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Abstract

This thesis studies time integration for wave-type problems whose numerical approximation is
constrained by fast oscillations in space and time, small discretization parameters, or materials
with high wave speeds. Two settings are considered. In the first part, the constraint is spatially
localized. Two-field Friedrichs’ systems, such as Maxwell’s equations and the acoustic wave
equation, are discretized in space by discontinuous Galerkin (dG) methods on locally refined
meshes. The smallest cells then impose a severe CFL restriction on explicit time integrators,
although they represent only a small part of the mesh.

For central-flux discretizations, we construct and analyze a second-order, leapfrog-based local
time-integration framework. It combines the leapfrog method on the coarse part of the mesh
with a filtered treatment of the fine part, and it contains fully explicit local time-stepping
schemes as well as locally implicit variants. Under suitable assumptions on the filter, the
resulting stability and error estimates show convergence with a CFL restriction governed by the
coarse part of the mesh. This framework is then extended to stabilized dG discretizations, like
upwind fluxes, where dissipative face penalties are applied on the coarse part of the mesh. The
analysis yields stability and error estimates under a CFL restriction which again is governed by
the coarse part of the mesh.

To obtain higher-order time integration, we use implicit Gauf} collocation methods and solve
the arising linear systems by preconditioned Krylov subspace methods. The preconditioner uses
only the fine part of the mesh. It is shown that the number of preconditioned QMR iterations
needed to reach a fixed tolerance can be bounded independently of the fine mesh. Thus the
same local fine and coarse split is used at a different algorithmic level, namely inside the linear
solver for an implicit method.

The second part treats the semiclassical magnetic Schrodinger equation. Here, a small
semiclassical parameter appears which leads to rapid oscillations of the solution in space and
time making a mesh-based approach very expensive. A mesh-free variational Gaussian wave
packet ansatz [BDH'24] captures the rapid oscillations and reduces the evolution to a finite-
dimensional system of parameter ODEs. For this system we extend the Boris algorithm [BL18]
from classical charged-particle dynamics and propose a modified fourth-order Runge-Kutta
method. Both methods preserve the L?-norm of the Gaussian wave packet by construction.
Numerical experiments, including the Penning trap, investigate convergence, norm preservation
and energy behavior of the proposed schemes.
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Introduction

Various physical phenomena are described by time-dependent partial differential equations.
Important examples are electromagnetic, acoustic, and quantum waves. Even though the
existence and uniqueness of a solution can be guaranteed under certain assumptions on the
data and the domain, the solution typically cannot be stated in a closed expression. This
necessitates the use of numerical methods to approximate the solution. Computing the numerical
approximation accurately and at a cost that remains affordable as the problem size grows is a
central task of numerical analysis.

The difficulty addressed throughout this thesis is a disparity of scales that appears in two
distinct forms. In Part I, for example, a few tiny mesh elements in a spatial discretization
impose a severe time step size restriction on an explicit time stepping method. In Part II, a
small parameter produces rapid oscillations of the wave function in time and space which have
to be resolved by a numerical method. In both parts, the aim is to prevent the restrictive
feature from dictating the cost of the entire computation by using a numerical method adapted
to the problem structure.

This thesis pursues two answers. The first is local time-integration, where extra computational
work is only employed where it is needed (Chapters 1 to 3). The second builds upon a structure-
exploiting reduced model, in which a single Gaussian wave packet captures the rapid oscillations.
This ansatz yields a small system of nonoscillatory ordinary differential equations. Our
contribution is to propose two efficient numerical schemes to advance these equations in time
(Chapter 4).

The results in Chapter 1 and Chapter 4 have been published in [HS26] and [SBH'25],
respectively. The results in Chapter 3 have been published as a preprint in [HKS26].

Friedrichs’ systems and local stiffness

Friedrichs introduced a functional-analytic framework for certain first-order partial differential
equations in 1958, now called Friedrichs’ systems [Fri58]. Modern frameworks are presented by
Ern and Guermond [EG06a, EG06b], by Di Pietro and Ern [DPE12], and, more recently, in
[HK19, DHK*23].

Throughout Part I, we work with the two-field structure [DHK ™23, §11.2] of these systems.
The domain Q C RY is assumed to be open, bounded, and polygonal or polyhedral. The
two-field Friedrichs’ system couples the fields v and v through

Ou = Lyv + Gu, 0v = Lyu~+ gy, on Q x Ry, (I.1)
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with given source terms g, and g,. The Friedrichs’ operators £, and L, are the first-order
differential operators

d d
MyLyu =" L; du, MyLyv =Y L} O,

=1 =1

with constant coefficient matrices L; € R™*™u_ where m,,m, € N are the numbers of
components of u and v, respectively. The material tensors M,, € L>®()™+*" and M, €
Lo (Q)"ex™Mv are symmetric and uniformly positive definite.

We write

() = Mut,¥) o), w ¥ € LA(Q)™

for the L2-inner product weighted by the material tensor M, and | - ||o for the induced norm.
The weighted inner product and the induced norm on L?(Q)™ are defined analogously. The
arguments determine which inner product or norm is considered. Since the material tensors
are uniformly positive definite, the weighted inner products are equivalent to the standard
L2-inner products. Therefore, equipped with the weighted inner products, the spaces L?(£2)™«
and L2(Q)™ are Hilbert spaces.

Stacking the two fields into x = (v v) and denoting the source term by g, the system (I.1)
reads

O —Lotg, L= (fu %) . (1.2)

The boundary conditions are encoded in the operator domains D(L,) and D(L,). If the
boundary conditions do not introduce damping [DHK 23, Assump. 11.8], the two Friedrichs’
operators satisfy the adjointness relation

(Lyu,v) = —(Lyv,u)y  foru e D(Ly), ve D(Ly), (L.3)

see [DHK ™23, Lem. 13.1], leading to the skew-adjointness of £ on D(L) = D(L,) x D(Ly).
Equipped with an appropriate initial condition 2°, the system (1.2) is well-posed.

Theorem I.1 ([DHK 23, Cor. 9.23]). Let 2° € D(L) and g € C* (R, L?(2)™) +C(Ry,D(L)).
Then the system (1.2) has a unique solution x € C1(Ry, L*(Q)™) N C(R4,D(L)), given by the
variation-of-constants formula

¢
z(t) = etfa” —|—/ =L g(s) ds.
0

It satisfies
t
lz(®)lle < l|2°[lo +/0 lg(s)lle ds,
and [|z(t)]o = ||2°]la if g = 0.

The variation-of-constants formula represents the solution through the unitary evolution
operator e** acting on the initial data and the accumulated source. The norm equality for g = 0
corresponds to the energy conservation of the wave-type system. For the sake of presentation,
in the following part we neglect forcing terms.

Many wave-type systems fall into the Friedrichs’ class. Two of them are the acoustic wave
equation and Maxwell’s equations in first-order formulation.



a) Maxwell’s equations with the perfectly conducting boundary condition read
e F =V x H, wotH=—-V x E in§, Exn=0 on 09, (1.4)

with outward unit normal n. The first component is the electric field u = F with
permittivity M, = ¢, and the second component is the magnetic field v = H with
permeability M, = p.
Writing [a]x € R3*3 for the skew-symmetric matrix with [a]xb = a x b, this fits the
abstract form with coefficient matrices L; = —[e;|«, built from the standard basis vectors
e1,e2,e3. The perfectly conducting boundary condition is contained in the operator
domains D(L,) = {E € H(curl, ) | E x n = 0 on 9Q} and D(L,) = H(curl, ), see
[DHK ™23, Example 2.1 and §9.3], [K6h19, §2.5.3] for details.

b) The acoustic wave equation in mixed div-grad form with homogeneous Dirichlet boundary
condition reads

pOw = Vp, k1Op=V.-v inQ, p=0 on 0f. (I.5)

We choose the pressure u = p as the first component, with M, = k!, where x is the
bulk modulus. We choose the velocity as the second component, with M, = p, where p
is the density. This fits the abstract form with coefficient matrices given by the rows
L; = e; € R The boundary condition is imposed through the operator domains
D(L,) = HL(Q) and D(L,) = H(div,Q), see [DHK 23, Example 2.1], [Zie20, §2.4] for
details.

Finite element and discontinuous Galerkin space discretization. Discretizing the wave-type
problems in Chapters 1 to 3, we follow the method-of-lines approach, which first discretizes in
space and then integrates the resulting semidiscrete system in time. The space discretization is
carried out by a finite element method, turning the partial differential equation (PDE) into a
large system of ordinary differential equations (ODEs).

A finite element method partitions the domain €2 into a mesh 7j, of cells K, e.g., triangles
or rectangles in R?, and approximates each field in (I.1) by functions that are polynomial in
each component on each cell. The approximation is determined by the weak form of the PDE
reduced to a discrete ansatz space. In Part I, we use a discontinuous Galerkin (dG) finite
element method, where the piecewise polynomials do not need to be continuous across interfaces
between cells.

Historically, dG methods entered numerical analysis through first-order transport problems.
A compact overview of this development is given in [HWO08, §1.1]. Reed and Hill [RHT73]
proposed a triangular mesh method for the neutron transport equation in 1973, and Lesaint
and Raviart [LR74] analyzed a closely related finite element method shortly after. These
early works already contain the structural ingredients used below: elementwise polynomial
approximation and weak coupling by numerical fluxes. The same ingredients also occur in
modern wave computations. For example, high-order dG methods are used for time-dependent
Maxwell’s equations and related wave propagation problems, including unstructured meshes,
piecewise polynomial spaces, and various numerical fluxes [HWO08, Nie09, HP15].

This history also points to the mixed character of the method. On the one hand, dG methods
are finite element methods, since they use local polynomial trial and test spaces in a weak
formulation. On the other hand, their coupling between cells resembles finite volume methods.
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Neighboring cells communicate only through numerical fluxes on their common interfaces.
These fluxes encode, for example, conservation or dissipative stabilization.

Two properties make the dG method a natural fit for the aims of this thesis. First, dG methods
are flexible, permitting unstructured meshes, varying dG polynomial degrees on different cells,
and hanging nodes without constraints. Second, the cells couple only weakly through numerical
fluxes built from traces, jumps, and averages of the fields on the faces. The resulting mass
matrix contains only volume terms, which completely decouple. It therefore has a block-diagonal
structure, where the size of each block depends only on the local degrees of freedom of the
corresponding cell. The inverse is therefore local and cheap to apply. Explicit time stepping is
then truly explicit and needs no global solve per step, which is the main reason why the dG
method pairs well with explicit and local time integration. The dG method delivers this block-
diagonal, positive definite mass matrix without a mass-lumping construction. In continuous
finite element methods, the continuity constraint across faces makes neighboring elements share
unknowns, and the mass matrix is sparse but globally coupled [EG21]. Thus, making the
mass inverse local usually requires an additional mass-lumping step, whose construction can be
restrictive at high polynomial degrees.

A few objects recur throughout Part I, with their precise definitions given in the respective
chapters. The mesh 7, partitions the domain, and hj denotes the diameter of a cell K € Ty,
Moreover, h denotes a piecewise defined function taking the value hj on a cell K. The faces
split into interior and boundary faces, F;, = F}Lnt U ]:}Lmd. The finite-dimensional dG ansatz
spaces Vi and V} contain piecewise polynomials of total degree at most k in d variables, which
are globally in L?(2)™« and L?(2)™v, respectively.

The dG method replaces the Friedrichs’ operator £, by a discrete operator £, j, on the dG
space Vi, and £, analogously, see [DPE12, §7.1.2] and [DHK ™23, §10.3], or Lemma A.3. On
each cell, the discrete operator is built from the local action of the Friedrichs’ operator L,
locally. The cells couple only through face terms built from jumps and averages on the interior
faces, and boundary terms weakly enforce the boundary conditions. The flux is called central
because it uses the average of the two traces and adds no penalization.

The central-flux discretizations £, j, and L, inherit the adjointness property (I.3), i.e.,

(‘C%huhv Uh)Q = _(uh7 Ev,hvh)ga up, € VZv vy, € VZ? (1'6)
so the stacked operator L is skew-adjoint. Moreover, they satisfy the inverse inequality
ILununlle S NP  uplle, € Vi (L7)

Here, < hides a positive constant independent of the mesh size h, which may depend on
the polynomial degree, the mesh regularity, and the operator and material coefficients, see
[DHK 23, §10.3].

The choice of the numerical flux is the main difference between Chapter 1 and Chapter 2.
Central fluxes, used in Chapter 1, are conservative, but spurious modes can remain undamped.
Chapter 2 keeps the central-flux framework but adds a dissipative jump penalty on selected
faces. This damps spurious modes, at the price of replacing exact energy conservation by
controlled dissipation [CW17].

After a central-flux dG discretization of the system (I.1), we obtain the semidiscrete two-field
system

Oyuy, = Ly pvy, Oy, = Ly puy,, on Ry, (1.8)



where we have neglected forcing terms for the sake of presentation. Stacking the two fields into
a single vector x; yields the system of ordinary differential equations

Oyxy, = Lyxy,, on Ry, (1.9)

with projected initial datum z;, (0) = 720, In our setting, 7, is a material-weighted orthogonal
projection 7y, : L2(2)™ — V3, defined in [DHK 23, §10.1].

The semidiscrete system (1.9) is well-posed [DHK 23, Cor. 10.11], and assuming a certain
regularity of the exact solution z of (I.2), the semi-discrete solution x;, of (1.9) satisfies the
error bound

sup ||2(t) -, (t)ll < Crh*,
0<t<T
i.e., it converges to the exact solution z as the mesh is refined, see [DHK ™23, Thm. 10.12]. For
every fixed T' > 0, the constant Cp is independent of the mesh size but may depend on T and
the exact solution. Here k denotes the dG polynomial degree.
The semidiscrete system (I.9) now has to be integrated in time.

Explicit time integration. A widely used explicit time integrator for wave-type problems is
the leapfrog method, also called the Stérmer—Verlet method. It is symmetric and conserves a
modified energy, as discussed in [HLWO06, §1.5.2] and [HS16]. However, the leapfrog method is
only stable under a Courant—Friedrichs-Lewy (CFL) condition, a restriction on the time step
size 7, making the leapfrog method conditionally stable. Using the inverse inequality (1.7), the
restriction on the time step size can be stated as
T S hminﬂ

with h,;, being the smallest diameter over all cells, see [DHK ™23, §11.2]. Thus, the smallest
cell can determine the step for the whole mesh.

This is illustrated in Figure 1 by the one-dimensional wave equation in mixed form (I.5),
discretized with the dG method and the leapfrog scheme on a mesh with a few artificially
refined cells. With a time step size just above the CFL limit, high-frequency modes associated
with the refined cells leave the stability interval of the leapfrog method, and the numerical
solution grows rapidly.

Implicit time integration. The natural alternative to the conditionally stable leapfrog method
is an unconditionally stable one, the Crank-Nicolson method, analyzed for Maxwell’s equations
in [Stul7, §4.2] and for Friedrichs’ systems in [DHK 23, §11.1]. It carries no CFL restriction,
and for the skew-adjoint discrete operator Lj it conserves the semi-discrete energy exactly,
as long as no external forcing is applied. One might therefore ask why not to integrate every
problem with this method.

The reason is the cost of a single step. The Crank-Nicolson method is implicit and couples
all unknowns into one linear system per step. For large three-dimensional problems, a direct
factorization of the system matrix is unfeasible because of its high memory consumption due to
the size and dense structure of the factorization matrices. An alternative is to use an iterative
solver in each step. After applying a Schur complement, one has to solve a symmetric positive
definite system for only one of the two possibly vector-valued components. This can be done
using the conjugate gradient method [Stul7, §4.5]. However, the conditioning of the linear
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uh(t7€)

3 ‘ ' 1 0

Figure 1.: Space-time surface illustrating the CFL instability of the leapfrog method for a
central-flux dG discretization of the one-dimensional wave equation (I.5). A smooth wave is
evolved on a mesh of 40 coarse cells, with three cells around £ = 0.5 refined four times. The
time step size is 0.1% above the CFL limit, causing high-frequency oscillations localized
near the refined cells.

system strongly influences the number of iterations needed to achieve a given accuracy [Hacl6],
making a single step very expensive. In our situation, the condition of the linear system scales
like 22 . Thus, again, the smallest cell dictates the global cost of the time integration method.

The two options therefore sit at opposite extremes. An explicit method is cheap per step but
constrained by the CFL condition, which leads to many steps. In addition to the high cost,
a large number of steps can increase the contribution of accumulated roundoff errors to the
global error [HLWO06, §VIIL.5]. An unconditionally stable method has no CFL restriction but is

typically implicit and therefore expensive per step.

Local time integration for Friedrichs’ systems

In Part I, we are interested in meshes which are locally refined. Local refinement may be used
to resolve geometric features, such as re-entrant corners, cracks, thin gaps, small inclusions,
or curved boundaries, or localized solution features, such as singularities or wavefronts. Also,
adaptive mesh refinement places small cells around singularities, wavefronts, or regions of high
error. As we have already seen, the CFL condition is dictated by the smallest cell, so a few
small cells can force a very small time step size, which is wasteful if the rest of the mesh is
coarse. However, local mesh refinement is only one way to create such a local CFL bottleneck.
A high local wave speed raises the local inverse inequality constant exactly as a small cell does
[DHK 23, Rem. 11.12]. Moreover, a cell with a high dG polynomial degree raises the same
constant [DPE12, Rem. 1.48].

In the terminology of ODE solvers, stiffness describes the numerical situation in which an
explicit method is forced to use a very small time step size by stability rather than by the desired
accuracy [HW96, §IV.1]. For the present linear ODE system (1.9), whose discrete operator



Ly, is skew-adjoint by (I1.6), this stability restriction can also be read from the eigenvalues of
Ly, [HW96, §IV.2]. The inverse inequality (I.7) provides a mesh-dependent upper bound on
the spectral radius of the discrete operator L5 and hence on the magnitudes of its eigenvalues.
The global inverse inequality follows from elementwise bounds involving each cell and its face
neighbors [K6h19, Lem. 3.40 and Prop. 3.41]. Writing Qx for the union of a cell K and its face
neighbors, these bounds take the form

[Lhzy |l SR 2y o -

These local bounds therefore depend on the cell diameters on the patch, the polynomial degree,
the mesh regularity, and the operator and material coefficients. We use these local bounds to
identify the part of the mesh that causes stiffness.

From now on, we call the part of the mesh where the local inverse bound is large relative
to the rest of the mesh the stiff part of the mesh. The stiffness may be caused by small cells,
a high local wave speed, or a high local dG polynomial degree. We also include one layer of
adjacent cells in the stiff part. The nonstiff part is defined as the remaining larger part of the

Figure 2: Excerpt of a mesh parti-
tioned into the nonstiff region
(blue) and the stiff region (or-
ange). The stiff region includes
the fine cells and one adjacent
layer of coarse cells.

mesh. Note that the part called nonstiff here is not necessarily nonstiff in the classical sense of
ODEs but only relative to the part called stiff in this context. We use a similar distinction for
the degrees of freedom (dofs), with the stiff dofs containing the dofs associated with the stiff
part of the mesh and the nonstiff dofs containing the remaining dofs. The mesh separation is
illustrated in Figure 2. In our setting, the stiff part is spatially localized. Paying the price for
an implicit solver on the whole domain is therefore wasteful. We want to apply the expensive,
implicit treatment only where it is needed and a cheap explicit method everywhere else.

This is the idea of the locally implicit (LI) method proposed for linear Maxwell’s equations in
[Ver11] and analyzed in [HS16]. The extension to Friedrichs’ systems was analyzed in [DHK™23].
The LI method treats only the stiff part implicitly, through a Crank-Nicolson—type solve on the
small system coming from those dofs. It is unconditionally stable on the stiff part, making the
nonstiff CFL condition the only stability factor. Furthermore, it requires solving only a small
linear system rather than one global system.

A second approach is local time-stepping (LTS), which is fully explicit and does extra explicit
work on the stiff part to relax its CFL condition so that the nonstiff CFL condition becomes the
dominating one. Classically, local time-stepping comes from a multirate approach, where the
stiff part is advanced by several small substeps for each coarse step on the nonstiff part, see, for
example, [DG09] for the second-order wave equation and [GM10] for second-order Maxwell’s
equations. The approach proposed in [CH24] for the second-order wave equation is following
a different ansatz. It uses a filter function to modify the leapfrog method on the stiff part,
relaxing its CFL condition. A special case therein is the stabilized Chebyshev filter, which leads
to an explicit LTS method.
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Motivated by the filtered leapfrog method of [CH24] for the second-order wave equation, in
Chapter 1 we develop a family of local time-integration (LTI) methods for the general class of
Friedrichs’ systems (I.1) satisfying a two-field structure discretized in space by a dG method
with central fluxes. Our LTI method advances the nonstiff part by the cheap explicit leapfrog
method. The stiff part receives a tailored treatment that removes its CFL restriction or weakens
it until the nonstiff CFL condition dominates. The goal is that the effective time step size
restriction is set by the nonstiff part. The trade-off for a removed or weakened CFL condition
of the tailored method is a higher computational cost per step than the plain leapfrog method,
as we already observed with the Crank-Nicolson method. However, the extra cost is only paid
on the few stiff dofs and is therefore small as long as the stiff part is small. Overall, this results
in a problem-adapted and efficient time integrator.

A uniform analysis, based on sufficient conditions on the filter function, then yields stability
for the whole family under a CFL condition set by the leapfrog method on the nonstiff part of
the mesh and a CFL condition set by the stiff part depending on the chosen filter function. Our
main result is to prove that the leapfrog-based local time-integration method is second-order
in time and of full order k£ in space. Here, k denotes the dG polynomial degree of the spatial
discretization. A rational filter mimicking the Crank—Nicolson method locally leads to the LI
method analyzed in [DHK 23], which removes the CFL condition of the stiff part completely.
A filter based on properly scaled and shifted Chebyshev polynomials of the first kind (1.45)
results in an explicit LTS method. Using a degree p Chebyshev polynomial, the maximal
stable time step size on the stiff part scales like p times the maximum stable time step size of
the leapfrog method on the stiff part. Therefore, a moderate degree already lets the nonstiff
CFL condition dominate. The filter is never formed explicitly. Its action on a vector can be
computed efficiently via a three-term recurrence [Car21, §4.4], resulting in p matrix-vector
products with the matrix associated with the stiff part. This is the only extra cost of the LTS
method over the plain leapfrog method. However, one caveat remains. Without stabilization,
the explicit filter may become unstable for certain choices of the time step size, as illustrated in
Section 1.4.3. Adding stabilization avoids these instabilities at the price of a slightly weaker
CFL condition, see [CH22] for details.

The goal of Chapter 2 is to extend the analysis of the local time-integration method developed
in Chapter 1 to a setting where we use upwind fluxes instead of central fluxes in the dG
discretization. Following the approach of [HS19], we apply the upwind stabilization only on
the nonstiff part of the mesh. The resulting method retains the family of filter-based local
time-integration schemes from Chapter 1 and remains fully explicit when a polynomial filter is
used. We prove stability under the CFL conditions from the central-flux case together with
an additional CFL condition caused by the explicit upwind fluxes. Under suitable regularity
assumptions and given a dG polynomial degree k, the method converges with order two in time,
with spatial order k on the stiff part and with spatial order k£ 4+ 1/2 on the nonstiff part.

Higher-order local time integration.

Under suitable regularity assumptions, the spatial error estimate in Chapter 1 is of order hﬁlax
for dG polynomial degree k. Increasing the polynomial degree can therefore improve the spatial
convergence rate without refining the mesh. Once the spatial error is sufficiently small, the
second-order temporal error can dominate the total error and limit the benefit of the higher
spatial degree. As discussed earlier, reducing the time step size requires more steps and may



therefore increase the contribution of accumulated roundoff errors to the global error.

Chapter 3 introduces a family of time integrators that reach a higher temporal order and
are tailored to the same local efficiency principle as the local time-integration methods of
Chapters 1 and 2. The whole system is integrated with a higher-order, unconditionally stable
implicit method, a Gaufl collocation method [HW96, §IV.5]. A GauB collocation method is a
Runge—Kutta method with nodes coming from the Gaufi-Legendre quadrature points. It is
unconditionally stable and therefore carries no CFL restriction. With s stages, it has classical
order 2s, the highest possible order per stage for Runge-Kutta methods. Gauf} collocation
methods are well understood and have been analyzed for linear Maxwell’s equations in [HP15]
and for quasilinear Maxwell’s equations in [HPS18]. Moreover, Gauf3 collocation methods are
symplectic [HLWO06, §VI.4]. The stability function of a GauB} collocation method maps the
imaginary axis to the unit circle (see [HW96, §IV.3] and [Gau97, §5.9.2]) and is therefore
conservative on purely oscillatory modes. This matches the energy-conserving, purely imaginary
spectrum of the discrete operator Lp,.

However, applying an implicit time integrator reintroduces the implicit price, i.e., solving
large, globally coupled linear systems at every time step, which we aimed to avoid. Even though
an efficient implementation of a Gaufl collocation method reduces the large coupled linear system
to s decoupled smaller but still large linear systems, one for each stage, a direct factorization
may still be infeasible for large-scale problems because of the high memory consumption of the
factorization matrices. Therefore, it is natural to employ a Krylov subspace method [Saa03]
to solve the linear system iteratively at each stage. After decoupling the stages, the linear
system at each stage has a coefficient matrix that is either symmetric positive definite or
complex symmetric. Thus, we apply either the conjugate gradient (CG) method or the complex
symmetric quasi-minimal residual (QMR) method [FN91, FN94]. The relevant cost is then
proportional to the number of Krylov iterations. However, the number of iterations needed
to reach a given accuracy depends on the spectrum of the linear system matrix [HLIS]. In
our scenario, the mesh contains a small stiff part that raises the spectral radius of the linear
system matrices, increasing the number of iterations required. To avoid this, we construct
a symmetric positive definite preconditioner for the Krylov solvers that is motivated by the
same local efficiency principle as the local time-integration methods of Chapters 1 and 2. The
preconditioner is based on splitting the system matrix into a stiff and a nonstiff part, where
we use the stiff contribution to precondition the whole system. As long as the stiff part is
small, the preconditioner is cheap to apply. The analysis proves that the field of values of the
preconditioned matrix is bounded independently of the stiff part of the mesh. Consequently,
the number of iterations needed to reach a fixed tolerance is also bounded independently of the
stiff part of the mesh.

Even though we only consider linear problems in this thesis, the preconditioning technique
carries over to nonlinear problems, where linear systems of the same type arise within a
Newton-type iteration.

The stiff and nonstiff split of Chapter 1 thus reappears in a different place. In Chapter 1, it
defines a time integrator which itself acts locally, whereas in Chapter 3 the integrator is globally
implicit and the locality re-enters through the preconditioner. The philosophy is the same,
namely to spend extra work only on a few stiff cells, achieving an overall efficiency boost.

Contributions of Part I. Part I develops two different local time-integration approaches for two-
field Friedrichs’ systems. The first contribution is a general leapfrog-based local time-integration
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framework for central-flux dG discretizations, which contains explicit local time-stepping and
locally implicit variants in one unified formulation. We perform a stability and error analysis
in which the admissible time step size is governed by the nonstiff part of the mesh, provided
the filter satisfies its stiff part stability condition, which is weaker than the global leapfrog
stability condition. The local time-integration method is then extended to an upwind-flux dG
discretization where dissipative interface penalizations are applied on the nonstiff part of the
mesh. The second contribution is a higher-order variant based on Gaufl collocation methods
in time. It removes the explicit stability restriction from the time integrator, while accuracy
and the cost of the implicit solves still constrain the usable time step size. Its local character
does not lie in the time step itself but in the preconditioner used for the arising linear systems.
Our analysis shows that the preconditioned Krylov iteration count needed to reach a fixed
tolerance is controlled independently of the stiff part of the mesh. Taken together, these results
show that the same stiff and nonstiff split can be used at different algorithmic layers: inside
leapfrog-based time integrators and inside linear solvers used in implicit time integration.

Gaussian wave packets for semiclassical dynamics

Part II changes the source of the limiting factor. In Part I, localized stiffness caused by the
spatial discretization or by materials with high wave speeds limit the efficiency of standard
numerical methods. In Part II, a small parameter makes the wave function highly oscillatory in
space and time on an unbounded spatial domain § = R?%. Thus, there is no nonstiff region to
isolate. The guiding principle remains the same, namely to identify the problematic part and
treat it by a method adapted to its structure. The mechanism, however, is different. Instead of
a local split in space, the next part uses a mesh-free reduced description from [BDH'24] in
which a Gaussian wave packet ansatz captures the rapid oscillations. This leaves a small system
of parameter ODEs which are independent of oscillations induced by the small parameter. The
aim of Part II is to approximate the solution of these ODEs efficiently while (nearly) preserving
important physical quantities. As a physically relevant benchmark, we compare our methods
against the analytical solution of the Penning trap.

The magnetic Schrodinger equation. The model problem of Part II is the semiclassical,
time-dependent magnetic Schrodinger equation

i 0 (t) = HW(t), $(0) =0, teR, (110a)
on R? with initial value g and magnetic Hamiltonian
H(t) = 1(~ieV, — A(t, ) + 6(t, ). (L.10D)

Here, the square in (I.10b) denotes the dot product of the vector-valued differential operator with
itself. Moreover, ¥ denotes the complex-valued wave function, A the magnetic vector potential
chosen in Coulomb gauge, ¢ the electric scalar potential, and 0 < € < 1 the small semiclassical
parameter, often obtained by rescaling Planck’s constant & to a dimensionless quantity. The
magnetic Schrodinger equation (I1.10) is a fundamental model in quantum mechanics, describing
the evolution of charged particles in the presence of external electromagnetic fields. One
physically relevant example is the Penning trap considered in Section 4.2 (see, e.g., [BG84]).
There, a charged particle, such as an electron or a proton, is confined by magnetic coils and
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electrodes. The trap features a static magnetic field along the x3-direction and a quadrupole-like
static electric field that is rotationally symmetric about the x3-axis. A classical point particle
moving in such an electromagnetic field configuration executes an oscillatory motion along
the x3-axis while simultaneously executing an epicyclic motion in the x;x2-plane, where the
low-frequency magnetron orbit is combined with high-frequency cyclotron orbits. For the proton
trap parameters listed in Table 4.1 and the nondimensionalization used in Section 4.2, this
gives € ~ 1.2 x 1078,

From a numerical point of view, approximating (I.10) raises three major problems. First,
it is a high-dimensional problem. For an N-particle system in three spatial dimensions, the
configuration space has dimension d = 3N. Further, the computational domain R? is naturally
unbounded, and thus most numerical methods require truncation before discretization. For the
method-of-lines approach (first discretize space, then time), high dimension combined with an
unbounded domain leads to very large semidiscrete systems that then have to be integrated in
time. Another challenge is given by the rapid oscillations induced by the small semiclassical
parameter €. For a direct method-of-lines discretization, these oscillations require fine resolution
in space and time, so standard time integration of the resulting large system quickly becomes
impracticable in the semiclassical regime [L1.20].

Gaussian wave packets. A localized initial state provides a reduced description. For finite
times, it remains concentrated near the corresponding classical trajectory [Lub08]. The relevant
information is then carried by one moving center, an oscillatory phase, and the local shape of
the packet.

A single Gaussian wave packet uses exactly this structure. It is of the form

ult.2) =exp( (3@ - 0) - )+ - ) p+C)).

with time-dependent position and momentum centers ¢, p € R?%, a complex-symmetric width
matrix C having a positive definite imaginary part, and a complex phase ( € C.

The position ¢ locates the packet. Splitting C = Cr +iC1 and ( = (i + i¢; into their real
and imaginary parts separates the Gaussian into its spatial envelope and its carrier phase. The

11
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change @ change p change P
p=0, Q=1 P=il Reuw
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Figure 4.: Successive construction of a wave packet u. The first panel shows the initial packet
with p = 0, Q@ = I, and P = il. Each arrow changes only the indicated parameter.
Changing @) deforms the Gaussian envelope, changing p adds linear phase oscillations, and
changing P adds a quadratic phase contribution. Colors show the signed real part Reu on
the scale from —1 to 1, while the contours indicate levels of the Gaussian envelope. The
dashed contour retains the preceding envelope for comparison. The figure was created with
the assistance of OpenAl’s ChatGPT 5.5.

matrix Cy determines the shape, orientation, and width of the spatial envelope,

u(t.)? =exp( (- ) Cile —a) - 26:)

whereas Cr determines the quadratic curvature of the oscillatory phase. More precisely, the
phase function is given by

S(t,) = 3~ @) Crle — ) + (¢~ ) P+ G

Thus, V,S(t,z) = Cr(z — q) + p, so p is the constant part of the phase gradient, while Cy
determines how this phase gradient varies across the packet.

Hagedorn’s parametrization writes the width matrix as C = PQ ™!, with matrices P and
@ satisfying the structural conditions recalled in Section 4.3.4, see also [LL20, §3.5]. This
parametrization separates the effects of the envelope and the phase gradient. The spatial
envelope is determined only by QQ*, while the curvature of the carrier phase is determined by

Cr = Re(PQ™).

Therefore, P affects the position-dependent phase gradient only together with Q.

The complex phase ¢ contains the global phase and the normalization. Its real part (g
shifts the phase of the whole packet by a constant. The imaginary part (; fixes the overall
normalization of the Gaussian, i.e.,

lullf2geay = exp(=2¢;) (em)¥? |det Q| (L11)

Thus, normalization ties ; to Q). The roles of the parameters p, ), and P are illustrated in
Figure 4, which shows the successive construction of a wave packet. Gaussian wave packets are
natural states, not only convenient trial functions. They include coherent and squeezed states,
which are standard localized states in quantum mechanics [RC21]. They also have a practical
advantage because their moments and many expectation values can be evaluated in closed form.

12



Classical, frozen, and variational Gaussian dynamics. Gaussian wave packets have a long
history in semiclassical analysis and chemical quantum dynamics. A broad overview is given in
[LL.20, §3.8], which discusses the time-dependent variational principle from the work of Dirac
[Dir30] and Frenkel [Fre34] to Heller’s variational Gaussian wave packets [Hel76], as well as
later error analyses [Lub08].

These variants of Gaussian methods make different compromises. Frozen Gaussian methods
keep the width matrix fixed [Hel81]. A single frozen packet cannot describe spreading, so frozen
Gaussians are typically used in superpositions. The Herman—Kluk propagator is a prominent
superposition method [HK84, 1.S17]. Hagedorn wave packets play a related but different role.
They form orthonormal families generated from a ground state Gaussian by raising and lowering
operators [Hag98]. This framework is central in rigorous semiclassical analysis and has also
been applied to magnetic Schrodinger equations [Zhol4, GR21].

The variational Gaussian dynamics utilized in Chapter 4 is the branch closest to Heller’s
time-dependent Gaussian approximation [Hel76]. It does not require a mesh and remains
low dimensional. Furthermore, it determines the parameter evolution by projecting the full
Schréodinger dynamics onto the tangent space of the Gaussian manifold. In the nonmagnetic
setting discussed in [LL20, Lub08], these variational dynamics conserve norm and energy and
have error bounds that are not valid for diagonal or fixed-width restrictions, as emphasized in
[LL20, §3.8]. The magnetic extension used in Chapter 4 was developed in [BDH"24], where
the Hamiltonian contains a time-dependent magnetic vector potential.

Variational equations of motion. The time evolution of the parameters is determined by the
Dirac—Frenkel variational principle. At each time, the Schrédinger velocity is projected onto
the tangent space of the Gaussian manifold. Equivalently, one chooses the tangent vector for
which the residual in the Schrédinger equation is minimal.

For the magnetic Schrédinger equation, the variational principle was applied in [BDH24] to
derive the equations of motion

4 = (Oph)u, (I.12a)
= —{0gh)u, (1.12b)
C =-B(C), (1.12c)
C =~ {hpu+ 5t (BEICT) + 0T (@ph)u, (1.12d)

with

B(C) = (1d C)(V?h), (?) , (L.12e)

and the classical Hamiltonian for a charged particle in a magnetic field is

1
h(t,q.p) = 5 (0 — A(t, )" + (t. q). (1.12f)
Here, for a suitable observable A, we write

(A = (w Au) = [ @) (Au)(w) ds

R4

for its expectation value in u, details are in Section 4.1. For phase-space functions such as h
and its derivatives, the brackets denote expectation values of their Weyl quantizations, applied
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componentwise to vector- and matrix-valued functions [L1.20, §6.1]. Thus, the forces in (1.12)
are not evaluated only at the center g, but averaged over the current packet.

This reduced model retains several structural properties of the Schrodinger equation. It
preserves the L?-norm of the wave function and, for time-independent Hamiltonians, its energy
[BDH24, Lem. 3.6]. For Gaussian initial data, the variational dynamics are exact if the
magnetic potential is linear and the electric potential is quadratic in position [BDH" 24, Prop.
2.5]. This includes the Penning trap model used in Chapter 4. Under suitable smoothness
and growth assumptions on the electromagnetic potentials, the wave-function error of the
variational approximation is of order /¢ on fixed finite time intervals. For suitable observables,
the corresponding expectation-value error is of order €2 [BDH*24, Theorems 3.8 and 3.10].

The parameter equations also explain the relation to classical mechanics. If € tends to zero,
the Gaussian averages collapse to point evaluations at the center ¢, see [LL20, Lem. 3.15].
Then the equations for ¢ and p tend to the classical Hamiltonian equations generated by h. The
variational packet may therefore be viewed as a quantum correction of the classical trajectory
dynamics, where the width keeps track of the evolving uncertainty.

In Hagedorn’s parametrization C = PQ ™!, the width equation (I.12c) is equivalent to the
pair of coupled linear equations

Q = (Opgh)u@ + (Opph)u P, (I.13a)
P = —(044h)uQ — (Ogph)u P, (I.13b)

see [BDH 24, Theorem 4.2].

Time integration of Gaussian parameters

The variational Gaussian approximation has replaced the magnetic Schrédinger equation by
a small system of ODEs for the parameters of one packet. The next step is to evolve these
parameters in time.

The starting point is the Boris algorithm [Bor70], originally introduced for the classical
equations of motion of a charged particle in an electromagnetic field. For a magnetic vector
potential A in spatial dimension d, let

Ba=J) —Ja

denote the skew-symmetric magnetic matrix, where J,4 is the Jacobian of A. The classical
equations of motion take the form

q =, v =Bav+ F,

where E is the electric field. In three dimensions, B4v = v x B, which recovers the usual
formulation in terms of the magnetic field B = V x A. The Boris method is one of the standard
particle pushers in plasma-physics particle-in-cell codes [BL18]. It updates the velocity by a
kick-rotate-kick procedure. First, the electric field is applied over a half step. Second, a rotation
with the magnetic part is applied. Third, the electric field is applied over another half step. The
position is then advanced by a drift with the updated velocity. The Boris method is of second-
order [QZX*13]. In position and canonical momentum, the classical charged-particle equations
have a Hamiltonian formulation. However, the Boris method preserves phase-space volume while

14



generally failing to preserve the associated symplectic structure [QZX " 13]. Related long-time
analyses for charged-particle dynamics in strong magnetic fields are given in [HL20, HLW20].

Chapter 4 extends this idea from classical charged-particle dynamics to the parameter
equations (I.12) of the variational Gaussian wave packet ansatz. It first introduces the averaged
magnetic momenta

v=p— (A, T =P — (Ja)uQ.

In these variables, the center and width equations take the Euler—Lagrange-type form

q:va v = <BA>UU+Eeff7
Q = T7 T = <BA>’LLT + Sefo7

see Theorem 4.3. Here, Fog and Seg collect additional averaged force terms.
The phase, however, is updated separately. Its imaginary part is computed from the discrete
normalization relation

n n g n n
= +§<ln]detQ T —1In|det Q |>,

which enforces preservation of the L?-norm at every step. The real part of the phase is advanced
by a midpoint rule.

Chapter 4 also introduces a modified classical fourth-order Runge-Kutta (RK4) method. All
parameters except the imaginary part of the phase are treated by the standard RK4 stages. At
each stage, the imaginary phase is instead updated from the same normalization relation as in
the Boris-type method. Consequently, the modified RK4 method preserves the L?-norm of the
Gaussian packet by construction, in contrast to the unmodified RK4 method.

The numerical experiments in Chapter 4 use the norm and the energy as diagnostics for this
structure-preserving aim. For the tested examples, the Boris-type method and the modified
RK4 method preserve the L?-norm up to machine precision. The computed energy error of the
Boris-type method remains bounded and oscillatory in the reported long-time runs, whereas
the standard RK4 method and the modified RK4 method show an energy drift, which could be
reduced significantly for the modified method. Thus, the variational Gaussian and Boris-type
discretizations close the time-integration discussion for Part II in the same spirit as the local
methods of Part I: they isolate the difficult component and treat it by a method adapted to the
structure of the problem.

Beyond the present thesis, recent work by Funk et al. compares a mesh-free wave-packet-based
solver with a benchmark grid-based solver for the time-dependent Schrodinger equation and
demonstrates accurate mesh-free simulations of physically relevant examples with significantly
shorter simulation times than those obtained with the grid-based solver [FML"26]. Moreover,
recent work by Merk and Lasser develops structure-preserving time integrators for variational
Gaussian wave packet dynamics that exhibit near-conservation of the averaged Hamiltonian
over long time intervals [ML26].

Outline of the thesis

The two parts of the thesis address different computational bottlenecks by related principles.
In Part I, a spatially localized stiff component would force the whole semidiscrete Friedrichs’
system to use the small time step required only near a refined part of the mesh. Local time
integration avoids this global restriction by separating stiff and nonstiff degrees of freedom. In
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Part 11, the computational bottleneck is not localized in space. It is the oscillation caused by
the small semiclassical parameter, which is captured by the mesh-free variational Gaussian
wave packet ansatz. In both cases, the goal is to keep the low-cost part of the computation
inexpensive, while treating the restrictive component by a method adapted to its structure.

Within Part I, the same fine/coarse split is used at two different algorithmic levels. Chapter 1
and Chapter 2 place it directly inside a leapfrog-based time integrator. Chapter 3 instead uses
implicit Gaufl collocation for higher-order time integration and moves the local construction
into a preconditioner for the arising Krylov iteration. Thus, the local idea is not tied to one
particular time step formula. It can also enter through the linear algebra used to realize an
implicit method.

Chapter 1 constructs and analyzes a second-order, leapfrog-based local time-integration class
for two-field Friedrichs’ systems with central-flux dG discretization. The filter formulation
contains fully explicit local time-stepping variants as well as a locally implicit variant, and
the stability condition is governed by the nonstiff part of the mesh, once the filter’s relaxed
stiff part CFL condition is satisfied. Chapter 2 extends the second-order local time-integration
framework to a stabilized dG discretization. The stabilization terms add interface dissipation to
the central-flux discretization, at the price of replacing exact energy conservation by a discrete
energy identity with controlled dissipation. Chapter 3 develops a higher-order variant based on
Gauf collocation. The resulting complex-symmetric linear systems are solved by preconditioned
QMR, and the analysis shows that the number of iterations needed to reach a fixed tolerance is
bounded independently of the fine mesh. Chapter 4 then turns to the semiclassical magnetic
Schrodinger equation. There, a variational Gaussian wave packet reduces the evolution to
parameter ODEs, and a Boris-type integrator or a modified fourth-order Runge-Kutta method
advance these equations while preserving the L?-norm of the packet by construction.

16



Part |I.

Local time integration for Friedrichs’
systems






CHAPTER 1

Local time integration for Friedrichs’ systems

The content of this chapter is published in [HS26].

In this paper, we address the full discretization of Friedrichs’ systems with a
two-field structure, such as Maxwell’s equations or the acoustic wave equation in div-
grad form, cf. [DHK"23]. We focus on a discontinuous Galerkin space discretization
applied to a locally refined mesh or a small region with high wave speed. This results
in a stiff system of ordinary differential equations, where the stiffness is mainly
caused by a small region of the spatial mesh. When using explicit time-integration
schemes, the time stepsize is severely restricted by a few spatial elements, leading to
a loss of efficiency. As a remedy, we propose and analyze a general leapfrog-based
scheme which is motivated by [CH22|. The new, fully explicit, local time-integration
method filters the stiff part of the system in such a way that its CFL condition
is significantly weaker than that of the leapfrog scheme while its computational
cost is only slightly larger. For this scheme, the filter function is a suitably scaled
and shifted Chebyshev polynomial. While our main interest is in explicit local
time-stepping schemes, the filter functions can be much more general, for instance, a
certain rational function leads to the locally implicit method, proposed and analyzed
in [HS16]. Our analysis provides sufficient conditions on the filter function to ensure
full order of convergence in space and second order in time for the whole class of
local time-integration schemes.

1.1. Introduction

The aim of this paper is to construct and analyze a new local time-integration (LTI) method
for the discontinuous Galerkin (dG) space discretization of Friedrichs’ systems in a two-field
structure. Using an explicit time-integrator like the leapfrog method on the full spatial domain
necessitates satisfying a Courant—Friedrichs—Lewy (CFL) condition, meaning that the time
stepsize 7 is proportional to the inverse of the smallest diameter within the spatial mesh. On
the other hand, implicit methods like the Crank-Nicolson method are unconditionally stable,
but require the solution of large linear systems of equations. We are interested in problems,
where the CFL condition is dominated by a small number of mesh elements, i.e., tiny elements
or elements with a high wave speed. In this situation, standard explicit or implicit methods are
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inefficient. The basic idea of LTI methods is to use an explicit time-integrator, for example,
the leapfrog method, on the large, nonstiff part of the system and to couple it to a tailored
method on the small, stiff part. The modified method can either be an explicit method with a
weaker CFL condition (resulting in a local time-stepping (LTS) method) or an unconditionally
stable implicit scheme (leading to a locally implicit (LI) method). Overall one aims at using a
method with a CFL condition which only depends on the nonstiff part of the system. Since the
higher computational cost of the modified method arises only on a small part of the degrees of
freedom (dofs), the construction leads to a problem-adapted and efficient LTT scheme.

In recent years, many LTI schemes have been introduced for different wave-type equations.
LTS methods for the acoustic wave equation in second-order formulation were constructed in
[AM17, CH24, DG09, DG15, GMM15, GMS21, GM13a, GM13b] and for Maxwell’s equations
in second-order formulation in [GM10, KFL20, MPF*08, Pip06], and LI methods for Maxwell’s
equations in [DLM13, DLM14, DLM17, DFF 10, HS16, HS19, RB02, Verll], for instance.
Moreover, in [DHK 23] the LI method from [HS16] was generalized to Friedrichs’ systems.

However, to the best of our knowledge, fully explicit LTS methods for Friedrichs’ systems
have not been considered so far. Here, we construct and analyze a class of leapfrog-based LTI
schemes motivated by [CH24]. We will show that the method is stable under a CFL condition
which is independent of the stiff part of the problem and is of second order in time and optimal
order in space. As a special case, one variant of the LTI scheme corresponds to the LI method
from [DHK 23] and the theoretical results reduce to the ones given there.

QOutline The paper is structured as follows. First, in Section 1.2, we briefly review Friedrichs’
systems and introduce the notation which we will use throughout the paper.

Our main results are contained in Section 1.3. Here, we start with an introduction of the
splitting of the discrete operators into a stiff and a nonstiff part. Then, we present the new
LTT scheme based on the leapfrog method with a general filter function and study its stability.
Important examples leading to LTS and LI methods are discussed in detail. For the whole class
of methods, we prove stability if a time stepsize restriction based on properties of the filter
function is satisfied. Moreover, we prove that LTI methods satisfy error bounds with optimal
order in space and second order in time.

At last, in Section 1.4, we present numerical experiments which substantiate our theoretical
results for Maxwell’s equations. Moreover, we show that the LTS method outperforms the LI
and the leapfrog method on these test problems.

1.2. Friedrichs’ systems

Let Q € R? be an open, polygonal domain and denote its boundary by I' = 99.
Following [DHK ™23, §11.2] we consider the two-field structured Friedrichs’ system

Ou = Lyv + gu, on Q x Ry, (1.1a)
o = Lyu ~+ gy, on  x Ry, (1.1b)
u(0) =u®,  w(0) =17, on
with initial values u°,v" and right-hand-side g. The Friedrichs’ operators £, and £, are given
as
d d
MyLyu = Z L;0;u, MyLyv = Z LiTaiv, (1.2)
i=1 i=1
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1.2. Friedrichs’ systems

with L; € R™>™u for § = 0,...,d. The material tensors M, € L®(Q)"*"u M, €
L>(Q)™»*™Mv are assumed to be symmetric and positive definite, and m,, m, € N denote the
number of components of u and v. The boundary conditions of (1.1) are embodied into the
domains D(L,) and D(L,), see [DPE12, DHK 23] for details. We further assume that the
boundary conditions do not introduce damping, cf. [DHK 23, Assump. 11.8]. This leads to
the important adjointness property

(Lyu,v) = —(u, Lyv) for all u € D(Ly,),v € D(Ly). (1.3)

Special cases are linear Maxwell’s equations or the acoustic wave equation in a div-grad
formulation. For details see [DPE12, §7.1] or [DHK 23, §9.3].

1.2.1. Notation

Let K C R? be open. For two vector-valued functions u, @& € L*(K)™ we denote the L’-inner
product by

u, U = u - adx
) 0= |,

and the L?-inner product weighted by M, as

(u’ﬂ’)K = (u7ﬁ)Mu7K = (Muu, ﬁ)LZ(K)a

where we supress the indices M, whenever possible. The inner product weighted by M, is
defined analogously. From the arguments of the inner product it is clear which weight is used.
The induced norms are denoted accordingly.

Furthermore, we denote by 0; the ith weak derivative, ¢ = 1,...,d. Higher derivatives are
denoted by 0% = 9y ... 85 for a multi index o € N&, and we write |a| = a1 + -+ + aq.

The Sobolev spaces in L?(K) are denoted as H*(K), ¢ € Ny, and are equipped with the
weighted norms

4

2 2 2
lull? e = lulliv, en =D [l s s Tl = lulii, e = Do 10%ulli, k-
=0 lal=j

Again we suppress the index M, whenever possible.

In what follows, we recall some notation and results from [DPE12, DHK"23]. We denote by
Tr, meshes of Q which we assume to be admissible [DPE12, Def. 1.57]. By hj we denote the
diameter of a cell K € Tj,. We further define h € L>(Q) by h|gx = hy and h,,, = maxg hy
as well as h;, = ming hy.

For each component of (1.1) we denote by

Y= {ue L*(Q) | ulx € PE(K) for all K € T, }™,

v ={ve L}(Q) | v|x € PE(K) for all K € T, }™,
the spaces of piecewise polynomials of total degree at most k£ and the product space by
Vi, = Vi x Vy.

Furthermore, we symbolize the L?-projection w.r.t. the weighted inner product (")
mh: L2(Q) — Vy, see [DHK 23] for details.

o by
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Chapter 1. Local time integration for Friedrichs’ systems

At last, we recall the broken Sobolev spaces
HY(T,) = {u € L2(Q) | ulx € HY(K) for all K € T},

consisting of functions which are piecewise in the Sobolev space of order £. The space H*(Tp,)
is equipped with the norm

¢
Hu”%7771 = Z ‘u‘.?v h’ ’u‘?zﬁb = Z ‘u|?yK.
7=0 KeTy,

1.3. Local time-integration

After a central-fluxes dG discretization [DHK ™23, EG21, HK20], the spatially discrete wave-type
problem (1.1) takes the form

Oup, = Lopvp + Gun on Ry, (1.4a)
8tvh = ﬁu,huh + gv,h, on R+, (14b)
up(0) = mpu’, v, (0) = 0, gy, = Ty, (1.4¢)

where the discrete operators Ly, 5, Ly, inherit the adjointness property (1.3), i.e.,
(Lupup,vp)q = —(up, Lonvy)g — forallu, € Vi, v, € Vy. (1.5)

Before we present our local time-integration scheme, we follow [HS16] and split the mesh into
two parts

T = Tig U The (1.6)

The set Tj, ¢ contains all elements with a small diameter or a high wave speed and the set 7}, .
all others. We further define

= in hp. 1.7
Krg%ll,f K ( )

min

= min h h
KeTh. K> I8

c,min

Our approach necessitates an additional partition of the mesh such that the set 7j, ,, contains
the set 7Tj, s and the neighbors of elements in 7, y and 7j 1r only contains coarse elements with
coarse neighbors, i.e.,

Thm ={K €T, : 3K € Ty, 5 s.t. K, Ky share a face},
Thae = To \ Thom-

These extra coarse elements in 7y, ,,, are essential to the independence of small mesh diameters
or high wave speeds in the CFL condition, since mesh diameters and material properties enter
through the flux terms in the definition [HK20, Def. 4.8] of the discrete operators L, ; and
Ly from the element itself and from the neighboring element sharing the same face by the
discrete trace inequality, cf. [HK20, Proof of Prop. 4.13].

We further define the indicator functions

0, on K € Ty m,

ot = u, on K € T m,
" u, on K € Tp .

and u =
0, on K € Tp, i {
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1.3. Local time-integration

Now we propose our local time-integration method, motivated by the leapfrog-based scheme
in [CH24]. With a smooth function ¥: [0, 00) — R satisfying ¥(0) = 1, the fully discrete local
time-integration scheme is defined as

n+1/2 r n+1/2

Un —vp = gLunuy + 59,5 (1.9a)
uptt = rRL, oy gl (1.9b)
UZH _ 7)}v:+1/2 _ %Lu’huz+1 + 592’21/2’ (1.9¢)
U =U(—72Ly pXmLup), (1.94)

9%1/2: 5 (Gun ) + g n(t™),  we{uw}. (1.9¢)

In (1.9b) and in the following we write Ww,, for the application of the discrete operator ¥ on a
discrete function w;, € Vji. The scheme consists of a combination of the leapfrog method on
Thr and a second scheme, which is defined by the filter function ¥, on 7, ,,. For ¥ =1, the
scheme reduces to the leapfrog scheme on the whole domain. Choosing ¥ as a polynomial of
a certain degree p yields a fully explicit scheme (with p matrix vector multiplications in each
time step), while choosing a rational function leads to a scheme, which is implicit in the dofs
on Tpm. In Section 1.3.3 we consider polynomials ¥, which are chosen in such a way that the
CFL condition is optimized, and the rational filter corresponding to the unconditionally stable
Crank-Nicolson method. The main contribution of our paper is to prove stability and full order
of convergence of the combined scheme.
Moreover, we denote by

@2 = L(w(E™T) + w(t), w € {u,v}, (1.10)

the mean of the components of the exact solution at two consecutive time steps.
The remaining part of this paper is devoted to the proof of the following full-discretization
error estimate.

Theorem 1.1. For z} = (u} v}) given by (1.9) with T satisfying a CFL condition independent
of by in and a sufficiently regular solution x = (u v) of (1.1) we obtain

(") — zhlla < O(r* + A

masx) (1.11)
with a constant C' independent of T and h,,,.

Details on the CFL condition will be given later.

1.3.1. Stability

In the following, we assume that ¥ defined in (1.9d) is invertible, which is indeed the case
under a certain restriction on the time stepsize as we will later see. We start by rewriting (1.9)
into a system inspired by the analysis of the Crank-Nicolson method [HS16] imitating a discrete
semi-group technique. To do so, we define

— © +5Lun\ 2 (—LonxiLlun O
Ri= (iggwh Z, ) 1 ( 0 0 (1.12a)
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Chapter 1. Local time integration for Friedrichs’ systems

with
© = O(—1*LynXmLun), (1.12b)
O(2) = U(=) (1 - 20(2) = \I]zz) -5 em=1 (1.12¢)

In Table 1.1, we collect special choices of ¥ and © together with certain parameters, which we
will introduce later for the analysis. More details will be given in Section 1.3.3 below.

Lemma 1.2. The approximations xj = (u’g v,’f) of the local time-integration scheme (1.9)

satisfy
gn+1/2
R_aft = Ryaf + 7972 gt 2= [Tuh L (1.13)
v,h
Proof. The recursion directly follows from (1.9) and the definition of R.. O

A key idea for stability analysis is to split R4 into a positive definite operator @z, a skew-adjoint
operator Ly, and a self-adjoint, positive semidefinite perturbation operator Djs via

Ry =Or+ 1L, — T Dy, (1.14a)

where

_ O] 0 - 0 ‘Cv,h o _‘Cv,hXIfﬁu,h 0
Or = (0 Iy> , Ly = (ﬁu,h 0 ) , Dy = < 0 0> . (1.14b)

The adjointness condition (1.5) directly implies that £} is skew-adjoint, Dy and © are self-
adjoint, and that Dy is positive semidefinite. However, the definiteness of @7 is only guaranteed
for special choices of © (see Table 1.1) or, if the modified scheme is not unconditionally stable,
under the weaker CFL condition resulting from the argument —72L,, ), Xm Ly of © in (1.12b).
To ensure this, we introduce additional notation.

Definition 1.3. Let ¥: [0,00) — R be a smooth function satisfying ¥(0) = 1 and consider ©
defined in (1.12¢). For a constant ce € (0,1] we define By = Py (co) € (0,00] as the mazimum
value such that

0<U(z) <1 and O(z)>co for all z € [0, 2] NR, (1.15)

and Py = oo, if (1.15) holds for all z > 0.

The existence of cg and Py fulfilling Definition 1.3 is guaranteed since ¥ and © are continuous
and we assume V(0) = 1 which implies ©(0) = 1. For a given filter function ¥, one can first
maximize By such that ©(z) > 0 on [0, 8%] NR and then set cg = min, (g 52| ©(z). For certain
local time-stepping and locally implicit schemes, these constants are given in Table 1.1.

The parameters B\% and cg directly enter the CFL conditions to ensure stability of the scheme.

Definition 1.4. For given 9,9, € (0,1] we define

B3

S 1.16a
TZomonZon] (1.162)

2 _
TCFL,W —
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1.3. Local time-integration

] C) ® ﬁ‘% co Cy,

Leapfrog 1 1-3 —i 4(1—-co) 1—0? %

Crank-Nicolson (1+2)7! 1 0 00 1 0
Leapfrog-Chebychev | (1.45)  (1.12¢) (1.36a) (1.46)

Table 1.1.: Examples for filter functions with corresponding constants.

2 = 72 9 = deeve 1.16b
TOFLIfe = TCOFLIEc(Ue) = Tomxilonll’ (1.16Db)
v, wu,
and
4092
e = TorLa(¥) = ool (1.17)
v,h~u,

Recall that the leapfrog scheme on the whole spatial domain is stable if 7 < 7¢pr, ;1. We aim
at choosing W in such a way that the CFL condition of the local time-integration method is
significantly relaxed compared to the leapfrog scheme. For the dependence of the CFL condition
on the submeshes and the material parameters, note that

H[fv,hXIf['u,hH 5 hgfnjna HE’L),thﬁu,hH S h;?njna

with constants that, roughly speaking, scale like the square of the degree k? of the dG polynomials
(see, e.g., [DPE12, Rem. 1.48]) and the inverse of the product of the smallest eigenvalues of M,,
and M, on the respective submeshes 7} . and T, ¢, cf. [HK22, Eq. 6] or [DPE12, Lem. 7.32].

It is important to note that the eigenvalues of £, , x1r Ly, and hence 7y, if,c are independent
of the material parameters and the diameters within the fine mesh 7j ¢, cf. [DHK 23, HS16]
for details.

Corollary 1.5. Let ¥: [0,00) — R be a smooth function satisfying ¥(0) = 1 and assume
that the CFL condition 7 < Tcpr,w with Tcpr,w defined in (1.16a) is fulfilled. Then, the filter
operator W defined in (1.9d) is invertible and satisfies || ¥ |lyy vy < 1.

Proof. The statement follows immediately from —L, ;, xXm Ly being symmetric, and positive
semidefinite together with Definitions 1.3 and 1.4. O

Lemma 1.6. For 7 < 7cprw defined (1.16a), the operator ® induces a norm | - ||@ such that
for all u, € Vi we have

collunliéy, < llunlle = (Oup, up)g - (1.18)

Proof. The statement follows immediately from (1.15) since we can bound the eigenvalues z of
—72L0y p XmLup By B if T < T0FLw- O

Lemma 1.6 implies that ®7 defined in (1.12b) is also self-adjoint and positive definite for
7 < 7cpr,v and hence it induces a norm || - ||@, on Vj.

Using both CFL conditions in (1.16) we can bound the action of the operators R defined
in (1.12a) from below.
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Chapter 1. Local time integration for Friedrichs’ systems

Lemma 1.7. Let 9. € (0,1) and 7 < min{7crrit,c(Ve), TorLw} satisfy the CFL condi-
tions (1.16). Then we have

co(l = 02)uy I3 + [op 3 < (R 2y) (1.19)
for all z; = (uh vh) evVy.

Proof. Let z), = (uh vh) € V},. Using (1.14b) and (1.16b) we obtain

2 2
T Dy, 2y) g = =T (LopxaeLuntiy, up) g < coVzluy 1§,
and thus with (1.14a) and (1.18)
2
(Rixh’xh)g = (@Uh»uh)g + ||Uh’|?2 - %(leivh,xh)g
> co(1 —02)||up[IE + llog 13-
This proves the statement. O

In the next Lemma 1.8 we show that the CFL condition for the local time-integration
scheme (1.9) remains less restrictive than that of the leapfrog scheme used on the whole grid.

Lemma 1.8. Let ¥ € (0, 1), z;, = (uh vh) € Vi, and 7 < 1cpLe (V) defined in (1.17).
Moreover, assume that 0 < U(z) <1 holds for all z € [0, 4]. Then we have

(R, ap)q = (1= 07wy I + v, I (1.20)

Proof. By assumption, W is invertible since the leapfrog CFL condition (1.17) implies || —
2Ly nLunllo < 49? <4 and thus (¥~ 1wy, up,) o > llu, 1§ Using (1.12¢) we can write

2 _ 2
O+ T LonXitLup =¥+ T (LonXmLup + LonXitLon)
_ 2
=¥ ! + 7—Iﬁv,hﬁu,h-

From (1.12a) and the CFL condition (1.17) we conclude

(Rixha ‘Th,)Q = ((® + 7—TQ'Cv,hXIf'C'u,,h)uh7uh)Q + th”?l
> (1= 0%)|lup 1 + [on [[6-
This completes the proof. O

Lemma 1.7 and the splitting of Ry in (1.12a) lead to the following properties.

Lemma 1.9. Let 7 < min{rcrL v, TorLifc} defined in (1.16) for some ¥, € (0, 1). Then, for
Ty, Yo € Vp and R = R:1R+ we have forn =0,1,2,... the identities

(R-p,9n)q = (T, R+vn) g (1.21a)
(annSUh,Rnl‘h)Q = (R,LEh,SUh)Q, (121b)
(R-R'"R~' 2y, R"R ), = (R7 ay, 2p) (1.21c)
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1.3. Local time-integration

and in addition the bounds’

R"zp o < Csw,cllzn llor (1.22a)
IR" Rzl < Cotp, el [l (1.22Db)

with Cstb,c = (C@(l - 193»71/2'

Proof. The adjointness property (1.21a) follows from the skew-adjointness of £; and the
self-adjointness of L, xi¢Ly, 1, while (1.21b) can be seen by induction with
(R—Rxha’R'mh)Q = (R-tharR'xh)Q
= (xh,’R,_’R,xh)Q
= (2, Ryxp)q
= (R_xp,zp)q-

One can easily verify that the inverses are given by

R_l _ v :F%lIIE’U h
* FILWY Ty + 5Ly pPLyy,
v ULon
= T o 1.23
( Z,+ Tﬁu,h‘IJﬁv,h) T2 (*Cu,h‘:[’ ) ( )

These are decompositions of ’R;l into their symmetric and skew-symmetric parts.
Replacing z;, by R_'z, in (1.21b) proves (1.21c). Furthermore, (1.19) and (1.21b) imply

co(l —92)|R" "z, |3, < (R-R"z),, R"zy,),,
= (’R’—xhﬂxh)g
= lzpllo, — (Drzy, x1) g < llzn o,

where we have used the positive semi-definiteness of Dy in the last estimate. This proves
(1.22a).

By (1.15), ¥ is positive definite if the CFL condition (1.16a) is satisfied. Thus we have with
the adjointness property (1.5)

(Lun®Lypvpsvp) g = —(PLypVy, Lopvy)q <0
which shows
(R o w1) g = (g, uy) g + (U3, v4) g + T (Lun®Lo vy, vp)g < Il |3 (1.24)
Using (1.19), (1.21c) and (1.24) shows
o1l — 02)[R*R "y [ < (R-R"R=\a;,, R"R "z,
= (RZ'zy, zp)
<l 13

and hence (1.22b). O

Q

Q

n [[1S26, Lem. 3.9] the estimate (3.19c) is wrong. Since it is not used anywhere else in the manuscript it
could be removed without any trouble.
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Chapter 1. Local time integration for Friedrichs’ systems

With the previous Lemma 1.9 we conclude the following stability estimate.

Lemma 1.10 (Stability). Let )™ be defined in (1.13). Under the same assumptions as in
Lemma 1.9 the numerical solution is bounded by

n
+1/2
23 o < Coe(ll2f oz + 73 lgi ™ lle)- (1.25)
Jj=0

Proof. Since R~! is invertible, the scheme (1.13) is equivalent to
2 = Rap 4R R=RIR,.

Then, the discrete variation-of-constants formula yields

Pt = R 4 7 SRR g, (1.26)
=0
The claim now follows from (1.22a) and (1.22b) and the triangle inequality. O

1.3.2. Error analysis of the local time-integration scheme

In the following we denote the exact solution of (1.1) evaluated at time t" by
" =z(t"), x = (u v) . (1.27)

The error of the full discretization is given by

e =2" -z =€l +ep, er =2" — mz", ey = mpT" — xy, (1.28)

where e denotes the L2-projection error and ey, the discretization error respectively.
To define defects 62“ we insert the L?-projected exact solution into the numerical scheme
(1.13). This yields

R_mp @™ = Rymy@" + g2 + 760t (1.29)

Subtracting (1.13) from (1.29) yields the error recursion
R_ef™ =R e + 151 (1.30)

This recursion is of the same form as (1.13). Hence, we can apply Lemma 1.10 to bound the
error. Unfortunately, it will turn out later, that we need a more careful inspection of the defects
to deal with the cutoff functions within the Friedrichs’ operators. Otherwise, this would lead to
suboptimal error bounds.

Theorem 1.11. Let 7 < min{7crr, w, 7crLt,c} defined in (1.16) for some ¥, € (0, 1). If one
can decompose the defect into

. . . . 0
0y =0} o+ Lnoy, p  with &), = <5j ) , (1.31a)
hv,Lp
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1.3. Local time-integration

then it holds

n+1 n+1
lei™ o < Con, c(HehHez +7 31164 o+ 10h 0.2, llo +7 D 10:67,, 1, HQ)
Jj=1 j=2
+ 1o b, o - (1.31b)
Here,
o-u"tt = L@t —an) (1.31c)

denotes the discrete time derivative of a function u.

Proof. Solving the error recursion (1.30) with the discrete variation-of-constants formula yields

n+1 Rn+160 4T Z Rn ]R 15]+1
70 (1.32)
=R"e) +7> RIRIG + Z R (R -1)5] ;.
=0 =0
since

TRILLE = RIRy RS = (R T8}

Now we use the well-known summation by parts formula: for suitable sequences {p;}; and
{0;}; we have

n k
an —j0j+1 = rpd1 + ZTn —j (041 = 05), Tk = ij' (1.33)
i=o §=0

7j=1

For p, = R¥(R — I), this yields r, = R¥T! — 7 and

- y ] n . -
SRR -D)8Y, =R, — o+ 7Y RN
Jj=0 j=1

The bounds (1.22a) and (1.22b) imply (1.31b), since the first component of the defect d;, ,,
vanishes. O

For the discrete time-derivative (1.31c) of a sufficiently smooth function u, a simple calculation
shows the representations

1
-t = / Ou(t" +7s) o2t = / (1 — |s|)OFu(t™ + 7s) ds. (1.34)
-1

Note that the avarage 0, 1"*1/2 corresponds to the trapezoidal rule applied to the first integral
n (1.34). It is well-known that the error

sptl = o.antt — g unt/? (1.35a)
satisfies S
.
It < T [ 10u 4 o) ads (1.35b)
0
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Chapter 1. Local time integration for Friedrichs’ systems

Moreover, we define

¢ =p(=T*Lopxmlun),  with  p)=—"—,  2>0, (1.36a)
and set ¢(0) = ©'(0). In addition, we will use
$= @(_TQXmﬁu,hﬁv,th)- (136b)

Note that the nonzero eigenvalues of X, Ly n Ly pXm and Ly pXmLy,n coincide.
Furthermore, we recall the consistency and approximation properties of the dG discretized
Friedrichs’ operators Ly, 5, with w € {u, v},
Ly pw = 1 Lypw for all w € D(Ly,) N H (T,)™, (1.37a)
la < Cr.rwlh*Fwliir T, for all w € D(Ly) N HFH(T;,)™, (1.37b)

||['w,h Crw

of. [DPE12, DHK*23). |
To derive a representation of the defect 87 defined in (1.29), we write (1.14) as a perturbation
of the Crank-Nicolson scheme.

Lemma 1.12. The operators R4 defined in (1.14) satisfy

R+ =Ry on+ LnDur, (1.38a)
where we have
Roon=I+35Ly and Dyr=r1° v 1 0 Ly,. (1.38b)
’ 0 1x1tZy — PXm

Proof. The representation follows from the definition of ¢ in (1.36a) and ., = X2, since
O =T, — Lo XmLup® = Lu — T2 Lo Xm@Xm L
where the second equality follows from [Hig08, Cor. 1.34]. O
With Lemma 1.12, we can split the defect 6% defined in (1.29) as
5l =6 ox + Lnd 11 (1.39a)
with
8 on = ThOrE — Lymy @12 — gl 712, (1.39b)

5{1,LTI = DLTIWhanj
= Dr110;2’ — Drrio-el. (1.39¢)

The first component of (5% Ly vanishes such that we can apply Theorem 1.11 later.

Remark 1.13. We could analyze the defect 5% directly (without splitting). One would proceed
by using the discrete variations-of-constants formula in Lemma 1.10. However, this requires a
bound on £, Xm@n for some ¢, € Vi resulting in a suboptimal error estimate. o
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1.3. Local time-integration

We now have to bound the defect (1.39a). Following [DHK ™23, Lemma 12.2] the defect (1.39b)
stemming from the Crank-Nicolson scheme can be bounded under appropriate regularity
assumptions on the exact solution of (1.1) as

16 exlle < Crelh@ =2 g, + 72;2/0 1070~ + 75) |0 ds. (1.40)

To bound the defect (1.39¢c) we need a bound on ¢ introduced in (1.36a).

Definition 1.14. With By from Definition 1.3, we define C, as the smallest constant such
that for ¢ defined in (1.36a) it holds

lo(2)] < C, for all z € [0,5\21,] N R. (1.41)

Note that such a bound exists since ¢ is continuous on [0, 3] and hence bounded.
Now we are able to state a bound for the defect (1.39c) under appropriate regularity
assumptions on the exact solution of (1.1).

Lemma 1.15. Let z = (u v) with
z e O, T; D(L) N H L (T)™) N C3(°, T; LA (Q)™)
be the solution of (1.1) and T < Tcprw defined in (1.4). We further assume
go € C*(t°,T; L2 (Q)™).
Then the defect (1.39c) is bounded by

1
157 il < P2 (Crelth0a s + [ 100" +rs)llods (142)
0

1
+ [ 10 +75) o ds)
0

1
0.6 Tl < 7C, (Crelth2a s + [ 100 +79)lads  (1.42)
-1

1
+ / 1029. (" + 75) [ ds)
-1
with CA'@ = v2max{3, C,}.
Proof. With (1.37a), (1.37b), (1.41), and (1.1) we get
2 ~ ~
I5p e < T lxumnd:0,0™ o + 72 Coll Xmmn 0:0,0™
2
+ T xumndrgy o + 7 Collxmm 0795 lo
N 2 N
+ T2C¢C7r,£’thk87'un+l’kJrl,Th + TZCW,C’lehkaTunJr”kJrl,Th
and in the same manner
2 o~ ~
10705 trlle < T llxaemn 020,6" o + 72 CoollxXmmn 020,0™
2
+ Tlximn 029yl + 72 CollxXmmr 0295 lo
N 2 .
+ 7200 Cr £ Xmh* 020" 1,75, + 5 Cr | xaehF 020" g1 75, -

Using (1.34) completes the proof. O
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Chapter 1. Local time integration for Friedrichs’ systems

Now we state our main theorem which yields under certain regularity assumptions convergence
of order two in time and order k in space if we choose as dG polynomial degree k.

Theorem 1.16. By the same regularity assumptions as in Lemma 1.15 together with T <
min{7crr if,c, TCFL,w } and x% = mpx(t"0), the error of the full discretization satisfies

(e ) = 2+l < €7 + B

max )

(1.43)

with a constant C' independent of T and h.

Proof. The projection error in (1.28) is bounded by
lexttle < Calh* 12" g 7,

cf. [DHK 23, Lemma 3.2]. With Theorem 1.11, Lemma 1.15, and 2z = m,2° we get for the
discretization error

n+1 n+1

e o < Come (7 32 15% o+ 18, lla + 7 3 10,8, lla) + 1731, o
j=1 j=2

2
-
< Cstb,c<8Hafl’\Ll([tno,T],m(Q))

+27%C, (Ha?U”Ll([t"O,T],LQ(Q)) + HatzgvHLI([tnO,T],L?(Q)))

A k 24 ~j+1
+C¢C7r7£j£éaxn|h 200" k1,7,

A 9 2 1
+Cor?( max 0F0(9)la+ max 10]9,()]o)

n n
o+ Crpm YRR 7+ CoCrpm > |RFT20207 T |k+1,n> .
j=0 j=1

This proves the statement. O

Remark 1.17. If we use the midpoint evaluation gZH/Q = g, (t"*1/2) in (1.9) instead of the
average (1.10), we get an additional term T2Ha?gHLl([tnO’TLLQ(Q)) in the bound of Theorem 1.16.
Nevertheless, this modification leads to the same order of convergence. o

1.3.3. Stability and convergence of local time-integration schemes

So far, we proved our theoretical results for general filter functions W. In this section, we
investigate the constants from Definition 1.3 for the special case of using leapfrog-Chebychev
polynomials and for a rational function from our previous work [CH22, CH24].

We start with considering the LI method from [HS16], where, for all z € [0, c0), it holds

U(z)=(1+2)"1>0, O>k)=1  ¢(z)=0. (1.44)

Thus we obtain By = oo with the constants cg = 1 and C, = 0. Inserting these constants
into Definition 1.4 we get exactly the CFL conditions from the literature, i.e., [DHK 23,
Assumption 11.26] for Friedrichs’ systems or from [HS16] for the special case of Maxwell’s
equations. This indicates that our new general theory does not require stronger assumptions
than for the known results.
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1.3. Local time-integration

Now we turn to the new local time-stepping methods. Here, motivated by [CH22], we choose
the filter function as the following polynomial of degree p

2
— T\vy — —), Qa, =2 ,
1y (vp) p( g ap) P Iy (vp)

U(2)z = B(2)z =2 (1.45)

with a stabilization parameter v, > 1. With T},, we denote the pth Chebychev polynomial of
first kind.

Theorem 1.18. Let ¥ be given by (1.45) for some p € N and v, > 1. Then, (1.15) and (1.41)
are satisfied for

Co = %(1 - 7;7(11/,,)) € (07 %)7 B\QI/ = ap(’/p + 1)7 Cw = i (% - ) : (1'46)
Proof. Following [CH22, Lemmas 5.1, 5.4] we have
U(2)z<4(1—co), 0<U(z)<1, 0<z<p3

and hence

The formula for C, can be shown analogously to the proof of [CH22, Lemma 5.4]. O

Note that for p = 1 we have ¥ = 1 and the scheme (1.9) is just the leapfrog method (which is
independent of the stabilization parameter v,). If we choose cg = 1 — 92, for 92 € (0,1), we
get 5% = 4(1 — co) = 492
If, for p > 2, we choose
2
m=l4g5  0>0, (1.47)
then cg defined in (1.46) can be bounded independently of p, see [CH22, Lemma 5.5] for a

more in-depth view. In this case it holds
By =B >2p >4

Thus, the assumption of Lemma 1.8 on W is satisfied for the leapfrog-Chebychev polynomials
(1.45).

Remark 1.19 (Implementation). (i) It is important to note that one does not have to evalu-
ate the polynomials (1.45) of degree p — 1 in each step. Instead one calculates the action of
a vector u on W(—72A,,) in an efficient way by a three-term recurrence relation, see [Car21,
Algo. 4.2] for details. Here A,,, denotes the system matrix of L, j xm Ly, one obtains after
choosing an appropriate basis of the dG space V},, see [HS19].
(ii) By sorting the degrees-of-freedom in an appropriate way [HS19, Stul7] one can see that
U(—72A,,) only acts on the few fine elements in Th,r plus two additional layers.
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Chapter 1. Local time integration for Friedrichs’ systems

1.4. Numerical examples

We support our theoretical findings numerically with three examples. First we substantiate the
error bounds of Theorem 1.16 and we study the influence of stabilization within the leapfrog-
Chebychev local time-stepping (LFC-LTS) method. Afterward, we investigate the efficiency of
the LFC-LTS method compared to the locally implicit (LI) and the original leapfrog scheme.
The linear systems in the LI method are solved with the conjugate gradient method without
preconditioning since it required only a few iterations (not more than four in our examples).
We would like to stress that it is essential to utilize the correct inner product induced by the
mass matrix within the conjugate gradient method.
The codes to reproduce our results are available at

https://github.com/MalikScheifinger/DG-LTS-Maxwell

The software is based on the FEM library deal.II [ABB"23] version 9.5 and the Maxwell
toolbox TiMaxdG [CDK™]. Since we use deal.II, all our examples are done with quadrilateral
mesh elements.

1.4.1. Linear Maxwell’s equations

Linear Maxwell’s equations in transverse-electric (TE) mode, see [Nie09, §2.3], are given by

£0,E, = 0,H, — Jy, Q x (0,7), (1.48a)
e0,B, = —0, H, — Jy, Q x (0,7), (1.48b)
wo H, = 0yE, — 0, E,, Q% (0,7), (1.48c)

E(0)=E" H(0)=H°, Q, (1.48d)
E xn=0, o0 x (0,7). (1.48e)

For the spatial domain we choose Q = (0,1)? and final time 7' = 1. We set ¢ = u = 1 and use
initial values

EY(z,y,t) = cos(2rz) sin(27y), (1.49a)
0 .
E,(z,y,t) = —sin(2mz) cos(2my), (1.49b)
H(z,y,t) = 4m cos(2mz) cos(2my), (1.49¢)
as well as right-hand sides
Jo(z,y,t) = —(1 4 872) cos(2mz) sin(27y)e’, (1.50a)
Jy(z,y,t) = (1 + 87%)sin(27z) cos(2my)e’. (1.50b)

The exact solution to (1.48) with (1.49) and (1.50) is given by a variant of the cavity solu-
tion [HIS16]

E.(z,y,t) = cos(2mx) sin(27y)e’, (1.51a)
Ey(z,y,t) = —sin(27x) cos(2my)e’, (1.51b)
H,(x,y,t) = 4 cos(2nz) cos(2my)e’. (1.51c)

Thereby we can compute the exact L2-error of our scheme.
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IR

T

i

Figure 1.1.: Locally refined mesh of the domain (0,1)2.

We use the spatial mesh illustrated in Figure 1.1 in which we apply threefold refinement in
the blue central box. The mesh has been randomly perturbed to circumvent superconvergence
effects of the space discretization. The mesh elements are quadrilaterals. Moreover, the dG
degree is chosen as k = 5.

10°
107° E
5 . j
g i
= 1076 <
1 1074 1
L T T
1074 1073 10t 107?
time stepsize T time stepsize T

——p=9-+-p=8-x-p=4-4.p=2 e leapfrog

Figure 1.2.: Left: Error of the numerical solution of (1.48) with initial data given by (1.51)
obtained by the leapfrog method and the local time-stepping method (1.9) using the
filter (1.45) constructed with polynomial degrees p = 2, 4, 8, 9 and stabilization (1.47) with
1n = 1. The space discretization is done with dG degree k = 5 and a locally refined mesh
at the center. The dash-dotted line depicts the maximal stable time stepsize of leapfrog
method used on the coarse mesh 73 jr. The vertical dashed or dotted lines indicate the
largest time stepsize that can be used by the corresponding modified method also indicated
by the annotations at the x-axis. Right: Error of the LFC-LTS method with simultaneous
refinement in space and time by a factor 1/2. The space discretization is done with dG
degree k = 2. Regardless of the filter used, second-order convergence is observed.

1.4.2. Order of convergence

We apply the LTS method (1.9) with the LFC filter (1.45) and the stabilization parameter (1.47)
for n = 1 and various values of p.
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Chapter 1. Local time integration for Friedrichs’ systems

In Figure 1.2 on the left, we illustrate the stability and convergence behavior with LFC
polynomials of degrees p = 2,4,8,9. We observe second-order convergence in time until the
error reaches a plateau stemming from the spatial discretization. We denote the maximal stable
time stepsize of each method by either dashed or dotted vertical lines. Annotations at the
bottom of the picture illustrate that by increasing the LFC polynomial degree p, the maximal
stable time stepsize becomes larger and scales roughly as prcrrir where 7opr, 1 denotes the
maximal stable time stepsize of the leapfrog method (blue) on the whole mesh. Obviously one
cannot exceed the maximal stable time stepsize of the leapfrog method on the coarse part 7y, i¢
illustrated by the vertical dash-dotted line. On the right side of Figure 1.2 we illustrate the
convergence in space and time of the LFC-LTS method with p = 2,4,8,9 and a mesh which is
refined two times at the center. We start with a maximal mesh diameter A, = 0.1345 and a
time stepsize 7 = 0.005 which is necessary to achieve stability for the LEC-LTS method with
p = 2. We halve each value simultaneously and measure the L? error at the endtime 7' = 1.
We observe second-order convergence in space and time for all polynomial degrees p.

1.4.3. Necessity of stabilization

In this example we show that stabilization, i.e., choosing 1 > 0, is indispensable in the LFC-LTS
method, see also [CH22| for second-order differential equations. For this we consider the
following one-dimensional example

Oyu = —0,v, Q% (0,7), (1.52a)
0v = —0yu, Q% (0,7), (1.52b)
u(0) = u’,  wv(0) =°, Q, (1.52¢)
u=0, 89 x (0,T), (1.52d)

on Q = (0,1). We choose the initial values such that

u(x,t) = sin(27x) cos(27t)
v(z,t) = — cos(2mx) sin(27t).

is the exact solution of (1.52).

We use a spatial grid where all cells have diameter h,,, = 0.009975 except for one cell in
the middle of 2 with diameter h,;, = 0.0025 ~ h,,, /4. In Figure 1.3 we show the error of
the LFC-LTS method with polynomial degrees p = 3, 4,5 and stabilization (1.47) with n =0
and = 0.1, on the left and the right picture, respectively. As we can see, for n = 0, the
method becomes unstable for certain time stepsizes whereas the slightly stabilized method with
n = 0.1 has no deviations. This is caused by double roots of © in the interval [0, 7], which is
independent of p, cf. [CHS20, Theorem 5.2(a)]. The stabilization removes these double roots, as
shown in Figure 1.4 for p =4 and n € {0,0.1}, where the first double root is marked in red.

1.4.4. Runtime comparison

Next, we compare the runtimes of the LFC-LTS method, the LI method, and the leapfrog
method at two different examples. We revisit (1.48) on = (0,4)? and use an equidistant
spatial grid with kA ~ 0.0221. For the dG space we use the polynomial degree k = 2. Cells with
center in the ball ||z| < r with r € {0.1,0.5} are refined 2, 3, and 4 times. The minimal mesh
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10~*

L? error

el ~

T T ' T T
1073 2.1073 1073 2.1073
time stepsize T time stepsize T

10~°

e p=3-—p=4—+p=5|

Figure 1.3.: Error of the LFC-LTS method for the example in Section 1.4.3 with polynomial
degrees p = 3,4, 5. Left: without stabilization (n = 0), right: with stabilization (n = 0.1).
The dash-dotted line depicts the maximal stable time-stepsize of the leapfrog method on
the coarse mesh 7p, .

Figure 1.4.: Values ©(z) using the filter function (1.45) with p =4 and n € {0,0.1}. The thick
red point marks the first root of ©.
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Chapter 1. Local time integration for Friedrichs’ systems

local refinements 2 3 4
total dofs 1782756 | 1823823 | 1984932
refined dofs 15012 56133 217296
runtime leapfrog 64.1sec | 133.0sec | 291.0sec
runtime LI 50.6sec 57.3sec | 125.0sec
runtime LFC-LTS 31.4sec 37.2sec 74.3sec

Table 1.2.: Runtime comparison between the leapfrog, LI and LFC-LTS methods where the
region 7 = 0.1 was refined 2, 3 and 4 times.

local refinements 2 3 4
total dofs 2097522 | 3141369 | 7298127
refined dofs 353430 | 1397655 | 5554656
runtime leapfrog 76.8sec 230sec | 1050sec
runtime LI 83.5sec 334sec | 2140sec
runtime LFC-LTS 45.8sec 156sec | 1160sec

Table 1.3.: Runtime comparison between the leapfrog, LI and LFC-LTS methods where the
region 7 = 0.5 was refined 2, 3 and 4 times.

diameter on the whole mesh is then respectively h,;, = 0.005524, 0.002762, 0.001381 which
corresponds to a ratio of hy .. /P, = 4, 8, 16 respectively. For the leapfrog method we choose
the maximal stable stepsizes 7 = 6.8 - 1074, 3.4-107%, 1.7 - 1074 respectively. For the local
time-integration schemes we aim at choosing 7 = 2.2 - 10~3 which is small enough to balance
time and space discretization errors in each scenario. This was achieved by choosing the LFC
polynomial degrees p = 4, 7, 14 respectively.

In Table 1.2, we summarize the runtimes of the leapfrog, LI, and LFC-LTS method for
r = 0.1. In this example, the LFC-LTS method outperforms the leapfrog method where the
difference gets larger with an increasing number of local refinements. The runtimes of the LI
method are shorter than the runtimes of the leapfrog method but longer than the runtimes
of the LFC-LTS method. This can be explained by the fact that the LI method has to solve
a linear system in each time step in the refined region, while the LFC-LTS method is fully
explicit.

In Table 1.3, we show the data for » = 0.5. Due to the larger radius, the dofs in the refined
section are much higher than in the situation of Table 1.2. This leads to a different behavior.
In this example, the LFC-LTS method is at first faster than the leapfrog method but with more
refinements the leapfrog method becomes faster. The LI method is outperformed by both the
leapfrog and the LFC-LTS method.

Overall we see that the LFC-LTS method performs much better than the leapfrog and the LI
method in regimes where the mesh is locally refined in a small region.

1.5. Concluding remarks

In this paper we have constructed a family of second-order in time local time-integration
methods for central-fluxes dG discretizations of Friedrichs’ systems by combining the leapfrog
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1.5. Concluding remarks

scheme on the coarse part of the mesh with a modified explicit or implicit scheme on the fine part.
We proved error bounds of the overall scheme under a CFL condition, which is independent of
the fine part of the mesh, if the filter is chosen appropriately. Numerical experiments showed
the efficiency of the new scheme compared to the standard leapfrog method.

For linear Maxwell equations, higher-order locally implicit methods have been investigated
in [HKK22], and for discretizations with upwind fluxes we refer to [HS19].
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CHAPTER 2

Local time integration for Friedrichs’ systems
with upwind-type stabilization

This chapter extends the central-flux local time-integration scheme from Chapter 1 by adding
explicit stabilization on faces between elements in the leapfrog part 7;3r. The additional
stabilization terms provide control of selected interior jumps and boundary traces. Since the
stabilization terms are only applied on faces between elements in 7y, i, the fully explicit structure
of the local time-integration method is preserved if a polynomial filter is used. The upwind
fluxes considered in [HS19] are a special case of these interface penalties.

The main purpose of this chapter is to show that the stability and error analysis of the
central-flux method carries over to this setting, but with a further CFL restriction due to the
explicit stabilization terms. Under the combined CFL condition, the method satisfies a stability
estimate and an error bound of the same temporal order as in the central-flux case, and an
enhanced spatial convergence order on 7y, .

2.1. Space discretization with stabilization

This section collects the ingredients needed for the extension of the central-flux discretization.
We first refine the face partition according to the leapfrog and modified mesh regions and
introduce the enlarged modified region used in the estimates. We then define the stabilization
operators on the leapfrog faces, record their structural properties, and derive the inverse,
projection, and discrete-operator estimates needed for the stability and error analysis.

2.1.1. Notation

The stabilization terms and the subsequent error analysis require a partition of the face set
Frn = f,ilntU.F}Lmd. We decompose the interior faces f}Lnt into three disjoint subsets according
to the mesh regions they connect. By F}Lfff we denote the set of interior faces between two
elements in 7p, 1r, by .F,llnﬁn the set of interior faces between two elements in 7}, ,,, and by f};}fﬂm
the set of interior faces connecting an element in 7, j¢ with one in 7, p,. The sets Tp, ¢ and Ty,
are defined in Section 1.3. Analogously, the boundary faces are split as f,?nd = ,???Uf,?r;g.
For a compact notation in the error analysis, we further collect all non-leapfrog interior faces
as flbn;;n-‘r = Iizl?ltﬂm fllnfn
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Chapter 2. Local time integration for Friedrichs’ systems with upwind-type stabilization

Figure 2.1.: Excerpt of the mesh partitioning decribed in Section 2.1.1. The leapfrog region 7y, i¢
(blue shades) and the modified region T} ,, (red—orange) tile the domain. 7y, ,, consists
of the fine cells 7}, ¢ (red) together with their coarse neighbors (orange). The extended
modified region T}, ,,,+ contains T, (red—orange) and another layer of coarse neighbors
(light blue). The blue shaded and orange cells form the coarse mesh. Interfaces are drawn
with dashed lines and boundary faces with solid lines. The interior faces split into leapfrog
faces f,llnff (dashed blue), mixed faces F mltﬂ (dashed orange) connecting the two regions,

and modified faces F3™ (dashed red). The boundary faces split into ]-','f‘f? (solid blue) and
fbnd (solid red).

In addition to the mesh regions from Section 1.3, we define the extended modified region
Thm+ ={K €Ty | JK € Thm s-t. K,f(\ share a face},

which consists of 7}, ,, together with all elements sharing a face with elements in 7}, ,,,. By
construction, the mesh regions are nested, i.e., T, r € Tnm € Thm+. Figure 2.1 illustrates the
resulting partition of the mesh and its faces.

2.1.2. Stabilization operators

We now define the stabilization operators motivated by [DPE12; §7.3.2]. They will be added to
the semi-discrete system (1.4). The key idea is to penalize jumps of the discrete solution across
interior faces and traces on boundary faces in the leapfrog region 7j, i¢, weighted by appropriate

fields.
Definition 2.1. Given the fields

F
Sz u’

Sp € RMwXmu o GF

7,07

Sf, €R™XMe - for all F € Fy, (2.1)
we define Sty : Vit — Vit and S)fy - Ve — Vi by

(S'}Lf,huath)ﬂ = Z ( zu[[u]]Fa[[d}h]]F L2(F Z Sb'u, 7¢h L2(F)’ 1/}h EV}zLa (228,)

FeFint FeFpnd

h,If h,If
(S'};f,hvvth)g = Z ( U[[UﬂFa [[¢h]]F L2(F Z Sb U5 d)h L2(F)’ on € V% (22b)
= réry

The fields (2.1) are not uniquely determined by the problem, with possible choices given
in Example 2.3. Following [DPE12, §7.3.2], we impose the following conditions on their
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2.1. Space discretization with stabilization

choice to obtain the properties needed for our analysis. In words, the conditions are threefold.
Symmetry and positive semi-definiteness ensure that the operators (2.2) induce the seminorms of
Definition 2.5. The vanishing weighted jump and boundary traces are a consistency requirement,
i.e., the stabilization is invisible to functions in D(L£) N H(T;)™.

Assumption 2.2. The fields defined in (2.1) are symmetric and positive semi-definite. More-
over,

S ulr = SE[v]F =0, for all F € F™;, (2.3)
Sfuu=Sf,v=0, for all F € Fh{ (2.4)

foruw € D(Ly,) N HY(Ty,) and v € D(L,) N HY(Ty,). Additionally, for w € {u,v}
Do (L5 L)% < SFy < G, (2.5)

1/2 ~
nwﬁ((Lg,w - LF,U))T(Lg,w - Ll",w)) / < Slfw < ﬁw,bImwv (26)

uniformly on each face F' € Fy, with positive constants M. i, Nw,is Tw,b, wp- The fields ng, Lt
are stated in [DHKT 23, §10, §13]. For symmetric matrices A, B € R¥*¥ the matriz inequality
A < B means that " Ax < 2" Bz for all x € R*, or equivalently, that B — A is positive
semi-definite.

Example 2.3. We give examples of stabilization fields for the acoustic wave equation in div-grad
form and for Maxwell’s equations, following [DPE12, §7.3.4-7.3.5].

(a) For the acoustic wave equation the pressure u = p is scalar, m,, = 1, and the velocity is
vector valued, m, = d, with face fields Lg , =n!" and Lg’ , = (@f )T. A possible choice of
stabilization fields is

"' sh=m Sh=0,

U

SF =, Sf‘v:772n

1,0 n

with positive user-dependent constants 11, 72, and 73, penalizing the jump of u and the
normal jump of v. On the boundary, only the first component u is penalized.

(b) For the three-dimensional Maxwell’s equations u = E and v = H are vector-valued with
my, = my = 3, and face fields acting as Lguu = -—nf x F and Lgvv =n’ x H. A possible
choice of stabilization fields is the tangential projection

T T
Sfu = Sf’u = 771/2(13 - nF(nF) )7 Slfu = 7’3(13 - nF(nF) )7 Slfv =0,

with positive user-dependent constants 71, 72, and 73, penalizing the tangential jumps of
u and v. On the boundary, only the first component u is penalized.
o

With the stabilization operators at hand, given a constant « € [0, 1], the stabilized semi-discrete
system reads

atuh = *Cv,hvh - aS’Ehuh + Gu,h> on Ry, (27&)

atvh = [’u,huh - aSll)f,hvh + gv,hv on RJF? (27b)
or compactly written

Oy, = (Ly — aSy)xy, + gy, on Ry, (2.8a)
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with

Uy, 0 Lyn i (Sin 0 Guh
= R £ = ’ s S = ) s = ’ . 28b
h <”h> " <£u,h 0 ) & ( 0 Szlzf,h I 9u.h (2.80)

The system (2.8a) is equipped with the L?-projected initial condition ), (0) = m,z° and L*-
projected forcing g, = mp,g. The parameter a € [0, 1] controls the strength of the stabilization:
for a = 0 we recover the central-flux formulation (1.4), while an increasing « strengthens the
penalty.

2.1.3. Properties of the stabilization operators

The stabilization operators Slf , and Slfh share the same structural properties as their counter-
parts in [HS19], which we collect in the following Lemma 2.4 for later reference.

Lemma 2.4. Let w € {u,v}. The stabilization operator Sg}h from Definition 2.1 is consistent,
symmetric, and positive semidefinite, i.e.,

557hw =0, w € D(Ly) N HY(T,)™, (2.9a)

(Shpwn, @h) g = (Wy, Sk p@n) g, wp, Wy € VY, (2.9b)

(Swnwnswy) g = 0, wy, € V. (2.9¢)

Proof. All three properties follow directly from Definition 2.1 and Assumption 2.2. O

The stabilization operators thus penalize jumps across the interior leapfrog faces f}lrjltf and
traces on the boundary faces J—"}L’I{E, weighted by the respective stabilization fields, while
remaining invisible to functions in D(L,) N H'(7;)™>. The symmetry (2.9b) and positive
semi-definiteness (2.9c) allow us to define a seminorm on V}’, which plays a central role in

the stability and error analysis. By (2.9a), these seminorms extend to functions in Vhﬁ“’ =
VY + D(Ly) N H(Tp)™.

Definition 2.5. For u € VhL“, v E th”, we define the stabilization seminorms

]u%u = (Slfhu u) g (2.10a)
|U|‘29th = (Sll)f’hv,v)g. (2.10Db)
Moreover, for z = (u v) € V¥, we define

The remainder of this section collects several auxiliary estimates that quantify the interaction
of the stabilization seminorms with inverse inequalities, projection errors, and the discrete
Friedrichs’ operators. The estimates are performed largely analogously to those in [HS19] for
the Maxwell setting, adapted here to the two-field Friedrichs’ framework. They will be needed
in the stability and error analysis of Sections 2.3 and 2.4.

We begin by establishing an inverse inequality, relating the stabilization seminorm to a
weighted L?-norm on the leapfrog region Th e This is the analogue of [HS19, Lem. 3.5] in our
Friedrichs’ setting. While the CFL conditions in Section 2.3 are formulated in terms of operator
norms, the following estimate makes the dependence on the time-step size 7, the mesh diameter
h, and the material tensor M, defined in Section 1.2, explicit.
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Lemma 2.6. Foru, € Vy, v, € V], the following estimates hold:

’Uh%}fh S Cinv,S}thilmuhu%mp (2.11a)
’vh|‘25‘11)fh < CinV,Sllth_l/QUhH?EMf) (2.11b)

where Cyyy sit, Ciyy 1t are independent of h.
Proof. To prove (2.11a), we use Assumption 2.2 and the discrete trace inequality (A.1) for an
interface F' € }',il‘?ff between two elements K f , K{ € Thr and uy, € V},
(Sfulunlr, [[Uh]]F)Lz(F) < ﬁu,iH[[Uh]]FH%?(F)
< 20u,i ([l e 22y + 1z 122 ()
< 2ﬁu,ict2r(”hil/2uh||i2(Kf) + Hhil/QuhH%%K,f))
< 20 (M e ey 1 2 B + 1M e e I 20 ),

where the material tensor M,, is defined in Section 1.2. For a boundary face F' € FP"¢ and the
corresponding cell K touching that boundary face, we estimate

r ~
(Sb,uuha uh)LZ(F) < Thu,b||Up, H%Z(F)
HupCollh™ 2w, H%Q(K)

< Db Col MG oo 0y 1P

IN

Inserting the above estimates into (2.10) and using that each cell has at most Ny faces yields
2 2 (9 = —1)2 -1/2, |2
fun B, < CR (i + Fu) NallM3 B o I 20

Note that the constant Ci, only comes from interface to cell estimates on 7, 1. The second
inequality (2.11b) follows analogously. O]

The following Lemma 2.7 bounds the interaction of the stabilization operator with the
projection error. It shows that the stabilization applied to the projection error can be controlled
by the stabilization seminorm of the test function and a Sobolev seminorm of a sufficiently
smooth function on the leapfrog region 7} jr. Compared to the central-flux estimate (1.37b),
the bound gains an additional half power of h but is restricted to the leapfrog region 7p, js.
Lemma 2.7 is the analogue of [HS19, Thm. 3.8] in our Friedrichs’ setting.

Lemma 2.7. Let w € {u,v}. For w € D(Ly,) N H*(T,)™ and wy, € V¥, the following
estimate holds:

h |hk+1/2w|k+1777z,1f7 (2.12)

If ~ ~
(Sw7he7r,w’ wh)Q < C7r,811f, |wh |S,15
where C;. g is independent of h.

Proof. Using the Cauchy-Schwarz inequality in L?(F)™* and afterwards in R’f’i:%f‘ﬂf’%?‘, we

estimate

(Stnerar@n)g < D NSE) Y lexwlpllizim (S [@nlFll 2y

FeF,
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+ > ISED 2 en wllre 1(SE) 2@l L2y
FeFpnd

h,1f
1/2
F
< | X ISE) P lenulrlliam + D0 1(Shw) Perwlliagr
reF e
1/2

> ISE) Plandrlzag + Do 1(Shw)*@nllza )

reF Fer

Applying the projection error estimate (A.3), we get for an interface F' € .F}Lnff between two
elements K" Kf' ¢ Thar and e, € Vhﬁw

F = k k
(Si,w[[eﬂ,wﬂFa IIeﬂ,w]]F)LZ(F) < 277w7ic72r,3(’h +1/2w|z+1,Kf + |h +1/2Iw|i+1,K§)‘
For a boundary face F € .7:,?‘{19 of a cell K, we get

(SF e ..€

=~ 2 k+1/2, 12
1,wCT,ws ﬂ,w)L2(F) < nw,bcﬂ,c')’h / w|k+1,K

Altogether, using that each cell has at most Ny faces yields
_ _ . 1/2 .
(St n) < (2hui + ) >Ny 2B 2wl 73 lion s
proving the statement. O

The last auxiliary estimate of this section splits the action of the discrete Friedrichs’ operators
on the projection error into two contributions. One is controlled by the stabilization seminorm
on Ty, 3¢ and the other by the L?-norm on the extended modified region Thm+- Lemma 2.8 is
the analogue of [HS19, Thm. 3.8] in our Friedrichs’ setting.

Lemma 2.8. For u € D(L,) N HKY(T,) ™, v € D(L,) N HML(T;,)™, the following estimates
hold:

(ﬁuvheﬂ—yu’ ¢h) < C Lo, C|¢h |S,},fh |hk+1/2u’k+17771,1f

+ 0 lonl T i PR ulksr 7 s for all ¢n € Vi, (2.13a)
(Loper¥n)g <Oz c[Unlsr, R 201 7
+C’ wah”Th m+]h Vet 1,75y SOr all by € Vi, (2.13Db)

where C'" L chupcv,c and C} L:uvf’C L.f are independent of h.

U

Proof. To prove (2.13a), we use the weak formulation (A.6a) and L,¢p|x € Vi. Since e, is
L?-orthogonal to Vi, the volume term drops. We then proceed as in the proof of Lemma 2.7
using the Cauchy—Schwarz inequality

(‘cuﬁew,wgi)h)gzi Z (7ruv U¢h) Z ({ew,u}Fngvﬂ¢hﬂF)L2(F)

KeTy, FeFint
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2.1. Space discretization with stabilization

+ Z Crus L87U - LF,v)¢h)L2(F)

FeFpnd
= Z ({ewu}}F>L8v[[¢h]]F)L2 F)+ Z Crus L@,v_LFﬂ})gbh)L?(F)
FeFm FeFpnd
- Z ({{eﬂ'u}}FvL v[[¢h]]F L2(F) + Z Crus La,v_LF,U)¢h)L2(F)
FeF, Feryd
+ Z ({{eﬂ'u}}FvL v[[¢h]]F L2(F) + Z Crus La,v_LF7'U)¢h)L2(F)
FeFyy FeFpd
1/2
< Z Hﬁemu}FH%Q(F)—i_ Z ”emuH%Q(F)
FeFim, FeFbnd
1/2
Yo LG [onlrl ey + Y I(LE, = Lrw)dnlliz e
rer, réry
1/2
+ Y SMenudrliom + Do Slleruliam
FeFm FeFpnd
1/2
Y LS enlrliagm + Do WMELEL = Lrw)dnl e (e
FEI;Ln:n+ Fefbflr;il

For faces F' € F,llnff, we use the lower bounds from Assumption 2.2 to estimate

1L5 o [on)FlIZ2(p) = (Lo Lt o[$0]F, [98]F) 12 (s
< Cgv((LguLg,v)lp [[¢h]]F) [[¢h]]F)L2(F)
< Chuny (SE[9n1 e, [80]F) oy

and similarly for faces F' € fmg

I(Lby = Lrw)onllizm < CFunyy (Spulonlr, [6n]F) L2y

with constants

Cg:v - H(Lg,uLg,v)l/zH%OO(F)
CF, = I((LE, = Lrw) T (LE, = Lrw) Y2 oo ()

We use the discrete trace inequality (A.1) for interfaces F' € .7-",llnfn , to estimate
125, onle ey < 208, CR MG 12 ey 1200 2 + 1M e 1200 ).
and for boundary faces F' € fb“d

||(Lg,'u - Ll",v)‘ﬁh“% < éIEZUCthHMEIH%OO(K)||h_1/2¢h||%(a
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with constants
~F F 1F
Cop = HLa,uLa,vH%C’o(F)7

CIE:U = H(Lg,v - LF,U)T(L(}';,U - LF,U)H%OO(F)'

Using the projection error estimate (A.3), we get for an interface F' € Fi' between two elements
K{ . K§ €T

2 2 k+1/2, 12 k+1/2, 12
Iemudrlagn < 202520,y o + 20 por),
and for a boundary face F € Fpnd
k
”efr,wH%7 < Cg,a’h +1/27U|%+1,K-

Choosing v = %(h\ kr + h| K2p), employing the shape- and contact-regularity estimate [DPE12,
Lem. 1.43] with constant p, and using that each cell has at most Ny faces proves (2.13a). The
estimate (2.13b) follows analogously. O

Remark 2.9. The second term in (2.13) only yields spatial convergence order k on T o,
compared to order k + 1/2 on Tj . This reduced order stems from the interfaces in F}Lnrtn iy
One can recover the full order k + 1/2 on the whole mesh 7; by increasing the polynomial
degree on the coarse elements contained in 73, ,,,4 and exploiting the smaller diameter of the fine
elements in 7, f, see [Stul7, Remark 5.20b]. This is demonstrated in the numerical experiment

in Section 2.5.1. o

2.2. Full discretization

We now combine the spatial discretization from Section 2.1 with the leapfrog-based local
time-integration method from Section 1.3. The resulting fully discrete scheme extends (1.9)
by incorporating the stabilization operators Sluf o S}}fh from Definition 2.1. As in [HS19], the
stabilization enters explicitly in each sub-step. 7Comf)ared to [HS19], we treat a more general
filter function W. The locally implicit method [HS19] is a special case, see Section 1.3.3.
Moreover, we allow a more general forcing in the v-component. Both generalizations lead to
additional terms and problems in the stability and error analysis.

With a smooth function ¥: [0,00) — R satisfying W(0) = 1, the fully discrete local time-
integration scheme is defined as

n+1/2 p

Up, op = S(Lupuf — oSy Lo+ gip), (2.14a)
uptt — = T‘I’(ﬁv,hvs+1/2 - aS}ith + 9321/2), (2.14Db)
ot ot = B (Lt — oS g, (2.14c)
O = U(—7>LypXmLup), (2.14)

QZ,ZI/ 2= 5(gun (@) + gy n (7). (2.14¢)

The scheme proceeds in three stages per time step: a half-step for the v-component (2.14a), a full
filtered step for the u-component (2.14b), and a second half-step for the v-component (2.14c).
The explicit stabilization in each sub-step keeps the method fully explicit if a polynomial filter
VU is applied. As in (1.9), the action of the filter operator ¥ localizes to the region Ty, .
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2.3. Stability

2.3. Stability

While the stability analysis in Section 1.3.1 relies on a discrete semigroup technique, the
stabilization terms require a different approach based on discrete energy estimates. The starting
point, however, is the same: we first rewrite the scheme (2.14) in the compact operator form
already used in the central-flux case. The stability analysis is performed analogously to [HS19],
with the exception of the additional forcing term.

Lemma 2.10. The approzimations :EZH = (UZH "Jrl) defined by (2.14) satisfy

0
R_:UZH =R, x} — TaS}foZ + Tgnﬂ/2 %Eh ntl | - (2.15)
87'91)7]1

Here, R+ are defined in (1.12a), and

Opu T = LT — ) (2.16)

T

denotes the discrete time derivative of a sequence (u™) for T > 0.
Proof. The recursion follows from (2.14) and the definition of R4 in (1.12a). O

Compared to the central-flux recursion (1.13), the transformed scheme (2.15) contains the
additional dissipative term —TO[S}llfl'Z on the right-hand side, as well as an additional forcing
term arising from the different implementation of the forcing ¢g,. The next Lemma 2.11 makes
use of the summation-by-parts formula

T Z (aj+1, 8Tbj+1)

J=0

— (anJrl’ anrl)

Q

o0~ (a* b0 TZ dral T b . (2.17)
7j=1

given two sequences (a’);j>0, (b/)j>0 in L?(2) and 9, defined in (2.16).

Lemma 2.11. If x"“ is defined by (2.15), then

(R- = ZaSiHapth, ap ™), — (R- — ZaSi)ah, ), + O‘Z o + :E?L‘?S}f

7_2
= 7((0792#,712“)9 — (OrGopsvh) g — Hg”“llg +3 &) (2.18)
n
+1 2 1 1 1 ]
Z PR T ), — 330 (P2 ), +TZ (r0,g14", 1S, 0l o)

j=1
Proof. First of all, using (1.21a) gives
Rz} o™ +a])y — (Rayaf, o) +2))y = (Roal™ o)), — (Ryal,al),.  (2.19)
Using the self-adjointness of S, we also obtain

i+1 j i+1 i i+1 j i+1
(Sk l“haxi +a3)q = slzn T+ 9”?1%;5 - (Sh (z,7 — ), @) + xh)
_ ’x]Jrl + xj ’2 + 7|$ ‘ - |:E]+1| (2'20)
2 RIS T 21 hisH S
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Then, testing (2.15) with :L' Ty :Eh, summing over j = 0,...,n, and inserting (2.19) as well as
(2.20) yields

(R_apth 2™, — (Ryad,a)) g
(Slf n+1 n+1) + a(Sh xh,l‘h + OJZ ’xj—H + :ng’?s}f
- 12 2\ L ! A
Z (giF / AR xh -z Z vhargf,j; Jultt 4 up) g

Using (2.14a) and (2.14c), we get

M=

1 1
@rg 3 T Lun ()™ + )

j=0
n ! ) n - n 1 1 ' (2.21)
Z (Orgl 3, 0r0] ) + D (Org ), TSI ) Z (0rg0 ' 5 +9lu)q
Applying the summation-by-parts formula (2.17) to the first part of (2.21), we obtain
= 1 i+1 L 1
j+ + 1 1 +
Z Tgf}h ’ ‘ZL )Q: (87'917)1—;; ’UZ+ )Q (8Tgvh7vh Z gqj)h 7’0%
§=0 J=1
Collapsing the telescopic sum
- 1 1 j
j+ j+ 1 0 2
Z qu];h '3 gq];h + gq];,h)) 2H9n+ 14— ”gv,h”ﬂ
7=0
completes the proof. ]

The stabilization introduces an additional restriction on the time-step size. Together with the
CFL condition (1.16) from the central-flux analysis, it ensures that the combined operator
Ry — %aS,lf remains positive definite.

Definition 2.12. For given ¥s. € (0,1], we define

2ce Vs ¢

S (2.22)
[ A

TCFL,s,c — 7—CFL,s,c(ﬁs,c) =

The following Lemma 2.13 shows that under the combined CFL conditions (1.16) and (2.22),
the operator R4 — %aS}f is positive definite. The proof extends Lemma 1.7 by absorbing the
stabilization via (2.22). The resulting constant Csp upw,c couples the filter and stabilization
CFL parameters.

Lemma 2.13. Let 193 + ats. € (0,1) and 7 < min{7cpr it,c(Ve), TeFLs,c(Us,c), TeFL,w } satisfy
the CFL conditions (1.16) and (2.22). Then

Cstb ,upw, c”thSQ) = C@(l - 192 - a’lgS,C)Hth?} < ((Ri - %O‘S}lzf)xhal'h)gv (223)

for all x; € V.
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Proof. The proof is analogous to the proof of Lemma 1.7. Additionally, we use (2.22) to bound
%(S}fohaxh)g < 0919s,c||55h||522~
Overall, it follows
2 f
(Rs— gaSh ﬂchvl’h) (euhvuh) + H%H?} - L(lexhvxh)g - %04(5}11 l’ha?ch)g
> co(l =07 — adse)llup i + (1 — aceds) vy [1&-
Since co < 1 per Definition 1.3, we have cg(1 — 9¥2) < 1, and hence it follows

1 —aceVse > co(l — 92 — avy.) = O

stb,upw,c’

proving the statement. O

With the lower bound from Lemma 2.13 at hand, we combine the energy identity (2.18) with
Cauchy—Schwarz and Young’s inequalities to derive the stability estimate. The additional
right-hand side terms involving 379U7h require a careful choice of the Young weights v1,...,74
and an application of the discrete Gronwall inequality [HS19, Lemma A.1].

Lemma 2.14. Under the same assumptions as in Lemma 2.13, the numerical solution :rZ'H =

(uptt oty of (2.14) satisfies

j+1 j
C’stb ,UpwW, c”anrlHQ + OZZ ’:LJ + xi“zs‘;bf

n+1
2 |
< e?’/?c(rrx%u%az + IR+ Y okl ) 224
=0

with a constant C' dependent on Csiyupw,c and T'.

Proof. First, we bound the left-hand side of (2.18) using (2.23) from below

(R- - 704511 )xZ’“,xZH)Q - (R+w2,:rh) + O‘(Sh xiwxh - az ‘xﬁl + x{‘%}f

i+l
> Capupwell2h 1B = 120 1B, + az |z, + x%\?gg-
7=0

Bounding the right-hand side of (2.18) from above using the Cauchy—Schwarz inequality and
Young’s inequality together with the CFL condition (2.22) gives

n n
]+1/2 j+1 202 j+1 j 7j+1 If J
) + 1) %Z TO2G0h Vi) g +TZ (TOr gy 50Sun V)

J=0 J=1

2
+ (0 oY) g — (0rgb s v2) g — Sl E IR + 9% l13)
n
+1 ] i+1/2
<> (e A+ [l 1R) + 22 [FARGEY
j=0
n . n 1
zz 2llof 18+ 5 3 5 Im02a 5 1
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Chapter 2. Local time integration for Friedrichs’ systems with upwind-type stabilization

n n
j j+1
#33wgoll, + 33 delrdna @gh
2
+ ( allopHIG + II’UhHQ + 2 l10-gu I + 110

T g2 1% + 1199 4112)
n
+1 ] i+1/2
<7 S (=R + ) lE) + 22 [ /HQ

=0
n
j+1 +1

+ 52 el I+ T 0k

j=0 J=1

n . n 1
+ 3> wacets @ ld + 5 Y LaceVslmorgl) G

j=0 =0

2

j:
+ T (IR 118 + 5 10-g0 3 1E + 10790518 + 90 112)

where we have chosen 4 := 72/7. Next, we choose the weights v, := 41 and v3 == 271 /(aceVs ),
and we group terms. This gives

" n
+ ‘ i+1/2
T vl A + ) I13) + %Z$ /2

n

n
1 1
+ 1> el A+ 5 Z 5702 I

7=0
n . n 1
+5 > macelscla g+ 5 o aceVs om0 4 I3
j=0 =0
2 1
+ T (loplld + ZN0-g0 i 16 + 10790 4 16 + 901 113)
o7
n
=73 (m+ 2) 2l G + (1 + Lacods) |z |3
7=0
= i+1/22 - 1 = 1
+ +
5 25l M 5 2 0R IR + 5 3 Sseco i I

I\
(=)
—

J Jj=

%(thHQerll o 16+ Ha’r.gvhHQ"i_”gvh’%))

- .
= 27172 w7, & + Nl 113

IR
MS

+

n
j+1/2 +1 a?c2 i+1
LI+ Y o 0kl B+ 5 Y Lo o g

2)'

Il
o
Q

J
2

=1
+ 7 (Ilvall + 5 107035 1 + 110

Together, we obtain
1 j+1 12
stbupwc” n+ HQ+ O‘Z ’xj +x§1’8}f

+1 j
< lepllé, + thHQJr%TZHr’ [RaIEAF!
7=0
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n n
+1/2 +1 a’cq 9. i+1
t3 2 aila™ B+ 520 0%l A + 5 3 B e o, g2
j=0 j=1 j=0
2

+ T (10 TG + 110790 116 + llgb 1 18)-

-1
stb,upw,c

The discrete Gronwall-type inequality [HS19, Lemma A.1] together with ~; : ey

yields

j+1 j
stbupwcH n+1||Q+ Oéz "Tj +$;L"2S;Lf

3
5 1
<e (nx%n%az TR + % (Cotbamc (T + 11055+ 109l + o213
n
+1/2 1 1
+ CupuprelT 41 (zfzngf P+ 5D IR0 R + >l IR) )
7j=1 7=0

For example, the triangle inequality gives

j+1 +1
Ir0-gl 5 1B < 290 1 + 9] 1 13).

Estimating the remaining right-hand side terms analogously finishes the proof. O

2.4. Error analysis

In the following, we briefly recall notation from Section 1.3.2. We denote the exact solution
of (1.1) evaluated at time ¢" by

B =a(t"),  z=(u v), (2.25)

and the error of the full discretization by

e"=3" -z =€ +ep, er=2z" —mpz", ey, =TT — ), (2.26)

where e? is the L2-projection error and e} is the discretization error.
We define the defect 5,TLL+1 by inserting the L?-projected exact solution into the numerical
scheme (2.15). This yields

0
R_mp 2" = R omp 2" — TaSh TR —i—Tg n+l/2 _ %Lh (3 g"“) —}—7'5}7#1. (2.27)
TIv,h

Subtracting (2.15) from (2.27) yields the error recursion
R_ett =R el — raSiel + o7 (2.28)

This recursion has the same form as (2.15). Thus, one could apply Lemma 2.14 to bound the
error. However, a sharper estimate requires a more careful inspection of the defects, because
the cutoff functions xi¢, Xm, defined in Section 1.3, occur within the Friedrichs’ operators. The
authors of [HS19] use the coarse-grid CFL condition (1.16b) to bound terms containing L, 4 Xis-
In addition, we have to handle terms containing £, j, Xm- These terms could be controlled by
the CFL condition (1.16a) of the modified method, but using it would introduce the constant
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B\% into the error estimate. This would result in a suboptimal error bound. If the filter (1.45) is
used in (2.14), this constant scales with the polynomial degree of the Chebychev polynomials.
Therefore, we take a different approach. We start with the error equality in the following
Lemma 2.15 where we apply the summation-by-parts formula (2.17) to exchange a discrete
spatial derivative for a discrete temporal derivative.

Lemma 2.15. Assume that the defect can be decomposed as

. . . ) 0
0y =0 o+ Lndy . with 5ﬁﬁh__<5j ). (2.29a)
hov,Lp
Then
(('R, Sh )ez-&-l’ Z—&-l + Ta Z ‘ej-i-l + 6%@5

n n
Z j+1 j 1 ] Z i+1 If ¢, j+1 j
5%3 , € J eiL)Q - 5iLth’TO[8 h(e‘ZL’U +6;L,U))Q

=0
. ’ . (2.29b)
j+1 j j+1 If
+ Z (8T6z (2 Lh , Z "]1 v ﬁh 7_058 he?l ’U)
Jj=1 Jj=1
n
j+1 j+1 1 1f 1
+7 Z 2(52711,[% ) 6%,,1),5)52 - 2(627—;,5;17 (IU - %O&S h)e;zH?_) )
j=0

Proof. We begin similarly as in the proof of Lemma 2.14 by testing (2.28) with e”“ +ej, which
leads to

(R en+1 ZJrl) B (RJre(f)we?z)Q
_Ia(sllzfeerl n+1) + O‘(Shelweh + az|6]+1+6i|‘2gg
n

n
o j+1 Jj+1 J+1 Jj+1 i
=7y ( Opys + €1 +€h Z Lonh o> €hu T €hao
—~

Then, inserting the second component of (2.28) given by

Jj+1 j+1 _ g T Jj If Jj j+1
€hv 9~u,hCh oy = Ch + f[’uvheh,u TaSU,heh,v + 7-(Sh 0,87

since by assumption 0} , =9}, ., yields

n
1 1 i
-7 Z (,Cv,héit) Lo egLJru + eiL,u)Q

=0
n n n
_ ]-‘rl j+1 i j+1 If Jj j+1 ]+1
—22 5hvch> v _ehv) 22(5h,v,ch’7‘15 hehv Z hvﬁh hv,s)Q
=0 7=0 =0
n n
_ J+1 If ( j+1 J ]+1 ]+1
—Z(‘Shvcth@S h(ehv+€hv Z Oh s T hv,s)Q

j=0

<.
I
o
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n
+1 +1 j+1 1f j+1 j
+ 22(5iv£h’eiv - 6?1 U)Q - Z (5;1,v,£h77-a8 h(eiv 6%7,0))9
7=0 j=0
- 1 1 - 1 1
i+ If i+ j i+ +
= Z ( iL,v,Eh’TaS h(e‘gLU +6iL,v))Q - Z 5}7Lvﬁh 6%1)3)5‘2
7=0 7=0

qu

<.
Il

+

J

where we have used the summation-by-parts formula (2.17) two times. Since € w

((R _7068}1)624-1, n+1

hs

J=0

'M:

—_

2(0; ‘%tjlﬁh eh va +2(5Z+ulah7 ZJZI) —2(6h 0210

—

j+1 f j n+1 If n+l 1
(0 O, v LhJO‘S JhCh v) (5h 0,Lh0 Tas, e, v ) <5h,v,£h ) 7045 heh v)Q

=0, we get

+ 70 Z ’€]+1 + 6?1“23}5

n

> (

J=0

n
j+1 j j+1 1f j+1 j E : j+1 j+1
’ 6% + e;L)Q - 6%71},[:;1 ) 7'0[8 h(e?z X)) + egz,v))ﬂ + 2(5gl,v7[lh ’ T(S{z,v,s)ﬂ
=0

n+1

n
1
+7—22(8 (th) Eh’egL v) (5Z+v1£h’ h,v )Q

J

—T

J

M:

—_

J+1 If Jj n+1 If n+l
(079, v,ﬁh’TaSU,heh,v)Q+ (6h,v,[,h TasS, hCh.v )Q’

—

completing the proof. O

The error equality (2.29b) reduces the convergence analysis to bounding the six right-hand side
terms. To this end, we show how we decompose the defect into the two parts needed to apply

Lemma 2.15.

With Lemma 1.12, we can split the defect (5,{“ defined in (2.27) into

i+1 j+1 +1
G =0+ Lady (2.30a)
with
G5 =61+ Lpel™ + aS)el, (2.30D)
53“ =00 + 0 (2.30c)
where the second component of (2.30c) is given by
5%11“7, = %leﬁu,h@@jﬂ - %leﬁu,hareﬁ}ﬁ}
+ T2 Xm X Lun Or W T — 72X @ X Lo n O e{ful, (2.31a)
. .
e = TORGL - (2.31b)

The first component of (2.30c) vanishes.
‘We now state the main result.
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Theorem 2.16. Let o € (0,1], 92 + avds. € (0,1), and assume that

7 < min{7crrif,c(Ve), TOFLs,c(Vs,c), TCFL,W }s
as specified in (1.16) and (2.22). Assume that the exact solution x = (u v) of (1.1) satisfies
x € C30,T; L*(Q)™) N C(0, T; H* ' (T)™ N D(L)),
we C*(0,T; H'(Tp)™ N D(L,)) N CH0,T; H*(Th) ™ ND(Lu)),
v e C*0,T; H(Tn)™ N'D(Ly)),
and that the forcing term satisfies
go € C*(0,T; LX()™) N C(0,T; H' (Tn)™ N D(Ly))-

If, additionally, ||k pe(q) < 1, then for 0 <¢"t1 < T,

oy |z(t" ) — "+1HQ + ja Z |e]Jrl + e{b@%f

stb,upw,c

< 7'Ci(z,9) + C2Ihk+1ﬂf(t"“)\%+1,n

stbupwc
~ k 4112 211 k+1/2 4112
+C2TZ<|h 2@ s gy + R 2@ R 7 L),

=0

where C} sthyupw,e = = min{C} upw,c? 3(1 — aceVs.)}. The data-dependent constant Ci(z,g) and

the constant Co are independent of T and h.

For fixed T" and a > 0, suppressing the factors depending on the solution and forcing, the
estimate takes the simplified form

||l‘(tn+1) n+1HQ < 7_ + hk+ + hk—&-l/Q7

where hy, i = maxger;, ., by and g = maxger,  hy. Compared with the central-flux bound
in Theorem 1.16, stabilization thus gains half an order in the spatial contribution from 7y i,
while the contribution from 7}, ;4 remains of order k because stabilization is absent on the
modified region Ty, .

We postpone the proof of Theorem 2.16 to the end of this section since we first have to
provide estimates for the various defects appearing in the right-hand side of (2.29b).

We start with Lemma 2.17, in which an estimate for the tested defect 5%4;1 is stated.

Lemma 2.17. Assume that the exact solution x of (1.1) satisfies
z e C0,T; HY(T)™ N D(L)).
Then
(015 e +el)g <l +eflla + 520 +a >|eﬂ“+ei;r§g
LR IR (2.32)
1 Mo |RRHL 2012 T

with constants Cp,Co independent of T and h and positive scalars v1, 2.
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2.4. Error analysis

Proof. With the representation of the defect 5J+1 (2.30b) together with the bounds (2.12)
and (2.13) as well as the Cauchy—Schwarz mequahty and Young’s inequality with weights
Y1, Y2 > 0, we obtain

7 e ™ + el
= (60 e e+ (Lnelt e o) + (aSiel et + e,
+1 41
é% 1lleg, h||9+271||6] &

Jj+1 oy ) ‘hk+1/2§§j+1|2

’YQ|€ +€h|31f+%( 7L k+1,Th 1t

i+1 ~j
27 He] + ehH’Th ,m+ + 2’71 (C7T E f> ’hkx]+l‘k+lyn,m+

o jtl k+1/2 7412
+ 372a’|e), +eh|s;f + g5 (Cr s P[RR 7

In the next Lemma 2.18, a bound for the term (6%?;1,% , 6,];;18)9 is given.

Lemma 2.18. Assume ||h|| ) <1 and assume that the exact solution z = (u v) of (1.1)
satisfies

z e C0,T; H Y (T,)™ nD(L)),
w e CH0,T; H*(T,)™ m)( W),
ve CH0,T; HY(T,)™ ND(L,)),
and that the forcing term satisfies
go € CHO,T; HY(TH)™ ND(Ly)).
Then
2605 e s < O 20l g+ I ulii g,
+ 4 (j0- ]+ 0-0,57 IR + [0-0iHIR)
+ 74 (|0: B g 10,00 R+ 10060 R )

j+1
+ 165 18,

(2.33)

with a constant C independent of h and T.

Proof. Similar to the proof of Lemma 2.17 we get
i+1 41 j+1 j+1 1 41 1f
((yz,v,ﬁh ’ 6?1,1},5)9 = ((yz,v,ﬁh ’ 5€r,v ) (6h 0,Lp 0 ‘Cu hle—z ) + (6;1,1;,611 ’ OéS he‘77r U)Q
i+1 1
S (1655, 12 + 8L 1R

j+1 k+1/2~j+12
+C ﬁu, (|5i U,Eh’S,}}f + ‘h + / .]+ | +17_h1f)

IN

i+1 2 Erjt1
(”‘% v,LhHTh me T |hFart ’k—i—l Th,m+)

i+1 |2 k+1/2~j+12
+O£Cﬂ.$lf( ?Lv’ﬁh|s’1}f —|—|h+/ J+ ’ +17_hlf))

5j+1

Applying Lemma 2.22 to estimate |5 how c |31f and (1.42a) with k = 0 for ||&;,, /. [lo together

with Z- H@TgJH”Q < - ||8.r I+ yields the statement. O
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Chapter 2. Local time integration for Friedrichs’ systems with upwind-type stabilization

In the next two Lemmas 2.19 and 2.20, bounds for the terms involving the discrete time
derivative 8T5{;;1£h in the error equality (2.29b) are stated. These terms arise from the

summation-by-parts step in the proof of the error equality. This step contributes an additional
factor 7, which allows us to use the CFL condition (2.22) to absorb the stabilization operator
norm in Lemma 2.19. Lemma 2.20 bounds the L% inner product directly.

Lemma 2.19. Assume that the exact solution © = (u v) of (1.1) satisfies
we C20,T; H ()™ ND(Ly)), wveC30,T;L*(Q)™),
and that the right-hand side satisfies
go € C%(0,T; L*(Q)™).
Moreover, assume that T < Tcrr,sc(Us,c), defined in (2.22). Then
(3755;%@ ) TaSllJf,heiL,’U)Q

< ayscotscllel 17

+ atcot st (020,075, , + 1029015, , + 102071 R 7, ),
with a constant Cs independent of h and T and a positive scalar ys.

Proof. The Cauchy—Schwarz inequality, Young’s inequality with weight +5, and the CFL
condition (2.22) give

1 +1 ‘
(8 5?;; Ly Ta‘slfhei v) < %aiw‘FﬂLﬁhﬁh@Eh T %a75|€%’”"295h
j+1 '
WL cos cH@ 5{1 U, Lh Hg’h,lf + a’%c@ﬁ&c”eiwug—h,lf
Using (1.42b) with k = 0 and 779263 |7 ,c < 710293 |75, sives the result. -

Lemma 2.20. Assume that the exact solution x = (u v) of (1.1) satisfies
we C*0,T; H ()™ ND(Ly,)), wveC30,T;L*(Q)™),
and that the forcing term satisfies
gv € C*(0,T; L*(Q)™).
Then
20: 504 e s eh g < S Cur (1102057113 + 10207 IR + 102007 }) + e |12
with a constant Cy independent of h and T and a positive scalar v4.

Proof. The Cauchy—Schwarz inequality and Young’s inequality with weight ~4 give
j+1 j+1 Jo2
(004 1, e Wa < 274 10-67" 2, 18 + B lleq, 18

Applying (1.42b) with & = 0 and 74 |0 gfjJ;LlH < %H@E I+ gives the result. O
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2.4. Error analysis

The following Lemma 2.21 deals with the Friedrichs’ defect tested in the stabilization form.

Lemma 2.21. Assume ||h|| ) <1 and assume that the exact solution x = (u v) of (1.1)
satisfies
we CHO,T; H*(Tp)™ ND(Ly)), v e C*0,T; H (Tp)™ ND(Ly)),

and that the forcing term satisfies
gv € CHO,T; H (T5)™ N'D(Ly)).
Then
<&ﬂ@¢w%@ﬁﬁ+%am

()[’}/3|€J+1

+ ey, v\slf
+ 30t Cort (10,7 3.7, +10:0,0 T 7, + 10000 R ),
with a constant C3 independent of h and T and a positive scalar ~ys.
Proof. The Cauchy—Schwarz inequality and Young’s inequality with weight ~3 give
(%Eah’a‘glfh(eﬂ} + ¢, oo < 305 ‘%t)lch |31f - ‘W3|€]+1 + e v‘slf :

Applying Lemma 2.22 yields the result. O
The following Lemma 2.22 is an auxiliary result used in the previous Lemmas 2.18 and 2.21.

Lemma 2.22. Under the assumptions of Lemma 2.21 we have
i+1 2 1 1 1
65 2 < O (100 B+ 1000 B+ 10,00 B ) (234)

with a constant C' independent of h and T.

Proof. Recall the decomposition (2.30c)

+1 1 1
0 sy = leﬁu Ot — *leﬁu no-elt)

+ 7 chpxmﬁmh&ufr -7 chpxmﬁu7h876£21 + Z 8T ]H

Due to the definition of x,, in (1.8) and | - |311){h in (2.10), we have
72 Xm@Xm Lo pn 07 g =0, and  |T8xm@XmLunOrelly g, = 0.
Using the consistency property (1.37a) and (1.1) gives
\&ﬁjch@gh < 3%(|7Thaf(3ﬂ7j+l ]H)\slf + [Lu,nOr €]+1|31{ + |879]+1|51f )
The consistency property (2.9a) together with Assumption 2.2 gives us

™ 9v

0O — gt ) B = 10-(O,elt) — ekl B
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Chapter 2. Local time integration for Friedrichs’ systems with upwind-type stabilization

1 1 112
%JLUHF”B(F (8t€]+ _let]U)HLQ(F)
 repy, rer
<2 3 O (IN20r 0 = gI T e + (B0, (057 — gITOE o)
FeF,
Y ebCrplh 20007 — gl k.
FeFpid

In the last estimate we have used the projection error estimate (A.3) with £ = 0 and K{', K €

Th 1t with common interface F' € f,‘inff

We proceed as in the previous estimate, but use the discrete trace inequality (A.1) and the
approximation property (1.37b) with k£ = 1 in the last step:

|£u ha 6 |31f < 2 Z 771) ZCtr02 (|h1/2aTaj+1|§,Kf+‘h1/2876j+1|§’](5)

FEF

1 =~ 2 2 1/29 =~j+1)2
+ 2 Z nvybctrcﬂ,ﬁwl / 87'uj |2,K

rerp

The consistency property (2.9a) and the projection error estimate (2.12) with k£ = 0 give

+1,2 1 125 412
0793 |51f (2 e‘ZrZJg}th < Crsilh / g} |1Thlf

Using that each cell has at most Ny faces together with the assumption ||h|| () < 1 proves
the statement. O

Combining the previous results, we can now prove Theorem 2.16.

Proof of Theorem 2.16. Using the Cauchy—Schwarz inequality, Young’s inequality, and the CFL
condition (2.22), we estimate

205 bz, (To — FaSun)en g

1 1f 1
<2005 00z, 18+ 31 (Zo = FasSyp)en g

2.35
< 206741, I+ 3 (e IR — ralept By, + Sotcovhclept !l ) )
1
< 20673, 18+ 5 (lef s 13 — Foleht i, ).
Moreover, applying the estimate (2.23) for the v component, we get the lower bound
(R- = 5a8)eptt et g = Co wpwellen b I + llen g — 3a |€"+1|?51f : (2.36)
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2.4. Error analysis

Combining (2.35) and (2.36) in (2.29b) and using the CFL condition (2.22), we get

j+1 j
sbupwcll€hn 16+ 3(1 = aceds)llen 1 G + Fa Z len + e 5

n
]+1 j+1 ]+1 If ( j+1 J
<7y (e +€h +TZ 0oy OSunleny, +en,))
Jj=0

. (2.37)
j+1 1f
—l—TZ(@ fwch,TozS heiv)g

n
j+1 +1 +1 /
—Tzz (#Lvﬁh’ iL’US _722 5iLvﬁh ,) +2||6Z+Ulﬁh||g

The six terms on the right-hand side of (2.37) are bounded, in their order of appearance, by
Lemma 2.17, Lemma 2.21, Lemma 2.19, Lemma 2.18, Lemma 2.20, and (1.42a) with k£ = 0,
respectively. Inserting these estimates and grouping the terms, we get

n

+1 j
Cobapmel™ I+ 50 = 2201+ %) =) 321" + )y

< TZ 271 (el I3 + (21 + 74 + ayscedse) el 1B + C(z, g)

with C} stbupw.c = min{C, o J— 3(1 — aces.)}. The constant C(z, g) is defined in (2.38) and

depends on the exact solution as well as on the data. We first fix the Young weights and apply
the discrete Gronwall argument, and return to the estimate of C(z, g) at the end of the proof
Choosing v5 = acgés,c’ Y4 = %71, V2 = 1iq273: and vz = i leads to

+1 +1 j
cbapwcllen T IE + 5 aZIff] +6h\31f < 37172\\6] & + e llEy + C(z, g).
7=0

The discrete Gronwall-type inequality [HS19, Lemma A.1] yields

o upwcH@nH”Q + O‘Z ‘eﬁrl + ei’?;;f < 05t upw et (DT (g 0.

1 1 ~—1 :
6 T+1 “stb,upw,c 81VES

Choosing 1 =

~ ) 3
1 1 +1 S
stbupwc” h+ ||Q+ O‘Z‘BJ +€;L"2§}1lf SGQC(.T,Q).
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Chapter 2. Local time integration for Friedrichs’ systems with upwind-type stabilization

The constant C(z, g) is given as
n
C(x,9) =7 6(T +1)Cotupw.c 613
j=0
4 ~ ~7+112 ~74+112 +12
+7°(2005 +C) (|8Tuj+ ’27771,1f + ‘aTatUﬁ_ LT T ’879%—’— ’LTh,lf)
+ 7' C (10,8 + 110-0,67 B + 19,907 1)
+ 7M12C 0 upwe (T + 1)
n

w3 Ca(l192067 7 B + 10290 13, + 02 )

j=1 (2.38)
a2 O5 (1020515, + 10290 |5, + 1070 7 7, )

+ r4Cu([10-0," IR + [0-g3 IR + |02 })

v
n ~ .
+7 Z 6(T + 1)Cstb,upw,ccl|hk§j+1 ’%—i—l,Th,er
=0
2 k+1/2454112
+4ltva Calh gt |k+1777b,1f

~ k+1/2~9 2 k~j 2
+C(!h R e T IR “J+1’k+1,7h,m+)-

We use (1.34) to estimate

tn+1

n
r> ot < [
i=0 v

Together with (1.35b), we get the bound

tn+1

C(z,9) < T'C(T +1) /to (I0P()II + 1970()IIR + 19,90 (5) 1B + 19790 () I

=+ ‘atu(s)’%,'rh’lf =+ ‘831)(8)’%,7;%” + ’atgv(s)ﬁ,n’lf
+[0,u(s) [} + [07u(s)[}) ds

n 2«:n+1
lo(s) s, and w3 JRF B <4 [ kel ds.
j=1

(2.39)
4
+71C _max | (1070l + 100u()]G + 19,u() )
n
k~j 2 k41/2j
+CTY T+ DT g+ PR
=0
The projection error estimate (see [DHK ™23, Lem. 10.2])
lexttle < Calh* 12" g 7,
and the identity [[e"*!(|Z = |len* 1|2 + |lef |2, conclude the proof. O

2.5. Numerical examples

We illustrate the spatial and temporal convergence as well as stability behavior of the local time-
integration method extended to upwind-type stabilization in space. As an example equation we
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2.5. Numerical examples

use the two-dimensional first-order wave system

Ou =V v+ gy, on Q x (0,77, (2.40a)
0w = Vu + gy, on Q x (0,77, (2.40b)
u(0) = ug, v(0) = vp, on €, (2.40c)
u=0, on 09 x (0,77, (2.40d)

on the unit square = (0,1)2. In each experiment, we choose the initial values and forcing
so that the exact solution is u(z,y,t) = vo(z,y,t) = vy(x,y,t) = w(x,y,t), with w specified
below. Both experiments use center-refined quadrilateral meshes, see Figure 3.1 for an example,
and the stabilization fields from Example 2.3 with all three constants equal to one. We choose
a = 1 and measure the L?-error at the final time 7' = 1.

2.5.1. Spatial convergence

For the spatial convergence study, presented in Figure 2.2, we choose
w(z,y,t) = sin(mx) sin(my) (1 + t).

The mesh has two additional refinements at its center and is randomly perturbed to reduce
superconvergence effects caused by its otherwise structured geometry. We choose dG degrees
k =1,2,3 as a basis and increased it to £+ 1 on the coarse cells contained in 7, .+, as explained
in Remark 2.9. We integrate in time using the locally implicit filter (1.44) with fixed time
step size 7 = 1075 to prevent instabilities from the underlying leapfrog method. For each base
degree k, the observed convergence rates approach k + 1/2.

10—2 L
107 -
—
o
g
~ —6 |
v, 10
1078 -
10710 & ‘ |
1072 1071
hmax

Figure 2.2.: Errors of the local time-integration method with locally implicit filter (1.44)
combined with an upwind fluxes spatial discretization with different dG polynomial degrees
k =1,2,3 and data from Section 2.5.1. The horizontal axis shows the maximal cell diameter
Pmax = MaxgeT, hy. The vertical axis shows the L2-error at the final time 7' = 1. The
triangles indicate the different convergence orders.
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Chapter 2. Local time integration for Friedrichs’ systems with upwind-type stabilization

2.5.2. Temporal convergence

For the temporal convergence study, we choose

w(z,y,t) = z(1 —x)y(1 — y) exp(t) sin(t).

In the applied upwind fluxes spatial discretization we choose fixed dG degree k = 2 on every
cell of a mesh with two global refinements and four additional refinements at the center. Since
the spatial factor is a tensor-product polynomial of degree two in each coordinate, the exact
state is contained in the dG space.

In Figure 2.3, we depict the errors and stability behavior of the local time-integration
method with locally implicit filter (1.44) and the leapfrog-Chebychev filter (1.45) with degrees
p =1,2,4,5 and stabilization parameter (1.47) with n = 0.1. For p = 1, the resulting method is
the leapfrog method. All methods exhibit second-order convergence within their stable regimes.
The largest stable time step size approximately doubles from p =1 to p = 2 and again from
p =2 to p = 4. It remains unchanged from p = 4 to p = 5 because the leapfrog CFL condition
on the coarse grid then becomes the dominant time step size restriction.

1074
105 - - locally implicit
©-p=5
10—6 L —+—p= 4
= p=2
g 107" ——leapfrog
[eb)}
2\ -8 L
o 10
1079 L
10—10 L
10711 | |

1074 107°
time stepsize 7

Figure 2.3.: Errors of the leapfrog method, and local time-integration method with locally
implicit filter (1.44) and leapfrog-Chebychev filter (1.45) with p = 2,4, 5 for different time
stepsizes and data from Section 2.5.2. The upwind fluxes spatial discretization uses fixed
dG degree k = 2. The horizontal axis shows the time stepsizes 7. The vertical axis shows
the L2-error at the final time 7" = 1. The triangle indicates second-order convergence.
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APPENDIX A

Weak and strong forms of the discrete Friedrichs’
operators

A.1. Weak and strong forms of the discrete Friedrichs’ operators

We briefly recall notation and results from [DHK 23] needed for Chapter 2.

Whenever F € f,‘fnd, we define n’" as the outward unit normal vector to I'. For F € Fint | we
label the two neighboring elements by K{" and K¥ and define n’" as the outward unit normal
vector of K{ toward K4'. This orientation follows [DPE12].

Let F € Fi** and let u:  — R admit well-defined traces on F. We define the average and
jump by

1
fudr = 5 (@lr)lr + @gp)lr),  lulr = (ulgr)lr = (ulgp)lr-
For an element K € Tj, and a face F of K, the discrete trace inequality [DPE12, Lem. 1.46]
is
lunllr2ey < Coellb™ Pupllpeey  up € Vi (A1)

The corresponding estimate on V} is analogous.
For the L?-projection errors

Cry = U — ThU, Crp =V — TR, (A.2)

we use the following face estimate for the first field.

Lemma A.1 ([DHK"23, Lemma 10.2]). Let K € T, and let F € Fy, be a face of K. Then,
for all w € H*(K)™ and 0 < ¢ < k, the projection error satisfies

lerullzzr) < Cralh 2ulps1 1, (A.3)
where Cr o is independent of the element K and the mesh size h.

Recall that the discrete operator domains are

VEY = VP + D(L,) NH ()™, we {u,0}. (A4)
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The weak formulation in Definition A.2 is motivated, as in [Stul7, §3.2], by elementwise
integration by parts of (Lynu, ¢n)g, the jump-average identity

[u-Ylr = [u]lr - {Y}r+{ubr - [W]F, (A.5)
and [HK20, Lem. 4.7].

Definition A.2 (Weak form). We define L, , Vh[’“ — V) such that

(Lunuwdn)g=— > (W, Lotn) i+ D (Loufulr. [6nlF) 2

KeTh FeFint

+3 > ((Ehu+Loau,én) oy forall g € V3, (A.6a)
FeFpnd

and Ly Vhﬁ“ — Vi such that

(Lopvitn)g=— >, (0,Luthn) g+ > (LaF,v{{v}F,[[l/Jh]]F)LQ(F)

KeTh FeFnt

+3 Y ((Lhu+Lr)vtn)paey  Jor all vy, € V. (A.6b)
FeFpnd

The following strong form is equivalent. In [DHK 23, Def. 10.5], it is used as the definition.

Lemma A.3 ([DHK"23, Def. 10.5]). For u € V;** we have

(Lu,hua¢h)gz Z (Luuv¢h)K_ Z (LguﬂuﬂF7{¢h}}F)L2(F)

K€Th FeFint

—3 Y ((Bbu—Lrw)u,én) oy Jor all én € Vi, (A.7a)
FeFpnd

and for v € Vhﬁ’” we have

(‘Cv,hvawh)gz Z (‘vaawh)[{_ Z (Lg,v[[”]]Fa{{wh}}F)p(F)

KEeT, FeF

—5 > ((Lhy—Lro)v,¥n) oy Jor all vy € Vi, (A.7b)
FeFpnd

Proof. Integration by parts on each cell and (A.5) as well as [HK20, Lem. 4.7] yield the
result. O
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CHAPTER 3

Higher order local time integration
for Friedrichs’ systems

The content of this chapter was published as a preprint [HKS26].

In this paper, we construct an efficient higher-order local time integration scheme
for spatially discretized linear Friedrichs’ systems. In particular, our interest is in
problems where only a few of the mesh elements are small while the majority of the
elements is much larger. The special combination of two methods like the leapfrog
method on the coarse part of the mesh and the Crank-Nicolson method on the fine

part as was done in [HS16, HK22] is not suitable for higher-order time integration.

We use implicit Gaufl collocation methods, which provide higher temporal order
but require solving large linear systems at each time step. Therefore, we suggest
to approximate the solution of the linear systems arising in each time step by a
preconditioned Krylov subspace method, e.g., the quasi-minimal residual method by
Freund and Nachtigal [FN91]. The techniques developed here for linear problems
also carry over to nonlinear problems, where linear systems of the same type arise
within a Newton-type iteration.

Motivated by the analysis of locally implicit methods by Hochbruck and Sturm
[HS16], we show how to construct a preconditioner in such a way that the number
of iterations required by the Krylov subspace method to achieve a certain accuracy
is bounded independently of the diameter of the small mesh elements. We prove
this behavior by using Faber polynomials and complex approximation theory.

The cost to apply the preconditioner consists of the solution of a small linear
system, whose dimension corresponds to the degrees of freedom within the fine part
of the mesh (and its next coarse neighbors). If this dimension is small compared to
the size of the full mesh, the preconditioner is very efficient.

We conclude by verifying our theoretical results with numerical experiments for
the fourth-order Gau-Legendre Runge-Kutta method.
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3. Higher order local time integration for Friedrichs’ systems

3.1. Introduction

Friedrichs’ systems play a crucial role in the modeling of various physical phenomena. Important
examples are advection equations, acoustic wave equations, Maxwell’s equations, and Dirac
equations. See [DHK™'23] for more details. Though finite difference time-domain methods
[Yee66] are still predominantly utilized to solve Maxwell’s equations, numerous other methods
based on finite element or finite volume space discretizations have been introduced and are
gaining more and more importance.

The numerical solution of time-dependent partial differential equations by a method of lines
approach involves first discretizing in space and then integrating the semi-discrete system in time.
For the space discretization, discontinuous Galerkin (dG) methods (see [DPE12] and references
therein) are popular due to their flexibility in treating complex geometries and discontinuous
material parameters. Since dG methods lead to block-diagonal mass matrices, explicit time
integration schemes can be implemented very efficiently. Unfortunately, explicit time integration
methods are subject to the Courant—Friedrichs—Lewy (CFL) condition depending on the
minimum diameter of all mesh elements, denoted by h,;,, that is, the time step 7 needs to
satisfy 7 < h,;,. Here, we are interested in locally refined meshes, where most of the mesh
elements are coarse but a very small number of mesh elements are fine. The latter require
very small time steps on all mesh elements, which makes the computation inefficient. An
alternative is to use implicit time integrators which can eliminate the CFL condition completely
but require solving a large linear system of equations in all degrees of freedom at each time
step. Unfortunately, this is expensive and might not even be feasible for large 3D problems.

To tackle this problem, locally implicit (LI) methods [Verll, DLM13, HS16, CI16, DLM17,
HS19] and local time-stepping (LTS) methods [Pip06, DG09, GM10, GMM]15] or more general
local time integrators (LTI) from our previous work [HS26] were introduced and studied. While
there is a rigorous analysis of LTI methods of order two for linear problems, it is not clear
how to prove the stability for higher-order LTT methods constructed via composition methods
[HLWO06, Section II.4].

In this paper, we introduce a new strategy to develop a higher-order time integration method
to solve the general class of linear Friedrichs’ systems possessing a two-field structure on a
locally refined spatial grid in a computationally efficient way. For the time integration, we
propose to use higher-order implicit Gauf collocation methods [HW96, Sec. IV.5]. It is well
known that these methods are A-stable and symplectic, and have maximum order 2s for nonstiff
problems. Moreover, for all s, rigorous error bounds are available for a class of problems which
includes Friedrichs’ systems, cf. [HP15, Section 3.1]. This makes them the ideal candidates for
our applications. Unfortunately, the analysis only holds for Runge-Kutta methods which are
not only A-stable but also algebraically stable and coercive, properties which are not satisfied
for general implicit methods such as the computationally attractive DIRK methods.

The drawback of implicit schemes is that one has to solve large linear systems of equations in
each time step. For this, iterative solvers, especially (preconditioned) Krylov subspace methods,
are popular choices. See [Saa03] and references therein. For instance, block preconditioners for
structure-preserving discretizations of Maxwell’s equations were proposed in [PSC18, AHZ17].
Other popular preconditioners include those based on multigrid [Hip99, Banl0, AA02] and
Schwarz domain decomposition [BDG 19, SCGT07]. However, these preconditioning techniques
have not yet been adapted to locally refined meshes.

We show that the linear systems of equations which arise in the implementation of Gaufl
Runge-Kutta methods for linear Friedrichs’ systems can be transformed using techniques from
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[HW96, Sec. IV.5] in such a way that we obtain an equivalent linear system with a complex
symmetric coefficient matrix. Thus, we use the quasi-minimal residual (QMR) method to
solve it iteratively [Fre92, FN91, FN94]. Our main contribution is to construct a suitable
preconditioner for the QMR method and to prove that the number of iterations required to
reach a certain accuracy is independent of the fine mesh. Roughly speaking, this preconditioner
only acts on the fine mesh and is thus very efficient if the number of fine mesh elements is
small compared to the total degrees of freedom. Hence, the overall algorithm is unconditionally
stable, obeys rigorous error bounds which do not deteriorate under mesh refinement, and has
linear complexity with a constant that only depends on the coarse mesh.

The paper is organized as follows. In Section 3.2, we present our model problem and notation
and recall properties of the spatial discretization of Friedrichs’ systems using discontinuous
Galerkin methods with central fluxes. Section 3.3 is dedicated to higher-order implicit Runge-
Kutta methods. In Section 3.4, we recall known results on Krylov subspace methods, in
particular error bounds. Our main contribution is to prove that the field of values of the
preconditioned matrix is independent of the fine mesh and to combine this with error bounds
for Krylov subspace methods. Finally, in Section 3.5, we verify our theoretical findings with
numerical experiments and compare the efficiency of the higher-order locally implicit method
with other local time integration schemes [HS16, HS26] and a low-storage Runge-Kutta method
[NDB12].

3.2. Problem setting

Let © c R% d =1,2,3, be an open polygonal domain. The linear Friedrichs’ system in a two
field formulation reads

Opu = Lyv + Gu, on xRy, (3.1a)
o = Lyu ~+ gy, on QO x Ry, (3.1b)
u(0) =u°, v(0) =Y, on €, (3.1c)

where 0, denotes the partial derivative with respect to time and g,: Ry — L%(Q)™, g,: R, —
L?(Q)™ are forcing terms. The Friedrichs’ operators £, and £, are defined by

d d
MyLyu = Z L;0;u, MyLyv = Z L?@iv, (3.2)
i=1 i=1
with coefficients L; € R™*™u for ¢ = 0,...,d. Here 0; denotes the partial derivative with respect

to the ith spatial variable. The material tensors M,, € L>(Q)™«*"u M, € L*(Q)™>*™v are
assumed to be symmetric and uniformly positive definite, and by m,, m, € N we count the
components of u and v. To make the system (3.1) well-posed we have to prescribe boundary
conditions. These are embodied into the domains D(L,) and D(L,), see [DPE12, DHK 23]
for details. We assume that the boundary conditions do not introduce damping, cf. [DHK 23,
Assump. 11.8], which leads to the adjointness property

(Luu,v)g = —(u, L), for all w € D(L,),v € D(L,), (3.3)
in the weighted L? inner products defined via

(U, E)Q = (Muu7 a)Lz(Q)a u, u € LZ(Q)mu (34)
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3. Higher order local time integration for Friedrichs’ systems

The corresponding norm is denoted by || - ||o. The inner product weighted by M, is defined
analogously, and it is always clear from the inserted argument which inner product or norm is
meant.

For a full discretization of (3.1), we first discretize in space using a dG method with central
fluxes on a suitable mesh 7;, [DPE12],[HK20, Section 4]. On this mesh we define the spaces

U= fu e L2(Q) | u|lx € PE(K) for all K € Tj,}™, (3.5a)
v = {ve L*Q) | v|lg € PXK) for all K € T, }™, (3.5b)
consisting of functions in L2(Q2) which are polynomials of total degree at most k on each mesh

element. If it is clear by context which space we mean, we simply write Vj,. The dG method
then yields

8tuh = ‘C’U,hvh + Gu,h> on RJ” (36&)
oy, = Luhtn + Gy > on Ry, (3.6b)
up (0) = uph, v, (0) = vy, (3.6¢)

where £, , and L, are spatially discretized Friedrichs’ operators, and u%, v%, Gu,h» and 9o h
are L? projections of u°, 19, g, and g,, respectively, onto Vi, Vi with respect to the weighted
inner products defined in (3.4). We refer to [DPE12, HK20] for details on the dG discretization.

For w € {u,v}, let {¢Y,..., R } be a basis of Vi’. Then an element x: (0,7) — V} can
be represented as

N
AOEDBEAGES
j=1

with coefficient vector x(t) = (z; (1&))?;‘”1 This results in mass and stiffness matrices given by

(Mu)l,j = (¢;La¢?)ga (iu)l,j = (ﬁu,hgﬁ?agi)}))Q» (37&)
(Mo)i; = (5,91 (Lo)ij = (Lond, o1 ) g (3.7b)

Then, (3.6) is equivalent to the following system of ordinary differential equations,

du="L,v+g, L, = M, 'L,,
ov=Lyu+g,, L, = M;'L,, (3.8)
u(0) =u’, v(0) ="

Here, u® and v° are the coefficient vectors of u% and vg, respectively.
With an abuse of notation, given xp,y, € V', w € {u, v}, with coefficient vectors x,y € CNw,
we define

(Xay)Q = y*MwX = (xhayh)Qa (39)

and do so analogously for the induced norms in CNv. Here, * denotes the conjugate transpose.
For the matrix norms, we also take these weights into account since then these norms are
equivalent to the operator norms of the discrete operators £, and L, 3, i.e., we have

L.x||q Lynzh|o
|Lullvy ve = sup [Luxllo _ sup [Eurzulla = || Lunllvy vy, (3.10a)
xecha\fo} [1Xlle  zevingoy  ll@nlle
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3.3. Higher-order implicit Runge-Kutta methods

L L
”LvHV;jeV’;L = sup w — M

_ Y — (3.10b)
xecho\fop [Xlle aevivior  llznlla T

In this paper, we are interested in locally refined meshes. We refer to our earlier papers
[HS16, HS19, HS26] for detailed explanations on these meshes, but to keep this paper self-
contained, we introduce the necessary notation here. A locally refined mesh is a mesh in which
most of the mesh elements are coarse and very few mesh elements are fine. Let T;, . and Ty, s
denote the collection of all coarse and fine mesh elements, respectively. We denote by h sand h,
the size of smallest mesh elements in 7}, ¢ and in 7}, ., respectively. These two sets are related
to each other via

hy < h, and card(Tp ) < card (Tpc)-

Based on this decomposition of the mesh, the matrices defined in (3.8) can be split into
L,=Ll+L¢, L,=LJ+L¢ (3.11)

cf. [HS16, HS26] for more details. The indices f and c indicate that the elements on which
L/, LJ act belong to the fine submesh Th,r and the ones on which Lg, L act, belong to the
coarse submesh 7, .. In fact, it was shown in [HS16] that not only the fine elements have to be
considered but also their direct coarse neighbors.

Let us state some properties of these matrices which are inherited from their corresponding
discrete operators, cf. [HS16]. First, L, and L, are adjoint to each other, i.e., for all u €
CNe,v € CNv, it holds

(Lou,v)o = —(u,L,v),. (3.12)

It is easy to verify that these split matrices preserve the adjointness property of their respective
full ones, i.e.,

(Liu,v)g = —(w,Liv),,  (Lfu,v)g = —(u,Liv),. (3.13)
In addition, they satisfy
LLE =LéL,, L/L! =L/L,. (3.14)
Furthermore, combining the above properties, it holds
ILoullg = (Lguld + [Ldulg. (3.15)

One of the important results from [HS16] is that the explicit split matrices L and L¢ can be
bounded independently of the fine mesh, that is, using the weighted norms in (3.10), we have

LG vy v < chg ™, LS [lvu vy < ch.t, (3.16)

with a constant ¢ that is independent of h; and h,.

In [HS16, HS19], these split matrices were constructed to develop local time integration
methods. Here, we use these split matrices in a different way, namely to construct preconditioners
which improve the performance of Krylov subspace methods.

3.3. Higher-order implicit Runge—Kutta methods

In this section, we consider the time integration of (3.8) by an s-stage implicit Runge-Kutta
(RK) methods given by its matrix @ = (a;;) weights b; and nodes ¢;, i = 1,...,s, cf,,
[HLWO06, Section II.1].

S
i,j=11
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3. Higher order local time integration for Friedrichs’ systems

The two-field linear Friedrichs’ system (3.1) fits into the general framework considered in
[HP15, Eq. (2.8)] since the Friedrichs’ operator £ is skew-adjoint on its domain D(L). Therefore,
the time discretization error bound [HP 15, Thm. 3.5] holds under certain regularity assumptions
on the exact solution of (3.1). Regarding the full discretization error using a central fluxes
discontinuous Galerkin discretization in space, we refer to [HP15, Thm 5.4 and Rem 5.7]. Even
though these results are derived for linear Maxwell’s equations, it is straightforward to extend
them to two-field linear Friedrichs’ systems discretized in space.

To simplify the presentation, we write (3.8) in the compact form

ox=Lx+g, on (0,7),
x? = x(0),

_(u _ (8 N _ 0 Lv NxN
x—(v>, g—(gU>GR, and L_<Lu 0>6R ,

with N == N, + N,. Assume that we already computed an approximation x" ~ x(t") at time
t" = nr1, where 7 > 0 denotes the step size. Then, the implicit Runge-Kutta method applied
to (3.17) leads to the following coupled linear system of equations for the intermediate stages
X~ x(t" + ¢1)

(3.17)

where

s
Xi:Xn—FTZaij(LXj-i-Gj)v 1=1,...,s, (3.18&)
j=1

where G = g(t" + ¢;7). The new approximation x"*! &~ x(#"*1) is then given explicitly by

X" = x4 Z bi (LX; + Gi). (3.18b)
=1

3.3.1. GauB collocation methods

We use Gauf} collocation methods to construct higher-order implicit RK methods. It is well
known that these methods are algebraically stable [HW96, Theorem IV.12.9] and the RK matrix
Q is invertible [HW96, Section IV.14]. In addition, the error analysis for linear wave-type
problems [HP15, Section 3.1] makes use of the existence of a diagonal positive definite matrix
D and a positive scalar n > 0 such that

v DQ 'v>nv'Dv, forall veR® (3.19)

Here, " denotes the transpose. For Gaufl collocation methods, the coercitivity condition (3.19)

~

is satisfied for D = B(C~! — I,), where B := diag(by, . .., bs), C := diag(cy,...,cs), and I, is
the identity matrix of size s, cf. [HW96, Theorem 1V.14.5].

To obtain an efficient implementation for solving (3.18a), we use Kronecker products [HLWO0G,
Section VIII.6] to rewrite it as

X =1,9x"+7((Q2 L)X + (Q o Iy)G), (3.20)

where X = (X;)5_,, G = (Gi)jzl € CNs, Iy is the identity matrix of size N, and the term
15 denotes the vector in R® consisting of all ones. Diagonalization of @ yields a nonsingular
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3.3. Higher-order implicit Runge-Kutta methods

matrix T € C**% containing the eigenvectors and a diagonal matrix Ap € C**® containing
eigenvalues \;, such that

T'OT = Ag, Ag = diag(A1, ..., ). (3.21)

Substituting @ = TA@T ! into (3.20) and performing some Kronecker product operations
leads to s decoupled linear systems of the form

I, @Iy —T(A@@L)Z = Z° + 7(Aq © Iy)G, (3.22)

where

Z=(T'oIy)X, Z°=(T'oly)(l,®x"), G=(T'aIy)G. (3.23)

Note that @Q might have complex conjugate pairs of eigenvalues. For such eigenvalues (say
Aj = A;), the corresponding linear systems are

(In — TAL)Z; = Z9 + 70:Gy, (3.24a)

(In — 7\ L)Z; = Z0 + 7 G (3.24b)
In the homogeneous case, i.e., g = 0 which leads to G = 0, the first term on the right-hand
sides of (3.24a) and (3.24b) are conjugate to each other and so are the solutions.

Lemma 3.1. If g =0 and \j = \;, then the solutions of (3.24) satisfy Z; = Z;.

Proof. The RK matrix @ is real and thus complex eigenvalues and eigenvectors appear in
complex conjugate pairs. Hence, there exists a symmetric permutation matrix P € R*% s.t.,

T=TP, Ag=PAuP, (3.25)

which implies T~ = PT '. We choose an arbitrary index i € {0, ..., s} corresponding to a
complex eigenvalue \; € R and define the index j such that e; = Pe,. By (3.23) and x™ € RY,
we have

Z = (e] @IN)Z’ = (] T 'Ly @ x") = (Pe;) T7'1,) 0 x" = Z0. (3.26)

Conjugating (3.24a) proves that Z; solves (3.24b). O

In addition to this, Z; and G in (3.24a) can be further decomposed into

Zu,i ~ éu,i
z- (7). e (8).

where Z,, ;, Z,; denote unknowns corresponding to the transformed intermediate stages of u
and v, respectively. Taking the Schur complement, the linear systems in (3.24a) can be reduced
to

(In, — &LyLy)Zy; = 29 ; + TA(LZY; + Guy) + Ly G, o =T1AeC, (3.27)

to compute the u-component of Z;. After solving this linear system of dimension N,, the
v-component of Z; can be calculated explicitly via

Zv,i = Zgﬂ + T>\Z(Luzu,z + év,i)- (328)
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3. Higher order local time integration for Friedrichs’ systems

An efficient implementation of an s-stage implicit Runge-Kutta method using Gauf3 collocation
points thus requires solving a linear system of the form

Ax=Db where A :=Iy, —aL,L,, (3.29)

with a possibly complex parameter « in each time step. Therefore, the size of the linear system
to be solved is reduced from s(N, + N,) in (3.20) to N, in (3.29). The adjointness property
(3.12) implies that L,L,, is symmetric with respect to the discrete inner product (-, )Q defined
in (3.9). Hence, A is complex symmetric, that is,

(Ax,x), = (X,KX)Q, x € CNu,

and also normal. If o € R, then A € R¥*V is symmetric. However, for a ¢ R, it follows
immediately that A # A* with respect to (-,-),. Moreover, for

acC\{zeR:z<0}, (3.30)

the matrix A is invertible. For Gauf} collocation methods, the coercivity condition (3.19)
guarantees that the eigenvalues of @Q are not purely imaginary, and hence (3.30) is satisfied.

3.4. Preconditioned Krylov subspace methods

In this section, we aim at designing a tailored preconditioner for solving the sparse linear system
(3.29) by a preconditioned Krylov subspace method. We will prove that the number of Krylov
iterations to achieve a certain tolerance is independent of the fine mesh. The overall method
can be considered as a locally implicit scheme because it only requires the solution of a small
linear system as it is required for the second-order method in [HS16].

We remark that in Section 3.4.1, we consider the Euclidean inner product and norm in CV,
but using weighted inner products would be possible as well.

3.4.1. Krylov subspace methods for complex symmetric matrices

For a nonsingular, complex symmetric matrix K = KT € CV*N and a given vector f € CV, we
consider the linear system
Kx =f. (3.31)

Given an initial guess xg € CV and its initial residual vector ry = f — Kx, a Krylov subspace
method yields an approximation of the form

Xm = X0 + Wi ¥m, m=1,2,..., (3.32)
where W,,, € CNX™ ig a basis of the mth Krylov subspace
Km(K,1g) := span(rg, Kro, ..., K™ rg),

and y,,, € C™ is a suitable coefficient vector. The choices of W,,, and y,, characterize the
Krylov subspace method, cf. [FGN92, Gut97, Saa03] for more details.

To exploit the complex symmetric structure of K, we suggest to use the quasi-minimal
residual (QMR) algorithm for complex symmetric matrices [Fre92, Section 3|, which is based
on the complex symmetric Lanczos process. Here, W,,, satisfies

KW,, =W, H,,  DyyiH, =W, KW, (3.33)
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3.4. Preconditioned Krylov subspace methods

with a diagonal matrix Dy,41 = W, 1 Wiyt € Cm+1)x(m+1) " The complex symmetry of K
implies that ﬁm e Clmtl)xm g tridiagonal and the upper m x m submatrix of Dm+1I~{m is
again complex symmetric. H,, has full column rank m until K (K, rg) becomes a K-invariant
subspace.

With 8 = ||ro||, the QMR approximation is defined as

Xm = X0 + WmnYm, Ym = /Bﬁ:_nelv ﬁ:_n = (ﬁ:{nﬁm)_lﬁ;ﬁm (3'34)
where e denotes the first canonical unit vector. The corresponding residual can be written as
rm =f — Kx,; = Wp1(Ber — Hyym).

Since H,,, has full column rank, y,, is equivalently characterized as the unique solution of the
least-squares problem

Ym = argmin ||fe; — ﬁmy\|
yeCm

The advantage of this algorithm compared to methods based on the Arnoldi process (e.g.,
GMRES) is that it uses three-term recurrences for the computation of the basis as well as
for the approximation. It can be combined with look-ahead strategies [FGN93] to prevent
breakdowns of the Lanczos process, which might appear because it constructs a basis which
is orthogonal w.r.t. the indefinite bilinear form (x,y) = x "y, instead of the Euclidean inner
product (x,y) = x*y, see [Fre92, Section 4]. For the sake of presentation, we assume that
breakdowns do not appear until a sufficiently accurate solution is computed, but we note that
with minor modifications, our analysis also holds for the (complex symmetric) look-ahead
Lanczos method [FGN93]. This assumption ensures that

D4 <6, (3.35)

for a given (small) tolerance d > 0, because otherwise, one would switch to the look-ahead
version of the Lanczos process.
In the following, PP,,, denotes the set of all polynomials over C of degree at most m.

Theorem 3.2. Let K be a nonsingular, complex symmetric matriz and X,, be the QMR
approzimation (3.34) after m steps. Then the error of the QMR method satisfies

K1 = 3l < K P i [l (K)ol (3:30)
pm (0)=1
with a projection matrix P, given by
Py =1In, — Wm+1ﬁmﬁjnD;zl+1W;rrm+1-
Moreover, if [Wp1ej]| =1, j=1,...,m+1, and (3.35) holds, we have
P <14 (m+1)0. (3.37)

Proof. Analogously to the proof of [HL98, Theorem 2], it can be seen from (3.33) that
P,,KW,, = 0. Using (3.34), this implies

K 'f —x,, =K 'P,,ro = K 'P,,p,,(K)rg

for all p,, € P, with p,,(0) = 1.
The bound on ||P,,|| follows from (3.35) and ||[W,,|| < m!/2, O
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3. Higher order local time integration for Friedrichs’ systems

Since ||pm (K)rol| < [|pm(K)]||[rof|, it remains to bound

i K)|l.
Jmin [P (K) ||
an(O):l

We use a bound from complex approximation theory, based on a superset S of the field of
values of K [Eie89], defined as

(u, Ku)

(u,u) ‘

F(K) = {pk(u),u e (CN",u # 0}, ok (u) =

Theorem 3.3. Let S C C be a convex and bounded superset of F(K) with 0 ¢ S and let ¢
be the conformal map which maps the exterior of S onto the exterior of the unit disc with

¢(c0) = 00. Then

: 12y 3 2
poch, I G = (2w o o 1) (335

Proof. Tt was shown in [CP17] that
[P (K) | < (1+ 2) max [pn(2).

The statement then follows from [HLI7, Eq. (2.14)] and [Eie89, Theorem 2. O

The conformal map ¢ can be determined numerically by using the Schwarz-Christoffel toolbox
[Dri05].

3.4.2. Preconditioning for locally refined grids

Our aim and the content of this section is the construction of a preconditioner such that the
field of values of the preconditioned matrix with respect to the discrete weighted inner product
(s )Q defined in (3.9) is independent of the fine mesh elements. Then, by Theorem 3.3, the
same holds for the error of the preconditioned Krylov method in this weighted inner product.

Motivated by locally implicit methods for Maxwell’s equations in [HS16, Verl1], we suggest
to precondition A from (3.29) with its dominant part,

A~B:=1Iy, —yL/L], (3.39)

where v > 0 is a suitably chosen parameter. Note that this basically boils down to replacing
the Friedrichs’ matrices Ly, L, in (3.29) defined on the full mesh by the split matrices acting
on the implicitly treated mesh elements, cf. Section 3.2 and by replacing the possibly complex
factor a by v > 0. By (3.13) and v > 0, the preconditioner B is symmetric and positive definite
with respect to (-, ), and thus it has a symmetric and positive definite square root B1/2. This
allows us to define an equivalent preconditioned linear system

AX =D, (3.40a)

where B ~
A =B Y?2AB'?, x:=BY?>x and b:=B"'?b. (3.40D)
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3.4. Preconditioned Krylov subspace methods

Since A is complex symmetric and B is real symmetric, the preconditioned matrix A is again
complex symmetric (with respect to (-,-)g,)-

We now apply the QMR method for complex symmetric matrices to the preconditioned linear
system (3.40) and refer to this method as the preconditioned QMR (pQMR) method, cf. [FN94,
Alg. 8.1.]. Since the computation of B'/2 is usually very expensive, it is essential that it is
not required for the implementation. In fact, one only has to solve linear systems with B but
neither compute BY/2 nor B~Y/2. Solving linear systems with B does not lead to too much
overhead costs because L{ L/ only acts on the fine elements and their direct neighbors and thus
is of small dimension compared to A. Moreover, systems with B can also be solved iteratively,
e.g., using standard preconditioning techniques for symmetric positive definite matrices.

It remains to show that the error of pQMR. can indeed be bounded independently of the fine
mesh. Note that Theorems 3.2 and 3.3 also hold for || - || = || - || if the Lanczos process and
the field of values are defined w.r.t. (-,-) = (-,-),,. Using these theorems, it is sufficient to show

that the field of values F(A) can be bounded independent of the fine mesh.
We split the factor « in (3.29) into its real and imaginary part,

a=ap+ia;, ag,a;€R, (3.41)
and define '
c=1+ CHLZ‘|%IZ<—V;a c=1+ CHLﬂll%;;wg, for ¢ € C. (3.42)
Defining quadrilaterals
Q = conv{l, I, 2, %Fi}, (3.43a)
R = conv{l, I, 1+ (2 = 1)(I; - %) LS+ (2 =115 — é)}, (3.43Db)

allows us to construct a superset S of F(A) which is independent of the fine mesh.

Theorem 3.4. Let o # 0 satisfy (3.30) and let A be defined in (3.40b), where the preconditioner
B is given in (3.39) for some parameter v > 0. Then we have F(A) C S, where
Q m RJ Qay 7é 07
S= [g,rg], a;=0, 0<ar=a<ln,

[1,%F§], ar=0, 0<v<agr=aqa,

is independent of the fine mesh and 0 ¢ S.

Proof. Let u € CN, u # 0, and @ := B'/?u. Then, by the symmetry of B (and thus of B!/2),
the adjointness and split properties Equations (3.12), (3.13), and (3.15), we have

(3, Afl)g, = (w, Aw), = [uly + (o +ia)(ILSul3 + [Luf3),  (3.44a)
(@) = (uBu),, = ul +[Liul3 (3.44b)
We now distinguish the two cases of o being real or complex.

(a) For a; # 0, it is easy to see that

v|[LSull3

— _
i RImpK(u)zl—l—

1 < Re(pz (@) + <
a [ul|3 + ][ Ldull

re. (3.45a)
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3. Higher order local time integration for Friedrichs’ systems

The first inequality is obvious and the second follows from the definition of the weighted matrix
norm in (3.10) and v > 0. In addition, we have

0 < Re(pz (8)) — % Im py (8) = — % <
a [l + vl Laul

(3.45b)

A simple calculation shows that the inequalities (3.45) are satisfied if and only if pz € Q with
@ defined in (3.43a).
Next, we consider only the imaginary part. Using (3.44) and (3.42), we obtain

YL all?, [

gl ~ e 1
0< —Impz(u)=1+ - <If— = (3.46)
ar hallf, + YITdul [l + Ll 5

The bounds (3.45a) and (3.46) are satisfied if and only if p5z € R with R defined in (3.43b).

Hence, we proved F(A) C QN R.
(b) For a; = 0, the matrix A € RN«*Nu is symmetric and thus pxz(u) €Rforallue CNu,
Since o = ar, we have

o a  (1=9ulg+alLul?
pE) =24 —1 % (3.47)
[l + 7| Luullg

=2

If o >, (3.47) can be bounded by

o (-2l
T T SrAE

af Liulg

_|_
[l

= <°re,
g gl
Similarly, for 0 < a < 7, it is straightforward to see

(1= 9)l[ull + allLiul?

<pz(a) <
[ull,

A +

—= fo'N

a
5

=|e

Furthermore, since
1
ogri—r—%grg, v >0,
all quantities defining the superset S are bounded independently of the implicitly treated mesh
elements and thus S is independent of h¢. Finally, in all cases we have 0 ¢ S. O

Further, we point out that v > 0 can be chosen freely and thus used to improve the
convergence factor. For example, a natural choice would be

v=lag| f ag #0 or ~=|a else. (3.48)

In any case, one should choose v ~ 72 so that the dominating part of A is well approximated
by the preconditioner B.

As a special case of Theorem 3.4, we obtain an inclusion set for the field of values of A
itself. Hence, we can state an error bound for the complex symmetric QMR method without
preconditioning.

Corollary 3.5. For the matriz A defined in (3.29), Theorem 3.4 holds by substituting LS, = L,
and L{ =0 in (3.43).
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3.5. Numerical experiments

Recall that, by an inverse estimate [DPE12, Lemma 1.44], there is a constant ¢ independent
of the mesh width such that || Ly[[vy vy < ch b . Hence, without preconditioning, the superset
will scale with h_l . Applying Theorems 3.2 and 3.3 to the preconditioned system (3.40a)
provides the following error bound:

Theorem 3.6. Let x,, be the QMR approzimation to the solution of the preconditioned linear
system (3.40). If (3.35) is satisfied, then there is a constant ¢y > 1 independent of the fine
mesh such that the error of the mth pQMR iterate satisfies

o~ . 3 2
where
cx =1, if 0<vy<ag, a;=0 or o #0, (3.50)
cK:alR, if 0<ar<~, a;=0.
Proof. Since A is complex symmetric, we apply Theorem 3.2 for K = A with || - | = || - ||o. By

Theorem 3.4, F(A) C S is independent of the fine mesh and the same holds for the conformal
map ¢ used in Theorem 3.3, in particular for |¢(0)| =: ¢o. Thus, the bound (3.49) follows from
(3.36), (3.37), and (3.38) if we can show

A" wllo < czlwlle  forall weCMNe (3.51)

We choose an arbitrary w € CNe, w # 0, and define u = A lw. Then, Theorem 3.4 with cx
defined in (3.50) and the Cauchy-Schwarz inequality yield

1 w, A lw Al
— < Re(p; (u)) _pe (™2 1 2)9 < Iwllal & ZVH” - J“i”“ . (3.52)
X Awl © AWl JAiwll

This proves (3.51). O

As an immediate consequence of Theorem 3.6, we see that the error of the pQMR method is
bounded independently of the fine mesh since S only depends on the coarse mesh. In particular,
the number of iterations is uniformly bounded with respect to further refinement of the fine
part of the mesh.

3.5. Numerical experiments

For all experiments, we consider the transverse-electric (TE) polarization of linear Maxwell’s
equations in a homogeneous medium Q = (0,1)% with = ¢ =1, i.e.,

OB, = 0yH, — Jy, on Q x (0,7), (3.53a)
OB, = —0.H, — J,, on 2 x (0,7), (3.53b)
OH. = 0yE, — 0,Ey, on 2 x (0,7), (3.53¢)
E(0)=E°, H(0)=H", on €, (3.53d)
Exn=0, on 092 x (0, 7). (3.53e)

The codes to reproduce our results are available at
https://github.com/MalikScheifinger/HigherOrderLTI

The software is based on the FEM library deal.II [ABB"25] version 9.7 and the Maxwell
toolbox TiMaxdG [CDK™].
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3. Higher order local time integration for Friedrichs’ systems

3.5.1. lllustration of Theorems 3.4 and 3.6

We consider a dG discretization with polynomials of degree two and fix
o= (i—i—i%)#, V=g =57 (3.54)

for the system matrix A in (3.29) and the preconditioner B in (3.39), respectively. This choice
follows from a; = 72)? in (3.27), with ); one of the two complex conjugate eigenvalues of the
RK matrix @ of the two-stage implicit Gaufi-Legendre method. The parameter v = a is the
choice suggested in (3.48). The spatial domain is discretized by a uniform coarse mesh which is
then locally refined at the center, yielding a coarse mesh width h, = 0.117851 and fine mesh
widths A = 0.0204628, h{®) = 0.0147314, and A" = 0.0073657, where the superscript denotes
the local refinement level. Local refinement level three is illustrated in Figure 3.1.

Figure 3.1.: Mesh with local refinement level three at the center of the domain.

Figure 3.2 shows the spectrum of A from (3.29), the field of values of the preconditioned
matrix A from (3.40b), and the quadrilateral bounds @ and R from (3.43a) and (3.43b), for
time step size 7 = 0.05 and local refinement level three. By the inverse estimate used in the proof
of Corollary 3.5, the eigenvalues of A scale like h,| . The spectrum of the unpreconditioned
system is therefore governed by the fine elements and spreads out as the mesh is refined.

Next, we apply the QMR method to the system (3.29) with and without the precondi-
tioner (3.39). To obtain an algebraic test problem with known solution, we choose a random
vector as the exact solution x of the linear system (3.29) and define the right-hand side b by
applying the matrix A to it. This allows us to compare the relative L?-error of the QMR iterates
directly. Figure 3.3 shows the results. For a fixed tolerance, the number of preconditioned
QMR iterations is almost independent of the local refinement level, whereas the number of
QMR iterations grows with it, as predicted by Theorem 3.6 together with Corollary 3.5.

The bound of Theorem 3.4 is fine-mesh-independent but not tight when 7 is small relative to
the fine mesh width, where the linear system is only mildly stiff. In this regime the fine-mesh
dependence of the superset enters solely through the term I'; — 1 / I‘iy of R in (3.43b): the factor
1/T%, with I, from (3.42) is not negligible at the coarsest level of refinement and vanishes only
as the fine mesh is refined, so R grows toward its level-independent limit. Figure 3.4 shows this
effect for 7 = 0.01: preconditioned QMR still improves the convergence, and the iteration count
increases with the local refinement level while remaining bounded by the fine-mesh-independent
superset & of Theorem 3.4. Figure 3.5 illustrates the same dependence geometrically, where
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3.5. Numerical experiments

Q is identical for all levels and only R grows. Such small time steps are not used in practice
for the coarse spatial discretizations considered here: once the time discretization error drops
below the spatial discretization error, decreasing 7 further does not reduce the total error.

200 | : o(A) £3Q

--- F(A) 3R

E 100

Figure 3.2.: Spectrum o(A) (orange), field of values F(A) of the preconditioned matrix (blue,
dashed), and quadrilateral bounds @ (teal) and R (magenta) with « chosen as in (3.54)
and 7 = 0.05, local refinement level three. The inset shows a zoom near the origin.
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Figure 3.3.: Relative L? error versus iteration count for QMR (solid) and precond. QMR
(dashed) applied to (3.29) with « chosen as in (3.54) and 7 = 0.05. Colors denote local
refinement levels: 2 (green), 3 (blue), 4 (red).

3.5.2. Runtime comparison

In this section, we compare the methods with respect to runtime and time integration accuracy.
We use the same TE model problem but now choose a manufactured solution which is a
polynomial of degree seven in each variable. The spatial discretization uses dG polynomials of
degree four. Thus, the exact solution is not represented exactly by the spatial discretization,
and the measured error contains the full discretization error. To further reduce the effect of
superconvergence, we randomly perturb the mesh. The locally refined mesh has h ¢ =0.00184142,
h. = 0.0147314, and N = 693900. The L?-error is evaluated at the final time 7 = 1.

Figure 3.6 compares Gaul RK methods with two (purple) and three (orange) stages, with
(dashed) and without (solid) preconditioner (3.39), the locally implicit method [HS16] (blue), a
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Figure 3.4.: Relative L? error versus iteration count for QMR (solid) and precond. QMR
(dashed) applied to (3.29) with « chosen as in (3.54) and 7 = 0.01. Colors denote local
refinement levels: 1 (purple), 2 (green), 3 (blue), 4 (red), 5 (orange).
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Figure 3.5.: Quadrilateral bounds @ (blue, dashed, identical for all levels) and Ry (solid) for
local refinement levels k = 1,...,5 (red, orange, green, purple, brown) for preconditioned
system (3.40b) with (3.54) and 7 = 0.01.

local time-stepping method [HS26] (green), and the popular low-storage Runge-Kutta method
LSRK(12,4) [NDB12] (red). The local time-stepping method uses a Chebyshev-type iteration on
the local system instead of solving a linear system like the locally implicit method, thus resulting
in a fully explicit method. The degree of the Chebyshev polynomial must be chosen large enough
to obtain a CFL condition independent of the stiff part of the system. For the two- and three-
stage Gaul RK methods, the preconditioner significantly reduces the runtime at comparable
errors. The savings come from the reduced number of QMR iterations for the preconditioned
system (3.40a), while the application of the preconditioner (3.39) only requires solves on the
fine part and its neighboring coarse elements. The locally implicit and local time-stepping
methods are efficient for admissible time stepsizes but are still restricted by a CFL condition on
the coarse mesh and become unstable for larger time stepsizes. Moreover, LSRK(12,4) is only
stable for time stepsizes so small that the spatial error dominates. Though it is faster than the
unpreconditioned Gaufl RK methods, it is slower than the preconditioned variants at nearly
the same full discretization accuracy. The Gaul RK methods are unconditionally stable and
therefore remain applicable for all time stepsizes.
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Figure 3.6.: L? error at final time 7 = 1 versus relative runtime for Gau RK with two stages
(purple) and three stages (orange), with preconditioner (3.39) (dashed) and without (solid),
the locally implicit method (blue), the local time-stepping method (green), and LSRK(12,4)
(red marker).

3.6. Conclusion

In this paper, we proposed and analyzed computationally efficient implicit higher-order time
integration methods for solving linear Friedrichs’ systems on locally refined spatial grids which
consist of a small number of fine and a large number of coarse mesh elements. This is achieved
by constructing a preconditioned Krylov subspace method to solve the linear systems arising in
each time step of the implicit scheme. Our main result shows that the number of Krylov steps
to achieve the desired accuracy can be bounded independently of the fine mesh.

Although we focused on linear Friedrichs’ systems, our ideas carry over to nonlinear Friedrichs’
problems like nonlinear Maxwell’s equations, where linear systems of the same type appear in
each iteration of a (simplified) Newton method. Moreover, instead of Gauf} collocation methods,
other implicit time integration schemes might be employed, and the preconditioner can also be
combined with rational Krylov subspace methods.
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CHAPTER 4

Time-integration of Gaussian variational approximation
for the magnetic Schrodinger equation

The content of this chapter is published in [SBH"25].

In the present paper we consider the semiclassical magnetic Schrodinger equa-
tion, which describes the dynamics of charged particles under the influence of a
electro-magnetic field. The solution of the time-dependent Schrédinger equation
is approximated by a single Gaussian wave packet via the time-dependent Dirac—
Frenkel variational principle. For the approximation we use ordinary differential
equations of motion for the parameters of the variational solution and extend the
second-order Boris algorithm for classical mechanics to the quantum mechanical case.
In addition, we propose a modified version of the classical fourth order Runge-Kutta
method. Numerical experiments explore parameter convergence and geometric
properties. Moreover, we benchmark against the analytical solution of the Penning
trap.

4.1. Introduction

In the present paper we study the numerical time-integration for charged quantum particles
that are subjected to external magnetic and electric fields. The dynamics is governed by the
semiclassical magnetic Schrodinger equation

ie0(t) = H(t)y(t), ¢(0) =vo, teR, (4.1a)
on R? with magnetic Hamiltonian
1
H(t) = 5(=ieVa = A(t,)* + (), (4.1b)
and initial value ¢y € L? (Rd) with semiclassical parameter 0 < ¢ < 1. Here, A is a divergence-
free magnetic vector potential, and ¢ is the electric potential. From a numerical point of view,

solving this time-dependent partial differential equation raises three major problems. First, it
is a high-dimensional problem, since the space dimension is typically given by d = 3N, where
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4. Time-integration of Gaussian variational approximation for the magnetic Schrédinger equation

N is the number of quantum particles in the system. Further, the computational domain R? is
naturally unbounded, and thus most numerical methods require truncation before discretization.
For the method of lines (first discretize space, then time), high dimension combined with an
unbounded domain leads to inadequately if not intractably large systems that have to be
integrated in time. Another challenge is given by the high oscillations induced by the small
semiclassical parameter €. For standard time integration schemes severe step-size restrictions
have to be imposed and leave these methods impracticable.

We consider the case that the initial condition ) is strongly localized and given by a
Gaussian wave packet, and investigate the numerical time-integration of an approximate
solution u(t) ~ 1(t), which is a Gaussian wave packet

u(t, z) = exp (é(%(:v —q) Colw —a) + (r = 4) TP + ).
The parameters to be computed are the packet’s position and momentum center q,, p;, the
complex width matrix C; of the envelope, and the complex phase and weight parameter (.
These parameters evolve according to ordinary differential equations, which are systematically
derived by the Dirac—Frenkel time-dependent variational principle. By the approximation
ansatz, high oscillations in time and space are captured and thus eliminated for the numerical
time integration. For A = 0 it is well established that variational Gaussian wave packets offer
reasonable mesh-free approximations at low computational cost, see for example [LL20, Van23].
More recently, they have also been proposed for magnetic quantum dynamics [BDHT24].

4.1.1. Contributions of the paper

As our main contribution we derive two fast algorithms to solve the equations of motion for the
parameters of a variational Gaussian wave packet approximation such that norm and energy
conservation of the quantum solution are echoed by the time integrator. On a standard laptop
with a non-optimized Jupyter Notebook!, these algorithms enable us to compute approximations
within minutes. First, we suggest an extension of the Boris algorithm [Bor70, BL18], which
is a standard integrator for the classical equations of motion for a charged particle system in
plasma physics, to the quantum mechanical setting. We furthermore modify the well-known
Runge-Kutta 4 method, such that it conserves the L?-norm of a Gaussian wave packet at every
time step. Numerical experiments in two and three space dimensions underline the efficiency
and expected accuracy of the proposed algorithms.

4.1.2. Outline of the paper

The paper is structured as follows. In Section 4.2, we discuss the quantum dynamics of an
electron and a proton in a hyperbolic Penning trap as a guiding example for a magnetic
Schrédinger equation in the semiclassical regime. In Section 4.3, we compare variational and
traditional Gaussian wave packet approximation and review the known error estimates. In
Section 4.4, we transform the system of ordinary differential equations, that determines the
variational parameter evolution, in a form that features averaged magnetic momenta and
contains the magnetic vector field B =V x A on the right hand side. In particular, we derive
an equation for the imaginary part of the phase parameter { guaranteeing the preservation
of the L?-norm. In Section 4.5, we briefly introduce the Boris algorithm used and derive our

!Codes available at https://gitlab.kit.edu/malik.scheifinger/magnschroedti.
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4.2. Penning trap

two algorithms for solving the parameters ODEs for the approximating Gaussian wave packet.
Finally, in Section 4.6, we present numerical experiments for a two-dimensional magnetic system
with trigonometric potentials and for the three-dimensional Penning trap. Appendix B gives
formulas for the magnetic energy and other averages of Gaussian wave packets.

4.1.3. Notation

For a scalar function a: R? — R we denote the Hessian matrix by V2a(x) and for a vector
field A: R? — R? we denote the Jacobi matrix by Ja(z) = (GgAk(m))z[:l. For a function
W:R? — RE L > 1, and more generally a linear operator A acting on L?(R?%) we define the
averages

(W) = (u|Wu), (A)y = (u]Au),

if the inner products exist. We follow the convention that inner products are anti-linear in the first
component. We also use the dot product of vectors v,w € CFasv-w == v'w = vywi+- - -+vrwy,
and the square v? := v - v. For complex matrices C € C%*? we denote the component-wise real
and imaginary parts by Cg,C; € R4 respectively.

4.2. Penning trap

To illustrate semiclassical scaling for magnetic quantum dynamics we consider a charged
microscopic particle, e.g., an electron or a proton, in a macroscopic hyperbolic Penning trap.
Such a trap consists of an arrangement of magnetic coils and electrodes which feature a static
magnetic field along the x3-direction and a quadrupole-like static electric field that is rotationally
symmetric around the zs-axis, see, e.g., [BG84]. The corresponding vector and scalar potentials,
respectively, read as

A(z) = %BO 1 and  ¢(z) = %02 (x?, - % (:c% + x%)) : (4.2)
0

see Table 4.1 for typical trap parameters By, ¢g,d for protons and electrons. A classical point
particle (mass m, charge g.) moving in such an electromagnetic field configuration executes an
oscillatory motion along the xs-axis (angular frequency ws), while simultaneously executing
an epicyclic motion in the xjxo-plane where the low-frequency magnetron orbit (magnetron
frequency w_) is overlayed with high-frequency cyclotron orbits (angular frequency wy.), cf.
Figure 4.1. In terms of the particle and trap parameters, these frequencies are given by

1 B

The associated classical trajectories z.(t) may be obtained via Newtonian [BG84] or Hamilto-
nian [Krel4] approaches.

The quantum dynamics of a trapped particle is governed by the time-dependent Schréodinger
equation which, in SI units, reads

haw(t, ) = (5 (-, — aA@)” + @) ol ). (4.4)
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4. Time-integration of Gaussian variational approximation for the magnetic Schrédinger equation

Quantity Electron Proton
0 (Trap Size) 0.00335 m 0.00112 m
By (Magnetic Field) 5872 T 5.050 T
¢o (Electrode Potential) 1022V 53.10 V
vy = 5+ (Corrected Cyclotron Frequency) | 164.38 GHz | 76.299 MHz
v = 52 (Axial Frequency) 63.698 MHz | 10.134 MHz
v_ = 3= (Magnetron Frequency) 12.341 kHz | 672.93 kHz

Table 4.1.: Typical frequencies for the undulatory motion of electrons and protons in a Penning
trap, cf. [BG84, Tables I and II].
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Figure 4.1.: Exact trajectory of a proton in a hyperbolic Penning trap with data from Table 4.1
and initial condition specified in Section 4.6.2 on the dimensionless time interval [0, 27].

A first comparison of the macroscopic spatial extent of the trap, described by the trap parameter
0 ~ lmm, with the wavelength of the trapped quantum particle (e.g., a proton) corresponding
to the corrected cyclotron frequency v, ~ 76MHz indicates already that mesh-based approaches
to (4.4) are rather impracticable. Upon transiting to dimensionless coordinates x — x/0 and
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4.3. Variational approximation

introducing the dimensionless time ¢t — w_t, equation (4.4) becomes

et x) = (; (29 + Apu(x))? +sign(g.) 2 (23 — = (a7 + xg))) W(t2). (45

w_ 2

This is of the form (4.1), since with the effective magnetron magnetic field B, = mw_/q. we
obtain the scaled dimensionless quantities

£ =N/(qeBné*) ~1.19-107%, w,/w_ ~113.25, (4.6)
1By ™ By

Since the semiclassical parameter € /= 1.19-1078 is very small, the dynamics of the wave function
are highly oscillatory in space and time, motivating the Gaussian wave packet ansatz (4.8) for
eliminating high oscillations. In Figure 4.1, we illustrate the corresponding proton dynamics for
the typical trap parameters of Table 4.1. The parameters of the initial Gaussian wave packet
(0, x) are specified in (4.76). The plot depicts the exact trajectory of the center in blue. One
cycle of the cycloidal motion is highlighted in orange and one of the axial motion in red.

4.3. Variational approximation

In the semiclassical regime, the solution of the Schrodinger equation (4.1a) is highly oscillatory
and well localized. We thus seek approximations within the manifold of complex Gaussian wave
packets

e gTele—0) + -0 Tp+0)

¢, peR: C=C" e C™? ImC positive definite, ¢ € C}. (4.8)

M= {u e 2R | u(z) = exp (

We construct the optimal approximation u(t) ~ ¥ (t), u(t) € M, in the sense that the time-
derivative Oyu(t) minimizes the residual,

liedpu(t) — H(t)u(t)|| 2 = min! (4.9)
t
We consider initial data with ¢y = ug € M and |Jug||;2 = 1, and mention in passing, that

the variational approximation (4.9) is norm preserving in any case and energy preserving for
time-independent Hamiltonians,

a2 = lluollpz»  (H)ug) = (H)u, for all ¢, (4.10)
see [Lub08, §II.1.5].

4.3.1. Variational equations of motion

In earlier work [BDH™24], we derived ordinary differential equations for the parameters q,, p,,
Ct, ¢, of the approximating Gaussian wave packet, which we reproduce here. We denote the
classical Hamiltonian function for charged particles in a magnetic field by

h(t, z,€) = % (€= A(t,2)? + 6(t,2), (ta,6) € R x RY x RY
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4. Time-integration of Gaussian variational approximation for the magnetic Schrédinger equation

Then, the residual minimization in (4.9) implies that

§ = (Och)u, D=—(0sh)u, C=-B(C), (4.11a)
C = —(h)u + <t (BOCT") +p (), (4.11b)

where the complex matrix B(C) € C¥9, that depends on a Gaussian average, is given by

BC) = (1d C)(v2h), <1£1> . (4.11¢)

The averages (0%h)u = (0Pwey1(0“h))u use the standard Weyl quantization of the derivatives of
the Hamiltonian function. In Section 4.4, we reformulate these averages such that the equations
of motion become amenable to a Boris-type time discretization.

4.3.2. Asymptotic accuracy

The variational Gaussian wave packet u(¢) determined by (4.9) is the exact Schrodinger solution
¥(t), if the magnetic potential A(¢,-) is linear and the electric potential ¢(¢,-) quadratic with
respect to position. In particular, the dynamics in a Penning trap are exactly described. More
generally, if A and ¢ are sub-linear and sub-quadratic in the following sense,

OCA(t,-), 9%¢(t,-)  bounded for all [ > 1, |8] > 2, (4.12)

then the following bounds for the norm and the observable error can be proven, see [BDH 24,
Theorems 3.8 & 3.10]. Given a finite time horizon [0, 7], the norm error and the observable
error for expectation values with respect to a linear operator A satisfy

[0t~ u@®le < etV (A — (Aup| < Cte? (4.13)

for all ¢ € [0,T], where the constants ¢, C' > 0 are independent from ¢ and ¢, but depend on a
lower bound for the eigenvalues of C; on [0,7]. It is worth pointing out the high observable
accuracy.

4.3.3. Classical versus variational approximation

Traditional Gaussian wave packet approximation evolves the centers according to the purely
classical equations of motion

4 = Oph, p = —04h,

see [RC21, §4]. If the magnetic and the electric potential are linear respectively quadratic in
position (as they are for a Penning trap), then the classical and the variational approximation
coincide and yield the exact quantum solution. For general Hamiltonians, however, the
approximations differ. The variational equations of motion (4.11) contain averages with respect
to the approximating Gaussian wave packet, which are computationally more costly than
the pure point evaluations of the traditional approach. However, a traditional Gaussian
approximation is neither energy preserving nor as accurate as a variational one, since the
classical observable error is only first order in €, while the variational one is second order.
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4.4. Transformation of equations of motion

4.3.4. Hagedorn parametrization

It is convenient to write the complex symmetric width matrix C in Hagedorn’s parametrisation
as
C=Cgr+iC;=PQ " and C;=(QQR"!, (4.14)

with two real symmetric matrices Cy,C; and two invertible complex matrices ), P that satisfy
the symplecticity condition QTP — PTQ = 0, Q*P — P*Q = 2ild. Such a decomposition
of complex symmetric matrices with positive definite imaginary part is unique up to unitary
factors, see [Lub08, Chapter V]. The Riccati-type equation (4.11a) for the evolution of the
width matrix C takes in Hagedorn’s parametrisation the form

Q = <8pqh>uQ + <apph>up7 P = _<aqqh>uQ - <aqph>up-

Unfortunately, we can express Cp = %(PQ_1 +(Q*)~'P*) only in terms of both Q and P,
which will have implications for the integrators to be developed.

4.4. Transformation of equations of motion

We transform the variational equations of motion in such a way that they structurally mimic
the classical equations for a charged particle.

4.4.1. Averaged magnetic momenta

In a first step, we rewrite the variational equations of motion such that an averaged version of
the usual magnetic momenta becomes visible.

Lemma 4.1. The variational equations of motion (4.11) for the parameters of a Gaussian
wave packet are equivalent to

g=p— (A, p=(Ji(E—A) =V, (4.15a)
C = —(Ph)y 4+ (J])uC +C(Ja)u — C2, (4.15D)
{ = () + St (BOCT) +97T (0~ (A)u), (4.150)

where (a)y = (OPwey1(a))u for any smooth a : R = R, (x,¢) — a(x,&). In Hagedorn’s
parametrisation, the matriz evolution (4.15b) satisfies

Q=P —(Ja)uQ, (4.16a)

d
P = (TP = (J1Ja =Y VA& — Ar) + V¢, Q. (4.16b)
k=1

Proof. Since the partial derivatives of the classical Hamiltonian function h(z, &) = L(¢—A(x))?+

—2
o(x) satisfy

Och(z,6) =€~ A(x),  0uh(z,€) = —Ja(2) (€ = A(2)) + Vo(x), (4.17)
we have (4.15a). We next turn to the second order derivatives of h. Denoting the partial
derivatives of the magnetic and the electric potential shortly by d1,...,Jd4, we have

d
O Ouch =D (OmAxOpAk — (& — Ar)OmOrAr) + 0mdio, (4.18)
k=1

93



4. Time-integration of Gaussian variational approximation for the magnetic Schrédinger equation

Op, O, h = —OnAg,  Oc, Onyh = —0pAp, (4.19)

which gives a Hessian matrix
2, — Ozh Oweh _ (O2h —J}
O¢zh 8§h —Jq Id

with 92h = J ] Ja — S0 V2AR(& — Ar) + V2¢. By (4.11c) we then infer that

B(C) = (02h)u + (Dach)uC + C{Dexh)u + C(Zh)uC (4.20)
= (02h)y — (J1)uC — C{J4)u +C2. (4.21)
Hence, the variational equations of motion (4.11) are equivalent to (4.15). O

This formulation of the equations of motion prominently features averaged magnetic momenta
vimp— (A, L= P (Ja)uQ.
We aim at rewriting them in terms of the real vector v(t) € R? and the complex matrix

T(t) € C¥xd,

4.4.2. Equations for the center and the width

Since the averaged magnetic momenta contain averages of the magnetic field and of its Jacobian,
we need a compact way of assessing the time derivative of averages in the spirit of a magnetic
Ehrenfest-type theorem.

Proposition 4.2. For any smooth function w: R? — R, its average with respect to the
variational Gaussian wave packet u = u(t) satisfies

d

—(w)y = (Vu) v+ gtr ((92w)u (TQ* —i1d) ), (4.22)

where TQ* — ild is a real matriz.

Proof. We differentiate the position density with respect to time,

Ay lu(t,z))* = 9, exp(—i(:u —q) Ci(x—q) — :CI) (4.23)

M| =

(o) (- Je- TG0+ Ze-0)TCa-2G) (420

— fu(t.0) (2o =) (Cr - (T1))Cile — )

[\

+2@-a)Cw - (Cw). (4.25)

™

where we have used that, by Lemma 4.1, the symmetry of Cg and Cy, and tr ((J4),) = 0 since
V-A=0,

g=v, Cr=Ci({Ja)u—Cr)+ (J1)u —Cr)C1, { = %tr (Cr).
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4.4. Transformation of equations of motion

Therefore, we obtain

4 §<wcl<x —q))) v — (w)utr (Cr)
= (w)ytr (Cr — (JA)u) + (VW) v — (w)ytr (Cr) (4:26)
+ gtr (V2w)uCi ' (Cr = (T4 )u))

= (Vu)o + Str (V) C (Cr = (JD)));

where the second equation relies on Lemma B.1 with matrix M = (Cgr — (J}).)C1 and the
last equation on V - A = 0. It remains to express the occurring matrices in terms of Q and Y.
Using the properties of Hagedorn’s parametrization from Sec. 4.3.4 yields

cylcr = %QQ*(PQ‘I +(Q")'P)
— % (Q(P*Q +2AI)Q ! + QP*)

= Q(Y* + Q*(J])u) +ild. (4.27)

Hence we have C; '(Cr — (J})u) = QT* +ild, and use the trace identity tr (M N) = tr (M N*)
for the real symmetric matrix M = (V?w),, and the real matrix N = QY* +ild. O

Equipped with an equation for the time evolution of averages, we can determine the variational
equations of motion solely in terms of the averaged magnetic momenta.

Theorem 4.3. We consider the averaged magnetic momenta (4.4.1) and denote the magnetic
field B =V x A. The variational equations of motion for the Gaussian wave packet’s center
and width, equations (4.15a) and (4.16), can be transformed as
q=w, V=v X (B)y+FE, (4.28a)
Q="T, T =7 x (B), + 50, (4.28b)

where the matriz
T x (B)y = (v1 X (B)y,...,0q X (B)y)

is given by the cross product of the column vectors vy, ...,vq of T with (B),. The real vector
field E satisfies
E = ~(Vé)u — (0iA)u + (JA)ulA)u = (J1 A)u (4.29)
42 (i (10077 = TPA0(0Q" — 1) + (0T (a)uQ@7)) | (430
and the real matriz potential S can be written as
S = —(V?@)u — (Joa)u + (JA)u(Ta)u — (JA Ja)u (4.31)

d
+ 3 ((V2Am)u(Am)a = (V2 Am) A + (00eAm = OmOeAiyuvi)imy)  (4.32)
m=1

5 (o ((0u00T] — T20eAR)u(TQ" — 1) + (k00T L u(4)uQQ"))'

bt (4.33)
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4. Time-integration of Gaussian variational approximation for the magnetic Schrédinger equation

Proof. By (4.15a), the time derivative of the magnetic momenta satisfies

d

4 (A= R~ ) - Vo) - o

= LAY, (4.34)

b=p—

Hence, we have to work on (JX&)H. By symbolic Weyl calculus, see for example [RC21, §2.4],
we expand the operator of the product as

OPweyt(J4€) = L4 0Pwey1(€) + 20pw6y1<{JA,s}> Ja(—ieV), (4.35)

where the last equation uses that V- A = 0 implies that {J],£} = —3¢_, 0., (J1)0e, & =
— 3¢ 9., VA, = 0. Therefore,

(Ja€hu = (u, JA (—1eV)u) = (J4C(x — q))u + (JA)up (4.36)

due to —ieVu(z) = (C(z — q) + p)u(x). Then, we apply Lemma B.1 with W = JC,

g d d
(Jic(z —q)) 5; (((@eT 1) 1)M)k:1 (4.37)
d
=5 Y (0dAn)u (TQ" + (J4)uQQ" = ild),, )i, (4.38)
m =1
= (@) T(TQ" ~ 1+ (12),QQ)" . (4:39)

since CCy' = (PQ™1)(QQ*) = (T + (J4)uQ)Q* and div A = 0. We thus obtain
(Ta(€ = A= (Ja)uv + (J1)u(A)u = (J1A) (4.40)
5 (@I (0Q7 ~ i1+ (J4)uQ@")"_ . (4.41)

Now, we use Proposition 4.2 for each component of the magnetic potential,

d

€ 2 * d
A = (@A) + (Ta)av + 5 (tr((V2A), (TQ" — ila)) )

k=1

When collecting all the terms that originated in (4.34), we observe the occurrence of (J} ), v
and —(J4),v, which combine according to

((J;‘r - JA>>uv = v X (B)y.

We thus arrive at the claimed equation (4.28a). As for the matrix ¥ = P — (J4),Q, we use
the equations of motion (4.16), which contain the average of 92h = J | Ja — anzl V2A 5, (Em —
Ap) + V2¢. We have

P=(J1)u (T + (Ja)u@Q) — (971)uQ.

For computing (92h),, we observe that

d d .
Z OpWeyl(VZAmgm) = Z (V2AmOpWeyl(§m) + lgopWeyl{VQAmvé‘m}> (4'42)

m=1 m=1
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4.4. Transformation of equations of motion

zd: —ie0,), (4.43)

where the last equation uses that 3¢ _{V24,,,&n} = 0 due to V- A = 0. Arguing as for
(4.39), we obtain

5_:1<v2Am<sm — Am))u (4.44)
_ mf_ (V24 (Cx = @), hu = (V2Am) A + (T Amupn) (4.45)
= mf: ((V2Am)u (U5 + (Amdu) = (V2 Am) A (4.46)
+ ;mgjjzl V20 Am)u (TQ* —ild + (JA)uQQ)),.. , (4.47)
and therefore |
(02h)y = (J) Ja + V20) Ed:l ((V2Am)u (U5 + (Amdu) = (V2 Am) Ao (4.48)

=5 (tr (106007 D (TQ* — 110 + (/4),QQ")) ) (4.49)

ko=1"

We next use Proposition 4.2 applied to each component of the Jacobian matrix J4 = (GgAk)% =1
and obtain

Sady = Una)e (4.50)
d
+ 37 (OmeAk)uvm)f oy + % (tr(<V28gAk>u(TQ* - iId)))ZKi . (4.51)
m=1 T

Now we combine and arrive at

. . d .
T P (50a0) Q= UahQ = (T = )Y +5Q (452)
with the matrix potential S of the claimed form. O

Remark 4.4 (Linear potential A). For a linear magnetic potential A, all higher order derivatives
vanish and the average (4), = A(q) is a point evaluation. Thus, the equations of motion of
Theorem 4.3 simplify to
q=v, v =vx B(q) — (0 A(q) + <V¢> ) (4.53a)
0=, T = x Blg) — (Tala) + (V?6).)Q. (4.53b)

The Penning trap, see Section 4.2 and Section 4.6.2, with its quadratic electric potential, has
even simpler equations of motion, since also the averages of the electric potential collapse to

(Vo) = Vo(q) and (VZ¢)u = V2¢(q). °

97



4. Time-integration of Gaussian variational approximation for the magnetic Schrédinger equation

4.4.3. Equations for the phase

The imaginary part of the complex parameter ¢ = (i + i¢; carries the normalization of the
Gaussian wave packet. We derive an explicit representation, which only depends on the
determinant of the complex matrix ). This representation will support our time discretization
of ¢; in Section 4.5.2.

Lemma 4.5. For the real part (g = Re (¢) we have

Gu= 507 + (A0 — {9 + Str (021),QQ" ~ 2(QQ) ),

where the average (02h), is given in (4.49) with respect to (q,v,Q,Y). The imaginary part
¢; =Im (¢) satisfies the normalization formula

Gt) = Gi(0) + 5 (In |det Q(t)] — In |det Q(0)])

Proof. We start with the normalization formula. Since Im B(C) = —(J),C1—C1{Ja)u +CrC1+
CiCRr and div A = 0, we have

fm (tr (BC)C; ")) = 2tr (Cr) = 2tr (Re (PQ™Y)) (4.55)
= 2tr (Re ((Q + (J4)uQ)Q ™) (4.56)
=2tr (Re (QQ™)). (4.57)

We thus obtain from (4.15c) with Jacobi’s formula
. € .
&= St (Re(QQ7))

e 1 T O~

= 1t oP (2Re (dethetQ tr (QQ 1)))
e 1
 4det Q|

= Z@t (ln |det Q\2) . (4.58)

(2Re (defQ &1(det Q)))

Integrating (4.58) from 0 to t leads to (4.54). For the real part, we have Re B(C) = (02h), —
<J,I>UCR - CR<JA>u + CR2 — CIQ and thus

tr (ReB(C)CyY) = tr ((<a§h>u — 2(J1)uCr + (Cr2 — cﬂ)) c;l) .

Combining this with —(h),,, we use Lemma B.2 and obtain

— (R)u + Ztr (Re B(C)CTY) (4.59)
= (0= AP — (@) + St (E2R)C 20, (4.60)

Next we observe that
0= AP+ 0T~ A= 20 {p— A+ (AT A)a (4.61)
= %qﬂ + (A} v. (4.62)
Using that C1 = (QQ*)™!, the real part of the evolution equation (4.15¢c) can thus be written
in the claimed form. O

98



4.5. Time integration for the equations of motion

4.5. Time integration for the equations of motion

In this section we first briefly review the classical Boris algorithm. Afterwards, we present the
new Boris-type algorithm and a modification of the classical Runge-Kutta method to solve
(4.28) and (4.54).

4.5.1. Boris algorithm for classical equations of motion

The Boris algorithm was originally proposed in [Bor70] for solving the classical equations of
motion

g=v, ©=vxB+E. (4.63)

for charged particles in an electro-magnetic field. We cor}sider a tilme—grid t", n > 0, with
step size 7 > 0. Given approximations ¢" ~ ¢(t") and v"~2 ~ v(t"~2), the algorithm can be
written as

v = "I 4 %E" E" = E(t",q"), (4.64a)

vt — v = %(w +v7) x B", B" = B(t",q"), (4.64b)
o = ot 4 gE” (4.64c)
" =q" + To"tE, (4.64d)

Note that the algorithm provides approximations on a staggered grid, where the velocities are
only given at half time-steps. Approximations at t" can be obtained by averaging

1
V"= §(U"+% + v”_%). (4.64e)
Moreover, the scheme is explicit, since one can replace (4.64b) by

BTL
vt =0 + (v_ +v X TB”) X 772, (4.64f)
2 L+ 5B

see, e.g., [BL18]. The Boris algorithm is a second-order method which is not symplectic but
conserves the phase-space volume as shown in [QZX"13]. A recent analysis was presented
in [HL20].

4.5.2. Boris-type algorithm

We aim at solving the Euler-Lagrange system (4.28) together with the two phase equations
(4.54) and (4.54). The former are closely related to the classical equations of motion of a
charged particle (4.63) except that B is replaced by an averaged field (B), and that the fields
E and S@ do not only depend on ¢ and () but also in a nontrivial way on v and Y. While the
means (B), can be approximated by a suitable Gauf-Hermite quadrature formula, evaluating
the fields £ and S is more involved since they require approximations to v and T at time ¢".
Unfortunately, these quantities are only defined on the staggered grid "3 and even worse, the

update of T is coupled to the evaluation of S@Q, rendering the scheme implicit.
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4. Time-integration of Gaussian variational approximation for the magnetic Schrédinger equation

To be more precise, it is the matrix T which is necessary to compute the ﬁeldle and S in
Theorem 4.3. Averaging T as in (4.64e) would lead to a nonlinear system in Y"*2. Therefore
we propose the second-order extrapolation

3

rn _ 5@75 _ %Tn,% (4.65)

and compute also E™ and S” from it. In our numerical experiments we saw that using fixed-point
iterations to improve the accuracy of Y™ did not change the errors.

4.5.3. Discretization of the phase
Motivated by (4.54), we define the approximation to (;(t"*1) as

il on % (1n |det @1 — In|det Q")) . (4.66)

This update formula ensures norm preservation of the wave packet.

Lemma 4.6. Let u™ and u™!' denote two Gaussian wave packets with parameters

(g™, 0™, Q", Y™ C") and (¢" L, ontt, QL YL Y respectively. Then (4.66) is equivalent
to

[u"]] > = Hu”“‘ . (4.67)
Proof. Because of
" 72 = exp(—2¢7) (em)? det Q. (4.68)
the norm preservation is equivalent to
n
exp(2(¢F — (1) = M- (4.69)
This proves the statement. O

Furthermore, for the integration of (4.54), we propose to use the midpoint rule with time
step size 27. This results in a two-step method. Since o™ and T3 are already available, we
apply averaging (4.64e) instead of extrapolation to obtain approximations at t". This results in

B = g2 (G002 + (A T - () (@.10

+ S (@2nen@n —2Q Q) ™) (4.71)

4.5.4. Complete Boris-type algorithm

Overall, combining the time discretization of center, width and phase of the Gaussian variational
wave packet, we get the following algorithm for solving the equations of motion (4.28) and (4.54).

Algorithm 4.7 (One time step with the Boris algorithm)
Input: Last steps (q”,vn_%,Q”, T"_%,C”,Cnfl).

Output: Approzimations (¢"*1, ot , QL Tr+s , ¢,
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4.6. Numerical experiments

e compute q”+1,vn+% with the Boris algorithm (4.64) applied to (4.28a)
e compute Q"1 T"+3 with the Boris algorithm (4.64) applied column-wise to (4.28b),
o compute (' and Cﬁ“ from (4.66) and (4.70), respectively.

In general, one has to apply Gauss-Hermite quadrature rule to approximate the averages,
see [LL20, Section 8| for details. Note that for strong magnetic fields, filtered variants of the
Boris algorithms might be more efficient, cf. [HLW20].

4.5.5. Modified classical Runge—Kutta method

As an alternative to the Boris-type algorithm, we propose a modification of the classical Runge—
Kutta method (RK4) of order 4. The modification consists of updating the component ¢; in
each intermediate step by using (4.66) to get the approximations to (;(t,41/2) and j(tn+1)-
All other components are updated by the standard RK4 procedure. In contrast to the original
RK4 scheme, the modification automatically conserves the L2-norm of a Gaussian wave packet.

4.6. Numerical experiments

In the following section, we present some numerical examples.

4.6.1. Sublinear magnetic potential in two dimensions

If we consider the potentials

sin(z1 + x2 + at)
—sin(z1 + z2 + at)

Az, t) = < > , o(x,t) = sin(z + z2) (4.72)

with a € {0, 1}, we can calculate the occurring averages (A),, (¢), analytically as

/ sin(z + zo + ot) |u(x)|® dz (4.73)
Rd
= (me)¥?det(L ™ exp(—2¢ — £17QQ*1) sin(qy + g5 + at) (4.74)

where 1 = (1 1)T and (QQ*)~! = LLT is the Cholesky decomposition. Since we compare the
new time-integrators with the standard RK4 method, which is not norm-conserving, we do
not assume normalization of u. We use for the curl of a 2d vector potential A the convention
V x A =01A9 — 02 A1. Initial values are chosen as

q°—<8), po—@, QO—(é (f) P°—<g 0) G =0 (47

The imaginary part of the phase CP is chosen such that the corresponding initial Gaussian wave
packet 4 is normalized. Note that the normalization is ¢ dependent and thus the initial value
¢ changes for different values of e.

In Figure 4.2 we depict the component errors of a Gaussian wave packet where we solve (4.28)
with the Boris-type algorithm 4.7 (left) and the modified fourth order Runge-Kutta (mRK4)
method (right). As end time we choose T = 8 and set a = 1, = 1073. We compare the
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4. Time-integration of Gaussian variational approximation for the magnetic Schrédinger equation

numerical solution to a reference solution calculated by the standard RK4 method applied
to (4.15) and (4.16) with time step-size 7 = 10~%. As we see, the error decreases by order
two for the Boris-type method and by order four for the mRK4 method with decreasing time
step-size.

10711 L

parameter errors

10715 & !
1073 1072
T T

-0 -0 P+ Q—+ P Cr— (|

Figure 4.2.: Simulation of the motion of a particle in a magnetic field in dimension two with
potentials (4.72) and initial values (4.75). Errors of the numerical solution to (4.28)
approximated by the Boris-type algorithm (left) and the mRK4 method (right) measured
in the Frobenius norm scaled with the inverse number of entries.

In Figure 4.3 we illustrate the L?-error of a Gaussian wave packet with parameters calculated
by the Boris-type method (left) and a Gaussian wave packet with parameters calculated by
the mRK4 method (right). Again we compute the error against a reference solution calculated
with the standard RK4 method applied to (4.15) and (4.16) with time stepsize 7 = 10~4. The
L?-norm between the two Gaussian wave packets is computed with a Gauss-Hermite quadrature
rule. We see a reduction of order two for the Boris-type method and of order four for the
mRK4 method in the L?-norm. Moreover, we see that the error constant scales with as e~! in
both cases, which is supported by the theoretical result [LL20, Thm. 7.7]. Further note that
the L2-error between two normed Gaussian wave packet is bounded by 2, which explains the
upper plateau in the left plot. The lower plateau in the right plot corresponds to the numerical
computation of the underlying integral at almost machine precision.

In Figure 4.4 we compare the error between the energy (B.9) and the initial energy (top) of
a Gaussian wave packet between the three methods, Boris-type, mRK4, and standard RK4.
We have fixed @ = 0 in (4.72) such that we have time-independent potentials and therefore
theoretical energy conservation. As end time we chose T = 200 and € = 1072, On the left,
we plot the maximal energy error at each time stamp to the initial energy for different time
step-sizes 7. We see a reduction of order two of the error for the Boris-type method and of
order four for the mRK4 and standard RK4 methods. Note, however, that the error constant of
the standard RK4 method is worse than that of the mRK4 method and the Boris-type method.
In the right plot, we plot the energy error against the initial error at each time stamp for a
fixed time step-size 7 = 107!, As we see, the error of the Boris-type method oscillates at the
same level, while we see for the standard RK4 and mRK4 methods a drift. Note, however,
that the drift of the mRK4 method is way smaller than that of the standard RK4 method.
Moreover, at the bottom of Figure 4.4 we illustrate the error of the L? norm of a Gaussian
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10!
Boris mRK4

107! [ -
: )
g 1073 F
S

107°

10—7 [} |

103 102

e=10"2—+e=103—ec=10""*

Figure 4.3.: L2-error of a Gaussian wave packet approximated by the Boris-type method (4.7)
(left) and the mRK4 method (right) against a reference Gaussian wave packet with
coefficients approximated by the classical RK4 method with time stepsize 7 = 10™%. The
potentials are given by (4.72) and the initial values by (4.75). Different values for ¢ are
considered.

wave packet to norm conservation using time stepsize 7 = 107!, The error for the Boris-type
method and the mRK4 method is close to the machine precision and hence shows conservation
of the L?-norm, whereby using the standard RK4 method results in a deviation. The L?-norm
of a Gaussian wave packet given its parameters can be calculated analytically by (4.68).

4.6.2. Penning trap

As a second example, we apply the time-integrators to the three-dimensional quantum dynamics
of a proton in a hyperbolic Penning trap, see Section 4.2. We consider the Schrédinger equation
(4.5) with the trap parameters of Table 4.1 and an initial Gaussian wave packet with parameters
(in dimensionless units)

.
¢ =(0.133 0133 0258) , Q° = diag(¢"),

.
p°= (0133 7492 3.879) , P°=i-diag(7.492,7.492,3.879), (4.76)
¢Y=1.009—1.84-107"i.

The initial condition is chosen such that the dynamics are coherent in the sense, that the width
of the packet does not change over time. The phase parameter has a non-vanishing real part
to be aligned with the analytic expressions for the center motion that were recently given in
[BBBB24, egs. (12) and (17)] (with w, = ©/2). As previously mentioned, see for example
Section 4.3.2, the variational approximation is exact in this case, and the evolution does not
require averages but only point evaluations, see Remark 4.4. In this set-up, we see the exact
errors of our numerical schemes to integrate the equations of motion (4.28) and (4.54).

In Figure 4.1, we showed the exact trajectory of the position center. Virtually the same
trajectory is obtained by our numerical simulations for 7 < 1073, as confirmed by the small
errors illustrated in Figure 4.5. There, we present the maximal error over all time steps of the
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4. Time-integration of Gaussian variational approximation for the magnetic Schrédinger equation

107!
[
= 107
]
ey
@ 1077
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T time ¢

5 1072F

=
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Figure 4.4.: Energy error against the initial energy (top) and L?-norm error (bottom) using
the potentials and initial values in Section 4.6.1. The endtime is chosen as T' = 200 and
e = 1073, On the left, the maximal energy error is illustrated over all time stamps for
different time stepsizes 7. On the right, the energy error over the time interval [0,200] is
plotted for a fixed time stepsize 7 = 1071

parameters against the exact solution for different step-sizes 7 in the Frobenius norm scaled
by the inverse number of the component. As expected, the Boris-type method converges with
order two while the RK4 and mRK4 methods converge with order four. We are convinced that
the plateau at larger time step-sizes occurs since the parameter evolution is mildly oscillatory
because the quotients w4 /w_ ~ 113.25 and B/B,, ~ 114.25 of the potentials in (4.5) are not
small, and since we did not observe such plateaus when setting these quotients close to one.
Moreover, the error for the imaginary phase (; using the RK4 method applied to (4.15) is close
to the machine precision since the exact solution is constant. In contrast, in the mRK4 method,
the error of (; directly relates to the error of @) by (4.66) and thus shows order four. Finally, in
Figure 4.6 we compare the energy error of the three methods, which shows a drift for the RK4
methods but not for the Boris-type algorithm.
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10—11

parameter errors

10_18 — I I — I \ I I
107* 1073 1072 107* 1073 1072 107* 103 1072
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Figure 4.5.: Maximum errors of the parameters approximated by the Boris-type method (4.7)
(left), the RK4 method (middle) and the mRK4 method (right) against the exact solution
using the potentials (4.2) with data given in Table 4.1 and initial values (4.76). Measured
in the Frobenius norm scaled with the inverse number of components.
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Figure 4.6.: Energy error using the potentials (4.2) and initial values (4.76). The endtime is
chosen as T' = 2w. On the left, the maximal energy error is plotted for different time
stepsizes 7. On the right, we plotted the energy error over time for 7 = 2.5 - 1073,
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APPENDIX B

Gaussian calculus and energy formula

Lemma B.1. Consider smooth functions W: R* — C%? and w: R¢ — C, and an arbitrary
matriz M € C™¢. Let u € L*(R?) be a Gaussian wave packet with position q and width
C =Cgr +iCy. Then,

d
W =) = 5 ;( (OW)uCr e (B.1)
2
{((x — q)TwM(x —q))y = §<w>utr (MCI_l) + 5Ztr (<V2w>uCI_1MCI_1). (B.2)

In particular, (w(x — q))y = 5C7 (Vw)y,.

Proof. The position density
1 2
ult. ) = exp( =20~ ) €~ 0) - 61

satisfies V |u(t, z)|* = —2Ci(z — q) |u(t, 2)|? . Therefore, partial integration yields that

(W= =5 [ WE@)er'Vfuto)f da (B.3)
d
Z% (<ag(wc;1)k,g>u)z_1. (B.4)
=1 -

Similarly, two partial integrations imply that

d
(wiz —a) M@ —a)h = Y {wCilz - (e M lCilz—a))e)  (B)
k=1
d
== " ({whu(Core + (@ro(Cala — )i, ) (€7 MCTY) (B.6)
k=1
d
=3 §< W)y (C1)ke + 2<3k<9@w> >(CI_1MCI_1)M (B.7)
k,e=1
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2
= %<w>u tr (MC;h) + %tr (V2w),CytMerh). (B.8)
O

Lemma B.2. Let u be a normalized Gaussian wave packet with center (q,p) and width
C =Cr +1iC1. Then it holds for the energy

(Hu = 59 = 9T () + 5 (42 + (8)u + SR (B.9)

with remainder
Ry =tr ((CR2 + C[2 — 2<JX>uCR> Cl_l) .

If the magnetic potential A is linear in x, then (A), = A(q) and
€ —
(A% = A@)* + 5o (Ja(@) Ja(a)Cr ) (B.10)

Proof. In the following we ignore the dependence on t to simplify the notation. Since (H), =
(h)u = %((f — A)%), + (¢)y, we only need to work on the mean of OPwey1 (€ — A)?) =
(OpWeyl(§ — A))2. We have

(€= A = (€ — A)u, (£ — A)u)
={Clx—q)+ (- A)u,(C(z —q) + (p - A)u)
={(@-q)'C*Clx=q)u+((p—A)T(C+C)z =)+ ((p—A))
= St (CCCr) = Str ((T)u(C+CICT) + (0 = 4)).
due to Lemma B.1. For the traces, we have
tr (C*CCyY) = tr ((Cr —iC1)(Cr +iC1)CrY) = tr ((Cr* +C12)C 1Y)
tr ((J1)u(C +C7)CrT) = 200 (L4 )uCrCT)-
Combining the terms, we obtain (B.9). In the linear case, we expand A(z) = A(q)+Ja(q) " (z—q)
and use Lemma B.1 to prove (B.10). O
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