcomp {n}_x(0, t) \\ +\matcomp {n}_x(L, t) \\ -\matcomp {n}_y(0, t) \\ +\matcomp {n}_y(L, t) \\ \end {pmatrix}, \qquad \mathbf {u}_m = \begin {pmatrix} -{m}(0, t) \\ +{m}(L, t) \end {pmatrix},\end {equation*}


\begin {equation*}\mathbf {y}_v = \begin {pmatrix} \matcomp {v}_x(0, t) \\ \matcomp {v}_x(L, t) \\ \matcomp {v}_y(0, t) \\ \matcomp {v}_y(L, t) \\ \end {pmatrix}, \qquad \mathbf {y}_{\omega } = \begin {pmatrix} {\omega }(0, t) \\ {\omega }(L, t) \end {pmatrix},\end {equation*}


\begin {equation*}\begin {aligned} \mathbf {M}_{F}^\mathbf {e}\dot {\mathbf {e}}_{F} &= \mathbf {J}_{F}^\mathbf {e}\mathbf {e}_{F} + \mathbf {B}_{F}^\mathbf {e}\mathbf {u}_{F}, \\ \mathbf {y}_{F} &= (\mathbf {B}_{F}^\mathbf {e})^\top \mathbf {e}_{F}, \end {aligned}\end {equation*}


$\mathbf {M}_{F} = \mathbf {M}_{F}^\top \succ 0$


$\mathbf {J}_{F}^{\mathbf {e}} = - (\mathbf {J}_{F}^{\mathbf {e}})^\top $


$\mathbf {J}_{F}^{\mathbf {e}}$


$\mathbf {e}$


$\mathbf {J}$


\begin {equation}\begin {aligned} \inpr [\Omega ]{\bm {\psi }_v}{\rho A \partial _t \mat {v}} &= +\inpr [\Omega ]{\bm {\psi }_v}{\partial _s \mat {n}}, \\ \inpr [\Omega ]{{\psi }_{\omega }}{\rho I \partial _t \omega } &= +\inpr [\Omega ]{{\psi }_{\omega }}{\bm {b}_2^\top \mat {n}} + \inpr [\Omega ]{{\psi }_{\omega }}{\partial _s {m}}, \\ \inpr [\Omega ]{\bm {\psi }_n}{\bm {C}_t \partial _t \mat {n}} &= -\inpr [\Omega ]{\bm {\psi }_n}{\bm {b}_2 {\omega }} - \inpr [\Omega ]{\partial _s \bm {\psi }_n}{\mat {v}} + \dualpr [\partial \Omega ]{\bm {\psi }_n}{\mat {v}}, \\ \inpr [\Omega ]{{\psi }_m}{{C}_r \partial _t m} &= - \inpr [\Omega ]{\partial _s{\psi }_m}{\omega } + \dualpr [\partial \Omega ]{{\psi }_m}{\omega }. \\ \end {aligned} \label {Xeqn18}\end {equation}


\begin {equation*}\mat {n}_h \in [\mathrm {CG}_1]^2, \; {m}_h \in \mathrm {CG}_1, \qquad \mat {v}_h \in [\mathrm {DG}_0]^2, \; {\omega }_h \in \mathrm {DG}_0.\end {equation*}


\begin {equation}\label {eq:discreteclamped} \begin {aligned} \mathrm {Diag} \begin {bmatrix} {\rho A} h\mathbf {I}_{2N_e} \\ \rho I h\mathbf {I}_{N_e} \\ \bm {C}_t \otimes \mathbf {M} \\ {C_r} \mathbf {M} \end {bmatrix} \frac {d}{dt} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix} &= \begin {bmatrix} 0 & 0 & \mathbf {D}_{\otimes 2} & 0 \\ 0 & 0 & \mathbf {F}^\top & \mathbf {D} \\ -\mathbf {D}_{\otimes 2}^\top & -\mathbf {F} & 0 & 0 \\ 0 & -\mathbf {D}^\top & 0 & 0 \end {bmatrix} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix} + \begin {bmatrix} 0 & 0 \\ 0 & 0 \\ \mathbf {T}_{\nu , \otimes 2}^\top & 0 \\ 0 & \mathbf {T}_{\nu }^\top \\ \end {bmatrix}\begin {pmatrix} \mathbf {u}_v \\ \mathbf {u}_{\omega } \end {pmatrix}, \\ \begin {pmatrix} \mathbf {y}_n \\ \mathbf {y}_{m} \end {pmatrix} &= \begin {bmatrix} 0 & 0 & \mathbf {T}_{\nu , \otimes 2} & 0 \\ 0 & 0 & 0 & \mathbf {T}_{\nu } \\ \end {bmatrix} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix}, \end {aligned}\end {equation}


$\mathbf {T}_{\nu } \in \mathbb {R}^{2\times (N_{\mathrm {el}}+1)}$


$-1$


$1$


\begin {equation*}\mathbf {T}_{\nu } = \begin {bmatrix} -\mathbf {b}_1^\top \\ \mathbf {b}_{N_{\mathrm {el}}+1}^\top \end {bmatrix}.\end {equation*}


$\mathbf {F}\in \mathbb {R}^{2(N_{\mathrm {el}}+1) \times N_{\mathrm {el}}}$


\begin {equation*}\mathbf {F} = \begin {bmatrix} 0 \\ \mathbf {\Pi }^\top \end {bmatrix}.\end {equation*}


$\mathbf {F}$


\begin {equation*}\mathbf {u}_v = \begin {pmatrix} \matcomp {v}_x(0, t) \\ \matcomp {v}_x(L, t) \\ \matcomp {v}_y(0, t) \\ \matcomp {v}_y(L, t) \\ \end {pmatrix}, \qquad \mathbf {u}_\omega = \begin {pmatrix} \omega (0, t) \\ \omega (L, t) \end {pmatrix}.\end {equation*}


\begin {equation*}\mathbf {y}_n = \begin {pmatrix} -\matcomp {n}_x(0, t) \\ +\matcomp {n}_x(L, t) \\ -\matcomp {n}_y(0, t) \\ +\matcomp {n}_y(L, t) \\ \end {pmatrix}, \qquad \mathbf {y}_m = \begin {pmatrix} m(0, t) \\ m(L, t) \end {pmatrix}.\end {equation*}


\begin {equation*}\begin {aligned} \mathbf {M}_{C}^\mathbf {e}\dot {\mathbf {e}}_{C} &= \mathbf {J}_{C}^\mathbf {e}\mathbf {e}_{C} + \mathbf {B}_{C}^\mathbf {e}\mathbf {u}_{C}, \\ \mathbf {y}_{C} &= (\mathbf {B}_{C}^\mathbf {e})^\top \mathbf {e}_{C}. \end {aligned}\end {equation*}


\begin {equation}\begin {aligned} \inpr [\Omega ]{\bm {\psi }_v}{\rho A \partial _t \mat {v}} &= +\inpr [\Omega ]{\bm {\psi }_v}{\partial _s \mat {n}}, \\ \inpr [\Omega ]{{\psi }_{\omega }}{\rho I \partial _t {\omega }} &= +\inpr [\Omega ]{{\psi }_{\omega }}{\bm {b}_2^\top \mat {n}} -\inpr [\Omega ]{\partial _s {\psi }_{\omega }}{m} + \dualpr [\partial \Omega ]{{\psi }_{\omega }}{m}, \\ \inpr [\Omega ]{\bm {\psi }_n}{\bm {C}_t \partial _t \mat {n}} &= -\inpr [\Omega ]{\bm {\psi }_n}{\bm {b}_2\omega } - \inpr [\Omega ]{\partial _s \bm {\psi }_n}{\mat {v}} + \dualpr [\partial \Omega ]{\bm {\psi }_n }{\mat {v}}, \\ \inpr [\Omega ]{{\psi }_m}{\bm {C}_r \partial _t m} &= +\inpr [\Omega ]{{\psi }_m}{\partial _s \omega }. \\ \end {aligned} \label {Xeqn20}\end {equation}


\begin {equation*}{\omega } \in \mathrm {CG}_1,\; \mat {n} \in [\mathrm {CG}_1]^2, \qquad \mat {v}\in [\mathrm {DG}_0]^2, \; {m} \in \mathrm {DG}_0.\end {equation*}


\begin {equation}\label {eq:discretepinned} \begin {aligned} \mathrm {Diag} \begin {bmatrix} {\rho A} h\mathbf {I}_{2N_e} \\ \rho I \mathbf {M} \\ \bm {C}_t \otimes \mathbf {M} \\ {C_r} h \mathbf {I}_{N_e} \end {bmatrix} \frac {d}{dt} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix} &= \begin {bmatrix} 0 & 0 & \mathbf {D}_{\otimes 2} & 0 \\ 0 & 0 & \mathbf {F}^\top & -\mathbf {D}^\top \\ -\mathbf {D}_{\otimes 2}^\top & -\mathbf {F} & 0 & 0 \\ 0 & \mathbf {D} & 0 & 0 \end {bmatrix} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix} + \begin {bmatrix} 0 & 0 \\ \mathbf {T}^\top & 0 \\ 0 & \mathbf {T}_{\nu , \otimes 2}^\top \\ 0 & 0 \\ \end {bmatrix}\begin {pmatrix} \mathbf {u}_{m} \\ \mathbf {u}_v \\ \end {pmatrix}, \\ \begin {pmatrix} \mathbf {y}_{\omega } \\ \mathbf {y}_n \\ \end {pmatrix} &= \begin {bmatrix} 0 & \mathbf {T} & 0 & 0 \\ 0 & 0 & \mathbf {T}_{\nu , \otimes 2} & 0 \\ \end {bmatrix}\begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix}. \end {aligned}\end {equation}


$\mathbf {F}\in \mathbb {R}^{2(N_{\mathrm {el}}+1) \times (N_{\mathrm {el}}+1)}$


\begin {equation*}\mathbf {F} = \begin {bmatrix} 0 \\ \mathbf {M} \end {bmatrix}.\end {equation*}


\begin {equation*}\begin {aligned} \mathbf {M}_{P}^\mathbf {e}\dot {\mathbf {e}}_{P} &= \mathbf {J}_{P}^\mathbf {e}\mathbf {e}_{P} + \mathbf {B}_{P}^\mathbf {e}\mathbf {u}_{P}, \\ \mathbf {y}_{P} &= (\mathbf {B}_{P}^\mathbf {e})^\top \mathbf {e}_{P}. \end {aligned}\end {equation*}


\begin {equation}\begin {aligned} \inpr [\Omega ]{\bm {\psi }_v}{\rho A \partial _t \mat {v}} &= - \inpr [\Omega ]{\partial _s \bm {\psi }_v}{\mat {n}} + \dualpr [\partial \Omega ]{\bm {\psi }_v}{\mat {n}}, \\ \inpr [\Omega ]{{\psi }_{\omega }}{\rho I \partial _t \omega } &= +\inpr [\Omega ]{{\psi }_{\omega }}{\bm {b}_2^\top \mat {n}} +\inpr [\Omega ]{\partial _s {\psi }_{\omega }}{m}, \\ \inpr [\Omega ]{\bm {\psi }_n}{\bm {C}_t \partial _t \mat {n}} &= -\inpr [\Omega ]{\bm {\psi }_n}{\bm {b}_2 \omega } + \inpr [\Omega ]{\partial _s \bm {\psi }_n}{\mat {v}}, \\ \inpr [\Omega ]{{\psi }_m}{\bm {C}_r \partial _t {m}} &= -\inpr [\Omega ]{\partial _s {\psi }_m}{ \omega } + \dualpr [\partial \Omega ]{{\psi }_m }{ \omega }. \\\end {aligned} \label {Xeqn22}\end {equation}


\begin {equation*}\mat {v}\in [\mathrm {CG}_1]^2, \; {m} \in \mathrm {CG}_1, \qquad {\omega } \in \mathrm {DG}_0,\; \mat {n} \in [\mathrm {DG}_0]^2.\end {equation*}


\begin {equation}\label {eq:discreteguided} \begin {aligned} \mathrm {Diag} \begin {bmatrix} {\rho A} h\mathbf {I}_{2N_e} \\ \rho I \mathbf {M} \\ \bm {C}_t \otimes \mathbf {M} \\ {C_r} h \mathbf {I}_{N_e} \end {bmatrix} \frac {d}{dt} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix} &= \begin {bmatrix} 0 & 0 & -\mathbf {D}_{\otimes 2}^\top & 0 \\ 0 & 0 & \mathbf {F}^\top & \mathbf {D} \\ \mathbf {D}_{\otimes 2} & -\mathbf {F} & 0 & 0 \\ 0 & -\mathbf {D}^\top & 0 & 0 \end {bmatrix} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix} + \begin {bmatrix} \mathbf {T}^\top & 0 \\ 0 & 0 \\ 0 & 0 \\ 0 & \mathbf {T}_{\nu , \otimes 2}^\top \\ \end {bmatrix}\begin {pmatrix} \mathbf {u}_{n} \\ \mathbf {u}_\omega \\ \end {pmatrix}, \\ \begin {pmatrix} \mathbf {y}_v \\ \mathbf {y}_m \\ \end {pmatrix} &= \begin {bmatrix} \mathbf {T} & 0 & 0 & 0\\ 0 & 0 & 0 & \mathbf {T}_{\nu , \otimes 2} \\ \end {bmatrix} \begin {pmatrix} \mathbf {v} \\ \mathbf {w} \\ \mathbf {n} \\ \mathbf {m} \end {pmatrix}. \end {aligned}\end {equation}


$\mathbf {F}\in \mathbb {R}^{2N_{\mathrm {el}} \times N_{\mathrm {el}}}$


\begin {equation*}\mathbf {F} = \begin {bmatrix} 0 \\ h\mathbf {I}_{N_e} \end {bmatrix}.\end {equation*}


\begin {equation*}\begin {aligned} \mathbf {M}_{G}^\mathbf {e}\dot {\mathbf {e}}_{G} &= \mathbf {J}_{G}^\mathbf {e}\mathbf {e}_{G} + \mathbf {B}_{G}^\mathbf {e}\mathbf {u}_{G}, \\ \mathbf {y}_{G} &= (\mathbf {B}_{G}^\mathbf {e})^\top \mathbf {e}_{G}. \end {aligned}\end {equation*}


\begin {equation}\begin {aligned} \mathbf {M}^\mathbf {e}_{\square }\dot {\mathbf {e}} &= \mathbf {J}^{\mathbf {e}}_{\square }\mathbf {e}_\square + \mathbf {B}^\mathbf {e}_\square \mathbf {u}_\square , \\ \mathbf {y} &= (\mathbf {B}_\square ^\mathbf {e})^\top \mathbf {e}_\square , \end {aligned} \label {Xeqn24}\end {equation}


$\square $


$\square = \{F,\; C,\; P,\; G\}$


\begin {equation*}\begin {aligned} \inpr [\Omega ]{\bm {\psi }_v}{\rho A \partial _t \mat {v}} =& - \inpr [\Omega ]{\partial _s \bm {\psi }_v}{\mat {n}} + \dualpr [\partial \Omega ]{\bm {\psi }_v}{\mat {n}}, \\ \inpr [\Omega ]{{\psi }_{\omega }}{\rho I \partial _t {\omega }} =& - \inpr [\Omega ]{\partial _s {\psi }_{\omega }}{m} + \inpr [\Omega ]{{\psi }_{\omega }}{\bm {b}_1^\top \bm {S}\mat {n}}+\dualpr [\partial \Omega ]{{\psi }_{\omega }}{m}, \\ \inpr [\Omega ]{\bm {\psi }_n}{\bm {C}_t \partial _t \mat {n}} =& + \inpr [\Omega ]{\bm {\psi }_n}{\partial _s \mat {v}} + \inpr [\Omega ]{\bm {\psi }_n}{\bm {S}\bm {b}_1 \omega }, \\ \inpr [\Omega ]{{\psi }_m}{C_r \partial _t m} =& +\inpr [\Omega ]{{\psi }_m}{\partial _s \omega }. \end {aligned}\end {equation*}


\begin {equation}\begin {aligned} \inpr [\Omega ]{\bm {\psi }_v}{\rho A \partial _t \mat {v}} =& - \inpr [\Omega ]{\partial _s \bm {\psi }_v}{\mat {n}} + \inpr [\Omega ]{\bm {\psi }_v}{\bm {S}\mat {\pi }_v\bm {\omega }} + \inpr [\Omega ]{\bm {\psi }_v}{\bm {S}^\top \kappa \mat {n}} + \dualpr [\partial \Omega ]{\bm {\psi }_v}{\mat {n}}, \\ \inpr [\Omega ]{{\psi }_{\omega }}{\rho I \partial _t {\omega }} =& - \inpr [\Omega ]{\partial _s {\psi }_{\omega }}{m} + \inpr [\Omega ]{{\psi }_{\omega }}{\mat {\pi }_v^\top \bm {S}\mat {v}} + \inpr [\Omega ]{{\psi }_{\omega }}{(\mat {\gamma } + \bm {b}_1)^\top \bm {S}\mat {n}}+\dualpr [\partial \Omega ]{{\psi }_{\omega }}{m}, \\ \inpr [\Omega ]{\bm {\psi }_n}{\bm {C}_t \partial _t \mat {n}} =& + \inpr [\Omega ]{\bm {\psi }_n}{\partial _s \mat {v}} + \inpr [\Omega ]{\bm {\psi }_n}{\bm {S}^\top \kappa \mat {v}} + \inpr [\Omega ]{\bm {\psi }_n}{\bm {S}(\mat {\gamma }+\bm {b}_1 )\omega }, \\ \inpr [\Omega ]{{\psi }_m}{C_r \partial _t m} =& +\inpr [\Omega ]{{\psi }_m}{\partial _s \omega }. \end {aligned} \label {Xeqn25}\end {equation}


\begin {equation}\begin {aligned} \mathbf {M}^\mathbf {e}_{\square }\dot {\mathbf {e}} &= \mathbf {J}^{\mathbf {e}}_{\square }(\mathbf {e}_{\square })\mathbf {e}_\square + \mathbf {B}^\mathbf {e}_\square \mathbf {u}_\square , \\ \mathbf {y} &= (\mathbf {B}_\square ^\mathbf {e})^\top \mathbf {e}_\square . \end {aligned} \label {Xeqn26}\end {equation}


$\mathbf {J}^{\mathbf {e}}_{\square }(\mathbf {e}_{\square }) = \mathbf {J}^{\mathbf {e}}_{\square } + \mathbf {J}^{\mathbf {e}}_{\square , 1}(\mathbf {e}_{\square })$


$\mathbf {J}^{\mathbf {e}}_{\square }$


$\mathbf {J}^{\mathbf {e}}_{\square , 1}$


$\square $


\begin {equation}\label {eq:discretenonlinear} \begin {aligned} \begin {bmatrix} \mathbf {M}^{\mathbf {q}} & 0 \\ 0 & \mathbf {M}^{\mathbf {e}} \end {bmatrix} \frac {d}{dt} \begin {pmatrix} \mathbf {q} \\ \mathbf {e} \end {pmatrix} &= \begin {bmatrix} 0 & \mathbf {P}(\bm {\theta }) \\ -\mathbf {P}^\top (\bm {\theta }) & \mathbf {J}^{\mathbf {e}}(\mathbf {e}) \end {bmatrix} \begin {pmatrix} \mathbf {z}_{\mathbf {q}} \\ \mathbf {e} \end {pmatrix} + \begin {bmatrix} 0 \\ \mathbf {B}^\mathbf {e} \end {bmatrix}\mathbf {u}, \\ \mathbf {y} &= \begin {bmatrix} 0 & (\mathbf {B}^\mathbf {e})^\top \end {bmatrix} \begin {pmatrix} \mathbf {z}_{\mathbf {q}} \\ \mathbf {e} \end {pmatrix}, \end {aligned}\end {equation}


$\mathbf {q}=(\mathbf {r}_x, \mathbf {r}_y, \bm {\theta })$


\begin {equation}\label {eq:zvector} \mathbf {z}_{\mathbf {q}} := \rho A g\begin {pmatrix} 0 \\ \mathbf {1} \\ 0 \end {pmatrix}, \qquad \text {where} \quad \mathbf {1} := \begin {pmatrix} 1 \\ \vdots \\ 1 \end {pmatrix}.\end {equation}


$\mathbf {P}(\theta )$


\begin {equation*}\begin {aligned} \mathbf {E}\dot {\mathbf {x}} &= \mathbf {J}(\mathbf {x}) \mathbf {z} + \mathbf {B} \mathbf {u}, \\ \mathbf {y} &= \mathbf {B}^\top \mathbf {z}, \end {aligned}\end {equation*}


$\mathbf {E}=\mathbf {E}^\top \succ 0, \: \mathbf {J}(\mathbf {x}) = -\mathbf {J}^\top $


$H(\mathbf {x}) = \frac {1}{2}\mathbf {e}^\top \mathbf {M}^{\mathbf {e}}\mathbf {e} + U(\mathbf {q})$


\begin {equation}\label {eq:hamapproximation} \mathbf {E}^\top \mathbf {z} = \nabla _{\mathbf {x}} H.\end {equation}


$U(\mathbf {q}) = \int _{\Omega } \rho A g {r}_y \d {s}$


$g$


$r_y$


\begin {equation*}\bm {r}_h(s,t) = \begin {bmatrix} \bm {\xi }_r(s) & 0 \\ 0 & \bm {\xi }_r(s) \end {bmatrix} \begin {pmatrix} \mathbf {r}_x(t) \\ \mathbf {r}_y(t) \end {pmatrix},\end {equation*}


$\bm {\xi }_r$


$\bm {r}_h$


$\bm {\xi }_r = [\varphi _1 \dots \varphi _{N_e+1}] \in \mathbb {R}^{1\times N_e+1}$


$\bm {\xi }_r = [\chi _1 \dots \chi _{N_e}]\in \mathbb {R}^{1\times N_e}$


$\phi _i$


$\chi _i$


$U(\mathbf {r}_y) = \rho A g \mathbf {a}^\top \mathbf {r}_y$


$\mathbf {a}=\int _{\Omega } \bm {\xi }_r^\top \d {s}$


$\mathbf {r}_y$


\begin {equation}\label {eq:gradientpotential} \mathbf {M}^{\mathbf {r}_y} \mathbf {1} = \mathbf {a}, \qquad \text {where} \quad \mathbf {M}^{\mathbf {r}_y}=\int _{\Omega } \bm {\xi }_r^\top \bm {\xi }_r \d {s}.\end {equation}


\begin {equation*}\begin {aligned} \dot {\mathbf {x}} &= \tilde {\mathbf {J}}(\mathbf {x}) \nabla _{\mathbf {x}} H + \tilde {\mathbf {B}} \mathbf {u}, \\ \mathbf {y} &= \tilde {\mathbf {B}}^\top \nabla _{\mathbf {x}} H. \end {aligned}\end {equation*}


$\tilde {\mathbf {J}}(\mathbf {x}) := \mathbf {E}^{-1}\mathbf {J}(\mathbf {x}) \mathbf {E}^{-\top }$


$\tilde {\mathbf {B}} := \mathbf {E}^{-1}\mathbf {B}$


$\mathbf {E} \succ 0$


\begin {equation*}\bm {f}_{\rm nodal}(s, t) = \bm {f}(t)\delta (s-s_p)\end {equation*}


\begin {equation*}\bm {\psi }_v(s) \in \mathrm {range}\{\bm \Xi (s)\}, \qquad \bm \Xi (s)=\begin {bmatrix} \bm \xi _v & 0 \\ 0 & \bm \xi _v \end {bmatrix},\end {equation*}


$\bm \xi _i$


\begin {equation*}({\bm {\psi }}_v, \, \bm {f}_{\rm nodal})_{\Omega } = \bm \Xi (s_p)^\top \bm {f}(t)\end {equation*}


\begin {equation*}\begin {aligned} \mathbf {E}\dot {\mathbf {x}} &= \mathbf {J}(\mathbf {x}) \mathbf {z} + \mathbf {B} \mathbf {u} + \mathbf {B}_f\mathbf {f}, \\ \mathbf {y} &= \mathbf {B}^\top \mathbf {z}, \\ \mathbf {y}_f &= \mathbf {B}_f^\top \mathbf {z}, \end {aligned} \qquad \qquad \mathbf {B}_f = \begin {bmatrix} 0 \\ \bm \Xi (s_p)^\top \\ 0 \end {bmatrix}.\end {equation*}


$x=L_1$


\begin {equation*}\text {Beam 1} \quad \begin {cases} \mathbf {E}_{C} \dot {\mathbf {x}}_{C} = \mathbf {J}_{C}(\mathbf {x}_{C}) \mathbf {z}_{C} + \mathbf {B}_{C,l}\mathbf {u}_{C, l} + \mathbf {B}_{C, r}{\mathbf {u}_{C, r}}, \\ \mathbf {y}_{C, l} = \mathbf {B}_{C, l}^\top {\mathbf {z}}_{C}, \\ {\mathbf {y}_{C, r}} = \mathbf {B}_{C, r}^\top {\mathbf {z}}_{C}. \end {cases}\end {equation*}


\begin {equation*}\text {Beam 2} \quad \begin {cases} \mathbf {E}_{F} \dot {\mathbf {x}}_{F} = \mathbf {J}_{F}(\mathbf {x}_{F}) {\mathbf {z}}_{F} + \mathbf {B}_{F, l}{\mathbf {u}_{F, l}} + \mathbf {B}_{F, r} \mathbf {u}_{F, r}, \\ {\mathbf {y}_{F, l}}= \mathbf {B}_{F, l}^\top {\mathbf {z}}_{F}, \\ \mathbf {y}_{F, r} = \mathbf {B}_{F, r}^\top {\mathbf {z}}_{F}. \end {cases}\end {equation*}


\begin {equation*}\begin {aligned} {\mathbf {u}_{C, r}} &= {\mathbf {y}_{F, l}}, \\ {\mathbf {u}_{F, l}} &= -{\mathbf {y}_{C, r}}, \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \begin {bmatrix} \mathbf {E}_{C} & 0 \\ 0 & \mathbf {E}_{F} \end {bmatrix} \begin {pmatrix} \dot {\mathbf {x}}_{C} \\ \dot {\mathbf {x}}_{F} \\ \end {pmatrix} &= \begin {bmatrix} \mathbf {J}_{C}(\mathbf {x}_{C}) & +\mathbf {B}_{C, r} \mathbf {B}_{F, l}^\top \\ -\mathbf {B}_{F, l} \mathbf {B}_{C, r}^\top & \mathbf {J}_{F}(\mathbf {x}_F) \end {bmatrix} \begin {pmatrix} \mathbf {z}_C \\ \mathbf {z}_F \\ \end {pmatrix} + \begin {bmatrix} \mathbf {B}_{C,l} & 0 \\ 0 & \mathbf {B}_{F, r} \end {bmatrix} \begin {pmatrix} \mathbf {u}_{C, l} \\ \mathbf {u}_{F, r} \end {pmatrix}, \\ \begin {pmatrix} \mathbf {y}_{C, l} \\ \mathbf {y}_{F, r} \end {pmatrix} &= \begin {bmatrix} \mathbf {B}_{C, l}^\top & 0 \\ 0 & \mathbf {B}_{F, r}^\top \end {bmatrix} \begin {pmatrix} \mathbf {z}_C \\ \mathbf {z}_F \\ \end {pmatrix}. \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} \mathbf {u}_{C, l}&=0, \qquad \text {The beam is clamped at the left extremity,} \\ \mathbf {u}_{F, r}&=0, \qquad \text {No forces and torques are applied at the right extremity.} \end {aligned}\end {equation*}


$\mathbf {u}_m=0$


\begin {equation*}\begin {aligned} &\text {Beam 1} \quad \begin {cases} \mathbf {E}_{P1} \dot {\mathbf {x}}_{P1} = \mathbf {J}_{P1}(\mathbf {x}_{P1}) {\mathbf {z}}_{P1} + \mathbf {B}_{P1, vl} {\mathbf {u}_{P1, vl}} + \mathbf {B}_{P1, vr}{\mathbf {u}_{P1, vr}}, \\ \mathbf {y}_{P1, nl} = \mathbf {B}_{P1, vl}^\top {\mathbf {z}}_{P1}, \\ {\mathbf {y}_{P1, nr}} = \mathbf {B}_{P1, vl}^\top {\mathbf {z}}_{P1}, \end {cases} \\ &\text {Beam 2} \quad \begin {cases} \mathbf {E}_{F2} \dot {\mathbf {x}}_{F2} = \mathbf {J}_{F2}({\mathbf {x}}_{F2}){\mathbf {z}}_{F2} + \mathbf {B}_{F2, nl}{\mathbf {u}_{F2, nl}} + \mathbf {B}_{F2, nr}{\mathbf {u}_{F2, nr}}, \\ {\mathbf {y}_{F2, vl}} = \mathbf {B}_{F2, nl}^\top {\mathbf {z}}_{F2}, \\ {\mathbf {y}_{F2, vr}} = \mathbf {B}_{F2, nr}^\top {\mathbf {z}}_{F2}, \\ \end {cases} \\ &\text {Beam 3} \quad \begin {cases} \mathbf {E}_{P3} \dot {\mathbf {x}}_{P3} = \mathbf {J}_{P3}(\mathbf {x}_{P3}) {\mathbf {z}}_{P3} + \mathbf {B}_{P3, vl} {\mathbf {u}_{P3, vl}} + \mathbf {B}_{P3, vr}{\mathbf {u}_{P3, vr}}, \\ {\mathbf {y}_{P3, nl}} = \mathbf {B}_{P3, vl}^\top {\mathbf {z}}_{P3}, \\ \mathbf {y}_{P3, nr} = \mathbf {B}_{P3, vl}^\top {\mathbf {z}}_{P3}. \end {cases} \end {aligned}\end {equation*}


$\mathbf {u}_{Pi, vl},\; \mathbf {u}_{Pi, vr}$


$i$


$i={1,3}$


$\mathbf {u}_{F2, nl},\; \mathbf {u}_{F2, nr}$


$2$


$\mathbf {y}_{Pi, vl},\; \mathbf {y}_{Pi, vr}$


$i$


$\mathbf {y}_{F2, nl},\; \mathbf {y}_{F2, nr}$


$2$


\begin {equation}\begin {aligned} {\mathbf {u}_{P1, vl}} &= 0, \\ {\mathbf {u}_{P3, vr}} &= 0. \\ \end {aligned} \label {Xeqn31}\end {equation}


\begin {equation*}\begin {aligned} \bm {\Lambda }(\theta _{P1}(L_1, t)){\mathbf {u}_{P1, vr}} &= +\bm {\Lambda }(\theta _{F2}(0, t)){\mathbf {y}_{F2, vl}}, \\ \bm {\Lambda }(\theta _{F2}(0, t)){\mathbf {u}_{F2, nl}} &= -\bm {\Lambda }(\theta _{P1}(L_1, t)){\mathbf {y}_{P1, nr}}, \\ \bm {\Lambda }(\theta _{P3}(0, t)){\mathbf {u}_{P3, vl}} &= +\bm {\Lambda }(\theta _{F2}(L_2, t)){\mathbf {y}_{F2, vr}}, \\ \bm {\Lambda }(\theta _{F2}(L_2, t)){\mathbf {u}_{F2, nr}} &= -\bm {\Lambda }(\theta _{P3}(0, t)){\mathbf {y}_{P3, nl}}, \end {aligned}\end {equation*}


\begin {equation*}\mathrm {Diag} \begin {bmatrix} \mathbf {E}_{P1} \\ \mathbf {E}_{F2} \\ \mathbf {E}_{P3} \\ \end {bmatrix} \begin {pmatrix} \dot {\mathbf {x}}_{P1} \\ \dot {\mathbf {x}}_{F2} \\ \dot {\mathbf {x}}_{P3} \\ \end {pmatrix} = \begin {bmatrix} \mathbf {J}_{P1}({\mathbf {x}}_{P1}) & +\mathbf {B}_{P1, vr} \bm {\Lambda }(\alpha ) \mathbf {B}_{F2, nl}^\top & 0 \\ -\mathbf {B}_{F2, nl} \bm {\Lambda }^\top (\alpha ) \mathbf {B}_{P1, vr} & \mathbf {J}_{F2}({\mathbf {x}}_{F2}) & -\mathbf {B}_{F2, nr} \bm {\Lambda }^\top (\beta ) \mathbf {B}_{P3, vl}^\top \\ 0 & \mathbf {B}_{P3, vl} \bm {\Lambda }(\beta ) \mathbf {B}_{F2, nr}^\top & \mathbf {J}_{P3}({\mathbf {x}}_{P3}) \end {bmatrix} \begin {pmatrix} \mathbf {z}_{P1} \\ \mathbf {z}_{F2} \\ \mathbf {z}_{P3} \\ \end {pmatrix},\end {equation*}


\begin {equation*}\alpha (t) = \theta _{F2}(0, t) - \theta _{P1}(L_1, t), \qquad \beta (t) = \theta _{F2}(L_2, t) - \theta _{P3}(0, t),\end {equation*}


$\mathbf {J}$


$\bm {\theta }$


\begin {equation}\label {eq:discretenonlinearmultibody} \begin {bmatrix} \mathbf {M}^{\mathbf {q}} & 0 \\ 0 & \mathbf {M}^{\mathbf {e}} \end {bmatrix} \frac {d}{dt} \begin {pmatrix} \mathbf {q}\\ \mathbf {e} \end {pmatrix} = \begin {bmatrix} 0 & \mathbf {P}(\bm {\theta }) \\ -\mathbf {P}^\top (\bm {\theta }) & \mathbf {J}(\mathbf {e}, \bm {\theta }) \end {bmatrix} \begin {pmatrix} \mathbf {z}_{\mathbf {q}} \\ \mathbf {e} \end {pmatrix} + \begin {bmatrix} 0 \\ \mathbf {B}^\mathbf {e} \end {bmatrix}\mathbf {u},\end {equation}


$\mathbf {J}(\mathbf {e}, \bm {\theta }) = - \mathbf {J}^\top (\mathbf {e}, \bm {\theta })$


\begin {equation*}\mathbf {J}(\mathbf {e}, \bm {\theta }) = \mathbf {J}^\mathbf {e}(\mathbf {e}) + \mathbf {J}^{\mathrm {int}}(\bm {\theta }), \qquad \mathbf {J}^\mathbf {e} = \mathrm {Diag}(\mathbf {J}^\mathbf {e}_1, \mathbf {J}^\mathbf {e}_2, \dots , \mathbf {J}^\mathbf {e}_{N_\mathrm {systems}}),\end {equation*}


$\mathbf {J}^\mathbf {e}$


$\mathbf {J}^{\mathrm {int}}$


$\mathbf {J}^\mathbf {e}$


$\mathbf {e}$


$\mathbf {q}$


$\Delta t$


\begin {equation}\label {eq:discretetime} \begin {bmatrix} \mathbf {M}^{\mathbf {q}} & 0 \\ 0 & \mathbf {M}^{\mathbf {e}} \end {bmatrix} \begin {pmatrix} \mathbf {q}_{n+1} - \mathbf {q}_{n} \\ \mathbf {e}_{n+1} - \mathbf {e}_{n} \end {pmatrix} = \Delta t \begin {bmatrix} 0 & \mathbf {P}(\bm {\theta }_{n+1/2}) \\ -\mathbf {P}^\top (\bm {\theta }_{n+1/2}) & \mathbf {J}(\mathbf {e}_{n+1/2}, \bm {\theta }_{n+1/2}) \end {bmatrix} \begin {pmatrix} \mathbf {z}_{\mathbf {q}} \\ \mathbf {e}_{n+1/2} \end {pmatrix} + \Delta t \begin {bmatrix} 0 \\ \mathbf {B}^\mathbf {e} \end {bmatrix}\mathbf {u}_{n+1/2},\end {equation}


$\mathbf {z}_{\mathbf {q}} = \nabla _{\mathbf {q}} U$


$\mathbf {x}_{n} \approx \mathbf {x}(t_n), \; \mathbf {x}_{n+1} \approx \mathbf {x}(t_{n+1})$


$\mathbf {x}_{n+1/2} := \frac {1}{2}(\mathbf {x}_{n} + \mathbf {x}_{n+1})$


$\bm {\theta },$


$\bm {v}$


\begin {equation}\label {eq:discretetimepositions} \mathbf {M}^{\mathbf {r}} (\mathbf {r}_{n+1} - \mathbf {r}_{n}) = \Delta t \mathbf {R}(\theta _{n+1/2}) \mathbf {v}_{n+1/2}.\end {equation}


$\mathbf {R}(\bm {\theta })$


\begin {equation*}\mathbf {R}(\bm {\theta }) = \int _\Omega \begin {bmatrix} \bm {\xi }_r^\top & 0 \\ 0 & \bm {\xi }_r^\top \end {bmatrix} \bm {\Lambda }(\theta _h) \begin {bmatrix} \bm {\xi }_r & 0 \\ 0 & \bm {\xi }_r \end {bmatrix} \textrm {d}\Omega ,\end {equation*}


$\bm {\xi }_r$


$\mathbf {u}_{n+1/2}=0$


$H(\mathbf {x}_{n}) = \frac {1}{2}\mathbf {e}_{n}^\top \mathbf {M}^{\mathbf {e}} \mathbf {e}_{n} + \rho g A \mathbf {a}^\top \mathbf {r}_{y, n}$


\begin {equation*}\frac {H(\mathbf {x}_{n}) - H(\mathbf {x}_{n+1})}{\Delta t} = \mathbf {y}_{n+1/2}^\top \mathbf {u}_{n+1/2}, \qquad \mathbf {y}_{n+1/2}:= (\mathbf {B}^{\mathbf {e}})^\top \mathbf {e}_{n+1/2}.\end {equation*}


$(\mathbf {z}_{\mathbf {q}}, \; \mathbf {e}_{n+1/2}$


\begin {equation}\begin {pmatrix} \mathbf {z}_{\mathbf {q}} \\ \mathbf {e}_{n+1/2} \end {pmatrix}^\top \begin {bmatrix} \mathbf {M}^{\mathbf {q}} & 0 \\ 0 & \mathbf {M}^{\mathbf {e}} \end {bmatrix} \begin {pmatrix} \mathbf {q}_{n+1} - \mathbf {q}_{n} \\ \mathbf {e}_{n+1} - \mathbf {e}_{n} \end {pmatrix} = 0, \label {eqproof1}\end {equation}


$(\mathbf {r}_{y, n+1} - \mathbf {r}_{y, n})$


$\mathbf {M}^{\mathbf {r}_y}$


\begin {equation}\bm {1}^\top \mathbf {M}^{\mathbf {r}_y}(\mathbf {r}_{y, n+1} - \mathbf {r}_{y, n}) = \mathbf {a}^\top (\mathbf {r}_{y, n+1} - \mathbf {r}_{y, n}). \label {eqproof2}\end {equation}


\begin {equation*}\frac {1}{2}\mathbf {e}_{n}^\top \mathbf {M}^{\mathbf {e}} \mathbf {e}_{n} + \rho g A \mathbf {a}^\top \mathbf {r}_{y, n} = \frac {1}{2}\mathbf {e}_{n+1}^\top \mathbf {M}^{\mathbf {e}} \mathbf {e}_{n+1} + \rho g A \mathbf {a}^\top \mathbf {r}_{y, n+1}.\end {equation*}


$H(\mathbf {x}_{n}) = H(\mathbf {x}_{n+1})$


\begin {equation*}\begin {aligned} J_n &= \inpr [\Omega ]{\bm {r}_{h, n}}{\rho A \bm {S}\bm {\Lambda }(\theta _{h, n})\mat {v}_{h, n}} + \inpr [\Omega ]{1}{\rho I \omega _n}, = \rho A \mathbf {r}_n^\top \mathbf {S}\mathbf {R}(\bm {\theta }_n)\mathbf {v}_n + \rho I \mathbf {1}^\top \mathbf {M}^\omega \mathbf {w}_n, \qquad \mathbf {S}:= \begin {bmatrix} 0 & \mathbf {I} \\ -\mathbf {I} & 0 \end {bmatrix}. \end {aligned}\end {equation*}


\begin {equation*}\begin {pmatrix} \mathbf {q}_{n+1} \\ \mathbf {e}_{n+1} \end {pmatrix} = \mathrm {Cay}\left (\frac {\Delta t}{2}\mathbf {E}^{-1}\mathbf {J}(\mathbf {x}^{n+1/2})\right ) \begin {pmatrix} \mathbf {z}_{\mathbf {q}} \\ \mathbf {e}_{n} \end {pmatrix} + \left (\mathbf {E} - \frac {\Delta t}{2}\mathbf {J}(\mathbf {x}^{n+1/2})\right )^{-1} \Delta t\mathbf {B}\mathbf {u}_{n+1/2},\end {equation*}


$\mathrm {Cay}(\mathbf {A}) := (\mathbf {I}-\mathbf {A})^{-1}(\mathbf {I}+\mathbf {A})$


$\mathbf {A}$


$s = 0$


$s =L$


$\bm {n}|_{s = L} = \bm {n}_0, \; m|_{s = L} = m_0$


$2.5 \; \mathrm {[s]}$


\begin {equation*}\bm {n}_0(t) = \begin {cases} 8 \bm {b}_1 \quad &\text {for } t\le 2.5 \; \mathrm {[s]}, \\ 0 \quad &\text {for } t > 2.5 \; \mathrm {[s]}, \\ \end {cases} \qquad {m}_0(t) = \begin {cases} -80 \quad &\text {for } t\le 2.5 \; \mathrm {[s]}, \\ 0 \quad &\text {for } t > 2.5 \; \mathrm {[s]}. \\ \end {cases}\end {equation*}


$2.5 \; \mathrm {[s]}$


$EA/EI = \rho A/ \rho I$


$t \le 7.5$


$2.5 \; \mathrm {[s]}$


$x\,-\,y$


$t = 2.5 \; \mathrm {[s]}$


$t>2.5 \; \mathrm {[s]}$


$L$


$m$


$h=3.04$


$\theta _0 = \pi /2$


$\Delta t = 0.1$


$10$


$t = \{1,2,3,4,5\} \; \mathrm {[s]}$


$y$


$\bm {n}_{\rm ext} = - g\rho A \bm {b}_2$


$\mathsf P$


$\bm {r}_{\mathsf P}(t=0) = (2.75,\, 1.5)$


$\mathsf P$


$\mathsf P$


$\mathsf {P}$


$t=1 \; \mathrm {[s]}$


$\mathsf P$


\begin {equation*}\mathrm {Error} = \frac {||\mathbf {r}_\mathsf {P}(t=1) - \mathbf {r}_{\mathrm {ref}, \mathsf {P}}(t=1)||}{\mathbf {r}_{\mathrm {ref}, \mathsf {P}}(t=1)}\end {equation*}


$\Delta t_{\mathrm {ref}} = 0.005 \; \mathrm {[s]}$


$16$


$10^{-5}$


$O(5N_{el})$


$\theta , \; \mat {v}, \; \omega , \; \mat {n}, \; m$


$O(6N_{el})$


$SO(3)$


$\mathbf {P}({\theta })$


$\mathbf {P}$


\begin {equation*}\mathbf {P}(\bm {\theta }) = \begin {bmatrix} 0 & 0 & \mathbf {R}(\bm {\theta }) & 0 \\ 0 & 0 & 0 & \mathbf {A} \end {bmatrix}\end {equation*}


$\mathbf {R}(\bm {\theta })$


$\int _\Omega \bm {\psi }_v \bm {\Lambda }(\theta _h) \bm {v}_h \d {s}$


$\mathbf {A}$


$\int _\Omega \psi _\omega \omega \d {s}$


$\mathbf {A}$


$\mathbf {M}$


$h\mathbf {I}$


\begin {equation*}\mathbf {\Phi } = \begin {bmatrix} \phi _1 & \phi _2 & \dots & \phi _{N_{el} + 1} \end {bmatrix} \in \mathbb {R}^{1\times N_{el+1}} \qquad \qquad \mathbf {\Xi } = \begin {bmatrix} \xi _1 & \xi _2 & \dots & \xi _{N_{el}} \end {bmatrix} \in \mathbb {R}^{1\times N_{el}}\end {equation*}


$\mathbf {R}$


$\mathbf {A}$


\begin {equation*}\mathbf {R}(\boldsymbol {\theta }) = \int _\Omega \boldsymbol {\Phi }_{\otimes 2}^\top \boldsymbol {\Lambda }(\boldsymbol {\Phi }\boldsymbol {\theta }) \boldsymbol {\Phi }_{\otimes 2} \d {s}, \qquad \qquad \mathbf {A} = \mathbf {M}.\end {equation*}


\begin {equation*}\mathbf {R}(\boldsymbol {\theta }) = \int _\Omega \boldsymbol {\Xi }_{\otimes 2}^\top \boldsymbol {\Lambda }(\boldsymbol {\Xi }\boldsymbol {\theta }) \boldsymbol {\Xi }_{\otimes 2} \d {s}, \qquad \qquad \mathbf {A} = h\mathbf {I}.\end {equation*}


\begin {equation*}\mathbf {R}(\boldsymbol {\theta }) = \int _\Omega \boldsymbol {\Xi }_{\otimes 2}^\top \boldsymbol {\Lambda }(\boldsymbol {\Phi }\boldsymbol {\theta }) \boldsymbol {\Xi }_{\otimes 2} \d {s}, \qquad \qquad \mathbf {A} = \mathbf {M}.\end {equation*}


\begin {equation*}\mathbf {R}(\boldsymbol {\theta }) = \int _\Omega \boldsymbol {\Phi }_{\otimes 2}^\top \boldsymbol {\Lambda }(\boldsymbol {\Xi }\boldsymbol {\theta }) \boldsymbol {\Phi }_{\otimes 2} \d {s}, \qquad \qquad \mathbf {A} = h\mathbf {I}.\end {equation*}
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a port-Hamiltonian (pH) structure [10-12], which can be exploited for state-of-the-art simulation and control methodologies. More
recently, a pH formulation that equips the displacement-based approach with independent material strain measures has been pro-
posed [13]. This framework further avoids shear locking and employs a simple midpoint time integration scheme that guarantees
exact energy and momentum preservation. Another recent contribution [14] discusses yet another Hamiltonian formulation where
spatial velocities and strain are simultaneously considered. Although the intrinsic formulation offers advantages—such as avoiding
rotational parameterizations—its numerical treatment has received comparatively limited attention in the existing literature, see
exception [15].

A recurring challenge in flexible multibody dynamics is the presence of stiff differential-algebraic equations arising from kine-
matic constraints between interconnected components [16]. In conventional displacement-based multibody formulations, kinematic
interconnections are commonly enforced through algebraic constraint equations and associated Lagrange multipliers. This limitation
stems from the nonlinear appearance of the differential operators. In contrast, the intrinsic formulation features differential operators
that enter the equations linearly, allowing kinematic or dynamic boundary conditions to be applied naturally through an appropriate
mixed finite element discretization. This property is primarily a consequence of the intrinsic representation and the chosen weak
formulation, rather than a benefit that is unique to the pH framework. Similarly, in the spatial formulation proposed in [14] the dif-
ferential operator enter linearly and by using different mixed finite element formulations different sets of natural boundary conditions
can be considered.

The objective of this contribution is twofold. First, it presents an overview of several port-Hamiltonian formulations of the Simo—
Reissner model:

e the spatial-material pH representation proposed in [13];

o the spatial pH formulation introduced in [14];

e the intrinsic (or material) formulation originally discussed in [8]. The pH formulation of the Hodges beam was initially noticed
in [17], and then detailed in [11,12].

The equivalence between the classical Simo and Hodges formulation is proven in the PhD thesis by Charlotte Rodriguez [9]. The list is
non exhaustive as more formulations may be added to the list. These formulations exhibit different types of nonlinearities. Although
they are equivalent at the continuous level, they are not equivalent once discretized.

Second, we demonstrate how the pH intrinsic beam formulation can be discretized in a structure-preserving manner to obtain
interconnected multibody systems without algebraic constraints. The intrinsic formulation does not eliminate the nonlinearities but
rather relocates them to the algebraic part of the interconnection operator, resulting in a semilinear partial differential system. Since
the differential operators enter the equations linearly, different mixed finite element formulations can be employed to discretize the
system and naturally accommodate a variety of boundary conditions. A key feature common to all these discretizations is the satisfac-
tion of compatibility conditions between the finite element spaces, which eliminates shear-locking effects. The mixed finite element
discretization is not, in itself, specific to the port-Hamiltonian (pH) formalism; rather, it provides a convenient numerical realization
of the intrinsic weak formulation and its boundary ports. The main benefit attributed specifically to the pH framework is instead the
representation of subsystem interconnections through power ports rather than through algebraic kinematic constraints. This enables
a modular assembly in which individual components can be formulated independently and coupled through their exchanged power,
while preserving the underlying energy and passivity structure. Two formulations with opposite input-output behavior (e.g. a free
and a clamped beam) can be coupled via a feedback interconnection (or in port-Hamiltonian jargon a gyrator interconnection). This
power-preserving interconnection is a distinctive feature of the pH description and is central to the proposed modular construction.
This provides a great flexibility when assembling multibody systems and produces discrete systems without Lagrange multipliers. The
methodology is explained in two simple cases: a cantilever beam (obtained by interconnecting a clamped and a free beam) and a four
bar mechanism. With the latter example, we demonstrate that closed kinematic loops can be modeled without Lagrange multipliers.
The formulation is primarily developed for flexible beam subsystems. Rigid bodies can be regarded as the infinite-stiffness limit of
the formulation, although this introduces algebraic constraints; in practice, they may only be approximated using a large but finite
Young’s modulus. Flexible links can be incorporated provided that their inertial properties are properly accounted for, consistently
with existing port-Hamiltonian approaches to multibody systems [18]. Related work has also demonstrated the modular construction
of rigid multibody systems within the port-Hamiltonian framework, including the treatment of algebraic constraints [19]. Actuators
can likewise be incorporated through the corresponding force and moment contributions. In particular, their inclusion is simpler than
in [20], since the forces and moments associated with tendon- or pressure-driven actuation do not need to be rotated into the spatial
frame

The resulting interconnected systems preserve the pH formulation, where the nonlinearities are restricted to the interconnection
operator, whereas the Hamiltonian is quadratic in the state. Thanks to this feature, the energy is preserved by applying the implicit
midpoint scheme. The relevance of the implicit midpoint is that, when applied to the present quadratic pH systems, it preserves the
discrete power/energy balance and therefore retains the energetic structure of the continuous model [21]. While we mostly restrict
ourselves to the planar case, the methodology can be extended to spatial problems. This is however not trivial since rotations belong
to SO(3) and arbitrary spatial joint orientations lead to additional complexity in the interconnection and compatibility conditions.
The newly proposed method is validated numerically on different benchmarks: the flying spaghetti, a flexible pendulum with a
lumped mass attached at the end, an L-shaped frame, and a four-bar mechanism. The numerical experiments also indicate favorable
nonlinear-solver behavior, as measured by the number of Newton iterations. We emphasize, however, that this measure is used as an
indicator of computational behavior rather than as a claim of universal efficiency superiority over conventional geometrically exact
beam or multibody formulations.
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The paper is organized as follows. In the remainder of this section, we introduce notation and a problem statement. In Section 2
the different pH formulations of geometrically exact beams are presented. The spatial finite element discretization is then discussed
in Section 3. The assembly of multibody systems by feedback interconnection is illustrated in Section 4. Section 5 explains the time
integration method. Numerical experiments are presented in Section 6.

1.1. General notation

Vectors are written in boldface lowercase x € R”, whereas matrices are written in boldface uppercase A € R™*". The ith vector of
the canonical Euclidean basis is denoted by b,. A one dimensional domain parametrized by an arc-length is considered, i.e. s € Q =
[0, L]. The inner product of scalar or vector-valued quantities is denoted by

(f.g){,,:=/fgds, (f,g)w1=/f'gd&
Q Q
Given the one-dimensional nature of the models considered in this work, the inner product on the boundary reads

(f> 8aw 1= S(L)g(L) = f(0)g(0), (f 8w 1= F(L) - &(L) — £(0) - g(0).

Differential matrix operators involving derivatives are denoted by calligraphic uppercase letters .A. Matrix transposition is denoted
by AT and the formal adjoint of an operator by A*. Let x,y € C(Q) be smooth (possibly vector-valued) compactly supported fields.
The formal adjoint is defined via integration by parts as follows

(Ax, g = (x, A" y)q.
Matrix-vector multiplication and the action of an operator are denoted similarly as Ax and .Ax. A short bracket notation is used to
express (x,y) :=[x", y']T, and analogously for more than two variables. Identity matrices are represented by I and matrices full of
zeros by 0, their dimension being clear from the context. Numerical realization of vector and matrix variables after finite element
discretization are denoted using bold math roman fonts x, A. The symbol [] represents a placeholder. The partial derivative of a
function f is denoted by df. To represent the cross product between two vectors x, y in R? we introduce the skew-symmetric
matrix S € R?*2 such that [13]

0 1
XXy =xy =Xy =x'Sy, §= [_1 O]' (€))

1.2. Problem statement

Material and spatial configurations. Consider a material beam configuration Q = [0, L], where L € R denotes the beam length. The
term material indicates that quantities are expressed through their components with respect to a frame attached to the beam cross-
section. For simplicity, the stress-free configuration of the beam is assumed to be a straight line; an initially curved configuration
may be incorporated through an appropriate modification of the formulation.

The motion of the centerline is described by the position vector r(s,f) € Q, ¢ R2. The independent variables are the arc-length
coordinate s € Q, which parameterizes the centerline of the straight, stress-free initial configuration Q; = r(s,0) = sb, | s € Q, and time
t € [0, T]. The cross-sections remain planar throughout the motion, and their orientation is characterized by an angle 0 : Q x [0,7T] —
R. In addition to the material representation, a spatial configuration may also be introduced. In this setting, spatial quantities are
expressed in an inertial frame. Accordingly, the spatial notation x and its material counterpart X are vectors in R? representing the
components of the same geometric entity. These are distinguished by a hat and are related by

x =A%, A(0) € SO(2),
where the rotation matrix reads

cosf(s,t) —sinf(s,t)

AOSD =G o coss.n) ||

The time derivative of the rotation matrix gives
OA=0STA=-0wSA, ©:=0,0, )

where S has been introduced in (1).

Geometric and physical parameters. An isotropic homogeneous material is considered with cross section area A and second moment
of area I, mass density p, Young’s modulus E, shear modulus G and shear correction factor k. Later in this work, we make use of
the so-called compliance form, meaning that the dynamics is written directly in terms of the stresses [20,22-28]. To this aim let us
introduce the translational and rotational compliance

B! -!

0 _ 1
G = 0 (kGA)-l] G =ED,

EA
= Dia, s
¢ [kGA]
where we have introduced the operator of diagonal matrices. In the following, we use this notation as well for block-diagonal matrices.
For simplicity, the material parameters are considered constant along the beam axis. However, non-constant coefficients would not

introduce any additional difficulty.
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Kinematic quantities. The spatial and material linear velocities, denoted by v and v, are related through v = Ap. The associated
spatial and material linear momenta, r, and 7,, follow the same transformation and are linked to the velocities by =, = pAv, 7, = pAD.
Furthermore, we consider the angular velocity » and the corresponding angular momentum z,,. In the planar setting, spatial and
material representations coincide. Their relation is given by r,, = pIw.

Strains and stresses. The material axial and shear strain 7 are defined kinematically as

7=ATo,r—b,,

with their spatial counterparts obtained via the transformation y = Ay. The corresponding stress resultants in material and spatial
form, denoted by n and n, satisfy n = An. The constitutive relations linking strains and stress resultants are given by

7=Ci, y=ACA'n

Finally, we consider the curvature « defined kinematically as x = 9,6. The bending moment m is then given by x = C,m.

2. Port-Hamiltonian formulations of planar geometrically exact beams

In this section we present different (port-)Hamiltonian formulations for planar geometrically exact beams, that have already
been presented in the literature. The purpose is to show how nonlinearities enter the dynamics and how they affect the subsequent
discretization strategy. To the best of our knowledge, a comprehensive discussion on the different formulations was not presented
before. Three distinct formulations will be examined. Additional variants may be derived by switching the representation of individual
variables between spatial and material descriptions, and vice versa. Nevertheless, analyzing these three cases is sufficient to highlight
the principal differences in how nonlinearities are handled. Note additionally, that in the continuous setting, i.e., before discretization,
those formulations are equivalent. But when discretized in space and/or time, certain advantages and disadvantages can be found.

For the subsequent discussion on the spatial discretization in Section 3, only the material (or intrinsic) model is considered. One
interesting feature of this model is that it is represented by a semi-linear PDE, meaning that the differential operators enter the
formulation in a linear way. The (quadratic) nonlinearities are confined to an algebraic term. This particular structure opens up
many possibilities for the spatial discretization. In particular it will be shown that different mixed finite element formulations can be
employed, leading to distinct representations of the boundary conditions.

2.1. Spatial-material formulation

In this formulation, the spatial velocities are used whereas the stresses are written in the material formulation. The governing
PDEs read (cf. [13] for more details)

a(o)= ()

pA v 0 0 9, (A0 0 |fv 3
piadd #1 12]@] _ 0 0 or'SAO) 0, ||
e, lar|a| T |A@To, ) AG)TSrO) 0 o [|al
c | |m 0 FX(m) 0 0 |\m
or compactly
atq:Pesnw (4)

Maresm = tysfn(q)esm’

where M is a symmetric positive definite matrix, i.e., M = M > 0. Moreover, J,,, is a formally skew-adjoint operator, satisfying
Jg, = —(Jg)* (we refer to [13] for a formal proof). Matrix P is a projection (matrix) on the first two variables given by

I 0 0 O
P‘[01oo]'

Additionally, we call g = (r, 0) the configuration vector and e, = (v, w, 1, m) the energy variables. A (port-)Hamiltonian formulation
is then obtained as follows [29]

Eo;x = Tom (¥sm)Zsm» (5a)
0H,
BTz = e = BT 0% (5b)

sm

where the second identity makes use of the variational derivative. Further, the state vector is x, = (g, e,) and the matrices E,Q
and operator J,,, read

1 0 0 0 0 P
Y RS A TR
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The total energy, or Hamiltonian, of the model is the following quadratic form

Hg, = % /(pAuTv +pla® + A" Ci+ C,m?) ds,
Q

1 1
= 5/QesTmMesm ds = 3 /stTmETstm ds,

The time derivative of the Hamiltonian provides

. (5b) (5a)

Hsm = (5x5m Hsm’ atxsm)Q’ = (ETzsm’ atxsm)Q’= (zsm’ Eatxsm)ﬂ’ = (zsm’ Jsm(xsm)zsm)ﬂ'
This result is a consequence of the general descriptor form presented in Eq. (5). The algebraic part of the operator J,,, vanishes due
to the skew-symmetry. Expanding the differential operator provides

Hsm = (zsm’ ']sm(xsm)zsm)ﬁ’
= (v, 0,(A(0) N)g + (w, O;m), + (7, A(Q)T()Sv)g + (m, 0,w)q,

=, AO)n) g + (@, m)yg.

Therein, we have used integration by parts. The formal skew-adjointness of .J,,, becomes clear now: the temporal variation of the
Hamiltonian is caused solely by interactions with the external environment at the boundaries.

Note that the parameters in the matrix M can be set to zero. This leads to an infinite-dimensional pH DAE formulation, which
allows the inclusion of massless terms as well as infinitely stiff behaviors, including a shear-stiff representation consistent with a
nonlinear Kirchhoff beam [30]. In that case, the corresponding stress resultant acts as a Lagrange multiplier enforcing the constraint
in time-differentiated form [20]. Furthermore, it can be seen from relation (3) that the interconnection operator .J;,,(q) depends on
both the position and rotation angle.

Remark 1. In the previous explanations we have assumed that the Hamiltonian does not dependent on the configuration q. However,
if a configuration-dependent potential U(q) has to be considered, its variational derivatives 6,U, 6,U allows expressing the associated
forces and torques. This point will be explained in more detail in Section 2.3.

2.2. Spatial formulation

The spatial pH formulation has been recently presented [14]. Since the stress variables are written in the spatial frame, the
constitutive law and consequently the Hamiltonian functional feature rotation matrices. The governing equations for this case read

a(o)= ()

pA |[ov 0 0 a, 0lfv ®)

Diae] 7! dgaol o 0 or'S o flw

SlacAT| v |Tlo, sor o ofal
¢ Nom) |0 o 0 0 ||m
v
The notation n denotes the Lie derivative of the spatial variable n. Its expression is given by
v T
n=A0,(A"'n)=0,n+ wSn. )

The dynamics can be written in a compact form as

0,q = Peg,
M(6)0,e; = J¢ (e,

where, with a slight abuse of notation, the Lie derivative is denoted by a partial one. The total energy, or Hamiltonian, of the model
is the following expression

H, = % /Q(pAvTv +pl® +n"AC A n + C,m?) ds = % /QeSTMS(H)eS ds.

Notice that it is not a quadratic form in the variable because of the presence of the rotation matrix A. The time derivative of the
Hamiltonian provides

. v
H, = / v-0,m, + w7, +n-y+mdids= (v, n)y + (0, myg. €)]
Q

Notice that the operator Jf(r) only depends on the centerline position and not on the angle 6.

5
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Descriptor port-Hamiltonian form. The previous formulation can be written as follows

I or 0 0o I 0 0 070
1 9,0 0 0 0 1 0 0
. pA || 9 -I 0 0 0 a, 0flv
D = 3
P o0 ffoelTlo -1 0 0o arTs e ©)
ACAT || » 0 0 o9, Sor 0 0lfn
¢, Nom 0 0 0 a, 0 0 |\m

Because of the appearance of the Lie derivative, the formulation is not in standard port-Hamiltonian form, see, e.g., (5). To find the
port-Hamiltonian representation we start from the expression of the Hamiltonian (8)

H, = 1 /Q e/ M (9)e, ds,

2
The variational derivative of the Hamiltonian with respect to the state is given by
oH oH 0H
— =0, — =n"STACA"n, — = M,(0)e,,
or o6 oeg ) ’

where the second derivative arises from dy(n"TAC,ATn) = n7STAC,A"n. In the next step, a corrected skew-adjoint operator has to be
defined to account for the contribution of the aforementioned term and the additional Lie derivative term

H v
— =n"STAC A n, n=o,n+oSn.

60
Given these two aspects, the corrected operator reads
0 0 1 0 0 0
0 0 0 1 0 0
|- o 0 0 05 0 e TeT T
JxI=lo 0 0,TS+G o, Gi=n SAGA.
0 0 o9, Sor-GT 0 0
0 0 0 7} 0 0

s
The operator J; is again formally skew adjoint. Given the overall state x, = (r, 0,v,w,n, m), the dynamics for the augmented system
can be written in the following canonical Hamiltonian descriptor form [29]

Es(xs)atxs = Js(xs)zs’
O0H,
5xg

In this case the variational derivative of the Hamiltonian contains nonlinear terms.

T, _
E z, =

2.3. Material formulation

This formulation is also called intrinsic in the literature. The term intrinsic, used by Hodges in his seminal work [8], refers to
the fact that the displacement and rotation do not appear in the unforced dynamics and can be reconstructed a posteriori from the
knowledge of the linear and angular velocity. Since this formulation is the one that we will consider later for discretization and
simulation, we will detail the port-Hamiltonian formulation and the incorporation of additional potential like gravity. The equations
are given in the following form

01 16

0o Sz STk

T ~T >T
biagl 71 2] = 0 0 b of, n:VTS 0 75 offlef
A o, —-b, 0 0| |[sTk s o offfa
C m 0 0 0 0 0 0 0 0(\m

.
where b, = (0,1) is the second element of the Euclidean canonical basis and it arises from .Sb; = —b,. Unlike in the previous two
formulations, here, the differential operator J¢ can be split into a constant differential part and a state modulated algebraic (matrix)
part

Tnlen) =Ty + 07 (en),  en=@, o 0 m),
defined as
0 0 a4 O 0 Sz, S’k 0
0 0 bl a z's 0 7TS 0
e — 2 s e — v
ma=lo p, 0 of Tma@=lgTe 55 0 of (1)
0 a9 0 0 0 0 0 0
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The system can be compactly written as
0,q = P, (Oe,,,
Mo,e,, = Ji(ey)ey.
where the different quantities are defined through comparison with (10). This leads to the port-Hamiltonian formulation

Eatxm = Jm(xm)zm’

_ 8H, (12)

E'z, = T, = E"Qx,,

where the state vector is x,, = (g, e,,) and the matrices E, Q and operator .7, read
I 0 0 0 0 P.(6)
I |
0 M 0o I " =PIO)  Ten)
Once again the operator J,, can be split into a constant differential part and a state modulated matrix

Jm(xm) = v]m,d + Jm,a(xm)s

defined as follows

0 0 0 P.(0) ]
= ) J X, = m .
e [0 Jni,d] w0 = o) aren
The total energy of the system is given by
H, = 1 /(pAﬁTm plw® + A" Ci+ Com?) ds = 1 / el Me,, ds.
2 Jao 2J)o ™
Since J,, is formally skew-adjoint, the time derivative of the Hamiltonian provides

H,, = (D, )y + (@, m)yg-

One can notice that the differential operator .J;, 4 is linear. Different mixed variational formulations can be constructed, resulting
in different natural boundary conditions. This specificity of the intrinsic model distinguishes it from the two previously discussed
formulations for the following reasons:

e Because of its quasilinear nature, a weak formulation for the spatial-material formulation necessarily relies on the use of natural
Neumann boundary conditions.

e For the spatial formulation, the energy directly depends on the geometrical configuration via the rotation angle, thus making it
difficult to preserve the energy.

For this reason, we prefer the intrinsic formulation and disregard the other two representations in the remainder of this work.
The linear case. The linear case is governed by the following PDEs

oAl (3) [o o o o]
. |ello]e 0 0 b o |e
D A= > Ol Moe, = J¢ e, 13
e lala| "o, b, 0o ofa| em = T gem (13)
c.| \m) [0 o o ofm

r

This system is equivalent to the Timoshenko beam model [31]. In the linear regime, the material and spatial version of a vector
coincide.

Incorporation of the gravity potential. The gravity potential, with gravity acceleration g, is written using the centerline vertical
position r, = r' b, as follows

U= / pAgr, ds. 14
Q
The gravity force per unit reference length is then obtained as g = —%. The overall Hamiltonian system is written
1 0lofq) _ 0 P, (0) | (64U
0 Mlot\e,) |-PI® T\ en /)
Note that the effect of gravity is nonlinear in the material formulation as the force has to be rotated in the material frame.
3. Spatial discretization of the material formulation

The discretization will be explained only for the linear part, as the differential operators in the intrinsic formulation appear only
linearly. The discretization of the full nonlinear system (10) will be briefly explained later on. As all nonlinear terms are of algebraic

7
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nature, their finite element discretization boils down to a projection onto the finite element spaces. The weak form of the linear
system (13) is given by
(W, pAGD)g = (W, O;R)g,
Wy pI0,0)q = (W, b) A)g + (v, d;m)q,
Wy CioM)g = =y, byw)g + (W, d;D)q.
Wp> C0m)q = (W, I;@)q,

(15)

where y, y are appropriate test functions. Different integration by parts lead to different boundary terms. In particular, performing
integration by parts on the first two equations allows for the imposition of prescribed forces and moments. This coincides with the
common procedure in computational mechanics. Using the second two equations instead, one is able to naturally impose prescribed
velocities on the boundary without using Lagrange multipliers. In pH terminology, one speaks of different causalities in the final
system. This methodology has been detailed in [32,33].

3.1. Free-free boundary conditions

If the first two lines of (15) are integrated by parts then one obtains
(W, pAOD)g = -0y, Mg + (W, N)q,
W p10,0)q = +(W,, b M)g — (0,0, Mg + W Mg,
W Co)g = —(,, byw)g + (¥, 0,D)g.
Wy> C.0m)q = +(y,,, 0,0)q.

(16)

Lagrange polynomial ansatz functions (linear continuous Galerkin "CG,") are used for the linear and angular velocity and piecewise
constant ansatz functions are used for the stress resultants (discontinuous Galerkin “DG,")
b, €[CG,)%, w, €CG,, 7, € [DGy, m, € DGy
In the sense of a Bubnov-Galerkin method analogous ansatz functions for the related test functions are chosen
v, €[CG,), v, €CG;, w, €[DGy]% w, € DG,.

Given N finite elements and mesh size h = L/N;, where L is the beam length, the finite element expansion is then written as

el>

Nej+1 Nej
~ _ @i(s) 0 Vx,,'(l) ~ _ Xi(s) 0 nx‘,-(t)
Dy(s,1) = Z} [ 0 qoi(s)] (Vy,i(’)>7 n,(s,0) = Z:‘ [ 0 )(i(S)] <ny,i(1)>,
Ngj+1 N, a7

el
op(s,0= Y (WD), my(s,1) = Y xi()my(0),

i=1 i=1
where ¢, represent the i—th Lagrange function and ;(s) = 1;,_jyp<s<;n) 1S the constant function over the element i. An analogously
expansion is used for the test functions. Since the spaces satisfy 9,CG; C DG, cf. Fig. 1, this choice makes some relationships between
the variables exact [22]. For instance one has the relationship
Cratmh = aswh
holds strongly. Since the test function y, lives in a discontinuous space, the methods avoids transverse shear locking phenomena
[13]. More formally it holds
C,0,i), = 0,0, — byllpg, Wy,
where I, is the L? projection onto the DG, space.
As customary in port-Hamiltonian systems, the outputs are also included in the weak form. These coincide with nodal evaluations
of the velocities at the extremities
Yo =Plsqs
Yo = a)lr)ﬂ’
Inserting the above finite element approximations into weak form (16), and accounting for the arbitrariness of the test functions, the
following set of ordinary differential equations (ODE) is obtained

pAMg, v 0 0 -Dg, 0 [(v) [Tg O
. pIM  |d|w 0 0 FT -DT || w 0 T"|(u,
Diag| — = + ,
hC, @1y, |di|n Dg, -F 0 0 [n 0 0 |[\u,
C,hly, m 0 D 0 0 |{m 0 0
(18)
\4
Yo _|Tgz O O Offw
Yo/ | O T 0 O0]|n
m
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Fig. 1. Derivative of a Lagrange space CG,, leading to a piecewise constant function.

Vectors v = (v,,v,) € R*?Na*2 w € RNet!, n = (n,,n,) € R?Ne and m € RNl contain the finite element degrees of freedom. The no-
tation Ag, indicates that the matrix A is repeated i—times on the diagonal of the resulting matrix and can be written using the
Kronecker product as Ag, = I, ® A. Furthermore, M € RWer+DX(Na+D) s the mass matrix obtained when using Lagrange basis and
D € RNeX(Ner*D) jg an approximation matrix of the spatial derivative operator. The component-wise expression of the two is as follows

[M]i/’ = (¢;, §0j)97 [D]i/’ = ax‘/’j)ﬂ'

Matrix F € R2NeXNait+D) i given by
0
F= ol [;; = (i @))q-

Finally T € R>Nei*! is a localization matrix that picks the degrees of freedom at the boundary
0

1
bT 0
T=|,1! , b, =|0}, bNel-+—l =

0]
bNe|+l : 0
0 1

The inputs of the system are the forces and bending moments at the extremities:

7,00,
N BN _ (-m(,1)
"Elaonf T <+m(L, z)>’
+A,(L, 1)

whereas the outputs are the linear and angular velocities

0,(0,1)
@ _ [ 0.1
Y=o Yo7 <w(L,z)>’
0,(L.1)

The system (18) is written more compactly as

MSeép = JSep +Blup,
yr=®)Tep,

with positive definite M = M; >0and J§ = —(J;)T. The superscript of the structure matrix J§. refers to the fact that the matrices
are related to coenergy part e. Later on, the kinematic relationships between the coordinates and the velocities are also included.
Then the overall dynamics is still governed by an overall skew-symmetric matrix J. The power conjugated outputs (the linear and
angular velocities) have been added to interconnect systems with different boundary conditions. Note that the port matrix here and
also in the following sections is constant. The resulting system can be represented via a block diagram as in Fig. 2.

Let us now proceed analogously with a different set of boundary conditions: The case where both extremities of the beam are
clamped.
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Fnfog — Free > 0lon

Fm|og —H —— wlsn

Fig. 2. Block diagram for the free-free case.

v]og —— Clamped — Fnloo

wlpg —— 4 ] ——— Fmlaq

Fig. 3. Block diagram for the clamped-clamped case.

3.2. Clamped-clamped boundary conditions

If the last two lines of (15) are integrated by parts then one obtains

Wy, PAOD)q = +(y,, Osi)q,
(W PIO,®)q =+, by Mg + (W, d;m)g, (19)
(w,» Co,)q = ~(w,, byw)g — (O, W, D) + (W, D)
s CrOm)g = —(O5¥ys @) + (Wiys ®)agq-
For this formulation continuous Lagrange ansatz functions of order one are used for the stress resultants and piecewise constant
ansatz functions are used for the linear and angular velocity, i.e,

i, € [CG,)*, m, €CG,, D), € [DGyl*, w, € DGy.
Introducing the finite element approximations to the weak form, the following ODE is obtained, cf. Fig. 3
pAhL v 0 0 Dg, Offv 0 0
.| pIhly |a|w 0 0 FI'  D|w 0 0 |(u,
D e [ 7= + ,
8 c @M |ar|n -Dg, -F 0 ofn| Ty, O |\u,
cM m 0 -DT 0 0|m 0 T!
(20)
v
Y. 0 0 T,g 0flw
Y.) [0 O 0 T,||n|
m

where T, € R>®a+*D is the normal trace matrix, taking values —1 or 1 for the left and right extremity degree of freedom

—bT
T = T 1 .
N L
Matrix F € R?Na+DXNe is given by
0
- [0]

Matrix F takes a different expression with respect to the previous example as the finite element bases have changed. Contrarily to the
previous section, here, the input to the systems are the linear and angular velocities at the extremities,

0,(0,1)
_|o(L.n _ [ w(0,1)
i XY <co(L,t)>'
Dy(L,1)

whereas the outputs represent the forces and momenta

-n,(0,1)
|+, _ (m(0,1)
W loaonl T <m(L, z))'
+1,(L, 1)

10
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tm|pgq ——

V]og —

Pinned

A A

——— wlan

——— +7s0

Fig. 4. Block diagram for the pinned case.

As before, the system (20) can be written in a more compact form given by
M¢.éc = Jiec +Biuc,
Yo = BS) Tec.
In the following, we treat forces differently than moments and linear velocities differently than angular velocities. This leads to two

further causality cases.

3.3. Pinned case

If the second and third line of (15) are integrated by parts then one obtains

(W, pAdD)q = +(,, O;)q,
W PIO,®)q =+, by Mg — (O,W,, Mg + Wy, M)yas

R R 21
Wy, GO = —(W,, bryw)g — (05w, D)o + (Wyo D)gs
(Wms Crarm)ﬂ = +(Wm’ asw)ﬂ'
For this formulation we consider
w € CG,, A €[CG,)?>, ¥ e[DGy?, me DG,
and the following ODE is obtained, cf. Fig. 4,
pAhLy, v 0 0  Dg, 0 |fv 0 0
0 0 FT  -DT TT 0
Diag PIM Hd)w]_ T NE T <um>’
C,®M |di|n —-Dg, -F 0 0 (n 0 T e |\u
C,hly, m 0 D 0 0 {{m] |o 0
(22)
v
Yo\ _[0 T 0 off w
v.) 10 0 T,g Offn|
m

Matrix F € RWVa+Dx(Na+D takes a different expression with respect to the previous examples as the finite element bases have changed

!

The system can be written in a more compact form
€ 5 — 1€ (3
Miép = Jpep +Blup,

Yp = (B%) ep.

3.4. Guided

If the first and fourth line of (15) are integrated by parts then one obtains

(W, pAID)g = -0y, Mg + (W, N)yq.
W PI0,®)g =+, by Mg + (5w, Mg,
(W, Co,)g = (¥, bryw)g + (05, D)o,
W CL0m)g = =00, ®)g + Wy @)g0r-

(23)

For this formulation we consider
De[CG,?, meCG,, weDG, i€ [DG,].

11
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nlog —— Guided — oo

—_—— it

wlag —— — ——— moq

Fig. 5. Block diagram for the guided case.

such that the following ODE is obtained (cf Fig. 5)

pAhLyy. v 0 0 —Dgez offv TT 0
M 0 0
Dlagp iw=0 0 F Dw+ un’
C,®M [dit|n Dg, -F 0 Offn 0 0 u,
C.hly, m 0 -DT 0 0 ||m 0 Tlg,
(24)
v
v, _|T 0 0 0 w
Yo/ |10 0 0 T,e|[n]
m
Matrix F € R2NaxNe is given by
0
F= .
.
The system can be written compactly as
Mgé = Jges + BLug,
Yo = BE) eg.
3.5. Extension to the nonlinear case
As we have seen in the previous sections, the discretization of the linear part leads to a system of the form
Meé:Jee +B&u—,
(] oo (25)

= (Bt )TeD,

where [] indicates the boundary conditions for the model, i.e. (] = {F, C, P, G}. In the following, due to the structure of the material
beam formulation (10), nonlinear terms are simply added to the weak formulation. For instance, if one considers a free-free boundary
causality (16), the linear part of the variational formulation reads

(Wm pAatﬁ)Q == (asy’us ﬁ)Q + (y’us ﬁ)dQ’

W PI0,0)g = = (0,0, Mg + Wy, b SR + (W,r M) e,

(Wn’ Ctatﬁ)ﬂ =+ (q’n’ asﬁ)g + (Vln’ Sblw)Q’

(Wma Crarm)ﬂ =+ (lllma asw)Q
For the nonlinear weak formulation, since the nonlinearity is just algebraic it does not require a specified treatment and it is simply
projected onto the appropriate finite element space. The thus completed weak form is given by

W, PAOD)g = — (0.9, Mg + (W, ST,@)g + (W, STkR)g + (W, Ao

W P10,0)q = = (OsW,» Mg + Wy T SD)g + Wy F+ b)) S + Wy Mg

~ ~ ~ (26)
W,» Co)g =+ W, 0,D)g + (W, STkD)g + (W, ST + bw)g,
W Com)g =+ (W, 00)q.
Once a Galerkin finite element formulation is applied, a final system of the following form is obtained
Me é=Jt (e—)e— +B-u—,
gya/ta o a @7)

=B e

Therein, the matrix J& olem) = Je + Je (e is decomposed into a constant part J‘* and a part J2 | that depends linearly on the state.
The constant part is obtalned accordlng to the finite element discretization explalned in Sectlons 3.1-3.4. The part that depends
linearly on the state is due to the geometric nonlinearity. After Galerkin projection the nonlinear part depends on the considered
formulation as different finite element spaces are used in each.

12
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3.6. Gravity effects and nodal loading

Gravity incorporation. The incorporation of gravity is achieved by considering the projection of the associated terms on the finite
element basis. An important point is the preservation of the skew-symmetry of the interconnection operator. To achieve so, the
centerline position and the cross-section angle are discretized using the same finite elements as the material velocity and angular
velocity, respectively. Furthermore, the gravity acceleration is also discretized using the same finite element basis as the centerline
position. Omitting the symbol [, the dynamics incorporating the gravity effect is given by

MY 0]d(q)_[ O PO)| (7 , [0
0o Me|ar\e) " |-PT@) I@|\e Be|™

) (28)
y=[0 ®97] < g>,
where q = (r,,r,, 0) and the gravity force is given by the vector
0 1
zq 1= pAg|1|, where 1:=]:]| (29)
0 1

For details on the construction of matrix P(#) the reader can consult Appendix A. The system (28) can then be written as a
port-Hamiltonian descriptor system [29]

Ex = J(x)z + Bu,
y=B'z,
with E = ET > 0, J(x) = —J7. All matrices and vectors are defined by comparison with (28). The gradient of the Hamiltonian H(x) =
%eTMee + U(q) satisfies
E'z=V,H. (30)

Therein, the gravity potential introduced in (14) is given by U(q) = fQ pAgr,ds, where g is the gravity acceleration and r, is the
vertical position of the centerline. Consider the finite element expansion of the centerline position

(&) 0 ] [r0
rals 1) = [ 0 am] (rym)’

where &, is a row vector collecting the finite element basis for the components of r;,. Depending on the formulation, it is given by
&=l ..oy ] €RPNeFlor & = [, ... yy,1 € RN, where ¢; and z; have been introduced in Eq. (17). Plugging this expansion
in the gravity potential gives U(r,) = pAgaTl‘y, where a = [, £7ds. In particular the rows related to r, in Eq. (30) give the identity

M51=a,  where M% = / ETE ds. (31)
Q
Note that we have taken into account the finite element basis in the latter expression. Although not recommended from a numerical
standpoint, the system can in principle be written in canonical port-Hamiltonian form [34] as
x = JX)V,H + Bu,
y=BTV_H.
in which J(x) := E"'J(x)E-T and B := E~!'B. This is due to the fact that E > 0 can be inverted.

Nodal loading. The proposed method relies on a variational formulation, so arbitrary point loads can be incorporated into the weak
form as follows. Consider a nodal load written in the material formulation

Foodal(s:1) = f(B)8(s — 5,)
Consider a finite element discretization of the velocity test function
& 0 ]

0 &

where §; can be either a Lagrange or a piecewise constant finite element basis (depending on the mixed formulation used). The forcing
term in the weak formulation takes the form

(V’v’ fnudal)ﬂ = E‘(Sp)Tf(t)

The inclusion of an associated port modifies the dynamics as follows

y,(s) € range{Z(s)}, Z(s) = [

Ex = J(x)z + Bu+ B f, 0
y=B'z B, =|&G6,)"|
Y= B;z, 0

13
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4. Interconnection of subsystems

In this section, the different discrete formulations (free, clamped, and pinned) are interconnected to assemble systems without
the need for Lagrange multipliers. This does not imply that every flexible multibody system can be formulated without algebraic
constraints; rather, the proposed methodology provides greater flexibility in the assembly of beam structures. For the considered
examples the guided model is not employed. This can be used for two different purposes:

e We obtain mixed boundary conditions. This point is explained in a more general and abstract framework in [23] but here it is
made concrete by the model choice;
e We construct multibody systems with less or in some cases even no algebraic constraints;

Therefore, the methodology shares similarities with the two-input two-output approach [35,36]. However,the presented approach
guarantees the preservation of the overall Hamiltonian structure without the need of inverting a dynamical system. The interconnec-
tion of systems embodies the power preservation across interconnection points and is an analogous procedure to the choice of flux
terms in discontinuous Galerkin methods [37]. These two aspects are illustrated by two examples respectively: a cantilever beam and
a four bar mechanism.

Remark 2. The present framework imposes equal velocities and forces in a weak manner meaning that point of connection in
multibody systems do not have the same velocity but rather exchange forces and velocity fluxed. The idea is analogous to that
of a numerical flux in discontinuous Galerkin method. Therefore there is no strong enforcement of velocity constraints and drifts
can indeed occur. We did not observe drift issues in the numerical examples presented in the paper. Penalization strategies can
be included to guarantee that the equality of velocities of forces is not violated. Within this framework multibody system can be
assembled without algebraic constraints by exchanging flux information. This is a novel perspective with respect to standard position
based finite element discretization. However, it is still possible to interconnected components in a standard way, by imposing equality
of velocities. This way of interconnecting systems corresponds to using a feedback interconnection (or gyrator in port-Hamiltonian
jargon [34]). Another way, that is analogous to finite element assembly, is to interconnect system via a transformer interconnection.
This transformer interconnection is used when systems arising from the same formulation are used together. The interested reader
can consult [38] for an application of the latter approach to the floating frame of reference formulations of beams.

4.1. Mixed boundary conditions: a cantilever beam
To obtain a dynamical system representing a cantilever beam, cf Fig. 6, the clamped-clamped representation presented in Sec-
tion 3.2 is interconnected with the free-free one of Section 3.1 by means of a feedback interconnection.

The overall cantilever beam can be split at an arbitrary point with coordinate x = L,. Here the midpoint is chosen for simplicity.
To express the interconnection, the left (1) and right (r) inputs and outputs are explicitly shown. The left half is described by the

Ay

L1 L2
Fig. 6. Cantilever beam split into a clamped and a free beam.

Vs,=0 —Tg =0

—Ya=0 o Clamped (1)

Vs,=L, g g Ts,—L, DVsy=0
We, — — )
e U e 2

—Mg =0

Bocle | ! Oyt
Mesy=L, Wso=L,
—

Fig. 7. A cantilever beam as interconnected system.
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clamped-clamped formulation.

Ecxe =Jc(xo)ze +Bejuc, + Beuce,,
Beam 1l qyc, = lezc,

Yer = BZ,,ZC-
The right half is described by the free formulation

Epxp =Jp(xp)zp +Bpjup; + Be up .,
Beam 2 4y, =BJ zp,

Yrr= B;’,ZF-
The gyrator (or feedback) interconnection

Uc,=YFri1»

Up;==Ycr

represents essentially Newton’s third law: The linear and angular velocity is the same on both sides and the forces and torque are
equal and opposite. The corresponding block-diagram is represented in Fig. 7. The resulting interconnected system can be written as

C O S DR (6
0 Ep| \xp _BF,/BZ, Jr(xp) Zp 0 By, [\ugp, '
T
<YC,1> _ Bc,t 0 (ZC>_
YF.r 0 B;,, Zf
Note that this is again a port-Hamiltonian system with skew-symmetric structure matrix. To this end, all beneficial properties of
this system class are inherited by larger multibody systems constructed with our approach. In the case of homogeneous boundary

conditions, meaning that the beam is clamped at the left extremity and free and unforced at the right, the inputs are simply set to
zero, i.e.

uc; =0, The beam is clamped at the left extremity,

up, =0, No forces and torques are applied at the right extremity.

4.2. A kinematic loop: four bar mechanism

The four bar mechanism [13] is a simple example of a closed kinematic chain. Beams 1 and 3 are connected to the ground
through revolute support joints, cf. Fig. 8. The proposed methodology makes it possible to represent this system without making use
of algebraic multipliers. For this systems, as the bending moments are zero at the joints, the bending moment input is set to zero for all
models meaning u,, = 0. Then, the inputs and outputs will either represent linear velocities or forces. To explain the interconnection,
consider the dynamics of three beams separately. By considering the pinned case for beam 1 and beam 3 as well as the free-free case
for beam 2 we obtain the representation

Beam 1

Fig. 8. Four bar mechanism.
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Vs1=0 7';'\1/5 =0

—51=0 o TNa=0 4
—mg o Pinned (1) | w0

USQ:LI & Ns,=L, 1 Vs, =0 >

Msy=1, Z; Wsi=L; Msy=0 Free (2) Wsy=0

MNsy=1L, . Vsr=L, —MNg,=0
Msy=Ly Wsa=Ly | Mis3=0 Pinned (3) Wss=0

Vsy=1L, Tss=Ls

U lg B
Ns3=Ls Wsy=Ls
—>

Fig. 9. Block diagram for the four bar mechanism.

EpiXp; =Jp1(Xp1)zZp) +Bpj yupy i +BpyyUpy s
Beam 1 {yp =B;|'U]ZP1,
YPinr = B1T>1,U11P1’
EpyXpy = Jpa(Xp2)2py + Browpam + Bronra
Beam 2 (ypy . = B;l,,,zm’
YFro.or = BlTrz,,,,Zfzv
Ep3Xp3 = Jp3(Xp3)2p3 + Bps yUps o1 + Bps o Up3 s
Beam 3 qypy, = B;Mlzm,
YP3nr = B;3,U/ZP3~
where up; ;. up;, denote the left, respectively right, velocity input for the pinned ith beam (i = 1,3) and up, ,;, ;. denote the left,
respectively right, force input for the free 2nd free beam. The conjugated outputs yp; ,;, ¥p;,, T€present the left, respectively right,
force output for the pinned ith beam and y, ;. Y, represent the left, respectively right, velocity output for the 2nd free beam.

The corresponding block-diagram is shown in Fig. 9. Pinning the beams 1 and 3 to the ground at point A and D, respectively, is then
expressed in terms of vaninishing velocities as

upy =0, (32)
Ups = 0.
The revolute joint connections at point B and C require the orientation of the adjacent beams such that
A@p (L, )upy = +AOF(0,0)Y -
AOF0,0)upy = =AOp (L1, D)Yp1 s
AOp3(0,0)ups = +AO 2 (Lo, DY s
AOpy(Ly, gy e = =AOp3(0, )Y p3 >

While the first and third equation constitute equal spatial velocities in the points B and C, respectively, the second and fourth row
correspond to opposite spatial forces. The overall interconnected system can eventually be written as

Ep |(%p Jp1(Xpy) +Bpyp ABL, 0 Zp
Diag|Epy [ %52 [ = [ -BrowAT(@)Bp, Jra(Xp2) By, ATBBL, (1 2ps |
Ep; \Xp; 0 Bps uABBL, . Jp3(xp3) Zp3

where

a(t) = 0py(0,1) — 0p(Ly, 1), B() = Opy(Ly, 1) — 0p3(0,1),

denote relative rotation angles.
5. Time integration

After interconnection, the final multibody system is written in a similar form to Eq. (28), with the important difference that the
matrix J now may depend on the rotation angles 0 because of the presence of joints, as

M1 0]dfqy_| © P©) | (z 0
[0 Meh(c)‘[—ﬂ(e) J(e,e)Kél)*[Be]“’ (33)

16



A. Brugnoli et al. Mechanism and Machine Theory 231 (2026) 106654

where now the matrix J(e,0) = —J" (e, 0) can be decomposed into the local dynamics of each subsystem and a part due to the inter-
connection

Je.0)=J@+J"®), J*=DiagJ}.J5 ... 5 )

systems

where J€ is the block-diagonal concatenation of the matrices of each subsystem whereas J™ contains all the coupling terms. All
other matrices are obtained by concatenation of matrices of the single subsystems just like J¢. When including the gravity effect, the
Hamiltonian is quadratic in e and linear in q.

Therefore the energy can be exactly preserved using the implicit midpoint scheme. This leads to the following system, where At
is the constant time step size,

MY 0] (- qn> [ 0 P©,,1,) < z > [0}
= At a4 + At u S (34)
[ 0 Me] <en+1 —e, —PT(0n+I/2) J(en+1/2, 9n+1/2) €12 B n+1/2
where 2, =V U is a constant gravity force. The notation x, ~ x(¢,), X, ~ X(¢,, ;) denotes sampling approximations at the current

or next time instance, whereas X/, := %(Xn +x,,1). Notice that the evolution of the centerline position can be reconstructed a
posteriori from the knowledge of 6, and v by integrating

Mr(rn+l - rn) = AIfl{(9n+l/2)vn+l/2‘ (35)

This is the time discrete version of the first block of differential equations in system (33). The matrix R(0) can be interpreted as a
discretization of the rotation matrix and it is given by

_[]& o & 0
- [ gl o

where ¢, is the finite element ansatz matrix for the centerline position and the linear velocity.

Proposition 1. When u,,,, =0 the discrete energy H(x,) = %enTMee,, + pgAaTl'y.,, is preserved. If instead the system is forced by an
external input, the following power balance is obtained

H(x,) — H(X,;1)
nTH =Yoot/ Yarr 1= B Te .

Proof. Premultipling the left and right side of Eq. (34) by (z4, €,,,), it is obtained that

T
BRI
eVl+1/2 0 Me €rr1 — €,
as the first matrix on the right hand side of (34) is skew-symmetric. Multiplying Eq. (31) by (r,,., —r,,) and using the symmetry of
M yields
1TMrY(ry’"+1 —-r,,)= aT(ryynH =T, 37)
Using the relation (29) together with (37), one can rewrite (36) as the following discrete energy conservation balance

LT T LT T
3¢ M, +pgAa'r,, = Ee,,+1Meen+l +pgAar, .

That is, H(x,) = H(x,,). The power balance above is obtained by an analogous computation. [
Remark 3. In the material formulation, the angular momentum becomes a nonlinear expression because of the rotation matrix. Its

expression is

o 0 I
Jy = s PASAG),)0n )0 + (L plo,)g.= pAr]SRO,)v, + pI1"M®w,, S := [-1 0].

Therefore, the implicit midpoint scheme does not preserve the angular momentum. In the spatial-material formulation, however, this
can be achieved, cf. [13].

Remark 4. The recursion (34) can be equivalently written as

" At 1n z At o, -1
(q +1> _ Cay(jE Jx +1/2)><eq> + (E— 7J(X +1/2)) ArBu,, ),

€r+1
where Cay(A) := (I— A)"!(I+ A) denotes the Cayley transform of the matrix A.
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Table 1
Parameters for flying spaghetti example.

At [s] T [s] Ny [1] L [m] pA [kg/m] pI [kgm] EA=GA [N] EI [Nm?]

0.1 15 10 10 1 10 10* 100

6. Numerical examples

In this section, the performance of our approach is assessed on four different examples:

e The flying spaghetti benchmark [39]. This example is used to verify the proposed mixed finite element discretization and its
properties.

e A pendulum with a lumped mass attached [14]. This simple example shows how the overall model can be constructed by inter-
connecting the pendulum bar and the mass as two subsystems. We compare our results with the literature.

¢ An L-shaped frame [40]. This example demonstrates how the proposed interconnection strategy combines a free-free model with
a cantilever beam, cf. Section 4.

¢ A four bar mechanism. This example demonstrates that the proposed interconnection strategy can be used on closed loop kinematic
chains as well.

For all examples we check energy conservation as discussed in the previous Section. This is a common feature of all models
discussed in this paper. The code is implemented in PYTHON. To implement the Newton method for the implicit midpoint method,
the JAx library [41] is used to compute the Jacobian using automatic differentiation.

6.1. Flying spaghetti

The first example is concerned with the free motion of a floating beam. This is the so-called flying spaghetti problem original
proposed in [39]. The objective of the test is to validate the novel mixed finite element discretization strategy and verify the energy
conservation properties induced by the time integration approach, see Section 5. Note that we make use of the free-free model
according to Section 3.1. Initially in an inclined configuration (see Fig. 10), the beam is subject to the following boundary conditions:
a free end at s =0 and a nodal force and torque at s = L, n|,_; = ny, m|,_; = m,. These are applied for 2.5 [s] and given by the
expressions

8b, fort <2.5[s], -80 fort < 2.5 [s],
ny(t) = my(1) =
0 for¢>2.5[s], 0 for ¢ > 2.5 [s].

After 2.5 [s], the system is isolated and the beam floats freely. The physical parameters, reported in Table 1, are the same as in [39],
albeit non physical since EA/EI = pA/pI does not hold true. The configurations of the beam at different time instants are shown
together with a colorcoding for the bending moment in Fig. 11 and they agree with the results reported in [39, Fig. 4]. The initial
force and torque applied at one boundary during the first 2.5 [s] impart a net linear and angular momentum to the structure. Because
the system is completely isolated after this transient forcing, the beam undergoes continuous large-scale rigid-body translation and
rotation across the x — y plane as it drifts freely. The applied loads simultaneously excite the highly flexible dynamic modes of the
structure, causing significant continuous bending. The color-coding in Fig. 11 specifically maps the internal bending moment along
the arc length. This visually captures the magnitude of the local elastic deformation as it evolves dynamically over time, reflecting
the ongoing internal exchange between kinetic and elastic potential energy long after the external forcing ceases at r = 2.5 [s] s. The
trend of the energy and its increments are shown in Fig. 12. It can be noticed that for 1 > 2.5 [s] the energy is preserved up to machine
precision. The results qualitatively coincide with the ones reported by [13].

6.2. Flexible pendulum

The next example is a simple pendulum under gravity, cf. Fig. 14. The setup and parameters are the same as the ones used in [14].
The pendulum has length L with a concentrated mass m positioned at the free end which is represented with a single finite element
of length 4 = 3.04. To obtain the system the pinned formulation is interconnected with the mass as explained in Section 4, cf Fig. 13.
The geometric and material properties are given in Table 2. For the simulation the initial angle is taken to be 6§, = z/2 whereas all
the other parameters are set to zero. The results in terms of angle and angular velocity are shown in Fig. 15 and they coincide with
those obtained in [14]. The energy evolution and its increments are reported in Fig. 16. It can be noticed that the overall energy is
preserved up to machine precision.

6.3. L-shaped frame

We now consider the motion of a large frame. An analogous setting using geometrically exact beams has been considered in [14],
whereas in [40] the same problem is treated using Q4 elements (bilinear four node quadrilateral finite element). This system can
be obtained via the interconnection of a free beam and a cantilever one, as illustrated in Fig. 17. The configuration is reported in
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Fig. 10. Initial configuration for the flying spaghetti.

100

—100

0 5 10 15
X |[m]

Fig. 11. Configuration of the beam at different instants for 1 < 7.5, after each 5 time increments.

400 101 4 I\IVVT
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3001 = 10771
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T 1075
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10714
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Time [s] Time [s]

Fig. 12. Evolution of the energy (left) and its increments (right) for the flying spaghetti.

Table 2
Parameters for the flexible pendulum.

At [s] T [s] Ny [] L [m] pA [kg/m] pI [kg m] EA=GA [N] EI [Nm?] m [kg]

0.1 5 1 3.04 0 0 1010 1010 10

19



A. Brugnoli et al. Mechanism and Machine Theory 231 (2026) 106654

Do—g —T—
—ms—o | Pinned beam | ws—o
by weeg, 71 Lumped Mass

Fig. 13. Pendulum with lumped mass as interconnected system.

Fig. 14. Pendulum.
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Fig. 15. Evolution of rotation and of the angular velocity of the pendulum.
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Fig. 16. Evolution of energy and energy increments for the pendulum.
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A. Brugnoli et al.
Table 3
Parameters for the L-shaped frame.
At [s] T [s] Ny [ pA [kg/m] pI [kgm] EA [N] GA [N] EI [Nm?]
Rigid 0.01 5 10 1 0.1 107 5-10° 100
Soft 0.01 5 10 0.5 0.05 10° 5-10* 10*
T, 0 Byy—0
—Ms =0 Ws,=0
! Free '
Ms=1, H H Usi=1, T _ Msy=0
MLy s=t | PT(5) Cantilever M0,
My1, 2 I Ysp=la
Wel—
Migy—1L, s3=Lo .
s
—P(3)
Fig. 17. L-shaped frame obtained as interconnected of a free beam and a cantilever one.
q(t) i
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|
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! |
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|
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|
T t
gty .10 Tq(t) 0.5 1

(a) L-shaped frame

(b) Loading function q(t)

Fig. 18. Geometry and loading definition for the L-shaped frame.

Table 4

Parameters for the multibody system.
Ar[s]  TI[s] Nyl L; [m] pkg/m’]  A[m?] I [m*] E [Pa] v []
0.02 10 (10,6,6})  {V/5,1.5,4/2) 2710 0.05 0.05*/12  2.1-101" 0.3

Fig. 18a, whereas the geometric and physical parameters are reported in Table 3. As in [14] two different scenarios are considered:
a rigid frame and a more flexible one. For both cases a time step of A7z = 0.1 and 10 finite elements per beam are considered. For the
rigid case, the frame configurations at different instants are reported in Fig. 19a and the energy signals and the incremental variation
of the energy are reported in Fig. 20. We realize the rigidity by setting compliance parameters in the compliance matrix to zero. The
corresponding stress type quantities immediately act as Lagrange multipliers. For the soft case, the frame configurations at different
instants are reported in Fig. 19b and the energy signals and the incremental variation of the energy are reported in Fig. 21. The results

are well in accordance with the findings of [14].

6.4. Four bar mechanism

The four bar mechanism is a common benchmark for multibody dynamics problems [42]. The geometry of the problem and the
construction of the system is explained in Section 4.2 and reported in Figs. 8 and 9. The system is subjected to gravity acting in the
negative y-direction, which is incorporated into the proposed formulation by including distributed input forces with constant value
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(a) Rigid L-shaped frame. (b) Soft L-shaped frame.
Fig. 19. Output configurations for the L-shaped frames at time instants 7 = {1,2,3,4,5} [s].
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Fig. 20. Rigid L-frame: evolution of energy and energy increments.
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Fig. 21. Soft L-frame: evolution of energy and energy increments.

n., = —gpAb, as explained in Section 3.6. The geometric and physical parameters are reported in Table 4. The initial configuration
of the mechanism, is reported in Fig. 22. The analysis focuses on the motion of the center point P of the middle beam, whose initial
position is given by rp(t = 0) = (2.75, 1.5). The position of point P is shown in Fig. 24 and the configurations of the system at different
time instants are shown in Fig. 25. The results coincide with the findings in [13]. Fig. 28 verifies the discrete-time energy-preservation
of the proposed integration approach. To assess the accuracy of the scheme, we also verify the convergence behavior for the scheme
for different refinements level in time and space. As a measure of accuracy, the error of the position of point P with respect to a
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Fig. 22. Initial configuration for the four bar mechanism.
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(a) Time convergence (b) Spatial convergence
Fig. 23. Convergence results for the error on point P.
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Fig. 24. Position of point P over time.

reference solution at time 7 = 1 [s] is considered, namely

_Irp(t=1) =1y p(r = D]
rref,P(l =1

Error

The reference solution is computed with a time step of Az, = 0.005 [s] for the temporal convergence. For the spatial convergence
different refinements are considered with respect to the number of elements reported in Table 4. For the reference overkill solution,
a refinement level of 16 is chosen. The results are shown in Fig. 23. As expect from the implicit midpoint, the convergence rate is of
order two in time. The error decreases with order two by increasing the refinement level.

Fig. 26 reports the number of Newton iterations for the proposed solver. In Fig. 27 the number of Newton iterations at each
time step is shown for different methods: the port-Hamiltonian energy momentum preserving scheme (PH-EM) and its irreducible
implementation (PH-EMi) presented in [13], the classical energy momentum scheme (cl-EM) proposed in [43] and the proposed
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Fig. 25. Configurations for the closed loop mechanism.
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Fig. 26. Newton iterations for the four bar mechanism.

Table 5
Number and nature of variables for different schemes.

cl-EM pH-EM pH-EMi pH intrinsic
#Variables/beam  O(@4N,)) O(6N,)) O@4N,)) O(5N,)
Fields (r, 0, 0, ® (r, 0, D, o, f, m) (r, 0, D, ® 0, 0, o, n, m)

approach based on the intrinsic formulation (labeled pH intrinsic). To establish a fair comparison the Newton’s method tolerance
is set to 10 for all methods and a central difference approach is used to calculate the Jacobian matrix. The proposed formulation
requires less iterations than all other methods. Furthermore, the number of degrees of freedom for each beam scales as O(5N,,) for the
intrinsic method because one needs to solve for five fields (0, U, w, n, m). In contrast, the method proposed in [13] requires O(6N,,)
degrees of freedom for each beam, since in the spatial-material formulation the dynamics of the centerline position is coupled to the
other variables. The numbers of variables for further methods from the literature are reported in Table 5.
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Fig. 27. Comparison of Newton iterations for different integrators.
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Fig. 28. The intrinsic energy, i.e. the sum of kinetic and deformation energies H = Ekin + Edef, potential energy and total energy (left) and total
energy increments for the four bar mechanism (right).

7. Conclusion

In this work, a structure-preserving discretization for multibody systems of geometrically exact beams has been proposed. The
strategy relies on an intrinsic port-Hamiltonian beam model with different mixed finite element representations, that allow for differ-
ent natural boundary conditions. Via feedback interconnections, multibody system can be assembled without the need for Lagrange
multipliers. Since the intrinsic form of the equations relocates the nonlinearity to the algebraic part of the interconnection operator,
the energy is a quadratic form in its variables. Thanks to this feature, the implicit midpoint integrator allows an exact discrete-time
representation of the total energy balance. Here, exact denotes equality of the actual change of the discrete energy with respect to
the quadrature approximation of the supplied. It does not signify zero approximation error against the true trajectory — except in
the unforced case, where the balance trivializes to an exactly conserved quadratic invariant.

To make the presented framework applicable to generic systems, the procedure can be automated to construct a library commonly
found multibody assembly (for instance three rods combined in a triangular shape [35]). For some topologies, however, it may not
be possible to interconnect systems with different boundary conditions and avoid Lagrange multipliers. For instance, when multiple
beams converge at a single pivot node, one beam must be treated as free while the others are treated as pinned. However, this choice
may introduce inconsistencies with the remaining interconnections in the network. In general, to avoid the introduction of Lagrange
multipliers, regularization approaches—such as the addition of artificially small inertial terms in connecting nodes—can be employed.

To improve the computational efficiency of the proposed methodology, the integration approach presented in [22] can be applied
to the present formulation. In this integrator, the rotation and coenergy variables are staggered in time and therefore decoupled.
Since the nonlinear coupling terms between different multibody components are bilinear in the rotation and coenergy variables
(cf. Eq. (33)), this temporal decoupling renders their integration linear. The only remaining nonlinearity arises from the intrinsic
dynamics, which exhibits a block-diagonal structure. As a result, the number of Newton iterations required at each time step may be
further reduced.

An extension of the present approach to three-dimensional beam systems is a promising direction for future work; see [20] for
the corresponding spatial-material formulation. However, the extension is not straightforward, since rotations belong to SO(3) and
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arbitrary spatial joint orientations lead to additional complexity in the interconnection and compatibility conditions. In particular,
a rotation parametrization that avoids introducing Lagrange multipliers while preserving the geometric exactness of the beam for-
mulation is required. One possible route is to employ exponential coordinates for finite rotations, or incremental rotation updates,
which avoid the explicit enforcement of orthonormality or unit-length constraints [44-47]. Developing such a parametrization to-
gether with a consistent treatment of spatial joint orientations and their interconnections constitutes an important part of the required
three-dimensional extension.

Standard control, estimation, and optimization algorithms are natively designed to interface with explicit state-space ordinary
differential equations (ODEs) [48,49]. When multibody systems rely on differential-algebraic equations (DAEs) to enforce kinematic
constraints, applying these algorithms requires complex mathematical workarounds-such as index reduction, manifold projection, or
specialized DAE solvers-which limit their applicability. By replacing algebraic constraints with power-preserving feedback intercon-
nections, our framework yields a pure ODE structure that allows the direct use of several computational tools for nonlinear control
and estimation.
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Appendix A. Construction of the P(6) matrix

The P matrix, discussed in Section 3.5, takes different algebraic realizations depending on the formulation. The overall structure
is the following

0 0 RO 0
PO=15 E)) A

where R(6) is associated with the term [, w,A(6;)v,ds and A is associated with the term |, w,wds. This is because positions and
angular rotations are discretized using the same space of velocities and angular velocities respectively. A can be either M (the mass
matrix obtained using linear Lagrange finite elements) when the angular velocity is discretized via a continuous space or Al if the
angular velocity is discretized using a discontinuous space.

In the following, the matrices

Q=[p; ¢ .. Py, ]| €RVNewi E=[4 & ... &y, RN

collect the finite element bases in a single row vector. The R and A matrices for the different formulations are as follows
e Free case:
-
R(O) = /Q(I)®2A((I)9)<I>®2ds, A=M.
e Clamped case:
=T _n=
R(6) = /Q:.®2A(.:.9)=.®2ds, A = hl
¢ Pinned case:
=T =
R(6) = /Q.:,®2A((I>9):.®2ds, A=M.
¢ Guided case:
T —_
R(6) = /Q(I)®2A(.:.9)<I)®2ds, A =hl
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