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ABSTRACT

The classical Gibbs—Duhem relation is restricted to quasistatic thermodynamic processes and does not include kinetic energy contributions.
Consequently, its connection to fluid mechanics remains indirect. Here, we derive a kinetic Gibbs-Duhem relation that consistently
incorporates kinetic effects, thereby linking thermodynamic and mechanical descriptions of fluid motion. On this basis, we formulate a
density evolution equation for inhomogeneous fluids. The proposed equation recovers, as limiting cases, the classical relations for the speed

of sound, Bernoulli’s equation, and the van der Waals equation of state.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0350993

I. INTRODUCTION

Classical continuum mechanics describes fluid motion through
Newton’s second law,’

p%:p(%#—qu):—Vp, (1)
where p is the mass density, u is the velocity field, and p is the pres-
sure. Newton’s law is formulated in the Lagrangian framework and
has been remarkably successful in describing a wide range of contin-
uum flows. However, inhomogeneous fluids involve strong coupling
among mechanics, mass transport, and thermodynamics, motivating
formulations that consistently account for these coupled effects.

A central thermodynamic relation is the Gibbs—-Duhem equation
constraining the mechanical and entropy forces as’

Dp + ¢Du+s.Dt =0, (2)

where p is the chemical potential, ¢ is the volume fraction, 7 is the
absolute temperature, and s, is the thermal entropy density. The clas-
sical Gibbs-Duhem relation has been extended in the literature to
nonequilibrium processes,”* in which thermodynamic variables such
as the chemical potential y, temperature T, or pressure p may deviate
from their equilibrium values. In particular, the term “nonequilib-
rium” in Refs. 3 and 4 refers to deviations of these thermodynamic
variables, p, 7, and p from their equilibrium states. However, the
kinetic free energy associated with the fluid motion, pu?, has not been

explicitly incorporated into these formulations. Consequently, the
resulting thermodynamic framework does not explicitly account for
the contribution of fluid motion to the thermodynamic description,
and its connection to fluid mechanics remains indirect. In this work,
we derive a generalized Gibbs-Duhem relation that explicitly incor-
porates the kinetic energy contribution associated with fluid motion.
This extension provides a thermodynamic framework that directly
couples thermodynamic variables to fluid motion and establishes a
thermodynamically consistent basis for connecting nonequilibrium
thermodynamics with fluid mechanics.

A second issue concerns the evolution of mass density.
Equation (1) governs the acceleration of a material element but does
not itself provide an evolution equation for the density. In many con-
tinuum formulations, this issue is circumvented by adopting the
incompressibility constraint,”

which is well justified for many single-phase liquids and solids. In
inhomogeneous fluids, however, diffusion, mixing, and excess-
volume effects generally produce local density variations, making an
explicit density evolution equation desirable.

A third consideration concerns the kinematic description of
transport theory. In the classical Navier-Stokes model, an arbitrary
control volume Q C V inside the whole domain V' is considered to
derive the momentum evolution and density evolution based on the
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Gauss’s theorem in the Eulerian description. In this description, a
velocity field v is prescribed at the boundary of the control volume,
and the convective momentum-flux tensor across the boundary of the
control volume is assumed to be written as’ J, = pv ®v. In the
absence of external body forces acting on Q, the local momentum
conservation in the Eulerian description is expressed as

d(pv) _ 9(pv)

dt ot

+V-J,=0. (4)
Equivalently,

d(pv) _ 9(pv)
= V- =0. 5
dr 9 (pv® V) 5
For a viscous fluid, the momentum flux also includes the viscous
stress tensor 7, which arises from irreversible momentum transport
across the boundary 0Q of the control volume Q and is associated
with entropy production. The momentum evolution in the Navier-
Stokes model therefore becomes’
d(pv) _ 9(pv)
— AV =V -1 6
o 5 + V- (pvav) T (6)
The viscous momentum transport gives rise to entropy production
and, correspondingly, to the dissipation of kinetic free energy.
Multiplying Eq. (6) by v, integrating over the total volume V, and
applying Gauss’s theorem gives, under suitable no-flux boundary con-
ditions on 0V, lead to

EJ pvioV = —J nVv: VvV <0, (7)
dt )y v

where we have used the viscous stress tensor T = %r]Vv as an
example. The double-dot product operator means Vv:Vv
= Tr(VvIVv).

Note that the viscous force should not be interpreted directly as a
mechanical force. Rather, the viscous contribution is associated with
irreversible entropy production. The corresponding thermodynamic
force must satisfy the Gibbs-Duhem relation, which imposes a con-
straint between the mechanical and viscous contributions to the force
balance [Eq. (2)]. A related example can be found in Ref. 8, where the
mechanical force is constrained by the Boltzmann mixing entropy
associated with the chemical potential. This perspective provides a fun-
damentally different viewpoint from the conventional Navier-Stokes
formulation, in which viscous effects are introduced directly through
the viscous stress in the momentum equation as a mechanical force.

Mass conservation, on the contrast, follows from the conserva-
tion of the total number of molecules. Introducing the mass-flux vec-
tor J. = pv across the boundary 0Q of the control volume, the
continuity equation in the Eulerian description is written as

dp 9p _Op
dt ot ot
This continuity equation is likewise derived based on Gauss’s theorem

applying on the control volume Q and the boundary 0Q with
pointing-out normal vector n,

+ V- (pv)=0. (8)

QJ poQ = —J J.-né(0Q) = —J. V -J.0Q. 9)
ot )a 90 Q
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When the control volume changes with time during the transport
process, the same results can be derived using the Reynolds transport
theorem. Alternatively, the above-mentioned results can be obtained
from the Boltzmann transport equation,” which is formulated within
the Eulerian framework, where the motion of individual fluid particles
is not explicitly tracked.

The above-mentioned derivation within the Eulerian framework
raises an important question: if the transport of momentum through
the boundary of a control volume 0€2 is associated with viscous dissi-
pation and entropy production [Eq. (6)], why does the corresponding
mass flux not itself necessarily produce entropy? Note that there is no
entropy production in Eq. (8), as the right hand side of Eq. (8) is zero.

The total mass, or equivalently the total number of molecules, is
conserved. However, the local density p is not generally conserved
within a fixed control volume; it can change as mass enters or leaves the
volume. In particular, mass diffusion can lead to local variations in the
density, such that dp/dt # 0, and can be accompanied by entropy pro-
duction associated with the diffusive transport.'” In particular, Eq. (6)
describes the evolution of the momentum density pv. However, within
the Eulerian description alone, it is not immediately clear how the vis-
cous dissipation should be interpreted in terms of the evolution of the
density p, the velocity v, or their product pv. More specifically, although
the total kinetic energy [,pv?dV is dissipated by viscous effects
[Eq. (7)], the Eulerian formulation does not explicitly reveal whether
this dissipation should be attributed to changes in the velocity field,
changes in the density field, or their coupled evolution. Clarifying this
point is essential for establishing a consistent connection between mass
conservation, momentum conservation, and entropy production.

These discussions motivate a closer examination of the relation-
ship between mass transport, momentum transport, and entropy pro-
duction. In particular, the Eulerian formulation describes these
quantities through local conservation laws and fluxes across the bound-
aries of a fixed control volume. To clarify their respective physical roles,
we therefore employ a Lagrangian framework, in which the motion of
individual fluid elements is explicitly tracked. This perspective provides
a more direct interpretation of how momentum transport and viscous
dissipation arise at the level of a moving fluid element.

Motivated by these considerations, we derive a generalized
Gibbs-Duhem relation that incorporates the kinetic energy contribu-
tion of fluid motion and formulate a corresponding density evolution
equation in inhomogeneous fluids. The resulting framework provides
a thermodynamically consistent description of the coupled evolution
of density, momentum, and interfacial transport. In appropriate limit-
ing cases, the theory recovers the classical expressions for the speed of
sound, Bernoulli’s equation, and the van der Waals equation of state,
thereby demonstrating its consistency with established principles of
fluid mechanics and thermodynamics.

Il. DEFINITION AND NOTATIONS IN THE LAGRANGIAN
FRAMEWORK

We use the Lagrangian description for the scalar field: ¢ (x(t), t),
and for the velocity field: u(r(t),t). In n € Z dimensions, we define
the space vector of the fluid particle as

n

1(t) = (01 (), %2(8), oo xa (1)) = ) xi(t)es, (10)
i=1
where e; is the unit vector in the ith dimension. The definition of the
fluid convection velocity is

Phys. Fluids 38, 102135 (2026); doi: 10.1063/5.0350993
© Author(s) 2026

38, 102135-2

ZL:Lyi€l 9202 1890100 0€


pubs.aip.org/aip/pof

Physics of Fluids

u:%:Za&;ei:Zuiei. (11)
i i

Here, u; is the velocity component in the ith dimension.
The total time derivative is defined as

Do _ 0

= . 12
o ar T " Vo, (12)
Du Ou
E—EvLu-Vu, (13)
D(pu) _9(pw)
D - ot +u-V(pu). (14)

These definitions differ from the Eulerian description for the sca-
lar field: ¢(r,t), and for the velocity field: v(r, ). In the Eulerian
description, as space r and time ¢ are independent arguments, the fol-
lowing definition

ydr
T dt

cannot be directly used to describe the velocity. Instead, the velocity
in the Eulerian description has to be prescribed. In general, the veloc-
ity v in the Eulerian description is not the same as the velocity u in
the Lagrangian description, i.e., v # u. The time derivative in the
Eulerian description can be expanded as
%=%+V-Vp+pv-v. (16)

The first two terms have the same mathematical form as the total
derivative in the Lagrangian description. However, it should be noted
that the convective term, v - Vp, in Eq. (16) arises from the prescribed
mass flux pv across the boundary of the control volume under a pre-
scribed velocity field. Its physical meaning therefore differs from that
of the particle-tracing velocity u in the Lagrangian description.

Moreover, we emphasize the definition of incompressibility in
the Lagrangian framework. In the absence of mass exchange, an
incompressible fluid is characterized by the invariance of the volume
of each transported material element,

D(8V)
Dt

(15)

=0. (17)

Because the mass in the material element JV is constant in the case
without mass exchange with neighboring cells, this condition is equiv-
alent to

Dp

o =" (18)
When mass exchange between neighboring material elements is
allowed, however, these two conditions are no longer equivalent. A
material element may retain a constant volume while its density
changes as a result of mass transport, including diffusion and other
forms of mixing. This distinction motivates a revised definition of
incompressibility in the presence of mass diffusion.

lll. THEORY
A. A single fluid particle

As a starting point, we consider an idealized system consisting of
a single fluid particle with mass m and volume V. The mass density

ARTICLE pubs.aip.org/aip/pof

p is defined as p = m/0V. This particle moves with a velocity of u.
We write the total energy of the system as

E = mu* 4 pdV = (pu* + p)dV = (e + p)dV, (19)

where the kinetic free energy density e is defined as e = pu®. The
pressure p is a Lagrange multiplier associated with the constant vol-
ume §V.'"'"* We reformulate the kinetic energy density as pu?
= pu - u. Thus, the total derivative of the system energy reads

DE = [pu-Du+ D(pu) - u+ Dp|dV + (e + p)D(6V).  (20)

For an incompressible particle that the volume is a constant in the
transport process, i.e., D(0V) = 0, the last term in Eq. (20) vanishes.
Applying the dissipation principle'”'* to the first term inside the
bracket leads to the following diffusion equation for the velocity:

Du Ou
E_E+U'VU—V'DL¢V”W (21)

where the chemo-velocity potential is defined as

_10e
=35 ou
The mobility D, is related to the viscosity 1 as D, = 1/ p*. Here, our

concept is that the viscous force is an entropic force, which is associ-
ated with the velocity entropy s, as

pu. (22)

Du Ds,
— =T .
Dt Dt

The acceleration, @ = Du/Dt, appearing in Newton’s law is conven-
tionally associated with a mechanical force. However, it has recently
been proposed that acceleration may instead originate from an
entropic force.””""” Our formulation in Eqgs. (21) and (23) is consis-
tent with this entropic interpretation of acceleration, in which the
temporal evolution of the velocity is directly related to velocity
entropy. This concept is also compatible with the principle of special
relativity, as discussed in the Appendix. Furthermore, by employing
the Gibbs-Duhem relation to constrain the mechanical and entropic
forces, the present formulation of velocity entropy provides a ther-
modynamic framework that recovers Newton’s law, as demonstrated
below.

In the classic thermodynamics,” the standard Gibbs-Duhem
relation is obtained by subtracting the dissipation term from the total
derivative of the system energy. Adopting this spirit, the remaining
terms in Eq. (20) is a Gibbs-Duhem like relation containing the
mechanical and entropic forces as

u, (23)

[D(pu) -u+Dp =0, (24)

where the first term depicts the entropic force and the second term
represents the mechanical force. Dividing by Dx; in the above-
mentioned equation and using the relation u = Dr/Dt, we obtain n
equations,

D(pu) Dr . Dp
Dt Dx; Dx;

As Dr/Dx; = e; [Eq. (10)] and D(pu) - e; = D(pu;), Eq. (25) is
rewritten as

0, i=1.2..,n (25)
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D(pu;) Dp .
=0 =1,2,...,n 26
Dt Dx’ ) 1 b b) 7” ( )

Equation (26) can also be expressed in the vector form,

Dg)t“) - a(gt“) +u-V(pu) = -Vp, @7)
which is nothing but the momentum balance equation.

It is worth emphasizing that the momentum evolution equation
is mathematically equivalent to the proposed generalized Gibbs-
Duhem relation. In this sense, the generalized Gibbs-Duhem frame-
work provides a direct connection between fluid mechanics and
classical thermodynamics. Unlike the Navier-Stokes formulation, vis-
cous effects are not introduced through the momentum evolution
equation. Instead, they are incorporated in Eq. (21) through the veloc-
ity entropy, thereby embedding dissipation within the thermody-
namic description rather than treating it as an explicit mechanical
force. For the approximation of incompressible fluid particle that
Dp/Dt = 0, Eq. (27) replicates Newton’s law,

Du
P o= Vp. (28)
In the Eulerian framework, the pressure force enters the
momentum balance through Newton’s law of motion, as in the deri-
vation of the Boltzmann transport equation. It is important to note,
however, that Newton’s law is fundamentally formulated in the
Lagrangian framework, where one follows a material element of vol-
ume 0V and introduces the pressure p as a Lagrange multiplier
enforcing the relevant constraint on the transported material element.
The present derivation therefore differs conceptually from conven-
tional transport theories formulated directly within the Eulerian
framework.

B. Density evolution equation of a many body system

We now consider a many body system for a constant volume
element 0V in the Lagrangian description. The volume element 6V
contains a number of fluid particles. The volume and density of each
fluid particle are denoted by 0V; and p;, respectively. In the volume
element 0V, the mass density is defined as

> pidVi
p= 5V (29)
In this case, the density can vary with time because, during the trans-
port process, fluid particles can flow into and out of the constant vol-
ume element V. The time evolution of the density is derived in this
section.

For the many body system, the system energy is expressed by the

following integration:

E= J (e4p)oV = J (pu® + p)SV. (30)
\4 \4

Repeating the same derivation as in Sec. IIT A, we obtain the momen-
tum balance equation [Eq. (27)] and the velocity dissipation equation
[Eq. (21)]. Multiplying both sides of Eq. (21) by pu, we obtain the dis-
sipation law as

pubs.aip.org/aip/pof

D
—J putsV = —J ﬂVyu 1V, oV <0. (31)
Dt )y vp

When the density is uniform in space, the above-mentioned dissipa-
tion law is equivalent to that of the Navier-Stokes model [Eq. (7)],

D
—J pudV = —J nVu: VuoV < 0. (32)
The momentum balance equation [Eq. (27)] minus the velocity
dissipation equation [Eq. (21)] multiplying by p leads to a density
evolution equation,
D
u-L = _Vp-pV D, Vp, (33)
Dt
The validity of this density evolution equation is demonstrated as
follows.
Under isentropic condition, the density evolution equation
reduces to

Dp

u D = -Vp. (34)

In an isotropic case, we replicate the classic definition of sound
speed,l

g
U= y; P = —p. (35)
Dp
Here, the negative sign denotes a different norm vector direction of
the fluid particle. When the norm vector is pointing out, the Lagrange
multiplier term for the pressure is +pdV = —26V. When the norm
vector is pointing inside, the Lagrange multiplier term for the pressure
is —poV.
By using the relation D(pu?®) = u>Dp + 2pu - Du and the isen-
tropic condition Du/Dt = 0 (or Du = 0), Eq. (34) is further simpli-
fied as

D(p + pu?) = 0. (36)

This result is nothing but Bernoulli’s equation.

Next, we demonstrate that the density evolution equation recov-
ers the equation of state for an ideal gas. As discussed above, the
velocity field is interpreted as containing the mean thermal velocity.
In the absence of macroscopic motion, the velocity u therefore repre-
sents the mean thermal velocity of the molecules. At this mesoscopic
length scale, the density is defined consistently with this velocity field.
The corresponding kinetic energy density is then given by

pu’ = Ret/v,, or u*=Ret/M, (37)

where R, is the universal gas constant, M depicts the molar mass, and
vy is the molar volume. In the 1D steady state, the density evolution
for inviscid fluids reduces to

Ret
<

Dp = DZ. 38
M7 8
Integrating Eq. (38) for a constant 7, we obtain the following
equation:
Ryt

P="Lp4C 39
w PTG (39)
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where the integration constant C is zero as # — 0 as p — 0.
Therefore, Eq. (39) replicates the EOS of ideal gas,

PV = Ryt. (40)

C. Galilei invariance
A physical model is said to be Galilean invariant if it retains the
same form under a Galilean transformation,
x =x+ upt, (41)
' =t+t, (42)

where both ug and £, are constants. For inviscid flow, the Boltzmann
transport equation for the momentum evolution reads™”’

9(pu)
ot

In this theory, the Galilei invariance is not satisfied. ” Expanding the
second term by using the vector calculus V- (a®@b) = (V-a)b

+a - Vb, the above-mentioned equation can be rewritten as”!?

+V - (pu®u) =-Vp. (43)

10

Du d
pﬁ+d—€u = —Vp. (44)
It is clear that Eq. (44) does not satisfy Galilean invariance when
% # 0, since the velocity is not Galilean invariant. Under a Galilean
transformation, the velocity transforms according to u’ = u + u,.
The present model is Galilei invariant for inviscid flow. Integrating
the Gibbs-Duhem relation, Eq. (24), we obtain the pressure as

p=—pu’. (45)

Substituting this expression for the pressure into the density equation,

Eq. (34), it is readily seen that Galilean invariance is satisfied, as the

non-Galilean-invariant velocity terms appear on both sides of the
equation and cancel out,

Dp
- m|euﬁ = p [ile, - Vu+ [dle, - V(pu) + p [tle,
x (V x u)+ |[gle, x V x (pu). (46)

Here, e, is the unit vector. Moreover, the velocity diffusion equation
is also Galilei invariant.

D. Stokes flow and Navier-Stokes model
For incompressible flow with uniform density, we have
D(pu) = pDu and the generalized Gibbs-Duhem relation reads
—DZ + pu-Du=0. (47)
Dividing both sides by dxi, k = 1,2, ..., n and adopting the velocity
dissipation equation, Du/Dt = D, V*u = (17/p)V?u [Eq. (21)] for a
uniform density, we recover Stokes’s formulation for fluid dynamics,

-VZ? +yVu=0. (48)

Introducing a time relaxation factor for the Stokes-flow model 7, in
the context of steepest descent method,"® we obtain
1 Du

——=-V2 “u. 49
ts Dt A (49)

pubs.aip.org/aip/pof

Artificially defining 1/7, = p, the Navier-Stokes model for incom-
pressible flow is replicated.

E. Multicomponent chemical system

For multicomponent chemical systems, the volume element 6V
cannot, in general, be represented as a simple sum of the volumes of
all fluid particles contained within it, because excess space may exist
between the particles. For example, consider a cubic volume element
0V containing two spherical particles. In general, 6V is not equal to
the sum of the volumes of the two spherical particles, because addi-
tional space exists between them. We refer to this additional space as
the excess volume.

Note that the excess-volume effect can also arise in single-
component fluids, because the volume element may contain multiple
fluid particles, even when all particles belong to the same component
or phase. More generally, excess volume can arise from the spatial
arrangement and interactions among fluid particles and is therefore
not restricted to multicomponent systems or to mixing between dif-
ferent chemical species. In this sense, the excess-volume effect may be
associated with mixing or, more generally, with the non-additivity of
the volumes occupied by individual fluid particles.

If the excess volume is distributed among the fluid particles
according to a prescribed rule, the volume associated with each fluid
particle is modified from 0V; to 0V) =0V, + oVf, where 0V?¢
denotes the excess volume assigned to the ith fluid particle. In this
way, we have the following equality:

SV = Z 3V (50)

The mass density according to Eq. (29) is modified as

i PidV] Vi
i = .., =—L 51
p== Z:M% =5 (51)
where we define the volume composition vector as ¢ = (¢,
¢, ..., Px); K denotes the number of chemical components in the
system.

Considering the chemical composition effect, we write the free
energy functional of the system as

E:JV[f(qS)+pu2+p]6V:J(e+p)6V. (52)

The first part is the Helmholtz-type chemical free energy density,
f =0—1s (0: internal energy excluding thermal kinetic energy, s:
entropy); it depends on the chemical composition vector ¢. The
energy density is defined as e = f(¢) + pu®. We split the entropy
into three parts: Boltzmann mixing entropy s4, thermal entropy s,
and velocity entropy s,

s=38¢ +s;+ 5. (53)

The evolution of these three entropies leads to the mass diffusion,
heat diffusion, and velocity diffusion equations, respectively, as dem-
onstrated by the following calculus.

Applying the standard thermodynamics based on Euler’s homo-
geneous function theorem to the chemical free energy f(¢) and using
the relation D(0V) = 0, the total derivative of the free energy func-
tional E reads

ZL:Lyi€l 9202 1890100 0€
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DE = Jv |:Z(:uiD¢i + ¢:Dp;) + p. Dt + Dy,

1

+ (pu) - Du+u - D(pu) +Dp}5v. (54)

The discussion of the case in which the free-energy functional
depends on the composition gradient is presented elsewhere.'”
Applying the dissipation principle'™'* to Dt and D¢); terms in
Eq. (54), we obtain the heat and mass diffusion equations,

Dt

—=V-D, ,

o = VDV (55)
D(/)i _

o =V DV, (56)

where D, and D; are the mobilities associated with the heat and mass
diffusivities. The respective thermal and chemical potentials are
defined as

de

:ur - Ea (57)
de

W= o6, (58)

The (pu) - Du term in Eq. (54) results in the velocity diffusion equa-
tion, as already discussed in Sec. IIT A.

The time evolution of the temperature and composition is asso-
ciated with the thermal and Boltzmann mixing entropy as

D¢, Dsg
= 59
M py "Dt (59)

Dt Ds;
— = . 60
KDy "Dt (60)

The rest terms in Eq. (54) are left into the Gibbs-Duhem relation

Dp + Z ¢ Dy; + Dy, +u - D(pu) = 0. (61)

The first three terms are the standard Gibbs-Duhem relation in clas-
sic thermodynamics. The last term is the new contribution by consid-
ering the kinetic free energy. Dividing both sides by Dx;, we obtain
the momentum balance equation with chemical and thermal effects.

IV. CONCLUSION

We have proposed a generalized Gibbs-Duhem relation that
explicitly incorporates kinetic energy,

Dp + Z $Dy; + Ds; +u - Dy, = 0. (62)
i

Remarkably, this generalized relation is mathematically equivalent to
the corresponding momentum evolution equation. As a result, the
proposed framework establishes a direct connection between
Gibbsian thermodynamics and fluid mechanics, providing a unified
description of nonequilibrium thermodynamics and mechanical
processes.

Based on the modified Gibbs-Duhem relation, we have derived
a density evolution equation for fluid dynamics,

pubs.aip.org/aip/pof

Dp
ug, = -Vp Z(p,.w,. ™V, —pV-D,Vp,.  (63)

The derived density evolution equation is validated by reproducing
sound speed, Bernoulli’s law, and equation of state for ideal gas, in
limiting cases.

We anticipate that this work will provide new insights into the
development of nonequilibrium thermodynamics and stimulate fur-
ther advances in fluid dynamics.
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APPENDIX: COMPATIBILITY OF THE VELOCITY
ENTROPY WITH SPECIAL RELATIVITY

For electromagnetic field with effective mass density p, the
kinetic free energy is expressed as Ex = fvpc - cdV, where ¢ denotes
the transport speed of electromagnetic field, i.e., the light speed.
The velocity entropy evolution is written as

D¢ Ds,
=t Al
5= " or (A1)
where s, is the velocity entropy. As there is no entropy production
for light transport, we obtain the following equality in the

Lagrangian framework:

Dc Ds.
— =0 =0. (A2)
Dt Dt

The velocity entropy theory also enables us to derive the classic
Maxwell equations; its comprehensive discussion has been pre-
sented elsewhere."”

REFERENCES

L. Davidovich Landau and E. M. Lifshitz, Fluid Mechanics: Landau and
Lifshitz: Course of Theoretical Physics (Elsevier, 2013), Vol. 6.

Phys. Fluids 38, 102135 (2026); doi: 10.1063/5.0350993
© Author(s) 2026

38, 102135-6

ZL:Lyi€l 9202 1890100 0€


pubs.aip.org/aip/pof

Physics of Fluids

2M. Sprik, “Thermodynamics of a compressible lattice gas crystal: Generalized
Gibbs-Duhem equation and adsorption,” J. Chem. Phys. 163(11), 114702
(2025).

3S. R. de Groot and P. Mazur, Non-Equilibrium Thermodynamics, Reprint ed.
(Dover Publications, New York, 1984).

“See  https://courses.physics.ucsd.edu/2020/Fall/physics210b/lecture.html  for
“Physics 210B | Fall 2020: Lecture notes” (Department of Physics, University
of California, San Diego, CA, 2020).

5P. Yue, J.J. Feng, C. Liu, and J. Shen, “A diffuse-interface method for simulat-
ing two-phase flows of complex fluids,” J. Fluid Mech. 515, 293-317 (2004).

®M. Worner, “Numerical modeling of multiphase flows in microfluidics and
micro process engineering: A review of methods and applications,”
Microfluid. Nanofluid. 12(6), 841-886 (2012).

7H. Ding, P. D. M. Spelt, and C. Shu, “Diffuse interface model for incompress-
ible two-phase flows with large density ratios,” J. Comput. Phys. 226(2), 2078-
2095 (2007).

8R. Alhasan and D. R. Tree, “Gibbs-Duhem relation for phase-field models of poly-
meric mixtures,” Macromolecules 55(3), 759-765 (2022).

oK. Huang, Statistical Mechanics, 2nd ed. (John Wiley & Sons, New York,
1987).

OH. Abels, H. Garcke, and G. Griin, “Thermodynamically consistent, frame
indifferent diffuse interface models for incompressible two-phase flows with

ARTICLE pubs.aip.org/aip/pof

different densities,” Math. Models Methods Appl. Sci. 22(03), 1150013
(2012).

"E. M. Blokhuis, Y. Shilkrot, and B. Widom, “Young’s law with gravity,” Mol.
Phys. 86(4), 891-899 (1995).

12R. E. Johnson, Jr., “Conflicts between Gibbsian thermodynamics and recent
treatments of interfacial energies in solid-liquid-vapor,” J. Phys. Chem. 63(10),
1655-1658 (1959).

3H. Zhang, F. Wang, and B. Nestler, “Multi-component electro-hydro-thermo-
dynamic model with phase-field method. I. Dielectric,” ]. Comput. Phys. 505,
112907 (2024).

"E, Wang, H. Zhang, Y. Wu, and B. Nestler, “A thermodynamically consistent
diffuse interface model for the wetting phenomenon of miscible and immisci-
ble ternary fluids,” J. Fluid Mech. 970, A17 (2023).

15E. Verlinde, “On the origin of gravity and the laws of Newton,” J. High Energy
Phys. 2011(4), 1-27.

16G. Bianconi, “Gravity from entropy,” Phys. Rev. D 111(6), 066001 (2025).

7E. Bormashenko, “Jeans instability, jeans entropy, and the entropy origin of
gravity,” World J. Phys. 1(2), 79-86 (2023).

185, Boyd and L. Vandenberghe, Convex Optimization (Cambridge University
Press, 2004).

"9F. Wang, “Thermodynamics of coupled electromagnetic and mass fields,”
arXiv:2610.22391 (2026).

Phys. Fluids 38, 102135 (2026); doi: 10.1063/5.0350993
© Author(s) 2026

38, 102135-7

ZL:Lyi€l 9202 1890100 0€


https://doi.org/10.1063/5.0283508
https://courses.physics.ucsd.edu/2020/Fall/physics210b/lecture.html
https://doi.org/10.1017/S0022112004000370
https://doi.org/10.1007/s10404-012-0940-8
https://doi.org/10.1016/j.jcp.2007.06.028
https://doi.org/10.1021/acs.macromol.1c02021
https://doi.org/10.1142/S0218202511500138
https://doi.org/10.1080/00268979500102461
https://doi.org/10.1080/00268979500102461
https://doi.org/10.1021/j150580a021
https://doi.org/10.1016/j.jcp.2024.112907
https://doi.org/10.1017/jfm.2023.561
https://doi.org/10.1007/JHEP04(2011)029
https://doi.org/10.1007/JHEP04(2011)029
https://doi.org/10.1103/PhysRevD.111.066001
https://doi.org/10.56439/WJP/2023.1109
http://arxiv.org/abs/2610.22391
pubs.aip.org/aip/pof

	s1
	d1
	d2
	d3
	d4
	d5
	d6
	d7
	d8
	d9
	s2
	d10
	d11
	d12
	d13
	d14
	d15
	d16
	d17
	d18
	s3
	s3A
	d19
	d20
	d21
	d22
	d23
	d24
	d25
	d26
	d27
	d28
	s3B
	d29
	d30
	d31
	d32
	d33
	d34
	d35
	d36
	d37
	d38
	d39
	d40
	s3C
	d41
	d42
	d43
	d44
	d45
	d46
	s3D
	d47
	d48
	d49
	s3E
	d50
	d51
	d52
	d53
	d54
	d55
	d56
	d57
	d58
	d59
	d60
	d61
	s4
	d62
	d63
	l
	app1
	dA1
	dA2
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19

