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Abstract

This thesis studies time integration for wave-type problems whose numerical approximation is
constrained by fast oscillations in space and time, small discretization parameters, or materials
with high wave speeds. Two settings are considered. In the first part, the constraint is spatially
localized. Two-field Friedrichs’ systems, such as Maxwell’s equations and the acoustic wave
equation, are discretized in space by discontinuous Galerkin (dG) methods on locally refined
meshes. The smallest cells then impose a severe CFL restriction on explicit time integrators,
although they represent only a small part of the mesh.

For central-flux discretizations, we construct and analyze a second-order, leapfrog-based local
time-integration framework. It combines the leapfrog method on the coarse part of the mesh
with a filtered treatment of the fine part, and it contains fully explicit local time-stepping
schemes as well as locally implicit variants. Under suitable assumptions on the filter, the
resulting stability and error estimates show convergence with a CFL restriction governed by the
coarse part of the mesh. This framework is then extended to stabilized dG discretizations, like
upwind fluxes, where dissipative face penalties are applied on the coarse part of the mesh. The
analysis yields stability and error estimates under a CFL restriction which again is governed by
the coarse part of the mesh.

To obtain higher-order time integration, we use implicit Gauß collocation methods and solve
the arising linear systems by preconditioned Krylov subspace methods. The preconditioner uses
only the fine part of the mesh. It is shown that the number of preconditioned QMR iterations
needed to reach a fixed tolerance can be bounded independently of the fine mesh. Thus the
same local fine and coarse split is used at a different algorithmic level, namely inside the linear
solver for an implicit method.

The second part treats the semiclassical magnetic Schrödinger equation. Here, a small
semiclassical parameter appears which leads to rapid oscillations of the solution in space and
time making a mesh-based approach very expensive. A mesh-free variational Gaussian wave
packet ansatz [BDH+24] captures the rapid oscillations and reduces the evolution to a finite-
dimensional system of parameter ODEs. For this system we extend the Boris algorithm [BL18]
from classical charged-particle dynamics and propose a modified fourth-order Runge–Kutta
method. Both methods preserve the L2-norm of the Gaussian wave packet by construction.
Numerical experiments, including the Penning trap, investigate convergence, norm preservation
and energy behavior of the proposed schemes.
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Introduction

Various physical phenomena are described by time-dependent partial differential equations.
Important examples are electromagnetic, acoustic, and quantum waves. Even though the
existence and uniqueness of a solution can be guaranteed under certain assumptions on the
data and the domain, the solution typically cannot be stated in a closed expression. This
necessitates the use of numerical methods to approximate the solution. Computing the numerical
approximation accurately and at a cost that remains affordable as the problem size grows is a
central task of numerical analysis.

The difficulty addressed throughout this thesis is a disparity of scales that appears in two
distinct forms. In Part I, for example, a few tiny mesh elements in a spatial discretization
impose a severe time step size restriction on an explicit time stepping method. In Part II, a
small parameter produces rapid oscillations of the wave function in time and space which have
to be resolved by a numerical method. In both parts, the aim is to prevent the restrictive
feature from dictating the cost of the entire computation by using a numerical method adapted
to the problem structure.

This thesis pursues two answers. The first is local time-integration, where extra computational
work is only employed where it is needed (Chapters 1 to 3). The second builds upon a structure-
exploiting reduced model, in which a single Gaussian wave packet captures the rapid oscillations.
This ansatz yields a small system of nonoscillatory ordinary differential equations. Our
contribution is to propose two efficient numerical schemes to advance these equations in time
(Chapter 4).

The results in Chapter 1 and Chapter 4 have been published in [HS26] and [SBH+25],
respectively. The results in Chapter 3 have been published as a preprint in [HKS26].

Friedrichs’ systems and local stiffness

Friedrichs introduced a functional-analytic framework for certain first-order partial differential
equations in 1958, now called Friedrichs’ systems [Fri58]. Modern frameworks are presented by
Ern and Guermond [EG06a, EG06b], by Di Pietro and Ern [DPE12], and, more recently, in
[HK19, DHK+23].

Throughout Part I, we work with the two-field structure [DHK+23, §11.2] of these systems.
The domain Ω ⊂ Rd is assumed to be open, bounded, and polygonal or polyhedral. The
two-field Friedrichs’ system couples the fields u and v through

∂tu = Lvv + gu, ∂tv = Luu+ gv, on Ω × R+, (I.1)

1



Introduction

with given source terms gu and gv. The Friedrichs’ operators Lu and Lv are the first-order
differential operators

MvLuu =
d∑

i=1
Li ∂iu, MuLvv =

d∑

i=1
LTi ∂iv,

with constant coefficient matrices Li ∈ Rmv×mu , where mu,mv ∈ N are the numbers of
components of u and v, respectively. The material tensors Mu ∈ L∞(Ω)mu×mu and Mv ∈
L∞(Ω)mv×mv are symmetric and uniformly positive definite.

We write (
u, ψ

)
Ω :=

(Muu, ψ
)
L2(Ω), u, ψ ∈ L2(Ω)mu

for the L2-inner product weighted by the material tensor Mu and ∥ · ∥Ω for the induced norm.
The weighted inner product and the induced norm on L2(Ω)mv are defined analogously. The
arguments determine which inner product or norm is considered. Since the material tensors
are uniformly positive definite, the weighted inner products are equivalent to the standard
L2-inner products. Therefore, equipped with the weighted inner products, the spaces L2(Ω)mu

and L2(Ω)mv are Hilbert spaces.
Stacking the two fields into x = (u v) and denoting the source term by g, the system (I.1)

reads
∂tx = Lx+ g, L =

(
0 Lv

Lu 0

)
. (I.2)

The boundary conditions are encoded in the operator domains D(Lu) and D(Lv). If the
boundary conditions do not introduce damping [DHK+23, Assump. 11.8], the two Friedrichs’
operators satisfy the adjointness relation

(Luu, v
)

Ω = −(Lvv, u
)

Ω for u ∈ D(Lu), v ∈ D(Lv), (I.3)

see [DHK+23, Lem. 13.1], leading to the skew-adjointness of L on D(L) = D(Lu) × D(Lv).
Equipped with an appropriate initial condition x0, the system (I.2) is well-posed.

Theorem I.1 ([DHK+23, Cor. 9.23]). Let x0 ∈ D(L) and g ∈ C1(R+, L2(Ω)m)+C(R+,D(L)).
Then the system (I.2) has a unique solution x ∈ C1(R+, L2(Ω)m) ∩ C(R+,D(L)), given by the
variation-of-constants formula

x(t) = etLx0 +
ˆ t

0
e(t−s)Lg(s) ds.

It satisfies

∥x(t)∥Ω ≤ ∥x0∥Ω +
ˆ t

0
∥g(s)∥Ω ds,

and ∥x(t)∥Ω = ∥x0∥Ω if g = 0.

The variation-of-constants formula represents the solution through the unitary evolution
operator etL acting on the initial data and the accumulated source. The norm equality for g = 0
corresponds to the energy conservation of the wave-type system. For the sake of presentation,
in the following part we neglect forcing terms.

Many wave-type systems fall into the Friedrichs’ class. Two of them are the acoustic wave
equation and Maxwell’s equations in first-order formulation.

2



a) Maxwell’s equations with the perfectly conducting boundary condition read

ε ∂tE = ∇ ×H, µ ∂tH = −∇ × E in Ω, E × n = 0 on ∂Ω, (I.4)

with outward unit normal n. The first component is the electric field u = E with
permittivity Mu = ε, and the second component is the magnetic field v = H with
permeability Mv = µ.
Writing [a]× ∈ R3×3 for the skew-symmetric matrix with [a]×b = a × b, this fits the
abstract form with coefficient matrices Li = −[ei]×, built from the standard basis vectors
e1, e2, e3. The perfectly conducting boundary condition is contained in the operator
domains D(Lu) = {E ∈ H(curl,Ω) | E × n = 0 on ∂Ω} and D(Lv) = H(curl,Ω), see
[DHK+23, Example 2.1 and §9.3], [Köh19, §2.5.3] for details.

b) The acoustic wave equation in mixed div-grad form with homogeneous Dirichlet boundary
condition reads

ρ ∂tv = ∇p, κ−1 ∂tp = ∇ · v in Ω, p = 0 on ∂Ω. (I.5)

We choose the pressure u = p as the first component, with Mu = κ−1, where κ is the
bulk modulus. We choose the velocity as the second component, with Mv = ρ, where ρ
is the density. This fits the abstract form with coefficient matrices given by the rows
Li = ei ∈ Rd×1. The boundary condition is imposed through the operator domains
D(Lu) = H1

0 (Ω) and D(Lv) = H(div,Ω), see [DHK+23, Example 2.1], [Zie20, §2.4] for
details.

Finite element and discontinuous Galerkin space discretization. Discretizing the wave-type
problems in Chapters 1 to 3, we follow the method-of-lines approach, which first discretizes in
space and then integrates the resulting semidiscrete system in time. The space discretization is
carried out by a finite element method, turning the partial differential equation (PDE) into a
large system of ordinary differential equations (ODEs).

A finite element method partitions the domain Ω into a mesh Th of cells K, e.g., triangles
or rectangles in R2, and approximates each field in (I.1) by functions that are polynomial in
each component on each cell. The approximation is determined by the weak form of the PDE
reduced to a discrete ansatz space. In Part I, we use a discontinuous Galerkin (dG) finite
element method, where the piecewise polynomials do not need to be continuous across interfaces
between cells.

Historically, dG methods entered numerical analysis through first-order transport problems.
A compact overview of this development is given in [HW08, §1.1]. Reed and Hill [RH73]
proposed a triangular mesh method for the neutron transport equation in 1973, and Lesaint
and Raviart [LR74] analyzed a closely related finite element method shortly after. These
early works already contain the structural ingredients used below: elementwise polynomial
approximation and weak coupling by numerical fluxes. The same ingredients also occur in
modern wave computations. For example, high-order dG methods are used for time-dependent
Maxwell’s equations and related wave propagation problems, including unstructured meshes,
piecewise polynomial spaces, and various numerical fluxes [HW08, Nie09, HP15].

This history also points to the mixed character of the method. On the one hand, dG methods
are finite element methods, since they use local polynomial trial and test spaces in a weak
formulation. On the other hand, their coupling between cells resembles finite volume methods.

3
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Neighboring cells communicate only through numerical fluxes on their common interfaces.
These fluxes encode, for example, conservation or dissipative stabilization.

Two properties make the dG method a natural fit for the aims of this thesis. First, dG methods
are flexible, permitting unstructured meshes, varying dG polynomial degrees on different cells,
and hanging nodes without constraints. Second, the cells couple only weakly through numerical
fluxes built from traces, jumps, and averages of the fields on the faces. The resulting mass
matrix contains only volume terms, which completely decouple. It therefore has a block-diagonal
structure, where the size of each block depends only on the local degrees of freedom of the
corresponding cell. The inverse is therefore local and cheap to apply. Explicit time stepping is
then truly explicit and needs no global solve per step, which is the main reason why the dG
method pairs well with explicit and local time integration. The dG method delivers this block-
diagonal, positive definite mass matrix without a mass-lumping construction. In continuous
finite element methods, the continuity constraint across faces makes neighboring elements share
unknowns, and the mass matrix is sparse but globally coupled [EG21]. Thus, making the
mass inverse local usually requires an additional mass-lumping step, whose construction can be
restrictive at high polynomial degrees.

A few objects recur throughout Part I, with their precise definitions given in the respective
chapters. The mesh Th partitions the domain, and hK denotes the diameter of a cell K ∈ Th .
Moreover, h denotes a piecewise defined function taking the value hK on a cell K. The faces
split into interior and boundary faces, Fh = F int

h ∪ Fbnd
h . The finite-dimensional dG ansatz

spaces Vuh and Vvh contain piecewise polynomials of total degree at most k in d variables, which
are globally in L2(Ω)mu and L2(Ω)mv , respectively.

The dG method replaces the Friedrichs’ operator Lu by a discrete operator Lu,h on the dG
space Vuh , and Lv,h analogously, see [DPE12, §7.1.2] and [DHK+23, §10.3], or Lemma A.3. On
each cell, the discrete operator is built from the local action of the Friedrichs’ operator Lu
locally. The cells couple only through face terms built from jumps and averages on the interior
faces, and boundary terms weakly enforce the boundary conditions. The flux is called central
because it uses the average of the two traces and adds no penalization.

The central-flux discretizations Lu,h and Lv,h inherit the adjointness property (I.3), i.e.,
(Lu,huh , vh

)
Ω = −(uh ,Lv,hvh

)
Ω, uh ∈ Vuh , vh ∈ Vvh , (I.6)

so the stacked operator Lh is skew-adjoint. Moreover, they satisfy the inverse inequality

∥Lu,huh∥Ω ≲ ∥h−1uh∥Ω, uh ∈ Vuh . (I.7)

Here, ≲ hides a positive constant independent of the mesh size h, which may depend on
the polynomial degree, the mesh regularity, and the operator and material coefficients, see
[DHK+23, §10.3].

The choice of the numerical flux is the main difference between Chapter 1 and Chapter 2.
Central fluxes, used in Chapter 1, are conservative, but spurious modes can remain undamped.
Chapter 2 keeps the central-flux framework but adds a dissipative jump penalty on selected
faces. This damps spurious modes, at the price of replacing exact energy conservation by
controlled dissipation [CW17].

After a central-flux dG discretization of the system (I.1), we obtain the semidiscrete two-field
system

∂tuh = Lv,hvh , ∂tvh = Lu,huh , on R+, (I.8)

4



where we have neglected forcing terms for the sake of presentation. Stacking the two fields into
a single vector xh yields the system of ordinary differential equations

∂txh = Lhxh , on R+, (I.9)

with projected initial datum xh(0) = πhx
0. In our setting, πh is a material-weighted orthogonal

projection πh : L2(Ω)m → Vh , defined in [DHK+23, §10.1].
The semidiscrete system (I.9) is well-posed [DHK+23, Cor. 10.11], and assuming a certain

regularity of the exact solution x of (I.2), the semi-discrete solution xh of (I.9) satisfies the
error bound

sup
0≤t≤T

∥x(t) − xh(t)∥Ω ≤ CTh
k,

i.e., it converges to the exact solution x as the mesh is refined, see [DHK+23, Thm. 10.12]. For
every fixed T > 0, the constant CT is independent of the mesh size but may depend on T and
the exact solution. Here k denotes the dG polynomial degree.

The semidiscrete system (I.9) now has to be integrated in time.

Explicit time integration. A widely used explicit time integrator for wave-type problems is
the leapfrog method, also called the Störmer–Verlet method. It is symmetric and conserves a
modified energy, as discussed in [HLW06, §I.5.2] and [HS16]. However, the leapfrog method is
only stable under a Courant–Friedrichs–Lewy (CFL) condition, a restriction on the time step
size τ , making the leapfrog method conditionally stable. Using the inverse inequality (I.7), the
restriction on the time step size can be stated as

τ ≲ hmin,

with hmin being the smallest diameter over all cells, see [DHK+23, §11.2]. Thus, the smallest
cell can determine the step for the whole mesh.

This is illustrated in Figure 1 by the one-dimensional wave equation in mixed form (I.5),
discretized with the dG method and the leapfrog scheme on a mesh with a few artificially
refined cells. With a time step size just above the CFL limit, high-frequency modes associated
with the refined cells leave the stability interval of the leapfrog method, and the numerical
solution grows rapidly.

Implicit time integration. The natural alternative to the conditionally stable leapfrog method
is an unconditionally stable one, the Crank-Nicolson method, analyzed for Maxwell’s equations
in [Stu17, §4.2] and for Friedrichs’ systems in [DHK+23, §11.1]. It carries no CFL restriction,
and for the skew-adjoint discrete operator Lh it conserves the semi-discrete energy exactly,
as long as no external forcing is applied. One might therefore ask why not to integrate every
problem with this method.

The reason is the cost of a single step. The Crank-Nicolson method is implicit and couples
all unknowns into one linear system per step. For large three-dimensional problems, a direct
factorization of the system matrix is unfeasible because of its high memory consumption due to
the size and dense structure of the factorization matrices. An alternative is to use an iterative
solver in each step. After applying a Schur complement, one has to solve a symmetric positive
definite system for only one of the two possibly vector-valued components. This can be done
using the conjugate gradient method [Stu17, §4.5]. However, the conditioning of the linear

5
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Figure 1.: Space-time surface illustrating the CFL instability of the leapfrog method for a
central-flux dG discretization of the one-dimensional wave equation (I.5). A smooth wave is
evolved on a mesh of 40 coarse cells, with three cells around ξ = 0.5 refined four times. The
time step size is 0.1% above the CFL limit, causing high-frequency oscillations localized
near the refined cells.

system strongly influences the number of iterations needed to achieve a given accuracy [Hac16],
making a single step very expensive. In our situation, the condition of the linear system scales
like h−2

min. Thus, again, the smallest cell dictates the global cost of the time integration method.
The two options therefore sit at opposite extremes. An explicit method is cheap per step but

constrained by the CFL condition, which leads to many steps. In addition to the high cost,
a large number of steps can increase the contribution of accumulated roundoff errors to the
global error [HLW06, §VIII.5]. An unconditionally stable method has no CFL restriction but is
typically implicit and therefore expensive per step.

Local time integration for Friedrichs’ systems

In Part I, we are interested in meshes which are locally refined. Local refinement may be used
to resolve geometric features, such as re-entrant corners, cracks, thin gaps, small inclusions,
or curved boundaries, or localized solution features, such as singularities or wavefronts. Also,
adaptive mesh refinement places small cells around singularities, wavefronts, or regions of high
error. As we have already seen, the CFL condition is dictated by the smallest cell, so a few
small cells can force a very small time step size, which is wasteful if the rest of the mesh is
coarse. However, local mesh refinement is only one way to create such a local CFL bottleneck.
A high local wave speed raises the local inverse inequality constant exactly as a small cell does
[DHK+23, Rem. 11.12]. Moreover, a cell with a high dG polynomial degree raises the same
constant [DPE12, Rem. 1.48].

In the terminology of ODE solvers, stiffness describes the numerical situation in which an
explicit method is forced to use a very small time step size by stability rather than by the desired
accuracy [HW96, §IV.1]. For the present linear ODE system (I.9), whose discrete operator
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Lh is skew-adjoint by (I.6), this stability restriction can also be read from the eigenvalues of
Lh [HW96, §IV.2]. The inverse inequality (I.7) provides a mesh-dependent upper bound on
the spectral radius of the discrete operator Lh and hence on the magnitudes of its eigenvalues.
The global inverse inequality follows from elementwise bounds involving each cell and its face
neighbors [Köh19, Lem. 3.40 and Prop. 3.41]. Writing ΩK for the union of a cell K and its face
neighbors, these bounds take the form

∥Lhxh∥K ≲ ∥h−1xh∥ΩK
.

These local bounds therefore depend on the cell diameters on the patch, the polynomial degree,
the mesh regularity, and the operator and material coefficients. We use these local bounds to
identify the part of the mesh that causes stiffness.

From now on, we call the part of the mesh where the local inverse bound is large relative
to the rest of the mesh the stiff part of the mesh. The stiffness may be caused by small cells,
a high local wave speed, or a high local dG polynomial degree. We also include one layer of
adjacent cells in the stiff part. The nonstiff part is defined as the remaining larger part of the

Figure 2: Excerpt of a mesh parti-
tioned into the nonstiff region
(blue) and the stiff region (or-
ange). The stiff region includes
the fine cells and one adjacent
layer of coarse cells.

mesh. Note that the part called nonstiff here is not necessarily nonstiff in the classical sense of
ODEs but only relative to the part called stiff in this context. We use a similar distinction for
the degrees of freedom (dofs), with the stiff dofs containing the dofs associated with the stiff
part of the mesh and the nonstiff dofs containing the remaining dofs. The mesh separation is
illustrated in Figure 2. In our setting, the stiff part is spatially localized. Paying the price for
an implicit solver on the whole domain is therefore wasteful. We want to apply the expensive,
implicit treatment only where it is needed and a cheap explicit method everywhere else.

This is the idea of the locally implicit (LI) method proposed for linear Maxwell’s equations in
[Ver11] and analyzed in [HS16]. The extension to Friedrichs’ systems was analyzed in [DHK+23].
The LI method treats only the stiff part implicitly, through a Crank-Nicolson–type solve on the
small system coming from those dofs. It is unconditionally stable on the stiff part, making the
nonstiff CFL condition the only stability factor. Furthermore, it requires solving only a small
linear system rather than one global system.

A second approach is local time-stepping (LTS), which is fully explicit and does extra explicit
work on the stiff part to relax its CFL condition so that the nonstiff CFL condition becomes the
dominating one. Classically, local time-stepping comes from a multirate approach, where the
stiff part is advanced by several small substeps for each coarse step on the nonstiff part, see, for
example, [DG09] for the second-order wave equation and [GM10] for second-order Maxwell’s
equations. The approach proposed in [CH24] for the second-order wave equation is following
a different ansatz. It uses a filter function to modify the leapfrog method on the stiff part,
relaxing its CFL condition. A special case therein is the stabilized Chebyshev filter, which leads
to an explicit LTS method.
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Motivated by the filtered leapfrog method of [CH24] for the second-order wave equation, in
Chapter 1 we develop a family of local time-integration (LTI) methods for the general class of
Friedrichs’ systems (I.1) satisfying a two-field structure discretized in space by a dG method
with central fluxes. Our LTI method advances the nonstiff part by the cheap explicit leapfrog
method. The stiff part receives a tailored treatment that removes its CFL restriction or weakens
it until the nonstiff CFL condition dominates. The goal is that the effective time step size
restriction is set by the nonstiff part. The trade-off for a removed or weakened CFL condition
of the tailored method is a higher computational cost per step than the plain leapfrog method,
as we already observed with the Crank-Nicolson method. However, the extra cost is only paid
on the few stiff dofs and is therefore small as long as the stiff part is small. Overall, this results
in a problem-adapted and efficient time integrator.

A uniform analysis, based on sufficient conditions on the filter function, then yields stability
for the whole family under a CFL condition set by the leapfrog method on the nonstiff part of
the mesh and a CFL condition set by the stiff part depending on the chosen filter function. Our
main result is to prove that the leapfrog-based local time-integration method is second-order
in time and of full order k in space. Here, k denotes the dG polynomial degree of the spatial
discretization. A rational filter mimicking the Crank–Nicolson method locally leads to the LI
method analyzed in [DHK+23], which removes the CFL condition of the stiff part completely.
A filter based on properly scaled and shifted Chebyshev polynomials of the first kind (1.45)
results in an explicit LTS method. Using a degree p Chebyshev polynomial, the maximal
stable time step size on the stiff part scales like p times the maximum stable time step size of
the leapfrog method on the stiff part. Therefore, a moderate degree already lets the nonstiff
CFL condition dominate. The filter is never formed explicitly. Its action on a vector can be
computed efficiently via a three-term recurrence [Car21, §4.4], resulting in p matrix-vector
products with the matrix associated with the stiff part. This is the only extra cost of the LTS
method over the plain leapfrog method. However, one caveat remains. Without stabilization,
the explicit filter may become unstable for certain choices of the time step size, as illustrated in
Section 1.4.3. Adding stabilization avoids these instabilities at the price of a slightly weaker
CFL condition, see [CH22] for details.

The goal of Chapter 2 is to extend the analysis of the local time-integration method developed
in Chapter 1 to a setting where we use upwind fluxes instead of central fluxes in the dG
discretization. Following the approach of [HS19], we apply the upwind stabilization only on
the nonstiff part of the mesh. The resulting method retains the family of filter-based local
time-integration schemes from Chapter 1 and remains fully explicit when a polynomial filter is
used. We prove stability under the CFL conditions from the central-flux case together with
an additional CFL condition caused by the explicit upwind fluxes. Under suitable regularity
assumptions and given a dG polynomial degree k, the method converges with order two in time,
with spatial order k on the stiff part and with spatial order k + 1/2 on the nonstiff part.

Higher-order local time integration.

Under suitable regularity assumptions, the spatial error estimate in Chapter 1 is of order hkmax
for dG polynomial degree k. Increasing the polynomial degree can therefore improve the spatial
convergence rate without refining the mesh. Once the spatial error is sufficiently small, the
second-order temporal error can dominate the total error and limit the benefit of the higher
spatial degree. As discussed earlier, reducing the time step size requires more steps and may
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therefore increase the contribution of accumulated roundoff errors to the global error.
Chapter 3 introduces a family of time integrators that reach a higher temporal order and

are tailored to the same local efficiency principle as the local time-integration methods of
Chapters 1 and 2. The whole system is integrated with a higher-order, unconditionally stable
implicit method, a Gauß collocation method [HW96, §IV.5]. A Gauß collocation method is a
Runge–Kutta method with nodes coming from the Gauß–Legendre quadrature points. It is
unconditionally stable and therefore carries no CFL restriction. With s stages, it has classical
order 2s, the highest possible order per stage for Runge–Kutta methods. Gauß collocation
methods are well understood and have been analyzed for linear Maxwell’s equations in [HP15]
and for quasilinear Maxwell’s equations in [HPS18]. Moreover, Gauß collocation methods are
symplectic [HLW06, §VI.4]. The stability function of a Gauß collocation method maps the
imaginary axis to the unit circle (see [HW96, §IV.3] and [Gau97, §5.9.2]) and is therefore
conservative on purely oscillatory modes. This matches the energy-conserving, purely imaginary
spectrum of the discrete operator Lh .

However, applying an implicit time integrator reintroduces the implicit price, i.e., solving
large, globally coupled linear systems at every time step, which we aimed to avoid. Even though
an efficient implementation of a Gauß collocation method reduces the large coupled linear system
to s decoupled smaller but still large linear systems, one for each stage, a direct factorization
may still be infeasible for large-scale problems because of the high memory consumption of the
factorization matrices. Therefore, it is natural to employ a Krylov subspace method [Saa03]
to solve the linear system iteratively at each stage. After decoupling the stages, the linear
system at each stage has a coefficient matrix that is either symmetric positive definite or
complex symmetric. Thus, we apply either the conjugate gradient (CG) method or the complex
symmetric quasi-minimal residual (QMR) method [FN91, FN94]. The relevant cost is then
proportional to the number of Krylov iterations. However, the number of iterations needed
to reach a given accuracy depends on the spectrum of the linear system matrix [HL98]. In
our scenario, the mesh contains a small stiff part that raises the spectral radius of the linear
system matrices, increasing the number of iterations required. To avoid this, we construct
a symmetric positive definite preconditioner for the Krylov solvers that is motivated by the
same local efficiency principle as the local time-integration methods of Chapters 1 and 2. The
preconditioner is based on splitting the system matrix into a stiff and a nonstiff part, where
we use the stiff contribution to precondition the whole system. As long as the stiff part is
small, the preconditioner is cheap to apply. The analysis proves that the field of values of the
preconditioned matrix is bounded independently of the stiff part of the mesh. Consequently,
the number of iterations needed to reach a fixed tolerance is also bounded independently of the
stiff part of the mesh.

Even though we only consider linear problems in this thesis, the preconditioning technique
carries over to nonlinear problems, where linear systems of the same type arise within a
Newton-type iteration.

The stiff and nonstiff split of Chapter 1 thus reappears in a different place. In Chapter 1, it
defines a time integrator which itself acts locally, whereas in Chapter 3 the integrator is globally
implicit and the locality re-enters through the preconditioner. The philosophy is the same,
namely to spend extra work only on a few stiff cells, achieving an overall efficiency boost.

Contributions of Part I. Part I develops two different local time-integration approaches for two-
field Friedrichs’ systems. The first contribution is a general leapfrog-based local time-integration
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framework for central-flux dG discretizations, which contains explicit local time-stepping and
locally implicit variants in one unified formulation. We perform a stability and error analysis
in which the admissible time step size is governed by the nonstiff part of the mesh, provided
the filter satisfies its stiff part stability condition, which is weaker than the global leapfrog
stability condition. The local time-integration method is then extended to an upwind-flux dG
discretization where dissipative interface penalizations are applied on the nonstiff part of the
mesh. The second contribution is a higher-order variant based on Gauß collocation methods
in time. It removes the explicit stability restriction from the time integrator, while accuracy
and the cost of the implicit solves still constrain the usable time step size. Its local character
does not lie in the time step itself but in the preconditioner used for the arising linear systems.
Our analysis shows that the preconditioned Krylov iteration count needed to reach a fixed
tolerance is controlled independently of the stiff part of the mesh. Taken together, these results
show that the same stiff and nonstiff split can be used at different algorithmic layers: inside
leapfrog-based time integrators and inside linear solvers used in implicit time integration.

Gaussian wave packets for semiclassical dynamics
Part II changes the source of the limiting factor. In Part I, localized stiffness caused by the
spatial discretization or by materials with high wave speeds limit the efficiency of standard
numerical methods. In Part II, a small parameter makes the wave function highly oscillatory in
space and time on an unbounded spatial domain Ω = Rd. Thus, there is no nonstiff region to
isolate. The guiding principle remains the same, namely to identify the problematic part and
treat it by a method adapted to its structure. The mechanism, however, is different. Instead of
a local split in space, the next part uses a mesh-free reduced description from [BDH+24] in
which a Gaussian wave packet ansatz captures the rapid oscillations. This leaves a small system
of parameter ODEs which are independent of oscillations induced by the small parameter. The
aim of Part II is to approximate the solution of these ODEs efficiently while (nearly) preserving
important physical quantities. As a physically relevant benchmark, we compare our methods
against the analytical solution of the Penning trap.

The magnetic Schrödinger equation. The model problem of Part II is the semiclassical,
time-dependent magnetic Schrödinger equation

iε ∂tψ(t) = H(t)ψ(t), ψ(0) = ψ0, t ∈ R, (I.10a)

on Rd with initial value ψ0 and magnetic Hamiltonian

H(t) = 1
2
(−iε∇x −A(t, ·))2 + ϕ(t, ·). (I.10b)

Here, the square in (I.10b) denotes the dot product of the vector-valued differential operator with
itself. Moreover, ψ denotes the complex-valued wave function, A the magnetic vector potential
chosen in Coulomb gauge, φ the electric scalar potential, and 0 < ε ≪ 1 the small semiclassical
parameter, often obtained by rescaling Planck’s constant ℏ to a dimensionless quantity. The
magnetic Schrödinger equation (I.10) is a fundamental model in quantum mechanics, describing
the evolution of charged particles in the presence of external electromagnetic fields. One
physically relevant example is the Penning trap considered in Section 4.2 (see, e.g., [BG84]).
There, a charged particle, such as an electron or a proton, is confined by magnetic coils and
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Figure 3: Gray curves denote the endcap and
ring electrodes of the Penning trap in the
(x1, x3)-plane. The orange curves indicate
electric field lines, and the blue arrows
represent the homogeneous magnetic field.
The green curve shows an exemplary tra-
jectory of a proton, marked by the red dot
labeled p+. The figure was created with
the assistance of OpenAI’s ChatGPT 5.5.

electrodes. The trap features a static magnetic field along the x3-direction and a quadrupole-like
static electric field that is rotationally symmetric about the x3-axis. A classical point particle
moving in such an electromagnetic field configuration executes an oscillatory motion along
the x3-axis while simultaneously executing an epicyclic motion in the x1x2-plane, where the
low-frequency magnetron orbit is combined with high-frequency cyclotron orbits. For the proton
trap parameters listed in Table 4.1 and the nondimensionalization used in Section 4.2, this
gives ε ≈ 1.2 × 10−8.

From a numerical point of view, approximating (I.10) raises three major problems. First,
it is a high-dimensional problem. For an N -particle system in three spatial dimensions, the
configuration space has dimension d = 3N . Further, the computational domain Rd is naturally
unbounded, and thus most numerical methods require truncation before discretization. For the
method-of-lines approach (first discretize space, then time), high dimension combined with an
unbounded domain leads to very large semidiscrete systems that then have to be integrated in
time. Another challenge is given by the rapid oscillations induced by the small semiclassical
parameter ε. For a direct method-of-lines discretization, these oscillations require fine resolution
in space and time, so standard time integration of the resulting large system quickly becomes
impracticable in the semiclassical regime [LL20].

Gaussian wave packets. A localized initial state provides a reduced description. For finite
times, it remains concentrated near the corresponding classical trajectory [Lub08]. The relevant
information is then carried by one moving center, an oscillatory phase, and the local shape of
the packet.

A single Gaussian wave packet uses exactly this structure. It is of the form

u(t, x) = exp
( i
ε

(1
2(x− q)⊤C(x− q) + (x− q)⊤p + ζ

))
,

with time-dependent position and momentum centers q, p ∈ Rd, a complex-symmetric width
matrix C having a positive definite imaginary part, and a complex phase ζ ∈ C.

The position q locates the packet. Splitting C = CR + iC I and ζ = ζR + iζI into their real
and imaginary parts separates the Gaussian into its spatial envelope and its carrier phase. The
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p = 0, Q = I, P = iI

p p
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Figure 4.: Successive construction of a wave packet u. The first panel shows the initial packet
with p = 0, Q = I, and P = iI. Each arrow changes only the indicated parameter.
Changing Q deforms the Gaussian envelope, changing p adds linear phase oscillations, and
changing P adds a quadratic phase contribution. Colors show the signed real part Reu on
the scale from −1 to 1, while the contours indicate levels of the Gaussian envelope. The
dashed contour retains the preceding envelope for comparison. The figure was created with
the assistance of OpenAI’s ChatGPT 5.5.

matrix C I determines the shape, orientation, and width of the spatial envelope,

|u(t, x)|2 = exp
(

−1
ε

(x− q)⊤C I(x− q) − 2
ε
ζI

)
,

whereas CR determines the quadratic curvature of the oscillatory phase. More precisely, the
phase function is given by

S(t, x) = 1
2(x− q)⊤CR(x− q) + (x− q)⊤p + ζR.

Thus, ∇xS(t, x) = CR(x − q) + p, so p is the constant part of the phase gradient, while CR
determines how this phase gradient varies across the packet.

Hagedorn’s parametrization writes the width matrix as C = PQ−1, with matrices P and
Q satisfying the structural conditions recalled in Section 4.3.4, see also [LL20, §3.5]. This
parametrization separates the effects of the envelope and the phase gradient. The spatial
envelope is determined only by QQ∗, while the curvature of the carrier phase is determined by

CR = Re(PQ−1).

Therefore, P affects the position-dependent phase gradient only together with Q.
The complex phase ζ contains the global phase and the normalization. Its real part ζR

shifts the phase of the whole packet by a constant. The imaginary part ζI fixes the overall
normalization of the Gaussian, i.e.,

∥u∥2
L2(Rd) = exp

(
−2
εζI
)

(επ)d/2 |detQ| . (I.11)

Thus, normalization ties ζI to Q. The roles of the parameters p,Q, and P are illustrated in
Figure 4, which shows the successive construction of a wave packet. Gaussian wave packets are
natural states, not only convenient trial functions. They include coherent and squeezed states,
which are standard localized states in quantum mechanics [RC21]. They also have a practical
advantage because their moments and many expectation values can be evaluated in closed form.
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Classical, frozen, and variational Gaussian dynamics. Gaussian wave packets have a long
history in semiclassical analysis and chemical quantum dynamics. A broad overview is given in
[LL20, §3.8], which discusses the time-dependent variational principle from the work of Dirac
[Dir30] and Frenkel [Fre34] to Heller’s variational Gaussian wave packets [Hel76], as well as
later error analyses [Lub08].

These variants of Gaussian methods make different compromises. Frozen Gaussian methods
keep the width matrix fixed [Hel81]. A single frozen packet cannot describe spreading, so frozen
Gaussians are typically used in superpositions. The Herman–Kluk propagator is a prominent
superposition method [HK84, LS17]. Hagedorn wave packets play a related but different role.
They form orthonormal families generated from a ground state Gaussian by raising and lowering
operators [Hag98]. This framework is central in rigorous semiclassical analysis and has also
been applied to magnetic Schrödinger equations [Zho14, GR21].

The variational Gaussian dynamics utilized in Chapter 4 is the branch closest to Heller’s
time-dependent Gaussian approximation [Hel76]. It does not require a mesh and remains
low dimensional. Furthermore, it determines the parameter evolution by projecting the full
Schrödinger dynamics onto the tangent space of the Gaussian manifold. In the nonmagnetic
setting discussed in [LL20, Lub08], these variational dynamics conserve norm and energy and
have error bounds that are not valid for diagonal or fixed-width restrictions, as emphasized in
[LL20, §3.8]. The magnetic extension used in Chapter 4 was developed in [BDH+24], where
the Hamiltonian contains a time-dependent magnetic vector potential.

Variational equations of motion. The time evolution of the parameters is determined by the
Dirac–Frenkel variational principle. At each time, the Schrödinger velocity is projected onto
the tangent space of the Gaussian manifold. Equivalently, one chooses the tangent vector for
which the residual in the Schrödinger equation is minimal.

For the magnetic Schrödinger equation, the variational principle was applied in [BDH+24] to
derive the equations of motion

q̇ = ⟨∂ph⟩u , (I.12a)
ṗ = −⟨∂qh⟩u , (I.12b)
Ċ = −B(C), (I.12c)

ζ̇ = −⟨h⟩u + ε
4tr

(
B(C)C−1

I

)
+ p⊤⟨∂ph⟩u , (I.12d)

with
B(C) =

(
Id C

)
⟨∇2h⟩u

(
Id
C

)
, (I.12e)

and the classical Hamiltonian for a charged particle in a magnetic field is

h(t, q, p) = 1
2 (p −A(t, q))2 + ϕ(t, q). (I.12f)

Here, for a suitable observable A, we write

⟨A⟩u = ⟨u,Au⟩ =
ˆ
Rd

u(x) · (Au)(x) dx

for its expectation value in u, details are in Section 4.1. For phase-space functions such as h
and its derivatives, the brackets denote expectation values of their Weyl quantizations, applied
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componentwise to vector- and matrix-valued functions [LL20, §6.1]. Thus, the forces in (I.12)
are not evaluated only at the center q, but averaged over the current packet.

This reduced model retains several structural properties of the Schrödinger equation. It
preserves the L2-norm of the wave function and, for time-independent Hamiltonians, its energy
[BDH+24, Lem. 3.6]. For Gaussian initial data, the variational dynamics are exact if the
magnetic potential is linear and the electric potential is quadratic in position [BDH+24, Prop.
2.5]. This includes the Penning trap model used in Chapter 4. Under suitable smoothness
and growth assumptions on the electromagnetic potentials, the wave-function error of the
variational approximation is of order

√
ε on fixed finite time intervals. For suitable observables,

the corresponding expectation-value error is of order ε2 [BDH+24, Theorems 3.8 and 3.10].
The parameter equations also explain the relation to classical mechanics. If ε tends to zero,

the Gaussian averages collapse to point evaluations at the center q, see [LL20, Lem. 3.15].
Then the equations for q and p tend to the classical Hamiltonian equations generated by h. The
variational packet may therefore be viewed as a quantum correction of the classical trajectory
dynamics, where the width keeps track of the evolving uncertainty.

In Hagedorn’s parametrization C = PQ−1, the width equation (I.12c) is equivalent to the
pair of coupled linear equations

Q̇ = ⟨∂pqh⟩uQ + ⟨∂pph⟩uP , (I.13a)
Ṗ = −⟨∂qqh⟩uQ − ⟨∂qph⟩uP , (I.13b)

see [BDH+24, Theorem 4.2].

Time integration of Gaussian parameters
The variational Gaussian approximation has replaced the magnetic Schrödinger equation by
a small system of ODEs for the parameters of one packet. The next step is to evolve these
parameters in time.

The starting point is the Boris algorithm [Bor70], originally introduced for the classical
equations of motion of a charged particle in an electromagnetic field. For a magnetic vector
potential A in spatial dimension d, let

BA = J⊤A − JA

denote the skew-symmetric magnetic matrix, where JA is the Jacobian of A. The classical
equations of motion take the form

q̇ = v, v̇ = BAv + E,

where E is the electric field. In three dimensions, BAv = v × B , which recovers the usual
formulation in terms of the magnetic field B = ∇ ×A. The Boris method is one of the standard
particle pushers in plasma-physics particle-in-cell codes [BL18]. It updates the velocity by a
kick-rotate-kick procedure. First, the electric field is applied over a half step. Second, a rotation
with the magnetic part is applied. Third, the electric field is applied over another half step. The
position is then advanced by a drift with the updated velocity. The Boris method is of second-
order [QZX+13]. In position and canonical momentum, the classical charged-particle equations
have a Hamiltonian formulation. However, the Boris method preserves phase-space volume while
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generally failing to preserve the associated symplectic structure [QZX+13]. Related long-time
analyses for charged-particle dynamics in strong magnetic fields are given in [HL20, HLW20].

Chapter 4 extends this idea from classical charged-particle dynamics to the parameter
equations (I.12) of the variational Gaussian wave packet ansatz. It first introduces the averaged
magnetic momenta

v = p − ⟨A⟩u , Υ = P − ⟨JA⟩uQ.
In these variables, the center and width equations take the Euler–Lagrange-type form

q̇ = v, v̇ = ⟨BA⟩uv + Eeff ,

Q̇ = Υ, Υ̇ = ⟨BA⟩uΥ + SeffQ,

see Theorem 4.3. Here, Eeff and Seff collect additional averaged force terms.
The phase, however, is updated separately. Its imaginary part is computed from the discrete

normalization relation

ζn+1
I = ζnI + ε

2
(
ln | detQn+1| − ln | detQn|

)
,

which enforces preservation of the L2-norm at every step. The real part of the phase is advanced
by a midpoint rule.

Chapter 4 also introduces a modified classical fourth-order Runge–Kutta (RK4) method. All
parameters except the imaginary part of the phase are treated by the standard RK4 stages. At
each stage, the imaginary phase is instead updated from the same normalization relation as in
the Boris-type method. Consequently, the modified RK4 method preserves the L2-norm of the
Gaussian packet by construction, in contrast to the unmodified RK4 method.

The numerical experiments in Chapter 4 use the norm and the energy as diagnostics for this
structure-preserving aim. For the tested examples, the Boris-type method and the modified
RK4 method preserve the L2-norm up to machine precision. The computed energy error of the
Boris-type method remains bounded and oscillatory in the reported long-time runs, whereas
the standard RK4 method and the modified RK4 method show an energy drift, which could be
reduced significantly for the modified method. Thus, the variational Gaussian and Boris-type
discretizations close the time-integration discussion for Part II in the same spirit as the local
methods of Part I: they isolate the difficult component and treat it by a method adapted to the
structure of the problem.

Beyond the present thesis, recent work by Funk et al. compares a mesh-free wave-packet-based
solver with a benchmark grid-based solver for the time-dependent Schrödinger equation and
demonstrates accurate mesh-free simulations of physically relevant examples with significantly
shorter simulation times than those obtained with the grid-based solver [FML+26]. Moreover,
recent work by Merk and Lasser develops structure-preserving time integrators for variational
Gaussian wave packet dynamics that exhibit near-conservation of the averaged Hamiltonian
over long time intervals [ML26].

Outline of the thesis
The two parts of the thesis address different computational bottlenecks by related principles.
In Part I, a spatially localized stiff component would force the whole semidiscrete Friedrichs’
system to use the small time step required only near a refined part of the mesh. Local time
integration avoids this global restriction by separating stiff and nonstiff degrees of freedom. In
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Part II, the computational bottleneck is not localized in space. It is the oscillation caused by
the small semiclassical parameter, which is captured by the mesh-free variational Gaussian
wave packet ansatz. In both cases, the goal is to keep the low-cost part of the computation
inexpensive, while treating the restrictive component by a method adapted to its structure.

Within Part I, the same fine/coarse split is used at two different algorithmic levels. Chapter 1
and Chapter 2 place it directly inside a leapfrog-based time integrator. Chapter 3 instead uses
implicit Gauß collocation for higher-order time integration and moves the local construction
into a preconditioner for the arising Krylov iteration. Thus, the local idea is not tied to one
particular time step formula. It can also enter through the linear algebra used to realize an
implicit method.

Chapter 1 constructs and analyzes a second-order, leapfrog-based local time-integration class
for two-field Friedrichs’ systems with central-flux dG discretization. The filter formulation
contains fully explicit local time-stepping variants as well as a locally implicit variant, and
the stability condition is governed by the nonstiff part of the mesh, once the filter’s relaxed
stiff part CFL condition is satisfied. Chapter 2 extends the second-order local time-integration
framework to a stabilized dG discretization. The stabilization terms add interface dissipation to
the central-flux discretization, at the price of replacing exact energy conservation by a discrete
energy identity with controlled dissipation. Chapter 3 develops a higher-order variant based on
Gauß collocation. The resulting complex-symmetric linear systems are solved by preconditioned
QMR, and the analysis shows that the number of iterations needed to reach a fixed tolerance is
bounded independently of the fine mesh. Chapter 4 then turns to the semiclassical magnetic
Schrödinger equation. There, a variational Gaussian wave packet reduces the evolution to
parameter ODEs, and a Boris-type integrator or a modified fourth-order Runge–Kutta method
advance these equations while preserving the L2-norm of the packet by construction.
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Chapter 1

Local time integration for Friedrichs’ systems

The content of this chapter is published in [HS26].

In this paper, we address the full discretization of Friedrichs’ systems with a
two-field structure, such as Maxwell’s equations or the acoustic wave equation in div-
grad form, cf. [DHK+23]. We focus on a discontinuous Galerkin space discretization
applied to a locally refined mesh or a small region with high wave speed. This results
in a stiff system of ordinary differential equations, where the stiffness is mainly
caused by a small region of the spatial mesh. When using explicit time-integration
schemes, the time stepsize is severely restricted by a few spatial elements, leading to
a loss of efficiency. As a remedy, we propose and analyze a general leapfrog-based
scheme which is motivated by [CH22]. The new, fully explicit, local time-integration
method filters the stiff part of the system in such a way that its CFL condition
is significantly weaker than that of the leapfrog scheme while its computational
cost is only slightly larger. For this scheme, the filter function is a suitably scaled
and shifted Chebyshev polynomial. While our main interest is in explicit local
time-stepping schemes, the filter functions can be much more general, for instance, a
certain rational function leads to the locally implicit method, proposed and analyzed
in [HS16]. Our analysis provides sufficient conditions on the filter function to ensure
full order of convergence in space and second order in time for the whole class of
local time-integration schemes.

1.1. Introduction
The aim of this paper is to construct and analyze a new local time-integration (LTI) method
for the discontinuous Galerkin (dG) space discretization of Friedrichs’ systems in a two-field
structure. Using an explicit time-integrator like the leapfrog method on the full spatial domain
necessitates satisfying a Courant–Friedrichs–Lewy (CFL) condition, meaning that the time
stepsize τ is proportional to the inverse of the smallest diameter within the spatial mesh. On
the other hand, implicit methods like the Crank-Nicolson method are unconditionally stable,
but require the solution of large linear systems of equations. We are interested in problems,
where the CFL condition is dominated by a small number of mesh elements, i.e., tiny elements
or elements with a high wave speed. In this situation, standard explicit or implicit methods are
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inefficient. The basic idea of LTI methods is to use an explicit time-integrator, for example,
the leapfrog method, on the large, nonstiff part of the system and to couple it to a tailored
method on the small, stiff part. The modified method can either be an explicit method with a
weaker CFL condition (resulting in a local time-stepping (LTS) method) or an unconditionally
stable implicit scheme (leading to a locally implicit (LI) method). Overall one aims at using a
method with a CFL condition which only depends on the nonstiff part of the system. Since the
higher computational cost of the modified method arises only on a small part of the degrees of
freedom (dofs), the construction leads to a problem-adapted and efficient LTI scheme.

In recent years, many LTI schemes have been introduced for different wave-type equations.
LTS methods for the acoustic wave equation in second-order formulation were constructed in
[AM17, CH24, DG09, DG15, GMM15, GMS21, GM13a, GM13b] and for Maxwell’s equations
in second-order formulation in [GM10, KFL20, MPF+08, Pip06], and LI methods for Maxwell’s
equations in [DLM13, DLM14, DLM17, DFF+10, HS16, HS19, RB02, Ver11], for instance.
Moreover, in [DHK+23] the LI method from [HS16] was generalized to Friedrichs’ systems.

However, to the best of our knowledge, fully explicit LTS methods for Friedrichs’ systems
have not been considered so far. Here, we construct and analyze a class of leapfrog-based LTI
schemes motivated by [CH24]. We will show that the method is stable under a CFL condition
which is independent of the stiff part of the problem and is of second order in time and optimal
order in space. As a special case, one variant of the LTI scheme corresponds to the LI method
from [DHK+23] and the theoretical results reduce to the ones given there.

Outline The paper is structured as follows. First, in Section 1.2, we briefly review Friedrichs’
systems and introduce the notation which we will use throughout the paper.

Our main results are contained in Section 1.3. Here, we start with an introduction of the
splitting of the discrete operators into a stiff and a nonstiff part. Then, we present the new
LTI scheme based on the leapfrog method with a general filter function and study its stability.
Important examples leading to LTS and LI methods are discussed in detail. For the whole class
of methods, we prove stability if a time stepsize restriction based on properties of the filter
function is satisfied. Moreover, we prove that LTI methods satisfy error bounds with optimal
order in space and second order in time.

At last, in Section 1.4, we present numerical experiments which substantiate our theoretical
results for Maxwell’s equations. Moreover, we show that the LTS method outperforms the LI
and the leapfrog method on these test problems.

1.2. Friedrichs’ systems
Let Ω ⊂ Rd be an open, polygonal domain and denote its boundary by Γ = ∂Ω.

Following [DHK+23, §11.2] we consider the two-field structured Friedrichs’ system

∂tu = Lvv + gu, on Ω × R+, (1.1a)
∂tv = Luu+ gv, on Ω × R+, (1.1b)
u(0) = u0, v(0) = v0, on Ω

with initial values u0, v0 and right-hand-side g. The Friedrichs’ operators Lu and Lv are given
as

MvLuu =
d∑

i=1
Li∂iu, MuLvv =

d∑

i=1
LT
i ∂iv, (1.2)

20



1.2. Friedrichs’ systems

with Li ∈ Rmv×mu for i = 0, . . . , d. The material tensors Mu ∈ L∞(Ω)mu×mu , Mv ∈
L∞(Ω)mv×mv are assumed to be symmetric and positive definite, and mu,mv ∈ N denote the
number of components of u and v. The boundary conditions of (1.1) are embodied into the
domains D(Lu) and D(Lv), see [DPE12, DHK+23] for details. We further assume that the
boundary conditions do not introduce damping, cf. [DHK+23, Assump. 11.8]. This leads to
the important adjointness property

(Luu, v
)

= −(u,Lvv
)

for all u ∈ D(Lu), v ∈ D(Lv). (1.3)

Special cases are linear Maxwell’s equations or the acoustic wave equation in a div-grad
formulation. For details see [DPE12, §7.1] or [DHK+23, §9.3].

1.2.1. Notation

Let K ⊆ Rd be open. For two vector-valued functions u, ũ ∈ L2(K)mu we denote the L2-inner
product by

(
u, ũ

)
L2(K) =

ˆ
K
u · ũdx

and the L2-inner product weighted by Mu as
(
u, ũ

)
K

=
(
u, ũ

)
Mu,K

=
(Muu, ũ

)
L2(K),

where we supress the indices Mu whenever possible. The inner product weighted by Mv is
defined analogously. From the arguments of the inner product it is clear which weight is used.
The induced norms are denoted accordingly.

Furthermore, we denote by ∂i the ith weak derivative, i = 1, . . . , d. Higher derivatives are
denoted by ∂α = ∂α1

1 . . . ∂αd
d for a multi index α ∈ Nd0, and we write |α| = α1 + · · · + αd.

The Sobolev spaces in L2(K) are denoted as Hℓ(K), ℓ ∈ N0, and are equipped with the
weighted norms

∥u∥2
ℓ,K = ∥u∥2

Mu,ℓ,K =
ℓ∑

j=0
|u|2Mu,j,K

, |u|2j,K = |u|2Mu,j,K
=
∑

|α|=j
∥∂αu∥2

Mu,K .

Again we suppress the index Mu whenever possible.
In what follows, we recall some notation and results from [DPE12, DHK+23]. We denote by

Th meshes of Ω which we assume to be admissible [DPE12, Def. 1.57]. By hK we denote the
diameter of a cell K ∈ Th . We further define h ∈ L∞(Ω) by h|K = hK and hmax = maxK hK
as well as hmin = minK hK .

For each component of (1.1) we denote by

Vuh = {u ∈ L2(Ω) | u|K ∈ Pkd(K) for all K ∈ Th}mu ,

Vvh = {v ∈ L2(Ω) | v|K ∈ Pkd(K) for all K ∈ Th}mv ,

the spaces of piecewise polynomials of total degree at most k and the product space by
Vh = Vuh × Vvh .

Furthermore, we symbolize the L2-projection w.r.t. the weighted inner product
(·, ·)Ω by

πh : L2(Ω) → Vh , see [DHK+23] for details.
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At last, we recall the broken Sobolev spaces

Hℓ(Th) = {u ∈ L2(Ω) | u|K ∈ Hℓ(K) for all K ∈ Th},

consisting of functions which are piecewise in the Sobolev space of order ℓ. The space Hℓ(Th)
is equipped with the norm

∥u∥2
ℓ,Th

=
ℓ∑

j=0
|u|2j,Th

, |u|2j,Th
=

∑

K∈Th

|u|2j,K .

1.3. Local time-integration
After a central-fluxes dG discretization [DHK+23, EG21, HK20], the spatially discrete wave-type
problem (1.1) takes the form

∂tuh = Lv,hvh + gu,h , on R+, (1.4a)
∂tvh = Lu,huh + gv,h , on R+, (1.4b)
uh(0) = πhu

0, vh(0) = πhv
0, gh = πhg, (1.4c)

where the discrete operators Lu,h ,Lv,h inherit the adjointness property (1.3), i.e.,
(Lu,huh , vh

)
Ω = −(uh ,Lv,hvh

)
Ω for all uh ∈ Vuh , vh ∈ Vvh . (1.5)

Before we present our local time-integration scheme, we follow [HS16] and split the mesh into
two parts

Th = Th,f ∪̇ Th,c. (1.6)

The set Th,f contains all elements with a small diameter or a high wave speed and the set Th,c
all others. We further define

hc,min = min
K∈Th,c

hK , hf,min = min
K∈Th,f

hK . (1.7)

Our approach necessitates an additional partition of the mesh such that the set Th,m contains
the set Th,f and the neighbors of elements in Th,f and Th,lf only contains coarse elements with
coarse neighbors, i.e.,

Th,m = {K ∈ Th : ∃Kf ∈ Th,f s.t. K,Kf share a face},
Th,lf = Th \ Th,m.

These extra coarse elements in Th,m are essential to the independence of small mesh diameters
or high wave speeds in the CFL condition, since mesh diameters and material properties enter
through the flux terms in the definition [HK20, Def. 4.8] of the discrete operators Lu,h and
Lv,h from the element itself and from the neighboring element sharing the same face by the
discrete trace inequality, cf. [HK20, Proof of Prop. 4.13].

We further define the indicator functions

χmu =
{
u, on K ∈ Th,m,
0, on K ∈ Th,lf ,

and χlfu =
{

0, on K ∈ Th,m,
u, on K ∈ Th,lf .

(1.8)
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Now we propose our local time-integration method, motivated by the leapfrog-based scheme
in [CH24]. With a smooth function Ψ: [0,∞) → R satisfying Ψ(0) = 1, the fully discrete local
time-integration scheme is defined as

v
n+1/2
h − vnh = τ

2 Lu,hunh + τ
2g

n+1/2
v,h , (1.9a)

un+1
h − unh = τΨLv,hvn+1/2

h + τΨg
n+1/2
u,h , (1.9b)

vn+1
h − v

n+1/2
h = τ

2 Lu,hun+1
h + τ

2g
n+1/2
v,h , (1.9c)

Ψ = Ψ(−τ2Lv,hχmLu,h), (1.9d)

g
n+1/2
w,h = 1

2
(
gw,h(tn+1) + gw,h(tn)

)
, w ∈ {u, v} . (1.9e)

In (1.9b) and in the following we write Ψwh for the application of the discrete operator Ψ on a
discrete function wh ∈ Vuh . The scheme consists of a combination of the leapfrog method on
Th,lf and a second scheme, which is defined by the filter function Ψ, on Th,m. For Ψ ≡ 1, the
scheme reduces to the leapfrog scheme on the whole domain. Choosing Ψ as a polynomial of
a certain degree p yields a fully explicit scheme (with p matrix vector multiplications in each
time step), while choosing a rational function leads to a scheme, which is implicit in the dofs
on Th,m. In Section 1.3.3 we consider polynomials Ψ, which are chosen in such a way that the
CFL condition is optimized, and the rational filter corresponding to the unconditionally stable
Crank-Nicolson method. The main contribution of our paper is to prove stability and full order
of convergence of the combined scheme.

Moreover, we denote by

ŵn+1/2 = 1
2(w(tn+1) + w(tn)), w ∈ {u, v}, (1.10)

the mean of the components of the exact solution at two consecutive time steps.
The remaining part of this paper is devoted to the proof of the following full-discretization

error estimate.

Theorem 1.1. For xnh = (unh vnh) given by (1.9) with τ satisfying a CFL condition independent
of hf,min and a sufficiently regular solution x = (u v) of (1.1) we obtain

∥x(tn) − xnh∥Ω ≤ C(τ2 + hkmax) (1.11)

with a constant C independent of τ and hmax.

Details on the CFL condition will be given later.

1.3.1. Stability

In the following, we assume that Ψ defined in (1.9d) is invertible, which is indeed the case
under a certain restriction on the time stepsize as we will later see. We start by rewriting (1.9)
into a system inspired by the analysis of the Crank-Nicolson method [HS16] imitating a discrete
semi-group technique. To do so, we define

R± =
(

Θ ± τ
2 Lv,h

± τ
2 Lu,h Iv

)
− τ2

4

(
−Lv,hχlfLu,h 0

0 0

)
(1.12a)
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with

Θ = Θ(−τ2Lv,hχmLu,h), (1.12b)

Θ(z) = Ψ(z)−1(1 − z

4Ψ(z)
)

= 1
Ψ(z) − z

4 , Θ(0) = 1. (1.12c)

In Table 1.1, we collect special choices of Ψ and Θ together with certain parameters, which we
will introduce later for the analysis. More details will be given in Section 1.3.3 below.

Lemma 1.2. The approximations xnh =
(
unh vnh

)
of the local time-integration scheme (1.9)

satisfy

R−xn+1
h = R+x

n
h + τg

n+1/2
h , g

n+1/2
h =


g

n+1/2
u,h

g
n+1/2
v,h


 . (1.13)

Proof. The recursion directly follows from (1.9) and the definition of R±.

A key idea for stability analysis is to split R± into a positive definite operator ΘI , a skew-adjoint
operator Lh , and a self-adjoint, positive semidefinite perturbation operator Dlf via

R± = ΘI ± τ
2 Lh − τ2

4 Dlf , (1.14a)

where

ΘI =
(

Θ 0
0 Iv

)
, Lh =

(
0 Lv,h

Lu,h 0

)
, Dlf =

(
−Lv,hχlfLu,h 0

0 0

)
. (1.14b)

The adjointness condition (1.5) directly implies that Lh is skew-adjoint, Dlf and Θ are self-
adjoint, and that Dlf is positive semidefinite. However, the definiteness of ΘI is only guaranteed
for special choices of Θ (see Table 1.1) or, if the modified scheme is not unconditionally stable,
under the weaker CFL condition resulting from the argument −τ2Lv,hχmLu,h of Θ in (1.12b).
To ensure this, we introduce additional notation.

Definition 1.3. Let Ψ: [0,∞) → R be a smooth function satisfying Ψ(0) = 1 and consider Θ
defined in (1.12c). For a constant cΘ ∈ (0, 1] we define βΨ = βΨ(cΘ) ∈ (0,∞] as the maximum
value such that

0 < Ψ(z) ≤ 1 and Θ(z) ≥ cΘ for all z ∈ [0, β2
Ψ] ∩ R, (1.15)

and βΨ = ∞, if (1.15) holds for all z ≥ 0.

The existence of cΘ and βΨ fulfilling Definition 1.3 is guaranteed since Ψ and Θ are continuous
and we assume Ψ(0) = 1 which implies Θ(0) = 1. For a given filter function Ψ, one can first
maximize βΨ such that Θ(z) > 0 on [0, β2

Ψ] ∩ R and then set cΘ = minz∈[0,β2
Ψ] Θ(z). For certain

local time-stepping and locally implicit schemes, these constants are given in Table 1.1.
The parameters β2

Ψ and cΘ directly enter the CFL conditions to ensure stability of the scheme.

Definition 1.4. For given ϑ, ϑc ∈ (0, 1] we define

τ2
CFL,Ψ = β2

Ψ
∥Lv,hχmLu,h∥ , (1.16a)
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Ψ Θ φ β2
Ψ cΘ Cφ

Leapfrog 1 1 − z
4 −1

4 4(1 − cΘ) 1 − ϑ2 1
4

Crank-Nicolson (1 + z
4)−1 1 0 ∞ 1 0

Leapfrog-Chebychev (1.45) (1.12c) (1.36a) (1.46)

Table 1.1.: Examples for filter functions with corresponding constants.

τ2
CFL,lf,c = τ2

CFL,lf,c(ϑc) = 4cΘϑ
2
c

∥Lv,hχlfLu,h∥ , (1.16b)

and

τ2
CFL,lf = τ2

CFL,lf(ϑ) = 4ϑ2

∥Lv,hLu,h∥ . (1.17)

Recall that the leapfrog scheme on the whole spatial domain is stable if τ ≤ τCFL,lf . We aim
at choosing Ψ in such a way that the CFL condition of the local time-integration method is
significantly relaxed compared to the leapfrog scheme. For the dependence of the CFL condition
on the submeshes and the material parameters, note that

∥Lv,hχlfLu,h∥ ≲ h−2
c,min, ∥Lv,hχmLu,h∥ ≲ h−2

f,min,

with constants that, roughly speaking, scale like the square of the degree k2 of the dG polynomials
(see, e.g., [DPE12, Rem. 1.48]) and the inverse of the product of the smallest eigenvalues of Mu

and Mv on the respective submeshes Th,c and Th,f , cf. [HK22, Eq. 6] or [DPE12, Lem. 7.32].
It is important to note that the eigenvalues of Lv,hχlfLu,h and hence τCFL,lf,c are independent

of the material parameters and the diameters within the fine mesh Th,f , cf. [DHK+23, HS16]
for details.

Corollary 1.5. Let Ψ: [0,∞) → R be a smooth function satisfying Ψ(0) = 1 and assume
that the CFL condition τ ≤ τCFL,Ψ with τCFL,Ψ defined in (1.16a) is fulfilled. Then, the filter
operator Ψ defined in (1.9d) is invertible and satisfies ∥Ψ∥Vu

h
←Vu

h
≤ 1.

Proof. The statement follows immediately from −Lv,hχmLu,h being symmetric, and positive
semidefinite together with Definitions 1.3 and 1.4.

Lemma 1.6. For τ ≤ τCFL,Ψ defined (1.16a), the operator Θ induces a norm ∥ · ∥Θ such that
for all uh ∈ Vuh we have

cΘ∥uh∥2
Ω ≤ ∥uh∥2

Θ =
(
Θuh , uh

)
Ω . (1.18)

Proof. The statement follows immediately from (1.15) since we can bound the eigenvalues z of
−τ2Lv,hχmLu,h by β2

Ψ if τ ≤ τCFL,Ψ.

Lemma 1.6 implies that ΘI defined in (1.12b) is also self-adjoint and positive definite for
τ ≤ τCFL,Ψ and hence it induces a norm ∥ · ∥ΘI on Vh .

Using both CFL conditions in (1.16) we can bound the action of the operators R± defined
in (1.12a) from below.
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Lemma 1.7. Let ϑc ∈ (0, 1) and τ ≤ min{τCFL,lf,c(ϑc), τCFL,Ψ} satisfy the CFL condi-
tions (1.16). Then we have

cΘ(1 − ϑ2
c)∥uh∥2

Ω + ∥vh∥2
Ω ≤ (

R±xh , xh
)

Ω. (1.19)

for all xh =
(
uh vh

)
∈ Vh.

Proof. Let xh =
(
uh vh

)
∈ Vh . Using (1.14b) and (1.16b) we obtain

τ2

4
(
Dlfxh , xh

)
Ω = − τ2

4
(Lv,hχlfLu,huh , uh

)
Ω ≤ cΘϑ

2
c∥uh∥2

Ω,

and thus with (1.14a) and (1.18)
(
R±xh , xh

)
Ω =

(
Θuh , uh

)
Ω + ∥vh∥2

Ω − τ2

4
(
Dlfxh , xh

)
Ω

≥ cΘ(1 − ϑ2
c)∥uh∥2

Ω + ∥vh∥2
Ω.

This proves the statement.

In the next Lemma 1.8 we show that the CFL condition for the local time-integration
scheme (1.9) remains less restrictive than that of the leapfrog scheme used on the whole grid.

Lemma 1.8. Let ϑ ∈ (0, 1), xh =
(
uh vh

)
∈ Vh, and τ ≤ τCFL,lf(ϑ) defined in (1.17).

Moreover, assume that 0 < Ψ(z) ≤ 1 holds for all z ∈ [0, 4]. Then we have
(
R±xh , xh

)
Ω ≥ (1 − ϑ2)∥uh∥2

Ω + ∥vh∥2
Ω. (1.20)

Proof. By assumption, Ψ is invertible since the leapfrog CFL condition (1.17) implies ∥ −
τ2Lv,hLu,h∥Ω ≤ 4ϑ2 ≤ 4 and thus

(
Ψ−1uh , uh

)
Ω ≥ ∥uh∥2

Ω. Using (1.12c) we can write

Θ + τ2

4 Lv,hχlfLu,h = Ψ−1 + τ2

4
(Lv,hχmLu,h + Lv,hχlfLu,h

)

= Ψ−1 + τ2

4 Lv,hLu,h .

From (1.12a) and the CFL condition (1.17) we conclude
(
R±xh , xh

)
Ω =

(
(Θ + τ2

4 Lv,hχlfLu,h)uh , uh
)

Ω + ∥vh∥2
Ω

≥ (1 − ϑ2)∥uh∥2
Ω + ∥vh∥2

Ω.

This completes the proof.

Lemma 1.7 and the splitting of R± in (1.12a) lead to the following properties.

Lemma 1.9. Let τ ≤ min{τCFL,Ψ, τCFL,lf,c} defined in (1.16) for some ϑc ∈ (0, 1). Then, for
xh, yh ∈ Vh and R = R−1

− R+ we have for n = 0, 1, 2, . . . the identities
(
R−xh , yh

)
Ω =

(
xh ,R+yh

)
Ω, (1.21a)

(
R−Rnxh ,Rnxh

)
Ω =

(
R−xh , xh

)
Ω, (1.21b)

(
R−RnR−1

− xh ,RnR−1
− xh

)
Ω =

(
R−1
− xh , xh

)
Ω, (1.21c)
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and in addition the bounds1

∥Rnxh∥Ω ≤ Cstb, c∥xh∥ΘI , (1.22a)
∥RnR−1

− xh∥Ω ≤ Cstb, c∥xh∥Ω, (1.22b)

with Cstb, c = (cΘ(1 − ϑ2
c))−1/2.

Proof. The adjointness property (1.21a) follows from the skew-adjointness of Lh and the
self-adjointness of Lv,hχlfLu,h , while (1.21b) can be seen by induction with

(
R−Rxh ,Rxh

)
Ω =

(
R+xh ,Rxh

)
Ω

=
(
xh ,R−Rxh

)
Ω

=
(
xh ,R+xh

)
Ω

=
(
R−xh , xh

)
Ω.

One can easily verify that the inverses are given by

R−1
± =

(
Ψ ∓ τ

2 ΨLv,h
∓ τ

2 Lu,hΨ Iv + τ2

4 Lu,hΨLv,h

)

=
(

Ψ
Iv + τ2

4 Lu,hΨLv,h

)
∓ τ

2

(
ΨLv,h

Lu,hΨ

)
. (1.23)

These are decompositions of R−1
± into their symmetric and skew-symmetric parts.

Replacing xh by R−1
− xh in (1.21b) proves (1.21c). Furthermore, (1.19) and (1.21b) imply

cΘ(1 − ϑ2
c)∥Rnxh∥2

Ω ≤ (
R−Rnxh ,Rnxh

)
Ω

=
(
R−xh , xh

)
Ω

= ∥xh∥2
ΘI − (

Dlfxh , xh
)

Ω ≤ ∥xh∥2
ΘI ,

where we have used the positive semi-definiteness of Dlf in the last estimate. This proves
(1.22a).

By (1.15), Ψ is positive definite if the CFL condition (1.16a) is satisfied. Thus we have with
the adjointness property (1.5)

(Lu,hΨLv,hvh , vh
)

Ω = −(ΨLv,hvh ,Lv,hvh
)

Ω ≤ 0

which shows
(
R−1
± xh , xh

)
Ω =

(
Ψuh , uh

)
Ω +

(
vh , vh

)
Ω + τ2

4
(Lu,hΨLv,hvh , vh

)
Ω ≤ ∥xh∥2

Ω. (1.24)

Using (1.19), (1.21c) and (1.24) shows

cΘ(1 − ϑ2
c)∥RnR−1

− xh∥2
Ω ≤ (

R−RnR−1
− xh ,RnR−1

− xh
)

Ω
=
(
R−1
− xh , xh

)
Ω

≤ ∥xh∥2
Ω

and hence (1.22b).
1In [HS26, Lem. 3.9] the estimate (3.19c) is wrong. Since it is not used anywhere else in the manuscript it

could be removed without any trouble.
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With the previous Lemma 1.9 we conclude the following stability estimate.

Lemma 1.10 (Stability). Let xn+1
h be defined in (1.13). Under the same assumptions as in

Lemma 1.9 the numerical solution is bounded by

∥xn+1
h ∥Ω ≤ Cstb, c

(
∥x0

h∥ΘI + τ
n∑

j=0
∥gj+1/2
h ∥Ω

)
. (1.25)

Proof. Since R−1
− is invertible, the scheme (1.13) is equivalent to

xn+1
h = Rxnh + τR−1

− g
n+1/2
h , R = R−1

− R+.

Then, the discrete variation-of-constants formula yields

xn+1
h = Rn+1x0

h + τ
n∑

j=0
Rn−jR−1

− g
j+1/2
h . (1.26)

The claim now follows from (1.22a) and (1.22b) and the triangle inequality.

1.3.2. Error analysis of the local time-integration scheme

In the following we denote the exact solution of (1.1) evaluated at time tn by

x̂n = x(tn), x =
(
u v

)
. (1.27)

The error of the full discretization is given by

en = x̂n − xnh = enπ + enh , enπ = x̂n − πh x̂
n, enh = πh x̂

n − xnh , (1.28)

where enπ denotes the L2-projection error and enh the discretization error respectively.
To define defects δn+1

h we insert the L2-projected exact solution into the numerical scheme
(1.13). This yields

R−πh x̂n+1 = R+πh x̂
n + τg

n+1/2
h + τδn+1

h . (1.29)

Subtracting (1.13) from (1.29) yields the error recursion

R−en+1
h = R+e

n
h + τδn+1

h . (1.30)

This recursion is of the same form as (1.13). Hence, we can apply Lemma 1.10 to bound the
error. Unfortunately, it will turn out later, that we need a more careful inspection of the defects
to deal with the cutoff functions within the Friedrichs’ operators. Otherwise, this would lead to
suboptimal error bounds.

Theorem 1.11. Let τ ≤ min{τCFL,Ψ, τCFL,lf,c} defined in (1.16) for some ϑc ∈ (0, 1). If one
can decompose the defect into

δjh = δjh,s + Lhδjh,Lh
with δjh,Lh

=
(

0
δjh,v,Lh

)
, (1.31a)
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then it holds

∥en+1
h ∥Ω ≤ Cstb, c

(
∥e0
h∥ΘI + τ

n+1∑

j=1
∥δjh,s∥Ω + ∥δ1

h,v,Lh
∥Ω + τ

n+1∑

j=2
∥∂τδjh,v,Lh

∥Ω
)

+ ∥δn+1
h,v,Lh

∥Ω . (1.31b)

Here,
∂τ û

n+1 = 1
τ (ûn+1 − ûn) (1.31c)

denotes the discrete time derivative of a function û.

Proof. Solving the error recursion (1.30) with the discrete variation-of-constants formula yields

en+1
h = Rn+1e0

h + τ
n∑

j=0
Rn−jR−1

− δj+1
h

= Rn+1e0
h + τ

n∑

j=0
Rn−jR−1

− δj+1
h,s +

n∑

j=0
Rn−j(R − I)δj+1

h,Lh
,

(1.32)

since
τR−1
− Lhδj+1

h,Lh
= R−1

− (R+ − R−)δj+1
h,Lh

= (R − I)δj+1
h,Lh

.

Now we use the well-known summation by parts formula: for suitable sequences {ρj}j and
{δj}j we have

n∑

j=0
ρn−jδj+1 = rnδ1 +

n∑

j=1
rn−j(δj+1 − δj), rk =

k∑

j=0
ρj . (1.33)

For ρk = Rk(R − I), this yields rk = Rk+1 − I and
n∑

j=0
Rn−j(R − I)δj+1

h,Lh
= Rn+1δ1

h,Lh
− δn+1

h,Lh
+ τ

n∑

j=1
Rn−j+1∂τδ

j+1
h,Lh

.

The bounds (1.22a) and (1.22b) imply (1.31b), since the first component of the defect δh,Lh

vanishes.

For the discrete time-derivative (1.31c) of a sufficiently smooth function u, a simple calculation
shows the representations

∂τ û
n+1 =

ˆ 1

0
∂tu(tn + τs) ds, ∂2

τ û
n+1 =

ˆ 1

−1
(1 − |s|)∂2

t u(tn + τs) ds. (1.34)

Note that the avarage ∂tûn+1/2 corresponds to the trapezoidal rule applied to the first integral
in (1.34). It is well-known that the error

δn+1
tr,u = ∂τ û

n+1 − ∂tû
n+1/2 (1.35a)

satisfies
∥δn+1

tr,u ∥Ω ≤ τ2

8

ˆ 1

0
∥∂3

t u(tn + τs)∥Ω ds . (1.35b)
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Moreover, we define

φ = φ(−τ2Lv,hχmLu,h), with φ(z) = Θ(z) − 1
z

, z > 0, (1.36a)

and set φ(0) = Θ′(0). In addition, we will use

φ̃ = φ(−τ2χmLu,hLv,hχm). (1.36b)

Note that the nonzero eigenvalues of χmLu,hLv,hχm and Lv,hχmLu,h coincide.
Furthermore, we recall the consistency and approximation properties of the dG discretized

Friedrichs’ operators Lw,h , with w ∈ {u, v},

Lw,hw = πhLww for all w ∈ D(Lw) ∩H1(Th)mw , (1.37a)
∥Lw,heπ,w∥Ω ≤ Cπ,L,w|hkw|k+1,Th

for all w ∈ D(Lw) ∩Hk+1(Th)mw , (1.37b)

cf. [DPE12, DHK+23].
To derive a representation of the defect δjh defined in (1.29), we write (1.14) as a perturbation

of the Crank-Nicolson scheme.

Lemma 1.12. The operators R± defined in (1.14) satisfy

R± = R±,CN + LhDLTI, (1.38a)

where we have

R±,CN = I ± τ
2 Lh and DLTI = τ2

(
0 0
0 1

4χlfIv − φ̃χm

)
Lh . (1.38b)

Proof. The representation follows from the definition of φ in (1.36a) and χm = χ2
m since

Θ = Iu − τ2Lv,hχmLu,hφ = Iu − τ2Lv,hχmφ̃χmLu,h ,

where the second equality follows from [Hig08, Cor. 1.34].

With Lemma 1.12, we can split the defect δjh defined in (1.29) as

δjh = δjh,CN + Lhδjh,LTI (1.39a)

with

δjh,CN = πh∂τ x̂
j − Lhπh x̂j−1/2 − g

j−1/2
h , (1.39b)

δjh,LTI = DLTIπh∂τ x̂
j

= DLTI∂τ x̂
j − DLTI∂τe

j
π. (1.39c)

The first component of δjh,LTI vanishes such that we can apply Theorem 1.11 later.

Remark 1.13. We could analyze the defect δjh directly (without splitting). One would proceed
by using the discrete variations-of-constants formula in Lemma 1.10. However, this requires a
bound on Lv,hχmϕh for some ϕh ∈ Vvh resulting in a suboptimal error estimate. ⋄
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We now have to bound the defect (1.39a). Following [DHK+23, Lemma 12.2] the defect (1.39b)
stemming from the Crank-Nicolson scheme can be bounded under appropriate regularity
assumptions on the exact solution of (1.1) as

∥δjh,CN∥Ω ≤ Cπ,L|hkûj−1/2|k+1,Th
+ τ2

8

ˆ 1

0
∥∂3

t v(tj−1 + τs)∥Ω ds. (1.40)

To bound the defect (1.39c) we need a bound on φ introduced in (1.36a).

Definition 1.14. With βΨ from Definition 1.3, we define Cφ as the smallest constant such
that for φ defined in (1.36a) it holds

|φ(z)| ≤ Cφ for all z ∈ [0, β2
Ψ] ∩ R. (1.41)

Note that such a bound exists since φ is continuous on [0, β2
Ψ] and hence bounded.

Now we are able to state a bound for the defect (1.39c) under appropriate regularity
assumptions on the exact solution of (1.1).

Lemma 1.15. Let x =
(
u v

)
with

x ∈ C(t0, T ;D(L) ∩Hk+1(Th)m) ∩ C3(t0, T ;L2(Ω)m)

be the solution of (1.1) and τ ≤ τCFL,Ψ defined in (1.4). We further assume

gv ∈ C2(t0, T ;L2(Ω)mv ).

Then the defect (1.39c) is bounded by

∥δn+1
h,LTI∥Ω ≤ τ2Ĉφ

(
Cπ,L|hk∂τ ûn+1|k+1,Th

+
ˆ 1

0
∥∂2

t v(tn + τs)∥Ω ds (1.42a)

+
ˆ 1

0
∥∂tgv(tn + τs)∥Ω ds

)

∥∂τδn+1
h,LTI∥Ω ≤ τ2Ĉφ

(
Cπ,L|hk∂2

τ û
n+1|k+1,Th

+
ˆ 1

−1
∥∂3

t v(tn + τs)∥Ω ds (1.42b)

+
ˆ 1

−1
∥∂2

t gv(tn + τs)∥Ω ds
)

with Ĉφ =
√

2 max{1
4 , Cφ}.

Proof. With (1.37a), (1.37b), (1.41), and (1.1) we get

∥δn+1
h,LTI∥Ω ≤ τ2

4 ∥χlfπh∂τ∂tv̂
n+1∥Ω + τ2Cφ∥χmπh∂τ∂tv̂n+1∥Ω

+ τ2

4 ∥χlfπh∂τg
n+1
v ∥Ω + τ2Cφ∥χmπh∂τgn+1

v ∥Ω

+ τ2CφCπ,L|χmhk∂τ ûn+1|k+1,Th
+ τ2

4 Cπ,L|χlfh
k∂τ û

n+1|k+1,Th

and in the same manner

∥∂τδn+1
h,LTI∥Ω ≤ τ2

4 ∥χlfπh∂
2
τ∂tv̂

n+1∥Ω + τ2Cφ∥χmπh∂2
τ∂tv̂

n+1∥Ω

+ τ2

4 ∥χlfπh∂
2
τ g
n+1
v ∥Ω + τ2Cφ∥χmπh∂2

τ g
n+1
v ∥Ω

+ τ2CφCπ,L|χmhk∂2
τ û

n+1|k+1,Th
+ τ2

4 Cπ,L|χlfh
k∂2
τ û

n+1|k+1,Th
.

Using (1.34) completes the proof.
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Now we state our main theorem which yields under certain regularity assumptions convergence
of order two in time and order k in space if we choose as dG polynomial degree k.

Theorem 1.16. By the same regularity assumptions as in Lemma 1.15 together with τ ≤
min{τCFL,lf,c, τCFL,Ψ} and x0

h = πhx(tn0), the error of the full discretization satisfies

∥x(tn+1) − xn+1
h ∥Ω ≤ C(τ2 + hkmax) (1.43)

with a constant C independent of τ and h.

Proof. The projection error in (1.28) is bounded by

∥en+1
π ∥Ω ≤ Cπ|hk+1x̂n+1|k+1,Th

,

cf. [DHK+23, Lemma 3.2]. With Theorem 1.11, Lemma 1.15, and x0
h = πh x̂

0 we get for the
discretization error

∥en+1
h ∥Ω ≤ Cstb, c

(
τ
n+1∑

j=1
∥δjh,s∥Ω + ∥δ1

h,v,Lh
∥Ω + τ

n+1∑

j=2
∥∂τδjh,v,Lh

∥Ω

)
+ ∥δn+1

h,v,Lh
∥Ω

≤ Cstb, c

(
τ2

8 ∥∂3
t x∥L1([tn0,T ],L2(Ω))

+ 2τ2Ĉφ
(
∥∂3

t v∥L1([tn0,T ],L2(Ω)) + ∥∂2
t gv∥L1([tn0,T ],L2(Ω))

)

+ ĈφCπ,L max
j=0,...,n

|hkτ2∂τ û
j+1|k+1,Th

+ Ĉφτ
2
(

max
s∈[t0,T ]

∥∂2
t v(s)∥Ω + max

s∈[t0,T ]
∥∂1

t gv(s)∥Ω
)

+ Cπ,Lτ
n∑

j=0
|hkx̂j+1/2|k+1,Th

+ ĈφCπ,Lτ
n∑

j=1
|hkτ2∂2

τ û
j+1|k+1,Th

)
.

This proves the statement.

Remark 1.17. If we use the midpoint evaluation g
n+1/2
h = gh(tn+1/2) in (1.9) instead of the

average (1.10), we get an additional term τ2∥∂2
t g∥L1([tn0,T ],L2(Ω)) in the bound of Theorem 1.16.

Nevertheless, this modification leads to the same order of convergence. ⋄

1.3.3. Stability and convergence of local time-integration schemes
So far, we proved our theoretical results for general filter functions Ψ. In this section, we
investigate the constants from Definition 1.3 for the special case of using leapfrog-Chebychev
polynomials and for a rational function from our previous work [CH22, CH24].

We start with considering the LI method from [HS16], where, for all z ∈ [0,∞), it holds

Ψ(z) = (1 + z
4)−1 > 0, Θ(z) = 1, φ(z) = 0. (1.44)

Thus we obtain βΨ = ∞ with the constants cΘ = 1 and Cφ = 0. Inserting these constants
into Definition 1.4 we get exactly the CFL conditions from the literature, i.e., [DHK+23,
Assumption 11.26] for Friedrichs’ systems or from [HS16] for the special case of Maxwell’s
equations. This indicates that our new general theory does not require stronger assumptions
than for the known results.
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Now we turn to the new local time-stepping methods. Here, motivated by [CH22], we choose
the filter function as the following polynomial of degree p

Ψ(z)z = Pp(z)z = 2 − 2
Tp(νp)

Tp
(
νp − z

αp

)
, αp = 2

T ′p (νp)
Tp(νp)

, (1.45)

with a stabilization parameter νp > 1. With Tp, we denote the pth Chebychev polynomial of
first kind.

Theorem 1.18. Let Ψ be given by (1.45) for some p ∈ N and νp > 1. Then, (1.15) and (1.41)
are satisfied for

cΘ = 1
2
(
1 − 1

Tp(νp)
) ∈ (0, 1

2), β2
Ψ = αp(νp + 1), Cφ = 1

4

(
1
cΘ

− 1
)
. (1.46)

Proof. Following [CH22, Lemmas 5.1, 5.4] we have

Ψ(z)z ≤ 4(1 − cΘ), 0 < Ψ(z) ≤ 1, 0 ≤ z ≤ β2
Ψ

and hence
Θ(z) = Ψ(z)−1(1 − z

4Ψ(z)
) ≥ 1 − z

4Ψ(z) ≥ cΘ .

The formula for Cφ can be shown analogously to the proof of [CH22, Lemma 5.4].

Note that for p = 1 we have Ψ ≡ 1 and the scheme (1.9) is just the leapfrog method (which is
independent of the stabilization parameter νp). If we choose cΘ = 1 − ϑ2, for ϑ2 ∈ (0, 1), we
get β2

Ψ = 4(1 − cΘ) = 4ϑ2.
If, for p ≥ 2, we choose

νp = 1 + η2

2p2 , η > 0, (1.47)

then cΘ defined in (1.46) can be bounded independently of p, see [CH22, Lemma 5.5] for a
more in-depth view. In this case it holds

β2
Ψ = β2

p ≥ 2p ≥ 4.

Thus, the assumption of Lemma 1.8 on Ψ is satisfied for the leapfrog-Chebychev polynomials
(1.45).

Remark 1.19 (Implementation). (i) It is important to note that one does not have to evalu-
ate the polynomials (1.45) of degree p− 1 in each step. Instead one calculates the action of
a vector u on Ψ(−τ2Am) in an efficient way by a three-term recurrence relation, see [Car21,
Algo. 4.2] for details. Here Am denotes the system matrix of Lv,hχmLu,h one obtains after
choosing an appropriate basis of the dG space Vh , see [HS19].

(ii) By sorting the degrees-of-freedom in an appropriate way [HS19, Stu17] one can see that
Ψ(−τ2Am) only acts on the few fine elements in Th,f plus two additional layers.

⋄
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1.4. Numerical examples
We support our theoretical findings numerically with three examples. First we substantiate the
error bounds of Theorem 1.16 and we study the influence of stabilization within the leapfrog-
Chebychev local time-stepping (LFC-LTS) method. Afterward, we investigate the efficiency of
the LFC-LTS method compared to the locally implicit (LI) and the original leapfrog scheme.
The linear systems in the LI method are solved with the conjugate gradient method without
preconditioning since it required only a few iterations (not more than four in our examples).
We would like to stress that it is essential to utilize the correct inner product induced by the
mass matrix within the conjugate gradient method.

The codes to reproduce our results are available at

https://github.com/MalikScheifinger/DG-LTS-Maxwell

The software is based on the FEM library deal.II [ABB+23] version 9.5 and the Maxwell
toolbox TiMaxdG [CDK+]. Since we use deal.II, all our examples are done with quadrilateral
mesh elements.

1.4.1. Linear Maxwell’s equations
Linear Maxwell’s equations in transverse-electric (TE) mode, see [Nie09, §2.3], are given by

ε∂tEx = ∂yHz − Jx, Ω × (0, T ), (1.48a)
ε∂tEy = −∂xHz − Jy, Ω × (0, T ), (1.48b)
µ∂tHz = ∂yEx − ∂xEy, Ω × (0, T ), (1.48c)
E(0) = E0, H(0) = H0, Ω, (1.48d)
E × n = 0, ∂Ω × (0, T ). (1.48e)

For the spatial domain we choose Ω = (0, 1)2 and final time T = 1. We set ε = µ = 1 and use
initial values

E0
x(x, y, t) = cos(2πx) sin(2πy), (1.49a)

E0
y(x, y, t) = − sin(2πx) cos(2πy), (1.49b)

H0
z (x, y, t) = 4π cos(2πx) cos(2πy), (1.49c)

as well as right-hand sides

Jx(x, y, t) = −(1 + 8π2) cos(2πx) sin(2πy)et, (1.50a)
Jy(x, y, t) = (1 + 8π2) sin(2πx) cos(2πy)et. (1.50b)

The exact solution to (1.48) with (1.49) and (1.50) is given by a variant of the cavity solu-
tion [HS16]

Ex(x, y, t) = cos(2πx) sin(2πy)et, (1.51a)
Ey(x, y, t) = − sin(2πx) cos(2πy)et, (1.51b)
Hz(x, y, t) = 4π cos(2πx) cos(2πy)et. (1.51c)

Thereby we can compute the exact L2-error of our scheme.
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1.4. Numerical examples

Figure 1.1.: Locally refined mesh of the domain (0, 1)2.

We use the spatial mesh illustrated in Figure 1.1 in which we apply threefold refinement in
the blue central box. The mesh has been randomly perturbed to circumvent superconvergence
effects of the space discretization. The mesh elements are quadrilaterals. Moreover, the dG
degree is chosen as k = 5.
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Figure 1.2.: Left: Error of the numerical solution of (1.48) with initial data given by (1.51)
obtained by the leapfrog method and the local time-stepping method (1.9) using the
filter (1.45) constructed with polynomial degrees p = 2, 4, 8, 9 and stabilization (1.47) with
η = 1. The space discretization is done with dG degree k = 5 and a locally refined mesh
at the center. The dash-dotted line depicts the maximal stable time stepsize of leapfrog
method used on the coarse mesh Th,lf . The vertical dashed or dotted lines indicate the
largest time stepsize that can be used by the corresponding modified method also indicated
by the annotations at the x-axis. Right: Error of the LFC-LTS method with simultaneous
refinement in space and time by a factor 1/2. The space discretization is done with dG
degree k = 2. Regardless of the filter used, second-order convergence is observed.

1.4.2. Order of convergence

We apply the LTS method (1.9) with the LFC filter (1.45) and the stabilization parameter (1.47)
for η = 1 and various values of p.
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In Figure 1.2 on the left, we illustrate the stability and convergence behavior with LFC
polynomials of degrees p = 2, 4, 8, 9. We observe second-order convergence in time until the
error reaches a plateau stemming from the spatial discretization. We denote the maximal stable
time stepsize of each method by either dashed or dotted vertical lines. Annotations at the
bottom of the picture illustrate that by increasing the LFC polynomial degree p, the maximal
stable time stepsize becomes larger and scales roughly as pτCFL,lf where τCFL,lf denotes the
maximal stable time stepsize of the leapfrog method (blue) on the whole mesh. Obviously one
cannot exceed the maximal stable time stepsize of the leapfrog method on the coarse part Th,lf
illustrated by the vertical dash-dotted line. On the right side of Figure 1.2 we illustrate the
convergence in space and time of the LFC-LTS method with p = 2, 4, 8, 9 and a mesh which is
refined two times at the center. We start with a maximal mesh diameter hmax = 0.1345 and a
time stepsize τ = 0.005 which is necessary to achieve stability for the LFC-LTS method with
p = 2. We halve each value simultaneously and measure the L2 error at the endtime T = 1.
We observe second-order convergence in space and time for all polynomial degrees p.

1.4.3. Necessity of stabilization

In this example we show that stabilization, i.e., choosing η > 0, is indispensable in the LFC-LTS
method, see also [CH22] for second-order differential equations. For this we consider the
following one-dimensional example

∂tu = −∂xv, Ω × (0, T ), (1.52a)
∂tv = −∂xu, Ω × (0, T ), (1.52b)
u(0) = u0, v(0) = v0, Ω, (1.52c)
u = 0, ∂Ω × (0, T ), (1.52d)

on Ω = (0, 1). We choose the initial values such that

u(x, t) = sin(2πx) cos(2πt)
v(x, t) = − cos(2πx) sin(2πt).

is the exact solution of (1.52).
We use a spatial grid where all cells have diameter hmax = 0.009975 except for one cell in

the middle of Ω with diameter hmin = 0.0025 ≈ hmax/4. In Figure 1.3 we show the error of
the LFC-LTS method with polynomial degrees p = 3, 4, 5 and stabilization (1.47) with η = 0
and η = 0.1, on the left and the right picture, respectively. As we can see, for η = 0, the
method becomes unstable for certain time stepsizes whereas the slightly stabilized method with
η = 0.1 has no deviations. This is caused by double roots of Θ in the interval [0, π2], which is
independent of p, cf. [CHS20, Theorem 5.2(a)]. The stabilization removes these double roots, as
shown in Figure 1.4 for p = 4 and η ∈ {0, 0.1}, where the first double root is marked in red.

1.4.4. Runtime comparison

Next, we compare the runtimes of the LFC-LTS method, the LI method, and the leapfrog
method at two different examples. We revisit (1.48) on Ω = (0, 4)2 and use an equidistant
spatial grid with h ≈ 0.0221. For the dG space we use the polynomial degree k = 2. Cells with
center in the ball ∥x∥ ≤ r with r ∈ {0.1, 0.5} are refined 2, 3, and 4 times. The minimal mesh
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p = 3 p = 4 p = 5

Figure 1.3.: Error of the LFC-LTS method for the example in Section 1.4.3 with polynomial
degrees p = 3, 4, 5. Left: without stabilization (η = 0), right: with stabilization (η = 0.1).
The dash-dotted line depicts the maximal stable time-stepsize of the leapfrog method on
the coarse mesh Th,lf .

0

Θ(z)

z

η = 0.1
η = 0

0

Figure 1.4.: Values Θ(z) using the filter function (1.45) with p = 4 and η ∈ {0, 0.1}. The thick
red point marks the first root of Θ.
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local refinements 2 3 4
total dofs 1 782 756 1 823 823 1 984 932
refined dofs 15 012 56 133 217 296
runtime leapfrog 64.1sec 133.0sec 291.0sec
runtime LI 50.6sec 57.3sec 125.0sec
runtime LFC-LTS 31.4sec 37.2sec 74.3sec

Table 1.2.: Runtime comparison between the leapfrog, LI and LFC-LTS methods where the
region r = 0.1 was refined 2, 3 and 4 times.

local refinements 2 3 4
total dofs 2 097 522 3 141 369 7 298 127
refined dofs 353 430 1 397 655 5 554 656
runtime leapfrog 76.8sec 230sec 1 050sec
runtime LI 83.5sec 334sec 2 140sec
runtime LFC-LTS 45.8sec 156sec 1 160sec

Table 1.3.: Runtime comparison between the leapfrog, LI and LFC-LTS methods where the
region r = 0.5 was refined 2, 3 and 4 times.

diameter on the whole mesh is then respectively hmin = 0.005524, 0.002762, 0.001381 which
corresponds to a ratio of hmax/hmin = 4, 8, 16 respectively. For the leapfrog method we choose
the maximal stable stepsizes τ = 6.8 · 10−4, 3.4 · 10−4, 1.7 · 10−4 respectively. For the local
time-integration schemes we aim at choosing τ = 2.2 · 10−3 which is small enough to balance
time and space discretization errors in each scenario. This was achieved by choosing the LFC
polynomial degrees p = 4, 7, 14 respectively.

In Table 1.2, we summarize the runtimes of the leapfrog, LI, and LFC-LTS method for
r = 0.1. In this example, the LFC-LTS method outperforms the leapfrog method where the
difference gets larger with an increasing number of local refinements. The runtimes of the LI
method are shorter than the runtimes of the leapfrog method but longer than the runtimes
of the LFC-LTS method. This can be explained by the fact that the LI method has to solve
a linear system in each time step in the refined region, while the LFC-LTS method is fully
explicit.

In Table 1.3, we show the data for r = 0.5. Due to the larger radius, the dofs in the refined
section are much higher than in the situation of Table 1.2. This leads to a different behavior.
In this example, the LFC-LTS method is at first faster than the leapfrog method but with more
refinements the leapfrog method becomes faster. The LI method is outperformed by both the
leapfrog and the LFC-LTS method.

Overall we see that the LFC-LTS method performs much better than the leapfrog and the LI
method in regimes where the mesh is locally refined in a small region.

1.5. Concluding remarks
In this paper we have constructed a family of second-order in time local time-integration
methods for central-fluxes dG discretizations of Friedrichs’ systems by combining the leapfrog
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scheme on the coarse part of the mesh with a modified explicit or implicit scheme on the fine part.
We proved error bounds of the overall scheme under a CFL condition, which is independent of
the fine part of the mesh, if the filter is chosen appropriately. Numerical experiments showed
the efficiency of the new scheme compared to the standard leapfrog method.

For linear Maxwell equations, higher-order locally implicit methods have been investigated
in [HKK22], and for discretizations with upwind fluxes we refer to [HS19].
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Chapter 2

Local time integration for Friedrichs’ systems
with upwind-type stabilization

This chapter extends the central-flux local time-integration scheme from Chapter 1 by adding
explicit stabilization on faces between elements in the leapfrog part Th,lf . The additional
stabilization terms provide control of selected interior jumps and boundary traces. Since the
stabilization terms are only applied on faces between elements in Th,lf , the fully explicit structure
of the local time-integration method is preserved if a polynomial filter is used. The upwind
fluxes considered in [HS19] are a special case of these interface penalties.

The main purpose of this chapter is to show that the stability and error analysis of the
central-flux method carries over to this setting, but with a further CFL restriction due to the
explicit stabilization terms. Under the combined CFL condition, the method satisfies a stability
estimate and an error bound of the same temporal order as in the central-flux case, and an
enhanced spatial convergence order on Th,lf .

2.1. Space discretization with stabilization
This section collects the ingredients needed for the extension of the central-flux discretization.
We first refine the face partition according to the leapfrog and modified mesh regions and
introduce the enlarged modified region used in the estimates. We then define the stabilization
operators on the leapfrog faces, record their structural properties, and derive the inverse,
projection, and discrete-operator estimates needed for the stability and error analysis.

2.1.1. Notation

The stabilization terms and the subsequent error analysis require a partition of the face set
Fh = F int

h ∪̇Fbnd
h . We decompose the interior faces F int

h into three disjoint subsets according
to the mesh regions they connect. By F int

h,lf we denote the set of interior faces between two
elements in Th,lf , by F int

h,m the set of interior faces between two elements in Th,m, and by F int
h,lf|m

the set of interior faces connecting an element in Th,lf with one in Th,m. The sets Th,lf and Th,m
are defined in Section 1.3. Analogously, the boundary faces are split as Fbnd

h = Fbnd
h,lf ∪̇Fbnd

h,m.
For a compact notation in the error analysis, we further collect all non-leapfrog interior faces
as F int

h,m+ = F int
h,lf|m∪̇F int

h,m.
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Figure 2.1.: Excerpt of the mesh partitioning decribed in Section 2.1.1. The leapfrog region Th,lf
(blue shades) and the modified region Th,m (red–orange) tile the domain. Th,m consists
of the fine cells Th,f (red) together with their coarse neighbors (orange). The extended
modified region Th,m+ contains Th,m (red–orange) and another layer of coarse neighbors
(light blue). The blue shaded and orange cells form the coarse mesh. Interfaces are drawn
with dashed lines and boundary faces with solid lines. The interior faces split into leapfrog
faces F int

h,lf (dashed blue), mixed faces F int
h,lf|m (dashed orange) connecting the two regions,

and modified faces F int
h,m (dashed red). The boundary faces split into Fbnd

h,lf (solid blue) and
Fbnd
h,m (solid red).

In addition to the mesh regions from Section 1.3, we define the extended modified region

Th,m+ = {K ∈ Th | ∃K̂ ∈ Th,m s.t. K, K̂ share a face},

which consists of Th,m together with all elements sharing a face with elements in Th,m. By
construction, the mesh regions are nested, i.e., Th,f ⊆ Th,m ⊆ Th,m+. Figure 2.1 illustrates the
resulting partition of the mesh and its faces.

2.1.2. Stabilization operators
We now define the stabilization operators motivated by [DPE12, §7.3.2]. They will be added to
the semi-discrete system (1.4). The key idea is to penalize jumps of the discrete solution across
interior faces and traces on boundary faces in the leapfrog region Th,lf , weighted by appropriate
fields.

Definition 2.1. Given the fields

SFi,u, S
F
b,u ∈ Rmu×mu , SFi,v, S

F
b,v ∈ Rmv×mv , for all F ∈ Fh , (2.1)

we define S lf
u,h : V Lu

h → Vuh and S lf
v,h : V Lv

h → Vvh by
(S lf

u,hu, ψh
)

Ω :=
∑

F∈F int
h,lf

(
SFi,uJuKF , JψhKF

)
L2(F ) +

∑

F∈Fbnd
h,lf

(
SFb,uu, ψh

)
L2(F ), ψh ∈ Vuh , (2.2a)

(S lf
v,hv, ϕh

)
Ω :=

∑

F∈F int
h,lf

(
SFi,vJvKF , JϕhKF

)
L2(F ) +

∑

F∈Fbnd
h,lf

(
SFb,vv, ϕh

)
L2(F ), ϕh ∈ Vvh . (2.2b)

The fields (2.1) are not uniquely determined by the problem, with possible choices given
in Example 2.3. Following [DPE12, §7.3.2], we impose the following conditions on their
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2.1. Space discretization with stabilization

choice to obtain the properties needed for our analysis. In words, the conditions are threefold.
Symmetry and positive semi-definiteness ensure that the operators (2.2) induce the seminorms of
Definition 2.5. The vanishing weighted jump and boundary traces are a consistency requirement,
i.e., the stabilization is invisible to functions in D(L) ∩H1(Th)m .

Assumption 2.2. The fields defined in (2.1) are symmetric and positive semi-definite. More-
over,

SFi,uJuKF = SFi,vJvKF = 0, for all F ∈ F int
h,lf , (2.3)

SFb,uu = SFb,vv = 0, for all F ∈ Fbnd
h,lf , (2.4)

for u ∈ D(Lu) ∩H1(Th) and v ∈ D(Lv) ∩H1(Th). Additionally, for w ∈ {u, v}

ηw,i
(
LF∂,w
⊤
LF∂,w

)1/2 ≤ SFi,w ≤ η̂w,iImw , (2.5)

ηw,b
(
(LF∂,w − LΓ,w)⊤(LF∂,w − LΓ,w)

)1/2 ≤ SFb,w ≤ η̂w,bImw , (2.6)

uniformly on each face F ∈ Fh with positive constants ηw,i, η̂w,i, ηw,b, η̂w,b. The fields LF∂,w, LΓ,w
are stated in [DHK+23, §10, §13]. For symmetric matrices A,B ∈ Rk×k, the matrix inequality
A ≤ B means that x⊤Ax ≤ x⊤Bx for all x ∈ Rk, or equivalently, that B − A is positive
semi-definite.

Example 2.3. We give examples of stabilization fields for the acoustic wave equation in div-grad
form and for Maxwell’s equations, following [DPE12, §7.3.4–7.3.5].
(a) For the acoustic wave equation the pressure u = p is scalar, mu = 1, and the velocity is

vector valued, mv = d, with face fields LF∂,u = nF and LF∂,v = (nF )T. A possible choice of
stabilization fields is

SFi,u = η1, SFi,v = η2nF (nF )T
, SFb,u = η3, SFb,v = 0,

with positive user-dependent constants η1, η2, and η3, penalizing the jump of u and the
normal jump of v. On the boundary, only the first component u is penalized.

(b) For the three-dimensional Maxwell’s equations u = E and v = H are vector-valued with
mu = mv = 3, and face fields acting as LF∂,uu = −nF ×E and LF∂,vv = nF ×H. A possible
choice of stabilization fields is the tangential projection

SFi,u = SFi,v = η1/2(I3 − nF (nF )T), SFb,u = η3(I3 − nF (nF )T), SFb,v = 0,

with positive user-dependent constants η1, η2, and η3, penalizing the tangential jumps of
u and v. On the boundary, only the first component u is penalized.

⋄
With the stabilization operators at hand, given a constant α ∈ [0, 1], the stabilized semi-discrete
system reads

∂tuh = Lv,hvh − αS lf
u,huh + gu,h , on R+, (2.7a)

∂tvh = Lu,huh − αS lf
v,hvh + gv,h , on R+, (2.7b)

or compactly written

∂txh = (Lh − αS lf
h )xh + gh , on R+, (2.8a)
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with

xh =
(
uh
vh

)
, Lh =

(
0 Lv,h

Lu,h 0

)
, S lf

h =
(

S lf
u,h 0
0 S lf

v,h

)
, gh =

(
gu,h
gv,h

)
. (2.8b)

The system (2.8a) is equipped with the L2-projected initial condition xh(0) = πhx
0 and L2-

projected forcing gh = πhg. The parameter α ∈ [0, 1] controls the strength of the stabilization:
for α = 0 we recover the central-flux formulation (1.4), while an increasing α strengthens the
penalty.

2.1.3. Properties of the stabilization operators
The stabilization operators S lf

u,h and S lf
v,h share the same structural properties as their counter-

parts in [HS19], which we collect in the following Lemma 2.4 for later reference.

Lemma 2.4. Let w ∈ {u, v}. The stabilization operator S lf
w,h from Definition 2.1 is consistent,

symmetric, and positive semidefinite, i.e.,

S lf
w,hw = 0, w ∈ D(Lw) ∩H1(Th)mw , (2.9a)

(S lf
w,hwh , w̃h

)
Ω =

(
wh ,S lf

w,hw̃h
)

Ω, wh , w̃h ∈ Vwh , (2.9b)
(S lf

w,hwh , wh
)

Ω ≥ 0, wh ∈ Vwh . (2.9c)

Proof. All three properties follow directly from Definition 2.1 and Assumption 2.2.

The stabilization operators thus penalize jumps across the interior leapfrog faces F int
h,lf and

traces on the boundary faces Fbnd
h,lf , weighted by the respective stabilization fields, while

remaining invisible to functions in D(Lw) ∩ H1(Th)mw . The symmetry (2.9b) and positive
semi-definiteness (2.9c) allow us to define a seminorm on Vwh , which plays a central role in
the stability and error analysis. By (2.9a), these seminorms extend to functions in V Lw

h =
Vwh + D(Lw) ∩H1(Th)mw .

Definition 2.5. For u ∈ V Lu
h , v ∈ V Lv

h , we define the stabilization seminorms

|u|2Slf
u,h

:=
(S lf

u,hu, u
)

Ω, (2.10a)

|v|2Slf
v,h

:=
(S lf

v,hv, v
)

Ω. (2.10b)

Moreover, for x = (u v) ∈ V Lh , we define

|x|2Slf
h

= |u|2Slf
u,h

+ |v|2Slf
v,h
. (2.10c)

The remainder of this section collects several auxiliary estimates that quantify the interaction
of the stabilization seminorms with inverse inequalities, projection errors, and the discrete
Friedrichs’ operators. The estimates are performed largely analogously to those in [HS19] for
the Maxwell setting, adapted here to the two-field Friedrichs’ framework. They will be needed
in the stability and error analysis of Sections 2.3 and 2.4.

We begin by establishing an inverse inequality, relating the stabilization seminorm to a
weighted L2-norm on the leapfrog region Th,lf . This is the analogue of [HS19, Lem. 3.5] in our
Friedrichs’ setting. While the CFL conditions in Section 2.3 are formulated in terms of operator
norms, the following estimate makes the dependence on the time-step size τ , the mesh diameter
h, and the material tensor M, defined in Section 1.2, explicit.
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Lemma 2.6. For uh ∈ Vuh , vh ∈ Vvh, the following estimates hold:

|uh |2Slf
u,h

≤ Cinv,Slf
u

∥h−1/2uh∥2
Th,lf , (2.11a)

|vh |2Slf
v,h

≤ Cinv,Slf
v

∥h−1/2vh∥2
Th,lf , (2.11b)

where Cinv,Slf
u
, Cinv,Slf

v
are independent of h.

Proof. To prove (2.11a), we use Assumption 2.2 and the discrete trace inequality (A.1) for an
interface F ∈ F int

h,lf between two elements KF
1 ,K

F
2 ∈ Th,lf and uh ∈ Vuh

(
SFi,uJuhKF , JuhKF

)
L2(F ) ≤ η̂u,i∥JuhKF ∥2

L2(F )

≤ 2η̂u,i(∥uh |KF
1

∥2
L2(F ) + ∥uh |KF

2
∥2
L2(F ))

≤ 2η̂u,iC2
tr(∥h−1/2uh∥2

L2(KF
1 ) + ∥h−1/2uh∥2

L2(KF
2 ))

≤ 2η̂u,iC2
tr(∥M−1

u ∥2
L∞(KF

1 )∥h−1/2uh∥2
KF

1
+ ∥M−1

u ∥2
L∞(KF

2 )∥h−1/2uh∥2
KF

2
),

where the material tensor Mu is defined in Section 1.2. For a boundary face F ∈ Fbnd
h and the

corresponding cell K touching that boundary face, we estimate
(
SFb,uuh , uh

)
L2(F ) ≤ η̂u,b∥uh∥2

L2(F )

≤ η̂u,bC
2
tr∥h−1/2uh∥2

L2(K)

≤ η̂u,bC
2
tr∥M−1

u ∥2
L∞(K)∥h−1/2uh∥2

K .

Inserting the above estimates into (2.10) and using that each cell has at most N∂ faces yields

|uh |2Slf
u,h

≤ C2
tr(2η̂u,i + η̂u,b)N∂∥M−1

u ∥2
L∞(Th,lf)∥h

−1/2uh∥2
Th,lf .

Note that the constant Ctr only comes from interface to cell estimates on Th,lf . The second
inequality (2.11b) follows analogously.

The following Lemma 2.7 bounds the interaction of the stabilization operator with the
projection error. It shows that the stabilization applied to the projection error can be controlled
by the stabilization seminorm of the test function and a Sobolev seminorm of a sufficiently
smooth function on the leapfrog region Th,lf . Compared to the central-flux estimate (1.37b),
the bound gains an additional half power of h but is restricted to the leapfrog region Th,lf .
Lemma 2.7 is the analogue of [HS19, Thm. 3.8] in our Friedrichs’ setting.

Lemma 2.7. Let w ∈ {u, v}. For w ∈ D(Lw) ∩ Hk+1(Th)mw and w̃h ∈ Vwh , the following
estimate holds: (S lf

w,heπ,w, w̃h
)

Ω ≤ Cπ,Slf
w

|w̃h |Slf
w,h

|hk+1/2w|k+1,Th,lf , (2.12)

where Cπ,Slf
w

is independent of h.

Proof. Using the Cauchy–Schwarz inequality in L2(F )mw and afterwards in R
∣∣F int

h,lf

∣∣+
∣∣Fbnd

h,lf

∣∣, we
estimate

(S lf
w,heπ,w, w̃h

)
Ω ≤

∑

F∈F int
h,lf

∥(SFi,w)1/2Jeπ,wKF ∥L2(F )∥(SFi,w)1/2Jw̃hKF ∥L2(F )
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+
∑

F∈Fbnd
h,lf

∥(SFb,w)1/2eπ,w∥L2(F )∥(SFb,w)1/2w̃h∥L2(F )

≤




∑

F∈F int
h,lf

∥(SFi,w)1/2Jeπ,wKF ∥2
L2(F ) +

∑

F∈Fbnd
h,lf

∥(SFb,w)1/2eπ,w∥2
L2(F )




1/2

·




∑

F∈F int
h,lf

∥(SFi,w)1/2Jw̃hKF ∥2
L2(F ) +

∑

F∈Fbnd
h,lf

∥(SFb,w)1/2w̃h∥2
L2(F )




1/2

.

Applying the projection error estimate (A.3), we get for an interface F ∈ F int
h,lf between two

elements KF
1 ,K

F
2 ∈ Th,lf and eπ,w ∈ V Lw

h

(
SFi,wJeπ,wKF , Jeπ,wKF

)
L2(F ) ≤ 2η̂w,iC2

π,∂

(|hk+1/2w|2k+1,KF
1

+ |hk+1/2w|2k+1,KF
2

)
.

For a boundary face F ∈ Fbnd
h,lf of a cell K, we get

(
SFi,weπ,w, eπ,w

)
L2(F ) ≤ η̂w,bC

2
π,∂ |hk+1/2w|2k+1,K .

Altogether, using that each cell has at most N∂ faces yields
(S lf

w,heπ,w, w̃h
) ≤ (2η̂w,i + η̂w,b)1/2Cπ,∂N

1/2
∂ |hk+1/2w|k+1,Th,lf |w̃h |Slf

w,h
,

proving the statement.

The last auxiliary estimate of this section splits the action of the discrete Friedrichs’ operators
on the projection error into two contributions. One is controlled by the stabilization seminorm
on Th,lf and the other by the L2-norm on the extended modified region Th,m+. Lemma 2.8 is
the analogue of [HS19, Thm. 3.8] in our Friedrichs’ setting.

Lemma 2.8. For u ∈ D(Lu) ∩Hk+1(Th)mu , v ∈ D(Lv) ∩Hk+1(Th)mv , the following estimates
hold:

(Lu,heπ,u, ϕh
)

Ω ≤ Cup
π,Lu,c

|ϕh |Slf
v,h

|hk+1/2u|k+1,Th,lf

+ Cup
π,Lu,f

∥ϕh∥Th,m+ |hku|k+1,Th,m+ , for all ϕh ∈ Vvh , (2.13a)
(Lv,heπ,v, ψh

)
Ω ≤ Cup

π,Lv ,c
|ψh |Slf

u,h
|hk+1/2v|k+1,Th,lf

+ Cup
π,Lv ,f

∥ψh∥Th,m+ |hkv|k+1,Th,m+ , for all ψh ∈ Vuh , (2.13b)

where Cup
π,Lu,c

, Cup
π,Lv ,c

and Cup
π,Lu,f

, Cup
π,Lv ,f

are independent of h.

Proof. To prove (2.13a), we use the weak formulation (A.6a) and Lvϕh |K ∈ Vuh . Since eπ,u is
L2-orthogonal to Vuh , the volume term drops. We then proceed as in the proof of Lemma 2.7
using the Cauchy–Schwarz inequality
(Lu,heπ,u, ϕh

)
Ω = −

∑

K∈Th

(
eπ,u,Lvϕh

)
K

+
∑

F∈F int
h

({{eπ,u}}F , LF∂,vJϕhKF
)
L2(F )
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+
∑

F∈Fbnd
h

(
eπ,u, (LF∂,v − LΓ,v)ϕh

)
L2(F )

=
∑

F∈F int
h

({{eπ,u}}F , LF∂,vJϕhKF
)
L2(F ) +

∑

F∈Fbnd
h

(
eπ,u, (LF∂,v − LΓ,v)ϕh

)
L2(F )

=
∑

F∈F int
h,lf

({{eπ,u}}F , LF∂,vJϕhKF
)
L2(F ) +

∑

F∈Fbnd
h,lf

(
eπ,u, (LF∂,v − LΓ,v)ϕh

)
L2(F )

+
∑

F∈F int
h,m+

({{eπ,u}}F , LF∂,vJϕhKF
)
L2(F ) +

∑

F∈Fbnd
h,m

(
eπ,u, (LF∂,v − LΓ,v)ϕh

)
L2(F )

≤




∑

F∈F int
h,lf

∥{{eπ,u}}F ∥2
L2(F ) +

∑

F∈Fbnd
h,lf

∥eπ,u∥2
L2(F )




1/2

·




∑

F∈F int
h,lf

∥LF∂,vJϕhKF ∥2
L2(F ) +

∑

F∈Fbnd
h,lf

∥(LF∂,v − LΓ,v)ϕh∥2
L2(F )




1/2

+




∑

F∈F int
h,m+

1
γ ∥{{eπ,u}}F ∥2

L2(F ) +
∑

F∈Fbnd
h,m

1
γ ∥eπ,u∥2

L2(F )




1/2

·




∑

F∈F int
h,m+

γ∥LF∂,vJϕhKF ∥2
L2(F ) +

∑

F∈Fbnd
h,m

γ∥(LF∂,v − LΓ,v)ϕh∥2
L2(F )




1/2

For faces F ∈ F int
h,lf , we use the lower bounds from Assumption 2.2 to estimate

∥LF∂,vJϕhKF ∥2
L2(F ) =

(
LF∂,uL

F
∂,vJϕhKF , JϕhKF

)
L2(F )

≤ CF∂,v
(
(LF∂,uLF∂,v)1/2JϕhKF , JϕhKF

)
L2(F )

≤ CF∂,vη
−1
v,i

(
SFi,vJϕhKF , JϕhKF

)
L2(F ),

and similarly for faces F ∈ Fbnd
h,lf

∥(LF∂,v − LΓ,v)ϕh∥2
L2(F ) ≤ CFΓ,vη

−1
v,b

(
SFb,vJϕhKF , JϕhKF

)
L2(F ),

with constants

CF∂,v = ∥(LF∂,uLF∂,v)1/2∥2
L∞(F ),

CFΓ,v = ∥((LF∂,v − LΓ,v)⊤(LF∂,v − LΓ,v))1/2∥2
L∞(F ).

We use the discrete trace inequality (A.1) for interfaces F ∈ F int
h,m+ to estimate

∥LF∂,vJϕhKF ∥2
L2(F ) ≤ 2C̃F∂,vC2

tr(∥M−1
v ∥2

L∞(KF
1 )∥h−1/2ϕh∥2

KF
1

+ ∥M−1
v ∥2

L∞(KF
2 )∥h−1/2ϕh∥2

KF
2

),

and for boundary faces F ∈ Fbnd
h,m

∥(LF∂,v − LΓ,v)ϕh∥2
F ≤ C̃FΓ,vC

2
tr∥M−1

v ∥2
L∞(K)∥h−1/2ϕh∥2

K ,
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with constants

C̃F∂,v = ∥LF∂,uLF∂,v∥2
L∞(F ),

C̃FΓ,v = ∥(LF∂,v − LΓ,v)⊤(LF∂,v − LΓ,v)∥2
L∞(F ).

Using the projection error estimate (A.3), we get for an interface F ∈ F int
h between two elements

KF
1 ,K

F
2 ∈ Th

∥{{eπ,w}}F ∥2
L2(F ) ≤ 2C2

π,∂

(
|hk+1/2w|2k+1,KF

1
+ |hk+1/2w|2k+1,KF

2

)
,

and for a boundary face F ∈ Fbnd
h

∥eπ,w∥2
F ≤ C2

π,∂ |hk+1/2w|2k+1,K .

Choosing γ = 1
2(h|KF

1
+ h|KF

2
), employing the shape- and contact-regularity estimate [DPE12,

Lem. 1.43] with constant ρ, and using that each cell has at most N∂ faces proves (2.13a). The
estimate (2.13b) follows analogously.

Remark 2.9. The second term in (2.13) only yields spatial convergence order k on Th,m+,
compared to order k + 1/2 on Th,lf . This reduced order stems from the interfaces in F int

h,m+.
One can recover the full order k + 1/2 on the whole mesh Th by increasing the polynomial
degree on the coarse elements contained in Th,m+ and exploiting the smaller diameter of the fine
elements in Th,f , see [Stu17, Remark 5.20b]. This is demonstrated in the numerical experiment
in Section 2.5.1. ⋄

2.2. Full discretization
We now combine the spatial discretization from Section 2.1 with the leapfrog-based local
time-integration method from Section 1.3. The resulting fully discrete scheme extends (1.9)
by incorporating the stabilization operators S lf

u,h , S lf
v,h from Definition 2.1. As in [HS19], the

stabilization enters explicitly in each sub-step. Compared to [HS19], we treat a more general
filter function Ψ. The locally implicit method [HS19] is a special case, see Section 1.3.3.
Moreover, we allow a more general forcing in the v-component. Both generalizations lead to
additional terms and problems in the stability and error analysis.

With a smooth function Ψ: [0,∞) → R satisfying Ψ(0) = 1, the fully discrete local time-
integration scheme is defined as

v
n+1/2
h − vnh = τ

2 (Lu,hunh − αS lf
v,hv

n
h + gnv,h), (2.14a)

un+1
h − unh = τΨ(Lv,hvn+1/2

h − αS lf
u,hu

n
h + g

n+1/2
u,h ), (2.14b)

vn+1
h − v

n+1/2
h = τ

2 (Lu,hun+1
h − αS lf

v,hv
n
h + gn+1

v,h ), (2.14c)
Ψ = Ψ(−τ2Lv,hχmLu,h), (2.14d)

g
n+1/2
u,h = 1

2
(
gu,h(tn+1) + gu,h(tn)

)
. (2.14e)

The scheme proceeds in three stages per time step: a half-step for the v-component (2.14a), a full
filtered step for the u-component (2.14b), and a second half-step for the v-component (2.14c).
The explicit stabilization in each sub-step keeps the method fully explicit if a polynomial filter
Ψ is applied. As in (1.9), the action of the filter operator Ψ localizes to the region Th,m.
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2.3. Stability
While the stability analysis in Section 1.3.1 relies on a discrete semigroup technique, the
stabilization terms require a different approach based on discrete energy estimates. The starting
point, however, is the same: we first rewrite the scheme (2.14) in the compact operator form
already used in the central-flux case. The stability analysis is performed analogously to [HS19],
with the exception of the additional forcing term.

Lemma 2.10. The approximations xn+1
h = (un+1

h vn+1
h ) defined by (2.14) satisfy

R−xn+1
h = R+x

n
h − ταS lf

h x
n
h + τg

n+1/2
h − τ τ

2

4 Lh
(

0
∂τg

n+1
v,h

)
. (2.15)

Here, R± are defined in (1.12a), and

∂τu
n+1 = 1

τ (un+1 − un) (2.16)

denotes the discrete time derivative of a sequence (un) for τ > 0.

Proof. The recursion follows from (2.14) and the definition of R± in (1.12a).

Compared to the central-flux recursion (1.13), the transformed scheme (2.15) contains the
additional dissipative term −ταS lf

h x
n
h on the right-hand side, as well as an additional forcing

term arising from the different implementation of the forcing gv. The next Lemma 2.11 makes
use of the summation-by-parts formula

τ
n∑

j=0

(
aj+1, ∂τ b

j+1)
Ω =

(
an+1, bn+1)

Ω − (
a1, b0)

Ω − τ
n∑

j=1

(
∂τa

j+1, bj
)

Ω, (2.17)

given two sequences (aj)j≥0, (bj)j≥0 in L2(Ω) and ∂τ defined in (2.16).

Lemma 2.11. If xn+1
h is defined by (2.15), then

(
(R− − τ

2αS lf
h )xn+1

h , xn+1
h

)
Ω − (

(R− − τ
2αS lf

h )x0
h , x

0
h

)
Ω + τ

2α
n∑

j=0
|xj+1
h + xjh |2Slf

h

= τ2

2
((
∂τg

n+1
v,h , v

n+1
h

)
Ω − (

∂τg
1
v,h , v

0
h

)
Ω − 1

2∥gn+1
v,h ∥2

Ω + 1
2∥g0

v,h∥2
Ω
)

+ τ
n∑

j=0

(
g
j+1/2
h , xj+1

h + xjh
)

Ω − τ
2

n∑

j=1

(
τ2∂2

τ g
j+1
v,h , v

j
h

)
Ω + τ

n∑

j=0

(
τ∂τg

j+1
v,h ,

τ
2αS lf

v,hv
j
h

)
Ω.

(2.18)

Proof. First of all, using (1.21a) gives
(
R−xj+1

h , xj+1
h + xjh

)
Ω − (

R+x
j
h , x

j+1
h + xjh

)
Ω =

(
R−xj+1

h , xj+1
h

)
Ω − (

R+x
j
h , x

j
h

)
Ω. (2.19)

Using the self-adjointness of S lf
h , we also obtain

(S lf
h x

j
h , x

j+1
h + xjh

)
Ω = 1

2 |xj+1
h + xjh |2Slf

h
− 1

2
(S lf

h (xj+1
h − xjh), xj+1

h + xjh
)

Ω

= 1
2 |xj+1

h + xjh |2Slf
h

+ 1
2 |xjh |2Slf

h
− 1

2 |xj+1
h |2Slf

h
.

(2.20)
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Then, testing (2.15) with xj+1
h + xjh , summing over j = 0, . . . , n, and inserting (2.19) as well as

(2.20) yields
(
R−xn+1

h , xn+1
h

)
Ω − (

R+x
0
h , x

0
h

)
Ω

− τ
2α
(S lf

h x
n+1
h , xn+1

h

)
Ω + τ

2α
(S lf

h x
0
h , x

0
h

)
Ω + τ

2α
n∑

j=0
|xj+1
h + xjh |2Slf

h

= τ
n∑

j=0

(
g
j+1/2
h , xj+1

h + xjh
)

Ω − τ2

2

n∑

j=0

(
τ
2 Lv,h∂τgj+1

v,h , u
j+1
h + ujh

)
Ω.

Using (2.14a) and (2.14c), we get
n∑

j=0

(
∂τg

j+1
v,h ,

τ
2 Lu,h(uj+1

h + ujh)
)

Ω

= τ
n∑

j=0

(
∂τg

j+1
v,h , ∂τv

j+1
h

)
Ω +

n∑

j=0

(
∂τg

j+1
v,h , ταS lf

v,hv
j
h

)
Ω −

n∑

j=0

(
∂τg

j+1
v,h ,

τ
2 (gj+1

v,h + gjv,h)
)

Ω.

(2.21)

Applying the summation-by-parts formula (2.17) to the first part of (2.21), we obtain

τ
n∑

j=0

(
∂τg

j+1
v,h , ∂τv

j+1
h

)
Ω =

(
∂τg

n+1
v,h , v

n+1
h

)
Ω − (

∂τg
1
v,h , v

0
h

)
Ω − τ

n∑

j=1

(
∂2
τ g
j+1
v,h , v

j
h

)
Ω.

Collapsing the telescopic sum
n∑

j=0

(
∂τg

j+1
v,h ,

τ
2 (gj+1

v,h + gjv,h)
)

Ω = 1
2∥gn+1

v,h ∥2
Ω − 1

2∥g0
v,h∥2

Ω

completes the proof.

The stabilization introduces an additional restriction on the time-step size. Together with the
CFL condition (1.16) from the central-flux analysis, it ensures that the combined operator
R± − τ

2αS lf
h remains positive definite.

Definition 2.12. For given ϑs,c ∈ (0, 1], we define

τCFL,s,c = τCFL,s,c(ϑs,c) = 2cΘϑs,c
∥S lf

h ∥Vh←Vh

. (2.22)

The following Lemma 2.13 shows that under the combined CFL conditions (1.16) and (2.22),
the operator R± − τ

2αS lf
h is positive definite. The proof extends Lemma 1.7 by absorbing the

stabilization via (2.22). The resulting constant Cstb,upw,c couples the filter and stabilization
CFL parameters.

Lemma 2.13. Let ϑ2
c + αϑs,c ∈ (0, 1) and τ ≤ min{τCFL,lf,c(ϑc), τCFL,s,c(ϑs,c), τCFL,Ψ} satisfy

the CFL conditions (1.16) and (2.22). Then

C−1
stb,upw,c∥xh∥2

Ω := cΘ(1 − ϑ2
c − αϑs,c)∥xh∥2

Ω ≤ (
(R± − τ

2αS lf
h )xh , xh

)
Ω, (2.23)

for all xh ∈ Vh.
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Proof. The proof is analogous to the proof of Lemma 1.7. Additionally, we use (2.22) to bound
τ
2
(S lf

h xh , xh
)

Ω ≤ cΘϑs,c∥xh∥2
Ω.

Overall, it follows
(
(R± − τ

2αS lf
h )xh , xh

)
Ω =

(
Θuh , uh

)
Ω + ∥vh∥2

Ω − τ2

4
(
Dlfxh , xh

)
Ω − τ

2α
(S lf

h xh , xh
)

Ω
≥ cΘ(1 − ϑ2

c − αϑs,c)∥uh∥2
Ω + (1 − αcΘϑs,c)∥vh∥2

Ω.

Since cΘ ≤ 1 per Definition 1.3, we have cΘ(1 − ϑ2
c) ≤ 1, and hence it follows

1 − αcΘϑs,c ≥ cΘ(1 − ϑ2
c − αϑs,c) = C−1

stb,upw,c,

proving the statement.

With the lower bound from Lemma 2.13 at hand, we combine the energy identity (2.18) with
Cauchy–Schwarz and Young’s inequalities to derive the stability estimate. The additional
right-hand side terms involving ∂τgv,h require a careful choice of the Young weights γ1, . . . , γ4
and an application of the discrete Gronwall inequality [HS19, Lemma A.1].

Lemma 2.14. Under the same assumptions as in Lemma 2.13, the numerical solution xn+1
h =

(un+1
h vn+1

h ) of (2.14) satisfies

C−1
stb,upw,c∥xn+1

h ∥2
Ω + τ

2α
n∑

j=0
|xj+1
h + xjh |2Slf

h

≤ e3/2C

(
∥x0

h∥2
ΘI + τ2

4 ∥v0
h∥2

Ω + τ
n+1∑

j=0
∥gjh∥2

Ω,

)
(2.24)

with a constant C dependent on Cstb,upw,c and T .

Proof. First, we bound the left-hand side of (2.18) using (2.23) from below

(
(R− − τ

2αS lf
h )xn+1

h , xn+1
h

)
Ω − (

R+x
0
h , x

0
h

)
Ω + τ

2α
(S lf

h x
0
h , x

0
h

)
Ω + τ

2α
n∑

j=0
|xj+1
h + xjh |2Slf

h

≥ C−1
stb,upw,c∥xn+1

h ∥2
Ω − ∥x0

h∥2
ΘI + τ

2α
n∑

j=0
|xj+1
h + xjh |2Slf

h
.

Bounding the right-hand side of (2.18) from above using the Cauchy–Schwarz inequality and
Young’s inequality together with the CFL condition (2.22) gives

τ
n∑

j=0

(
g
j+1/2
h , xj+1

h + xjh
)

Ω − τ
2

n∑

j=1

(
τ2∂2

τ g
j+1
v,h , v

j
h

)
Ω + τ

n∑

j=0

(
τ∂τg

j+1
v,h ,

τ
2αS lf

v,hv
j
h

)
Ω

+ τ2

2
((
∂τg

n+1
v,h , v

n+1
h

)
Ω − (

∂τg
1
v,h , v

0
h

)
Ω − 1

2∥gn+1
v,h ∥2

Ω + 1
2∥g0

v,h∥2
Ω
)

≤ τ
n∑

j=0
γ1
(∥xj+1

h ∥2
Ω + ∥xjh∥2

Ω
)

+ τ
2

n∑

j=0

1
γ1

∥gj+1/2
h ∥2

Ω

+ τ
4

n∑

j=1
γ2∥vjh∥2

Ω + τ
4

n∑

j=1

1
γ2

∥τ2∂2
τ g
j+1
v,h ∥2

Ω
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+ τ
2

n∑

j=0
γ3

τ
2α|vjh |2Slf

v,h
+ τ

2

n∑

j=0

1
γ3
τ
2α|τ∂τgj+1

v,h |2Slf
v,h

+ τ2

4
(
γ4∥vn+1

h ∥2
Ω + ∥v0

h∥2
Ω + 1

γ4
∥∂τgn+1

v,h ∥2
Ω + ∥∂τg1

v,h∥2
Ω − ∥gn+1

v,h ∥2
Ω + ∥g0

v,h∥2
Ω
)

≤ τ
n∑

j=0
γ1
(∥xj+1

h ∥2
Ω + ∥xjh∥2

Ω
)

+ τ
2

n∑

j=0

1
γ1

∥gj+1/2
h ∥2

Ω

+ τ
4

n∑

j=0
γ2∥xj+1

h ∥2
Ω + τ

4

n∑

j=1

1
γ2

∥τ2∂2
τ g
j+1
v,h ∥2

Ω

+ τ
2

n∑

j=0
γ3αcΘϑs,c∥xjh∥2

Ω + τ
2

n∑

j=0

1
γ3
αcΘϑs,c∥τ∂τgj+1

v,h ∥2
Ω

+ τ2

4
(∥v0

h∥2
Ω + τ

γ2
∥∂τgn+1

v,h ∥2
Ω + ∥∂τg1

v,h∥2
Ω + ∥g0

v,h∥2
Ω
)
,

where we have chosen γ4 := γ2/τ . Next, we choose the weights γ2 := 4γ1 and γ3 := 2γ1/(αcΘϑs,c),
and we group terms. This gives

τ
n∑

j=0
γ1
(∥xj+1

h ∥2
Ω + ∥xjh∥2

Ω
)

+ τ
2

n∑

j=0

1
γ1

∥gj+1/2
h ∥2

Ω

+ τ
4

n∑

j=0
γ2∥xj+1

h ∥2
Ω + τ

4

n∑

j=1

1
γ2

∥τ2∂2
τ g
j+1
v,h ∥2

Ω

+ τ
2

n∑

j=0
γ3αcΘϑs,c∥xjh∥2

Ω + τ
2

n∑

j=0

1
γ3
αcΘϑs,c∥τ∂τgj+1

v,h ∥2
Ω

+ τ2

4
(∥v0

h∥2
Ω + τ

γ2
∥∂τgn+1

v,h ∥2
Ω + ∥∂τg1

v,h∥2
Ω + ∥g0

v,h∥2
Ω
)

= τ
n∑

j=0

(
γ1 + γ2

4
)∥xj+1

h ∥2
Ω +

(
γ1 + γ3

2 αcΘϑs,c
)∥xjh∥2

Ω

+ τ
2

n∑

j=0

1
γ1

∥gj+1/2
h ∥2

Ω + τ
4

n∑

j=1

1
γ2

∥τ2∂2
τ g
j+1
v,h ∥2

Ω + τ
2

n∑

j=0

1
γ3
αcΘϑs,c∥τ∂τgj+1

v,h ∥2
Ω

+ τ2

4
(∥v0

h∥2
Ω + τ

γ2
∥∂τgn+1

v,h ∥2
Ω + ∥∂τg1

v,h∥2
Ω + ∥g0

v,h∥2
Ω
)

= 2γ1τ
n∑

j=0
∥xj+1

h ∥2
Ω + ∥xjh∥2

Ω

+ τ
2

n∑

j=0

1
γ1

∥gj+1/2
h ∥2

Ω + τ
4

n∑

j=1

1
4γ1

∥τ2∂2
τ g
j+1
v,h ∥2

Ω + τ
2

n∑

j=0

α2c2
Θϑ

2
s,c

2γ1
∥τ∂τgj+1

v,h ∥2
Ω

+ τ2

4
(∥v0

h∥2
Ω + τ

4γ1
∥∂τgn+1

v,h ∥2
Ω + ∥∂τg1

v,h∥2
Ω + ∥g0

v,h∥2
Ω
)
.

Together, we obtain

C−1
stb,upw,c∥xn+1

h ∥2
Ω + τ

2α
n∑

j=0
|xj+1
h + xjh |2Slf

h

≤ ∥x0
h∥2

ΘI + τ2

4 ∥v0
h∥2

Ω + 2γ1τ
n∑

j=0
∥xj+1

h ∥2
Ω + ∥xjh∥2

Ω
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+ τ
2

n∑

j=0

1
γ1

∥gj+1/2
h ∥2

Ω + τ
4

n∑

j=1

1
4γ1

∥τ2∂2
τ g
j+1
v,h ∥2

Ω + τ
2

n∑

j=0

α2c2
Θϑ

2
s,c

2γ1
∥τ∂τgj+1

v,h ∥2
Ω

+ τ2

4
(
τ

4γ1
∥∂τgn+1

v,h ∥2
Ω + ∥∂τg1

v,h∥2
Ω + ∥g0

v,h∥2
Ω
)
.

The discrete Gronwall–type inequality [HS19, Lemma A.1] together with γ1 := C−1
stb,upw,c
4(T+1) yields

C−1
stb,upw,c∥xn+1

h ∥2
Ω + τ

2α
n∑

j=0
|xj+1
h + xjh |2Slf

h

≤ e
3
2
(

∥x0
h∥2

ΘI + τ2

4 ∥v0
h∥2

Ω + τ2

4
(
τCstb,upw,c(T + 1)∥∂τgn+1

v,h ∥2
Ω + ∥∂τg1

v,h∥2
Ω + ∥g0

v,h∥2
Ω
)

+ Cstb,upw,c(T + 1)
(

2τ
n∑

j=0
∥gj+1/2
h ∥2

Ω + τ
4

n∑

j=1
∥τ2∂2

τ g
j+1
v,h ∥2

Ω + τ
n∑

j=0
α2∥τ∂τgj+1

v,h ∥2
Ω

))
.

For example, the triangle inequality gives

∥τ∂τgj+1
v,h ∥2

Ω ≤ 2(∥gj+1
v,h ∥2

Ω + ∥gjv,h∥2
Ω),

Estimating the remaining right-hand side terms analogously finishes the proof.

2.4. Error analysis
In the following, we briefly recall notation from Section 1.3.2. We denote the exact solution
of (1.1) evaluated at time tn by

x̂n = x(tn), x = (u v), (2.25)

and the error of the full discretization by

en = x̂n − xnh = enπ + enh , enπ = x̂n − πh x̂
n, enh = πh x̂

n − xnh , (2.26)

where enπ is the L2-projection error and enh is the discretization error.
We define the defect δn+1

h by inserting the L2-projected exact solution into the numerical
scheme (2.15). This yields

R−πh x̂n+1 = R+πh x̂
n − ταS lf

h πh x̂
n + τg

n+1/2
h − τ τ

2

4 Lh
(

0
∂τg

n+1
v,h

)
+ τδn+1

h . (2.27)

Subtracting (2.15) from (2.27) yields the error recursion

R−en+1
h = R+e

n
h − ταS lf

h e
n
h + τδn+1

h . (2.28)

This recursion has the same form as (2.15). Thus, one could apply Lemma 2.14 to bound the
error. However, a sharper estimate requires a more careful inspection of the defects, because
the cutoff functions χlf , χm, defined in Section 1.3, occur within the Friedrichs’ operators. The
authors of [HS19] use the coarse-grid CFL condition (1.16b) to bound terms containing Lv,hχlf .
In addition, we have to handle terms containing Lv,hχm. These terms could be controlled by
the CFL condition (1.16a) of the modified method, but using it would introduce the constant
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β̂2
Ψ into the error estimate. This would result in a suboptimal error bound. If the filter (1.45) is

used in (2.14), this constant scales with the polynomial degree of the Chebychev polynomials.
Therefore, we take a different approach. We start with the error equality in the following
Lemma 2.15 where we apply the summation-by-parts formula (2.17) to exchange a discrete
spatial derivative for a discrete temporal derivative.

Lemma 2.15. Assume that the defect can be decomposed as

δjh = δjh,s + Lhδjh,Lh
with δjh,Lh

=
(

0
δjh,v,Lh

)
. (2.29a)

Then

(
(R− − τ

2αS lf
h )en+1

h , en+1
h

)
Ω + τ

2α
n∑

j=0
|ej+1
h + ejh |2Slf

h

= τ
n∑

j=0

(
δj+1
h,s , e

j+1
h + ejh

)
Ω −

n∑

j=0

(
δj+1
h,v,Lh

, ταS lf
v,h(ej+1

h,v + ejh,v)
)

Ω

+ τ
n∑

j=1
2
(
∂τδ

j+1
h,v,Lh

, ejh,v
)

Ω − τ
n∑

j=1

(
∂τδ

j+1
h,v,Lh

, ταS lf
v,he

j
h,v

)
Ω

+ τ
n∑

j=0
2
(
δj+1
h,v,Lh

, δj+1
h,v,s

)
Ω − 2

(
δn+1
h,v,Lh

, (Iv − τ
2αS lf

v,h)en+1
h,v

)
Ω .

(2.29b)

Proof. We begin similarly as in the proof of Lemma 2.14 by testing (2.28) with en+1
h +enh , which

leads to
(
R−en+1

h , en+1
h

)
Ω − (

R+e
0
h , e

0
h

)
Ω

− τ
2α
(S lf

h e
n+1
h , en+1

h

)
Ω + τ

2α
(S lf

h e
0
h , e

0
h

)
Ω + τ

2α
n∑

j=0
|ej+1
h + ejh |2Slf

h

= τ
n∑

j=0

(
δj+1
h,s , e

j+1
h + ejh

)
Ω + τ

n∑

j=0

(Lv,hδj+1
h,v,Lh

, ej+1
h,u + ejh,u

)
Ω.

Then, inserting the second component of (2.28) given by

ej+1
h,v − τ

2 Lu,hej+1
h,u = ejh,v + τ

2 Lu,hejh,u − ταS lf
v,he

j
h,v + τδj+1

h,v,s,

since by assumption δjh,v = δjh,v,s, yields

− τ
n∑

j=0

(Lv,hδj+1
h,v,Lh

, ej+1
h,u + ejh,u

)
Ω

=
n∑

j=0
2
(
δj+1
h,v,Lh

, ej+1
h,v − ejh,v

)
Ω +

n∑

j=0
2
(
δj+1
h,v,Lh

, ταS lf
v,he

j
h,v

)
Ω −

n∑

j=0
2
(
δj+1
h,v,Lh

, τδj+1
h,v,s

)
Ω

=
n∑

j=0

(
δj+1
h,v,Lh

, ταS lf
v,h(ej+1

h,v + ejh,v)
)

Ω −
n∑

j=0
2
(
δj+1
h,v,Lh

, τδj+1
h,v,s

)
Ω
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+
n∑

j=0
2
(
δj+1
h,v,Lh

, ej+1
h,v − ejh,v

)
Ω −

n∑

j=0

(
δj+1
h,v,Lh

, ταS lf
v,h(ej+1

h,v − ejh,v)
)

Ω

=
n∑

j=0

(
δj+1
h,v,Lh

, ταS lf
v,h(ej+1

h,v + ejh,v)
)

Ω −
n∑

j=0
2
(
δj+1
h,v,Lh

, τδj+1
h,v,s

)
Ω

− τ
n∑

j=1
2
(
∂τδ

j+1
h,v,Lh

, ejh,v
)

Ω + 2
(
δn+1
h,v,Lh

, en+1
h,v

)
Ω − 2

(
δ1
h,v,Lh

, e0
h,v

)
Ω

+ τ
n∑

j=1

(
∂τδ

j+1
h,v,Lh

, ταS lf
v,he

j
h,v

)
Ω − (

δn+1
h,v,Lh

, ταS lf
v,he

n+1
h,v

)
Ω +

(
δ1
h,v,Lh

, ταS lf
v,he

0
h,v

)
Ω

where we have used the summation-by-parts formula (2.17) two times. Since e0
h,v = 0, we get

(
(R− − τ

2αS lf
h )en+1

h , en+1
h

)
Ω + τ

2α
n∑

j=0
|ej+1
h + ejh |2Slf

h

= τ
n∑

j=0

(
δj+1
h,s , e

j+1
h + ejh

)
Ω −

n∑

j=0

(
δj+1
h,v,Lh

, ταS lf
v,h(ej+1

h,v + ejh,v)
)

Ω +
n∑

j=0
2
(
δj+1
h,v,Lh

, τδj+1
h,v,s

)
Ω

+ τ
n∑

j=1
2
(
∂τδ

j+1
h,v,Lh

, ejh,v
)

Ω − 2
(
δn+1
h,v,Lh

, en+1
h,v

)
Ω

− τ
n∑

j=1

(
∂τδ

j+1
h,v,Lh

, ταS lf
v,he

j
h,v

)
Ω +

(
δn+1
h,v,Lh

, ταS lf
v,he

n+1
h,v

)
Ω,

completing the proof.

The error equality (2.29b) reduces the convergence analysis to bounding the six right-hand side
terms. To this end, we show how we decompose the defect into the two parts needed to apply
Lemma 2.15.

With Lemma 1.12, we can split the defect δj+1
h defined in (2.27) into

δj+1
h = δj+1

h,s + Lhδj+1
h,Lh

, (2.30a)

with

δj+1
h,s = δj+1

tr + Lhej+1
π + αS lf

h e
j
π, (2.30b)

δj+1
h,Lh

= δj+1
h,LTI + δj+1

h,g , (2.30c)

where the second component of (2.30c) is given by

δj+1
h,LTI,v = τ2

4 χlfLu,h∂τ ûj+1 − τ2

4 χlfLu,h∂τej+1
π,u

+ τ2χmφ̃χmLu,h∂τ ûj+1 − τ2χmφ̃χmLu,h∂τej+1
π,u , (2.31a)

δj+1
h,g,v = τ2

4 ∂τg
j+1
v,h . (2.31b)

The first component of (2.30c) vanishes.
We now state the main result.
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Theorem 2.16. Let α ∈ (0, 1], ϑ2
c + αϑs,c ∈ (0, 1), and assume that

τ ≤ min{τCFL,lf,c(ϑc), τCFL,s,c(ϑs,c), τCFL,Ψ},

as specified in (1.16) and (2.22). Assume that the exact solution x = (u v) of (1.1) satisfies

x ∈ C3(0, T ;L2(Ω)m) ∩ C(0, T ;Hk+1(Th)m ∩ D(L)),
u ∈ C2(0, T ;H1(Th)mu ∩ D(Lu)) ∩ C1(0, T ;H2(Th)mu ∩ D(Lu)),
v ∈ C2(0, T ;H1(Th)mv ∩ D(Lv)),

and that the forcing term satisfies

gv ∈ C2(0, T ;L2(Ω)mv ) ∩ C1(0, T ;H1(Th)mv ∩ D(Lv)).

If, additionally, ∥h∥L∞(Ω) ≤ 1, then for 0 ≤ tn+1 ≤ T ,

C̃−1
stb,upw,c∥x(tn+1) − xn+1

h ∥2
Ω + τ

4α
n∑

j=0
|ej+1
h + ejh |2Slf

h

≤ τ4Ĉ1(x, g) + C̃−1
stb,upw,cC

2
π|hk+1x(tn+1)|2k+1,Th

+ Ĉ2τ
n∑

j=0

(
|hkx(tj+1)|2k+1,Th,m+ + 1+α2

α |hk+1/2x(tj+1)|2k+1,Th,lf

)
,

where C̃−1
stb,upw,c = min{C−1

stb,upw,c,
1
2(1 − αcΘϑs,c)}. The data-dependent constant Ĉ1(x, g) and

the constant Ĉ2 are independent of τ and h.

For fixed T and α > 0, suppressing the factors depending on the solution and forcing, the
estimate takes the simplified form

∥x(tn+1) − xn+1
h ∥Ω ≲ τ2 + hkm+ + h

k+1/2
lf ,

where hm+ = maxK∈Th,m+ hK and hlf = maxK∈Th,lf hK . Compared with the central-flux bound
in Theorem 1.16, stabilization thus gains half an order in the spatial contribution from Th,lf ,
while the contribution from Th,m+ remains of order k because stabilization is absent on the
modified region Th,m.

We postpone the proof of Theorem 2.16 to the end of this section since we first have to
provide estimates for the various defects appearing in the right-hand side of (2.29b).

We start with Lemma 2.17, in which an estimate for the tested defect δj+1
h,s is stated.

Lemma 2.17. Assume that the exact solution x of (1.1) satisfies

x ∈ C(0, T ;Hk+1(Th)m ∩ D(L)).

Then
(
δj+1
h,s , e

j+1
h + ejh

)
Ω ≤ γ1∥ej+1

h + ejh∥2
Ω + 1

2γ2(1 + α2)|ej+1
h + ejh |2Slf

h

+ 1
γ1
C1|hkx̂j+1|2k+1,Th,m+ + 1

2γ1
∥δj+1

tr ∥2
Ω

+ 1
γ2
C2|hk+1/2x̂j+1|2k+1,Th,lf ,

(2.32)

with constants C1, C2 independent of τ and h and positive scalars γ1, γ2.
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Proof. With the representation of the defect δj+1
h,s (2.30b) together with the bounds (2.12)

and (2.13) as well as the Cauchy–Schwarz inequality and Young’s inequality with weights
γ1, γ2 > 0, we obtain

(
δj+1
h,s , e

j+1
h + ejh

)
Ω

=
(
δj+1

tr , ej+1
h + ejh

)
Ω +

(Lhej+1
π , ej+1

h + ejh
)

Ω +
(
αS lf

h e
j
π, e

j+1
h + ejh

)
Ω

≤ 1
2γ1∥ej+1

h + ejh∥2
Ω + 1

2γ1
∥δj+1

tr ∥2
Ω

+ 1
2γ2|ej+1

h + ejh |2Slf
h

+ 1
2γ2

(Cup
π,L,c)

2|hk+1/2x̂j+1|2k+1,Th,lf

+ 1
2γ1∥ej+1

h + ejh∥2
Th,m+ + 1

2γ1
(Cup

π,L,f )2|hkx̂j+1|2k+1,Th,m+

+ 1
2γ2α

2|ej+1
h + ejh |2Slf

h
+ 1

2γ2
(Cπ,Slf )2|hk+1/2x̂j+1|2k+1,Th,lf .

In the next Lemma 2.18, a bound for the term
(
δj+1
h,v,Lh

, δj+1
h,v,s

)
Ω is given.

Lemma 2.18. Assume ∥h∥L∞(Ω) ≤ 1 and assume that the exact solution x = (u v) of (1.1)
satisfies

x ∈ C(0, T ;Hk+1(Th)m ∩ D(L)),
u ∈ C1(0, T ;H2(Th)mu ∩ D(Lu)),
v ∈ C2(0, T ;H1(Th)mv ∩ D(Lv)),

and that the forcing term satisfies

gv ∈ C1(0, T ;H1(Th)mv ∩ D(Lv)).
Then

2
(
δj+1
h,v,Lh

, δj+1
h,v,s

)
Ω ≤ C̃

(
|hk+1/2x|2k+1,Th,lf + |hku|2k+1,Th,m+

+ τ4
(
|∂τ ûj+1|21 + ∥∂τ∂tv̂j+1∥2

Ω + ∥∂τgj+1
v ∥2

Ω
)

+ τ4
(
|∂τ ûj+1|22,Th,lf + |∂τ∂tv̂j+1|21,Th,lf + |∂τgj+1

v |21,Th,lf

))

+ ∥δj+1
tr,v ∥2

Ω,

(2.33)

with a constant C̃ independent of h and τ .

Proof. Similar to the proof of Lemma 2.17 we get
(
δj+1
h,v,Lh

, δj+1
h,v,s

)
Ω =

(
δj+1
h,v,Lh

, δj+1
tr,v
)

Ω +
(
δj+1
h,v,Lh

,Lu,hej+1
π,u

)
Ω +

(
δj+1
h,v,Lh

, αS lf
v,he

j
π,v

)
Ω

≤ 1
2

(
∥δj+1
h,v,Lh

∥2
Ω + ∥δj+1

tr,v ∥2
Ω

+ Cup
π,Lu,c

(|δj+1
h,v,Lh

|2Slf
v,h

+ |hk+1/2ûj+1|2k+1,Th,lf )

+ Cup
π,Lu,f

(∥δj+1
h,v,Lh

∥2
Th,m+ + |hkûj+1|2k+1,Th,m+)

+ αCπ,Slf
v

(|δj+1
h,v,Lh

|2Slf
v,h

+ |hk+1/2v̂j+1|2k+1,Th,lf

))

Applying Lemma 2.22 to estimate |δj+1
h,v,Lh

|Slf
v,h

and (1.42a) with k = 0 for ∥δj+1
h,v,Lh

∥Ω together
with τ2

4 ∥∂τgj+1
v,h ∥Ω ≤ τ2

4 ∥∂τgj+1
v ∥Ω yields the statement.
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In the next two Lemmas 2.19 and 2.20, bounds for the terms involving the discrete time
derivative ∂τδ

j+1
h,v,Lh

in the error equality (2.29b) are stated. These terms arise from the
summation-by-parts step in the proof of the error equality. This step contributes an additional
factor τ , which allows us to use the CFL condition (2.22) to absorb the stabilization operator
norm in Lemma 2.19. Lemma 2.20 bounds the L2-inner product directly.

Lemma 2.19. Assume that the exact solution x = (u v) of (1.1) satisfies

u ∈ C2(0, T ;H1(Th)mu ∩ D(Lu)), v ∈ C3(0, T ;L2(Ω)mv ),

and that the right-hand side satisfies

gv ∈ C2(0, T ;L2(Ω)mv ).

Moreover, assume that τ ≤ τCFL,s,c(ϑs,c), defined in (2.22). Then
(
∂τδ

j+1
h,v,Lh

, ταS lf
v,he

j
h,v

)
Ω

≤ αγ5cΘϑs,c∥ejh,v∥2
Th,lf

+ α 1
γ5
cΘϑs,cC5τ

4
(
∥∂2

τ∂tv̂
j+1∥2

Th,lf + ∥∂2
τ g
j+1
v ∥2

Th,lf + |∂2
τ û

j+1|21,Th,lf

)
,

with a constant C5 independent of h and τ and a positive scalar γ5.

Proof. The Cauchy–Schwarz inequality, Young’s inequality with weight γ5, and the CFL
condition (2.22) give

(
∂τδ

j+1
h,v,Lh

, ταS lf
v,he

j
h,v

)
Ω ≤ τ

2α
1
γ5

|∂τδj+1
h,v,Lh

|2Slf
v,h

+ τ
2αγ5|ejh,v|2Slf

v,h

≤ α 1
γ5
cΘϑs,c∥∂τδj+1

h,v,Lh
∥2
Th,lf + αγ5cΘϑs,c∥ejh,v∥2

Th,lf

Using (1.42b) with k = 0 and τ2

4 ∥∂2
τ g
j+1
v,h ∥Th,lf ≤ τ2

4 ∥∂2
τ g
j+1
v ∥Th,lf gives the result.

Lemma 2.20. Assume that the exact solution x = (u v) of (1.1) satisfies

u ∈ C2(0, T ;H1(Th)mu ∩ D(Lu)), v ∈ C3(0, T ;L2(Ω)mv ),

and that the forcing term satisfies

gv ∈ C2(0, T ;L2(Ω)mv ).

Then

2
(
∂τδ

j+1
h,v,Lh

, ejh,v
)

Ω ≤ 1
γ4
C4τ

4
(
∥∂2

τ∂tv̂
j+1∥2

Ω + ∥∂2
τ g
j+1
v ∥2

Ω + |∂2
τ û

j+1|21
)

+ γ4∥ejh,v∥2
Ω,

with a constant C4 independent of h and τ and a positive scalar γ4.

Proof. The Cauchy–Schwarz inequality and Young’s inequality with weight γ4 give
(
∂τδ

j+1
h,v,Lh

, ejh,v
)

Ω ≤ 1
2γ4

∥∂τδj+1
h,v,Lh

∥2
Ω + γ4

2 ∥ejh,v∥2
Ω

Applying (1.42b) with k = 0 and τ2

4 ∥∂2
τ g
j+1
v,h ∥Ω ≤ τ2

4 ∥∂2
τ g
j+1
v ∥Ω gives the result.
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The following Lemma 2.21 deals with the Friedrichs’ defect tested in the stabilization form.

Lemma 2.21. Assume ∥h∥L∞(Ω) ≤ 1 and assume that the exact solution x = (u v) of (1.1)
satisfies

u ∈ C1(0, T ;H2(Th)mu ∩ D(Lu)), v ∈ C2(0, T ;H1(Th)mv ∩ D(Lv)),
and that the forcing term satisfies

gv ∈ C1(0, T ;H1(Th)mv ∩ D(Lv)).

Then
(
δj+1
h,v,Lh

, αS lf
v,h(ej+1

h,v + ejh,v)
)

Ω

≤ 1
2αγ3|ej+1

h,v + ejh,v|2Slf
v,h

+ 1
2α

1
γ3
C3τ

4
(
|∂τ ûj+1|22,Th,lf + |∂τ∂tv̂j+1|21,Th,lf + |∂τgj+1

v |21,Th,lf

)
,

with a constant C3 independent of h and τ and a positive scalar γ3.

Proof. The Cauchy–Schwarz inequality and Young’s inequality with weight γ3 give
(
δj+1
h,v,Lh

, αS lf
v,h(ej+1

h,v + ejh,v)
)

Ω ≤ 1
2α

1
γ3

|δj+1
h,v,Lh

|2Slf
v,h

+ 1
2αγ3|ej+1

h,v + ejh,v|2Slf
v,h
.

Applying Lemma 2.22 yields the result.

The following Lemma 2.22 is an auxiliary result used in the previous Lemmas 2.18 and 2.21.

Lemma 2.22. Under the assumptions of Lemma 2.21 we have

|δj+1
h,v,Lh

|2Slf
v,h

≤ Cτ4
(
|∂τ ûj+1|22,Th,lf + |∂τ∂tv̂j+1|21,Th,lf + |∂τgj+1

v |21,Th,lf

)
, (2.34)

with a constant C independent of h and τ .

Proof. Recall the decomposition (2.30c)

δj+1
h,v,Lh

= τ2

4 χlfLu,h∂τ ûj+1 − τ2

4 χlfLu,h∂τej+1
π,u

+ τ2χmφ̃χmLu,h∂τ ûj+1 − τ2χmφ̃χmLu,h∂τej+1
π,u + τ2

4 ∂τg
j+1
v,h .

Due to the definition of χm in (1.8) and | · |Slf
v,h

in (2.10), we have

|τ2χmφ̃χmLu,h∂τ ûj+1|Slf
v,h

= 0, and |τ2χmφ̃χmLu,h∂τej+1
π,u |Slf

v,h
= 0.

Using the consistency property (1.37a) and (1.1) gives

|δj+1
h,v,Lh

|2Slf
v,h

≤ 3 τ4

16

(
|πh∂τ (∂tv̂j+1 − gj+1

v )|2Slf
v,h

+ |Lu,h∂τej+1
π,u |2Slf

v,h
+ |∂τgj+1

v,h |2Slf
v,h

)
.

The consistency property (2.9a) together with Assumption 2.2 gives us

|πh∂τ (∂tv̂j+1 − gj+1
v )|2Slf

v,h
= |∂τ (∂tej+1

π,v − ej+1
π,gv

)|2Slf
v,h
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≤
∑

F∈F int
h,lf

η̂v,i∥∂τ J∂tej+1
π,v − ej+1

π,gv
KF ∥2

L2(F ) +
∑

F∈Fbnd
h,lf

η̂v,b∥∂τ (∂tej+1
π,v − ej+1

π,gv
)∥2
L2(F )

≤ 2
∑
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h,lf

η̂v,iC
2
π,∂

(
|h1/2∂τ (∂tv̂j+1 − gj+1

v )|21,KF
1

+ |h1/2∂τ (∂tv̂j+1 − gj+1
v )|21,KF

2

)

+
∑

F∈Fbnd
h,lf

η̂v,bC
2
π,∂ |h1/2∂τ (∂tv̂j+1 − gj+1

v )|21,K .

In the last estimate we have used the projection error estimate (A.3) with ℓ = 0 and KF
1 ,K

F
2 ∈

Th,lf with common interface F ∈ F int
h,lf .

We proceed as in the previous estimate, but use the discrete trace inequality (A.1) and the
approximation property (1.37b) with k = 1 in the last step:

|Lu,h∂τej+1
π,u |2Slf

v,h
≤ 2

∑

F∈F int
h,lf

η̂v,iC
2
trC

2
π,L
(
|h1/2∂τ û

j+1|22,KF
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+ |h1/2∂τ û
j+1|22,KF

2

)

+ 1
2

∑

F∈Fbnd
h,lf

η̂v,bC
2
trC

2
π,L|h1/2∂τ û

j+1|22,K

The consistency property (2.9a) and the projection error estimate (2.12) with k = 0 give

|∂τgj+1
v,h |2Slf

v,h
= |∂τej+1

π,gv
|2Slf

v,h
≤ Cπ,Slf

v
|h1/2∂τg

j+1
v,h |21,Th,lf .

Using that each cell has at most N∂ faces together with the assumption ∥h∥L∞(Ω) ≤ 1 proves
the statement.

Combining the previous results, we can now prove Theorem 2.16.

Proof of Theorem 2.16. Using the Cauchy–Schwarz inequality, Young’s inequality, and the CFL
condition (2.22), we estimate

2
(
δn+1
h,v,Lh

, (Iv − τ
2αS lf

v,h)en+1
h,v

)
Ω

≤ 2∥δn+1
h,v,Lh

∥2
Ω + 1
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2

(
∥en+1
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Ω − τα|en+1
h,v |2Slf

v,h
+ τ

2α
2cΘϑs,c|en+1

h,v |2Slf
v,h

)

≤ 2∥δn+1
h,v,Lh

∥2
Ω + 1

2

(
∥en+1
h,v ∥2

Ω − τ
2α|en+1

h,v |2Slf
v,h

)
.

(2.35)

Moreover, applying the estimate (2.23) for the v component, we get the lower bound

(
(R− − τ

2αS lf
h )en+1

h , en+1
h

)
Ω ≥ C−1

stb,upw,c∥en+1
h,u ∥2

Ω + ∥en+1
h,v ∥2

Ω − τ
2α|en+1

h,v |2Slf
v,h
. (2.36)
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Combining (2.35) and (2.36) in (2.29b) and using the CFL condition (2.22), we get

C−1
stb,upw,c∥en+1

h,u ∥2
Ω + 1
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(2.37)

The six terms on the right-hand side of (2.37) are bounded, in their order of appearance, by
Lemma 2.17, Lemma 2.21, Lemma 2.19, Lemma 2.18, Lemma 2.20, and (1.42a) with k = 0,
respectively. Inserting these estimates and grouping the terms, we get

C̃−1
stb,upw,c∥en+1

h ∥2
Ω + τ

2 (α− γ2(1 + α2) − αγ3)
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with C̃−1
stb,upw,c = min{C−1

stb,upw,c,
1
2(1 − αcΘϑs,c)}. The constant C(x, g) is defined in (2.38) and

depends on the exact solution as well as on the data. We first fix the Young weights and apply
the discrete Gronwall argument, and return to the estimate of C(x, g) at the end of the proof.
Choosing γ5 = γ4

αcΘϑs,c
, γ4 = 1

2γ1, γ2 = α
1+α2γ3, and γ3 = 1

4 leads to
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The discrete Gronwall–type inequality [HS19, Lemma A.1] yields
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The constant C(x, g) is given as

C(x, g) = τ
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(2.38)

We use (1.34) to estimate

τ
n∑

j=0
∥∂τ x̂j+1∥2

Ω ≤
ˆ tn+1

t0
∥∂tx(s)∥2

Ω ds, and τ
n∑

j=1
∥∂2

τ x̂
j+1∥2

Ω ≤ 4
ˆ tn+1

t0
∥∂2

t x(s)∥2
Ω ds.

Together with (1.35b), we get the bound
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(2.39)

The projection error estimate (see [DHK+23, Lem. 10.2])

∥en+1
π ∥Ω ≤ Cπ|hk+1x̂n+1|k+1,Th

,

and the identity ∥en+1∥2
Ω = ∥en+1

π ∥2
Ω + ∥en+1

h ∥2
Ω conclude the proof.

2.5. Numerical examples
We illustrate the spatial and temporal convergence as well as stability behavior of the local time-
integration method extended to upwind-type stabilization in space. As an example equation we
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use the two-dimensional first-order wave system

∂tu = ∇ · v + gu, on Ω × (0, T ], (2.40a)
∂tv = ∇u+ gv, on Ω × (0, T ], (2.40b)
u(0) = u0, v(0) = v0, on Ω, (2.40c)
u = 0, on ∂Ω × (0, T ], (2.40d)

on the unit square Ω = (0, 1)2. In each experiment, we choose the initial values and forcing
so that the exact solution is u(x, y, t) = vx(x, y, t) = vy(x, y, t) = w(x, y, t), with w specified
below. Both experiments use center-refined quadrilateral meshes, see Figure 3.1 for an example,
and the stabilization fields from Example 2.3 with all three constants equal to one. We choose
α = 1 and measure the L2-error at the final time T = 1.

2.5.1. Spatial convergence

For the spatial convergence study, presented in Figure 2.2, we choose

w(x, y, t) = sin(πx) sin(πy)(1 + t).

The mesh has two additional refinements at its center and is randomly perturbed to reduce
superconvergence effects caused by its otherwise structured geometry. We choose dG degrees
k = 1, 2, 3 as a basis and increased it to k+1 on the coarse cells contained in Th,m+, as explained
in Remark 2.9. We integrate in time using the locally implicit filter (1.44) with fixed time
step size τ = 10−5 to prevent instabilities from the underlying leapfrog method. For each base
degree k, the observed convergence rates approach k + 1/2.
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10−4
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3.5

hmax
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Figure 2.2.: Errors of the local time-integration method with locally implicit filter (1.44)
combined with an upwind fluxes spatial discretization with different dG polynomial degrees
k = 1, 2, 3 and data from Section 2.5.1. The horizontal axis shows the maximal cell diameter
hmax = maxK∈Th

hK . The vertical axis shows the L2-error at the final time T = 1. The
triangles indicate the different convergence orders.
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2.5.2. Temporal convergence
For the temporal convergence study, we choose

w(x, y, t) = x(1 − x)y(1 − y) exp(t) sin(t).

In the applied upwind fluxes spatial discretization we choose fixed dG degree k = 2 on every
cell of a mesh with two global refinements and four additional refinements at the center. Since
the spatial factor is a tensor-product polynomial of degree two in each coordinate, the exact
state is contained in the dG space.

In Figure 2.3, we depict the errors and stability behavior of the local time-integration
method with locally implicit filter (1.44) and the leapfrog-Chebychev filter (1.45) with degrees
p = 1, 2, 4, 5 and stabilization parameter (1.47) with η = 0.1. For p = 1, the resulting method is
the leapfrog method. All methods exhibit second-order convergence within their stable regimes.
The largest stable time step size approximately doubles from p = 1 to p = 2 and again from
p = 2 to p = 4. It remains unchanged from p = 4 to p = 5 because the leapfrog CFL condition
on the coarse grid then becomes the dominant time step size restriction.
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Figure 2.3.: Errors of the leapfrog method, and local time-integration method with locally
implicit filter (1.44) and leapfrog-Chebychev filter (1.45) with p = 2, 4, 5 for different time
stepsizes and data from Section 2.5.2. The upwind fluxes spatial discretization uses fixed
dG degree k = 2. The horizontal axis shows the time stepsizes τ . The vertical axis shows
the L2-error at the final time T = 1. The triangle indicates second-order convergence.
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Appendix A

Weak and strong forms of the discrete Friedrichs’
operators

A.1. Weak and strong forms of the discrete Friedrichs’ operators
We briefly recall notation and results from [DHK+23] needed for Chapter 2.

Whenever F ∈ Fbnd
h , we define nF as the outward unit normal vector to Γ. For F ∈ F int

h , we
label the two neighboring elements by KF

1 and KF
2 and define nF as the outward unit normal

vector of KF
1 toward KF

2 . This orientation follows [DPE12].
Let F ∈ F int

h and let u : Ω → R admit well-defined traces on F . We define the average and
jump by

{{u}}F = 1
2
((
u|KF

1

)|F +
(
u|KF

2

)|F
)
, JuKF =

(
u|KF

1

)|F − (
u|KF

2

)|F .

For an element K ∈ Th and a face F of K, the discrete trace inequality [DPE12, Lem. 1.46]
is

∥uh∥L2(F ) ≤ Ctr∥h−1/2uh∥L2(K) uh ∈ Vuh . (A.1)

The corresponding estimate on Vvh is analogous.
For the L2-projection errors

eπ,u = u− πhu, eπ,v = v − πhv, (A.2)

we use the following face estimate for the first field.

Lemma A.1 ([DHK+23, Lemma 10.2]). Let K ∈ Th and let F ∈ Fh be a face of K. Then,
for all u ∈ Hℓ+1(K)mu and 0 ≤ ℓ ≤ k, the projection error satisfies

∥eπ,u∥L2(F ) ≤ Cπ,∂ |hℓ+1/2u|ℓ+1,K , (A.3)

where Cπ,∂ is independent of the element K and the mesh size h.

Recall that the discrete operator domains are

V Lw
h = Vwh + D(Lw) ∩H1(Th)mw , w ∈ {u, v}. (A.4)
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Appendix. Weak and strong forms of the discrete Friedrichs’ operators

The weak formulation in Definition A.2 is motivated, as in [Stu17, §3.2], by elementwise
integration by parts of

(Lu,hu, ϕh
)

Ω, the jump-average identity

Ju · ψKF = JuKF · {{ψ}}F + {{u}}F · JψKF , (A.5)

and [HK20, Lem. 4.7].

Definition A.2 (Weak form). We define Lu,h : V Lu
h → Vvh such that

(Lu,hu, ϕh
)

Ω = −
∑

K∈Th

(
u,Lvϕh

)
K

+
∑

F∈F int
h

(
LF∂,u{{u}}F , JϕhKF

)
L2(F )

+ 1
2

∑

F∈Fbnd
h

(
(LF∂,u + LΓ,u)u, ϕh

)
L2(F ) for all ϕh ∈ Vvh , (A.6a)

and Lv,h : V Lv
h → Vuh such that

(Lv,hv, ψh
)

Ω = −
∑

K∈Th

(
v,Luψh

)
K

+
∑

F∈F int
h

(
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)
L2(F )
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2

∑
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h

(
(LF∂,v + LΓ,v)v, ψh

)
L2(F ) for all ψh ∈ Vuh . (A.6b)

The following strong form is equivalent. In [DHK+23, Def. 10.5], it is used as the definition.

Lemma A.3 ([DHK+23, Def. 10.5]). For u ∈ V Lu
h we have

(Lu,hu, ϕh
)

Ω =
∑

K∈Th

(Luu, ϕh
)
K

−
∑

F∈F int
h

(
LF∂,uJuKF , {{ϕh}}F

)
L2(F )

− 1
2

∑

F∈Fbnd
h

(
(LF∂,u − LΓ,u)u, ϕh

)
L2(F ) for all ϕh ∈ Vvh , (A.7a)

and for v ∈ V Lv
h we have

(Lv,hv, ψh
)

Ω =
∑

K∈Th

(Lvv, ψh
)
K

−
∑

F∈F int
h

(
LF∂,vJvKF , {{ψh}}F
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− 1
2

∑
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h

(
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)
L2(F ) for all ψh ∈ Vuh . (A.7b)

Proof. Integration by parts on each cell and (A.5) as well as [HK20, Lem. 4.7] yield the
result.

66



Chapter 3

Higher order local time integration
for Friedrichs’ systems

The content of this chapter was published as a preprint [HKS26].

In this paper, we construct an efficient higher-order local time integration scheme
for spatially discretized linear Friedrichs’ systems. In particular, our interest is in
problems where only a few of the mesh elements are small while the majority of the
elements is much larger. The special combination of two methods like the leapfrog
method on the coarse part of the mesh and the Crank-Nicolson method on the fine
part as was done in [HS16, HK22] is not suitable for higher-order time integration.
We use implicit Gauß collocation methods, which provide higher temporal order
but require solving large linear systems at each time step. Therefore, we suggest
to approximate the solution of the linear systems arising in each time step by a
preconditioned Krylov subspace method, e.g., the quasi-minimal residual method by
Freund and Nachtigal [FN91]. The techniques developed here for linear problems
also carry over to nonlinear problems, where linear systems of the same type arise
within a Newton-type iteration.

Motivated by the analysis of locally implicit methods by Hochbruck and Sturm
[HS16], we show how to construct a preconditioner in such a way that the number
of iterations required by the Krylov subspace method to achieve a certain accuracy
is bounded independently of the diameter of the small mesh elements. We prove
this behavior by using Faber polynomials and complex approximation theory.

The cost to apply the preconditioner consists of the solution of a small linear
system, whose dimension corresponds to the degrees of freedom within the fine part
of the mesh (and its next coarse neighbors). If this dimension is small compared to
the size of the full mesh, the preconditioner is very efficient.

We conclude by verifying our theoretical results with numerical experiments for
the fourth-order Gauß-Legendre Runge–Kutta method.
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3. Higher order local time integration for Friedrichs’ systems

3.1. Introduction

Friedrichs’ systems play a crucial role in the modeling of various physical phenomena. Important
examples are advection equations, acoustic wave equations, Maxwell’s equations, and Dirac
equations. See [DHK+23] for more details. Though finite difference time-domain methods
[Yee66] are still predominantly utilized to solve Maxwell’s equations, numerous other methods
based on finite element or finite volume space discretizations have been introduced and are
gaining more and more importance.

The numerical solution of time-dependent partial differential equations by a method of lines
approach involves first discretizing in space and then integrating the semi-discrete system in time.
For the space discretization, discontinuous Galerkin (dG) methods (see [DPE12] and references
therein) are popular due to their flexibility in treating complex geometries and discontinuous
material parameters. Since dG methods lead to block-diagonal mass matrices, explicit time
integration schemes can be implemented very efficiently. Unfortunately, explicit time integration
methods are subject to the Courant–Friedrichs–Lewy (CFL) condition depending on the
minimum diameter of all mesh elements, denoted by hmin, that is, the time step τ needs to
satisfy τ ≲ hmin. Here, we are interested in locally refined meshes, where most of the mesh
elements are coarse but a very small number of mesh elements are fine. The latter require
very small time steps on all mesh elements, which makes the computation inefficient. An
alternative is to use implicit time integrators which can eliminate the CFL condition completely
but require solving a large linear system of equations in all degrees of freedom at each time
step. Unfortunately, this is expensive and might not even be feasible for large 3D problems.

To tackle this problem, locally implicit (LI) methods [Ver11, DLM13, HS16, CI16, DLM17,
HS19] and local time-stepping (LTS) methods [Pip06, DG09, GM10, GMM15] or more general
local time integrators (LTI) from our previous work [HS26] were introduced and studied. While
there is a rigorous analysis of LTI methods of order two for linear problems, it is not clear
how to prove the stability for higher-order LTI methods constructed via composition methods
[HLW06, Section II.4].

In this paper, we introduce a new strategy to develop a higher-order time integration method
to solve the general class of linear Friedrichs’ systems possessing a two-field structure on a
locally refined spatial grid in a computationally efficient way. For the time integration, we
propose to use higher-order implicit Gauß collocation methods [HW96, Sec. IV.5]. It is well
known that these methods are A-stable and symplectic, and have maximum order 2s for nonstiff
problems. Moreover, for all s, rigorous error bounds are available for a class of problems which
includes Friedrichs’ systems, cf. [HP15, Section 3.1]. This makes them the ideal candidates for
our applications. Unfortunately, the analysis only holds for Runge-Kutta methods which are
not only A-stable but also algebraically stable and coercive, properties which are not satisfied
for general implicit methods such as the computationally attractive DIRK methods.

The drawback of implicit schemes is that one has to solve large linear systems of equations in
each time step. For this, iterative solvers, especially (preconditioned) Krylov subspace methods,
are popular choices. See [Saa03] and references therein. For instance, block preconditioners for
structure-preserving discretizations of Maxwell’s equations were proposed in [PSC18, AHZ17].
Other popular preconditioners include those based on multigrid [Hip99, Baň10, AA02] and
Schwarz domain decomposition [BDG+19, SCGT07]. However, these preconditioning techniques
have not yet been adapted to locally refined meshes.

We show that the linear systems of equations which arise in the implementation of Gauß
Runge-Kutta methods for linear Friedrichs’ systems can be transformed using techniques from
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[HW96, Sec. IV.5] in such a way that we obtain an equivalent linear system with a complex
symmetric coefficient matrix. Thus, we use the quasi-minimal residual (QMR) method to
solve it iteratively [Fre92, FN91, FN94]. Our main contribution is to construct a suitable
preconditioner for the QMR method and to prove that the number of iterations required to
reach a certain accuracy is independent of the fine mesh. Roughly speaking, this preconditioner
only acts on the fine mesh and is thus very efficient if the number of fine mesh elements is
small compared to the total degrees of freedom. Hence, the overall algorithm is unconditionally
stable, obeys rigorous error bounds which do not deteriorate under mesh refinement, and has
linear complexity with a constant that only depends on the coarse mesh.

The paper is organized as follows. In Section 3.2, we present our model problem and notation
and recall properties of the spatial discretization of Friedrichs’ systems using discontinuous
Galerkin methods with central fluxes. Section 3.3 is dedicated to higher-order implicit Runge-
Kutta methods. In Section 3.4, we recall known results on Krylov subspace methods, in
particular error bounds. Our main contribution is to prove that the field of values of the
preconditioned matrix is independent of the fine mesh and to combine this with error bounds
for Krylov subspace methods. Finally, in Section 3.5, we verify our theoretical findings with
numerical experiments and compare the efficiency of the higher-order locally implicit method
with other local time integration schemes [HS16, HS26] and a low-storage Runge–Kutta method
[NDB12].

3.2. Problem setting
Let Ω ⊂ Rd, d = 1, 2, 3, be an open polygonal domain. The linear Friedrichs’ system in a two
field formulation reads

∂tu = Lvv + gu, on Ω × R+, (3.1a)
∂tv = Luu+ gv, on Ω × R+, (3.1b)
u(0) = u0, v(0) = v0, on Ω, (3.1c)

where ∂t denotes the partial derivative with respect to time and gu : R+ → L2(Ω)mu , gv : R+ →
L2(Ω)mv are forcing terms. The Friedrichs’ operators Lu and Lv are defined by

MvLuu =
d∑

i=1
Li∂iu, MuLvv =

d∑

i=1
LT
i ∂iv, (3.2)

with coefficients Li ∈ Rmv×mu for i = 0, . . . , d. Here ∂i denotes the partial derivative with respect
to the ith spatial variable. The material tensors Mu ∈ L∞(Ω)mu×mu , Mv ∈ L∞(Ω)mv×mv are
assumed to be symmetric and uniformly positive definite, and by mu,mv ∈ N we count the
components of u and v. To make the system (3.1) well-posed we have to prescribe boundary
conditions. These are embodied into the domains D(Lu) and D(Lv), see [DPE12, DHK+23]
for details. We assume that the boundary conditions do not introduce damping, cf. [DHK+23,
Assump. 11.8], which leads to the adjointness property

(Luu, v
)

Ω = −(u,Lvv
)

Ω for all u ∈ D(Lu), v ∈ D(Lv), (3.3)

in the weighted L2 inner products defined via
(
u, ũ

)
Ω =

(Muu, ũ
)
L2(Ω), u, ũ ∈ L2(Ω)mu . (3.4)
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The corresponding norm is denoted by ∥ · ∥Ω. The inner product weighted by Mv is defined
analogously, and it is always clear from the inserted argument which inner product or norm is
meant.

For a full discretization of (3.1), we first discretize in space using a dG method with central
fluxes on a suitable mesh Th [DPE12],[HK20, Section 4]. On this mesh we define the spaces

Vuh = {u ∈ L2(Ω) | u|K ∈ Pkd(K) for all K ∈ Th}mu , (3.5a)
Vvh = {v ∈ L2(Ω) | v|K ∈ Pkd(K) for all K ∈ Th}mv , (3.5b)

consisting of functions in L2(Ω) which are polynomials of total degree at most k on each mesh
element. If it is clear by context which space we mean, we simply write Vh . The dG method
then yields

∂tuh = Lv,hvh + gu,h , on R+, (3.6a)
∂tvh = Lu,huh + gv,h , on R+, (3.6b)
uh(0) = u0

h , vh(0) = v0
h , (3.6c)

where Lu,h and Lv,h are spatially discretized Friedrichs’ operators, and u0
h , v0

h , gu,h , and gv,h
are L2 projections of u0, v0, gu, and gv, respectively, onto Vuh ,Vvh with respect to the weighted
inner products defined in (3.4). We refer to [DPE12, HK20] for details on the dG discretization.

For w ∈ {u, v}, let {ϕw1 , . . . , ϕwNw
} be a basis of Vwh . Then an element xh : (0, T ) → Vwh can

be represented as

xh(t) =
N∑

j=1
xj(t)ϕwj ,

with coefficient vector x(t) = (xj(t))Nw
j=1. This results in mass and stiffness matrices given by

(Mu)l,j =
(
ϕuj , ϕ

u
l

)
Ω, (L̃u)l,j =

(Lu,hϕuj , ϕvl
)

Ω, (3.7a)
(Mv)l,j =

(
ϕvj , ϕ

v
l

)
Ω, (L̃v)l,j =

(Lv,hϕvj , ϕul
)

Ω. (3.7b)

Then, (3.6) is equivalent to the following system of ordinary differential equations,

∂tu = Lvv + gu, Lv = M−1
u L̃v,

∂tv = Luu + gv, Lu = M−1
v L̃u,

u(0) = u0, v(0) = v0.

(3.8)

Here, u0 and v0 are the coefficient vectors of u0
h and v0

h , respectively.
With an abuse of notation, given xh , yh ∈ Vwh , w ∈ {u, v}, with coefficient vectors x,y ∈ CNw ,

we define (
x,y

)
Ω := y∗Mwx =

(
xh , yh

)
Ω, (3.9)

and do so analogously for the induced norms in CNw . Here, ∗ denotes the conjugate transpose.
For the matrix norms, we also take these weights into account since then these norms are
equivalent to the operator norms of the discrete operators Lu,h and Lv,h , i.e., we have

∥Lu∥Vv
h
←Vu

h
= sup

x∈CNu\{0}

∥Lux∥Ω
∥x∥Ω

= sup
xh∈Vu

h
\{0}

∥Lu,hxh∥Ω
∥xh∥Ω

= ∥Lu,h∥Vv
h
←Vu

h
, (3.10a)
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∥Lv∥Vu
h
←Vv

h
= sup

x∈CNv\{0}

∥Lvx∥Ω
∥x∥Ω

= sup
xh∈Vv

h
\{0}

∥Lv,hxh∥Ω
∥xh∥Ω

= ∥Lv,h∥Vu
h
←Vv

h
. (3.10b)

In this paper, we are interested in locally refined meshes. We refer to our earlier papers
[HS16, HS19, HS26] for detailed explanations on these meshes, but to keep this paper self-
contained, we introduce the necessary notation here. A locally refined mesh is a mesh in which
most of the mesh elements are coarse and very few mesh elements are fine. Let Th,c and Th,f
denote the collection of all coarse and fine mesh elements, respectively. We denote by hf and hc
the size of smallest mesh elements in Th,f and in Th,c, respectively. These two sets are related
to each other via

hf ≪ hc and card (Th,f ) ≪ card (Th,c) .
Based on this decomposition of the mesh, the matrices defined in (3.8) can be split into

Lu = Lfu + Lcu, Lv = Lfv + Lcv, (3.11)

cf. [HS16, HS26] for more details. The indices f and c indicate that the elements on which
Lf
u,Lf

v act belong to the fine submesh Th,f and the ones on which Lc
u,Lc

v act, belong to the
coarse submesh Th,c. In fact, it was shown in [HS16] that not only the fine elements have to be
considered but also their direct coarse neighbors.

Let us state some properties of these matrices which are inherited from their corresponding
discrete operators, cf. [HS16]. First, Lu and Lv are adjoint to each other, i.e., for all u ∈
CNu ,v ∈ CNv , it holds (

Luu,v
)

Ω = −(u,Lvv
)

Ω. (3.12)

It is easy to verify that these split matrices preserve the adjointness property of their respective
full ones, i.e., (

Lcuu,v
)

Ω = −(u,Lcvv
)

Ω,
(
Lfuu,v

)
Ω = −(u,Lfvv

)
Ω. (3.13)

In addition, they satisfy
LcvLcu = LcvLu, LfvLfu = LfvLu. (3.14)

Furthermore, combining the above properties, it holds

∥Luu∥2
Ω = ∥Lcuu∥2

Ω + ∥Lfuu∥2
Ω. (3.15)

One of the important results from [HS16] is that the explicit split matrices Lcu and Lcv can be
bounded independently of the fine mesh, that is, using the weighted norms in (3.10), we have

∥Lcu∥Vv
h
←Vu

h
≤ ch−1

c , ∥Lcv∥Vu
h
←Vv

h
≤ ch−1

c , (3.16)

with a constant c that is independent of hf and hc.
In [HS16, HS19], these split matrices were constructed to develop local time integration

methods. Here, we use these split matrices in a different way, namely to construct preconditioners
which improve the performance of Krylov subspace methods.

3.3. Higher-order implicit Runge–Kutta methods
In this section, we consider the time integration of (3.8) by an s-stage implicit Runge–Kutta
(RK) methods given by its matrix Oι = (aij)si,j=1, weights bi and nodes ci, i = 1, . . . , s, cf.,
[HLW06, Section II.1].
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3. Higher order local time integration for Friedrichs’ systems

The two-field linear Friedrichs’ system (3.1) fits into the general framework considered in
[HP15, Eq. (2.8)] since the Friedrichs’ operator L is skew-adjoint on its domain D(L). Therefore,
the time discretization error bound [HP15, Thm. 3.5] holds under certain regularity assumptions
on the exact solution of (3.1). Regarding the full discretization error using a central fluxes
discontinuous Galerkin discretization in space, we refer to [HP15, Thm 5.4 and Rem 5.7]. Even
though these results are derived for linear Maxwell’s equations, it is straightforward to extend
them to two-field linear Friedrichs’ systems discretized in space.

To simplify the presentation, we write (3.8) in the compact form

∂tx = Lx + g, on (0, T ),
x0 = x(0),

(3.17)

where

x =
(

u
v

)
, g =

(
gu
gv

)
∈ RN , and L =

(
0 Lv

Lu 0

)
∈ RN×N ,

with N := Nu +Nv. Assume that we already computed an approximation xn ≈ x(tn) at time
tn = nτ , where τ > 0 denotes the step size. Then, the implicit Runge–Kutta method applied
to (3.17) leads to the following coupled linear system of equations for the intermediate stages
Xi ≈ x(tn + ciτ)

Xi = xn + τ
s∑

j=1
aij
(
LXj + Gj

)
, i = 1, . . . , s, (3.18a)

where Gj = g(tn + cjτ). The new approximation xn+1 ≈ x(tn+1) is then given explicitly by

xn+1 = xn + τ
s∑

i=1
bi
(
LXi + Gi

)
. (3.18b)

3.3.1. Gauß collocation methods

We use Gauß collocation methods to construct higher-order implicit RK methods. It is well
known that these methods are algebraically stable [HW96, Theorem IV.12.9] and the RK matrix
Oι is invertible [HW96, Section IV.14]. In addition, the error analysis for linear wave-type
problems [HP15, Section 3.1] makes use of the existence of a diagonal positive definite matrix
D̂ and a positive scalar η > 0 such that

v⊤D̂Oι−1v ≥ ηv⊤D̂v, for all v ∈ Rs. (3.19)

Here, ⊤ denotes the transpose. For Gauß collocation methods, the coercitivity condition (3.19)
is satisfied for D̂ = B̂(Ĉ−1 − Is), where B̂ := diag(b1, . . . , bs), Ĉ := diag(c1, . . . , cs), and Is is
the identity matrix of size s, cf. [HW96, Theorem IV.14.5].

To obtain an efficient implementation for solving (3.18a), we use Kronecker products [HLW06,
Section VIII.6] to rewrite it as

X = 1s ⊗ xn + τ
(
(Oι⊗ L)X + (Oι⊗ IN )G

)
, (3.20)

where X = (Xi)si=1, G =
(
Gi
)s
i=1 ∈ CNs, IN is the identity matrix of size N , and the term

1s denotes the vector in Rs consisting of all ones. Diagonalization of Oι yields a nonsingular
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matrix T ∈ Cs×s containing the eigenvectors and a diagonal matrix ΛOι ∈ Cs×s containing
eigenvalues λi, such that

T−1OιT = ΛOι, ΛOι = diag(λ1, . . . , λs). (3.21)

Substituting Oι = TΛOιT−1 into (3.20) and performing some Kronecker product operations
leads to s decoupled linear systems of the form

(Is ⊗ IN − τ(ΛOι ⊗ L))Z = Z0 + τ(ΛOι ⊗ IN )G̃, (3.22)

where
Z = (T−1 ⊗ IN )X, Z0 = (T−1 ⊗ IN )(1s ⊗ xn), G̃ = (T−1 ⊗ IN )G. (3.23)

Note that Oι might have complex conjugate pairs of eigenvalues. For such eigenvalues (say
λj = λi), the corresponding linear systems are

(IN − τλiL)Zi = Z0
i + τλiG̃i, (3.24a)

(IN − τλi L)Zj = Z0
j + τλi G̃j . (3.24b)

In the homogeneous case, i.e., g ≡ 0 which leads to G̃ ≡ 0, the first term on the right-hand
sides of (3.24a) and (3.24b) are conjugate to each other and so are the solutions.

Lemma 3.1. If g ≡ 0 and λj = λi, then the solutions of (3.24) satisfy Zj = Zi.

Proof. The RK matrix Oι is real and thus complex eigenvalues and eigenvectors appear in
complex conjugate pairs. Hence, there exists a symmetric permutation matrix P̂ ∈ Rs×s s.t.,

T = TP̂, ΛOι = P̂ΛOιP̂, (3.25)

which implies T−1 = P̂T−1. We choose an arbitrary index i ∈ {0, . . . , s} corresponding to a
complex eigenvalue λi ̸∈ R and define the index j such that ej = P̂ei. By (3.23) and xn ∈ RN ,
we have

Z0
i = (e⊤i ⊗ IN )Z0 = (e⊤i T−1

1s ⊗ xn) = ((P̂ei)⊤T−1
1s) ⊗ xn = Z0

j . (3.26)

Conjugating (3.24a) proves that Zi solves (3.24b).

In addition to this, Zi and G̃i in (3.24a) can be further decomposed into

Zi =
(

Zu,i
Zv,i

)
, G̃i =

(
G̃u,i

G̃v,i

)
,

where Zu,i,Zv,i denote unknowns corresponding to the transformed intermediate stages of u
and v, respectively. Taking the Schur complement, the linear systems in (3.24a) can be reduced
to

(INu − αiLvLu)Zu,i = Z0
u,i + τλi(LvZ0

v,i + G̃u,i) + αiLvG̃v,i, αi := τ2λ2
i ∈ C, (3.27)

to compute the u-component of Zi. After solving this linear system of dimension Nu, the
v-component of Zi can be calculated explicitly via

Zv,i = Z0
v,i + τλi(LuZu,i + G̃v,i). (3.28)
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An efficient implementation of an s-stage implicit Runge-Kutta method using Gauß collocation
points thus requires solving a linear system of the form

Ax = b where A := INu − αLvLu, (3.29)

with a possibly complex parameter α in each time step. Therefore, the size of the linear system
to be solved is reduced from s(Nu +Nv) in (3.20) to Nu in (3.29). The adjointness property
(3.12) implies that LvLu is symmetric with respect to the discrete inner product

(·, ·)Ω defined
in (3.9). Hence, A is complex symmetric, that is,

(
Ax,x

)
Ω =

(
x,Ax

)
Ω, x ∈ CNu ,

and also normal. If α ∈ R, then A ∈ RN×N is symmetric. However, for α ̸∈ R, it follows
immediately that A ̸= A∗ with respect to

(·, ·)Ω. Moreover, for

α ∈ C\{z ∈ R : z < 0}, (3.30)

the matrix A is invertible. For Gauß collocation methods, the coercivity condition (3.19)
guarantees that the eigenvalues of Oι are not purely imaginary, and hence (3.30) is satisfied.

3.4. Preconditioned Krylov subspace methods
In this section, we aim at designing a tailored preconditioner for solving the sparse linear system
(3.29) by a preconditioned Krylov subspace method. We will prove that the number of Krylov
iterations to achieve a certain tolerance is independent of the fine mesh. The overall method
can be considered as a locally implicit scheme because it only requires the solution of a small
linear system as it is required for the second-order method in [HS16].

We remark that in Section 3.4.1, we consider the Euclidean inner product and norm in CN ,
but using weighted inner products would be possible as well.

3.4.1. Krylov subspace methods for complex symmetric matrices
For a nonsingular, complex symmetric matrix K = K⊤ ∈ CN×N and a given vector f ∈ CN , we
consider the linear system

Kx = f . (3.31)
Given an initial guess x0 ∈ CN and its initial residual vector r0 = f − Kx0, a Krylov subspace
method yields an approximation of the form

xm = x0 + Wmym, m = 1, 2, . . . , (3.32)

where Wm ∈ CN×m is a basis of the mth Krylov subspace

Km(K, r0) := span(r0,Kr0, . . . ,Km−1r0),

and ym ∈ Cm is a suitable coefficient vector. The choices of Wm and ym characterize the
Krylov subspace method, cf. [FGN92, Gut97, Saa03] for more details.

To exploit the complex symmetric structure of K, we suggest to use the quasi-minimal
residual (QMR) algorithm for complex symmetric matrices [Fre92, Section 3], which is based
on the complex symmetric Lanczos process. Here, Wm satisfies

KWm = Wm+1H̃m, Dm+1H̃m = W⊤
m+1KWm, (3.33)
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with a diagonal matrix Dm+1 = W⊤
m+1Wm+1 ∈ C(m+1)×(m+1). The complex symmetry of K

implies that H̃m ∈ C(m+1)×m is tridiagonal and the upper m × m submatrix of Dm+1H̃m is
again complex symmetric. H̃m has full column rank m until Km(K, r0) becomes a K-invariant
subspace.

With β = ∥r0∥, the QMR approximation is defined as

xm = x0 + Wmym, ym = βH̃+
me1, H̃+

m = (H̃∗mH̃m)−1H̃∗m, (3.34)

where e1 denotes the first canonical unit vector. The corresponding residual can be written as

rm = f − Kxm = Wm+1(βe1 − H̃mym).

Since H̃m has full column rank, ym is equivalently characterized as the unique solution of the
least-squares problem

ym = argmin
y∈Cm

∥βe1 − H̃my∥.

The advantage of this algorithm compared to methods based on the Arnoldi process (e.g.,
GMRES) is that it uses three-term recurrences for the computation of the basis as well as
for the approximation. It can be combined with look-ahead strategies [FGN93] to prevent
breakdowns of the Lanczos process, which might appear because it constructs a basis which
is orthogonal w.r.t. the indefinite bilinear form ⟨x,y⟩ = x⊤y, instead of the Euclidean inner
product

(
x,y

)
= x∗y, see [Fre92, Section 4]. For the sake of presentation, we assume that

breakdowns do not appear until a sufficiently accurate solution is computed, but we note that
with minor modifications, our analysis also holds for the (complex symmetric) look-ahead
Lanczos method [FGN93]. This assumption ensures that

∥D−1
m+1∥ ≤ δ, (3.35)

for a given (small) tolerance δ > 0, because otherwise, one would switch to the look-ahead
version of the Lanczos process.

In the following, Pm denotes the set of all polynomials over C of degree at most m.

Theorem 3.2. Let K be a nonsingular, complex symmetric matrix and xm be the QMR
approximation (3.34) after m steps. Then the error of the QMR method satisfies

∥K−1f − xm∥ ≤ ∥K−1Pm∥ min
pm∈Pm

pm(0)=1

∥pm(K)r0∥ (3.36)

with a projection matrix Pm given by

Pm = INu − Wm+1H̃mH̃+
mD−1

m+1W⊤
m+1.

Moreover, if ∥Wm+1ej∥ = 1, j = 1, . . . ,m+ 1, and (3.35) holds, we have

∥Pm∥ ≤ 1 + (m+ 1)δ. (3.37)

Proof. Analogously to the proof of [HL98, Theorem 2], it can be seen from (3.33) that
PmKWm = 0. Using (3.34), this implies

K−1f − xm = K−1Pmr0 = K−1Pmpm(K)r0

for all pm ∈ Pm with pm(0) = 1.
The bound on ∥Pm∥ follows from (3.35) and ∥Wm∥ ≤ m1/2.
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Since ∥pm(K)r0∥ ≤ ∥pm(K)∥∥r0∥, it remains to bound

min
pm∈Pm

pm(0)=1

∥pm(K)∥.

We use a bound from complex approximation theory, based on a superset S of the field of
values of K [Eie89], defined as

F(K) := {ρK(u),u ∈ CNu ,u ̸= 0}, ρK(u) :=
(
u,Ku

)
(
u,u

) .

Theorem 3.3. Let S ⊂ C be a convex and bounded superset of F(K) with 0 ̸∈ S and let ϕ
be the conformal map which maps the exterior of S onto the exterior of the unit disc with
ϕ(∞) = ∞. Then

min
pm∈Pm

pm(0)=1

∥pm(K)∥ ≤ (1 + 21/2) min
{ 3

|ϕ(0)|m ,
2

|ϕ(0)|m − 1

}
. (3.38)

Proof. It was shown in [CP17] that

∥pm(K)∥ ≤ (1 + 21/2) max
z∈S

|pm(z)| .

The statement then follows from [HL97, Eq. (2.14)] and [Eie89, Theorem 2].

The conformal map ϕ can be determined numerically by using the Schwarz-Christoffel toolbox
[Dri05].

3.4.2. Preconditioning for locally refined grids
Our aim and the content of this section is the construction of a preconditioner such that the
field of values of the preconditioned matrix with respect to the discrete weighted inner product(·, ·)Ω defined in (3.9) is independent of the fine mesh elements. Then, by Theorem 3.3, the
same holds for the error of the preconditioned Krylov method in this weighted inner product.

Motivated by locally implicit methods for Maxwell’s equations in [HS16, Ver11], we suggest
to precondition A from (3.29) with its dominant part,

A ≈ B := INu − γLfvLfu, (3.39)

where γ > 0 is a suitably chosen parameter. Note that this basically boils down to replacing
the Friedrichs’ matrices Lu,Lv in (3.29) defined on the full mesh by the split matrices acting
on the implicitly treated mesh elements, cf. Section 3.2 and by replacing the possibly complex
factor α by γ > 0. By (3.13) and γ > 0, the preconditioner B is symmetric and positive definite
with respect to

(·, ·)Ω, and thus it has a symmetric and positive definite square root B1/2. This
allows us to define an equivalent preconditioned linear system

Ãx̃ = b̃, (3.40a)

where
Ã := B−1/2AB−1/2, x̃ := B1/2x and b̃ := B−1/2b. (3.40b)
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Since A is complex symmetric and B is real symmetric, the preconditioned matrix Ã is again
complex symmetric (with respect to

(·, ·)Ω).
We now apply the QMR method for complex symmetric matrices to the preconditioned linear

system (3.40) and refer to this method as the preconditioned QMR (pQMR) method, cf. [FN94,
Alg. 8.1.]. Since the computation of B1/2 is usually very expensive, it is essential that it is
not required for the implementation. In fact, one only has to solve linear systems with B but
neither compute B1/2 nor B−1/2. Solving linear systems with B does not lead to too much
overhead costs because LfvLfu only acts on the fine elements and their direct neighbors and thus
is of small dimension compared to A. Moreover, systems with B can also be solved iteratively,
e.g., using standard preconditioning techniques for symmetric positive definite matrices.

It remains to show that the error of pQMR can indeed be bounded independently of the fine
mesh. Note that Theorems 3.2 and 3.3 also hold for ∥ · ∥ = ∥ · ∥Ω if the Lanczos process and
the field of values are defined w.r.t.

(·, ·) =
(·, ·)Ω. Using these theorems, it is sufficient to show

that the field of values F(Ã) can be bounded independent of the fine mesh.
We split the factor α in (3.29) into its real and imaginary part,

α := αR + iαI , αR, αI ∈ R, (3.41)

and define
Γeζ = 1 + ζ∥Lcu∥2

Vv
h
←Vu

h
, Γiζ = 1 + ζ∥Lfu∥2

Vv
h
←Vu

h
, for ζ ∈ C. (3.42)

Defining quadrilaterals

Q = conv
{
1, Γeα, αγ ,

α
γΓeγ

}
, (3.43a)

R = conv
{
1, Γeγ , 1 +

(
α
γ − 1

)(
Γeγ − 1

Γi
γ

)
, Γeγ +

(
α
γ − 1

)(
Γeγ − 1

Γi
γ

)}
, (3.43b)

allows us to construct a superset S of F(Ã) which is independent of the fine mesh.

Theorem 3.4. Let α ̸= 0 satisfy (3.30) and let Ã be defined in (3.40b), where the preconditioner
B is given in (3.39) for some parameter γ > 0. Then we have F(Ã) ⊂ S, where

S =





Q ∩R, αI ̸= 0,

[αγ ,Γeα], αI = 0, 0 < αR = α ≤ γ,

[1, αγΓeγ ], αI = 0, 0 < γ ≤ αR = α,

is independent of the fine mesh and 0 ̸∈ S.

Proof. Let u ∈ CNu , u ̸= 0, and ũ := B1/2u. Then, by the symmetry of B (and thus of B1/2),
the adjointness and split properties Equations (3.12), (3.13), and (3.15), we have

(
ũ, Ãũ

)
Ω =

(
u,Au

)
Ω = ∥u∥2

Ω + (αR + iαI)
(∥Lcuu∥2

Ω + ∥Lfuu∥2
Ω
)
, (3.44a)

(
ũ, ũ

)
Ω =

(
u,Bu

)
Ω = ∥u∥2

Ω + γ∥Lfuu∥2
Ω. (3.44b)

We now distinguish the two cases of α being real or complex.
(a) For αI ̸= 0, it is easy to see that

1 ≤ Re(ρÃ(ũ)) + γ − αR

αI

Im ρÃ(ũ) = 1 + γ∥Lcuu∥2
Ω

∥u∥2
Ω + γ∥Lfuu∥2

Ω
≤ Γeγ . (3.45a)
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The first inequality is obvious and the second follows from the definition of the weighted matrix
norm in (3.10) and γ > 0. In addition, we have

0 ≤ Re(ρÃ(ũ)) − αR

αI

Im ρÃ(ũ) = ∥u∥2
Ω

∥u∥2
Ω + γ∥Lfuu∥2

Ω
≤ 1. (3.45b)

A simple calculation shows that the inequalities (3.45) are satisfied if and only if ρÃ ∈ Q with
Q defined in (3.43a).

Next, we consider only the imaginary part. Using (3.44) and (3.42), we obtain

0 ≤ γ

αI

Im ρÃ(ũ) = 1 + γ∥Lcuu∥2
Ω

∥u∥2
Ω + γ∥Lfuu∥2

Ω
− ∥u∥2

Ω
∥u∥2

Ω + γ∥Lfuu∥2
Ω

≤ Γeγ − 1
Γiγ
. (3.46)

The bounds (3.45a) and (3.46) are satisfied if and only if ρÃ ∈ R with R defined in (3.43b).
Hence, we proved F(Ã) ⊂ Q ∩R.

(b) For αI = 0, the matrix Ã ∈ RNu×Nu is symmetric and thus ρÃ(ũ) ∈ R for all ũ ∈ CNu .
Since α = αR, we have

ρÃ(ũ) = α

γ
+

(1 − α
γ )∥u∥2

Ω + α∥Lcuu∥2
Ω

∥u∥2
Ω + γ∥Lfuu∥2

Ω
. (3.47)

If α ≥ γ, (3.47) can be bounded by

1 = α

γ
+

(1 − α
γ )∥u∥2

Ω
∥u∥2

Ω
≤ ρÃ(ũ) ≤ α

γ
+ α∥Lcuu∥2

Ω
∥u∥2

Ω
≤ α

γ
Γeγ ,

Similarly, for 0 < α ≤ γ, it is straightforward to see

α

γ
≤ ρÃ(ũ) ≤ α

γ
+

(1 − α
γ )∥u∥2

Ω + α∥Lcuu∥2
Ω

∥u∥2
Ω

≤ Γeα.

Furthermore, since
0 ≤ Γeγ − 1

Γiγ
≤ Γeγ , γ > 0,

all quantities defining the superset S are bounded independently of the implicitly treated mesh
elements and thus S is independent of hf . Finally, in all cases we have 0 /∈ S.

Further, we point out that γ > 0 can be chosen freely and thus used to improve the
convergence factor. For example, a natural choice would be

γ = |αR| if αR ̸= 0 or γ = |α| else. (3.48)

In any case, one should choose γ ∼ τ2 so that the dominating part of A is well approximated
by the preconditioner B.

As a special case of Theorem 3.4, we obtain an inclusion set for the field of values of A
itself. Hence, we can state an error bound for the complex symmetric QMR method without
preconditioning.

Corollary 3.5. For the matrix A defined in (3.29), Theorem 3.4 holds by substituting Lcu = Lu
and Lfu = 0 in (3.43).
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Recall that, by an inverse estimate [DPE12, Lemma 1.44], there is a constant c independent
of the mesh width such that ∥Lu∥Vv

h
←Vu

h
≤ ch−1

min. Hence, without preconditioning, the superset
will scale with h−1

min. Applying Theorems 3.2 and 3.3 to the preconditioned system (3.40a)
provides the following error bound:
Theorem 3.6. Let xm be the QMR approximation to the solution of the preconditioned linear
system (3.40). If (3.35) is satisfied, then there is a constant ϕ0 > 1 independent of the fine
mesh such that the error of the mth pQMR iterate satisfies

∥Ã−1b̃ − xm∥Ω ≤ cÃ(1 +
√

2)
(
1 + (m+ 1)δ

)
min

{ 3
ϕm0

,
2

ϕm0 − 1

}
, (3.49)

where 


cÃ = 1, if 0 < γ ≤ αR, αI = 0 or αI ̸= 0,
cÃ = γ

αR
, if 0 < αR ≤ γ, αI = 0.

(3.50)

Proof. Since Ã is complex symmetric, we apply Theorem 3.2 for K = Ã with ∥ · ∥ = ∥ · ∥Ω. By
Theorem 3.4, F(Ã) ⊂ S is independent of the fine mesh and the same holds for the conformal
map ϕ used in Theorem 3.3, in particular for |ϕ(0)| =: ϕ0. Thus, the bound (3.49) follows from
(3.36), (3.37), and (3.38) if we can show

∥Ã−1w∥Ω ≤ cÃ∥w∥Ω for all w ∈ CNu . (3.51)

We choose an arbitrary w ∈ CNu , w ̸= 0, and define u = Ã−1w. Then, Theorem 3.4 with cÃ
defined in (3.50) and the Cauchy-Schwarz inequality yield

1
cÃ

≤ Re(ρÃ(u)) = Re
(
w, Ã−1w

)
Ω

∥Ã−1w∥2
Ω

≤ ∥w∥Ω∥Ã−1w∥Ω

∥Ã−1w∥2
Ω

= ∥w∥Ω

∥Ã−1w∥Ω
. (3.52)

This proves (3.51).

As an immediate consequence of Theorem 3.6, we see that the error of the pQMR method is
bounded independently of the fine mesh since S only depends on the coarse mesh. In particular,
the number of iterations is uniformly bounded with respect to further refinement of the fine
part of the mesh.

3.5. Numerical experiments
For all experiments, we consider the transverse-electric (TE) polarization of linear Maxwell’s
equations in a homogeneous medium Ω = (0, 1)2 with µ = ϵ = 1, i.e.,

∂tEx = ∂yHz − Jx, on Ω × (0, T ), (3.53a)
∂tEy = −∂xHz − Jy, on Ω × (0, T ), (3.53b)
∂tHz = ∂yEx − ∂xEy, on Ω × (0, T ), (3.53c)
E(0) = E0, H(0) = H0, on Ω, (3.53d)
E × n = 0, on ∂Ω × (0, T ). (3.53e)

The codes to reproduce our results are available at
https://github.com/MalikScheifinger/HigherOrderLTI

The software is based on the FEM library deal.II [ABB+25] version 9.7 and the Maxwell
toolbox TiMaxdG [CDK+].
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3. Higher order local time integration for Friedrichs’ systems

3.5.1. Illustration of Theorems 3.4 and 3.6

We consider a dG discretization with polynomials of degree two and fix

α =
(

1
24 + i

√
3

24

)
τ2, γ = αR = 1

24τ
2, (3.54)

for the system matrix A in (3.29) and the preconditioner B in (3.39), respectively. This choice
follows from αi = τ2λ2

i in (3.27), with λi one of the two complex conjugate eigenvalues of the
RK matrix Oι of the two-stage implicit Gauß–Legendre method. The parameter γ = αR is the
choice suggested in (3.48). The spatial domain is discretized by a uniform coarse mesh which is
then locally refined at the center, yielding a coarse mesh width hc = 0.117851 and fine mesh
widths h(2)

f = 0.0294628, h(3)
f = 0.0147314, and h(4)

f = 0.0073657, where the superscript denotes
the local refinement level. Local refinement level three is illustrated in Figure 3.1.

Figure 3.1.: Mesh with local refinement level three at the center of the domain.

Figure 3.2 shows the spectrum of A from (3.29), the field of values of the preconditioned
matrix Ã from (3.40b), and the quadrilateral bounds Q and R from (3.43a) and (3.43b), for
time step size τ = 0.05 and local refinement level three. By the inverse estimate used in the proof
of Corollary 3.5, the eigenvalues of A scale like h−1

min. The spectrum of the unpreconditioned
system is therefore governed by the fine elements and spreads out as the mesh is refined.

Next, we apply the QMR method to the system (3.29) with and without the precondi-
tioner (3.39). To obtain an algebraic test problem with known solution, we choose a random
vector as the exact solution x of the linear system (3.29) and define the right-hand side b by
applying the matrix A to it. This allows us to compare the relative L2-error of the QMR iterates
directly. Figure 3.3 shows the results. For a fixed tolerance, the number of preconditioned
QMR iterations is almost independent of the local refinement level, whereas the number of
QMR iterations grows with it, as predicted by Theorem 3.6 together with Corollary 3.5.

The bound of Theorem 3.4 is fine-mesh-independent but not tight when τ is small relative to
the fine mesh width, where the linear system is only mildly stiff. In this regime the fine-mesh
dependence of the superset enters solely through the term Γeγ − 1/Γiγ of R in (3.43b): the factor
1/Γiγ with Γiγ from (3.42) is not negligible at the coarsest level of refinement and vanishes only
as the fine mesh is refined, so R grows toward its level-independent limit. Figure 3.4 shows this
effect for τ = 0.01: preconditioned QMR still improves the convergence, and the iteration count
increases with the local refinement level while remaining bounded by the fine-mesh-independent
superset S of Theorem 3.4. Figure 3.5 illustrates the same dependence geometrically, where
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Q is identical for all levels and only R grows. Such small time steps are not used in practice
for the coarse spatial discretizations considered here: once the time discretization error drops
below the spatial discretization error, decreasing τ further does not reduce the total error.

0 50 100
0

100

200

Re

Im

σ(A) Q
F(Ã) R

0 4
0

6

Figure 3.2.: Spectrum σ(A) (orange), field of values F(Ã) of the preconditioned matrix (blue,
dashed), and quadrilateral bounds Q (teal) and R (magenta) with α chosen as in (3.54)
and τ = 0.05, local refinement level three. The inset shows a zoom near the origin.
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Figure 3.3.: Relative L2 error versus iteration count for QMR (solid) and precond. QMR
(dashed) applied to (3.29) with α chosen as in (3.54) and τ = 0.05. Colors denote local
refinement levels: 2 (green), 3 (blue), 4 (red).

3.5.2. Runtime comparison
In this section, we compare the methods with respect to runtime and time integration accuracy.
We use the same TE model problem but now choose a manufactured solution which is a
polynomial of degree seven in each variable. The spatial discretization uses dG polynomials of
degree four. Thus, the exact solution is not represented exactly by the spatial discretization,
and the measured error contains the full discretization error. To further reduce the effect of
superconvergence, we randomly perturb the mesh. The locally refined mesh has hf = 0.00184142,
hc = 0.0147314, and N = 693 900. The L2-error is evaluated at the final time T = 1.

Figure 3.6 compares Gauß RK methods with two (purple) and three (orange) stages, with
(dashed) and without (solid) preconditioner (3.39), the locally implicit method [HS16] (blue), a
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Figure 3.4.: Relative L2 error versus iteration count for QMR (solid) and precond. QMR
(dashed) applied to (3.29) with α chosen as in (3.54) and τ = 0.01. Colors denote local
refinement levels: 1 (purple), 2 (green), 3 (blue), 4 (red), 5 (orange).
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Figure 3.5.: Quadrilateral bounds Q (blue, dashed, identical for all levels) and Rk (solid) for
local refinement levels k = 1, . . . , 5 (red, orange, green, purple, brown) for preconditioned
system (3.40b) with (3.54) and τ = 0.01.

local time-stepping method [HS26] (green), and the popular low-storage Runge–Kutta method
LSRK(12,4) [NDB12] (red). The local time-stepping method uses a Chebyshev-type iteration on
the local system instead of solving a linear system like the locally implicit method, thus resulting
in a fully explicit method. The degree of the Chebyshev polynomial must be chosen large enough
to obtain a CFL condition independent of the stiff part of the system. For the two- and three-
stage Gauß RK methods, the preconditioner significantly reduces the runtime at comparable
errors. The savings come from the reduced number of QMR iterations for the preconditioned
system (3.40a), while the application of the preconditioner (3.39) only requires solves on the
fine part and its neighboring coarse elements. The locally implicit and local time-stepping
methods are efficient for admissible time stepsizes but are still restricted by a CFL condition on
the coarse mesh and become unstable for larger time stepsizes. Moreover, LSRK(12,4) is only
stable for time stepsizes so small that the spatial error dominates. Though it is faster than the
unpreconditioned Gauß RK methods, it is slower than the preconditioned variants at nearly
the same full discretization accuracy. The Gauß RK methods are unconditionally stable and
therefore remain applicable for all time stepsizes.
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Figure 3.6.: L2 error at final time T = 1 versus relative runtime for Gauß RK with two stages
(purple) and three stages (orange), with preconditioner (3.39) (dashed) and without (solid),
the locally implicit method (blue), the local time-stepping method (green), and LSRK(12,4)
(red marker).

3.6. Conclusion
In this paper, we proposed and analyzed computationally efficient implicit higher-order time
integration methods for solving linear Friedrichs’ systems on locally refined spatial grids which
consist of a small number of fine and a large number of coarse mesh elements. This is achieved
by constructing a preconditioned Krylov subspace method to solve the linear systems arising in
each time step of the implicit scheme. Our main result shows that the number of Krylov steps
to achieve the desired accuracy can be bounded independently of the fine mesh.

Although we focused on linear Friedrichs’ systems, our ideas carry over to nonlinear Friedrichs’
problems like nonlinear Maxwell’s equations, where linear systems of the same type appear in
each iteration of a (simplified) Newton method. Moreover, instead of Gauß collocation methods,
other implicit time integration schemes might be employed, and the preconditioner can also be
combined with rational Krylov subspace methods.

Acknowledgments
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Chapter 4

Time-integration of Gaussian variational approximation
for the magnetic Schrödinger equation

The content of this chapter is published in [SBH+25].

In the present paper we consider the semiclassical magnetic Schrödinger equa-
tion, which describes the dynamics of charged particles under the influence of a
electro-magnetic field. The solution of the time-dependent Schrödinger equation
is approximated by a single Gaussian wave packet via the time-dependent Dirac–
Frenkel variational principle. For the approximation we use ordinary differential
equations of motion for the parameters of the variational solution and extend the
second-order Boris algorithm for classical mechanics to the quantum mechanical case.
In addition, we propose a modified version of the classical fourth order Runge–Kutta
method. Numerical experiments explore parameter convergence and geometric
properties. Moreover, we benchmark against the analytical solution of the Penning
trap.

4.1. Introduction
In the present paper we study the numerical time-integration for charged quantum particles
that are subjected to external magnetic and electric fields. The dynamics is governed by the
semiclassical magnetic Schrödinger equation

iε∂tψ(t) = H(t)ψ(t), ψ(0) = ψ0, t ∈ R, (4.1a)

on Rd with magnetic Hamiltonian

H(t) = 1
2
(−iε∇x −A(t, ·))2 + ϕ(t, ·), (4.1b)

and initial value ψ0 ∈ L2(Rd) with semiclassical parameter 0 < ε ≪ 1. Here, A is a divergence-
free magnetic vector potential, and ϕ is the electric potential. From a numerical point of view,
solving this time-dependent partial differential equation raises three major problems. First, it
is a high-dimensional problem, since the space dimension is typically given by d = 3N , where
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N is the number of quantum particles in the system. Further, the computational domain Rd is
naturally unbounded, and thus most numerical methods require truncation before discretization.
For the method of lines (first discretize space, then time), high dimension combined with an
unbounded domain leads to inadequately if not intractably large systems that have to be
integrated in time. Another challenge is given by the high oscillations induced by the small
semiclassical parameter ε. For standard time integration schemes severe step-size restrictions
have to be imposed and leave these methods impracticable.

We consider the case that the initial condition ψ0 is strongly localized and given by a
Gaussian wave packet, and investigate the numerical time-integration of an approximate
solution u(t) ≈ ψ(t), which is a Gaussian wave packet

u(t, x) = exp
( i
ε

(1
2(x− qt)⊤C t(x− qt) + (x− qt)⊤pt + ζt

))
.

The parameters to be computed are the packet’s position and momentum center qt, pt, the
complex width matrix C t of the envelope, and the complex phase and weight parameter ζt.
These parameters evolve according to ordinary differential equations, which are systematically
derived by the Dirac–Frenkel time-dependent variational principle. By the approximation
ansatz, high oscillations in time and space are captured and thus eliminated for the numerical
time integration. For A = 0 it is well established that variational Gaussian wave packets offer
reasonable mesh-free approximations at low computational cost, see for example [LL20, Van23].
More recently, they have also been proposed for magnetic quantum dynamics [BDH+24].

4.1.1. Contributions of the paper
As our main contribution we derive two fast algorithms to solve the equations of motion for the
parameters of a variational Gaussian wave packet approximation such that norm and energy
conservation of the quantum solution are echoed by the time integrator. On a standard laptop
with a non-optimized Jupyter Notebook1, these algorithms enable us to compute approximations
within minutes. First, we suggest an extension of the Boris algorithm [Bor70, BL18], which
is a standard integrator for the classical equations of motion for a charged particle system in
plasma physics, to the quantum mechanical setting. We furthermore modify the well-known
Runge–Kutta 4 method, such that it conserves the L2-norm of a Gaussian wave packet at every
time step. Numerical experiments in two and three space dimensions underline the efficiency
and expected accuracy of the proposed algorithms.

4.1.2. Outline of the paper
The paper is structured as follows. In Section 4.2, we discuss the quantum dynamics of an
electron and a proton in a hyperbolic Penning trap as a guiding example for a magnetic
Schrödinger equation in the semiclassical regime. In Section 4.3, we compare variational and
traditional Gaussian wave packet approximation and review the known error estimates. In
Section 4.4, we transform the system of ordinary differential equations, that determines the
variational parameter evolution, in a form that features averaged magnetic momenta and
contains the magnetic vector field B = ∇ ×A on the right hand side. In particular, we derive
an equation for the imaginary part of the phase parameter ζ guaranteeing the preservation
of the L2-norm. In Section 4.5, we briefly introduce the Boris algorithm used and derive our

1Codes available at https://gitlab.kit.edu/malik.scheifinger/magnschroedti.
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4.2. Penning trap

two algorithms for solving the parameters ODEs for the approximating Gaussian wave packet.
Finally, in Section 4.6, we present numerical experiments for a two-dimensional magnetic system
with trigonometric potentials and for the three-dimensional Penning trap. Appendix B gives
formulas for the magnetic energy and other averages of Gaussian wave packets.

4.1.3. Notation
For a scalar function a : Rd → R we denote the Hessian matrix by ∇2a(x) and for a vector
field A : Rd → Rd we denote the Jacobi matrix by JA(x) = (∂ℓAk(x))dk,ℓ=1. For a function
W : Rd → RL, L ≥ 1, and more generally a linear operator A acting on L2(Rd) we define the
averages

⟨W ⟩u := ⟨u|Wu⟩, ⟨A⟩u :=
〈
u|Au〉,

if the inner products exist. We follow the convention that inner products are anti-linear in the first
component. We also use the dot product of vectors v, w ∈ CL as v ·w := v⊤w = v1w1+· · ·+vLwL
and the square v2 := v · v. For complex matrices C ∈ Cd×d we denote the component-wise real
and imaginary parts by CR, C I ∈ Rd×d, respectively.

4.2. Penning trap
To illustrate semiclassical scaling for magnetic quantum dynamics we consider a charged
microscopic particle, e.g., an electron or a proton, in a macroscopic hyperbolic Penning trap.
Such a trap consists of an arrangement of magnetic coils and electrodes which feature a static
magnetic field along the x3-direction and a quadrupole-like static electric field that is rotationally
symmetric around the x3-axis, see, e.g., [BG84]. The corresponding vector and scalar potentials,
respectively, read as

A(x) = 1
2B0




−x2
x1
0


 and ϕ(x) = ϕ0

2δ2

(
x2

3 − 1
2
(
x2

1 + x2
2
))

, (4.2)

see Table 4.1 for typical trap parameters B0, ϕ0, δ for protons and electrons. A classical point
particle (mass m, charge qe) moving in such an electromagnetic field configuration executes an
oscillatory motion along the x3-axis (angular frequency ω3), while simultaneously executing
an epicyclic motion in the x1x2-plane where the low-frequency magnetron orbit (magnetron
frequency ω−) is overlayed with high-frequency cyclotron orbits (angular frequency ω+), cf.
Figure 4.1. In terms of the particle and trap parameters, these frequencies are given by

ω± = 1
2 (ωc ± Ω) , ω3 =

√
|qe|ϕ0
mδ2 , where ωc = |qe|B0

m
, Ω =

√
ω2
c − 2ω2

3. (4.3)

The associated classical trajectories xc(t) may be obtained via Newtonian [BG84] or Hamilto-
nian [Kre14] approaches.

The quantum dynamics of a trapped particle is governed by the time-dependent Schrödinger
equation which, in SI units, reads

iℏ ∂tψ(t, x) =
( 1

2m
(−iℏ∇x − qeA(x)

)2 + qeϕ(x)
)
ψ(t, x). (4.4)

89



4. Time-integration of Gaussian variational approximation for the magnetic Schrödinger equation

Quantity Electron Proton
δ (Trap Size) 0.00335 m 0.00112 m
B0 (Magnetic Field) 5.872 T 5.050 T
ϕ0 (Electrode Potential) 10.22 V 53.10 V
ν+ = ω+

2π (Corrected Cyclotron Frequency) 164.38 GHz 76.299 MHz
ν3 = ω3

2π (Axial Frequency) 63.698 MHz 10.134 MHz
ν− = ω−

2π (Magnetron Frequency) 12.341 kHz 672.93 kHz

Table 4.1.: Typical frequencies for the undulatory motion of electrons and protons in a Penning
trap, cf. [BG84, Tables I and II].

Figure 4.1.: Exact trajectory of a proton in a hyperbolic Penning trap with data from Table 4.1
and initial condition specified in Section 4.6.2 on the dimensionless time interval [0, 2π].

A first comparison of the macroscopic spatial extent of the trap, described by the trap parameter
δ ≈ 1mm, with the wavelength of the trapped quantum particle (e.g., a proton) corresponding
to the corrected cyclotron frequency ν+ ≈ 76MHz indicates already that mesh-based approaches
to (4.4) are rather impracticable. Upon transiting to dimensionless coordinates x → x/δ and
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introducing the dimensionless time t → ω−t, equation (4.4) becomes

iε∂tψ(t, x) =
(1

2 (iε∇ +Am(x))2 + sign(qe)
ω+
ω−

(
x2

3 − 1
2
(
x2

1 + x2
2
)))

ψ(t, x). (4.5)

This is of the form (4.1), since with the effective magnetron magnetic field Bm = mω−/qe we
obtain the scaled dimensionless quantities

ε = ℏ/(qeBmδ2) ≈ 1.19 · 10−8, ω+/ω− ≈ 113.25, (4.6)

Am(x) = 1
2
B0
Bm




−x2
x1
0


 ,

B0
Bm

≈ 114.25. (4.7)

Since the semiclassical parameter ε ≈ 1.19 ·10−8 is very small, the dynamics of the wave function
are highly oscillatory in space and time, motivating the Gaussian wave packet ansatz (4.8) for
eliminating high oscillations. In Figure 4.1, we illustrate the corresponding proton dynamics for
the typical trap parameters of Table 4.1. The parameters of the initial Gaussian wave packet
ψ(0, x) are specified in (4.76). The plot depicts the exact trajectory of the center in blue. One
cycle of the cycloidal motion is highlighted in orange and one of the axial motion in red.

4.3. Variational approximation
In the semiclassical regime, the solution of the Schrödinger equation (4.1a) is highly oscillatory
and well localized. We thus seek approximations within the manifold of complex Gaussian wave
packets

M =
{
u ∈ L2(Rd)

∣∣ u(x) = exp
( i
ε

(1
2(x− q)⊤C(x− q) + (x− q)⊤p + ζ

))
,

q, p ∈ Rd, C = C⊤ ∈ Cd×d, Im C positive definite, ζ ∈ C
}
. (4.8)

We construct the optimal approximation u(t) ≈ ψ(t), u(t) ∈ M, in the sense that the time-
derivative ∂tu(t) minimizes the residual,

∥iε∂tu(t) −H(t)u(t)∥L2 = min
∂tu(t)

! (4.9)

We consider initial data with ψ0 = u0 ∈ M and ∥u0∥L2 = 1, and mention in passing, that
the variational approximation (4.9) is norm preserving in any case and energy preserving for
time-independent Hamiltonians,

∥u(t)∥L2 = ∥u0∥L2 , ⟨H⟩u(t) = ⟨H⟩u0 for all t, (4.10)

see [Lub08, §II.1.5].

4.3.1. Variational equations of motion
In earlier work [BDH+24], we derived ordinary differential equations for the parameters qt, pt,
C t, ζt of the approximating Gaussian wave packet, which we reproduce here. We denote the
classical Hamiltonian function for charged particles in a magnetic field by

h(t, x, ξ) = 1
2 (ξ −A(t, x))2 + ϕ(t, x), (t, x, ξ) ∈ R × Rd × Rd.
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Then, the residual minimization in (4.9) implies that

q̇ = ⟨∂ξh⟩u , ṗ = −⟨∂xh⟩u , Ċ = −B(C), (4.11a)

ζ̇ = −⟨h⟩u + ε

4tr
(
B(C)C−1

I

)
+ p⊤⟨∂ξh⟩u , (4.11b)

where the complex matrix B(C) ∈ Cd×d, that depends on a Gaussian average, is given by

B(C) =
(
Id C

)
⟨∇2h⟩u

(
Id
C

)
. (4.11c)

The averages ⟨∂αh⟩u = ⟨opWeyl(∂αh)⟩u use the standard Weyl quantization of the derivatives of
the Hamiltonian function. In Section 4.4, we reformulate these averages such that the equations
of motion become amenable to a Boris-type time discretization.

4.3.2. Asymptotic accuracy

The variational Gaussian wave packet u(t) determined by (4.9) is the exact Schrödinger solution
ψ(t), if the magnetic potential A(t, ·) is linear and the electric potential ϕ(t, ·) quadratic with
respect to position. In particular, the dynamics in a Penning trap are exactly described. More
generally, if A and ϕ are sub-linear and sub-quadratic in the following sense,

∂αxA(t, ·), ∂βxϕ(t, ·) bounded for all |α| ≥ 1, |β| ≥ 2, (4.12)

then the following bounds for the norm and the observable error can be proven, see [BDH+24,
Theorems 3.8 & 3.10]. Given a finite time horizon [0, T ], the norm error and the observable
error for expectation values with respect to a linear operator A satisfy

∥ψ(t) − u(t)∥L2 ≤ c t
√
ε,

∣∣∣⟨A⟩ψ(t) − ⟨A⟩u(t)
∣∣∣ ≤ C t ε2 (4.13)

for all t ∈ [0, T ], where the constants c, C > 0 are independent from ε and t, but depend on a
lower bound for the eigenvalues of C I on [0, T ]. It is worth pointing out the high observable
accuracy.

4.3.3. Classical versus variational approximation

Traditional Gaussian wave packet approximation evolves the centers according to the purely
classical equations of motion

q̇ = ∂ph, ṗ = −∂qh,

see [RC21, §4]. If the magnetic and the electric potential are linear respectively quadratic in
position (as they are for a Penning trap), then the classical and the variational approximation
coincide and yield the exact quantum solution. For general Hamiltonians, however, the
approximations differ. The variational equations of motion (4.11) contain averages with respect
to the approximating Gaussian wave packet, which are computationally more costly than
the pure point evaluations of the traditional approach. However, a traditional Gaussian
approximation is neither energy preserving nor as accurate as a variational one, since the
classical observable error is only first order in ε, while the variational one is second order.
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4.3.4. Hagedorn parametrization
It is convenient to write the complex symmetric width matrix C in Hagedorn’s parametrisation
as

C = CR + iC I = PQ−1 and C I = (QQ∗)−1, (4.14)
with two real symmetric matrices CR, C I and two invertible complex matrices Q,P that satisfy
the symplecticity condition Q⊤P − P ⊤Q = 0, Q∗P − P ∗Q = 2iId. Such a decomposition
of complex symmetric matrices with positive definite imaginary part is unique up to unitary
factors, see [Lub08, Chapter V]. The Riccati-type equation (4.11a) for the evolution of the
width matrix C takes in Hagedorn’s parametrisation the form

Q̇ = ⟨∂pqh⟩uQ+ ⟨∂pph⟩uP, Ṗ = −⟨∂qqh⟩uQ− ⟨∂qph⟩uP.
Unfortunately, we can express CR = 1

2(PQ−1 + (Q∗)−1P ∗) only in terms of both Q and P ,
which will have implications for the integrators to be developed.

4.4. Transformation of equations of motion
We transform the variational equations of motion in such a way that they structurally mimic
the classical equations for a charged particle.

4.4.1. Averaged magnetic momenta
In a first step, we rewrite the variational equations of motion such that an averaged version of
the usual magnetic momenta becomes visible.
Lemma 4.1. The variational equations of motion (4.11) for the parameters of a Gaussian
wave packet are equivalent to

q̇ = p − ⟨A⟩u , ṗ = ⟨J⊤A (ξ −A) − ∇ϕ⟩u , (4.15a)
Ċ = −⟨∂2

xh⟩u + ⟨J⊤A ⟩uC + C⟨JA⟩u − C2, (4.15b)

ζ̇ = −⟨h⟩u + ε

4tr (B(C)C−1
I ) + p⊤(p − ⟨A⟩u), (4.15c)

where ⟨a⟩u = ⟨opWeyl(a)⟩u for any smooth a : R2d → R, (x, ξ) 7→ a(x, ξ). In Hagedorn’s
parametrisation, the matrix evolution (4.15b) satisfies

Q̇ = P − ⟨JA⟩uQ, (4.16a)

Ṗ = ⟨J⊤A ⟩uP − 〈
J⊤AJA −

d∑

k=1
∇2Ak(ξk −Ak) + ∇2ϕ

〉
u
Q. (4.16b)

Proof. Since the partial derivatives of the classical Hamiltonian function h(x, ξ) = 1
2(ξ−A(x))2+

ϕ(x) satisfy

∂ξh(x, ξ) = ξ −A(x), ∂xh(x, ξ) = −JA(x)⊤(ξ −A(x)) + ∇ϕ(x), (4.17)

we have (4.15a). We next turn to the second order derivatives of h. Denoting the partial
derivatives of the magnetic and the electric potential shortly by ∂1, . . . , ∂d, we have

∂xm∂xℓ
h =

d∑

k=1
(∂mAk∂ℓAk − (ξk −Ak)∂m∂ℓAk) + ∂m∂ℓϕ, (4.18)
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4. Time-integration of Gaussian variational approximation for the magnetic Schrödinger equation

∂xm∂ξℓ
h = −∂mAℓ, ∂ξm∂xℓ

h = −∂ℓAm, (4.19)

which gives a Hessian matrix

∇2h =
(
∂2
xh ∂xξh

∂ξxh ∂2
ξh

)
=
(
∂2
xh −J⊤A

−JA Id

)

with ∂2
xh = J⊤AJA −∑d

k=1 ∇2Ak(ξk −Ak) + ∇2ϕ. By (4.11c) we then infer that

B(C) = ⟨∂2
xh⟩u + ⟨∂xξh⟩uC + C⟨∂ξxh⟩u + C⟨∂2

ξh⟩uC (4.20)
= ⟨∂2

xh⟩u − ⟨J⊤A ⟩uC − C⟨JA⟩u + C2. (4.21)

Hence, the variational equations of motion (4.11) are equivalent to (4.15).

This formulation of the equations of motion prominently features averaged magnetic momenta

v := p − ⟨A⟩u , Υ := P − ⟨JA⟩uQ.

We aim at rewriting them in terms of the real vector v(t) ∈ Rd and the complex matrix
Υ(t) ∈ Cd×d.

4.4.2. Equations for the center and the width
Since the averaged magnetic momenta contain averages of the magnetic field and of its Jacobian,
we need a compact way of assessing the time derivative of averages in the spirit of a magnetic
Ehrenfest-type theorem.

Proposition 4.2. For any smooth function w : Rd → R, its average with respect to the
variational Gaussian wave packet u = u(t) satisfies

d

dt
⟨w⟩u = ⟨∇w⟩⊤u v + ε

2tr
(
⟨∇2w⟩u(ΥQ∗ − iId)

)
, (4.22)

where ΥQ∗ − iId is a real matrix.

Proof. We differentiate the position density with respect to time,

∂t |u(t, x)|2 = ∂t exp
(

−1
ε

(x− q)⊤C I(x− q) − 2
ε
ζI

)
(4.23)

= |u(t, x)|2
(

− 1
ε

(x− q)⊤Ċ I(x− q) + 2
ε

(x− q)⊤C Iq̇ − 2
ε
ζ̇I

)
(4.24)

= |u(t, x)|2
(2
ε

(x− q)⊤
(CR − ⟨J⊤A ⟩u

)C I(x− q)

+ 2
ε

(x− q)⊤C Iv − tr (CR)
)
, (4.25)

where we have used that, by Lemma 4.1, the symmetry of CR and C I, and tr (⟨JA⟩u) = 0 since
∇ ·A = 0,

q̇ = v, Ċ I = C I(⟨JA⟩u − CR) + (⟨J⊤A ⟩u − CR)C I, ζ̇I = ε

2tr (CR).
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4.4. Transformation of equations of motion

Therefore, we obtain
d

dt
⟨w⟩u = 2

ε

〈
w(x− q)⊤

(CR − ⟨J⊤A ⟩u
)C I(x− q)

〉
u

+ 2
ε

〈
wC I(x− q)

〉⊤
u
v − ⟨w⟩utr (CR)

= ⟨w⟩utr (CR − ⟨J⊤A ⟩u) + ⟨∇w⟩⊤u v − ⟨w⟩utr (CR)

+ ε

2tr (⟨∇2w⟩uC−1
I (CR − ⟨J⊤A ⟩u))

= ⟨∇w⟩⊤u v + ε

2tr (⟨∇2w⟩uC−1
I (CR − ⟨J⊤A ⟩u)),

(4.26)

where the second equation relies on Lemma B.1 with matrix M =
(CR − ⟨J⊤A ⟩u

)C I and the
last equation on ∇ ·A = 0. It remains to express the occurring matrices in terms of Q and Υ.
Using the properties of Hagedorn’s parametrization from Sec. 4.3.4 yields

C−1
I CR = 1

2QQ
∗(PQ−1 + (Q∗)−1P ∗)

= 1
2
(
Q(P ∗Q + 2iId)Q−1 +QP ∗

)

= Q(Υ∗ +Q∗⟨J⊤A ⟩u) + iId. (4.27)

Hence we have C−1
I (CR − ⟨J⊤A ⟩u) = QΥ∗ + iId, and use the trace identity tr (MN) = tr (MN∗)

for the real symmetric matrix M = ⟨∇2w⟩u and the real matrix N = QΥ∗ + iId.

Equipped with an equation for the time evolution of averages, we can determine the variational
equations of motion solely in terms of the averaged magnetic momenta.

Theorem 4.3. We consider the averaged magnetic momenta (4.4.1) and denote the magnetic
field B = ∇ ×A. The variational equations of motion for the Gaussian wave packet’s center
and width, equations (4.15a) and (4.16), can be transformed as

q̇ = v, v̇ = v × ⟨B⟩u + E, (4.28a)
Q̇ = Υ, Υ̇ = Υ × ⟨B⟩u + SQ, (4.28b)

where the matrix
Υ × ⟨B⟩u := (υ1 × ⟨B⟩u , . . . , υd × ⟨B⟩u)

is given by the cross product of the column vectors υ1, . . . , υd of Υ with ⟨B⟩u. The real vector
field E satisfies

E = −⟨∇ϕ⟩u − ⟨∂tA⟩u + ⟨J⊤A ⟩u⟨A⟩u − ⟨J⊤AA⟩u (4.29)

+ ε

2
(
tr
(
⟨∂kJ⊤A − ∇2Ak⟩u(ΥQ∗ − iId) + ⟨∂kJ⊤A ⟩u⟨JA⟩uQQ∗

))d
k=1

, (4.30)

and the real matrix potential S can be written as

S = −⟨∇2ϕ⟩u − ⟨J∂tA⟩u + ⟨J⊤A ⟩u⟨JA⟩u − ⟨J⊤AJA⟩u (4.31)

+
d∑

m=1

(
⟨∇2Am⟩u⟨Am⟩u − ⟨(∇2Am)Am⟩u + (⟨∂k∂ℓAm − ∂m∂ℓAk⟩uvm)dk,ℓ=1

)
(4.32)

+ ε

2
(
tr
(
⟨∂k∂ℓJ⊤A − ∇2∂ℓAk⟩u(ΥQ∗ − iId) + ⟨∂k∂ℓJ⊤A ⟩u⟨JA⟩uQQ∗

))d
k,ℓ=1

. (4.33)
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4. Time-integration of Gaussian variational approximation for the magnetic Schrödinger equation

Proof. By (4.15a), the time derivative of the magnetic momenta satisfies

v̇ = ṗ − d

dt
⟨A⟩u = ⟨J⊤A (ξ −A) − ∇ϕ⟩u − d

dt
⟨A⟩u . (4.34)

Hence, we have to work on ⟨J⊤A ξ⟩u . By symbolic Weyl calculus, see for example [RC21, §2.4],
we expand the operator of the product as

opWeyl(J⊤A ξ) = J⊤A opWeyl(ξ) + iε
2 opWeyl({J⊤A , ξ}) = J⊤A (−iε∇), (4.35)

where the last equation uses that ∇ · A = 0 implies that {J⊤A , ξ} = −∑d
k=1 ∂xk

(J⊤A )∂ξk
ξ =

−∑d
k=1 ∂xk

∇Ak = 0. Therefore,

⟨J⊤A ξ⟩u = ⟨u, J⊤A (−iε∇)u⟩ = ⟨J⊤A C(x− q)⟩u + ⟨J⊤A ⟩up (4.36)

due to −iε∇u(x) = (C(x− q) + p)u(x). Then, we apply Lemma B.1 with W = J⊤A C ,

⟨J⊤A C(x− q)⟩u = ε

2

d∑

ℓ=1

((
⟨∂ℓJ⊤A ⟩uCC−1

I

)
kℓ

)d
k=1

(4.37)

= ε

2

d∑

m,ℓ=1
(⟨∂ℓ∂kAm⟩u (ΥQ∗ + ⟨JA⟩uQQ∗ − iId)mℓ)

d
k=1 (4.38)

= ε

2
(
tr(⟨∂kJA⟩⊤u (ΥQ∗ − iId + ⟨JA⟩uQQ∗)

)d
k=1

, (4.39)

since CC−1
I = (PQ−1)(QQ∗) = (Υ + ⟨JA⟩uQ)Q∗ and divA = 0. We thus obtain

⟨J⊤A (ξ −A)⟩u = ⟨J⊤A ⟩uv + ⟨J⊤A ⟩u⟨A⟩u − ⟨J⊤AA⟩u (4.40)

+ ε

2
(
tr(⟨∂kJA⟩⊤u (ΥQ∗ − iId + ⟨JA⟩uQQ∗)

)d
k=1

. (4.41)

Now, we use Proposition 4.2 for each component of the magnetic potential,

d

dt
⟨A⟩u = ⟨∂tA⟩u + ⟨JA⟩uv + ε

2
(
tr
(⟨∇2Ak⟩u(ΥQ∗ − iId)

))d
k=1

.

When collecting all the terms that originated in (4.34), we observe the occurrence of ⟨J⊤A ⟩uv
and −⟨JA⟩uv, which combine according to

⟨
(
J⊤A − JA

)
⟩uv = v × ⟨B⟩u .

We thus arrive at the claimed equation (4.28a). As for the matrix Υ = P − ⟨JA⟩uQ, we use
the equations of motion (4.16), which contain the average of ∂2

xh = J⊤AJA −∑d
m=1 ∇2Am(ξm −

Am) + ∇2ϕ. We have
Ṗ = ⟨J⊤A ⟩u (Υ + ⟨JA⟩uQ) − ⟨∂2

xh⟩uQ.
For computing ⟨∂2

xh⟩u , we observe that

d∑

m=1
opWeyl(∇2Amξm) =

d∑

m=1

(
∇2AmopWeyl(ξm) + iε

2 opWeyl{∇2Am, ξm}
)

(4.42)
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=
d∑

m=1
∇2Am(−iε∂m), (4.43)

where the last equation uses that ∑d
m=1{∇2Am, ξm} = 0 due to ∇ · A = 0. Arguing as for

(4.39), we obtain

d∑

m=1
⟨∇2Am(ξm −Am)⟩u (4.44)

=
d∑

m=1

(
⟨∇2Am

(C(x− q)
)
m

⟩u − ⟨(∇2Am)Am⟩u + ⟨∇2Am⟩upm
)

(4.45)

=
d∑

m=1

(
⟨∇2Am⟩u (vm + ⟨Am⟩u) − ⟨(∇2Am)Am⟩u

)
(4.46)

+ ε

2

d∑

m,n=1
⟨∇2∂nAm⟩u (ΥQ∗ − iId + ⟨JA⟩uQQ∗))mn , (4.47)

and therefore

⟨∂2
xh⟩u = ⟨J⊤AJA + ∇2ϕ⟩u −

d∑

m=1

(
⟨∇2Am⟩u (vm + ⟨Am⟩u) − ⟨(∇2Am)Am⟩u

)
(4.48)

− ε

2
(
tr
(
⟨∂k∂ℓJ⊤A ⟩u (ΥQ∗ − iId + ⟨JA⟩uQQ∗)

))d
k,ℓ=1

. (4.49)

We next use Proposition 4.2 applied to each component of the Jacobian matrix JA = (∂ℓAk)dk,ℓ=1
and obtain

d

dt
⟨JA⟩u = ⟨J∂tA⟩u (4.50)

+
d∑

m=1
(⟨∂m∂ℓAk⟩uvm)dk,ℓ=1 + ε

2
(
tr
(
⟨∇2∂ℓAk⟩u(ΥQ∗ − iId)

))d
k,ℓ=1

. (4.51)

Now we combine and arrive at

Υ̇ = Ṗ −
(
d

dt
⟨JA⟩u

)
Q − ⟨JA⟩uQ̇ = ⟨J⊤A − JA⟩uΥ + SQ (4.52)

with the matrix potential S of the claimed form.

Remark 4.4 (Linear potential A). For a linear magnetic potential A, all higher order derivatives
vanish and the average ⟨A⟩u = A(q) is a point evaluation. Thus, the equations of motion of
Theorem 4.3 simplify to

q̇ = v, v̇ = v ×B(q) − (∂tA(q) + ⟨∇ϕ⟩u), (4.53a)
Q̇ = Υ, Υ̇ = Υ ×B(q) − (∂tJA(q) + ⟨∇2ϕ⟩u)Q. (4.53b)

The Penning trap, see Section 4.2 and Section 4.6.2, with its quadratic electric potential, has
even simpler equations of motion, since also the averages of the electric potential collapse to
⟨∇ϕ⟩u = ∇ϕ(q) and ⟨∇2ϕ⟩u = ∇2ϕ(q). ⋄
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4.4.3. Equations for the phase
The imaginary part of the complex parameter ζ = ζR + iζI carries the normalization of the
Gaussian wave packet. We derive an explicit representation, which only depends on the
determinant of the complex matrix Q. This representation will support our time discretization
of ζI in Section 4.5.2.
Lemma 4.5. For the real part ζR = Re (ζ ) we have

˙ζR = 1
2v

2 + ⟨A⟩⊤u v − ⟨ϕ⟩u + ε

4tr (⟨∂2
xh⟩uQQ∗ − 2(QQ∗)−1),

where the average ⟨∂2
xh⟩u is given in (4.49) with respect to (q, v,Q,Υ). The imaginary part

ζI = Im (ζ ) satisfies the normalization formula

ζI(t) = ζI(0) + ε

2 (ln |detQ(t)| − ln |detQ(0)|) .

Proof. We start with the normalization formula. Since Im B(C) = −⟨J⊤A ⟩uC I −C I⟨JA⟩u +CRC I +
C ICR and divA = 0, we have

Im
(
tr (B(C)C−1

I )
)

= 2 tr (CR) = 2 tr (Re (PQ−1)) (4.55)

= 2 tr (Re ((Q̇ + ⟨JA⟩uQ)Q−1)) (4.56)
= 2 tr (Re (Q̇Q−1)). (4.57)

We thus obtain from (4.15c) with Jacobi’s formula

ζ̇I = ε

2tr (Re (Q̇Q−1))

= ε

4
1

|detQ|2
(
2Re

(
detQ detQ tr

(
Q̇Q−1)))

= ε

4
1

|detQ|2
(
2Re (detQ ∂t(detQ))

)

= ε

4∂t
(
ln |detQ|2

)
. (4.58)

Integrating (4.58) from 0 to t leads to (4.54). For the real part, we have Re B(C) = ⟨∂2
xh⟩u −

⟨J⊤A ⟩uCR − CR⟨JA⟩u + CR
2 − C I

2 and thus

tr (Re B(C)C−1
I ) = tr

((
⟨∂2
xh⟩u − 2⟨J⊤A ⟩uCR + (CR

2 − C I
2)
)

C−1
I

)
.

Combining this with −⟨h⟩u , we use Lemma B.2 and obtain

− ⟨h⟩u + ε

4tr (Re B(C)C−1
I ) (4.59)

= −1
2⟨(p−A)2⟩u − ⟨ϕ⟩u + ε

4tr (⟨∂2
xh⟩uC−1

I − 2C I). (4.60)

Next we observe that

−1
2⟨(p−A)2⟩u + p⊤⟨p −A⟩u = 1

2p
⊤⟨p −A⟩u + 1

2⟨A⟩⊤u ⟨p−A⟩u (4.61)

= 1
2v

2 + ⟨A⟩⊤u v. (4.62)

Using that C I = (QQ∗)−1, the real part of the evolution equation (4.15c) can thus be written
in the claimed form.
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4.5. Time integration for the equations of motion

In this section we first briefly review the classical Boris algorithm. Afterwards, we present the
new Boris-type algorithm and a modification of the classical Runge–Kutta method to solve
(4.28) and (4.54).

4.5.1. Boris algorithm for classical equations of motion

The Boris algorithm was originally proposed in [Bor70] for solving the classical equations of
motion

q̇ = v, v̇ = v ×B + E. (4.63)

for charged particles in an electro-magnetic field. We consider a time-grid tn, n ≥ 0, with
step size τ > 0. Given approximations qn ≈ q(tn) and vn−

1
2 ≈ v(tn− 1

2 ), the algorithm can be
written as

v− = vn−
1
2 + τ

2E
n, En = E(tn, qn), (4.64a)

v+ − v− = τ

2
(
v+ + v−

)×Bn, Bn = B(tn, qn), (4.64b)

vn+ 1
2 = v+ + τ

2E
n, (4.64c)

qn+1 = qn + τvn+ 1
2 . (4.64d)

Note that the algorithm provides approximations on a staggered grid, where the velocities are
only given at half time-steps. Approximations at tn can be obtained by averaging

vn = 1
2
(
vn+ 1

2 + vn−
1
2
)
. (4.64e)

Moreover, the scheme is explicit, since one can replace (4.64b) by

v+ = v− +
(
v− + v− × τ

2B
n
)

× τBn

1 +
∣∣ τ

2B
n
∣∣2 , (4.64f)

see, e.g., [BL18]. The Boris algorithm is a second-order method which is not symplectic but
conserves the phase-space volume as shown in [QZX+13]. A recent analysis was presented
in [HL20].

4.5.2. Boris-type algorithm

We aim at solving the Euler-Lagrange system (4.28) together with the two phase equations
(4.54) and (4.54). The former are closely related to the classical equations of motion of a
charged particle (4.63) except that B is replaced by an averaged field ⟨B⟩u and that the fields
E and SQ do not only depend on q and Q but also in a nontrivial way on v and Υ. While the
means ⟨B⟩u can be approximated by a suitable Gauß-Hermite quadrature formula, evaluating
the fields E and S is more involved since they require approximations to v and Υ at time tn.
Unfortunately, these quantities are only defined on the staggered grid tn± 1

2 and even worse, the
update of Υ is coupled to the evaluation of SQ, rendering the scheme implicit.
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To be more precise, it is the matrix Υ which is necessary to compute the fields E and S in
Theorem 4.3. Averaging Υ as in (4.64e) would lead to a nonlinear system in Υn+ 1

2 . Therefore
we propose the second-order extrapolation

Υn = 3
2Υn− 1

2 − 1
2Υn− 3

2 , (4.65)

and compute also En and Sn from it. In our numerical experiments we saw that using fixed-point
iterations to improve the accuracy of Υn did not change the errors.

4.5.3. Discretization of the phase
Motivated by (4.54), we define the approximation to ζI(tn+1) as

ζn+1
I = ζnI + ε

2
(
ln
∣∣∣detQn+1

∣∣∣− ln |detQn|
)
. (4.66)

This update formula ensures norm preservation of the wave packet.

Lemma 4.6. Let un and un+1 denote two Gaussian wave packets with parameters
(qn, vn, Qn,Υn, ζn) and (qn+1, vn+1, Qn+1,Υn+1, ζn+1), respectively. Then (4.66) is equivalent
to

∥un∥L2 =
∥∥∥un+1

∥∥∥
L2
. (4.67)

Proof. Because of

∥un∥2
L2 = exp

(−2
εζ
n
I

)
(επ)

d
2 |detQn| , (4.68)

the norm preservation is equivalent to

exp
(2
ε (ζnI − ζn+1

I )
)

= |detQn|∣∣∣detQn+1
∣∣∣
. (4.69)

This proves the statement.

Furthermore, for the integration of (4.54), we propose to use the midpoint rule with time
step size 2τ . This results in a two-step method. Since vn± 1

2 and Υn± 1
2 are already available, we

apply averaging (4.64e) instead of extrapolation to obtain approximations at tn. This results in

ζn+1
R = ζn−1

R + 2τ
(1

2(vn)2 + (⟨A⟩nu)⊤vn − ⟨ϕ⟩nu
)

(4.70)

+ ετ

2 tr
(
⟨∂2
xh⟩nuQn(Qn)∗ − 2(QnQn∗)−1

)
(4.71)

4.5.4. Complete Boris-type algorithm
Overall, combining the time discretization of center, width and phase of the Gaussian variational
wave packet, we get the following algorithm for solving the equations of motion (4.28) and (4.54).

Algorithm 4.7 (One time step with the Boris algorithm)
Input: Last steps (qn, vn− 1

2 , Qn,Υn− 1
2 , ζn, ζn−1).

Output: Approximations (qn+1, vn+ 1
2 , Qn+1,Υn+ 1

2 , ζn+1).
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• compute qn+1, vn+ 1
2 with the Boris algorithm (4.64) applied to (4.28a)

• compute Qn+1,Υn+ 1
2 with the Boris algorithm (4.64) applied column-wise to (4.28b),

• compute ζn+1
I and ζn+1

R from (4.66) and (4.70), respectively.

In general, one has to apply Gauss-Hermite quadrature rule to approximate the averages,
see [LL20, Section 8] for details. Note that for strong magnetic fields, filtered variants of the
Boris algorithms might be more efficient, cf. [HLW20].

4.5.5. Modified classical Runge–Kutta method
As an alternative to the Boris-type algorithm, we propose a modification of the classical Runge–
Kutta method (RK4) of order 4. The modification consists of updating the component ζI in
each intermediate step by using (4.66) to get the approximations to ζI(tn+1/2) and ζI(tn+1).
All other components are updated by the standard RK4 procedure. In contrast to the original
RK4 scheme, the modification automatically conserves the L2-norm of a Gaussian wave packet.

4.6. Numerical experiments
In the following section, we present some numerical examples.

4.6.1. Sublinear magnetic potential in two dimensions
If we consider the potentials

A(x, t) =
(

sin(x1 + x2 + αt)
− sin(x1 + x2 + αt)

)
, ϕ(x, t) = sin(x1 + x2) (4.72)

with α ∈ {0, 1}, we can calculate the occurring averages ⟨A⟩u , ⟨ϕ⟩u analytically as
ˆ
Rd

sin(x1 + x2 + αt) |u(x)|2 dx (4.73)

= (πε)d/2det(L−1)exp(−2
εζI − ε

41
⊤QQ∗1) sin(q1 + q2 + αt) (4.74)

where 1 = (1 1)⊤ and (QQ∗)−1 = LL⊤ is the Cholesky decomposition. Since we compare the
new time-integrators with the standard RK4 method, which is not norm-conserving, we do
not assume normalization of u. We use for the curl of a 2d vector potential A the convention
∇ ×A = ∂1A2 − ∂2A1. Initial values are chosen as

q0 =
(

0
0

)
, p0 =

(
1
0

)
, Q0 =

(
1 0
0 1

)
, P 0 =

(
i 0
0 i

)
, ζ0

R = 0. (4.75)

The imaginary part of the phase ζ0
I is chosen such that the corresponding initial Gaussian wave

packet u0 is normalized. Note that the normalization is ε dependent and thus the initial value
ζ0

I changes for different values of ε.
In Figure 4.2 we depict the component errors of a Gaussian wave packet where we solve (4.28)

with the Boris-type algorithm 4.7 (left) and the modified fourth order Runge–Kutta (mRK4)
method (right). As end time we choose T = 8 and set α = 1, ε = 10−3. We compare the
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4. Time-integration of Gaussian variational approximation for the magnetic Schrödinger equation

numerical solution to a reference solution calculated by the standard RK4 method applied
to (4.15) and (4.16) with time step-size τ = 10−4. As we see, the error decreases by order
two for the Boris-type method and by order four for the mRK4 method with decreasing time
step-size.

10−3 10−2
10−15

10−11

10−7

10−3
Boris

2

τ

pa
ra

m
et

er
er

ro
rs

10−3 10−2

mRK4

4

τ

q p Q P ζR ζI

Figure 4.2.: Simulation of the motion of a particle in a magnetic field in dimension two with
potentials (4.72) and initial values (4.75). Errors of the numerical solution to (4.28)
approximated by the Boris-type algorithm (left) and the mRK4 method (right) measured
in the Frobenius norm scaled with the inverse number of entries.

In Figure 4.3 we illustrate the L2-error of a Gaussian wave packet with parameters calculated
by the Boris-type method (left) and a Gaussian wave packet with parameters calculated by
the mRK4 method (right). Again we compute the error against a reference solution calculated
with the standard RK4 method applied to (4.15) and (4.16) with time stepsize τ = 10−4. The
L2-norm between the two Gaussian wave packets is computed with a Gauss–Hermite quadrature
rule. We see a reduction of order two for the Boris-type method and of order four for the
mRK4 method in the L2-norm. Moreover, we see that the error constant scales with as ε−1 in
both cases, which is supported by the theoretical result [LL20, Thm. 7.7]. Further note that
the L2-error between two normed Gaussian wave packet is bounded by 2, which explains the
upper plateau in the left plot. The lower plateau in the right plot corresponds to the numerical
computation of the underlying integral at almost machine precision.

In Figure 4.4 we compare the error between the energy (B.9) and the initial energy (top) of
a Gaussian wave packet between the three methods, Boris-type, mRK4, and standard RK4.
We have fixed α = 0 in (4.72) such that we have time-independent potentials and therefore
theoretical energy conservation. As end time we chose T = 200 and ε = 10−3. On the left,
we plot the maximal energy error at each time stamp to the initial energy for different time
step-sizes τ . We see a reduction of order two of the error for the Boris-type method and of
order four for the mRK4 and standard RK4 methods. Note, however, that the error constant of
the standard RK4 method is worse than that of the mRK4 method and the Boris-type method.
In the right plot, we plot the energy error against the initial error at each time stamp for a
fixed time step-size τ = 10−1. As we see, the error of the Boris-type method oscillates at the
same level, while we see for the standard RK4 and mRK4 methods a drift. Note, however,
that the drift of the mRK4 method is way smaller than that of the standard RK4 method.
Moreover, at the bottom of Figure 4.4 we illustrate the error of the L2 norm of a Gaussian
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10−3 10−2
10−7

10−5

10−3

10−1

101

Boris

2

τ

L
2 -

er
ro

r

10−3 10−2

mRK4

4

τ

ε = 10−2 ε = 10−3 ε = 10−4

Figure 4.3.: L2-error of a Gaussian wave packet approximated by the Boris-type method (4.7)
(left) and the mRK4 method (right) against a reference Gaussian wave packet with
coefficients approximated by the classical RK4 method with time stepsize τ = 10−4. The
potentials are given by (4.72) and the initial values by (4.75). Different values for ε are
considered.

wave packet to norm conservation using time stepsize τ = 10−1. The error for the Boris-type
method and the mRK4 method is close to the machine precision and hence shows conservation
of the L2-norm, whereby using the standard RK4 method results in a deviation. The L2-norm
of a Gaussian wave packet given its parameters can be calculated analytically by (4.68).

4.6.2. Penning trap

As a second example, we apply the time-integrators to the three–dimensional quantum dynamics
of a proton in a hyperbolic Penning trap, see Section 4.2. We consider the Schrödinger equation
(4.5) with the trap parameters of Table 4.1 and an initial Gaussian wave packet with parameters
(in dimensionless units)

q0 =
(
0.133 0.133 0.258

)⊤
, Q0 = diag(q0),

p0 =
(
0.133 7.492 3.879

)⊤
, P 0 = i · diag(7.492, 7.492, 3.879),

ζ 0 = 1.009 − 1.84 · 10−7i.

(4.76)

The initial condition is chosen such that the dynamics are coherent in the sense, that the width
of the packet does not change over time. The phase parameter has a non-vanishing real part
to be aligned with the analytic expressions for the center motion that were recently given in
[BBBB24, eqs. (12) and (17)] (with ω⊥ = Ω/2). As previously mentioned, see for example
Section 4.3.2, the variational approximation is exact in this case, and the evolution does not
require averages but only point evaluations, see Remark 4.4. In this set-up, we see the exact
errors of our numerical schemes to integrate the equations of motion (4.28) and (4.54).

In Figure 4.1, we showed the exact trajectory of the position center. Virtually the same
trajectory is obtained by our numerical simulations for τ ≲ 10−3, as confirmed by the small
errors illustrated in Figure 4.5. There, we present the maximal error over all time steps of the
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Figure 4.4.: Energy error against the initial energy (top) and L2-norm error (bottom) using
the potentials and initial values in Section 4.6.1. The endtime is chosen as T = 200 and
ε = 10−3. On the left, the maximal energy error is illustrated over all time stamps for
different time stepsizes τ . On the right, the energy error over the time interval [0, 200] is
plotted for a fixed time stepsize τ = 10−1.

parameters against the exact solution for different step-sizes τ in the Frobenius norm scaled
by the inverse number of the component. As expected, the Boris-type method converges with
order two while the RK4 and mRK4 methods converge with order four. We are convinced that
the plateau at larger time step-sizes occurs since the parameter evolution is mildly oscillatory
because the quotients ω+/ω− ≈ 113.25 and B/Bm ≈ 114.25 of the potentials in (4.5) are not
small, and since we did not observe such plateaus when setting these quotients close to one.
Moreover, the error for the imaginary phase ζI using the RK4 method applied to (4.15) is close
to the machine precision since the exact solution is constant. In contrast, in the mRK4 method,
the error of ζI directly relates to the error of Q by (4.66) and thus shows order four. Finally, in
Figure 4.6 we compare the energy error of the three methods, which shows a drift for the RK4
methods but not for the Boris-type algorithm.
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Figure 4.5.: Maximum errors of the parameters approximated by the Boris-type method (4.7)
(left), the RK4 method (middle) and the mRK4 method (right) against the exact solution
using the potentials (4.2) with data given in Table 4.1 and initial values (4.76). Measured
in the Frobenius norm scaled with the inverse number of components.
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Figure 4.6.: Energy error using the potentials (4.2) and initial values (4.76). The endtime is
chosen as T = 2π. On the left, the maximal energy error is plotted for different time
stepsizes τ . On the right, we plotted the energy error over time for τ = 2.5 · 10−3.

105





Appendix B

Gaussian calculus and energy formula

Lemma B.1. Consider smooth functions W : Rd → Cd×d and w : Rd → C, and an arbitrary
matrix M ∈ Cd×d. Let u ∈ L2(Rd) be a Gaussian wave packet with position q and width
C = CR + iC I. Then,

⟨W (x− q)⟩u = ε

2

d∑

ℓ=1

(
(⟨∂ℓW ⟩uC−1

I )kℓ
)d
k=1

, (B.1)

⟨(x− q)⊤wM(x− q)⟩u = ε

2⟨w⟩utr (MC−1
I ) + ε2

4 tr (⟨∇2w⟩uC−1
I MC−1

I ). (B.2)

In particular, ⟨w(x− q)⟩u = ε
2C−1

I ⟨∇w⟩u.

Proof. The position density

|u(t, x)|2 = exp
(

−1
ε

(x− q)⊤C I(x− q) − 2
ε
ζI

)

satisfies ∇ |u(t, x)|2 = −2
εC I(x− q) |u(t, x)|2 . Therefore, partial integration yields that

⟨W (x− q)⟩u = −ε

2

ˆ
Rd

W (x) C−1
I ∇ |u(t, x)|2 dx (B.3)

= ε

2

d∑

ℓ=1

(
⟨∂ℓ(WC−1

I )k,ℓ⟩u
)d
k=1

. (B.4)

Similarly, two partial integrations imply that

⟨w(x− q)⊤M(x− q)⟩u =
d∑

k,ℓ=1

〈
w(C I(x− q))k(C−1

I MC−1
I )kℓ(C I(x− q))ℓ

〉
u

(B.5)

= ε

2

d∑

k,ℓ=1

(
⟨w⟩u(C I)kℓ +

〈
∂ℓw(C I(x− q))k

〉
u

)
(C−1

I MC−1
I )kℓ (B.6)

=
d∑

k,ℓ=1

(
ε

2⟨w⟩u(C I)kℓ + ε2

4
〈
∂k∂ℓw

〉
u

)
(C−1

I MC−1
I )kℓ (B.7)
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= ε

2⟨w⟩u tr (MC−1
I ) + ε2

4 tr (⟨∇2w⟩uC−1
I MC−1

I ). (B.8)

Lemma B.2. Let u be a normalized Gaussian wave packet with center (q, p) and width
C = CR + iC I. Then it holds for the energy

⟨H⟩u = 1
2p

2 − p⊤⟨A⟩u + 1
2⟨A2⟩u + ⟨ϕ⟩u + ε

4RH (B.9)

with remainder
RH = tr

((
CR

2 + C I
2 − 2⟨J⊤A ⟩uCR

)
C−1

I

)
.

If the magnetic potential A is linear in x, then ⟨A⟩u = A(q) and

⟨A2⟩u = A(q)2 + ε

2tr
(
JA(q)⊤JA(q)C−1

I

)
(B.10)

Proof. In the following we ignore the dependence on t to simplify the notation. Since ⟨H⟩u =
⟨h⟩u = 1

2⟨(ξ − A)2⟩u + ⟨ϕ⟩u , we only need to work on the mean of opWeyl((ξ − A)2) =
(opWeyl(ξ −A))2. We have

⟨(ξ −A)2⟩u = ⟨(ξ −A)u, (ξ −A)u⟩
= ⟨(C(x− q) + (p −A))u, (C(x− q) + (p −A))u⟩
= ⟨(x− q)⊤C∗C(x− q)⟩u + ⟨(p −A)⊤(C + C∗)(x− q)⟩u + ⟨(p −A)2⟩u
= ε

2tr (C∗CC−1
I ) − ε

2tr (⟨J⊤A ⟩u(C + C∗)C−1
I ) + ⟨(p −A)2⟩u

due to Lemma B.1. For the traces, we have

tr (C∗CC−1
I ) = tr ((CR − iC I)(CR + iC I)C−1

I ) = tr ((CR
2 + C I

2)C−1
I )

tr (⟨J⊤A ⟩u(C + C∗)C−1
I ) = 2 tr (⟨J⊤A ⟩uCRC−1

I ).

Combining the terms, we obtain (B.9). In the linear case, we expand A(x) = A(q)+JA(q)⊤(x−q)
and use Lemma B.1 to prove (B.10).
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