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1 INTRODUCTION

Physically based rendering is the process of creating synthetic images by simulating light transport from
sources to sensors in a virtual scene. Its goal is to achieve photorealistic results in the form of images
that are indistinguishable from real photographs. For example, film production demands seamless
blending of synthetic images with real photography while retaining full creative control. Machine
learning makes use of rendering to create or augment training data sets with synthetic images. In
architectural or product visualization, realistic renderings of virtual prototypes support the design
process, extending even to the assessment of optical properties.

Meeting these requirements involves simulating the transport of light within a detailed scene model.
The scene comprises the 3D geometry as well as material models, which use input parameters stored in
high-resolution textures. Typically, we use geometrical optics as the underlying physical model of light
transport. Light travels along straight rays and can be scattered on surfaces or in free space inside of
participating media. A sequence of scattering interactions that links a light source to a sensor defines a
light transport path. The light transport problem can be formulated as an integral of a measurement
contribution function over the set of all paths, referred to as path space.

Monte Carlo integration has emerged as the dominant solution method, in particular due to its
flexibility with regard to both material models and geometric complexity and representation. It defines
an estimator based on the contribution of stochastically sampled paths. This estimator is equal to the
value of the integral in expectation. In practice we can only afford to sample a limited number of paths.
The residual error manifests in a noisy image and corresponds to estimator variance. When noise
levels are moderate, denoising algorithms can recover smooth images that closely approximate the
ground truth. Yet even in seemingly simple scenes, the variance of path contributions can become
prohibitively high, resulting in substantial error in practice. The primary objective of efficient Monte
Carlo-based rendering algorithms is therefore twofold: keeping the computational cost of path sampling
and evaluation low, while simultaneously maintaining robustness by keeping the variance within
acceptable limits. Achieving both is vital for practical convergence, but remains challenging.

Importance sampling is commonly used to address the most severe sources of variance. It seeks
to sample paths with higher contributions with proportionally higher probability densities. Perfect
importance sampling would yield an estimator with zero variance, but is unfortunately at least as hard
as computing the value of the original integral. Multiple sampling techniques are instead combined
into a more robust estimator, with each technique targeting only part of the path contribution. However,
this approach suffers from two limitations. First, for some paths no technique exists that samples them
reliably. Second, combining many techniques at once can incur significant computational cost, especially
in scenes where simple techniques would suffice.

These limitations stem from the fact that many classic rendering algorithms are oblivious to the
global distribution of illumination in the scene. This is unsurprising, as we require simulation to
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obtain this unknown distribution. However, selecting an efficient combination of importance sampling
techniques would require prior knowledge of paths encountered during sampling. Consequently,
a significant portion of computation may be spent on less effective techniques simply to preserve
robustness. Moreover, relying solely on local information makes many classes of paths inherently
difficult to sample. Robust sampling of such paths requires more advanced techniques that incorporate
global information.

In this dissertation, we focus on data-driven approaches that guide rendering algorithms using
information derived from previously sampled paths. A substantial amount of data is available for this
purpose, as many related integrals are estimated in parallel to compute an image, and multiple samples
are required for convergence. This data can be leveraged to adapt the algorithm to the specific scene,
improving its performance for future paths. In this way, many of the advantageous properties of Monte
Carlo-based algorithms are preserved, while inefficiencies arising from their reliance on brute-force
independent sampling are mitigated. When these ideas are applied to importance sampling to learn
better sampling distributions, the approach is known as path guiding. We introduce a path guiding
method that learns and represents distributions of paths in a general yet precise manner, reducing
variance in complicated light transport scenarios. Beyond variance reduction, data-driven approaches
can also be used to dynamically optimize other algorithmic parameters. Monte Carlo-based algorithms
exhibit challenging memory access patterns due to their random nature. We address this by optimizing
the placement of texture-data caches using observations of the sampled path distribution, thereby
lowering the cost of path evaluation.

1.1 Summary of contributions

We summarize the contributions of this dissertation in the following.

1.1.1 Vertex triplet distributions for path guiding

A key challenge of path guiding is the efficient and accurate reconstruction of a high-dimensional
path distribution for guided sampling. While existing approaches typically model guiding as a
product of low-dimensional distributions, these fail to capture complex transport effects that induce
dependencies between path vertices. However, direct modeling in path space does not scale due to its
high dimensionality. Based on the structure of the measurement contribution function, we show that
only dependencies between three consecutive vertices are relevant for modeling light transport. We
therefore introduce a general path guiding model based on the joint distribution of triplets of vertices.
It supports both surface and volumetric transport, as well as bidirectional guided path construction. We
further propose an effective training method for this model using reservoir-based resampling and a

clustering approach.

1.1.2 Multiple-scattering connections in participating media

The information of light sources in a scene is usually leveraged to locally sample the direct illumination.
However, this becomes less effective in dense, forward-scattering media, where the indirect illumination

can dominate. We introduce a method to explicitly construct corresponding paths involving multiple
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scattering events. To achieve low variance, importance sampling of the scattering directions is crucial.
Previously, no efficient solution was known for constructing such connecting paths with prescribed
endpoints and directions. Our algorithm can sample connecting paths with an arbitrary number of
vertices and an analytic probability density function. We also provide an algorithm to sample the
number of vertices based on connection distance and medium properties.

1.1.3 Dependent sampling with stochastic multiple importance sampling

While mixture models offer high expressivity for path guiding, the optimization of their parameters
remains computationally demanding. Especially in interactive applications, it can be appealing to
represent mixture models implicitly instead, for example as the stationary distribution of a stochastic
process. The stochastic multiple importance sampling estimator can be used to combine such an
uncountable set of sampling techniques. However, its original formulation requires techniques and
samples to be stochastically independent. We identify conditions under which this independence

requirement can be relaxed, and apply the result to path guiding with implicit mixture models.

1.1.4 Invertible sampling with ReSTIR

Reservoir-based spatio-temporal importance resampling (ReSTIR) enables the reuse of paths across
pixels and frames and is particularly suited for interactive applications. Reuse is achieved through shift
mappings, which transfer paths between domains. The effectiveness of a particular mapping depends
on the specific path. However, the combination of mappings is not feasible when they are defined in
spaces of different dimensionality. Similar issues have been encountered in other areas of rendering,
where an ambiguous mapping from path space to the space of random numbers was resolved using
probabilistic inversion. We show that this approach is also applicable to ReSTIR, even though shift

mappings are required to be deterministic.

1.1.5 Optimized cache placement in procedural texture graphs

In addition to reducing variance, low-overhead path evaluation is essential for convergence within
acceptable computational time. Materials often use implicit representations in the form of procedural
texture graphs to model spatial variation. While offering a compact representation, they incur significant
evaluation cost. Fully precomputing these textures is usually impractical due to the high memory
requirements. Instead, texture graphs are evaluated on demand at path vertices during path construction.
Because texture resolution is finite, identical texture values may be recomputed repeatedly in this process.
Caching can eliminate these redundancies, but its effectiveness depends on amortization through reuse
at sufficiently high sampling densities. This in turn depends on graph topology, placement within the
scene, and overall cache capacity.

We introduce a cost-based framework for optimizing caching of texture graph nodes. We define a
cost function that primarily balances the total number of texture accesses and the number of cache
entries required to support them. To estimate these costs, we develop a statistical model that predicts
the number of cache entries required during rendering, based on texture accesses recorded in a profiling
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phase. Using integer linear programming, we then minimize the cost function to identify an optimal set

of nodes for caching.

1.2 Organization of the dissertation
The discussion of the contributions in this dissertation is structured into chapters as outlined below.

Chapter 2 reviews the fundamental concepts and theoretical background required for understanding
the state of the art in Monte Carlo-based rendering.

Chapter 3 introduces a method for path guiding based on modeling the joint distribution of triplets of
consecutive path vertices. A version of this chapter has been previously published as [SHJD22b].
Appendix 3.B is based on the publication [LSD25].

Chapter 4 presents a method for sampling connecting paths with an arbitrary number of vertices in
dense, forward-scattering participating media. A version of this chapter has been previously
published as [SHD24a]. Appendix 4.C contains a previously unpublished comparison to the
track-rotation estimator from the neutron transport literature.

Chapter 5 discusses contributions that are motivated by their use in interactive applications. This
encompasses implicit mixture models for path guiding, as well as invertible shift mappings for
ReSTIR. It is based on contributions to previous publications [DSH*23; WSD24].

Chapter 6 proposes a cost-based framework for optimizing the selection of nodes to cache in a procedural
texture graph. A version of this chapter has been previously published as [SHS*25b].

Chapter 7 summarizes and concludes this dissertation.
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The goal of physically based rendering is to produce photorealistic images as the result of simulating light
transport inside a virtual scene. In this chapter, we review the respective theoretical background and
foundational algorithms for this dissertation. To specify the measurements that we want to simulate, we
introduce definitions of relevant quantities and units. We model the physical light transport as stochastic
particles (“photons”) interacting with the scene. This allows us to express the unknown measurements
as the result of integrating the contribution of all light transport paths, i.e. trajectories of photons. The
light transport simulation corresponds to solving this integral. Due to its high dimensionality, we use
Monte Carlo integration and sample paths stochastically.

Since both the light transport model and its simulation are stochastic, one possibility is to sample paths
in analogy to the model. However, for efficiency we must focus sampling effort on the small subset of
paths that contribute meaningfully to the virtual measurement. This is challenging to achieve for general
light transport. Convergence of the integration is determined both by the representativeness of sampled
paths for the physical transport and by the computational overhead of path sampling. Therefore, path
sampling algorithms are at the core of efficient light transport simulation. In the remainder of this
chapter, we review the state of the art in path sampling.

2.1 Light transport model

The virtual scene is a set of media in 3D space with homogeneous index of refraction (IOR), and a
set of 2D manifold surfaces, which represent interfaces between media. At every point x on a surface,
its orientation is defined by a normal vector n(x) of unit length. Computer graphics commonly uses
a simplified version of the geometrical optics framework. It is characterized by describing light as

(\M’V\

N

Figure 2.1: Events describe the interaction of photons with the scene. They occur either on surfaces or in media.
After a photon is emitted from a light source, it travels in a straight line until it is either absorbed, or scattered into
a different direction. This sequence of events defines a light transport path.
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L

X = (X0, X1, X2, X3, X4) — ]

Figure 2.2: We integrate a contribution function f(X) over all light transport paths, each one linking camera and
light source via a sequence of scattering events. The contribution is expressed as a density in relation to a measure
on the path space. We can intuitively imagine this as measuring the transported power in a small neighborhood
around the path, defined by the product of vertex neighborhoods.

particles (“photons”) that travel through space in straight lines. They are not affected by external forces
and only interact with the scene geometry via collision. Therefore, the complete trajectory of a photon
can be described as a sequence of interaction events: emission, scattering and absorption (see Fig. 2.1).
When events occur inside media in free space, we refer to this as volume transport and the medium as
participating. The sequence of events is a light transport path. The goal of this section is to define the
simulated measurement in terms of paths, before we proceed to algorithms for computing it.

2.1.1 Path space

We use the path integral formulation of light transport [Vea97; PKKO00] in this dissertation. This allows
us to describe and reason about many different light transport algorithms in the same mathematical
framework. We first define path space as the set of all light transport paths and then express the
measurement equation in terms of an integral over path space. See Fig. 2.2 for an illustration.

Path space. Each path consists of multiple path vertices, where each vertex corresponds to an event.
Formally, we define the path space # as the union of all sets Pk, which contain the paths of length k + 1:

P=JPe=JEx=00,.. 1) P} 2.1)
k=1 k=1

We denote path vertices by x, y and z, and directions by @. wx—y is the normalized direction from x to y.

Measurement equation. For each pixel j of our sensor, the measurement contribution f; is a function of
a path x. The total measurement I; of this pixel is then the integral of the contribution over the whole

path space, as summarized in the measurement equation:

QzLﬁ@ﬁ. 2.2)

The goal of light transport simulation is to compute the value of I; for each pixel. In the following
sections, we specify our model of light transport more precisely, after introducing required mathematical
background. The result is the definition of the measurement contribution function in Eq. (2.25).
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2.1.2 Integration and measure theory

The concise formulation of the measurement equation (Eq. (2.2)) is possible because we use the Lebesgue
integral. This allows us to define integration with respect to a measure on the abstract path space.
Measure theory is also the foundation of modern probability theory and therefore provides the link
to Monte Carlo integration, which we use to compute estimates of the integral. We summarize key
definitions and theorems without proof in this section, since we only require a high-level understanding
of fundamental concepts. Please refer to the book by Billingsley [Bil95] for a comprehensive and rigorous

introduction to measure theory with a focus on probability.

Measure. A measure is a mathematical concept to describe the “size” of sets in a general and consistent
way. For a more formal definition, let 6(Q) be a g-algebra! over a set Q. A measure is a function
p: 0(Q) — Ryo U {oo} that assigns a value of zero to the empty set and is countably additive:

i w(@) =0,

ii. u (Upsy Ak) = 2o 1(Ax) for every disjoint sequence Aq, Ay, ... in a(Q).

Example: Lebesgue measure. The k-dimensional Lebesgue measure A; on R¥ corresponds to our
intuitive notion of length (k = 1), area (k = 2) or volume (k > 3). The intuitive definition on k-rectangles

k
M({xla;i <xi<bj,i=1,...,k}) = l_[(bi - a;), (2.3)
i=1
uniquely determines A(A) forall A € o(RK).

Lebesgue integral. To integrate a real, nonnegative? function f with respect to a measure i, we
decompose the domain into a finite number of disjoint subsets A; € ¢(Q2). On each subset A;, we
approximate f by inf,ea, f(w). Then we sum its product with the subset size with respect to the
measure ((A;) over all A;. The Lebesgue integral is defined as the supremum of this sum over all such

finite decompositions:

/Q fdu= S“PZ L@gji f (w)] 1(Aj). (24)

The Lebesgue measure links this definition to the Riemann integral. If f is both Lebesgue and
Riemann integrable, the Lebesgue integral with respect to Lebesgue measure has the same value as the
Riemann integral. We commonly use alternative notation of the integral to make the function arguments

explicit, or omit the measure for brevity when it is the Lebesgue measure, or unambiguous from context:

[rau=[ rwduen= [ ropan= [ fear 25)

IBillingsley [Bil95] uses the term o-field in place of o-algebra and provides a formal definition. For our purposes, it is sufficient
to think of it as a subset of the power set £ (Q) that excludes “unusual” subsets, which would lead to contradictions. While
other choices are possible in general, we assume the Borel o-algebra () for simplicity, which is the smallest o-algebra over Q.

2With minor technical changes, f is not required to be nonnegative. See the literature for the more general definition.
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Measurable functions. Measurability is a useful property that allows us to define measures via a
function. A function T: Q — )’ is measurable if for each A’ € g(C)’) its inverse image T~!(A’) is in 6(Q).

Then, using T~! we can push forward the measure p on Q to define a new measure on ()':
poTHA) = wW(THA")), A ea(Q). (2.6)

f is integrable with respect to p o T™1 iff f o T is integrable with respect to p. In this case, we can
perform a change of variables:

[ rrehdue = [ f)dueTw) 27)
T-1(A") A

Densities. A nonnegative measurable function p is a density of v with respect to p if

va)= [ p@dute), 4co@), 28)

defines the measure v. f is integrable with respect to v iff fp is integrable with respect to . In this case,

we can use the density to change the measure of integration:

[ @)= [ f@pw)dute). 29)
A A

Radon-Nikodym derivative. Equation (2.9) shows that densities can be useful to change measure.
The Radon-Nikodym theorem states sufficient conditions for existence and uniqueness of such a density.
Suppose v is another measure. If y(A) = 0 implies v(A) = 0 for every A € o(Q2), we say that v is absolutely
continuous with respect to 1, denoted by v < . In this case, there exists a density that satisfies Eq. (2.8)
and is unique up to sets of measure zero. p is called the Radon-Nikodym derivative of v with respect to p

and can be written as g—;’l.

Change of variables with Lebesgue measure. When integrating in RF with respect to Lebesgue
measure, we can make the change of variables from Eq. (2.7) more specific. Let U C R¥ be an open set
and T: U — R¥ be continuously differentiable and injective. Suppose that det Jr(x) # 0 for all x, where
J7 is the Jacobian matrix of partial derivatives of T. If f is nonnegative, then

[ ey et ax = [ swav (2.10)
u T(U)
We see that in this case, the density of the push-forward measure (of T~?!) is the Jacobian determinant.

2.1.3 Geometric measures

In the following, we define measures that are useful for describing the geometry of light transport paths.
We illustrate these concepts in Fig. 2.3.
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Figure 2.3: We measure a surface M either using its area (a), its subtended solid angle from a point x (b), or
its solid angle projected on a surface (c). The symmetric geometry term G(x, y) relates a density expressed with
respect to area measure of y to the projected solid angle density from x, or vice versa (d).

Area measure. The area measure A on a 2D surface M C R? is equivalent to the usual notion of surface
area. It can be defined using a parametrization ¢ R2 > M, (u,v) — (x,y,z) [MT12, Sec. 7.4]:

d d
0= 323

Solid angle measure. The solid angle extends the concept of angles to higher dimensions and uses the

d(u, ). (2.11)

unit steradian [sr]. We use the solid angle measure ¢ to measure sets of directions. It is defined as the
area measure on the unit sphere S?. We are often interested in the solid angle subtended by a surface,
which is the solid angle of the projection onto the unit sphere. In Appendix 2.A, we show that the
surface area measure of y and its solid angle measure at x, where # is the surface normal, are related by

dox(y) _ |n(Y)'a’y—>x|
dAy)  Ix-yl*

(2.12)

Projected solid angle measure. When we measure solid angle from a receiving surface, it can be
important to additionally take its orientation into account. For example, photons arriving from a shallow
angle will spread over a wider area than if arriving orthogonally to the surface, affecting their density
on the surface. The projected solid angle measure o5 at x incorporates this weighting into the measure:

doy (y)
dox (Y)

= |n(x) . wx—>y| . (2.13)

Geometry term. To convert between measures in the directional and spatial domain for both surfaces
and media in a general way, we define the geometry term G(x, y):

Dx(y) Dy(x)
G(x,y) = ——_—, (2.14)
Y= Tk
|n(x) - wx—y| if xis on a surface,
Dx(y) = A , (215)
if x is in a medium,
If y is on a surface, it relates area to projected solid angle measure, i.e. G(x,y) = i‘f((yy)). Here, we

assumed o = oy if x is in a medium, since the surface normal is not defined in media, but can be
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position

time

(a) Phase space (b) Trajectory space and flux (c) Radiance

Figure 2.4: The complete system state is defined by the distribution of photons in phase space (a). Trajectory space
extends it with a time dimension (b). We define radiant flux by measuring the photon density with respect to the
temporal domain. Radiance measures photon density with respect to both projected solid angle and surface area (c).

thought of as coinciding with wx—y. When y is in a medium, G relates the volume measure V = A3 to
doy XAy, lix=yll)

the product measure of projected solid angle and distance: G(x,y) = )

Product measures. As seen in the definition of the geometry term, it can be useful to form products of
measures. In particular, this allows us to define a measure on the path space. Let ux and py be finite
measures, defined on ¢(X) and o(Y) respectively. Their product ux X py defines a unique and finite
measure on the product space o(X X Y), where ux X uy(A X B) = ux(A) uy(B) for A € 6(X), B € a(Y).

Path space measure. We have not yet defined a measure to use in the measurement equation (Eq. (2.2)),
which requires a measure that is defined on path space . We choose either area measure A or volume
measure V for each vertex and define a product measure p; on P by

Ui = Vo X -+ X Vg, (2.16)

A if x; is on a surface,
v; = (2.17)
V  if x; is in a medium.

To extend this definition to paths of all lengths, we sum the measures of each $:

u(P) = Z w(PNPy), Pea®P). (2.18)
k=1
This is the path space measure that we use in the measurement equation.

2.1.4 Radiometry

So far, we have only discussed geometric considerations. In addition, we require some concepts from
the field of radiometry to formalize quantities of light, and to relate these to simulated photon trajectories.
Here, we review only the most important definitions that are relevant to this dissertation. For a
comprehensive discussion of the subject in the context of graphics, we refer to the work by Arvo [Arv95b,
Ch. 2] and Veach [Vea97, Ch. 3]. See Fig. 2.4 for an illustration of the most important concepts.

Phase and trajectory space. The state of a single photon is defined by its position x, direction @ and
wavelength A, which corresponds to a point (x, @, 1) € R? x $? X R* in the phase space. The complete

10
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system state can be defined by the distribution of all photons in phase space. We assume photons to be
sufficiently numerous, such that we can model this distribution as a continuous one. Trajectory space

extends phase space by a time dimension in order to describe photon movement.

Event space and radiant energy. For each radiometric quantity of interest, we define a region of
trajectory space, an event space, in which we can measure spectral® radiant energy Q,. Intuitively, we
imagine the event space as a photon detector. Quantities are derived by relating the energy measure to
a suitable geometric measure on the event space, resulting in a density.

Radiant flux. Since the scale of our scene is typically small in comparison to the speed of light, we
simulate the equilibrium state of the system, seeking the energy distribution in any instant of time. By
defining the event space as a slice of time, we obtain radiant power or radiant flux:

_ 40

O = 5 [W=7s]. (2.19)

Radiance. We usually require the photon density with respect to position and direction. To this end,
we define an imaginary surface with a cone of directions attached as an event space, i.e. we measure the
energy of photons arriving at the surface within the cone. We obtain radiance as the density of energy

with respect to the product of surface area and projected solid angle measure:

do(x, w)

L =—*-
(@) dA X o (x, w)

[Wm™2sr!] (2.20)
Radiance is conserved between two points in vacuum, i.e. in the absence of any interactions in-between.
This makes it a convenient quantity for expressing the equations of transport, and for propagating it in
our simulation.

Color. Color is a key aspect of visual perception, arising from the spectral distribution of light. We
allow parameters of the scene, e.g. surface albedo, to depend on wavelength. For the simulation, we
associate each transport path with a wavelength from the visible spectrum. These can be converted to a
tristimulus value using the color matching functions of the CIE standard observer [SG31]. Tristimulus
values represent the visual sensation of a certain color that can be efficiently stored and reproduced on
an RGB display. Sometimes light transport is also directly simulated using tristimulus values, although
this is less physically accurate. However, this approach effectively simulates many wavelengths with
just a single path, which can be more efficient, since photon trajectories often do not depend strongly on
wavelength. We use hero wavelength sampling [WND*14] to achieve similar gains in efficiency with
full spectral simulation. Since the wavelength dependence is largely not important for the methods and
discussion in this dissertation, we usually do not specify it explicitly in equations.

3For brevity, we omit the wavelength dimension below and derive quantities based on the non-spectral radiant energy Q. It can
simply be replaced by Q, to arrive at the spectral counterpart of each quantity.

11
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2.1.5 Scene model and photon interactions

We are now ready to describe the model of photon interactions with the scene, i.e. emission, scattering
and absorption on surfaces and in media. Alongside the discussion of possible interactions, we introduce

relevant equations, before assembling the measurement contribution function from these terms.

Participating media. Media consist of tiny particles that photons can collide with. We describe particles
statistically using a spatial density p(x) [m‘3], instead of modeling them individually. We assume
independent distribution and isotropic mean cross-sectional area o [mz] , i.e. the projected area of the
particle is invariant under rotation. This allows us to derive a collision coefficient 1(x) = p(x) o [m‘l] ,
which describes the rate of collision of a set of photons traveling through the medium. We distinguish
absorbing (u,) and scattering (us) particles, with the combined collision coefficient yy = pa + s, also
referred to as the extinction coefficient. The probability of a photon traveling through the medium from
x to y without collision can be interpreted as a fractional visibility and is called the transmittance T(x, y):

T(x,y) = e "), (2.21)

[Px=yll
(x,y) = / p(x + s wx—y) ds. (2.22)
0

Here, 7 is called the optical depth. In the case of a homogeneous medium, i.e. constant i, this simplifies to
T(x,y) = ||x — y|| pit. If the line between x and y is blocked by a surface, we set T(x, y) = 0.

Light sources. Surfaces or media where photon emission events occur are considered light sources.
There are also some additional special cases of light sources. For example, light coming from the
surrounding environment is usually modeled by an infinitely distant light source [BN76]. We assume
explicit knowledge of light sources in a scene, i.e. it is possible to efficiently create emissive vertices in
order to begin or terminate a path. An emission distribution function (EDF) describes the directional
distribution of emitted radiance. In the measurement contribution function, radiance emitted from x

toward y occurs as

Le(x, @x—y) if x is on a surface,

Li(x,y) = (2.23)

Le(X, @x—y) pa(x)  if x is in a medium,

where we additionally multiplied by the absorption coefficient in emissive media.

Material models. Real-world materials exhibit various scattering and absorption behavior. We describe
scattering by the macroscopic directional distribution of outgoing photon directions w,, conditional on
an incident photon direction w;. This is called the bidirectional scattering4 distribution function (BSDF)

frlwo, x, w;) [sr‘l] on surfaces, and the phase function f,(w,, x, ®;) [sr‘l] in media. We unify both in

4In the absence of transmission, it is defined on the upper hemisphere only and called the bidirectional reflectance distribution
function (BRDF).

12
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the scattering function f;:

frlwyx,y, @y—z) if y is on a surface,

fs(x,y,2) = (2.24)

fol@y—x, ¥, wy—z) us(y) if yis in a medium.

An important special case of scattering is when w, is completely determined by w;. These specular
interactions occur for example on perfectly smooth reflecting or refracting surfaces, such as mirrors or
glass. These are commonly written with a Dirac delta symbol (6) inside f;, although technically such a
function does not exist. See Jakob [Jak13, Ch. 4] and Jung [Jun24, Sec. 4.8] for a more formal treatment.
Materials that are close to specular, i.e. when the scattering distribution has narrow peaks, are called
glossy. These make light transport challenging to simulate, as we discuss in Section 2.3.

Absorption on surfaces is modeled implicitly by a loss of energy in the BSDF, i.e. commonly
fQ fr(@o, X, w;) [n(x)-wi|dw; < 1. The scattering albedo o = s/ ut = 1 — pa/ e is the equivalent in media,
since the phase function is normalized by definition.

Cameras. The goal of our light transport simulation is to obtain virtual measurements on sensors,
which we assume to be part of a virtual camera. The pinhole camera is the most basic model for a camera.
Due to its infinitesimal aperture, incident directions map one-to-one to a point on the sensor. We use
the thin lens model instead, which additionally requires a position on the aperture to map between
directions and sensor points. This allows us to reproduce important effects like depth of field. More
realistic modeling of cameras can be achieved by simulating light transport inside lens systems [KMH95]
or using polynomial approximations [HD14]. We abstract from specific camera models using the sensor
responsivity Wj(x,y) = Wj(x, wx—y), which also contains a reconstruction filter for pixel .

Extensions. The basic model we have described is sufficient for many applications and in common use.
Beyond the scope of this dissertation, many extensions of it have been explored in computer graphics
research. For example, it can be important for some applications to additionally consider polarization
[WW12] or fluorescence [Gla95]. Media can also be modeled with an anisotropic cross-section [JAM*10],
continuous IOR [ABW14], and correlated particles [BRM*18; JAG18; dEon18]. These extensions can
introduce additional challenges for efficient path sampling, but are still compatible with our fundamental

framework of light transport.

2.1.6 Measurement contribution function

With the definitions from above, we can now define the measurement contribution function f; of a path
with k + 1 vertices with respect to the path space measure as the product
k-1
fi(x) = Wj(xo, x1) Le(xk, xk-1) G(x0, x1) T(x0, X1) l_[ fs(xiz1, i, xiv1) G(xi, Xi+1) T(Xi, Xi41)- (2.25)

i=1

Each term can be associated with a vertex or an edge of the path (see Fig. 2.5). This completes our
definition of the light transport problem, which is to compute the integral of Eq. (2.25) over path space

13
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fs(xl/ X2, X3)

fs(x0,x1,%2) fs(x2,X3,X4)

Figure 2.5: Each term of the measurement contribution function is associated with a path vertex or edge. Here, we
annotate the path X = (xo, X1, X2, X3, X4) as an example.

(see Eq. (2.2)). Before we discuss specific methods for light transport, we first outline the more general

approach to estimating the value of such integrals using Monte Carlo integration.

2.2 Monte Carlo integration

Numerical integration of an equation like the measurement equation is challenging due to its high
dimensionality and discontinuities in the integrand, which originate in the scene geometry. The
fundamental idea of Monte Carlo integration is to construct a random variable whose expected value is
equal to the integral of interest. By drawing samples of the random variable, we obtain an empirical
estimate of the expected value. This approach does not require a smooth integrand and can scale well
with dimensionality, provided we are able to obtain a reliable estimate efficiently. In this section, we first
review fundamental definitions from probability theory in order to formalize the idea of Monte Carlo
integration. Furthermore, we discuss approaches for improving efficiency and robustness of Monte
Carlo estimators.

2.2.1 Random variables and expectation

A random variable is a measurable function X: U — R that maps an element from the sample space U
to a realization of X. The sample space is part of the probability space (U, o(U), P), which in addition
contains a g-algebra on U and a probability measure P. A probability measure is a measure as defined in
Section 2.1.2, with the additional requirement P(?{) = 1. For our purposes, we use the unit hypercube
U = [0,1)* with Lebesgue measure P = Ay.

Distribution and probability density (PDF). The push-forward measure P o X~! (see Eq. (2.6))
of a random variable X defines a new probability measure, also referred to as its distribution. Its
Radon-Nikodym derivative with regard to a reference measure y is the probability density (PDF)

B dP o X1

Px =g (2.26)
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If the PDF exists, it inherits the normalization property of the probability measure:

/ px(x)du(x) = / dP o X‘l(x) = / dP(u) = P(U) =1. (2.27)
X(U) X(U) U

Expectation. The expected value E[X] of a random variable X is defined by

E[X] = /ﬂ X(u)dP(u). (2.28)

With a change of variables, we can also express it using a PDF if it exists:

[s+]

= oX! = . .
E[X] = /X('ZI)XdP X (x) [oo x px(x)du(x) (2.29)

It is often convenient to define another random variable by Y = ¢(X) = g o X, where g is a measurable
function, and express the expected value of g(X) in terms of the distribution of X:

E[g(X)] = / g(x)dP o X7 }(x). (2.30)
X(U)
Variance and covariance. Another important property of a random variable is variance. It describes
the “spread” of a random variable and is defined as the expected squared deviation from its expectation:
var(X) = E [(X - E[X])*] . (2.31)
This definition can be generalized to the covariance of two random variables X and Y
cov(X,Y) =E[(X - E[X]) (Y - E[Y])]. (2.32)

We call X and Y uncorrelated when cov(X,Y) = 0. In this case, E[X Y] = E[X] E[Y].

Joint distribution. To reason more precisely about the distribution of multiple random variables, we
define a random vector X: U — R, u — (X1(u), ..., Xp(u)), where X, ..., Xy are random variables.
The joint distribution is then defined as the push-forward measure of X, i.e. P o X7L. In this context, we
refer to the individual distributions P o X7 L. ...,Po Xy Las marginal distributions. Xy, ..., Xy are called
independent if their joint distribution is the product of marginal distributions:

PoX'=PoX'x--xPoX" (2.33)

We also define the joint and marginal PDF as the density of the respective distributions. Similar to
Eq. (2.33), iff X1, ..., X are independent, their joint PDF is the product of marginal PDFs.

Conditional probability. Conditional probability allows us to reason about probabilities under partial
knowledge. Consider the probability measure P and events A, B € 6(U). The conditional probability of
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A given B is defined by
P(ANB)

P(A|B) =5

(2.34)

For a random variable X, its conditional expectation E[X | G] given a sub-¢-algebra G C ¢ (U) satisfies

/E[X | G1dP = /XdP, foranyAeG. (2.35)
A A

This definition can then be used to define conditional distributions, although we do not require the full
generality of this definition for our purposes. Instead, we simplify by using probability densities, since
we can often assume their existence in our application. We define the conditional PDF pxy in terms of
the ratio of joint PDF px y and marginal PDF py, where X and Y are random variables:

pxy(x,y)

v (y) (2.36)

pxy(x|y) =

We can also write px|y(x | Y), turning the PDF into a function of Y and therefore a random variable. The
marginal PDF is the expectation of this random variable, which relates the marginal to the joint PDF:

px(x) =E [pxy(x | V)] = [ pxy(x | y)py(y)dy = [ px,y(x,y)dy. (2.37)

The conditional expectation of X given Y = y can be defined in terms of the conditional PDF by

BX 1Y =yl = [ xpalxlndx (2.39)

Similar to the case above, we also make use of the notation E [X | Y], where the conditional expectation
is a function of Y and therefore a random variable itself.

2.2.2 Monte Carlo estimator

To compute the value of the integral I = /Q f(x)du(x), we define the primary Monte Carlo estimator

f(X)

Tk

(2.39)

where X is a random variable with probability density p with respect to u, and X(U) = Q. Since
P(x) dPoX

, the expected value of F is equal to the integral of interest:

s 109] - [ S50 [ S0

1 —_
) | = S &) U= Sy o X0 = / f)dux)=1.  (240)

We refer to an estimator with this property as being unbiased. Convergence is achieved using a secondary
estimator F,, that averages n independent estimates:

Z ;; g )) (2.41)
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Due to the linearity of expectation, 1:",1 remains unbiased. It is also consistent, i.e. it converges to the

correct value in the limit, since 157, tends toward its expectation because of the law of large numbers:

a.s.

F, == E[F,] =1, when n — . (2.42)

Expected error. Since F, is unbiased, its expected squared error (MSE) is equal to its variance

. 2 . L2 .

MSE:E[(FH—I) ] :E[(FH—E[F,Z]) ] = var (£, ), (2.43)

and relates to the variance of the primary estimator by the reciprocal of the number of samples
fX)) 1 f(Xi)

var ( )

( Z p(Xi) n? Z p(Xi)

The root mean squared error (RMSE) is often a more natural error metric and equal to standard deviation:

n

% Z var (l:") = % var (ﬁ) (2.44)

i=1

o [F]
vt

We therefore say that Monte Carlo integration converges at a rate of O (170%), where the constant is the

RMSE = VMSE = —Va (F) - (2.45)

standard deviation of the primary estimator. To reduce the error, we can simply take more random
samples with a proportional increase in required computation. However, since to halve the error we
have to take four times as many samples, we quickly run into diminishing returns. If estimator variance

is too high, achieving convergence in this way becomes impractical.

Variance reduction. Reducing estimator variance is often essential to bringing down the error of
Monte Carlo integration. There exist multiple approaches to reduce different sources of variance, e.g.
stratification, antithetic sampling or control variates [Vea97]. We discuss importance sampling, which is a
particularly relevant technique for reducing variance in light transport simulation, in the next section.

2.2.3 Importance sampling

Importance sampling is a technique to reduce the variance of F by making the ratio f(X)/p(X) more
uniform. Consider for example the case when the integrand f has a high peak that is not reflected in
p. If we place a sample x’ inside the region of the peak, the ratio f(x")/p(x") will be comparatively
high. Since this case occurs infrequently, x” will be an outlier sample and increase variance substantially.
Instead, we would ideally choose p proportional to f, leading to f(X)/p(X) = I and zero variance. This
would however imply knowing I in advance, defeating the purpose of Monte Carlo integration.

Inverse transform sampling. Typically, we will instead choose an approximation f ~ f, for which we
are able to obtain a random variable X with probability density p ~ f. Inverse transform sampling is a
method to construct such a random variable with given distribution. Let X’ be a random variable with

the targeted probability density, i.e. px(x) = f(x)/ ( f_ : fy) dy). The cumulative distribution function
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Fx- and its (generalized) inversion, the quantile function F3!, are defined by

X’

Fx(x) = P o X' (—o0, x]) = / px(y)dy,

(2.46)
Fxl(u) =inf{x € R:u < Fx/(x)}.
We can now define a random variable X: [0, 1) — R via the quantile function of X’:
X(u) = Fx; (u). (2.47)

X has the same distribution as X’, and therefore the targeted probability density. In summary, to
apply inverse transform sampling, we first integrate the desired probability density and then invert
the resulting distribution function. To use inverse transform sampling with a higher dimensional
probability density g, we first factorize it, e.g. q(x, y) = q(x | y) q(y), and then apply the method to each
factor individually. For the approximation f, it is often a viable choice to omit some factors of f that
would make inverse transform sampling intractable. In our application this is convenient, because our
integrand f is defined as a product.

Multiple importance sampling (MIS). In many cases, there may be several candidates for factors to
importance sample, resulting in different sampling techniques. While each technique may be a good fit
for a certain region of the domain, samples outside of it still cause high variance. It is often difficult
to cleanly separate these regions, and simply adding estimates with high variance will only increase
it further. Multiple importance sampling [VG95b] provides a more careful combination of m sampling

techniques. We first draw n; samples for each i-th technique, and compute a weighted average:
m n;
R 1< f(Xi))
Fus= ) — ) wilXij)—=—. 2.48
Mis = ) ]Zl (X)) (248)

The estimate is unbiased, as long as the weighting function w fulfills the following conditions:
(W1) X, wi(x) =1 when f(x)#0,

(W2) w;(x) =0whenp;i(x)=0

A robust, low-variance choice is the balance heuristic

n;pi(x)

(2.49)
We can interpret it as (stratified) sampling from a mixture of techniques, which becomes more apparent
when we insert it as the weight into Eq. (2.48):

m ni

SRR N (0.5 f(Xi))
D sz(xz,,)pi(xi,j) Z;Z ST (K (2.50)

i=1 ' j=1

There is also the one-sample model of MIS, where we randomly choose a technique i for each sample
proportional to a probability c;, instead of drawing a predetermined number of samples #; for each
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(a) Vertex sampling (b) Path extension (c) Vertex connection (d) Russian roulette (top) and
splitting (bottom)

Figure 2.6: Path sampling algorithms are constructed using the shown basic operations. Vertices can be sampled
on light sources or cameras (a). A subpath can be extended by an additional vertex (b), or connected to a different
subpath (c). Subpaths can also be terminated or duplicated (d).

technique. This is useful when there are more techniques available than samples we can afford to draw.
In this case, balance heuristic weights produce the lowest variance for given c;.

2.3 Transport path sampling

Our general approach to light transport simulation is to estimate the measurement equation (Eq. (2.2))
using Monte Carlo integration with multiple importance sampling. Effectively, this transforms the
integration problem into one of sampling paths. Path sampling algorithms fundamentally determine
the efficiency of light transport simulation through the variance of the Monte Carlo estimator. It is
difficult to find a general solution to this problem that can handle every kind of scene well. Even for
algorithms that are designed for dealing with complicated transport, there remain cases where they fail.
These often introduce significant overhead compared to more lightweight algorithms in simpler scenes.
Consequently, various approaches to improving path sampling have been explored, and this continues
to be an active topic of research.

In this section, we outline the state of the art in path sampling algorithms. We introduce common
path sampling operations, combine them into basic algorithms, and discuss their limitations and general
challenges for efficient sampling. We conclude with an overview of more advanced approaches, such as
Markov chain Monte Carlo or path guiding.

2.3.1 Path sampling operations

The following set of basic operations forms the foundation of path sampling algorithms (also see Fig. 2.6).

Vertex sampling. We randomly sample an unconnected vertex on a light source, or on the image plane
of a camera, to start a new path. Depending on its origin, we refer to an incomplete path as a camera or
light subpath. Specific sampling methods depend on light source and camera models. For example, if
using a thin lens camera, we would typically sample a position on the image plane and a position on
the aperture to obtain the outgoing direction. To begin a light subpath, we select a light source first,
typically in proportion to flux. Then we sample a vertex on its surface and an outgoing direction in

proportion to the directional distribution of emission.
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Path extension. To sample longer paths, we extend a subpath with additional vertices one by one.
Starting from the previous path vertex, we first sample an outgoing direction and place the new vertex
at the next intersection with the scene. We usually importance sample the local scattering function
fs if possible, i.e. the BSDF or phase function. The intersection with the scene can be either with a
surface or with a participating medium. To intersect a medium, we usually sample the distance to next
collision (free flight) in proportion to transmittance. We place the vertex at the closest intersection, either
in the medium or on a surface. It is also possible to stochastically choose between medium or surface
intersection a priori, decoupling this decision from transmittance [VWF18].

Vertex connection. Another option is to connect two different vertices, usually to form a complete
path out of subpaths. An important example for this is next-event estimation [CCY67], where we connect
a camera subpath to a vertex sampled on a light source. Commonly, we only connect separately sampled
subpaths, since this allows us to evaluate the PDF of the resulting path as the product of subpath PDFs.
Other constructions often lead to an intractable path PDF. For example, “skipping” a vertex on a path
by connecting its predecessor to its successor would require solving an integral for the marginal PDF of
the two remaining vertices.

Russian roulette and splitting. Eventually, we have to finish extending a path with further vertices,
which would happen in the photon model on an absorption event. In light transport simulation, it
is common to always extend a path by a further scattering event instead, unless the material is fully
absorbing, which is typically a light source. Absorption is instead accounted for in the sampling weight,
i.e. the Monte Carlo estimate. This approach is known as implicit capture.

To avoid sampling overly long paths, the path length is often limited to a maximum number of vertices
in practice. This, however, systematically neglects higher-order transport, even though the additional
contribution is often negligible. Russian roulette is an alternative that terminates paths probabilistically
and was introduced to graphics by Arvo [AK90]. Its main idea is to construct an estimator F” as follows:

3 153 with survival probability P, 2.51)
0 otherwise. '

With termination probability 1 — P, we do not have to evaluate £, but the estimate remains unbiased:

A

E[F'] =PE +(1-P)E[0] =E [F]. (2.52)

P

If F is very expensive to evaluate, £’ can be more efficient despite its increased variance. This can be
applied recursively to terminate paths. Choosing the survival probability based on local quantities
alone, e.g. surface albedo, can increase variance significantly. A more robust probability can be obtained
by estimating the expected contribution of a subpath [VK16]. Rath et al. [RGH*22] adjust the termination
probability by optimizing for the efficiency of the estimator explicitly.

It is also possible to split a subpath, i.e. to duplicate it and continue sampling for each duplicate
independently. Because of the shared prefix, it results in correlated samples. While these possibly
converge more slowly than independent samples, they still maintain the correct expectation of the
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RN

(a) Path tracing (PT)

(o) Light tracing (LT) (d) Bidirectional path tracing (BDPT)

Figure 2.7: Simple path tracing (a) constructs paths by iteratively extending a subpath starting from the camera,
until encountering a light source by chance. It can be enhanced by connecting to vertices on light sources (b). Paths
can also be traced starting from a light source (c). Both methods can be combined by forming inner connections
between a camera and light subpath (d).

estimator. Probabilistic splitting can be seen as the opposite of Russian roulette, as it reduces variance
but increases computational overhead. Therefore, similar algorithms can be employed for choosing the
splitting probability [VK16; RGH*22].

2.3.2 Path sampling algorithms

The sampling operations from the previous section can be combined in different ways, leading to the

following common path sampling algorithms (shown in Fig. 2.7).

Path tracing (PT). The simplest approach to path sampling is to start a path at the camera and then
extend it vertex by vertex, until we randomly encounter a light source [Kaj86]. This has the advantage
that we can often importance sample almost all terms of the measurement equation well. However, the
important emission term is not importance sampled, since it depends on random intersection of the
light source. Consequently, the variance of this sampling technique can be arbitrarily high with small
light sources. It can, however, work very well where light sources subtend a large solid angle. We also
refer to this sampling algorithm as analog path tracing, since it follows the (reversed) random walk of a
photon as described by the light transport model.

Path tracing with next-event estimation (PTNEE). We can extend simple path tracing with next-event
estimation. At each path vertex, in addition to the path extension, we also sample a light source
vertex and connect to it [Kaj86]. This improves sampling of small light sources. It also amortizes the
construction of the path prefix, since we construct multiple correlated paths via splitting, without
increasing the number of sampled paths exponentially. Unfortunately, connections are not possible
at specular materials and become ineffective for highly glossy ones. Especially in media, the weak
singularity of the G term is problematic and can even lead to infinite variance [KF12]. Nevertheless,
path tracing with next-event estimation is the most widely used path sampling technique in practice.

21



2 BACKGROUND

Its efficiency can be improved by careful importance sampling of the light vertex, e.g. through light
hierarchies [PPD98; EK18] or sampling proportional to (projected) solid angle [Arv95a; Arv01] and the
BSDF or phase function [DHB17; Pet21].

Light tracing (LT). A complementary technique to path tracing is to start at a light source and trace
paths toward the camera [Arv86;, DLW93]. This seems less efficient at first, since we lose the implicit
focus on visible parts of the scene that we get from starting at the camera. However, light tracing is
able to efficiently sample caustic paths, i.e. indirect illumination with specular interactions before a
small light source, which would likely be missed by path tracing. Light tracing is typically only used
with next-event connections to the camera, since it would be highly unlikely to randomly intersect the
camera sensor. An advantage of this is that paths can contribute to the estimate of multiple pixels,
which is especially helpful in media. Since light tracing is still susceptible to the problems common to all

techniques based on explicit connections, it cannot sample paths with directly visible specular surfaces.

Bidirectional path tracing (BDPT). To unify both approaches, they can be combined into bidirectional
path tracing [LW93; VG95a]. We first sample a camera and a light subpath with ¢t and s vertices,
respectively. Then, we connect both subpaths in every possible way, resulting in O(t s) paths. Next-event
connections are additionally formed while tracing the subpaths, without these paths participating in
the inner connections. We end up with many available techniques for sampling a path and achieve a
robust estimate by combining them using MIS [VG95a]. However, in many simple cases, path tracing
with next-event estimation is already an effective technique in practice. As BDPT comes with a high
overhead, it can be uncompetitive if none of its sampling techniques offers much lower variance than
more lightweight algorithms.

2.3.3 Challenges

In many common scene configurations, the previously discussed path sampling algorithms already
achieve low variance estimates. However, even the many techniques of BDPT are not able to sample
every kind of path with sufficient density. Therefore, it is easy to find examples for configurations where
light transport can only be estimated with high variance.

Light path expression. We distinguish different categories of paths by classifying each of their
interactions as either specular (S) or diffuse (D), and map the sequence of interactions of each path to
a string of symbols. To indicate the vertex order, the string is enclosed by the symbols L for the light
source, and E for the sensor. A regular expression matching these strings defines a category of paths
[Hec90]. For inner vertices, the classification is based on the material model. We classify an interaction
as S when there is a deterministic relation between incident and outgoing direction, and as D otherwise.
Sensors and light sources can be described by a tuple (S|D) (S|D), where the symbols specify finite (D)
or infinitesimal (S) extent [Vea97, Sec. 8.3]. The outer symbol, i.e. the one next to L or E, refers to the
spatial dimensions, while the inner one describes the directional dimensions. This categorization is
very coarse, as for example glossy materials or small light sources are classified D, even though they can
be close to being specular or infinitesimal (S). We should therefore consider S as the limiting case, and
already expect problems related to S vertices to occur in practice when we approach it.
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Limitations of local sampling. We refer to any algorithm that only uses the operations described in
Section 2.3.1 as local sampling. Veach [Vea97, Sec. 8.3] shows that local sampling is only able to sample
paths that contain the string DD. This is because to form a complete path, we either have to intersect the
sensor or light source by chance, or connect two vertices explicitly. Connections require two consecutive
D in the directional domain, as otherwise the connection will have zero contribution. Intersection of
either sensor or light source requires them to have finite spatial extent, and also finite directional extent
for a non-zero contribution. This theoretical limitation is not as severe in practice as it appears at first,
since physical light sources are always DD. However, in this case we rely on the simple path tracing
technique (PT) only, which often has high variance in practice. This is because, as discussed above,
paths that would be impossible to sample with an S interaction are increasingly unlikely to be sampled

as we approach the limiting case.

Remedies for specular transport. One way to deal with these problems is to regularize specular
transport by artificially replacing specular materials with glossy ones [KD13]. This allows us to form
valid connections between vertices where impossible prior to regularization. Additional path sampling
techniques become available and variance is reduced. However, since we modify scene parameters, we
also introduce bias and arrive at an incorrect result. With limited computation time, this tradeoff between
bias and variance can still be worthwhile if applied with consideration of visual impact [WDH*21].
Another approach is to escape the limitations of local sampling by creating additional vertices when
forming connections. We refer to this approach as extended connections. For example, the additional
degrees of freedom introduced by the extra vertices allow us to explicitly solve specular constraints by
root finding [HDF15; ZGJ20]. These techniques can resolve theoretical limitations of path sampling and
are efficient for special cases in practice. However, they are also computationally expensive and require

selective application in order to amortize.

Additional challenges. The inability to retain efficiency in simple cases is a general problem of many
more advanced path sampling algorithms. BDPT is able to robustly sample various kinds of paths
using its many techniques. However, if a path is best sampled by techniques corresponding to PT or
PTNEE, we still pay the significant overhead of BDPT. More generally, while combining many techniques
via MIS achieves robustness of the combined estimator, it does not solve the problem of reasonably
allocating computational resources. While work toward explicitly optimizing this allocation exists, it
is susceptible to noisy estimates [MRYS24]. Moreover, individual techniques are still limited by the
information available to them. Light tracing, for example, usually excels in rendering directly visible
caustics. However, since it does not consider visual importance, it might rarely intersect small caustic
casters by chance, or distribute its samples sparsely in the view frustum in large scenes. Complex
visibility or the additional degrees of freedom in media similarly make it challenging to focus sampling
effort on important scene regions. In general, the local information available to path sampling is often

insufficient for making sampling decisions that lead to a good distribution of sampled paths.

2.3.4 Advanced path sampling

A common trait of the algorithms discussed so far is that paths are used only once. Even if a difficult
path is discovered by chance, there is no attempt to explore similar paths. While PTNEE or BDPT
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(b) Subpath reconnection

&

(c) Markov chain Monte Carlo (d) Path guiding

B

Figure 2.8: More advanced sampling algorithms better utilize previously sampled paths. Kernel density estimation
can be expressed in the path sampling framework as vertex merging (a). New paths can also be formed by
reconnecting to suffixes of paths (b). Markov chain methods allow path sampling through mutation (c). Path
guiding adaptively learns distributions for importance sampling (d).

employ some exploration via splitting, their reuse of subpaths remains limited to the current sample
only. Since we estimate many correlated integrals at once, i.e. one for each individual pixel, and we
typically require many samples for convergence, significant potential is left unutilized. In this section,
we discuss approaches for leveraging sampled subpaths more effectively by sharing information globally
(also see Fig. 2.8).

Vertex merging. One way to achieve reuse is to store vertices of many light subpaths in a global
data structure. On camera subpaths, we can then merge a vertex with a nearby light subpath vertex,
corresponding to a kernel density estimate. This approach is traditionally known as photon mapping
[Jen96]. With the interpretation of the density estimate as stochastically accepting a merge of two
vertices, it can be imported into the path sampling framework [GKDS12; HPJ12]. It augments BDPT
with the ability to sample previously unsampleable SDS paths efficiently, i.e. where connections are not
possible due to a missing DD segment. The approach extends to participating media [KGH*14], where
additional ways of performing merges need to be considered [JNSJ11]. Combining all these techniques
has similar properties to those discussed before: we obtain a very robust estimator with potentially
large overhead. It is possible to select a subset of techniques based on estimates of their efficiency, but
the optimization can be sensitive to noise [GYGS22]. Moreover, even this many techniques are not able
to cover all cases, as for example chains of glossy interactions remain difficult to sample, and photon
density can be insufficient in visually important areas. In addition, the merge kernel introduces bias,

which can be objectionable, especially on fine geometry such as hair.

Unbiased subpath reuse. Connections can also be employed for global reuse, thereby avoiding bias,
while improving amortization of difficult subpaths. With BDPT for example, we can store light subpaths
in a global data structure and sample one to connect to based on estimated contribution [PRDD15],
similar to the use of light hierarchies. Taking the BSDF into account via an approximation can make
connections on glossy surfaces more effective [TH19]. While these methods mitigate some of the
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problems of BDPT, they also increase its overhead, especially in simple scenes.

It is also possible to connect newly sampled camera subpaths to the suffixes of previously sampled
paths with unidirectional path tracing from the camera [BSH02; THD17]. This is a version of splitting,
where we duplicate the path suffix instead of the prefix. Although conceptually similar, its application
is more restricted, since a marginal probability density has to be evaluated when the camera subpaths
are not chosen deterministically. This can be sidestepped using stochastic MIS [WGGH20].

Shift mappings [LKL*13; HGP*19] enable the reuse of paths from different sampling domains,
e.g. neighboring pixels. Reservoir-based spatio-temporal importance resampling (ReSTIR) [BWP*20;
LKB*22] chains multiple passes of probabilistic reuse to amplify the number of potentially contributing
candidate paths. Visually distracting correlation artifacts can persist in difficult scenes due to insufficient
candidates, which is a limitation shared by all methods that reuse subpaths. With ReSTIR, artifacts
can be reduced by recombining prefix and suffix subpaths [KLR*23], or by mutating reused paths to
distribute the error more evenly [SLK*24]. In general, while reuse helps with maximizing the utility of
rarely sampled paths, it does not address the problem of reliably sampling independent paths.

Markov chain Monte Carlo. To facilitate local exploration of difficult regions in path space, we can
sample a new path in the neighborhood of the previous one through mutation. This type of conditional
sampling becomes possible by modeling the process of path sampling with a Markov chain. The correct
sampling distribution is reached in the limit using the Metropolis-Hastings algorithm [Has70] for its
transition. Using the path space as a state space for the Markov chain allows us to design mutations
tailored to specific light transport problems [VG97]. Working with the primary sample space makes use
of existing importance sampling techniques instead [KSACO02]. The latter approach greatly simplifies
implementation. Making the selected MIS technique part of the Markov chain state further enhances
the efficiency of mutations [HKD14]. It is also possible to work in the half-vector domain [JM12; KHD14;
HKD15]. This allows us to explicitly express and solve for constraints introduced by specular and glossy
interactions, improving sampling of respective difficult paths. Mutations defined in different spaces can
be combined, although some care is required to define unambiguous mappings between path space
and primary sample space [Pan17; OKH*17; BJNJ17]. We refer to the survey by Sik and K¥ivanek [SK18]
for a wider overview of Markov chain methods in light transport simulation.

With all of these methods, it is difficult to achieve global stratification, since sample placement is
controlled by the Markov chain. Therefore, PTNEE tends to be more efficient in simple scenes, due to
its more even sample placement. With more difficult scenes, Markov chains can get “stuck” on a path
if there is no suitable mutation available. Markov chains in general produce correlated samples that
lead to more structured artifacts compared to the uniform noise produced by independent sampling.
Because of the resulting flicker, these methods are usually unsuitable for rendering animations.

Path guiding. Another approach is to use the information gained from previous path sampling to
adapt the importance sampling distribution, thereby focusing sampling effort on the important regions.
These methods are summarized under the term path guiding [VHH*19; HSRM25]. While this idea was
explored early on already [Jen95; LW95], later refinements in representations and learning algorithms
led to its more widespread adoption [VKS*14; MGN17; RHL20]. Path guiding makes the missing global
information accessible to local importance sampling. It can augment relatively simple algorithms like
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PTNEE, extending their capabilities to more difficult transport. Otherwise, bidirectional sampling
would typically be required, which can have significant overhead and can be difficult to combine with
tricks applied in practice. Path guiding therefore has many desirable properties for practical light
transport simulation. It does however require expressive representations for sampling distributions.
These have to support efficient importance sampling and be learnable from sparse and noisy path
samples at the same time. Sampling in media increases the dimensionality, making this even more

challenging. We discuss the state of the art in path guiding in detail in Section 3.2.1.

2.A Derivation of solid angle density

The density of solid angle with respect to surface area can be understood intuitively using geometry.
Our goal in this section is to verify this intuition using a more algebraic approach.

Let x(u,v) e R3bea parametric surface with tangents x,, = 3—", Xy = ? and normal n = 2% We
u v [ X ||

project to the unit sphere using w(u,v) = M, where r = ||x(u, v)|| and w, = ‘3—‘;’, Wy = ((99_(5' From
Eq. (2.11), we know % =[x, X x,|| and % = |lw, X wy||. Therefore, the unknown density is

do _ llw, X @yl

dA b xxll” 229
To get to the more familiar equation, we first make the derivative w,, explicit
9x ar
o, = 3_2,[, _ %; _r xﬂ— Xou _ X7u 3 (xur.gx)x _ %(Xu - (X - @) @), (2.54)
and observe that it is orthogonal to w:
W, = %(xu w- (X W)w - w) = %(xu ‘w—Xy-w) =0. (2.55)

Since the same equations apply when exchanging u for v, @ must be parallel to @, X w,. Since w has
unit length, we can express the length of w, X w, as its dot product with w:

llwy X @ol| = @ - (@u X @5)| (2.56a)
= |det [w Wy wv] (2.56b)
-1 )det [w Xu xv] (2.560)
r
— |w ) (Xuzx X'U)| (256d)
r
o xll ] _ -l x ol 56

2 )

Here, we used the identity a- (b X ¢) = det [a b c], Gaussian elimination, and finally inserted the
definition of the surface normal. Inserting this result into Eq. (2.53), we arrive at
do _ llw, X @, | _ lw - nl[]x, X x| _ w - n]

- _ = = . 2.57
dA [Ixi X Xol| r2 [ X Xol| r? ( )
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Di1sTRIBUTIONS

As discussed in the previous chapter, good importance sampling strategies to keep variance low are
crucial for the efficiency of Monte Carlo light transport simulation. However, designing sampling
techniques that work well for a wide range of scenes is difficult, due to the strong dependency on
visibility and materials. A promising approach is path guiding [VHH*19]: A path tracer augmented
with guiding can often explore difficult regions of the path space, which would otherwise require
bidirectional techniques, regularization (e.g. via vertex merging), or Markov chains. Guiding can thus
often provide an unbiased, or more temporally stable alternative.

In this chapter, we present a novel path guiding algorithm. We observe that all terms in the
measurement contribution function sampled during path construction depend on at most three
consecutive path vertices. We thus propose to build a guiding distribution over vertex triplets that
adapts to the full measurement contribution with a 9D Gaussian mixture model (GMM). This is able
to express precise sampling distributions with bounded dimensionality. Since we model 3D vertex
positions, our guiding distribution naturally extends to participating media. In addition, the symmetry
in the GMM allows us to query it for paths constructed by both a path tracer and a light tracer from a
jointly learned guiding distribution. Our method is able to learn and sample light transport paths with

challenging interdependencies of path vertices introduced by glossy materials and participating media.

3.1 Introduction

Path guiding adapts path sampling techniques to the scene using information (e.g. incident illumination
on surfaces) gathered from previously sampled paths. The gathering, representation, and exploitation
of this information is decisive for the resulting path guiding algorithm: It has to be precise enough to
capture small “islands” in the high-dimensional path space that contribute much energy to the image.
At the same time, the representation needs to provide enough “fuzziness” to allow further exploration
of the path space beyond discovered islands, but without extensive memory requirements.

Previous work has demonstrated path guiding, for example, based on the incident radiance at surface
points [VKS*14; MGN17; RHL20], i.e. by approximating a 4D signal (two surface vertices, or vertex plus
direction). This, however, is not enough information to account for the BSDFs when guiding paths at
interactions. At the other extreme, Reibold et al. [RHJD18] store complete paths for guiding, but they
can only sample similar paths and thus cannot share information about individual interactions between
guide paths.

At the core of our work is the question: what is the simplest model that is as general as necessary for

path guiding? It has to be at least as expressive as the physical equations defining the problem. Here
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we observe that all terms in the measurement contribution function depend on a maximum of three
consecutive path vertices. That is, (sets of) vertex triplets are able to represent all dependencies in path
space such as visibility, or distances and phase functions in participating media. Furthermore, there
is bidirectional symmetry in the transport equations: the adjoint operator is mostly the same due to
reciprocity. We want to leverage this and use a single model trained by both light tracing and path
tracing that can also be used to guide both directions.

Led by these requirements, we devise a 9D (three volume vertices) bidirectional model of the transport
operator. The model is parametrized over incident vertex, scattering vertex, and outgoing vertex, and
the quantity we are seeking to match is the measurement contribution function of the full path passing
through this triplet. We use a Gaussian mixture model (GMM) to store this function, since it allows us
to analytically compute conditionals and marginals as required during path sampling. To aid spatial
stratification, we store such GMMs in cells of an octree. Each individual Gaussian component of these
mixtures models the dependence of the measurement contribution on the input dimensions as linear
correlation, which alleviates issues with interpolation between cells. In summary, we make the following
contributions in this chapter:

® a general, 9D, bidirectional model of the transport operator including both surface and volume
transport (Sections 3.3 and 3.4),

* bidirectional guided path construction using this model (Section 3.5),

e effective training of the model using reservoir-based resampling and a clustering approach based
on principal component analysis (PCA) (Section 3.6).

3.2 Related work

3.2.1 Path guiding

Path guiding techniques use information from previously sampled light transport paths to construct new
sampling densities which guide newly sampled paths to regions with high measurement contribution.
They mostly differ in the model and data structure to represent this information, as well as the learning
method to update approximations over time.

Directional representations. Most methods approximate the incident radiance field in the scene,
which can then be used during forward path tracing to sample directions. Early works reconstruct
hemispherical histograms of incident radiance for guiding paths either from photon maps [Jen95] or 5D
trees [LW95]. Hey and Purgathofer [HP02] estimate the width of cones around important directions
from a photon map. Vorba et al. [VKS5*14] introduce 2D Gaussian mixture models (GMMs) that are
fitted using online expectation maximization (EM). They train and render bidirectionally, but need to
learn two separate unidirectional models instead of a unified bidirectional model like ours. Similar to
Lafortune and Willems [LW95], Miiller et al. [MGN17] introduce a 5D spatio-directional tree (SD-tree) to
approximate incident radiance, which does not require expensive fitting and can be used for sampling

directly. Zhu et al. [ZX5*21] use a neural network to combine light and camera path samples to
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reconstruct an SD-tree for guiding. Bako et al. [BMDS19] train a neural network to reconstruct a local
radiance field from neighboring samples and use it to guide importance sampling at the first bounce.

High dimension. Reibold et al. [RHJD18] take an opposite approach by identifying difficult paths
and reconstructing a sampling density in the high-dimensional path space. While this helps explore
particularly difficult and coherent regions in path space, their method suffers from the curse of
dimensionality in less coherent regions. Similar problems occur in methods that learn in primary
sample space [GBBE18; ZZ19]. In addition, primary sample space poses problems with recognizing
coherent paths, as this information is quickly lost in higher dimensions.

Spatial correlation. While in the model of Reibold et al. [RHJD18] the 4D or 6D Gaussian distributions
of consecutive path vertices account for the correlation of vertex positions, this information is not present
in purely directional models. This can lead to problems when the far-field approximation of directional
models breaks and spatial interpolation would be necessary. Miiller et al. [Miil19] demonstrate how this
can lead to artifacts on the borders of spatial regions of their SD-trees. They propose spatial filtering as
a countermeasure, effectively blurring the directional representation. Ruppert et al. [RHL20] reproject
directional mixture components using a mean depth value. While this can be accurate for diffuse
emission at the hit point, it neglects visibility and angular constraints at glossy surfaces. Dodik et
al. [DPOM21] explicitly represent the correlations in a 5D spatio-directional mixture model. This is
conceptually close to our approach, although they use incident radiance as a target function. The use of
vertex positions in our model is another interesting difference: while the directional approach assumes
a far-field incident radiance distribution and can deviate using correlation, our positional model starts
with the parallax assumption and needs correlations to approximate parallel outgoing directions. Neural
path guiding [MMR*19] learns a conditional model to sample the outgoing direction given an incident
direction and position. Training and using this neural network for sampling is expensive and requires
two GPUs to be competitive.

Product guiding. Local caches of incident radiance disregard the fact that the contribution of a full path
also depends on the local BSDF at a vertex where the guiding cache is queried. Product path guiding
[HEV*16] approaches this problem by combining an approximation of the BSDF with the incident
radiance approximation during sampling and computing a product of GMMs. Similar approaches are
adopted by other methods using mixture models [HZE*19; RHL20; DPOM21]. Diolatzis et al. [DG]*20]
demonstrate a method to achieve product sampling with SD-trees.

One common challenge of product guiding is to find general models for representing complex
materials. These need to be accurate and efficient to store, support textured parameters, and still allow
efficient combination with the incident light representation. We take a different approach in directly
approximating the full measurement contribution with our model.

Volume guiding. Path guiding in participating media is more challenging due to the necessity of
distance sampling. Reibold et al. [RHJD18] directly sample 3D vertex positions or distances only from
their 6D Gaussian representation. This is similar to our work, but still suffers from problems of high
dimensionality. Distance sampling can also be achieved by stepping through a voxel data structure
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learning update (Section 3.6) path sampling progression (Section 3.5)
for each octree leaf: |
v begin path unguided or using -
group triplets from reservoir by image plane sampling (Section 3.5.4)
mode (Section 3.4.1). for each group: l
v
I initialize mixture (Section 3.6.3) | —> | | lookup local GMM and extend
¥ path (Section 3.5.1)
| fit mixture using EM (Section 3.6.2) | l
L , — , ,
I merge mixtures (Section 3.4.1) | insert triplets into reserv01r|s (Section 3.6.1) |
y

| merge camera mixtures and build BVH (Section 3.4.2)

Figure 3.1: Overview of the individual steps in our algorithm. During the learning phase, we alternate between
learning (left) and path sampling (right).

[HZE*19]. In contrast, our method can produce samples directly without incremental traversal of a
data structure. Deng et al. [DWWH20] use SD-trees for directional guiding in media, but do not have a
strategy for distance sampling.

3.2.2 Glossy light transport

Sampling chains of glossy interactions reliably is a hard light transport problem, as it is neither solved
efficiently by bidirectional connection nor density estimation. Manifold walks [JM12; KHD14] have
been proposed to efficiently explore these types of paths, leveraging the tridiagonal structure of the
specular constraint derivative matrix. This structure is induced by the transport operator and also
motivates our approach with vertex triplets. Unfortunately, manifold walks rely on derivatives that
require locally smooth geometry. This assumption is broken by realistic scenes with high-frequency
detail. While data-driven approaches cannot hope to achieve the same level of accuracy, they can act on
global information, which is sometimes more relevant, for instance with highly detailed displacements.

3.3 Overview and theoretical background

The goal of our method is to learn a vertex triplet distribution that can be used to locally guide path
sampling. We refer to this as the guiding distribution and model it using Gaussian mixture models
(GMM). In this section, we provide an overview and a theoretical foundation of our model. We begin by
justifying our choice of target function (Section 3.3.1), before defining the GMM and giving an intuition
on how to sample it (Section 3.3.2). Further, we sketch how learning works and how it integrates into a
renderer (Section 3.3.3).

In the subsequent sections, we discuss the complete algorithm: details on the guiding distribution
(Section 3.4), its sampling (Section 3.5) and learning (Section 3.6). We show an overview of all the
individual steps in Fig. 3.1.
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3.3.1 Target function

We use the full measurement contribution function of a path as target function for the GMM. We will
show that this results in a conditional PDF for the next path vertex which is proportional to the product
of all terms remaining until completion of the path. In particular, part of this result is that the PDF does
not depend on the terms that belong to the already sampled prefix.

First, we observe that the measurement contribution function can be factored into blocks B(x;_1, X;, Xj+1)

that only depend on three consecutive vertices x;_1, X;, X;+1, i.e.
B(xi-1,%i,Xi+1) = fs(Xi—1,Xi, Xi+1)T(Xi, Xi+1)G(X;, Xi41) (3.1

and we will use the shorthand B; = B(x;-1, X, X;+1) indexed by the center vertex. Note that we arbitrarily
separated the product such that T and G belong to one unique B;. The complete measurement
contribution function can then be written as

k=2

f(x) = W(xo) - G(xo,x1)T(x0, x1) 1_[ B; - Le(Xg-1). (3.2)
i=1

To extend a path in a unidirectional path tracer, we want to sample an outgoing position x;41 given a
path prefix that has already x;_; and x;. The PDF p(x;4+1[x;, Xi—1) of x;+1 should be proportional to

k-2
p(Xit1lxi, xi-1) ~ B; - / l—[ Bj - Le(xk-1)dXi42. k-1 (3.3)

j=i+1

Next, we will show that this is the case if the Gaussian mixture is adapted to the complete measurement
contribution function. Conceptually, the GMM approximates a function G of three vertices x;_1, X;, Xj+1.
The model is fitted in a least squares sense against the full measurement contribution function f, only

holding these three vertices fixed. Thus, this step integrates away all vertices x; with j <i—Tlorj > i+1:

G(Xi-1,Xi,Xi+1) = / f (%) d{xj<i-1Xj>i41}- (34)

Similarly, we can define

G(xi-1,%i) = /Q(Xi—l,xi,xi+1)dxi+1 =/f(§) d{xj<i-1%j>i}, (3.5)

which additionally integrates out all possible x;,1. This will give us, by definition of the conditional
probability distribution:

G(Xi—1,Xi, Xi+1)

G(xi-1,%;) (3.6)

G(Xit1lxi-1,%;) =

To analyze which terms of the measurement contribution function will stay in this expression and
which will cancel out, we want to separate the integrals of products in Egs. (3.4) and (3.5) into products
of integrals. This is only possible if we can factor the integrand into separable parts. Unfortunately, the
dependencies of the blocks B; on the vertices overlap, so in general this is not possible. For instance,
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3 PatH GuIDING WITH VERTEX TRIPLET DISTRIBUTIONS

W Xi-1 Xi Xi41 L. W Xi-1 Xi Xi41 L,

Figure 3.2: Parallel coordinates visualization of path space. Separability of the path space integral (illustrated in
orange) can be facilitated by holding consecutive vertices fixed. Since the BSDF f; depends on three consecutive
vertices (indicated as red bars), we need to keep two fixed to be able to separate into two integrals. Left: numerator,
right: denominator of the conditional in Eq. (3.6). The green brackets show which terms can be separated, for
instance fs(Xi—2,Xi—1,X;) is the last term in the left integral. Interestingly, the prefix over dxg - - - x;—1 cancels out,
but the postfix toward the light does not.

consider the minimal example

L= / Bi - By -dxi=0.3 (3.7)

which is not separable because both B; depend on x; and x,. However, if we hold at least two consecutive
vertices x;_1, X; fixed, we can separate the integral:

Iz(X1,X2)=/B1-BQdXQdX3=/B1dX0-/Bde3. (3.8)

This allows us to separate both Eq. (3.4) and Eq. (3.5) in the numerator and denominator of Eq. (3.6)
into two integrals. Figure 3.2 illustrates where this separation takes place: the prefix (the part of the
path that has already been sampled and is held fixed) will cancel out in our conditional PDF, while the

postfix (in this example the total flux through all connections to all light sources) stays:

k-2
‘Bi‘/ [1 BjLe(xk-1)dXis2. k-1

j=i+1

G (Xis1lxi—1,%;) = (3.9)

The denominator contains a postfix integral as normalization factor: this is the same for all x;11 we can
possibly sample, since this vertex is integrated away. The rest is identical to the sought-for Eq. (3.3).

Note that we do not explicitly need to fit and store a GMM for Eq. (3.5), as we can take the conditional
of the GMM that depends on three vertices in closed form. This will transparently yield the desired PDF
in Eq. (3.3). This analysis is merely provided as proof for correctness as it might seem counterintuitive
at first to use the full measurement contribution function as the target of a model that will be used to

add vertices in unidirectional path tracing.

The symmetry of this result allows us to use this GMM for both training and sampling of path tracing
and light tracing at the same time. This is a non-trivial result since when using partial throughputs
of prefixes or suffixes, the global scale may be off by orders of magnitude. Previous work [VKS*14]
therefore learns sampling for path and light tracing separately. The combination of guiding information
from path and light tracing has only been achieved previously by using neural networks [ZX5*21].
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3.3 OVERVIEW AND THEORETICAL BACKGROUND

3.3.2 Gaussian mixture model for path guiding

In our case, a vertex triplet t = (x;—1, X;, Xi+1) is interpreted as the 9D vector of concatenated 3D vertex
positions. We will assume i = 2 in this section to simplify notation, i.e. t = (x1, X2, x3), but our equations
also apply to the general case. To model the distribution of triplets, we use a 9D Gaussian mixture
model with full covariance matrices, i.e. each of the K components represents a weighted 9D normal
distribution N(t | p¥, £):

K
p(® = > N(t] ¥, 55, (3.10)
k=1

k k k

‘ P ‘ le Z“12 Z‘13

uh = (uf, g, uy) eR%, £f =k xk o sk feR™, (3.11)
k k k
Z‘31 ):‘32 Z‘33

To simplify the notation, we will use © = 7%, p = p¥, & = £¥ whenever writing about single components.

Guided sampling. We use this GMM to locally guide sampling decisions when extending paths.
Given a path prefix (..., X1, x2), we compute the conditional of this mixture given the last two vertices

x1 and x»:

p(x3 | x1,%2)
nk N(x1/ X2 I ‘U]l{,z/ 211(/2)

K
_,;‘ZK

1= TN, % | P‘Il,zlel,z)

k k
N(x3 | Hap o 23\1,2) (3.12)

7 N | it £4).
1

K
k=
For the computation of the marginal distributions N(x1, X2 | pi1,2, 21,2) and conditional distributions

N(x3 | 31,2, X3 2) please refer to Appendix 3.A. This results in a 3D GMM which we sample in order to
get the next vertex on the path. The details of this sampling procedure are presented in Section 3.5.

Spatial data structure. Learning a single global mixture model for an entire scene quickly turns
infeasible. Similar to previous work, we instead partition the scene with an octree, where each leaf node
contains a local GMM. For sampling and learning we then query the octree for the local GMM using the
middle triplet vertex x,. We discuss the adaptation strategy for this octree in Section 3.6.1.

3.3.3 Algorithm

Our algorithm has two distinct phases: learning and rendering. We show an overview of all the
individual steps in Fig. 3.1. In the learning phase, we iteratively sample from and update the guiding
distribution after each progression. Once we reach the budget assigned to learning, we keep the guiding
distribution fixed and start the rendering phase. Similar to most previous work, we discard the image
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3 PatH GuIDING WITH VERTEX TRIPLET DISTRIBUTIONS

octree camera
mixture

local mixture per leaf

mode group mixture >

Figure 3.3: In our guiding distribution, each leaf of the octree contains a local mixture used for sampling. These
are constructed during learning by merging individually fitted mode group mixtures. The camera mixture is
constructed for each leaf independently and then merged into the global one.

Y

Y

rendered up to this point, as this prevents potential strong noise in the learning phase from affecting
the final result. Alternatives to this have been conceived, notably discarding outlier noise via DBOR
[ZHD18; RHJD18] or variance-weighted blending [Miil19]. We consider this orthogonal to our approach
and leave this question outside the scope of our work.

During the learning phase, we resample triplets of completed paths online by storing them in
reservoirs of fixed size local to each octree leaf. After each progression, we learn a new GMM for each
octree leaf separately based on the triplets from the reservoir using expectation maximization (EM). We
present details on the learning procedure, including the collection of triplets, initialization of EM and

regularization of covariance matrices, in Section 3.6.

3.4 The guiding distribution

In practice, there are additional details about our guiding distribution beyond the GMM introduced so
far. We will discuss these in the following, before moving on to sampling and learning. In particular,
we partition triplets of different light transport modes (Section 3.4.1) and learn separate GMMs for
each group. For sampling, we combine the different GMMs again, keeping transport mode data per
component to inform sampling decisions. An important special case is a separate 3D GMM at the
camera for sampling the image plane (Section 3.4.2). We show an overview of the different mixtures in
our method in Fig. 3.3.

3.4.1 Light transport modes

In addition to the positions of each path vertex, we also have discrete metadata about the light transport
attached to them. We refer to this as the light transport mode and distinguish between vertices in
volumes, on surfaces, on the camera, and on environment maps. On surfaces, we distinguish between
reflection and transmission events. Using this additional information for learning helps with separating
multimodal distributions. For sampling, we use it for discrete decisions, e.g. to decide between sampling
a volume or a surface vertex, or whether to reflect or transmit at a smooth dielectric surface (see
Section 3.5.3).

To integrate this into our method, we store modes together with the vertex triplets. For learning, we
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3.4 THE GUIDING DISTRIBUTION

partition the triplets into groups with common combination of modes and build separate GMMs for
each group. We combine them subsequently into a single GMM, storing the mode in each component.
This becomes the local GMM stored in the octree leaf, which we will use for sampling. To keep the
mixtures in relation, we need to scale the mixture component weights 7t that were normalized to each
individual mixture before. Consider N triplets with triplet weights w;, partitioned into groups defined
by the index sets I, . . ., Ig. For each mixture fitted to triplet group g € 1, ..., G we define its component
weights as

Kg
Z ik =1. (3.13)
k=1

We combine the individual mixtures into a single mixture with K = 25:1 K, components and scale their
weights proportionally to the sum of triplet weights from group g:

g el Wi

T, =TT .
8 8 N
Zizl wi

(3.14)

This will allow us to treat this as a single GMM for sampling, where we just have to additionally compare
light transport modes to select for valid components.

3.4.2 Mixture at the camera

Guided sampling of the first path vertex x; after the camera can be important for allocating more samples
to higher-variance areas in the image, exploring newly discovered features, and also for sampling
distances in volumes. The latter is critical for sampling prominent volumetric effects well, e.g. light
shafts. For this purpose, we maintain a camera GMM, which is only 3D and models the distribution
of x;. When starting a new path, we will use it to sample a vertex position and connect to it from the
camera. During the learning update, we build parts of the camera GMM separately for each octree leaf
node using only the triplets originating from the camera. When all leaf camera mixtures are ready, we
combine them into a global camera GMM, adjusting the component weights as described above for

combining mixtures of different modes.

One additional difficulty with this approach is quickly evaluating the PDF of a large GMM for
sampled paths. While for regular path extensions the number of components is limited, since we only
need to consider the mixture in one octree leaf, the camera mixture can grow quite large. Therefore, we
bound the support of components by using truncated Gaussians, as discussed in the following section.
This allows us to compute axis-aligned bounding boxes (AABB) of camera mixture components and
construct a 3D bounding volume hierarchy (BVH). We do so once per progression, after the learning
update. Given a path vertex, a point query in the BVH now gives us all components that have this
vertex in their support and can contribute to the PDF. This reduces the number of components we need
to evaluate to a relatively small number. A similar approach for efficient PDF evaluation was used by
Reibold et al. [RHJD18].
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3 PatH GuIDING WITH VERTEX TRIPLET DISTRIBUTIONS

3.4.3 Truncated Gaussians

In place of true normal distributions, we always use truncated approximate Gaussians that are cut off at
40; per dimension j, as described in the supplemental material of Reibold et al. [RHJD18]. The bounded
support is particularly important for constructing the BVH for the camera mixture. For local mixtures,
bounded support can also lead to many components evaluating to a zero conditional weight 7 early
on. Thereby, we do not have to consider them for MIS, which overall improves efficiency. Unbounded
support could potentially still be helpful, e.g. for cases where no mixture component has a non-zero
weight.

3.5 Path sampling with vertex triplet distributions

In this section, we detail the construction of paths. On a high level, we follow this procedure: We
construct paths starting from either the camera or a light source. Paths starting from the camera can be
guided (Section 3.5.4), while we always start paths at the light sources with an unguided technique.
Then we iteratively extend the path vertex by vertex, randomly selecting between guided or unguided
sampling with a fixed probability Punguided = 0.5. The combination with unguided sampling is necessary
for exploration as well as unbiased results. For guided sampling, we conditionalize the GMM on the
last two vertices of the current path prefix, and select a component from the conditionalized GMM
(Section 3.5.1). Then we sample the position of, or direction to, the next vertex using the chosen
component. Only in (near) specular cases (Section 3.5.3), we fall back to directional sampling of the
BSDF or phase function. In addition, we perform next-event estimation at each vertex to efficiently
handle cases that do not require guiding. For robustness, we combine all described sampling strategies
with MIS using the balance heuristic.

3.5.1 Sampling the conditional GMM

To extend a path prefix (..., x;—1,X;) by another vertex x;,1, we first look up the local 9D GMM from the

octree based on x;, and conditionalize it on the last two vertices x;_1, x; of the prefix as in Eq. (3.12):

K
POt [xi-1, %) = ) 7 Nxisa | @5, £59). (3.15)
k=1

In addition, we also disregard any components that cannot extend the current path because of
contradicting light transport modes. Next, we randomly sample a component k based on its conditional
weight 71¥. The light transport mode of this component determines if we sample the next vertex on a
surface or in a volume. For volumes, we directly sample the 3D position of the next vertex x;,1 using the
conditional Gaussian N(xi+1 | fi, i). For surfaces, we project the Gaussian to a plane first for easier PDF
evaluation (Section 3.5.2). In both cases, as mentioned before, we fall back to directional sampling of
BSDF or phase function for (near) specular materials at x; (Section 3.5.3). After having sampled the new
vertex, we check whether the light transport mode on the path matches that described by the mixture
component and discard it otherwise. This happens e.g. when sampling a volume vertex that is occluded

by surface geometry.
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3.5 PATH SAMPLING WITH VERTEX TRIPLET DISTRIBUTIONS
3.5.2 Sampling a surface vertex position

To sample a surface vertex, we could simply project a sampled 3D position to the scene geometry by
tracing a ray. However, evaluating the PDF of the intersection point would require integration of the
truncated Gaussian along the sampled ray, since any position on the ray could have produced the same
intersection. To avoid this, we instead do the marginalization up front: we project the 3D Gaussian to a
plane and sample the resulting 2D Gaussian. For any intersection of a ray with scene geometry, there is
now only one corresponding point on the plane, for which we evaluate the PDF easily. As the projection
plane, we use the one orthogonal to the connection of the current vertex x; to the conditional mean fi.
See Appendix 3.B for an alternative approach.

3.5.3 Handling (near) specular vertices

If the current vertex x; is (near) specular, the outgoing direction is constrained and depends strongly
on local geometry. Therefore, sampling a position x;,1 purely based on the conditionalized Gaussian
N1 | [, ¥) will often be unfavorable or fail. Instead, we combine with BSDF or phase function
sampling at x; based on its roughness

\/E on microfacet surfaces with roughness «,
7= (3.16)
v1—|g| inmedia with mean cosine g.

by choosing BSDF or phase function sampling instead of position sampling with probability

Ppspr(r) = max (0, 1- L ) . (3.17)
’max

For roughness greater than rmax = 0.2, we deem position sampling sufficient. Note that even so, we can

still guide BSDF sampling with respect to discrete decisions, e.g. if we should reflect or transmit at a

dielectric. Therefore, we consider this sampling technique a guided one, i.e. the probability for selecting

itis

(1 - Punguided) ’ PBSDF(r)/ (318)

and thus the probability for guided position sampling is

(1- Punguided) - (1 — Ppspe(r))- (3.19)

Distance sampling. When sampling a volume vertex, the BSDF or phase function only determines
the direction. We can still leverage the conditional Gaussian for sampling a distance. For this, we
transform the 3D covariance to a basis where one direction aligns with the sampled direction. Next,
we conditionalize to the other two known dimensions (see Appendix 3.A) and obtain a conditional
1D Gaussian. Since we would need to reject negative distances, we sample only the positive part by
remapping the random number using the CDF of the truncated Gaussian.
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3 PatH GuIDING WITH VERTEX TRIPLET DISTRIBUTIONS

3.5.4 Image plane sampling

For each path starting from the camera, we choose between unguided or guided sampling of the image
plane in the same way as when extending paths with probability Pynguided- To sample the vertex position
x1, we proceed in the same way as when extending a path, using the fixed camera GMM (Section 3.4.2)
in place of a conditional GMM. For MIS, we look up all components of the 3D GMM whose support
includes the sampled vertex using the camera mixture BVH with a point query. To guarantee that this
will in fact yield all components that could produce the sampled vertex, we terminate all paths where
the sampled vertex projects outside of the AABB of the component support.

3.6 Learning a vertex triplet distribution with expectation

maximization

Learning a guiding distribution involves multiple steps on which we provide detail in this section.
Ultimately, we want to fit GMMs to vertex triplets using expectation maximization (EM) after each
progression of the learning phase. As input, we require vertex triplets weighted according to our target
function. We collect and resample triplets during path sampling in reservoirs. Keeping only a fixed
number of triplets reduces the overhead of storing and processing many triplets later on. We review the
reservoir data structure and its properties, and explain the weighting of triplets in Section 3.6.1. We
review the EM algorithm for the case of GMMs in Section 3.6.2, where we also present our approach
to regularizing the estimated covariances. To run EM, we further need an initial mixture that EM
can improve upon subsequently. We detail our top-down clustering that we use as initialization in
Section 3.6.3.

Triplet collection and fitting of mixtures are handled separately for each leaf node of the octree. We
adapt the octree to the number of sampled triplets in each leaf, in order to achieve better approximation
in important regions. As described in Section 3.4, in each leaf node we further partition vertex triplets
into groups of different light transport modes for fitting, combining them only afterwards. Similarly, we
construct the global camera mixture by fitting a part of it in each octree leaf separately. In the following,
we will leave these details aside and focus on fitting single GMMs.

3.6.1 Collecting triplet samples

For each newly sampled path during learning, we split it into its vertex triplets. We assign each triplet
to an octree cell, according to its middle vertex. Then, we insert the triplets into the reservoirs of the
respective cells.

Reservoir sampling. Reservoir resampling naturally allows us to accumulate rare samples over
multiple progressions, while keeping the total number of triplets in each octree cell fixed. We use the
VarOpt [CDK*09] streaming resampling algorithm to achieve this. It maintains a reservoir of fixed size
that consists of a subset S C I of all previously inserted triplets. Triplets are inserted into the reservoir
with a weight w;, which is based on the target function. The probability for a triplet to be included in S
is proportional to the insertion weight w;. When we take triplets out of the reservoir for EM, resampling
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3.6 LEARNING A VERTEX TRIPLET DISTRIBUTION WITH EXPECTATION MAXIMIZATION

already partially accounted for these weights. As such, the output weights @; of each triplet i € S will
be different from their insertion weight w;. Note that for discarded triplets i € I \ S, the output weight
©W; = 0. In general, the output weights are unbiased estimates of the insertion weights:

E[&;] = wi, (3.20)

and the sum of output weights equals the total sum of insertion weights

Z W; = Z w;. (3.21)

ieS iel

The reservoir data structure consists of an array of triplets with equal output weight and a priority
queue with triplets with @; = w;. If the insertion weight is too high to be included in the array by
resampling, it is first inserted into the priority queue. When more triplets arrive later, this can lead to
triplets being migrated from the priority queue to the equal-weight array. Hence, given a sufficient
number of input samples, all output weights will become constant.

Insertion weight of triplet samples. Sampled paths X follow a distribution that is different from the
target we want to approximate with our guiding distribution. As shown in Section 3.3, our target density

is proportional to the measurement contribution f(x). It follows that the normalized target density is

Ptarget()_() = %f()_()/ Z:= Lf(i) dx. (3.22)

Learning a model for the target distribution will amount to estimating the expectation of a function s(x)

on paths
Etarget[s(i)] = L S()_() ptarget()_() dx. (3-23)

We can use importance sampling to express this expectation as one over the current path sampling

density pcurrent:

ptarget()_() :| ) (3‘24)

Etarget[s (¥)] = Ecurrent [5()_() : -
pcurrent(x)
Since the normalizing constant Z is the unknown light transport integral, we cannot compute the
importance weights for the unbiased estimator. However, we can still build on the self-normalized
importance sampling estimator [Owel3, Ch. 9]:
- ! w(xi) s(xi
, - Ll w)sx) 525
2=y W(Xi)

which is a consistent estimator for Etarget[s(X)] with the unnormalized importance weights

f()_() _7. Ptarget()_()

— = —. 3.26
pcurrent(x) Pcurrent(x) ( )

w(X) =

Therefore, to insert triplets into reservoirs, we set their insertion weight to w(x).
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Spreading learned information. As octree cells learn independently, each feature would have to be
found by chance multiple times when it covers an area larger than the cell size. To spread information
about discovered features, we stochastically put samples in neighboring cells. Similar to previous work
[M1il19; RHL20], we randomly perturb the position used to look up the octree cell in a box with side
length proportional (we use a factor of 0.2) to the current cell size. Note that we still keep the original
triplet position for learning. For our method, this results in slightly larger mixture complexity, while for
previous directional-only models this blurs the learned distribution over a larger area and is a trade-off
with accuracy.

Octree adaptation. Like previous work, we adapt our spatial data structure to sample count. To keep
the learning cost approximately fixed, we subdivide and collapse octree nodes to approximately reach a
targeted number of leaf nodes L. We used L = 300 as a default value for our results. In each progression,
we count how many triplets are inserted into the reservoirs of each octree leaf. Given the total triplet
count C, we choose a threshold T:

T=7 (3.27)

Before constructing mixtures in each leaf node, we collapse all nodes that received fewer triplets than T.
Then we construct all mixtures and only afterwards subdivide octree cells that received more triplets
than the threshold. We divide the triplets stored in reservoirs between the new leaf nodes based on
their middle vertex positions. This results in the new leaf nodes using the same mixture for sampling,
but being able to collect more triplets for the next progression. Importantly, it does not lead to mixtures
being fitted to fewer triplets in newly subdivided leaf nodes, as would be the case if we subdivided
before fitting.

3.6.2 Expectation maximization

After each progression, we rebuild the local GMMs in each octree leaf using expectation maximization
(EM) [DLR77]. Given N triplets with weights w; and positions x; € R?, we seek to maximize the
log-likelihood function

N
L(0) = Z w; log p(x|0), (3.28)
i=1
where we abbreviated the GMM parameters as
0 = (nl,yl,Zl,...,nK,yK,ZK). (3.29)

This is the same weighted formulation of the log-likelihood as used by Vorba et al. [VKS*14].

EM is an iterative approach to this problem by modeling assignment of triplets to components as
unobserved variables. In the E-step of iteration t, we set the assignment of triplet i to component k to its
expectation under current parameters 0;:

NG |, Z5)

Tik = g7 o (3.30)
Zj:l T N(Xi | Htlzt)
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Afterwards, in the M-step we maximize L(6;.1) given the weighted assignments v;x = w; r:

N N N k k \T

ko X1 Ok Xiog ik Xi sk _ iy vik (i —pl,,) (i —uly) (3.31)

L Ry~ A R R T N . :
i=1 Wi i=1 Uik Zi:1 Uik

Starting with an initial choice of parameters, we alternate both steps until a local maximum of
L is reached. In practice, we stop once we reach a threshold (¢ = 1073) on the relative increase in
log-likelihood:

| L(0r+1) — L(6)]

200 <e€. (3.32)

Covariance regularization. It is often the case that only few triplets are available for a mixture
component, e.g. when a new light transport feature was randomly discovered. This makes it challenging
to estimate high-dimensional covariance matrices. A common approach to regularize this problem is to
estimate a structured covariance with fewer free parameters X, and use a convex combination of this
with the sample covariance X [Murl2, Ch. 4.6]:

L=+ (1= (3.33)

When only very few samples are available, we fall back to a diagonal covariance with standard

deviation r:
Yiso = r? Iy. (3.34)

In our tests, we set ¥ = 0.1 - ¢ proportional to the octree cell size c. With more samples available, we
found it helpful to switch to a data-dependent structure as soon as possible. For this structure, we could
assume isotropic and independent distribution of vertex positions to end up with a diagonal covariance
matrix and three variances to estimate. Since modeling vertex correlation is important to get accurate

conditional distributions, we additionally assume isotropic correlation to arrive at

5 _ (TI‘(ZI']‘) . ) c R9><9, 335
block -3 13 =125 ( )

and combine both into
Lreg = Ablock Zblock * (1 = Aplock) Ziso- (3.36)

We base the choices of A and Apjock On the sample size used in the covariance estimate. Since our samples
are weighted, just counting them can severely underestimate correlation-like effects, e.g. when a single
triplet with high weight dominates the estimate. Therefore, we use Kish's effective sample size estimator
[Kis65] that accounts for this:

2

(Zg\il vi)
= ———. (3.37)

N
st viz
Then we set
-1 -1
A=—rv——— A =1-mi 1t. .

=1 +9 (block mln{ 3 } (3.38)

As an additional measure, we perform a singular value decomposition and clip the singular values to a
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small positive value.

3.6.3 Initial mixture

The results of EM in general depend strongly on the initial parameters of the mixture 8. In particular,
the high dimensionality and strong correlations of triplet dimensions make this challenging. EM can
often struggle to separate modes in the data given a bad initialization. Therefore, we invest effort into a
top-down hard clustering of triplets before EM, which then typically leads to convergence within few
iterations. This is one important reason for us to store triplets instead of accumulating statistics, as done
in previous work [VK5*14; DPOM21]. In contrast to Ruppert et al. [RHL20], we avoid evaluating merge
criteria, but cannot make use of parameters from previous iterations in the MAP framework.

The idea of our clustering scheme is based on PCA-Part [SD07], which was originally intended for
k-means. We briefly review PCA-Part and describe our modifications to make it more suitable for GMMs.

These include improving cluster splits by EM iteration and a stopping condition for splitting clusters.

PCA-Part. The algorithm starts by putting all data points in a single cluster. It then splits this cluster in
half along the direction of largest variation, creating two new clusters. The split direction is computed as
the eigenvector of the covariance with the largest eigenvalue. This is repeated until the desired number
of clusters is reached. The cluster with the worst fit to the data is picked as the next one to split. For
k-means, the sum-squared-error is used to determine this score, but the authors already describe how
to use the likelihood instead for the case of GMMSs. Additionally, they discuss the possibility of trying
all eigenvectors as possible split directions and use the split that results in the best score. We employ
both of these modifications to the basic algorithm for our method.

Improved cluster splits. Splitting the triplets at planes oriented by eigenvectors and always at the
mean can be too restrictive. Since the split effectively creates a two-component GMM, we can improve
the assignment further by EM-iteration. These additional iterations can be amortized to a degree,
because they typically lead to faster convergence for global EM later on. Also, they operate only on the
subset of the triplets that were assigned to the cluster that is being split.

Stopping condition. To choose the number of components in our GMM, we set the maximum number
to a high value (e.g. Knax = 128) and evaluate a stopping condition before applying a cluster split. For
this purpose, we compare the likelihood of the two-component GMM given by the split and the single
Gaussian before splitting. To account for the different number of parameters k in both models, we
choose the model that is better according to its Akaike information criterion (AIC) [Aka73]

AIC(k) = 2k — 21 L(0(k)). (3.39)

A similar approach was used in the x-means algorithm [PMO0Q] in the context of k-means. They use
the Bayesian information criterion (BIC) [Sch78] as a criterion, which we found to be too conservative
for our application in practice. In this way, we will continue splitting clusters until each cluster is best

represented by a single Gaussian.
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3.7 Results

We implemented our method in a rendering system and provide source code online [SH]D22a].

3.7.1 Tested methods

We tested different variants of our method. We also implemented a restricted version that we refer to
as vertex pairs. In this case, we just consider the pair of scattering and outgoing vertex. Compared to
triplets, the incident vertex is not included in the model. This leads to a 6D GMM in place of the full 9D
GMM, and this restricted version serves as a baseline to assess the benefit of using triplets. As this does
not have the same symmetry, light tracing is not available for vertex pairs.

For vertex triplets, we make the use of light tracing optional. This is for comparison with unidirectional
methods, and because it introduces overhead that does not necessarily amortize in all scenes. When
light tracing is enabled, we always trace two paths for each pixel per progression: one camera path and
one light path. In our results, we count this as two samples per pixel.

In total, we thus compare four different methods:

¢ Pairs: guided path tracing with vertex pairs,
¢ TrirLetrs: guided path tracing with vertex triplets,

¢ Trrrr+Lrir: guided path tracing with vertex triplets, and guided light tracing during the learning
phase only,

e TripL+FLr: guided path tracing and light tracing with vertex triplets.
We compare our presented methods against the following state-of-the-art methods:

¢ Pra: practical path guiding [MGN17], including improvements suggested later on [Miil19],

® VarrG: variance-aware path guiding [RGH*20],

* Vmwm: parallax-aware path guiding [RHL20],

e VMmMm+Prop: VMM with product importance sampling and guiding probability set to 0.25,

* Spmm: path guiding using spatial-directional mixture models [DPOM21],

e ZvvrG: zero-variance based volume path guiding [HZE*19],

* Srac: selective path guiding [RHJD18].
We use the default settings for parameters of all methods, unless otherwise noted.
Normalized equal time comparison. The different methods we compare are implemented in different
rendering systems. To make equal-time comparisons fair, we normalize to the runtime of a path tracer
with fixed sample count in each system. This approximately compensates for the overall overhead in

these systems, but results should still be interpreted cautiously. We report the number of samples per

pixel (spp) each method produced, and for methods with a distinct learning phase as learn+render spp.
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Figure 3.4: Glossy surfaces lit by directional emitters produce hard-to-resolve reflections. Here, sampling the
product of BSDF and incident radiance well is important, as can be seen in the difference between Vmm and
VMmm+PROD, which achieves overall good results here. PAIRs shows overall better performance than methods
without product sampling. TRIPLETS provide surprisingly little benefit over pairs. They struggle with learning the
illumination on the background, although learning with the light tracer solves this problem. Note that the result of
Spmm is at half resolution, therefore the spp number is much higher than with the other methods.

Learning time allocation. For algorithms that have a dedicated learning phase, we allocate 50% of
the total time to learning. This includes the presented methods, VMM and Spc. PpG and Varpc have a
similar learning schedule, due to their power-of-two iterations. For Zvvrg, we include the fixed light
tracing and learning preprocess in the total time budget.

Light tracing considerations. As Zvvec learns on light tracing paths, of our methods, TripL+LLr is
the most similar one in comparison. All other compared methods only make use of path tracing. This
should be taken into consideration when comparing to our TripL+Lrr and especially TripL+FLr results,
but nevertheless the simple extension to guided light tracing is a benefit of our method. Note that when
light tracing is enabled, we trace two paths per pixel per progression. This can result in a seemingly
high number of spp, when many light paths terminate early.

Color noise. Our methods and Spc are implemented in a spectral rendering system, which produces
colored noise that is not present in all other shown methods. Especially firefly samples are more
noticeable in spectral renderings, as they tend to appear in bright colors.

3.7.2 Comparisons

Figure 3.4 shows difficult glossy surface transport, where sampling the product of BSDF and incident
radiance is important. This should be a case where TripLETs can show their full potential. Surprisingly,
they show little benefit over Pairs, which already improves on methods without product sampling.
This can be explained by our target function accounting for the full product, even for Pairs. PaIrs is
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Figure 3.5: A circular mirror chamber with a ring-shaped directional emitter on the ceiling. The ground floor has
a glossy metal BRDF and is modulated by a grid texture for orientation. This simple scene shows the shortcomings
of the GMM using pairs of vertices: it cannot distinguish the incident radiance field by outgoing direction. In this
room, the rounded mirror shows spots on the ground texture from all sides: seen directly and seen in the mirror on
all sides. This results in a suboptimal marginal distribution. The GMM using triplets can resolve this. TRIPLETS
also show some less converged areas, which we attribute to harder learning of the more general model.

only missing the dependence on the incident vertex, but still encodes the product marginalized over
all incident vertices. Often, this seems to be enough to be able to sample difficult paths at all, while
the increased modeling power of TripLETs cannot make up for harder learning. Note that for this
comparison, we hit an error in the public implementation of SDMM. Therefore, we could only produce
a result at half resolution.

Figure 3.5 shows a case where learning a model based on vertex pairs is not enough to resolve the
reflectance field faithfully. We show equal sample and equal time comparisons between Pairs and
TripLets. Even though the simpler Pairs approach can do roughly 35% more learning iterations in the
same time, these do not pay off due to the simplistic model. Note that this performance gain is likely to
shrink for more complex scenes with more significant cost of ray tracing and material evaluation.

In Fig. 3.6 we show a complex indirect volume caustic. Here, light tracing can help tremendously
during both learning and rendering. However, the caustic seen in the mirror (orange inset) cannot be
resolved by the light tracer, but works best for a guided path tracer. Thus, using the light tracing during
learning only and then rendering using guided path tracing (TripL+Lrr) profits from good learning
as well as fast iteration times during the rendering phase. Spc is very slow in this scene, likely due to
higher-order scattering. Since a dedicated learning phase left only very few samples for rendering, we
left the learning phase running for the whole render. This gave better results but still includes bright
firefly samples.

Figure 3.7 shows a volume with anisotropic phase function in conjunction with glossy surface
materials. Learning and rendering with Pairs is very fast, but fails to resolve the complex directional
dependencies and cannot profit from paths constructed via light tracing. Zvvec works well on the
background fog but fails to capture the directed features caused by glossy reflections and peaky phase
functions due to the lack of surface product sampling in this code path. Note, however, that the glow of
the diffuse desert in the background is also not captured, even though it can be reproduced by careful
distance and phase function sampling.

In Fig. 3.8 we show results on the pool scene, originally presented by Vorba et al. [VKS*14]. The
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Figure 3.6: Spheres and volume caustics by Herholz et al. [HZE*19]. Methods without light tracing (PAIRs,
TRIPLETS, SPG) take a long time to learn dimmer caustics in the left part. PAIRS is surprisingly slow in this scene.
We hypothesize that this is due to our implementation not terminating long paths with little contribution using
Russian roulette.

Figure 3.7: A hazy scene lit by a directional emitter with mean cosine g = 0.98 in the homogeneous medium.
Here, light tracing contributes important information to the learning as well as the rendering. Learning with
PaIRrs is faster, so in this equal time comparison it achieves better results than learning with TRIPLETS as long as
light tracing is not used.
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Figure 3.8: The pool scene presents a simple case where for each 3D point only a 2D incoming radiance field
has to be found. The bottom of the pool is diffuse, so there is nothing to be gained from a more complex approach
and training a higher dimensional model just generates overhead both in terms of raw performance as well as
convergence of the model itself.

Table 3.1: Our method uses a comparable amount of memory to previous work, shown here for the PooL (Fig. 3.8)
and EsPresso (Fig. 3.4) scenes. We separately list the memory requirements for storing the guiding distribution
and for the samples that are used for learning.

Vmm  Pairs  TripLers TripL+Frr

Espresso

guiding (MiB) 41 9.5 18 33
samples (MiB) 184 106 140 144
PooL

guiding (MiB) 12 9.5 15 29
samples (MiB) 38 130 168 169

caustics on the pool floor in this scene are captured well by simpler models based on directional
representation of incident radiance. Since the illumination comes from an infinitely far environment
light, important directions are mostly the same for different positions on the pool floor. Our more
complex model can still represent this, but requires more time for learning. Additionally, light tracing
cannot connect to the camera through the dielectric water surface, and thus mostly does not help with
learning.

We compare memory usage of our method in Table 3.1. Most of the memory is spent on storing
triplet samples that are used for learning. Enabling light tracing increases memory requirements for the
guiding distribution, because we precompute additional matrices. Overall, memory overhead is still
low and of the same order as previous work.
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3.8 Limitations and future work

We have shown how our model can represent and learn sampling densities for complex light transport
scenarios. Further improvements can most likely be made by making learning more efficient, both in

easy and hard cases.

Selective guiding. Many regions of path space are usually handled well by simple sampling strategies.
Currently, our method does not exploit this fact and needs to handle the full path space. It would be
an interesting extension to selectively focus on difficult regions, like in the method of Reibold et al.
[RHJD18]. One difficulty with applying their approach is obtaining a stable target function: DBOR is
always relative to the current path sampling density, which is changing during learning.

Another interesting aspect for future work would be to determine the “difficulty” of individual triplets,
as not all parts of the path are usually equally hard to sample. Our model can use this information when
available, and e.g. select the guiding probability for each component differently, thus taking position
and incident direction into account for this decision.

Variance-awareness. Our target function is unaware of variance in the estimators. Rath et al. [RGH*20]
show how the square root of the second moment should be the target for minimizing variance. However,
their approach does not easily transfer to mixture models trained using EM. Further research on how
their results can be incorporated into more complex models could help with better distribution of
samples to high-variance regions. This would be especially interesting for quick exploration of these

regions during learning.

Path space regularization. As our method learns from full transport paths, we cannot make use of
partially constructed paths, e.g. when a light tracer cannot connect to the camera through a specular
interface. A possible solution is to form connections (during learning) using path space regularization
[KD13]. Previous work showed how this can benefit path guiding [WDH?*21] by discovering features

more easily.

3.9 Conclusion

We introduced a general data model to represent the light transport operator in image synthesis. This
model was crafted to be as general as possibly needed to express all dependencies arising between
path vertex geometry and the transported differential flux, but with no redundancy. The result is a 9D
mixture model that depends on three path vertices: incoming, scattering, and outgoing. Furthermore,
it is split into components for scatter modes such as reflect or transmit. We can transparently train a
single model and sample from it using bidirectionally constructed paths, which was previously only
done using neural networks. We demonstrated that we can learn and sample intricate directional
dependencies for glossy surface scattering as well as volumetric transport including distance sampling.

As a general technique, the biggest future challenge is to reduce the overhead over simpler approaches
that are sufficient for scenes with simpler configurations. For instance, the pool scene has a diffuse
material under the caustic and can be well represented by a lower-dimensional model that is able to
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learn and render faster. We expect that future improvements to our model are possible, especially in the
learning phase as discussed in this chapter.

3.A Conditional and marginal normal distributions

Given normal distributed (x1, x2) ~ N(y, X) with (block) covariance and mean

Iy X»
w21 =2 = 1 ) (3.40)
o1 Xz 12
the marginal distribution of x; is simply
x2 ~ N(u2, L22). (3.41)

When x; is known, we can compute the conditional distribution of x;
X ~ N(pap, op) (3.42)

using
Hap = iz + Ty X (x1 = ),

» (3.43)
Yop = Lop — E;Xi; X2

Here, Zhl denotes the generalized inverse in case X1 is singular.

3.B Exact sampling of 3D Gaussians for surface vertices

To sample a point y on a surface using a 3D Gaussian N (o, X), we first sample a point in space y’ and
then project it to the scene geometry x. Effectively, we are sampling the direction w = ﬁ, where x
is the current vertex position. In the estimator, we need the solid angle PDF of w. If we sampled y’
directly using its 3D distribution, we would need to marginalize out the additional dimension to get the

2D solid angle PDEF:
p(w) = / Nx+rw | o, L) r2dr. (3.44)
0

Therefore, we use an approximation in Section 3.5.2, where we sample y’ using a 2D distribution. We
first project the 3D Gaussian to a plane orthogonal to pigp — x and then sample the resulting 2D Gaussian,
allowing us to compute the solid angle PDF easily.

In a follow-up investigation, we realized that we could compute the value of the marginal integral
Eq. (3.44) efficiently, making exact sampling of the 3D Gaussian practical. For this, we sample
y’ ~ N(po, L), resulting in the direction w. To compute the PDF, we rewrite the marginal integral
(Eq. (3.44)) using u = ug — x, plug in the 3D Gaussian PDF and use a computer algebra system to solve
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Figure 3.9: A simple scene with a square light illuminating a plane (left). Uniform sampling of points on the
square (area sampling) is only slightly better than sampling its 3D Gaussian representation. While accurate in the
far field, projecting to a 2D Gaussian first leads to increased noise near the light.

the remaining integral:

p(w) = / Nx+rw | o, L) r2dr = / N(Gw|p L) r*dr (3.45a)
0 0
1 / ” ( 1 Tyl ) 2
= — xpl-=(rw—u) 27 (row — )| r-dr (3.45b)
@i 4 SRR
2w -2r "=+ pTE )r2 dr (3.45¢)
=a =b =c
1 /°° a,
= — exp ——r +br— - rodr (3.45d)
m)iiz| Jo 2 2)

1 2

_ m [\/2_7'( (a +1?) (erf (\/%) + 1) exp (é’—a - %) +2bVa exp (—%)} (3.45¢)

(Mzm\/_ [\/_ (a+b?) (erf(\/%) +1) exp( r IZI) +2bVa exp( ;)] (3.45f)

In the last step, we sidestep catastrophic cancellation in the exponent by substituting using

AL MR RTE yT! —(wTZ_ly) = (a) X W) IZ(w x p). (3.46)
=a =c =b =d

In Fig. 3.9, we compare this sampling technique (3D Gaussian) to our previous one (2D Gaussian)
in a simple test scene. We sample points using a Gaussian centered on the unit square light source
with £ = diag (le—4, 15, 7). For each sampling technique we use a total of 128 samples per pixel, while
ensuring domain coverage using MIS combination with 10% cosine-weighted hemisphere samples.
Sampling of the 3D Gaussian is more accurate in the near field than the previous 2D Gaussian sampling.
As both methods are equally fast in this simple test case, evaluating the long PDF expression (Eq. (3.45f))
does not seem to introduce significant overhead. Since there is no obvious disadvantage to the sampling
technique from Section 3.5.2, it makes sense to use the 3D sampling technique with the above PDF as a
substitute, even if better near-field accuracy might not be as significant in practical application.
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4 BRIDGE SAMPLING FOR CONNECTIONS VIA

MULTIPLE SCATTERING EVENTS

To handle specific importance sampling problems, specialized solutions can complement more general
approaches toward sampling difficult light transport such as path guiding. For example, explicit
connections to light sources leverage prior knowledge about the distribution of illumination in a scene.
Using connections for next-event estimation improves exploration of path guiding and allows the
guiding distribution to focus on the indirect illumination [HSRM25]. In dense, forward-scattering
participating media, however, the benefit of connections declines, as significant transport happens over
longer multiple-scattering paths around the straight connection to the light.

In this chapter, we present a method to recover the benefit of connections by importance sampling
a bridge: a subpath of arbitrary vertex count connecting two vertices. This is challenging, as the
contribution of a bridge is shaped by the product of phase functions. Therefore, we importance sample
the phase functions first, and subsequently construct a geometrically valid bridge. This approach leads
to a simple algorithm and can construct bridges of any vertex count. However, the probability density
of the sampled bridge is nontrivial. By formulating it as a marginal density and solving the resulting
integral, we obtain an analytical expression. We demonstrate the effectiveness of our method in reducing

estimator variance in various scene configurations with forward-scattering media.
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Figure 4.1: A golden statue submerged in a heterogeneous cloud volume (scattering albedo 100%, 404M 4D voxels
with motion blur, the phase function approximates Mie scattering by an equal mixture of two Henyey-Greenstein
lobes of mean cosines g = 0.98 and g = —0.4). The image is rendered up to a maximum path length of 10 vertices.
We importance sample the multiple scattering contribution by bridges which take into account the phase functions
and the geometry terms of the measurement contribution. In an approximate equal time comparison, this leads to
much improved rendition of the multiple scattering (blue/magenta insets where the statue shadows the indirect
illumination in the volume). PTNEE resolves the direct illumination better (orange inset near the white light),
though neglecting the multiple scattering.
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4.1 Introduction

Common participating media, e.g. fog or water, exhibit high albedo and highly peaked forward
scattering. Especially for importance sampling the light emission, explicit connections of subpaths are
usually significant, but sampling straight line connections is less effective in these media. This is because
a major share of the light transport happens via sequences of multiple scattering events. These form
paths around the straight connection, as shown in the example in Fig. 4.2. It also demonstrates how
path tracing with next-event estimation struggles to sample these paths. Like all methods based on
analog path extensions, it tends to get lost in less important regions of the medium.

Our goal is to explicitly sample this type of connecting subpath between two vertices, which we refer
to as a bridge. This is challenging, since we need to handle two aspects of the geometric configuration
along the bridge: the forward-scattering peak in the phase functions leads to near-specular transport,
and the geometric singularity in the distance between vertices can cause infinite variance. Therefore, we
need to importance sample the product of these terms for robust sampling.

Fortunately, we can turn to an observation about analog path tracing: it is mostly very good at
sampling paths, with the critical flaw of terminating at a random point instead of our target vertex. Our
main idea is to fix this after sampling a preliminary path: we rotate and uniformly scale it, such that
its endpoint will match the target. By preserving angles, this transformation maintains the important
geometric properties of the initial sampling. The probability density of this sampling technique involves
marginalization, i.e. for a given bridge we need to integrate over all ways in which we could have
sampled it. This turns out to be surprisingly simple for our purposes and we derive an analytical result.

Sampling this way, we forego importance sampling of the directions at endpoints, though other
vertex connection techniques share this property. This is usually handled well by combination through
multiple importance sampling. We also cannot control the total track length and thus transmittance, but
typically this does not cause a lot of variance in the case of forward scattering. All other terms of the
bridge are importance sampled by our algorithm.

In summary, we make the following contributions:

¢ a general formulation of the bridge sampling algorithm and its PDF derivation (Section 4.3.1),

* our recommended instance of this algorithm, which samples distances on bridges of arbitrary
vertex count based on scaling the bridge (Section 4.3.2),

* a second instance without scaling or marginalization, which works with one or two inserted

vertices (Section 4.3.3),

¢ an algorithm for sampling the number of vertices on a bridge, based on connection distance and

medium properties (Section 4.4).

4.2 Related work

Extended next-event estimation in volumes. Rendering participating media is hard, especially in
the presence of high-frequency content in the phase functions (most commonly: very peaked forward
scattering, but Mie theory also predicts backward peaks) since this poses angular constraints on
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Reference Bridges (ours)

Xp

Figure 4.2: Path distributions produced by different sampling algorithms for connecting a subpath ending at xo to
a light source at x,, over 8 additional vertices in an infinite medium with Henyey-Greenstein phase function and
mean cosine g = 0.95. The random walk of both path and light tracing is uninformed about the goal vertex and
struggles to focus on the important regions of path space. Bridge sampling is conditional on both endpoints and
successfully samples paths near the straight line connection. The reference is the distribution of paths that would
be optimal for importance sampling, i.e. proportional to their measurement contribution. It also shows paths that
first follow the forward-scattering phase function to the right, before turning toward the light source, which in
a complete renderer would be handled by MIS combination of our sampling and phase function sampling. We
compute the reference by resampling 30 paths from 6000000 candidates generated by path tracing with NEE.

paths with high throughput. Even without this, the geometry terms G contained in the measurement
contribution are a challenge. The inverse square distance term is unbounded if path vertices come
closer together. If light sources are contained in a volume, this term can cause infinite variance in the
estimator. To counter this, equiangular sampling includes the offending G term in the importance
sampling [KF12]. This method works best for isotropic phase functions, since these are omitted from
the PDF. To address this, Georgiev et al. [GKH*13] propose joint importance sampling of distances and
phase functions, but resort to tabulation, which still results in suboptimal sampling for generic and
spiky phase functions. Once More Scattered NEE (OMNEE) solves the special case of a single additional
scattering vertex between a vertex and the light source for homogeneous media and arbitrary forward
scattering phase functions [HWD22]. Our method works for full-sphere phase functions and can insert
an arbitrary number of extra vertices, and we show an equivalent formulation for the special case of a
single vertex. Multiple vertex next-event estimation (MVNEE) [WHD17] adds multiple vertices on the way
to the light, too. As pointed out by the authors and confirmed by our results, the resulting PDF is not
ideal, especially for longer paths.

Glossy light transport. Solving for a path with multiple vertices that fulfills angular constraints

dictated by the phase functions is similar in spirit to highly glossy/specular light transport on surfaces.
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This has been explored for Markov chain rendering [Jak13] as well as for extending Monte Carlo
next-event estimation [HDF15]. Our formulation is much simpler and works without an iterative
predictor/corrector scheme since path vertices in the medium are less constrained as compared to
surfaces.

Product sampling. Sampling the product of material properties and incident light [HEV*16] has been
explored for volumetric scattering [HZE*19], by casting both incident light and phase function to a
Gaussian mixture model and subsequently computing the product of all mixed-term Gaussians in
closed form. As shown previously, the product of incident light and a peaky phase function can become
bi-modal [HWD22]. This means a product importance sampling scheme cannot simply rely on the
product of two Gaussian approximations, which would remain unimodal. Thus, such an approach will

require many lobes in a Gaussian mixture to obtain good accuracy.

Caching light transport. Employing memory to store light paths to compute volumetric light transport
has been explored in great detail [KGH*14]. This incurs an implementation, memory, and runtime
overhead to evaluate the PDF of all active estimators to compute the multiple importance sampling
weights. Path guiding [VHH*19] employs memory to explicitly store sampling densities to guide random
walks toward high-contribution paths. This approach also handles visibility, while our importance
sampling scheme does not. A specialized class of algorithms is concerned with subsurface scattering,
and guides transport paths back to the surface [Kd14].

Approximations for high-order scattering. Analytic expressions for multiple scattering are hard
to obtain and represent a well-researched area [dEo16]. These formulations are especially useful for
extremely long paths and when the visibility between transport vertices is known to be unobstructed
or can be ignored. With our method, we address a scattering regime up to the lower two-digit vertex

counts.

Time-of-flight imaging. Connections via additional scattering vertices in media [JMM*14] or on
surfaces [PVG19] can also be used to control the total track lengths of light paths. This is important when
considering the time-of-flight of light, while we focus on the more common steady-state simulation.
Our sampling aims to fulfill angular constraints on multiple additional scattering vertices in media,

while track length is only of secondary concern.

4.3 Sampling vertex bridges

Our goal is to connect two vertices xg and x,, via a chain of n edges, while importance sampling all inner

phase functions and reciprocal squared distance terms. To accomplish this, we first sample a preliminary

’

0
Xo, such that its endpoint xj, matches the target x,,, as shown in Fig. 4.3. This affine transformation

subpath x|, starting from x|, = xo, which we call a bridge. Next, we rotate and scale the bridge around

preserves angles between edges and therefore the phase function PDF under mild assumptions (see
Section 4.3.1). Therefore, we can easily make use of stock phase function sampling while constructing
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Table 4.1: Summary of our notation.

Term Description

xeX, xeX (Preliminary) path vertex position
we, w el (Preliminary) path edge direction
deD, d €D’ (Preliminary) path vertex distance
Wb, W, direction from x, to x; (x; to x;)
wi, W] direction from x;_1 to x; (x]_; to x})
di, d; ) distance between x;_1 and x; (x]_, and x)
Xij € X the sequence (x;, Xi+1, - - -, Xj)

@i €Q the sequence (w;, i+1, ..., ®;)

dij €D the sequence (d;, dit1, . . . ,_dj)

X, @, shorthand for X ,, @0, don

X, @&, d analogous to above

the bridge. Since we stay in the solid angle domain, all reciprocal squared distance terms are sampled
naturally as well. Please see Table 4.1 for a description of our notation.

rotation R~!

Figure 4.3: Our goal is to connect the endpoints xo and x,, via a subpath with n — 1 additional vertices and
importance-sampled directions @zn = (@), . .., w},). We sample a preliminary path X;  beginning from x = Xo
and @} = wo—n, and then proceed via free-flight and phase function sampling. To connect xo and x,,, we rotate
and scale this path around xo such that x;, ends up at x,. Notably, this affine transformation preserves angles and
thus phase function importance sampling weights.

The remaining challenge is to sample suitable vertex distances and compute the PDF of the resulting
vertices. In this section, we present two alternatives for distance sampling. The first one samples
preliminary independent distances using the exponential distribution and realizes the correct bridge
length through scaling (Section 4.3.2). It is simple to implement for any number of vertices, but incurs a
non-constant Jacobian for its projection step. The second alternative can get rid of this factor by directly
sampling solutions to the constrained problem (Section 4.3.3), i.e. it always samples a unit scale factor,
but is limited to inserting a maximum of two vertices. Beforehand, we will derive the PDF of our

sampling scheme, independently from any distance sampling.
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4.3.1 PDF derivation

To implement our sampling scheme into the Monte Carlo rendering framework, we need to compute
the PDF of sampling a bridge. This is not a simple change of variables, since the dimensionalities do
not match: We sample n vertices, but we need a PDF for only the inner n — 1 vertices X1 ,-1, since x, is
predetermined.

We approach this in two steps. First, we match the dimensionality by lifting X ,_1 to an auxiliary

space. To do so, we pad X; ,—1 with the auxiliary vertex x;,. This allows us to define a bijective map to

’
1,n’

out x}, and obtain the PDF on X1 ;1.

the preliminary vertices X , since their scale is determined by x;,. In the second step, we marginalize

Mapping to the auxiliary space. We define the bijective map from auxiliary space X x X, to preliminary
vertices X’ by
- r -
m(X1,n-1,Xy,) = Xo + E(R(Xl =X0), .-+, R(xn —%0)) =X ,,, 4.1)

where R is the shortest rotation from wo—, to w(_,, and r and s are the preliminary and the target
connection distance, respectively:

re=|x, - xf)“zl s = |Ixn = xoll - 4.2)
Since R is orthogonal and x;, maps to itself, the Jacobian of m is:

diag (%,..., %) = 71\3(n-1)
- (r _ 43
: ) (%) 43)

det]m(fq,,,_l,x;) = 5

With the product PDFs of phase function sampling pg, (@7 ,) and distance sampling p, (0_11 ), we can

n

now derive the PDF in the auxiliary space X x X, using d/ = Ld;:

Pxxx; (X,n-1,%,) = pxo(m(Xa,n-1,x;,)) |det Ju (X1,n-1, X;,)|

Pz (X)) (t)s(n_l)

S
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Marginalization. The remaining step is to marginalize out the auxiliary vertex xj,. We illustrate the

’

1
by w] = Rw1. Note that this works only because of the symmetry of the construction: the shortest

configuration in Fig. 4.4. Since we chose @} = wo—, and w is fixed by x;, R is already determined

rotation between wi and w1 is the same as between wy_,;, and a)(’)_m. With R fixed, x, is on the line

X), = Xo + rRwo—, and we must only integrate over r. We multiply by 72 for the change to the spherical
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4.3 SAMPLING VERTEX BRIDGES

Figure 4.4: For marginalization, we need to integrate over all x;, which we could have sampled to construct the
bridge Xo,n. Since the rotation R is already determined by our fixed choice of @', x, is on a line (green) and the
integration is just over radius r. The depicted x;, is at v = s. Also note the rotational symmetry of the construction:

for each value of @, the shortest rotation between w} and w is the same as between wo—, and w;,_, .

domain and obtain

p)_(()_(l,n—l):/ / P, (K1,n-1,%,) 7> dr dda, , (@_,,)
a Jo

. (4.5)

n m
(18 oot [ () e

i=1

4.3.2 Distance sampling based on scaling

Next, we need to choose a specific distance sampling distribution. It should allow us to compute the
value of the marginal integral and result in a favorable PDF. Motivated by free-flight sampling, we pick
the exponential distribution with scale parameter A

por (@) = ﬁ[Aexp(—Ad;) = 2 exp (<24, ). (4.6)
i
and insert it into the marginal integral from Eq. (4.5):
[ o) 2o
~a= [ o (‘Mr) e @7)
_ Si:(n ~1)! (M)_n - STI(LZ—;II?

This leads to Algorithm 1 and the PDF in product vertex area measure:

n

3(n —
px i) = (]_[ %) pev (@}, == (4.8)

i=1 “i ”Eilf"“;l .
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4 BRIDGE SAMPLING FOR CONNECTIONS VIA MIULTIPLE SCATTERING EVENTS

Algorithm 1 Sample bridge from xg to x;

n < sample vertex count with probability P, > see Section 4.4
x6 “— Xp
p < Py
“”1 — Wo—-n
fori«—1,...,ndo
ifi > 1 then
L w’ < sample phase function given w’_,
p — p ra(w)) > phase function PDF
d! < —In(1 - rand()) > rand() € [0, 1)

x’, — x’. 1t d’.w’
compute rotatlon R such that x}, — xp = Hi”_iglt R(x; — xp)
n
fori—1,...,ndo

X ”X” xO”Z T
X; «— Xg + ”x 0 IIzR (x X0)

w; < RT
d: [ =xollp ’
! lIxi; —xoll "
logp « lgamma(n) —n In Y7, d; > log space to handle large n

p —p lIxn —xoll3 exp(logp) > product solid angle PDF

Discussion. The scale parameter A does not appear in the result, which means that sampling of
preliminary distances is scale-invariant in this case. This indicates that the result is not related to free
flights (see Appendix 4.A for an alternative view) and we cannot use it to sample transmittance. Still, as
we will show, the resulting PDF is suitable for our purposes. We canceled part of the s~"=3 term, with
only a constant s® remaining. The total traveled distance ||o_i1,n ||l has low variance with strong forward

scattering, and the factorial varies only with bridge length.

4.3.3 Constraint-based distance sampling forn =2and n =3

With scaling-based sampling, we still incur a non-constant Jacobian, which is an additional source of

variance. The Jacobian occurs, since we take infeasible paths, i.e. with unfit ||x§1 — Xg||,» and project them

to feasible paths that achieve the fixed connection distance [[x,, — xo||,. In this section, our goal is to

1.0 A O R N
N =
=05 A .
. | |
T T T T T T
0.0 0.5 1.0 0.0 0.5 1.0
d! x

1

Figure 4.5: Constraint-based sampling for n = 2 with @/, } in the xy-plane and @} - w} = cos 6. O maps a

pair of distances d’, d}, to x}. The feasible region (orange), i.e. where di,d’ > 0 and in this example ||O¢;l’||2 =1,
is an arc of length 6. We can sample valid distances uniformly by first sampling a point on this arc uniformly and

then solving for distances using O.
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4.3 SAMPLING VERTEX BRIDGES

uniformly sample the space of feasible paths to get rid of the Jacobian term. We achieve this for the case
of one or two inserted vertices, i.e. # =2 or n = 3, and show how generalization to higher dimensions
remains difficult.

Space of feasible paths. To describe the space of feasible paths, we define the linear map O from

’

preliminary vertex distances d’ to the vector x/, — X)), 1.e. X, — X = Od’:

— ’ 3
O=|w, w, ... w,|eR™". 4.9)

This uses the edge directions ] that are already determined by phase function sampling. d’ produces a

feasible path if it satisfies the constraints on
1. connection distance ||Od_’||2 = |Ixn — xoll, =s,

2. distance positivity Vi € {1,...,n}: d} > 0.

Algorithm idea. The first constraint tells us that O maps all feasible distances to a region on the sphere
(or circle if n = 2) with radius s = ||x, — Xoll,, which we call the feasible region. The distance positivity
constraint restricts the feasible region to an intersection of #n halfspaces, which results in an arc for
n = 2 (see Fig. 4.5) and a spherical triangle for n = 3. If O is invertible, we can pick a random point y
in the feasible region defined by O~y > 0 and solve for a distance vector &’ = O~'y. Unfortunately,
this is in general not the case, as rank(O) < 3, but we can generalize our idea using the singular value
decomposition (SVD).

Sampling algorithm. We describe our algorithm for the general case, even though we will later show
that it achieves the desired PDF only for n = 2 and n = 3. First, we compute an SVD of O = UZV7, i.e.
U € R¥3 and V € R"™" are orthogonal matrices, k = rank(O) and

£ 0
00

T = eR¥", ¥ =diag(oy,...,0x). (4.10)

We refer to the column vectors of U and V as u; and v;. The image of O is im(O) = (uy, ..., ux) and its
null space is ker(O) = (Vk+1,- .-, Un)-

Our idea of choosing a random point y in the feasible region of the image im(O) followed by inversion
is still applicable, only that the inversion is generally ambiguous. We need to additionally sample a
point in the feasible region of the null space ker(O) if k < 1. To sample d, we follow these steps:

1. Sample y’ € R¥ uniformly in the feasible region of the image im(O).

3. Sample y4+1

,,,,,

4. Setd = Vy.
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4 BRIDGE SAMPLING FOR CONNECTIONS VIA MIULTIPLE SCATTERING EVENTS

We can define both feasible regions again using inequalities on the sampled distances, analogous to the

invertible case.

PDF derivation. We can use the result from Eq. (4.5) and insert the value of the marginal integral.

Since in this case r = s, the integral vanishes completely, and we simplify using + = 1:

® r- o\l -
[) Pp (gdl,n) S”_*3 dos(r) = Pp- (dl,n) 52

2

4.11
l_[Gi)kaﬂ ,,,,, o Vet 1 Y1,.6) 87 (1D

_ 1 2
Vau (y1,....%)

k
[ o
i=1

where we define Ving and Vi1 as the volumes of the feasible regions in the image and null space,
respectively. If n = 2, this PDF is equivalent to OMNEE [HWD22] (see Appendix 4.B).

Discussion. Our sampling achieves the goal of keeping the part of the PDF in Eq. (4.11) constant if
k = n. Otherwise, sampling the null space introduces a non-constant term, since the volume of its

feasible region depends on y;, . k. Therefore, we would have to sample y; . non-uniformly in order to

cancel this term. In addition, just computing the volume of a feasible region in null space quickly turns
intractable: the general case of computing the volume of a halfspace intersection in # dimensions is

NP-hard [DF88]. In summary, this approach does not seem promising for scaling to many vertices.

4.4 Sampling the number of vertices

One key advantage of bridge sampling is that it provides the freedom to choose the vertex count for
a connecting subpath. So far, we only addressed sampling bridges of predetermined vertex counts,
leaving aside the question of choosing a suitable vertex count.

The reference for vertex count is the analog scattering process in the medium: We would like to match
the distribution of the number of bridge vertices to the collision count of paths in the medium weighted
by their contribution. Several medium properties influence this distribution. High density in relation
to connection distance leads to more collision events on average. Losses of contribution due to these
collisions are reduced by a high scattering albedo (reduced absorption) and a strong forward scattering
phase function (reduced out-scattering).

The sampling decision for bridge vertex counts needs to consider these effects subject to medium
properties. This is not a simple task, even when assuming a homogeneous medium. For example, in
transmittance estimation, collision along a connection in the medium is described by a Poisson process
[GMH*19]. This tells us the distribution of collision counts for the given track length, i.e. the connection
distance. In our case, the track length is not known in advance, since it is itself a result of our bridge
sampling.
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4.4 SAMPLING THE NUMBER OF VERTICES

Therefore, we resort to precomputing the expected contribution in a homogeneous medium. For each
vertex count and phase function parameter, we store the precomputed contribution as a 1D function of
the product sy;. During sampling, we recover a distribution for sampling by evaluating this function for
each possible vertex count and normalizing to the sum (see Algorithm 2). In the following, we explain
our precomputation. Also see Appendix 4.C for an alternative approach known from the neutron
transport literature, where vertex count is chosen implicitly as the result of a random walk.

4.4.1 Defining the bridge estimator

We define the n-bridge estimator that computes the transport between two vertices a = xp and b = x;
with n — 1 scattering events in between as:

foridge(X1,n-1) T(a,b)
n=————, Bi=
P)_((xl,n—l)

4.12
5 (412)
where fprigge is the measurement contribution for the bridge subpath without phase functions and

cosines at a and b:
n

T(xi_1,X;) A
fbndge(il,n_lh(]_[%)( usfs(...>). (4.13)

i=1 i=1

Bj introduces no additional vertices and represents the deterministic connection done by conventional
next-event estimation. For the complete transport, we sum over all estimators: 8% = 37" ; B,,. As the
contribution of many B,, will be quite low, depending on the configuration, our goal is to stochastically
evaluate only a single term with probability P,:

B

B'= 1. 4.14

- (414)
This is a good estimator of the sum, as each B, has low variance individually. To handle the residual
variance of B, we target the square root of its second moment [VKK18, Appendix BJ:

P, ~ +JE[B2] (4.15)

by precomputing it for homogeneous media.

4.4.2 Precomputing \/E[B2] for homogeneous media

With the assumption of a homogeneous medium, we can precompute an approximation to yE[B2] for
use as P,, which is the probability for constructing n — 1 inner bridge vertices. We assume an infinite
medium with constant yg, u;, and phase function, as well as full visibility and perfect importance
sampling of the phase function. Note that our assumptions do not have to strictly hold in practice, since
we use them for importance sampling only. Together with the PDF from Eq. (4.8), B, reduces to:

2 (dvaly exp (=t 1l
s3(n — 1)!

n:

(4.16)
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4 BRIDGE SAMPLING FOR CONNECTIONS VIA MIULTIPLE SCATTERING EVENTS

The only remaining random variable in the estimator is the total track length of the bridge Hc_llﬂ1 ||1 =: Dy.

By linearity, we can thus reduce yE[B2] to the expectation of a function b, of y; Dy:

JE[B2] = |E

B o 0]
- pysd(n —1)!

2
py~'Df exp (- Dx)

s3(n —1)!

(4.17)

7

with b, (x) == x"e™*. The distribution of Dy, depends on the phase function, number of vertices n, and
the connection distance s. For each combination of 2 < n < ny,« and phase function parameters, we
precompute and store an approximation to the 1D function

\[E [bn(slvltDlz)z]

(n-1)! !

bu(su) = (4.18)
where Dy := s~ Dy is the normalized track length. In our computed approximations, we always use
the Henyey-Greenstein phase function. The resulting functions tend to look very smooth (see Fig. 4.6)
and we approximate each function using a single cubic spline. We use Monte Carlo integration with our
bridge sampling to evaluate Eq. (4.18) during precomputation.

vertex countn =7

fit

= ground truth
o4 AT 000 S e,
20 25
vertex count n = 47
2
g
0 - r.ml.
0 20 40 60
scale it s
S R
0.30 0.46 0.62 0.79 0.95

mean cosine

Figure 4.6: b,, and our stored approximation for two different vertex counts and different mean cosines. With
increasing mean cosine, its peak shifts toward sy, = n. The function is smooth and mostly approximated well by a
spline.
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4.5 RESULTS

4.4.3 Importance sampling n

To recover a probability distribution for sampling n, we follow Algorithm 2. We evaluate Eq. (4.17)
using the spline approximation and medium parameters for each n up to #max and normalize. We
show vertex count distributions computed by our algorithm in Fig. 4.7. We can choose between bridge

sampling and next-event estimation by including n = 1 with /E[B%] = By (see Eq. (4.12)).

mean cosine g = 0.7

004 1 ™
o o | T
d r I _:—“-M —_— ﬂ
0.00 i — — T T
mean cosine ¢ = 0.95
4 ©
0.10 L — fit
F | ground truth
5 4 4
0.05 o | | it
I ::P;“:-FE: :ﬁ%
0.00 -~y o
0 20 40 60

Figure 4.7: Our approximated distribution for importance sampling n and its reference distribution. We show the
distribution evaluated with albedo 0.99 for different scale parameters su; = 4,10, 16, 22, where the peak shifts
to the right with increasing scale. The less peaked g = 0.7 leads to longer track length on average and therefore
selects higher vertex counts. A lower albedo would reduce the contribution of these paths and thus the tail of the
distribution. Note that we omit the next-event estimation n = 1 case in this plot.

Algorithm 2 Sample path length

Py — @ > see Eq. (4.12)
norm « Py
forn=2,...,1max do

spline « lookup(n, g)
ln—l
e
norm « norm +P,

Py «

spline(s i) > see Eq. (4.17)

Py
norm

select n with probability P, =

4.5 Results

4.5.1 Parametric unit test case

We evaluate our method primarily on a parametric unit test case, for which we provide source code
[SHD24b]. Our test is a point light source in an infinite homogeneous medium. We use the Henyey-
Greenstein phase function with mean cosine g. The scattering albedo is set to 0.99 in our test cases to

emphasize multiple scattering. We parameterize the medium extinction by specifying su;, which is the
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4 BRIDGE SAMPLING FOR CONNECTIONS VIA MIULTIPLE SCATTERING EVENTS

expected number of collisions along the distance s between camera and light source. By default, we use
our scaling-based distance sampling for bridges. In our results, we use k to refer to the path length as
number of vertices, which includes camera and light source. We abbreviate the number of samples per
pixel as spp.

Normalization and errors. For comparison to reference images, we use a relative root mean squared
error (rRMSE), which is the RMSE normalized by mean image brightness of the reference. We also
expose all renderings such that the reference achieves a fixed mean brightness. This is to make noise
patterns better comparable between different sets of parameters. The numbers next to inset labels in our

result figures are always rRMSE errors.

Comparison to related work. We compare our bridge sampling to other methods for extended
next-event estimation in volumes: equiangular sampling, MVNEE and OMNEE. In Fig. 4.8, we show
the behavior of these methods in a strongly forward-scattering medium (g = 0.95) with different
combinations of medium extinctions and path lengths. In Fig. 4.9, we show a similar comparison
with fixed extinction, but different combinations of mean cosines and path length. These comparisons
include only the forward-scattering part of the phase function, as OMNEE and MVNEE do not handle
backscattering. Our bridge sampling performs well consistently in all these configurations. While
OMNEE and MVNEE also show good results for single scattering, they cannot sample longer paths well.
For OMNEE and equiangular, this is due to the reliance on path tracing for k > 3. MVNEE explicitly
constructs longer connecting subpaths, similar to our method. However, since it perturbs vertices
independently, its sampling does not reflect important vertex correlations caused by phase functions and
geometry terms. Our bridge sampling shares the slight degradation of performance toward lower mean
cosine. Since it targets the case of pronounced forward scattering, this is expected and generally not
concerning. We list render times in Table 4.2. The runtime performance of our method is comparable to
previous methods, with an overhead over path tracing with equiangular sampling of up to 2x. Note
that this test case might not reflect performance in a full renderer, due to the absence of visibility tests
and our implementation in Python, which is JIT-compiled and executed on the GPU through JAX.

Table 4.2: Render times for computing the first row of Fig. 4.8.
time (ms) k=3 k=4 k=5 k=6 k=7
Equiangular 589  6.55 743 859  9.80

MVNEE 8.89 1133 13.65 1559 1649
OMNEE 8.90 7.13 7.22 8.74 9.07
Bridges 1222 11.87 1279 1638 18.26

Scaling-based and constraint-based sampling. In Fig. 4.10, we compare our scaling-based sampling
(see Section 4.3.2) with our theoretically superior constraint-based sampling (see Section 4.3.3). We
demonstrate lower standard deviation of the constraint-based estimator when not considering transmit-
tance. However, we do not observe this difference in practice, even when rendering a thin medium.

This can be attributed to the difference in the distribution of sampled track lengths as shown in Fig. 4.11.
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k=3 k=4 k=5 k=6 k=7 k=38
(2)1830 | * (b)9.30 | .(a) 4148 | (b) 247.40 | .(a) 189.92| ‘(b) 14.76
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S Ut =4.0
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(a) Equiangular (b) MVNEE (c) OMNEE (d) Bridges

Figure 4.8: Comparison of our sampling with different extinctions p; and path lengths k, g = 0.95, and 16 spp.
Equiangular sampling struggles with the peaked phase function, while all other methods handle the single scattering
case k = 3 well. For k > 3, equiangular and OMNEE have to rely on path tracing a prefix, worsening their results
with longer paths. MVNEE also struggles to construct longer paths, since its independent perturbations neglect
vertex correlation. Our bridge sampling performs well consistently, with the error deteriorating only slightly
toward longer paths.

g=03 g=05 g=07 g=09 g =095 g=098

)0:69 | (078} (2)090 (5).0.78 | (a) 1.47 (a) 5.00 (b)166 | @1121 | (b)3.02 G (b) 7.02

(©036 | (d)0:35 () 0.26 28| (0)0.26 () 0.26 (d)0.25

1 @) 4864 | (b)1047

(@)1047:] () 1366, 31 (© (d) 0.26

(a) Equiangular (b) MVNEE (c) OMNEE (d) Bridges

Figure 4.9: Comparison of our sampling with different mean cosines g and path lengths k, su; = 2 and 16 spp.
Equiangular sampling handles moderately forward scattering well, but cannot deal with highly peaked phase
functions. Similar to OMNEE, the variance of our bridge sampling increases with less pronounced forward
scattering, due to an increased variance in the sampled track lengths. This also lets variance increase faster with
path length k. While this is generally not a problem, as our method is targeted at strong forward scattering, we still
achieve relatively low errors consistently.
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Figure 4.10: Comparison of our scaling-based bridge sampling against our constraint-based sampling with
n=2(k=3)andn =3 (k =4). Left: Renderings with 16 spp in a thin medium with sy; = 0.1. Although
constraint-based sampling sometimes achieves slightly lower error, differences are negligible. Right: We compare
the ratio of standard deviations o of both estimators without transmittance as a function of mean cosine g. In this
theoretical comparison, constraint-based sampling achieves distinctly lower standard deviation especially for low
g, but the ratio approaches 1 toward g = 1.

Depending on the angular configuration, constraint-based sampling can lead to much longer track
lengths on average, increasing transmittance variance. Therefore, it tends to lose its theoretical benefit
if transmittance is significant. An intuitive explanation for this behavior is that in comparison to
constraint-based sampling, our scaling-based approach is closer to sampling the transmittance term.

Forward-only and full sphere phase function. We examine the variance increase that comes with
enabling backwards scattering in our method in Fig. 4.12. This usually has only a very moderate effect,
especially for higher values of g. Even for these, bridge sampling can sometimes construct paths with
large track length when backward scattering is enabled. These would produce outlier samples because

cos 0 =0.98 cos 0 =0.02
800000 7 Scaling ]
600000 4 — Constraint i
400000 A -
200000 A -
e
0 - T T T T T
10.0 10.1 102 0 200 400
track length track length

Figure 4.11: Histograms of sampled total track lengths for two different angular configurations of bridges with
3 edges in a plane and s = ||x,, — xo||, = 10. With near-parallel directions (left, cos O = 0.98), the track length
is close to s for both sampling methods. Constraint-based sampling leads to a much wider distribution of track
lengths with near-orthogonal directions (right, cos 0 = 0.02).
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g=05su=10 g=09,su; =1.0 ¢=09,su; =0.01
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4xdiff 45 diff - 4y diff | 4x diff S Axdiff

(a) Forward only  (b) Forward + backward

Figure 4.12: Enabling backward scattering leads to a slight increase in variance with g = 0.5. With stronger
forward scattering (g = 0.9), the backwards hemisphere has only negligible extra contribution. In a very thin
medium with su; = 0.01, long paths caused by backwards scattering produce outlier samples, best visible in the
difference image. For this comparison, we use a path length of k = 5, 16 spp, and the same exposure for (a) and (b).

of their low PDEF, but this effect is usually counterbalanced by their low transmittance. In extremely thin
media this is not the case and bridge sampling produces outlier samples.

Vertex count sampling. We evaluate our method for sampling the vertex count of a bridge in Fig. 4.13.
Besides our presented second moment-based method, we compare against using the first moment in
its place, and the Poisson distribution, which is the method used by MVNEE. Since Poisson tends to
have a light tail, we further compare against a version of Poisson with a scaled parameter. Sampling the
vertex count well seems to matter only starting at longer paths, i.e. above 10 vertices. In these cases, our
sampling outperforms Poisson, which starts to show outliers. Our second-moment-based sampling
shows similar results to our first-moment-based sampling, although it can be more robust in thinner

media.

Scaling to long paths. We examine the scalability of our approach to long paths up to k = 100 vertices
in Fig. 4.14. While there is noticeable variance increase with more vertices, our sampling is still usable,
while path tracing with equiangular connections hardly finds any contributing paths. Nevertheless,
even with ¢ = 0.98 the distribution of radiance looks very diffuse after so many scattering events, casting
doubt on the importance of sampling the exact visibility in these cases.

4.5.2 Renderer integration and heterogeneous media

We also implemented our bridge sampling in a spectral renderer with support for heterogeneous media.
To construct a bridge, we read p; at the endpoint of the current path and use this to run Algorithm 2.
We continue to construct a tentative path following Algorithm 1, assuming a homogeneous medium
with unit extinction. That is, in this step we do not evaluate the heterogeneous medium at path edges or
vertices. After path construction is finished, we evaluate the transmittances along the path to compute
the measurement contribution. This includes testing each edge for visibility. Unlike in Section 4.5.1, we
do not directly connect camera and light sources via bridges in this implementation. Therefore, the
single-scattering contribution does not benefit from our method in the following comparisons.

In Fig. 4.1, we show a medium with density varying in space and time (for motion blur). We
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Figure 4.13: Comparison of different strategies for selecting vertex counts for bridge sampling with 32 spp. We
show this comparison in false-color to highlight outlier samples. Significant differences emerge only for many
vertices (Nyay > 10). Poisson sampling undersamples these bridges with many vertices, even with a scaled
parameter, causing outliers. Using our first moment-based sampling largely mitigates this problem, although only
our second moment-based sampling is robust in the case with sy; = 4, g = 0.9 (top row, center).

approximate Mie scattering with a 50% mixture of two Henyey-Greenstein lobes with strong forward
scattering mean cosine of ¢ = 0.98 and a backward lobe of ¢ = —0.4 to show performance of the
algorithm also in the presence of backward scattering. Our sampling technique provides a clear benefit
over standard volumetric path tracing with next-event estimation. Note that this setup is intentionally
challenging for our algorithm since it contains spot emitters with non-diffuse angular characteristics,
heterogeneous volume properties, backward scattering, and occlusion, violating all assumptions of our
technique.

Figures 4.15 and 4.16 show a scene with an occluder casting light shafts into a medium with varying
parameters. We compare our method (Bridges) against path tracing with next-event estimation (PTNEE)
and bidirectional path tracing (BDPT). BDPT handles moderate forward scattering (g = 0.5) well,
but struggles with strongly peaked phase functions (g = 0.95). The sampling quality of our method

sur=20,k=20  su =50,k=50 s pu; =100,k =100

(@) 6.94 | ' (0)056] (a) 140

(a) Equiangular  (b) Bridges

Figure 4.14: Our bridge sampling can scale to very long paths, as shown in this comparison for paths with up to
k =100 vertices, g = 0.98 and 16 spp. Variance eventually increases with k, but remains at a moderate level.
Note that the error for equiangular is unreliable here, as it produces only few samples with significant contribution.
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Figure 4.15: A partially shadowed light source in a dense, forward-scattering (¢ = 0.95) medium of varying
heterogeneity (het.), rendered in equal time (180s). Our bridge sampling handles the multiple-scattering
contribution well in homogeneous media, but deteriorates with increasing heterogeneity.
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Figure 4.16: Equal-time comparison (180s) for different parameters of the scene from Fig. 4.15 with 33%
heterogeneity. While BDPT does not handle strongly peaked phase functions (g = 0.95) well, it outperforms
our sampling with less pronounced forward scattering (g = 0.5). Likewise, in thinner media (50%¢;), multiple
scattering is not as distinct and our method shows less improvement.
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Figure 4.17: Equal-time comparison (600s) with more complex geometry. The alley is mainly lit by a street lamp
behind the corner and filled with dense, homogeneous fog (HG mixture of g = 0.98 and g = —0.4), leading to long
paths with significant contribution. Our method is slowed down by its increased number of visibility tests, but
still outperforms PTNEE and BDPT due to improved sampling quality.
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deteriorates with increasing medium heterogeneity. One issue here might be our simplistic path length
sampling, which is based on the end vertex density. This leads to sampling longer paths than necessary

in dense regions of the medium.

Overhead. Our method comes with some runtime overhead as compared to simple next-event
estimation. First, multiple edges will have to be tested for visibility, incurring an extra cost in the ray
tracing when initially traversing the BVH from the root. Second, computing the transmittance in a
heterogeneous medium has a cost for each voxel that is accessed. Since next-event estimation steps
through voxels along the direct connection, this is going to be cheaper than our longer track lengths.

To match the runtime of simple volumetric path tracing in Fig. 4.1, we use a Russian roulette decision
whether to construct a bridge at an end vertex or not, with a survival probability of 30%. That is, for
this maximum path length of 10, sampling bridges is about 3x as expensive as standard next-event
estimation. The probability of 30% turned out to result in about equal rendering time for a fixed sample
count in this scene, in turn increasing variance. Practical applications should rather base this decision

on a more global argument whether or not a connection is expected to yield a good contribution [VK16].

In Fig. 4.17, we show our method on a scene with more interesting geometry and visibility. We render
with a maximum path length of 14 vertices. Even though the medium is homogeneous in this scene,
the overhead of our method is higher than in Figs. 4.15 and 4.16 due to higher cost of visibility tests.
Nevertheless, our method achieves lower error in an equal-time comparison against PTNEE and BDPT.

4.6 Conclusion and future work

We presented bridge sampling, a technique to connect light transport path endpoints to light sources via
multiple scattering and an arbitrary number of intermediate vertices. This technique can sample all the
reciprocal squared distance and internal phase function terms, for arbitrary phase functions (including
both forward and backward scattering). We showed how this works well for a variety of parameters
in homogeneous volumes, up to 100 extra vertices, and compared against current volume sampling
techniques specializing in peaked forward scattering. The technique is simple to implement and, while
based on consideration of homogeneous volumes, has a clear benefit when applied to heterogeneous

volumes.

The resulting PDF does not consider the phase function or emission distribution function at either
endpoint of the bridge. The phase function can easily be included by the same strategy as standard
next-event estimation: in addition to sampling a bridge, also extend the path by sampling the phase
function. Including the emitter term may be an interesting future problem to consider, especially for
strongly directional spot lights. One approach could be to generalize our method by using it to form
connections in bidirectional path tracing. This could also enable further applications of our method

where the light source is outside of the medium, e.g. to subsurface scattering or rendering of clouds.

Since the marginalization over x,, worked out analytically, in the future it might be possible to use this
approach to derive a closed-form formulation of the transport in homogeneous media with complex

phase functions.
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4.A Alternative view on scaling-based sampling

Sampling 1 independent exponentially distributed random numbers and scaling them to unit L! norm
is a method to generate uniform random points on the unit n-simplex with surface area ﬁ This
is a special case of sampling the Dirichlet distribution with @ = 1 [Dev86, p. 594]. An alternative
view on our sampling algorithm is that we first sample a point on the unit simplex and then project it
accordingly. Since the scaling transformation is bijective in this case, this view does not require explicit

marginalization.

4.B Equivalence to OMNEE

We show that our constraint-based sampling (Section 4.3.3) has the same PDF as OMNEE [HWD22]
for the case n = 2 and forward-only scattering. Without loss of generality, we can express O using a
rotation R and the angle 6 between w) and w}:

0 sinf
O=R|l0 0 | (4.19)
1 cosB

Witha = V1 +cosO and b = V1 — cos 0 its SVD is

O=R| 0 0o 1flo b 21 i (4.20)
oI -oyi oflo o\t B
The arc length of the feasible region is found as
s arccos(ny - ny) = s arccos(cos 6) = s 0 (4.21)
using the normal vectors that define its intersected halfspaces
a1, /1 —a‘l\/Z
nl:% 1 i,nzzé 1 12' (#.2)
1|1 b1
where z = , /# + 217 Inserting into Eq. (4.11), we obtain the result from OMNEE
V1 = cos? -
iabs2zs 1 - cos stst (4.23)

s6 0 0

4.C Comparison to the track rotation estimator

The track rotation estimator (TRE) [HDM?76] is a closely related estimator from the field of neutron
transport. Like our bridge sampling, it also rotates subpaths sampled by a random walk to connect two
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Figure 4.18: To sample a connecting subpath between xo and x3, the track-rotation estimator extends a path
starting from xo until it intersects a sphere with radius ||x3 — Xo|| centered at xo. It places a vertex at the intersection
point x; and proceeds to rotate the subpath into place, similar to our bridge sampling.

vertices. In contrast to our approach, the subpath is not scaled, but its number of vertices is sampled as
part of the random walk. The TRE came to our attention only after publication of our original algorithm,
since it was not well known in the computer graphics community.

In this section, we compare our bridge sampling to the TRE and related estimators. We first summarize
the original version of the TRE, before introducing adaptations to our application and combining the
TRE with our bridge sampling. This results in several novel estimators, which we evaluate on our
test scene from Section 4.5. Overall, our bridge sampling remains the most robust estimator in this

comparison, although TRE is equally effective when the number of subpath vertices is unlimited.

4.C.1 Modified track rotation estimator

Original TRE. The original version [HDM76] constructs connecting subpaths between xg and x,, by
beginning an analog random walk at xg. It makes a connection every time it intersects a sphere with
radius ||x, — xo|| (see Fig. 4.18). The subpath is rotated around xg such that its last vertex matches x,, as
in our bridge sampling. Scaling is not necessary, since the distance between its first and last vertex is the

desired one by construction.

Termination on first sphere crossing. In our application, crossing the sphere multiple times is unlikely,
since we target strongly forward-scattering phase functions. It would also be less practical to handle
an undetermined number of connecting subpaths instead of just sampling a single one. Therefore, we
do not record all sphere intersections, but terminate the random walk at the first intersection. While
this results in some energy loss, we did not observe significant bias with the parameters used in our

comparison.

Implicit capture. In the original TRE, when the random walk terminates after a maximum number of
sampled vertices without crossing the sphere, it is considered an absorption event and no connection is
formed. When reaching the maximum number of vertices, we thus connect xp and x,, with probability
T(x],_,,x;,), otherwise we estimate zero contribution. We recognize this as a Russian roulette estimator
based on the outcome of the very last sampled distance. To reduce variance, we instead form the
connection always and multiply with the escape probability, i.e. the transmittance. This yields a lower

variance estimator by the Rao-Blackwell theorem.
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Sampling at least one scattering event. A minor disadvantage of the approach so far is that we would
terminate the random walk early when we cross the sphere without any scattering event. We could
sample the direct connection between xg and x,, in this case, but it might be desirable to handle direct
connections separately. This is the case in our evaluation renderings, where we consider only subpaths
with at least one scattering event. We explicitly restrict sampling of the first distance to be inside the
sphere and renormalize the PDF accordingly, as done by Villemin et al. [VWF18]. This ensures that we

do not sample zero-scattering subpaths in the TRE.

4.C.2 Extension of the TRE with bridge sampling

The random walk in the TRE perfectly importance samples all considered terms of the measurement
contribution with unbounded steps in theory. However, in practice we have to limit the number of
vertices of the subpath and terminate the random walk when we have not crossed the sphere. When we
reach the maximum number of vertices, the transmittance of the last vertex to the sphere surface does
not cancel with the PDF anymore and becomes a source of variance in the estimator. This is the main
weakness of the TRE, as this last transmittance is not importance sampled. Our bridge sampling can
handle this outcome better by non-analog scaling of the subpath, which distributes the additional track
length more evenly among path segments.

Therefore, we combine both approaches: once we are about to reach the maximum number of vertices,
we switch to bridge sampling. We use bridge sampling only for the subpaths with maximum vertex
count. Therefore, it becomes unnecessary to sample the number of vertices explicitly. However, we have
to account for terminated subpaths in the bridge sampling PDF.

Since TRE terminates its random walk as soon as we intersect the sphere around xg, any preliminary
subpath with vertices outside this sphere would not reach the maximum vertex count. When we
marginalize out the scale of the preliminary subpath in the bridge sampling PDF, we thus have to exclude
scale factors that would be impossible to sample. We formalize this constraint using the definitions
r= ||x,’1 - X

6”2 and s = ||x, — Xol|, and introduce R as the upper bound for r:

s s2

Vie{l,...on-1:L<—2 o r< = R. (4.24)
s~ IIxi —xoll, maXie(1,..,.n-1} [IXi — Xoll»
We repeat the derivation in Eq. (4.7) with R as the upper integration limit:
W I L B0\
r r A 1n _
‘/0 Po (Edl’") pr dr = pc A exp (—Tlr r*tdr (4.25a)
- - -n
A Rl (Allduall,
=257 (n, . . (4.25b)
3 RA||d
= - |n, ” 1/”H1 . (4.25¢)
Il s

Here, y refers to the lower incomplete gamma function. This result is in line with the previous one,
since limy_,o (11, x) = I'(n) = (n — 1)!. The PDF in product vertex area measure with r bounded from
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Figure 4.19: Comparison of different TRE-based estimators and our bridge sampling on different extinctions
and limits on the path length k. The inset numbers show the RMSE to a reference. TRE has high variance when it
reaches the maximum number of vertices, especially with Russian roulette (a). This can be improved by using
bridge sampling for the last vertex (c), although only using bridge sampling (d) still results in lower error. When
the limit on k is well above the expected number of collisions, all estimators result in similar error.

above by R is therefore

" s3y n,R/\”c_ll,n” st
px(Xin-1) = (1_[ E)pﬁ’(d)é,n) ( — ) (4.26)
‘ e[}

i=1 7

Alternative combinations. It would also be possible to combine the TRE and bridge sampling on
the last vertex using MIS. We have tried to select the technique using the last preliminary vertex
distance. If escaping the sphere, we use the intersection point as the last vertex without scaling as
in the TRE. Otherwise, we scale the subpath as with bridge sampling. However, in our testing this
MIS combination gave near-identical results to the approach discussed above. Therefore, we chose the

simpler combination, where we always use bridge sampling with the last vertex.

4.C.3 Results

In Fig. 4.19, we compare our modified TRE with and without Russian roulette (RR), the combination of
TRE and bridge sampling, and our bridge sampling estimator, which uses a tabulated second moment
to sample the number of vertices (see Section 4.4). All renderings use mean cosine g = 0.95 and 16
samples per pixel. The results of the estimators mainly differ when the limit on k is close to the expected
number of collisions. Only in this case do we have to terminate without an intersection of the sphere,

which increases variance for TRE. As expected, the estimator with Russian roulette is always worse
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than the one without. Its combination with bridge sampling further reduces variance, but is not able to
consistently reach the low error of the bridge sampling estimator. When the limit on k is sufficiently
loose, all estimators have low variance, resulting in mostly equal error. It is possible that TRE will scale
better to even longer paths, since our bridge sampling eventually deteriorates with many vertices.

4.C.4 Conclusion

The track rotation estimator (TRE) uses a similar idea to our bridge sampling and has similar variance
with a loosely bounded number of vertices. However, when its random walk reaches the maximum
number of vertices, variance increases. The TRE is limited by its analog free-flight sampling, whereas
our bridge sampling handles this case better via scaling of the preliminary subpath. We combined
both methods by using bridge sampling when we reach the maximum number of vertices. Although
still increasing variance slightly in comparison to bridge sampling only, the combination could be a
viable alternative in some cases. Its variance increase is moderate in most cases and it does not require
precomputation and table lookups, like our second-moment-based sampling of the number of vertices
for bridge sampling. Future work might find better ways to combine TRE and bridge sampling via MIS,

which could reduce variance even further.
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5 INTERACTIVE LIGHT TRANSPORT SIMULATION

While the main focus of this dissertation is high-quality offline rendering, interactivity enables a wider
range of applications, including preview rendering for scene modeling or data exploration. Advances
in graphics processing units (GPUs) allow us to consider algorithms similar to those in offline light
transport simulation for interactive applications. Nevertheless, interactivity demands different design
decisions, which come mainly from the strict constraint on render times to be on the order of 10-100 ms.
This is usually achieved by a combination of highly parallel execution on GPUs, compromises on
physical accuracy, and the exploitation of temporal and spatial coherence.

In particular, reusing information in light transport simulation, while crucial for interactive rendering,
is also an active research topic in offline rendering. In this chapter, we discuss two different theoretical
contributions that enable information reuse in interactive applications. The first one (Section 5.1) is
concerned with mixture models with uncountably many, implicit components and the conditions that
allow for their sampling. This enables path guiding with limited storage. The second one (Section 5.2)
facilitates the combination of different shift mappings in ReSTIR, making the reuse of samples more
robust. It was developed in the context of simulating subsurface scattering, which is a specific type of

volumetric transport.

5.1 Markov chain mixture models for real-time direct illumination

While mixture models have proven to be useful for offline path guiding, storage and computational
demands hinder their adoption in interactive applications. Fitting mixture models can be an expensive
process and requires sufficient training data that has to be gathered during rendering. Highly dynamic
content requires fast temporal adaptation, limiting the utility of distributing computation among
multiple frames.

In “Markov Chain Mixture Models for Real-Time Direct [llumination” (MCMM) [DSH*23], we
represent a mixture model implicitly by a stochastic process. This allows for lightweight fitting and
storage, as well as fast adaptation to changes in illumination. Formally, we define a continuous mixture
model with components V(- | t) and parameters t € 7 :

po)= [ povirina, 1)

Here, p(t) is the component density, which corresponds to the weight in a discrete model. We construct
a stochastic process with state space 7 and interpret the current state ¢ as a random sample of our
mixture model. Perhaps surprisingly, we can use it to sample x ~ V(x | t) and make unbiased estimates
without knowing p(t), employing a stochastic MIS (SMIS) estimator [WGGH20]. This leaves considerable
flexibility for designing the component sampling process.
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Figure 5.1: Left: Direct illumination from many small light sources rendered using MCMM with 8 samples per
pixel in 10.8 ms. Right: The sampled mixture model components visualized using latitude / longitude coordinates.
The red insets show the vMF distributions (red) held by individual pixels at consecutive time steps. Light sources
are shown in black and their overlap with vMF distributions in green. We encircle the vMF distributions for better
visibility (dark red). The blue inset shows the mixture that emerges when combining the individual components,
i.e. from nearby pixels and multiple time steps. Figure reproduced from [DSH*23] with permission.

Figure 5.2: Each Markov chain state defines the parameters (1, k) of a single vMF distribution (dark blue). Since
each pixel contains one Markov chain state, a sample of the full, continuous mixture model can either be obtained
by collecting vMF components over multiple time steps, or in a window around the center pixel (light blue).
Figure reproduced from [DSH*23] with permission.

We use this construct in MCMM for guiding the sampling of direct illumination without explicit
information about light sources (see Fig. 5.1). Every pixel holds the state of one Markov chain, each
one defining the parameters of a von Mises-Fisher (vMF) distribution. We interpret this as a sample
from a continuous mixture model and use it to importance sample a direction toward a light source
(see Fig. 5.2). The Markov chain transition is informed by the result of evaluating this direction sample.
Resampling states from neighboring pixels spreads information about successful vMF distributions.
This overall approach was later extended to indirect illumination [AHD25].

In the remainder of this section, we extend the theory of SMIS estimation in order to prove correctness

of the application in MCMM, as well as to clarify capabilities and limitations in general.

5.1.1 Stochastic multiple importance sampling with dependent samples

Following West et al. [WGGH20], we define the n-sample SMIS estimator for | = /X f(x)dx:

< 0i(X;) f(X;
Dawis = > (;‘;(l s )T) 52)
i=1
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with random techniques T; and samples X; with joint PDF p(Ty, ..., Ty, X1, ..., Xu). In our definition,
we replaced p(X; | T;) with the more general p(X; | T3, ..., T;), which is equivalent in simple cases.
The weighting heuristic @ can be any valid MIS weighting heuristic [VG95b], i.e. it has to satisfy the

following conditions:
(W1) X7, wi(x) =1 when f(x) #0,
(W2) w;(X;) =0whenpi(X;|Ty,...,T,) =0.

We adopt the proof by West et al. to show that (I)smis is indeed an unbiased estimate of I:

E [(Dsmis] = Eny xy),.... (T, %) [{Dsmis] (5.3a)
=Eq,..1, [Exy,..x, (Dsmis | Ti, - .., Tull (5.3b)
3 S wi(Xy) f(X)
=En,.1, |Ex),.. X Z AN h,..., Ty (5.3¢)

N wi(X;) f(Xi)

=En..., ;EX’ p(Xi|Th,..., T) Tl’.“’Tn} 6:3d)
—En.1 [Z / ﬂj% Pl T Ty (530)
=Er,..1, [/X;wi(x) f(x)dx| =E '/Xf(x) dx| =1 (5.3f)

The main insight here is that we can sample a set of MIS techniques randomly from a continuous space,
without needing to know the probability of that selection. Given an appropriate weighting function
w(x) that respects (W1) and (W2), the conditional expectation of the estimator given Ty, .. ., T, is already
equal to the integral I. The outer expectation does not contain any random variables, making it already
equal to I, independently of p(Ti, ..., T,). In the following, we discuss some examples of different
sampling schemes to highlight capabilities and limitations of the SMIS estimator.

Independently sampled pairs (T;, X;) (Fig. 5.3a). This is the assumption made by West et al. for their
proof, even though it is not strictly necessary. In this case, the PDFs can be simplified. Since X; is
conditionally independent of Tjx; given T;, p(X; | T;) = p(X; | T3, . .., Tx). The same is true for the cases
shown in Figs. 5.3b and 5.3c.

Dependent techniques (Fig. 5.3b). In this example, techniques are not sampled independently.
For the proof above, we take the expectation given all random techniques. Therefore, inside this
conditional expectation, dependencies between any techniques do not matter. Since we did not break
any assumptions of the proof above, this example still results in an unbiased SMIS estimator. For
MCMM, we make use of this insight for resampling techniques from the previous frame. Since we

are resampling from a fixed set, the resulting techniques are correlated, but this does not compromise
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(c) Dependent techniques through extra samples. (d) Techniques dependent on previous samples.

Figure 5.3: Examples of different possible sampling schemes for use with the SMIS estimator.

unbiasedness. Another application could be to sample a set of independent points first, and then
produce techniques through combination, e.g. use the convex hull of a subset of points.

Dependent techniques through extra samples (Fig. 5.3c). Here, an additional sample X/ is used to
select the technique for the next sample T;.1, which leads to a dependency T; — T;+1. Since X is not
used for the estimate itself, this is a special case of the previous example and no bias is introduced.
The algorithm by Martino et al. [MELC17] uses this scheme for adapting importance sampling to the
integrand similarly to what we do in MCMM. However, we save the cost of the extra sample by choosing
T; dependent on X; and avoid the dependency by permuting techniques between multiple estimators

running in parallel.

Techniques dependent on previous samples (Fig. 5.3d). In this case, we would use a sample X;
directly to choose the next T;;1. Although this scheme would be desirable for adaptive importance
sampling, we explicitly avoid this case as explained in the previous example. While this scheme would
be supported with the SMIS estimator, it is difficult to apply it in practice. This is because it is usually
intractable to compute the required conditional PDF p(X; | T;, Ti+1), since we only know p(X; | T;) and
p(Tiv1 | Xi):

p(Xi, T;, Tiv1)  p(Tina | Xi) p(Xi | T;) pCFy

p(TTa) — p(Taa | T peEy

For the missing term p(Ti+1 | T;), we would have to marginalize out X;. Since it appears in the

p(XZ | Tl'/ Ti+1) =

(5.4)

denominator in Eq. (5.4) and therefore in the numerator of Eq. (5.2), we could replace it with an
uncorrelated estimate, which however would need at least one additional sample, like the previous

example did. Second, one needs to be careful about proper weighting functions, since the reversed PDF
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(Eq. (5.4)) could be zero for some x, even where p(X; = x | T;) # 0. Because of (W2), this makes it more
difficult to cover the full domain according to (W1).

5.1.2 Summary

We have outlined conditions for the applicability of the SMIS estimator with different kinds of
dependencies between techniques and samples. In MCMM, these dependencies are mostly avoided
explicitly by clever permutation of Markov chain states of neighboring pixels. Correlations are only
introduced by resampling neighboring states from the previous frame. As shown above, this still does
not affect correctness of the approach. We hope that our observations can provide insights and aid in
the design of similar methods in the future.

5.2 ReSTIR subsurface scattering for real-time path tracing

denoised

RMSE 0.1304 RA i RMSE 0.0642
25.1577ms o 4ms . 28.7960m.

hybrid

sequential

ReSTIR SSS 2 reference
hybrid shift sequential shift

reference

Figure 5.4: The material on the dragon model shows characteristic blurring and translucency effects of subsurface
scattering, which also lead to additional noise. Applying ReSTIR with the proposed shift mappings to the
simulation of subsurface scattering reduces noise and denoising artifacts, in particular in regions with prominent
scattering. Figure reproduced from [WSD24] with permission.

The term subsurface scattering describes a specific kind of volumetric light transport that occurs in
dense media bounded by surface geometry. While its appearance is close to diffuse surface reflection,
volumetric scattering introduces characteristic subtle blurring and translucency of thin geometry (see
Fig. 5.4). This is important for the realistic appearance of certain materials, most prominently skin on
characters.

Because of these properties, there exist specialized solutions for computing subsurface scattering. In
high-quality offline rendering, subsurface scattering is simulated as full volumetric light transport, but
using specialized importance sampling techniques [Kd14] or nested lightweight integrators [BAC*18;
CFS*18]. More approximate solutions augment surface transport by replacing the BSDF with a
bidirectional surface scattering distribution function (BSSRDF), which models transport between separate
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entry and exit points. Models for the BSSRDF use simplifying geometric assumptions to precompute
scattering, traditionally based on diffusion theory [[MLHO1] and as a function of distance between entry
and exit point. The BSSRDF can be used to blur rendered images in a postprocess, but this approach
is limited by its missing access to information about hidden surfaces. It can also be used with path
tracing by sampling exit points on surfaces [KKCF13]. This, however, leads to additional noise, which is
problematic for interactive applications.

In “ReSTIR Subsurface Scattering for Real-Time Path Tracing” (ReSTIR-SSS) [WSD24], we apply
reservoir-based spatio-temporal importance resampling (ReSTIR) [BWP*20] to the rendering of subsur-
face scattering with BSSRDF importance sampling. ReSTIR reduces noise by enabling unbiased reuse of
samples in space and time with constant storage. While it has been applied to path tracing before as
ReSTIR PT [LKB*22], we extend this approach to support BSSRDFs.

5.2.1 Combining shift mappings

Shift mappings bijectively map a base path to a similar offset path in a different domain. While originally
designed for gradient-domain rendering [LKL*13], shift mappings allow unbiased reuse of paths
between different domains in ReSTIR [LKB*22], e.g. neighboring pixels. As there is no unique notion of
“similarity” of paths, various shift mappings have been proposed [HGP*19; LKB*22]. It is difficult to
design robust shift mappings, or to choose the most suitable one for a given base path [HGP*19, Sec. 8.1].

We adopt two basic techniques for constructing offset paths: copying vertices of the base path and
reconnecting to it as soon as possible (reconnection), or copying random numbers of the base path
(random replay). In ReSTIR-SSS, we found different configurations to benefit from two shift mappings
when shifting paths with a subsurface interaction (see Fig. 5.5): we either reconnect to the exit point
(reconnection shift), or use random replay to sample a new exit point and reconnect afterwards (delayed
reconnection shift).

ReSTIR PT also delays reconnection to a “connectable” vertex, which it deterministically classifies
based on surface roughness and path vertex distance (hybrid shift). We introduce a similar heuristic
based on distance and orientation for BSSRDF reconnection. It is effective in image regions where one
of the options is clearly superior. However, this approach can fail in regions where the criterion gives
less consistent results, leading to visible correlation artifacts. Therefore, we also introduce a second
approach, where we apply reconnection and delayed reconnection in alternation (sequential shift).

This is however not straightforward, since these shifts operate in primary sample space or path space
for different parts of a path. Through shifting we can create paths for which the corresponding random
numbers are unknown, but required for subsequent random replay. We can often obtain random
numbers by inverting the sampling process, but this is not always possible. For example, ambiguities
occur when we choose between multiple techniques with overlapping domains during sampling. This
is the case in ReSTIR-SSS, since we sample the exit point conditional on a chosen projection axis and
color channel.

Mapping paths from path space to primary sample space has been investigated in the context of
Metropolis light transport [Pan17; OKH*17; BJNJ17]. A problem similar to ours occurs when combining
path space and primary sample space mutations. The theoretical foundation for a solution is to extend
path space with extra dimensions to match the dimensionality of primary sample space. This allows
us to define a bijective mapping. In practice, the extra dimensions can be randomly sampled before
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(a) Subsurface path (b) Reconnection shift (c) Delayed reconnection shift

Figure 5.5: Scattering inside the blue object is approximated using a BSSRDF model and represented by a path
with entry and exit points (a). ReSTIR-SSS uses a combination of two shift mappings: either we reconnect to the
base path through the object (b), or delay reconnection by reusing random numbers of the base path (c). Figure
reproduced from [WSD24] with permission.

inversion. This approach also has application in path guiding [HSRM25, Ch. 2, Sec. 6]. In this section, we
first explain the theoretical extension of path space and illustrate this with an example, before applying
probabilistic inversion to ReSTIR-SSS.

5.2.2 Path space extension

Ambiguities in the mapping from path space # to primary sample space U = [0, 1) originate in a
mismatch of their dimensionality. For example, to sample a mixture model, we would use a random
number to select one component to sample. This random number has no equivalent in path space.
Therefore, going in reverse, we cannot in general recover the component index from the sample, let
alone the random number that was used to select it.

. g1
Projp >
P PxT—___ U
Path space Extended S Primary
path space sample space

Figure 5.6: Sampling only requires a mapping from primary sample space U to path space P, which is not
necessarily injective. We recover invertibility by extending P with additional dimensions I, such that a bijective
mapping S: U — P X T can be defined.

We can solve this problem by extending path space with extra dimensions I' = [0, 1)*, such that the
dimensionalities of X I and U match. This allows us to define a bijection S between both spaces (see
Fig. 5.6). Integration over these dimensions does not change the value of the integral, as they do not

occur inside the measurement contribution function.

[rwax= [ a7 ax= [ rmds) 5)
=1

In the following, we provide an example for the case of sampling a mixture model and show how to
define the mapping from U to I'. Since the PDF is formally defined by the Jacobian determinant of S~%,
we choose S such that its Jacobian remains consistent with the original PDF.
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5.2.2.1 Example: bijective sampling of a mixture model

In our example, we use a mixture of T techniques S; for importance sampling x
(5.6)

S:U—-PXT (ug,uz) = (x, ) = (Siquy)(u2), y (1)),

For each technique f, we define its PDF p(x | f) and weight a; := P(t) > 0, with }; =10 = 1. Then, the

PDF of x and the probability of t given x are
S aip(x | £)

P = Daplrlt =), P]x) = = (57)

j=1

Sampling S. We first select a technique by index t ~ P(t) = a; and then use S; to sample x

t-1
select the unique ¢ such that Z aj <up < Z aj, x = S;(up). (5.8)
j=1 j=1
Next, we need to define the mapping from u; to y, such that
1. we are able to invert S, i.e. uniquely infer f and u; from y,
2. the Jacobian determinant of S matches the reciprocal PDF: |det Js(w)| = ﬁ.
The following definition fulfills both of these requirements:
w - N a = .
y:a—tP(t|x)+Z;P(t:]|x). (5.9)
]:
Inversion is possible, since y is inside an interval unique to ¢ due to our choice of ¢ in Eq. (5.8)
t-1 t a t-1 t
J . .
—eO,lz € P(t = , P(t = 5.10
ZZ o clo D=y e| ) Pl=jlx, ) Pt=j1x) (5.10)
j=1 =1 j=1 j=1
and the Jacobian determinant of S is indeed equal to the reciprocal PDF of x
0 & ox||dy|_ P(t | x) 1
|det Js(uq, un)| = |det TN | S . (5.11)
v 2 )7 Ouz| |9 P(x B) " p@)
Inversion S~!.  We use Eq. (5.10) to determine the technique index ¢ from y
t-1
select the unique ¢ such that ZP(t =jlx)<y< ZP(t =7 |x). (5.12)
j=1

j=1
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Then, we invert Eq. (5.9) to get 11, and use St_1 to get up from x:

y=ZaPt=jly) G »
Uy = P [2) ar + ; aj, uy = S;7(x). (5.13)

As expected, the Jacobian determinant of this mapping is equal to the PDF of x:

et Js1(x, 7)| = |det a o[ o] o M o | )] | =2 | = i) (5.14)
et s ,y—e% o]l |ox 87/_p P(t|x)_p ‘ '

5.2.3 Probabilistic inversion in ReSTIR

We are now able to bijectively map paths between the extended path space and primary sample space.
To use shift mappings in both path space and primary sample space, we assume integration in (extended)
path space without loss of generality and embed primary sample space mappings in path space. Given
a shift mapping T: U — U, we can embed itas T = S o T o S~ to get a mapping T: P XTI — P X T.
For example, when T is the identity function to implement random replay, the Jacobian of T is the ratio
of the PDF in original and target domain if the mapping is constructed as in the previous section.

Unfortunately, we still do not know the extra dimensions y € I’ of a path that was constructed by
reconnection and not through sampling. In MLT, it is possible to randomly sample these as part of a
mutation [Pan17; OKH*17; BINJ17]. We also sample a uniform random j € I before applying S~!, but
the validity of this approach with ReSTIR requires further justification.

Since shift mappings are required to be deterministic, we cannot make a probabilistic inversion part
of the shift itself. It is, however, possible to apply Metropolis-Hastings mutations between resampling
in ReSTIR [SLK*24], when adjusting the unbiased contribution weight by the ratio of the target function
evaluated before and after mutation. Uniform sampling of ¥ has unit PDF and does not change the value
of the target function. Therefore, it can be considered a Metropolis-Hastings mutation with acceptance
probability equal to 1, i.e. we always accept a proposed y. Since we do not require ¥ immediately,
but only in the next resampling stage, we can lazily sample it between resampling as a mutation. For
correctness, it is still necessary to keep y the same for each path during one resampling stage.

5.2.4 Summary

With this construction, it is possible to use probabilistic inversion in ReSTIR without introducing bias.
This allows the combination of shift mappings defined in path space and primary sample space, as long
as we can derive an inverse mapping from extended path space to primary sample space similar to S~
above. In ReSTIR-SSS, this frees us from the a priori choice of a shift mapping for each path. Instead, we

alternate both shift mappings, resulting in reduced correlation artifacts.

5.3 Conclusion

In this chapter, we have discussed two approaches to making light transport simulation more efficient

in interactive applications. These are similar in that they both consider a stochastic subset of sampling
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5 INTERACTIVE LIGHT TRANSPORT SIMULATION

techniques from a continuous space. However, while in MCMM the techniques are continuous
distributions that facilitate exploration, in ReSTIR-based approaches techniques are fixed subpaths. The
latter allows for improved temporal accumulation in return, while MCMM has issues with representing
too many light sources at once. Both demonstrate that in the domain of interactive rendering, it can
be worthwhile to explore the frontiers of well-known mathematical frameworks in order to drive the
design of novel algorithms and to adapt them to the tradeoffs dictated by GPU hardware.
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6 SELECTIVE CACHING IN PROCEDURAL TEXTURE

GRAPHS FOR PATH TRACING

In the preceding chapters, we discussed variance reduction as a prerequisite for the practical convergence
of Monte Carlo light transport simulation. Another key factor to consider is the runtime cost of
constructing paths and evaluating their contribution, as this limits the number of samples that remain
feasible. The material evaluation at each path vertex constitutes a significant share of the overall cost,
especially in large-scale rendering. Complex materials are driven by detailed textures, i.e. high-resolution
inputs to BSDFs that are mapped to surfaces.

Procedural texturing is essential in modern 3D content generation for providing a controllable,
resolution-independent approach to texture generation. Tools like Blender [Ble25] and Adobe Substance
3D [Ado25] use procedural texture graphs (PTGs), where nodes define texture generators or filters,
and edges determine information flow. By combining procedural primitives (e.g. noise functions) with
operations like gradient mapping and distortion, users can efficiently create diverse, intricate textures.
Adjusting node parameters reduces manual effort while achieving rich visual detail.

In this chapter, we address the efficient implementation of procedural texturing into a rendering
system based on path tracing. We show that performance is greatly affected by the strategy used for
evaluating a PTG, e.g. precomputation, on-demand evaluation or caching. Furthermore, the ideal choice
of strategy depends on the application context. We therefore present a new method to dynamically
select which texture graph nodes to cache within a rendering system in order to minimize runtime cost.

Figure 6.1: The PARTYTUG scene with procedural textures, which we evaluate using our framework integrated
into a path tracer. For each material in this scene, we instantiate one randomly selected procedural texture graph.
Through caching, our approach reduces total render time for 256 samples per pixel to 38% of the time taken by
rendering using shade-on-hit, i.e. evaluating each texture footprint individually.
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6.1 Introduction

When rendering procedurally textured scenes, the task of evaluating many PTGs can become a substantial
part of the total rendering work. Optimization is especially challenging in Monte Carlo-based rendering,
e.g. path tracing, since the renderer requires random access to all textures. Procedural texture graphs
provide a highly compact, generative representation and offer flexibility in how they are implemented:
a rendering system can decide which parts of the texture to generate and when; this offers potential for
more efficient resource management, balancing memory usage, performance, and visual fidelity.

A straightforward strategy is to precompute all output textures at high resolution. This allows us to
fully decouple procedural texturing from rendering. Since textures are evaluated only once, multiple
accesses to the same texture regions share results of a PTG evaluation. On the other hand, many texture
regions will not be required in high resolution, due to partial occlusion, distance to the camera, or blur
induced by camera lenses or a light scattering process. Since information about this is not available in
advance, upfront evaluation potentially computes many unused results. In addition, precomputation
increases latency and can require a significant amount of intermediate storage space.

Graph-based shading systems like Open Shading Language (OSL) [GSKC10] take the opposite
approach by delaying graph evaluation until render time. This allows us to evaluate graphs only
on actual texture accesses by the renderer. Potential benefits include the reduction of computation
and storage overhead, as well as balancing the use of memory and compute resources. However, as
different texture accesses in OSL evaluate the PTG individually, they do not share evaluation results,
thus impeding the overall efficiency. Tile-based caching can sometimes offset this drawback. However,
it involves upfront work that has to amortize for it to increase efficiency, similar to full precomputation.

There is no universal answer to the question of which of these approaches is preferable in a given
configuration. Therefore, our goal is to avoid a fixed choice in advance and leverage the full flexibility of
the procedural representation instead. In this chapter, we introduce a novel framework for efficiently
evaluating procedural texture graphs in a path tracer: We delay the choice of the evaluation strategy
to the rendering process itself. This allows us to decide whether to cache based on information about
the rendered scene in a fine-grained way, at the level of individual parts of a PTG. Our framework
also provides filtered PTG evaluation and prediction of computational costs to guide optimization. We

review the state of the art in the next section, before giving a more detailed overview of our framework.

6.2 Background and related work

Keeping up with increasing shading and texturing complexity is a recurring challenge in production
rendering [CCC87; FHL*18; CFS*18; BAC*18; KCSG18; GIF*18]. Rendering systems typically expose
powerful programmable interfaces to artists for controlling shading, through shader languages or
shading graphs [HL90; GSKC10]. These allow us to combine many layers of textures and procedurally
defined patterns and noises. Executing many user-provided shader programs can become a bottleneck
for rendering. Accessing textures involves a great deal of I/O, while procedural functions can be
computationally intensive.

With the shift toward path tracing [KFF*15], this has become more difficult. In the typical shade-on-hit
architecture, a shader has to be executed at every path vertex interaction. The incoherent nature
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of random paths leads to nonlocal memory access and divergent execution between different paths,
hindering the use of SIMD instructions. Manuka [FHL*18] is designed around improving shading
efficiency by fully decoupling shader execution and path tracing (shade before hit). Another approach
is to try finding coherence in a larger batch of paths through sorting [ENSB13; ABWM16; LGXT17;
CFS*18], sometimes with hardware support [NVI22; Int22]. In large and complex scenes, there usually

remains at least some level of incoherence.

Texture caching. Software caches were introduced early on [Pea90] to improve random texture access,
with their overall design mostly standing the test of time [Gri08; CFS*18]. As the cache is discrete while
texture space is continuous, accessing a texture cache involves reconstruction. The effectiveness of
texture caching relies on the assumption that the required level of detail for reconstruction is often much
lower than the original texture resolution. Peachey [Pea90] describes this as the “principle of texture
thrift”, which states that the amount of texture information used for rendering should be limited by
the output resolution, as any additional detail would be imperceptible. This ensures that the working
set of textures remains bounded and, most importantly, independent of the original texture resolution,
allowing it to fit efficiently into the cache. However, this assumption holds only if lower-resolution
versions of the texture can be efficiently stored and reconstructed, which inherently links caching to
prefiltering. In practice, this is commonly achieved using resolution pyramids [Wil83] (mipmaps).

Footprints. Reconstruction bandlimit is usually represented as the linear transformation of a circular
kernel, derived from a first-order approximation of the light transport process. This results in an
elliptical footprint, which we can use for efficient filtering, e.g. using EWA [GH86; Hec89]. There exist
various theories for computing appropriate footprints in ray and path tracing, including ray [Ige99]
and path differentials [SWO01], conical approximation [Ama84; ANA*19] or based on frequency analysis
[BYRN17] or half-vector distributions [KHD14; HKD15]. Accurate footprints are generally difficult to
obtain, since unidirectional methods neglect the (unknown) frequency content of either illumination
or camera importance [BYRN17]. Bidirectional footprints are only available once a complete path is
formed, presenting a challenge to incremental path construction. Due to discontinuities, in particular
visibility, even a complete path does not carry the required information [ZD20] and aggregation would
be necessary. Therefore, in practice, footprints are rather approximate and often overestimated in order

to favor caching.

Filtering with nonlinearities. Linear prefiltering is valid only for values that occur linearly in the
rendering integral. Nonlinearities require more advanced methods [BN12]. This presents a challenge
for caching in a procedural texture graph, as caching and thus filtering might occur before a nonlinear
node. Note that in shading graphs, this problem is often ignored in practice to facilitate efficient caching
using mipmaps [GSKC10]. Heitz et al. [HNPN13; HNPN14] and Grenier et al. [GSDT?22] filter color
maps applied to Gaussian noises. Fournier and Sauvage [FS24] show that normal distributions are
relevant approximations in the context of nonlinear texture transitions. Yang et al. [YB18] use normal
distributions to automatically transform shader programs to bandlimited variants using genetic search
and additional approximate filtering rules [DBLW15]. We also represent cached results as normal

distributions in order to apply nonlinear operations to them.
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Profiling phase Optimization phase Rendering phase

—>‘ Tile prediction (Section 6.7) ‘

—>‘ Cost estimation (Section 6.6) ‘
‘ Optimizer (Section 6.8) ‘
Texture graph g/%&z .
evaluation
(Section 6.4) ‘ Cache (Section 6.5) ‘
O Footprints [l Eval. results [l Profiling data [ Caching nodes

Figure 6.2: Overview of our system. The algorithm is structured in three phases. First, during the profiling
phase, path tracing generates texture footprints which are collected and used to query the texture graph with
direct (uncached) evaluation, to collect profiling data. Then, an optimization is performed to determine the most
cost-effective position of cache nodes in the graph. Finally, the rendering phase continues tracing paths and
querying the texture graph for footprints, using the optimized cache locations. See the indicated sections for more
details.

Procedural texture graphs. Procedural texture graphs (PTGs) are directed acyclic graphs that describe
a process for synthesizing textures. Source nodes produce parametric patterns or noise textures
[LLC*10], while inner nodes process and combine their inputs, e.g. through color transformations,
blending or warping. Nodes in a PTG can access arbitrary pixels of their inputs, making them more
powerful than common shading graphs [GSKC10]. PTGs thus present a very generic framework, in
which many procedural techniques can be implemented as custom nodes. Recent works explore the
inverse problem of obtaining graph parameters [SLH*20] or topologies [GHS*22] or both [LWS*25]
from an example image, while we focus on improving the integration of PTGs into rendering and their
efficient evaluation.

Caching procedurals. Reiner et al. [RLD*12] cache the evaluation of costly implicit functions to
accelerate rendering on GPU hardware. Similarly, Fujieda et al. [FH22] cache the output of shading
graphs. They always cache the largest subgraph that only depends on texture coordinates, in order
to maximize work saved by reusing cached values. We instead try to maximize efficiency by explicit
search for nodes to cache and in addition consider filtering of nonlinear results.

6.3 Overview

Our work revolves around maximizing shading performance by balancing different computational
strategies. In particular, these are on-demand and upfront evaluation of footprints via tile-based caching.
Evaluating each footprint individually when requested by the renderer limits shading work to what
is necessary, but misses the potential of sharing results between individual evaluations. Caching can
leverage these redundancies, but necessitates resampling. This leads to upfront evaluation of grids
of footprints, which has to amortize before any efficiency is gained. Available memory capacity and
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bandwidth further limit efficient reuse of shading results.

Which of the two strategies is more efficient depends on many parameters of the system and its use
case, e.g. the cost of operations, available memory and Monte Carlo sample count. Further, the choice
between the two options also depends on properties of the rendered scene. Shape and distribution of
footprints are different for each material, since it depends on camera position and (indirect) visibility.
The structure of the texture graph can make caching outputs of certain nodes preferable to others. A
global choice for one of the strategies might therefore limit overall efficiency. Our goal is to leverage this
unused potential by making more fine-grained choices to optimize efficiency for any specific use case
individually.

In the following, we describe our framework to make these choices as the result of an optimization
that is driven by data we collect from inside the rendering system in a profiling phase. We show an
overview of the different phases and components in Fig. 6.2.

In a path tracer, we compute elliptical footprints. Our method does not rely on a particular definition

of these footprints, though we document our derivation in Appendix 6.A to facilitate reproducibility. We
evaluate texture graphs on footprints using approximate filtering (Section 6.4). This enables prefiltering
inside the texture graph, which is a prerequisite for efficient caching at inner nodes. As a second
option for graph evaluation, we introduce our texture cache in Section 6.5. Its design is similar to a
traditional tile cache commonly used in rendering systems. We discuss tradeoffs of using caching,
in particular possibly insufficient amortization and storage space requirements. These motivate a
data-driven decision of whether to enable caching for each node.
This decision is inherently a global optimization problem. On one hand due to a global space constraint,
which might require to prioritize caching of nodes that benefit the most. On the other hand, caching
certain nodes reduces the value of caching others, e.g. there would be redundancy in caching a linear
chain of nodes. In the end, we will formulate an ILP problem whose solution is the optimal selection of
nodes to cache (Section 6.8). This ILP problem requires several input parameters from the rendering
system, namely evaluation cost and space requirements of different evaluation strategies. For this, we
introduce a parametric measure of evaluation cost in Section 6.6. We describe how we estimate cost for
different strategies for a target sample count, based on data collected in the profiling phase. While the
cost without caching is roughly linear in sample count and simple to extrapolate, we also require the
total number of tiles that will be requested by the rendering system. This is needed to assess the cost of
caching as well as its storage impact. To this end, we introduce a statistical model to predict the number
of unique texture tiles requested at the target sample count (Section 6.7).

6.4 Texture graph evaluation with filtering

In our work, we assume each material in the scene to be defined by a procedural texture graph (PTG)
with a single output node. To evaluate a PTG for a given footprint requested by the path tracer, we
evaluate the footprint at the output node of the PTG. Each node can then recursively evaluate its input
nodes as necessary, possibly with transformed or duplicated footprints.

Prefiltering motivation. Inour PTG, nodes are queried with footprints and return solutions to a filtering
integral (see Eq. (6.1)). We choose this approach over alternatives, such as stochastic evaluation on
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Node F Outputs of F Node G
1.00 (w/o filtering) in footprint k (filtered)
0.75
= 0.50
0.25
D
0.00
x O(y) X
— f(x) g(y) ——— mean approx.
— k(x) — Ig (ref) ——— our approx.

Figure 6.3: We interpret the filter kernel k(x) as a probability density of a random variable X and define’Y := f(X)
with density o(y). Evaluating a footprint to o, we can apply the nonlinear function g(y) afterwards and still get
correct results. In practice, we approximate o using a normal distribution.

sampled points, for multiple reasons. While stochastic evaluation can sometimes amortize additionally
introduced noise by reducing computation and memory traffic [PWSF24], nested integrals as they
occur in PTGs are much more challenging to handle [WM24]. Further, for effective texture caching
it is essential that sparsity of requested evaluation points is compensated by lower cache resolution.
This is usually achieved by resolution pyramids and the size of footprints being roughly proportional
to their spacing. Consequently, we need to carry footprint information through the graph to support
caching inside of it, or for using mipmapping for image source nodes, or for leveraging built-in filtering
of procedural models.

Filtering nonlinearities. Even though we use prefiltering inside the graph, our goal is to preserve
the appearance of filtering at the output only. Results of footprint evaluation need to allow for the
application of subsequent nonlinear operations as if applying them before prefiltering. As we show below,
the distribution of values inside a footprint is a suitable representation of intermediate results inside the
graph, while its mean would be insufficient. In practice, we approximate the full distribution using
normal distributions, similar to previous work [HNPN13; HNPN14; GSDT22; YB18]. We assume that
our graph output represents a value occurring linearly in the shading integral (e.g. albedo), although
similar techniques are commonly used to filter normal maps [DHI*13].

6.4.1 Filtering theory

In the following, we show how the distribution of values allows us to apply subsequent nonlinear
operations to an evaluated footprint. Consider the node F in the graph in Fig. 6.3 that represents a
function f on texture coordinates x € Q. Its filtered output is the inner product of f with a footprint k,
which is usually some kernel function:

IF:/Qf(x)k(x)dx. (6.1)
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Figure 6.4: Three different nodes evaluating the mean value L for a footprint k. The numbers signify the order
of execution. For instance, the Blend node receives a request for ka (1) and passes this on to Input 1 (2), obtains p1q
in return (3), repeats the same with Input 2 (4, 5), computes the output mean (6), before finally passing it on to the
Output (7).

We take a probabilistic view and interpret k as the probability density function of a random variable X.
Following Eq. (6.1), filtering F is equivalent to the expected value E[ f (X)] = I.

Returning to the more general problem, we want to compute an intermediate result from F that we
can use to filter the downstream node G, which applies a function g pointwise to the outputs of F. Its
filtered output is

le = EIg(f(X)] # (ELf(X)]) = g(Ip),

which shows that we cannot trivially use Ir as an intermediate result. To compute I, we need to capture

(6.2)

more information about the distribution of f(X) =: Y (see Fig. 6.3), which its PDF or achieves:

Ie = B [g(£(X))] = Elg(¥)] = /R 2(y)or(y) dy. 63)

Therefore, we use the PDF of as the result of footprint evaluation.

6.4.2 Filtering approximation

Conceptually, nodes in our graph are queried with a footprint PDF k and return an output PDF 0. We
coarsely approximate both as normal distributions to make this approach efficient. In practice, only
pairs of mean and covariance are exchanged between nodes. We show how some typical PTG nodes can
be implemented in this framework in Fig. 6.4.

Footprint PDF k approximation. We represent footprints as 2D normal distributions like in EWA
filtering [GH86]. With this, linear transformation and convolution are simple to implement, which is

useful when nodes query their inputs on a modified k (see Fig. 6.4).

Output PDF o0 approximation. We approximate the output distribution of nodes as a normal dis-
tribution as well. We evaluate Eq. (6.3) on the fly for its first and second moment, unless there is a
more specialized implementation available for an operation. Other approximations like the unscented
transform [Uhl95] might be a viable alternative for some operations. For multi-channel output, we treat

each channel independently.
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Filtering accuracy. In actual texture graphs, footprints and node outputs are not exactly normally
distributed at all scales and node inputs and color channels can correlate, reducing the accuracy of
our approach. We show results of our approximation in Fig. 6.5 and timings and errors in Table 6.1.
We evaluate the output image for 1024 x 1024 pixels with one footprint per pixel. We compare to a
point-sampled reference with 256 samples per pixel, as well as a naive filtering method (mean), which
uses just the mean of o as the output of nodes. Mean filtering shows some obvious patterned artifacts,
while our approximation produces plausible results with consistently lower error. Error tends to increase
with wider footprints, as nodes with multiple inputs get no information about their correlation inside the
footprint area. We also compare to reconstruction from the cache (+ cache), which Section 6.5 describes
in detail. To reconstruct a footprint, the cache will require smaller footprints to be evaluated than the
original one. This generally reduces the error slightly compared to direct evaluation without the cache,
but increases the time to evaluate the base resolution (I = 10). As spacing of evaluated footprints in the
cache depends on their radius, the cache effectively decouples the density of evaluated footprints from
the output resolution. Therefore, caching is significantly faster for coarse filtering (I = 7, 5) evaluated at

high resolution, i.e. if the density of footprints to reconstruct is high in relation to their size.

Discussion. In principle, we could make the filtering error arbitrarily small by closer approximation
of the involved PDF, or supersampling. However, coarse results of filtering are often accepted in
practice, i.e. through mipmaps themselves or nonlinear computations on linearly filtered values in
shading graphs. While improving accuracy is an interesting avenue for future work, we believe our

approximation serves as a basic model for investigating efficient graph evaluation and caching.

6.5 Texture cache

To reuse results of previously evaluated footprints, we introduce a texture cache into our framework. It
follows a conventional design by managing texture tiles in a mipmap-like pyramidal structure. Each tile
stores an 8 x 8 grid of evaluated isotropic footprints. In level i of the resolution pyramid, the footprint
radius is 0.5'"! and the spacing is 0.5 in texture space, i.e. a greater level index corresponds to a finer
level. Organization into tiles helps to amortize cache management and improves locality of operations.
We assume a global cache, where evaluated results of any node from any texture graph can be stored.

In summary, tiles are indexed by texture graph and node ID, tile position and resolution level.

6.5.1 Footprint evaluation strategies

The introduction of the cache enables different options for evaluating a footprint at any node.

Direct evaluation. As before, we can evaluate a footprint by executing the operation defined by a
node, while evaluating all required footprints from input nodes recursively.

Caching evaluation. If using caching at a node, we use EWA filtering to reconstruct arbitrary elliptical
footprints from the cache of isotropic footprints. This usually involves interpolation between a coarse
and a fine resolution level. We compute texture tiles on demand that are missing in the cache, but
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Figure 6.5: Our Gaussian filtering approximation with footprint radius 0.5px (I = 10), 4px (I = 7) and 16px
(I = 5) in comparison to naive filtering (mean). We overlay a ALIP error map to a reference on the right.
Our filtering preserves appearance better than using just the mean, which shows obvious patterned artifacts.
Reconstructing our approximation from cache (+ cache) often improves results, since it evaluates the graph using

smaller footprints.

Table 6.1: Timing and mean ALIP errors for the comparison in Fig. 6.5. We list per sample timings for the point

sampled references (*).

time (s) error (ILIP -1073)
Levell [=10 [=7 1[1=5 =10 [=7 1=5
Bricks *13.0 *12.4 *13.1

mean 1.8 15 1.2 41.6 872 1709

ours 4.9 4.6 4.1 275 81.2 154.0

+ cache 26.0 0.7 0.2 26.9 49.9 114.7
CARDBOARD 6.5 *6.6 6.2

mean 3.7 3.4 3.2 1299 2379 3019

ours 11.5 10.0 9.7 47.6 59.1 51.6

+ cache 61.0 1.7 0.3 39.6 52.4 50.4
FaBric 1.4 *1.4 *1.5

mean 2.6 2.6 2.6 71.0 54.7 51.9

ours 7.4 7.6 7.7 30.5 50.0 435

+ cache 38.9 14 0.3 19.7 43.7 40.4
TiLes *46.4 *47.0 *47.1

mean 2.0 1.8 1.6 702  173.1 179.6

ours 7.3 6.9 6.7 61.0 948 123.0

+ cache 38.1 1.2 0.3 46.5 78.5 77.6
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required to evaluate a footprint. For this, we use direct evaluation of the node on the footprint grid
defined by the missing tile.

6.5.2 Choosing a strategy

For any footprint that we evaluate at a node, we now have two options for computing its result.Since
there is not one universal strategy that is the most efficient one in all situations, we have to consider
carefully which of the strategies fits best.

Amortization. Even though caching enables reuse of computed results, without sufficient redundancy
in requested tiles it might not amortize its overhead. For caching, we generally have to reconstruct
a footprint from multiple footprints of finer resolution in order to keep high frequencies. Therefore,
the cost of reconstruction is inherently higher at first, and caching only pays off when sufficient reuse
occurs. Evaluating isotropic footprints to reconstruct from is thus an investment of additional upfront
computation for a future reduction in computation.

Available space. Another consideration for the efficiency of caching evaluation is the available space
for storing results. If we would have to exceed available space because of newly evaluated tiles, we
have to either evict old tiles or drop new ones. Both options make amortization less likely, as they can
significantly reduce the period of potential reuse of a tile. Therefore, in cases where tiles would need
to be evicted from the cache, it is usually more beneficial to never place them in the cache in the first
place and instead use direct evaluation. In our work, we thus try to avoid eviction by using caching only
when we will not exceed the available storage space. Once a tile has been computed, we thus assume it

to stay in the cache and not be evicted.

Data-driven caching decision. Since all of these considerations depend on the specific distribution of
footprints at hand, our goal is to make a data-driven decision about caching as part of the rendering
system. We decide which evaluation strategy to use for each node of each PTG. While in principle a
more fine-grained decision would be possible, e.g. treating regions of the texture differently, this adds

additional complexity for reconstruction and for finding suitable texture partitions.

6.6 Measure for computational cost

As input to our optimization, we need to assess how efficient different strategies are at evaluating a
texture graph on a set of footprints. To this end, we introduce a parametric model as a measure for the
computational cost. This acts as a very simplified simulator: it allows us to compare different options
without actually running all of them. It also allows us to reason about sensitivity of the outcome on
different properties of hardware or rendering systems. Measured wall clock time can be incorporated
into our model by setting parameter values according to timings.
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6.6 MEASURE FOR COMPUTATIONAL COST

6.6.1 Cost components and coefficients

The basic unit of our model is the local cost of evaluating a node with coefficients ® = (c, A.) on a
footprint x:
cost(x | ©) = ¢ - (Aconst + Aiso - anisotropy(x) + Anone - size(x)) . (6.4)

We use the same equation for modeling the cost of reconstruction from cache with a global set of

coefficients Ocache. It consists of the following components:

* ¢ is a node-specific constant, e.g. measured time per operation. This could depend on parameters
of the node and on the type of its output (gray or color).

* anisotropy(x) is proportional to footprint anisotropy. This models the cost of evaluation for a node

for isotropic prefiltering, and simulates the cost of footprint assembly for anisotropic queries.

* size(x) is proportional to footprint area. This component models the cost of evaluation, if no
efficient prefiltering is available for a node and simulates point sampling in base resolution.

® Aconst, Aisos Anone are node-specific weights to blend between the different filtering models, i.e.

constant prefiltering, isotropic prefiltering, or no prefiltering. We constrain these to >} A, = 1.

6.6.2 Aggregate cost

The local cost from the previous section does not include the cost of evaluating input nodes. In addition,
for modeling the cost of cached evaluation, we need to consider a set of footprints at once. We now
extend our definitions accordingly.

We begin by defining the set of input footprints as

In;(x) = {(j, y) | evaluating x at node i depends on evaluating y at node j}. (6.5)

This is useful to express the total cost of the direct evaluation of a footprint x at node i, including the

evaluation of inputs, recursively:

costy(x | ©;) = cost(x | ©;) + Z costy(y | ©;). (6.6)
(j,y)em;(x)

Next, let ¥ = (F, w) be a weighted set of footprints, i.e. F is a set of footprints and w: F — R* isa
weight function. The (total) cost for direct evaluation of ¥ is then defined by

costdiet(F | @) = Z w(x) cost.(x | ©). 6.7)

x€F

To model caching, we additionally introduce the function T
T(F) = {t | t is a tile required for reconstructing any x € F}, (6.8)
and the function Z to map a set of tiles to their associated footprints

Z(T) = ({x | x is a footprint in tile f, t € T}, 1). (6.9)
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We can now define the total cost of caching the evaluation of ¥ as

costS? N (F | @) = costt™NF | Ocache) + oSN Z(T(F)) | ©). (6.10)

reconstruction cost cache fill cost

6.6.3 Computing the value per node in practice

In order to compare different evaluation strategies for a node, we require a representative set of footprints,
on which we can evaluate our cost model. We use a profiling phase to record such a set, i.e. we render
few samples per pixel using direct evaluation and store the set of requested footprints at each node.

Histogram representation. To represent these recorded sets compactly, we assume that the footprint
queries are somewhat uniformly distributed for a node. In particular, we assume there is no correlation
between footprint shape and a particular tile in the cache. We store the footprints in a 2D histogram at
each node. Each bin is indexed by the log, length of a footprint’s major and minor axis. This information
about a footprint is sufficient to evaluate all terms in our local cost model, i.e. its size and anisotropy.
This histogram representation is approximate due to discretization.

Cache tiles. In addition, we record the set of required cache tiles T (¥ ) at each node. The number of
unique tiles per level is sufficient information for evaluating the cost model for caching evaluation, as
well as for estimating the required cache space.

Propagating footprint sets. For the purpose of computing the total cost of a node i, i.e. including
every evaluated upstream (i.e. transitive input) node j, in general the footprint set at j will differ from
the recorded set. This is because the recorded set includes every evaluation of j, even the ones not
caused by an evaluation of i. Second, caching node i would change the footprint set at i from # to
Z(T(F)). While we can easily simulate this change at i using the recorded set of tiles, it is less obvious
how it affects the footprint set at upstream nodes.

Therefore, we introduce an approximation to the function In (see Eq. (6.5)), which we also record using
the footprints we evaluated during profiling. It allows us to simulate the distribution of footprints at
immediate input nodes, given the requested footprint distribution at a node. In this way, we propagate
the recorded distribution to all upstream nodes and use it to evaluate the cost model. For approximation,
we again rely on discretization and store a 2D histogram of changes between incoming and outgoing
footprints of a node. We store separate histograms for each input node j to a node i, and for each cache
level at i, i.e. the log, minor axis length of incoming footprints at i. Each histogram is normalized to
the number of requested footprints at i. The histogram bins represent the log, change in footprint axis
length between the footprints requested at i and j. We use these to transform a distribution of footprint
requests from i to the one that is requested from j.

Cost measure evaluation accuracy. We compare our practical evaluation to the cost evaluated on the
actual footprints in Fig. 6.6. We use all combinations of our graphs and scenes (see Section 6.9) and
show the distribution of relative error, separated by the different cost terms. For cache fill cost to be
accurate, our approximation needs to be able to simulate a change in the footprint distribution. For both
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Figure 6.6: Distribution of relative error of our practical cost evaluation. While we achieve low error for most cost
terms, simulated cache fill cost is not fully reliable when Ayope # 0.

direct and cache fill cost, constant cost, i.e. footprint count at each node, is predicted with almost no
error, while footprint anisotropy (Aiso = 1) has a low error. The error of approximate footprint size has
high variance for the cache fill cost, while direct cost is always accurate. We presume this is because
deviations from the true footprint size have a quadratic influence on the cost. Consequently, we cannot
fully rely on predicted cost for Apone # 0, 50 we leave Apone = 0 for almost all of our results.

6.7 Prediction of active texture area

For optimizing the choice of evaluation strategy, our goal is to estimate the cost at a target sample count,
while observing only few profiling samples. While for direct evaluation the cost is roughly linear and
can be scaled by sample count accordingly, caching behaves differently. In the beginning many newly
requested tiles have to be evaluated, leading to a high upfront cost. Once the cache is filled sufficiently,
this cost declines and only the usually much lower reconstruction cost remains.

Ultimately, we would like to keep the profiling phase as short as possible to make full use of potential
optimization gains. Therefore, the following section is concerned with predicting the progression of
unique requested texture tiles at any sample count, based on data from the profiling phase. This is not
only important for predicting the cost of caching for a higher sample count, but also for predicting
the required cache space. The overall idea we follow is to use a Poisson process to model texture tile

requests.

6.7.1 Idea

Let A, = T(%,) be the set of active texture tiles at sample count #, i.e. the ones that the renderer
requested at sample count . Our goal is to predict the number of unique tiles E [|A,][], given statistics
obtained from k < n initial samples about A. For now, we assume that each tile t € A, will be requested
with uniform probability. This assumption is reasonable, since mipmap pyramids are designed to
achieve this approximately. We assume further that tile requests are accurately described by a Poisson
process with rate parameter A, i.e. the frequency by which each tile is requested. Since each request is
independent in the Poisson process, frequency is equal to probability for selecting any specific tile. The
number of tiles in the limit will be the reciprocal of this probability, since we assumed it to be uniform:

1
A = |Asl= 7. (6.11)

1
| Aol
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The Poisson assumption also allows us to predict the expected number of requested tiles at sample

count n
E[|A,]] =P [request count > 0 at sample count n] |Acol

= (1 - exp(=A 1)) |Aco|- 12

This reduces our problem to inferring the underlying Poisson rate of the tile request process.

In principle, we found the idea as described above to work well, even though tile requests are not truly
independent, since a footprint evaluation can lead to multiple requested tiles. There are however some
important considerations to take into account for making this approach practical, which we address in
the following.

6.7.2 Zero-truncated Poisson mixture model

Actual data reveals significant inhomogeneity of the Poisson process, i.e. request probability is not
actually uniform. This can be explained by e.g. occlusion, where tiles are only partially visible. In
practice, we solve this by using a mixture model, i.e. we assume a finite number of different Poisson
rates. Further, since we only observe tiles that were requested at least once, our average tile count will be
biased toward higher values. We correct this by modeling the average tile count using a zero-truncated

Poisson distribution.

Definition. The Poisson distribution has the probability

A=A
k! 7

Pois(k | A) = (6.13)

which we use to define its zero-truncated version by

. _ Pois(k|A)  Pois(k | A)
Pois. (k| ) = 1-Pois(0|A) 1—exp(-A) (6.14)

Together with the weights 71, we define the M-component zero-truncated Poisson mixture, with which

we model request counts:

M
p(k) = D" m; Pois,(k | A;). (6.15)
j=1

6.7.3 Model parameter estimation

Data. During the profiling phase, for each requested footprint at a node we compute which tiles would
be requested and increment a per-tile counter for each request. Afterward, we compute a histogram of
all observed request counts r. Given N different observed requests counts, the histogram is a sequence

of tuples (7, 0i)1<i<n, where 0; is the occurrence count, i.e. how many tiles were requested r; times.

Maximum likelihood estimate. To obtain the maximum likelihood estimate of a single zero-truncated

Poisson component given a mean count X, we solve the following equation in terms of the Lambert W
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function:
=% = A=x+W(=xe™) (6.16)

Expectation maximization (EM). We use the EM algorithm [DLR77] to compute a maximum likelihood
estimate of our mixture model. In each iteration of the algorithm, it computes an assignment a; ; for
each data point i to component j as the expectation under the current mixture:

Tij POiS+(1’i | )\j)

ﬂj,]' = T (617)

Then it maximizes the likelihood of component parameters, conditional on the assignments:

N N
_ Xm0 j0i X 8ij0iTi

nj = N r X =

. (6.18)
i=10i Zf\il ai,j0i

We obtain A; as in Eq. (6.16).

Initial mixture. To initialize the EM iteration, we begin with a dense initial mixture, i.e. we choose
M on the order of N, e.g. M = 0.25 N. To choose each initial A;, we sample from the empirical data
distribution D, i.e. the discrete distribution with Pr(R = r;) « 0;, and apply a uniform jitter to obtain an
initial mean ¥;:

R ~D, ]~ Uniform(-0.5,0.5),

max{R + ]|, 1.01} ifR=1, (6.19)

R+] otherwise.

x]-—

Since the initial means follow the data distribution, we set 7t; = ﬁ

Merging. To make EM converge more quickly, we remove redundant components by merging after few
initial iterations. We merge greedily and proceed in ascending order of A;. We merge two components
with index j and j + 1 if they are mutually contained within a tolerance 7 of their standard deviations
VA, ie. if

A 2/\]-+1—T\//Eand Ajr S)\j+’(\//\_j (6.20)

Merging can usually reduce the number of components greatly. Afterwards, we proceed with EM

iterations until convergence.

6.7.4 Prediction

We now extend our idea for predicting E [|A,|] to our mixture model. First, the inferred Poisson rates A;
are with respect to the number of observations made and need to be normalized for Egs. (6.11) and (6.12)
to be applicable.

For estimating |A«|, we normalize A; to the total number of tile requests t = Zfil 0; ;. We divide
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Figure 6.7: Distribution of relative error of our tile number prediction. While the prediction is accurate on average
and produces low error in most cases when taking sufficient profiling samples, some outliers remain.

these between components using the assignments from EM (Eq. (6.17)):
N
t]' = Z aij0i7i. (6.21)
i=1
Our estimate for the total number of unique tiles of component j is

|AL| = kil (6.22)
oo A]‘ .

We use the number of footprints at target sample count #7;, and at profiling sample count #¥ for
estimating the expected number of requested tiles, since we expect #F to grow linearly:

M &t H#Fn A
E[|An|]=ZE[|A;|] =ZA—’ (1—exp (— #7__’ )) (6.23)
=1 = k

_n/\j
Tk

Conservative estimation. In absence of sufficient data, our approach will underestimate |A,|. This is
because mixture components with very low A are unlikely to be observed. To prevent this systematic
bias, we add a single component to our mixture to represent unobserved tiles, such that it has negligible
influence on the prediction if enough data was observed. We extend our mixture to M' = M +1
components, use a fixed Ay = 0.01, and then choose 1, such that when we plug it into Eq. (6.22),
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|AM'| equals 10% of the total estimated unique tiles:
A =01 (A{x,| = tw=[01) )A{x,| A (6.24)
=1 =1

Then we use Eq. (6.23) as before, with M switched out for M’. Since Ay is set very low, it will only
influence the prediction if k < n.

Accuracy. We show results of our prediction in Fig. 6.7, with varying samples per pixel (spp) for
the profiling phase. We compare our predicted tile count to actual tile count in all our scenes (see
Section 6.9) and show the distribution of relative error. On average, our prediction is accurate even
with few profiling samples, although with high variance. Taking more profiling samples generally
reduces variance and leads to a low error for most predictions. However, some outliers still remain,
even for longer profiling phases. One possible explanation for this behavior could be that we predict
the expected value of the number of tiles. Therefore, the error is not purely deviation of the ground
truth from our estimate, but also includes the variance of the underlying stochastic process itself. While
improving the robustness of this component of our framework is interesting for future work, we believe

most error to be low enough for it to be useful in practice.

6.8 Optimization of caching decision

With the results from previous section, we can estimate how caching a node would affect overall
efficiency. We are, however, still missing an algorithm for turning this information into a decision about
which nodes to cache. Our task is to solve an optimization problem, where we want to maximize overall
efficiency by picking nodes to cache where this increases efficiency, while staying below a threshold for
cache capacity. This is essentially the classic knapsack problem, but we will have to add one further
restriction by considering only one stage of caching. In the following, we explain this restriction and the
inputs to our optimization, as well as an integer linear programming (ILP) formulation. To obtain a

solution, we use a general ILP solver without much overhead.

Restriction to single-stage caching. We support only one stage of caching, i.e. we do not consider
caching inputs to cached nodes. More formally, there can be at most one caching node on every path
from any source node to the graph output (see Fig. 6.8), since multiple stages of caches are often

unnecessarily redundant.

6.8.1 Integer linear programming formulation

In order to share the cache capacity between all graphs in a scene, we perform a single global optimization
after the profiling phase. We use the data gathered during the profiling phase to compute costs and
predict tile counts.
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Variables. For each node i of every graph, we define its weight w;, i.e. its required cache space, using
the expected number of tiles E [|A,|] (see Section 6.7), its number of output channels C; and the number
of footprints in each tile S:

w; = E[|Aq]] C: S, (6.25)

and its value v;, i.e. the efficiency gained by caching the node (see Section 6.6), using ¥, to refer to the
footprint set at node i:

v; = max {costi"(F;, | ©;) — cost@e(F, | ©;), 0} . (6.26)
As output of our optimization, we introduce the binary variable x; for every node i:

1 ifnodeiis cached,
X; = (6.27)
0 otherwise.

Constraints. A solution to our optimization problem must not exceed the global available cache space
W:
Z wix; <W. (6.28)
i

To implement our single-stage restriction, we compute pairwise conflicts of nodes. Nodes i and j are in
conflict if there is any path from a source node to the output node that includes i and j. We compute all
conflicts using the reachability relation of all graphs, and add the following constraint for every conflict
between a node i and j:

xi+xj <1 (6.29)

Objective. Under the above constraints, we seek to maximize evaluation efficiency by maximizing the

Z v; xi. (6.30)

i

total value

6.9 Evaluation

Implementation. We provide source code of an implementation of our method [SHS*25a], which
includes the procedural texture graph evaluation with caching and the prediction steps. To obtain
footprints from a path tracer and for final renders, we use a CPU-based research rendering framework.
We use HiGHS [HSF*25; HH18] to solve our ILP problem instances (see Section 6.8). It usually finds an
optimal solution in the order of tens of milliseconds.

Methodology. We first record footprint requests when rendering each of the scenes, separated by
material ID. We then run a single texture graph on footprints from one material ID at a time. By
performing this for each available combination of scene, texture graph and material ID, we get a
distribution of results. In some cases, we will report the distribution with one of these variables kept
fixed. Since we are mainly interested in properties of footprint distribution and texture graphs and how
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Texture graph (PTG) Conflict graph

Figure 6.8: Left: an example procedural texture graph with five nodes. Node d is marked as a cache node. Right:
conflict graph, showing all nodes and edges between all nodes that are conflicted with respect to their cache state.
Node b would be in conflict with d, since they share a sub-path on the way to the output node e, the edge between
d and e in this example. Node c on the other hand is not in conflict with d and could be cached at the same time.

CrassrooM (80) ParryTuc (110)

P

LoneMonk (35)

Figure 6.9: Primary (top row) and secondary (bottom row) camera angle for the scenes used in our evaluation,
with the number of materials next to scene names.

they interact, we use our prediction results as a reference. We evaluate the accuracy of our introduced
approximations separately in Figs. 6.5 to 6.7. We presume our cost measurement computation to be
accurate enough to not skew results heavily if not using Anone. When our tile number prediction fails,
it mostly underestimates the total number of tiles, which would be an advantage for other caching
methods as well, e.g. always caching the output node.

Data. We use the three scenes shown in Fig. 6.9 to evaluate our method. These are based on Blender
demo files [Ble25]. We additionally use a secondary camera angle of each scene for some tests. We
record footprints for an output resolution of 1280 X 720 and limit path length to 8 vertices. For texture
graphs, we use the four procedural textures shown in Fig. 6.5, as well as two additional ones (Toots,
Concretg). These were converted from example files from Adobe Substance Designer [Ado25] to our
custom implementation and consist of 39-80 nodes.

105



6 SELECTIVE CACHING IN PROCEDURAL TEXTURE GRAPHS FOR PATH TRACING

CLASSROOM PartyTuc LoNeEMonk

: REN
3 ﬂ T

20 22 24 26 28 21[) 20 22 24 26 28 210 20 22 24 26 28 210

W

cost / direct eval. cost
LN

samples per pixel samples per pixel samples per pixel
ours = ours, 2nd cam. —— direct eval. cost
output —— output, 2nd. cam

Figure 6.10: Our method achieves lower total graph evaluation costs in the three scenes shown. Caching efficiency
overall depends on camera angle, as the results with the secondary camera angle show.

Default parameters. We set the parameters of our cost measure (see Section 6.6.1) to conform with our
implementation. Since our cache reconstructs from isotropic footprints, we choose Aiso = 1 for Ocache-
We also assume only isotropic filtering to be available for source nodes and set A5, = 1 for those, too. For
inner nodes, we choose Aconst = 1, since they process footprints mostly independently of their shape or
size in our graphs. We set the cost constant c for each node based on benchmarking our implementation
on footprint evaluation. We use a profiling phase of k = 16 samples per pixel (spp) for predicting tile
numbers, and leave the cache capacity unconstrained (W = oo) for optimization.

Potential of caching. In Fig. 6.11, we show the relative cost reduction of our approach compared
to using direct evaluation of the texture graph. We compare this to the baseline method of caching
requested texture tiles at the output node (output). While some texture graphs are more susceptible to
caching than others, they display similar trends overall. Although caching will always pay off at some
sample count, this can be quite high, as the output strategy shows. For a large share of material IDs,
caching outputs will not amortize for the considered sample count of 1024, and even lead to an increase
in evaluation cost by 2-4X. As the solution space of our optimization includes direct evaluation, it will
never choose an option that leads to increased cost, given accurate predictions. It cannot improve results
for very cacheable material IDs, since for these output is generally a good strategy. However, our median
cost reduction is strictly better than caching outputs, although with varying significance depending on
the graph.

Since relative cost reduction does not consider the significance of the material to the whole scene, we
also show absolute cost reductions for whole scenes in Fig. 6.10. We average results for the available
texture graphs. Here, our method can show a consistent cost improvement of 2x for lower sample count
and up to 4x for higher sample count, while caching outputs only pays off at high sample counts, with
still higher total cost. We presume the secondary cameras to perform better for caching output nodes in
CrassrooM and PartyTug, since these are more close-up views of the scene.

Limited cache capacity. We investigate the effects of limiting cache capacity in Fig. 6.12. For each
material ID and graph combination, we limit cache capacity in relation to the space required for caching
requested texture tiles at the output node (output). Generally, our method is often able to find good
strategies with cache space usage equal to output. It also benefits from a slightly increased cache
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Figure 6.11: Texture graphs vary in their suitability for caching. Generally, caching output nodes can achieve
similar evaluation cost reduction as our method if the target sample count is sufficiently high, but can also result
in increased cost for many material IDs. Our method avoids these cases and achieves lower cost on average.
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Figure 6.12: Constraining the available cache space W reduces the benefit of caching, ultimately resulting in the
same cost as direct evaluation of texture graphs. Our method is able to find compromises in between, trading an
increase in cost for cache space. Providing more space than for caching output nodes does not seem to further
increase efficiency.
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Figure 6.13: Comparison of the effect of different parameters for our cost measure. Higher (CONSTALL, CON-
STSOURCE) or lower (ANISO, SIzE, SIZESOURCE) relative cache fill cost make caching less or more attractive,
respectively.
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Figure 6.14: Higher cost of reconstruction from cache reduces the best case benefits of caching overall. At the same
time, worst case behavior of output caching is not affected much, since it is dominated by cache fill cost.
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Figure 6.15: Optimizing the evaluation strategy on a different footprint distribution leads to suboptimal results.
Top: We optimize using our primary camera and render from the secondary camera. Relative cost of each material
ID increases in many cases compared to optimizing on the secondary camera (ref.). Bottom: Total cost increases in
the three scenes when using this setup. We also include the reverse case, i.e. optimizing on the secondary camera
and rendering on the primary camera.
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capacity, although this trend does not seem to continue for further increases. For limited capacity, our
method transitions smoothly to equal cost with direct evaluation, but is still able to improve upon it

with little cache capacity.

Cost measure parameters. We compare the overall effect of different choices of cost coefficients (see
Section 6.6.1) in Fig. 6.13. We describe the following options in terms of their difference to the default
choice (Bask), which is to set Aiso = 1 for source nodes and cache reconstruction, Acongt = 1 for inner

nodes:

CoNsTALL: Aconst = 1 for all nodes and cache reconstruction,
ANIso: Ajso = 1 for inner nodes,

S1ZE: Apone = 1 for all nodes,

CONSTSOURCE: Aconst = 1 for source nodes,

S1ZESOURCE: Apone = 1 for source nodes.

When comparing ConsTALL to our default coefficients, there is only a slight shift with our method,
while caching outputs is much worse overall. This could be explained by a higher cost to fill the
cache compared to direct evaluation. Respectively, we observe that when inner nodes have a cost
depending on footprint shape (Aniso) or size (Sizg), caching output nodes is generally a good and
reliable strategy. In these cases, cache fill cost is low compared to direct evaluation. Varying cost at
source nodes, ConsTSOURCE makes it more costly to cache footprints compared to direct evaluation,
setting back amortization, while SizeSource has the opposite effect.

We also consider varying cache reconstruction cost in Fig. 6.14 by using a multiple of our default cache
cost constant c. While reconstruction cost has a visible influence on the cost reduction that caching
can achieve, it seems to not affect worst-case behavior. This could indicate that in these cases cost is

dominated by the cache fill cost.

Generalizability of solutions. We investigate how specific our evaluation strategies are to a footprint
distribution in Fig. 6.15. For this, we use our method to obtain an evaluation strategy on the primary
camera and evaluate it on the footprints generated from the secondary camera. We compare the relative
cost to an evaluation strategy that was optimized for the secondary camera. While many material
IDs are not affected by the changed camera, in many cases cost is much higher without the specific
optimization. We also show how the total cost of the scene is affected and include the reversed test of
using the secondary camera to optimize. This demonstrates that the overall efficiency of evaluation

strategies can depend significantly on the distribution of footprints.

6.10 Conclusion

We introduced a framework to examine the performance and resource usage of rendering systems
with a procedural texture graph at the core of their shading system. We showed that the efficiency

of a shading strategy and its evaluation crucially depends on the frequency, distribution, and shape
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of the queries performed during rendering. These requests to the shading system originate from a
path tracer and are decisively characterized by their pixel footprint. We provide a statistical prediction
method to optimize the location of cache nodes in a procedural texture graph, taking performance,
resource usage, and anticipated frequency of queries at a target sample rate into account. Our framework
can indicate to rendering engineers whether shade-on-hit or precomputation are viable options for
their application. Since our data collection and optimization scheme is relatively lightweight, it can
also be implemented into an offline rendering system directly, to select optimal cache node locations.
There are several directions for future research, including adaptation to GPU rendering and more
advanced path sampling algorithms, as well as extension to the temporal domain. GPU architectures
might demand changes to the cost model as well as to the implementation of our profiling phase to
accommodate increased parallelism. More advanced sampling algorithms like path guiding could affect
the accuracy of our prediction, since we assume path sampling to be invariable throughout rendering.
The temporal domain might be interesting to support rendering movie sequences while exploiting

shared, time-independent computations in the shading.

6.A Footprint derivation

6.A.1 Introduction

The footprint of a path for a vertex describes the distribution of its position, considering all random
decisions along the way when assuming adjoint analog sampling. In practice, we will approximate this
using a Gaussian distribution and use the footprint in texture space as input to our system.

In the following, we describe our approximate model for footprints (Section 6.A.2), which we base on
the half vector space formulation of light transport [KHD14]. Using the slope space parameterization
for half vectors allows us to easily incorporate a distribution of normals (NDF) [HKD15] based on a
surface roughness estimate, which makes for a convenient and general BSDF approximation. Based on
this model, we derive the equations for the footprint at a given path vertex (Section 6.A.3). The resulting
recurrence can be computed incrementally in linear time, starting from a Gaussian distribution in screen
space. We summarize our results in Algorithm 3, which shows how to use our derivations to compute

footprints for a path.

6.A.2 Model

We base our derivation on a local first-order approximation of light transport around a base path. The
footprint follows from statistical properties of nearby paths, when we interpret this model stochastically.
Specifically, we analyze the distribution of paths that are sampled analogously to the approximation,
starting from the camera. Such a random path depends only on the pairwise independently sampled

screen space position and half vectors.

6.A.2.1 Preliminaries: half vector space

Given a base path of length k + 1, we can parameterize it both as a sequence of vertices xq, ..., xx orasa
sequence of half vectors hy, ..., hr—1 and endpoints xg, xx [KHD14]. As we want to relate changes in
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6.A FOOTPRINT DERIVATION

Algorithm 3 Footprint computation

Inputs: var(Ax;),var(Ahy), ..., var(Ahg_1), (A;, Bi, Ci)1<i<k-1
Outputs: Var(AxQ) , var(Axy)

1: var(Axp) « C; (Var(Ahl) + B Var(Axl)BT)

2: COVppp C 1By var (Axy) > Eg. (6.45)
3: vary, < Var(Axl)

4: varp < var(Axy)

5. forie{2,...,k—1}do

6: Cross_cov < B; covy pp AiT

7: var(Ag;) < A;vary, AZ.T + B; vary BI.T

8: + Cross_cov + cross_cov’ > Eq. (6.44)
9:  var(Axi;1) « C;' (var(Ah;) + var(Ag;)) Cl._T

10: COVy pp —Cl.‘ (A covp +Blvarp) > Eq. (6.46)
11: vary, « vary

12: | varp < var(Ax;;1)

half vector to changes in vertex position, we make use of the Jacobian matrix of the mapping from one
parameterization to the other, which is known as the constraint derivative matrix [Jak13]. This has a

block tridiagonal structure and can be defined by the submatrices

Mi oM
dxicy” ' oxi” N dxim

Aj = (6.31)
We use the slope space parameterization for h € R? and a local tangent frame for x € R2. As a first-order
approximation, we use the constraint derivative matrix to map from changes in vertex position Ax to

changes in half vector Ah:

B] Cl 0 Ax1 Ah]
A,‘ Bi Cz’ AXI‘ = Ah,' (632)
0 Ag-1 Br-1 Ci-1) \Axk Ahy_q

Please note that this matrix has one extra block column compared to the more common (k —2) X (k — 2)
block structure, since we assume only the beginning of the path to be fixed [Jak13, Sec. 4.3].

6.A.2.2 Stochastic model

Given the random variables Ax; and Ahy, ..., Ahy_;, we use Eq. (6.32) to compute all other Axy, ..., Axg,
provided that all Cy, ..., Cx_1 are invertible. We proceed row-wise. The first row

B1 Axq + ClAX2 = Ahl (633)
yields a solution for Ax;:

Axp = C{' (Ahy — B1Axy). (6.34)
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Similarly, we obtain a solution for Axs, ..., Axx_1 using

Axiq = C;1 (Ah; — AjAxi1 — BiAx;) . (6.35)

6.A.3 Derivation

Since we approximate the footprint as a Gaussian distribution, it is sufficient to derive a covariance
matrix of each distribution of vertex position. In the following, we will use our model to derive these
covariances based on known var(Ax;) and var(Ahy), . .., var(Ahg_;). We derive var(Ax;) by projecting
the pixel filter, for which we use a standard deviation of half a pixel, to the first vertex using ray
differentials. For var(Ah;), we simply convert the Beckmann-equivalent roughness a to a standard

deviation in slope space ¢ = \%

6.A.3.1 Preliminaries: properties of cross-covariance

We make use of the following basic properties of cross-covariance:

var(X) = cov(X, X), (6.36)

var(X +Y) = var(X) + var(Y) + cov(X, Y) + cov(Y, X), (6.37)
cov(X,Y) = cov(Y, X)T, (6.38)
cov(X+Y,Z) =cov(X,Z) + cov(Y,Z), (6.39)
cov(AX, BY) = Acov(X,Y)B", (6.40)

where X, Y, Z are random variables and A, B are matrices.

6.A.3.2 Propagating covariance

Using these properties, we derive covariances of any var(Ax;) with 2 < i < k. Please note that the
following equations hold even without assuming Gaussianity. We first prove the following lemma, to
simplify our derivation later on.

Lemma. Any change in half vector Ah; is uncorrelated with any change in vertex position that does
not occur after it on the path:
Vie{l,...,j}: cov(Ax;, Ah;) = 0. (6.41)

Proof. By induction. The base case i = 1 follows by definition, since Ax; and Ahy, ..., Ah_; are pairwise
independent:
cov(Axy, Ahj) = 0.

For the inductive step (i — i + 1), we plug in Egs. (6.34) and (6.35).
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Casei+1=2.
cov(Axz, Ahj) = cov(Cl_1 (Ah; — B1Axp), Ahj)

= C;' cov(Ahy ~ BiAxi, Ahy)
= C;'(cov(Ahy, Ahj) =By cov(Ax1, Ahy)) = 0

=0 =0
by definition induct. hypothesis

Casei+1>2.
cov(Axii1, Ah]') = COV(Ci_1 (Ah; — A;Ax;—1 — B;Ax;), Ah/')

= Ci_l cov(Ah; — A;Ax;—1 — BiAx;, Ahj)
= Cl._l (cov(Ah;, Ahj) —A; cov(Ax;-1, Ahj) —=B; cov(Ax;, Ah;))

by de?i(r]ﬁtion induct. ;;pothesis induct. ;Spothesis
=0
O
Footprint for x,.
var(Axp) = var (C;! (Ahy — B1Axq)) Eq. (6.34)
= C;'var (Ah; — BiAxq) C; T
! ! (6.42)

= C;! (var(Ahy) + var(-B1Ax)) C;T Eq. (6.41)
= C;! (var(Ahy) + By Var(Axl)BlT) C1_T

Footprint for x;,1, i > 1. Since cov(Ax;, Ax;—1) # 0, the case for any following vertex x;1 is slightly

more involved:
var(Ax;41) = var (Ci_l (Ah; — AjAx;—1 — B,-Axi)) Eq. (6.35)

= C; ! (var(Ah;) + var(-Ag;)) C; T Eq. (6.41) (6.43)
= Cl._1 (var(Ah;) + var(Ag;)) Cl._T,
where we defined Ag; := A;Ax;_1 + B;Ax;.

To compute var(Ag;), we expand terms:

var(Ag;) = var (A;Axi—1 + BiAx;)
=A; Var(Axi,l)AlT + B; Var(Axi)Bl.T (6.44)
+ A; cov(Ax;, Axi_l)TBl.T + B; cov(Ax;, Axi_1)AiT

of which the remaining unknown term is the cross-covariance cov(Ax;, Ax;_1). We again treat the cases
i =2 and i > 2 separately and expand using Egs. (6.34) and (6.35).

cov(Axy, Axq) = cov (Cl_l (Ahy — B1Ax1), Axq)
= C;' cov (Ahy — B1Axy, Ax)

= C;! (cov (Ahy, Axy) + cov (—B1Axq, Ax1))

= C;' cov (~B1Ax1, Ax1) = —C7 ' By var (Axq).

(6.45)
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Vi > 2: cov(Ax;j, Axj_1)

= cov (C7} (Ahj_1 — Aj_1Axi5 — Bi-1AXi-1) , Axi—1)

= C} (cov (—Ai—1A%i—2, Axj—1) + cov (—Bi_1Axj_1, Ax-1)) (6.46)
= C; Y (Aj_1 cov (Axi_a, Axj_1) — Bi_q var (Ax;_1))

= —Cl.__l1 (Ai_1 cov (Axj_1, Axi_z)T + B;_q var (Axi_l)) .

We apply this equation recursively to arrive at a solution. We show how to iteratively compute footprints
for a path in Algorithm 3.
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7 CONCLUSION

In this dissertation, we investigated several approaches toward improving the efficiency and robustness
of Monte Carlo-based light transport simulation for physically based rendering. While Monte Carlo
integration provides a flexible framework for light transport simulation, its practical applicability is
often limited by high variance. The robustness of sampling techniques has to be balanced with their
computational cost, making a scene-independent choice challenging. Complex light transport effects
inherently require global information for their precise sampling. In addition, algorithmic choices
affecting the computational cost of path evaluations also depend on the rendered scene. Data-driven
methods address these challenges and help to achieve convergence within acceptable computation time.
The main contributions of this work focus on guiding and optimizing sampling and evaluation based
on information gathered during rendering.

We introduced a general path guiding model that represents dependencies between successive
interactions using joint distributions of path vertex triplets. This model supports both surface and
volumetric transport and enables bidirectional guided path construction. We demonstrated its utility
for learning and sampling challenging light transport, such as directional dependencies between glossy
surface scattering and volumetric transport including distance sampling. Though our model was
designed to be as simple as possible while remaining general, scenes with simpler configurations can
still benefit from the reduced generality of even simpler models. Future improvements of our approach
are likely possible, for example by explicit selection of model complexity in the learning phase, or by
making use of more informative priors.

We also presented a more classical sampling technique to connect endpoints of subpaths in dense,
forward-scattering participating media via a bridge. The defining property of a bridge is that it introduces
an arbitrary number of intermediate vertices, while importance sampling all reciprocal squared distance
and internal phase function terms. We showed the clear benefit of this technique in homogeneous
volumes for scattering orders of up to 100 extra vertices. The technique is specialized in that it considers
only part of the true measurement contribution. For example, heterogeneous media or emission
distribution functions can break its assumptions. However, due to its simultaneous simplicity and
effectiveness, it is still compelling for augmenting more general sampling approaches.

Further, we contributed to two theoretical frameworks that facilitate the use of Monte Carlo-based
rendering in interactive applications on GPU hardware: Markov chain mixture models and ReSTIR. We
believe that further exploration of similar ideas, especially with consideration of the parallelism of GPU
hardware, can be fruitful for the realization of the full potential of interactive Monte Carlo rendering.

Aside from variance reduction, we also addressed the computational cost of path evaluation using
a data-driven approach. We proposed a cost-based framework for optimizing the selection of nodes
to cache in procedural texture graphs. We introduced a statistical model to estimate scene-specific
costs and optimize the cache node selection using integer linear programming. We showed consistent
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7 CONCLUSION

reductions in cost for several combinations of texture graphs and scenes, avoiding severe worst-case
behavior in particular. To the best of our knowledge, our work provides the first principled treatment of
this problem and opens up several directions for future research. While extensions, e.g. to the temporal
domain, are appealing, an even more impactful research goal could be its simplification to allow for
easier implementation.

In conclusion, this dissertation demonstrates that incorporating data-driven guidance can improve
the robustness and efficiency of Monte Carlo-based rendering algorithms by reducing both variance
and computational cost. The developed methods enable the simulation of more complex light transport
phenomena and scene models than was previously feasible. Conceiving a unified rendering algorithm
that robustly combines specialized sampling techniques with data-driven approaches, without incurring
significant overhead, remains a difficult challenge for future work. We anticipate that the insights gained
in this work can inform future approaches working toward this goal.
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