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 A B S T R A C T

Highly nonlinear soliton-dominated sea states in deep water have been explored in previous studies through 
nonlinear theory and physical experiments. Deep water solitons are known to retain their characteristic 
properties during evolution within one-dimensional wave fields that are described by the nonlinear Schrödinger 
(NLS) equation, which is the most important model for their study. However, realistic ocean wave fields are 
typically multidirectional, a condition that can destabilize solitons and challenge the direct application of 
NLS-based interpretations. To address this gap, we generate directional JONSWAP wave fields with different 
directional spreadings that can be directly compared to field measurements to discuss the directional effects 
on soliton-dominated seas. The soliton energy ratio derived from the nonlinear Fourier spectrum is used as 
an indicator to assess dominant components of directional sea states. We investigate the relation between the 
soliton energy ratio obtained from the original time series, where the full directionality is present, to that 
obtained from the time series with reduced directionality using a directional filtering approach. For small 
directional spreading without filtering, the soliton energy ratio in the main direction is only slightly lower 
compared to initial wave fields, as expected. With increasing directional spreading, the soliton energy ratio 
decreases more significantly in most cases. However, in highly nonlinear soliton-dominated directional sea 
states, soliton energy is found to be concentrated in the main propagation direction, as the soliton ratio remains 
large after the directional interference has been removed.
1. Introduction

When an ensemble of solitons dominates the dynamics of a non-
linear dispersive system, the resulting statistical state is referred to 
as a soliton gas, which has gained popularity in theoretical studies 
(Zakharov, 1971; El and Kamchatnov, 2005; El et al., 2011; Suret et al., 
2024). Solitons were first mathematically described by the Korteweg–
de Vries (KdV) equation (Zabusky and and, 1965), which models the 
evolution of weakly nonlinear and dispersive unidirectional free surface 
waves in shallow water with a constant depth. For deep water waves, 
solitons are envelope solitons, which are obtained by the nonlinear 
Schrödinger (NLS) equation (Zakharov, 1968; Yuen and Lake, 1982). 
Envelope solitons are regarded as a fundamental mechanism for unidi-
rectional rogue wave formation in deep water (Slunyaev, 2006).  The 
NLS equation is a fundamental model for describing the propagation of 
weakly nonlinear, narrow-banded wave envelopes in deep water with a 
constant depth in one dimension. The NLS equation can be analytically 
solved using the Nonlinear Fourier Transform (NFT), also known as 
the direct scattering transform in the inverse scattering method, which 
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is a powerful technique developed for integrable nonlinear systems 
(Shabat and Zakharov, 1972; Ablowitz and Segur, 1981). Analogously 
to the linear Fourier transform, the NFT decomposes complex nonlinear 
waveforms into simpler components. This decomposition is based on 
the eigenvalues and eigenfunctions of an associated linear scattering 
problem, which together define the nonlinear Fourier spectrum.

The nonlinear Fourier spectrum comprises two parts: a continuous 
spectrum, which corresponds to dispersive radiation waves, and a 
discrete spectrum, which represents the number and characteristics of 
solitons. In optical communications, the NFT has shown that suppos-
edly linear signals in nonlinear fiber channels can actually contain 
solitonic components (Wahls et al., 2015, Fig. 8), (Sedov et al., 2018; 
Turitsyn et al., 2019). To quantify this solitonic content, we adapt a pa-
rameter known as the soliton energy ratio, which measures how closely 
a given sea state resembles a soliton gas (Ablowitz and Segur, 1981; Lee 
and M. Brühl, 2023). It can be calculated directly from the nonlinear 
Fourier spectrum as the ratio of soliton energy to total energy, ranging 
from zero representing a purely radiation wave dominated state to one 
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indicating a system fully dominated by solitons. Unfortunately, it can be 
difficult to interpret the soliton energy ratio in practice when dealing 
with more complex sea states, particularly those with directionality. 
The one-dimensional NLS equation assumes unidirectional wave prop-
agation, so directional spreading violates the assumptions of the NLS 
model, causing the nonlinearity to become defocusing in the lateral di-
rection (Onorato et al., 2009). As a result, solitons become transversely 
unstable when evolving in multidimensional wave fields. Other factors 
such as wind forcing and wave breaking can also contribute to unstable 
solitons (Rapti et al., 2004; Carter and Contreras, 2008; Onorato and 
Proment, 2012; Brunetti et al., 2014; Alberello and Părău, 2022), but 
these effects are not studied here.

Highly nonlinear sea states dominated by NLS solitons have been 
successfully generated in controlled wave flume experiments (Suret 
et al., 2020; Fache et al., 2024). Under ideal experimental conditions, 
the collective behavior of soliton ensembles can be characterized sta-
tistically. However, the idealized conditions of laboratory experiments 
cannot be directly compared to the real ocean, primarily due to the 
presence of directional spreading. The NFT has been used to detect 
solitons in field measurements of sea states, including those with small 
directional spreading, such as in Currituck Sound, North Carolina (Os-
borne et al., 2019), and those with larger directional spreading, such 
as in the Northeast Pacific Ocean (Lee et al., 2024) and the Northeast 
Atlantic Ocean (Onorato et al., 2021). It remains uncertain how to 
properly explain the detected solitons under directional seas, given that 
the NLS equation assumes unidirectional wave propagation. It is known 
that solitons usually do not remain stable and reduce their amplitudes 
during evolution in the presence of strong directional effects. A recent 
study however has observed that solitons can persist under directional 
wave fields (Slunyaev, 2024). It is found that under moderate direc-
tional sea states in deep water, solitons can persist continuously for a 
few tens of wave periods. Under conditions with minimal directional 
spreading, these solitons can maintain an even longer lifetime.

The gap between idealized theory and real oceanic conditions mo-
tivates the present study to further investigate the interpretation of 
soliton energy ratios calculated from the nonlinear spectrum in direc-
tional seas. To better align theoretical assumptions with realistic sea 
conditions, we focus on waves propagating in the primary direction, 
thereby constraining directional effects to more closely approximate 
the validity of the NLS regime. By removing energy outside specific 
directional ranges, we generate modified wave fields that propagate 
within a narrower range of directions. These modified wave fields with 
different spreading scenarios are compared with the original sea states 
to examine how the soliton energy ratio changes between the initial 
condition and that in the main direction only. The directional spreading 
settings in our simulations are designed to be directly comparable to 
those observed in realistic oceanic sea states.

This paper is organized as follows. In Section 2, we review the non-
linear Fourier transform based on the NLS equation. Section 3 describes 
how we generate wave fields from directional spectra. The extracted 
time series are processed with the nonlinear Fourier transform to 
calculate soliton energy ratios. The statistical relationships between the 
soliton energy ratio and fundamental wave parameters are presented in 
Section 4. The primary findings of this study, examining how truncated 
directionality influences soliton energy ratio, are detailed in Section 5. 
Finally, we present our conclusions in Section 6.

2. Methods

2.1. Nonlinear Schrödinger equation for deep water waves

The nonlinear dynamics of deep water waves can be described by 
the nonlinear Schrödinger (NLS) equation (Zakharov, 1968; Yuen and 
Lake, 1982), where deep water waves are represented by the complex 
wave envelope 𝐴(𝑥, 𝑡) = 𝜂(𝑥, 𝑡) exp(𝑖(𝑘0𝑥 − 𝜔0𝑡)). Here, 𝜂(𝑥, 𝑡) is the 
surface elevation, 𝜔  the carrier frequency, 𝑘  and the wave number. 
0 0

2 
This expression represents a decomposition of the wave field into a 
slowly varying envelope and a rapidly oscillating carrier wave. The 
focusing 1D NLS equation is considered valid for 𝑘0ℎ ≥ 1.363, where ℎ is 
the water depth. When considering one-dimensional spatial deep water 
wave envelopes propagating in time 𝑡, the 1D spatial NLS equation is 
given by 

𝑖
[

𝐴𝑡 + 𝐶𝑔𝐴𝑥
]

+ 𝜇𝐴𝑥𝑥 + 𝜈|𝐴|
2𝐴 = 0, (1)

where 𝐶𝑔 = 𝜔0∕2𝑘0 is the group velocity, 𝜇 = −𝜔0∕8𝑘20 is the coefficient 
of the second-order dispersion term and 𝜈 = −𝜔0𝑘20∕2 is the coefficient 
of the cubic nonlinear term. The subscripts 𝑥 and 𝑡 indicate partial 
derivatives with respect to these variables. The coefficients are given 
here for the case of infinite water depth. These coefficients can be 
revised when considering finite water depth (Hasimoto and Ono, 1972; 
Alber, 1978).

Field measurements of surface waves are typically single-point time 
series measurements, such as those obtained from wave height gauges 
and buoys. As a result, a temporal NLS equation describing the spa-
tial evolution is required. The transformation from the spatial NLS 
equation into the temporal NLS equation can be followed in Refs. 
Karpman (2016), Wahls et al. (2020). By applying the spatial–temporal 
transformation, the temporal NLS equation in normalized form can be 
expressed as 

𝑖𝑢𝑋 + 𝑢𝑇𝑇 + 2|𝑢|2𝑢 = 0. (2)

where 𝑢(𝑋, 𝑇 ) = 𝜌𝐴(𝑋, 𝑇 ) is the scaled envelope, 𝜌 =
√

𝐶2
𝑔 𝜈∕2𝜇 is 

a nonlinear parameter that converts the physical wave field into the 
nonlinear domain Osborne (2010), 𝑋 = 𝜇∕𝐶3

𝑔𝑥 is the scaled space and 
𝑇 = 𝑡 − 𝑥∕𝐶𝑔 is the scaled time. We note that these transformations 
lead to the unexpected result that the unit of 𝑢 is s−3. This is no 
problem in our case, since their sole purpose is to bring the data into 
an intermediate computational domain where it can be processed more 
easily. Nevertheless, in cases where the normalized data is of direct 
interest, slightly extended transformations that make 𝑢 dimensionless 
are available (Chabchoub and Grimshaw, Eq. 13). Formally, the NLS 
equation describes the evolution of unidirectional deep-water waves 
over a flat bottom, capturing the effects of both dispersion and nonlin-
earity. The main assumptions in its derivation beyond unidirectionality 
are narrow bandwidth and weak nonlinearity.

2.2. Nonlinear fourier transform for vanishing boundary conditions

The Nonlinear Fourier Transform (NFT) is a useful tool for solving 
the NLS equation by taking advantage of its integrability (Shabat 
and Zakharov, 1972; Ablowitz and Segur, 1981). It is based on the 
Zakharov–Shabat system, a Lax pair formulation linked to the NLS 
equation (Lax, 1968). The direct spatial or temporal evolution of com-
plex envelopes governed by the NLS equation can be complicated, 
but the evolution of nonlinear spectral modes found by the NFT is 
much simpler (Aktosun, 2022). As a result, the NLS equation can be 
interpreted as governing the evolution of nonlinear spectral modes that 
propagate effectively in a linear way. Eventually, one can apply the 
inverse nonlinear Fourier transform (iNFT) to the nonlinear spectrum 
to obtain the solution after propagation (Turitsyn et al., 2017).

In this study, we adopt vanishing boundary conditions to simplify 
NFT computations (Shabat and Zakharov, 1972; Turitsyn et al., 2017). 
The Zakharov–Shabat system underlying this NFT is 

𝛹𝑇 = 𝑄(𝜁 )𝛹, 𝑄 =
(

−𝑖𝜁 𝑢(𝑋0, 𝑇 )
−𝑢(𝑋0, 𝑇 )∗ 𝑖𝜁

)

, 𝛹 = 𝛹 (𝑇 ; 𝜁 ) (3)

where 𝜁 is the complex spectral parameter, and ∗ represents complex 
conjugation. Two pairs of linearly independent Jost functions 𝛹 =
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[𝜙 𝜙] and 𝛹 = [𝜓 𝜓] are found by solving Eq. (3). The Jost functions 
are defined by 

𝜙(𝑇 ; 𝜁 ) =
[

0
𝑒−𝑖𝜁𝑇

]

+ 𝑜(1) as 𝑇 → −∞,

𝜓(𝑇 ; 𝜁 ) =
[

𝑒𝑖𝜁𝑇

0

]

+ 𝑜(1) as 𝑇 → ∞,
(4)

The above pairs of functions are related through the scattering coeffi-
cients 𝑎(𝜁 ), 𝑏(𝜁 ), 𝑎(𝜁 ), 𝑏(𝜁 )
𝛷(𝑇 ; 𝜁 ) = 𝑎(𝜁 )𝜓(𝑇 ; 𝜁 ) + 𝑏(𝜁 )𝜓(𝑇 ; 𝜁 ),

𝛷(𝑇 ; 𝜁 ) = 𝑏(𝜁 )𝜓(𝑇 ; 𝜁 ) + 𝑎(𝜁 )𝜓(𝑇 ; 𝜁 ).
(5)

The scattering coefficients 𝑎(𝜁 ) and 𝑏(𝜁 ) form the basis for construct-
ing the nonlinear spectrum and are sufficient to describe the signal 
completely. The nonlinear spectrum consists of two parts: the contin-
uous spectrum and the discrete spectrum. The continuous spectrum is 
formed by the reflection coefficient 
𝑟(𝜁 ) = 𝑏(𝜁 )∕𝑎(𝜁 ), 𝜁 ∈ R. (6)

The discrete spectrum contains the discrete eigenvalues {𝜁𝑘 = 𝜉𝑘 + 𝑖𝜂𝑘}, 
𝑘 = 1,… , 𝑁 , where 𝑁 is the total number of eigenvalues. They are the 
zeros of the scattering coefficient 𝑎(𝜁 ) with positive imaginary part. The 
eigenvalues are complemented by the residues (Ablowitz et al., 1974; 
Chimmalgi et al., 2019) 
𝑟𝑘 = 𝑏(𝜁𝑘)∕𝑎′(𝜁𝑘), where 𝑎′(𝜁 ) = 𝜕𝑎(𝜁 )∕𝜕𝜁 (7)

The continuous spectrum represents the radiation components in 
the time series. These dispersive waves are an integral part of the 
overall solution, but do not maintain a localized shape. The discrete 
spectrum consists of a set of isolated eigenvalues, each associated with 
a soliton. Solitons are stable, localized wave structures that not only 
retain their shape and speed over time in the absence of interac-
tions, but also recover their initial shape after interactions have taken 
place. Note that a soliton in the NLS equation is always an envelope 
soliton (Yuen and Lake, 1982; Osborne, 2010; Slunyaev et al., 2013; 
Chabchoub et al., 2016; Slunyaev, 2018; Xia et al., 2021). For small-
amplitude envelopes, the nonlinear Fourier spectrum typically contains 
only linear components, meaning there are no discrete eigenvalues 
present in the discrete spectrum (Boffetta and Osborne, 1992; Wahls 
et al., 2020). Under unidirectional propagation, typical rogue waves 
can be represented as a nonlinear superposition of an envelope soliton 
and background waves (Slunyaev, 2006).

For our study, the NFT is computed by the software library ‘‘Fast 
Nonlinear Fourier Transforms’’ (FNFT) (Wahls et al., 2018). Fast NFT 
can match the accuracy of conventional NFT by using exponential 
splitting schemes to achieve faster numerical computation (Wahls and 
Poor, 2013, 2015; Prins and Wahls, 2018). More information about 
FNFT can be obtained online at https://github.com/FastNFT/FNFT.

2.3. Calculation of soliton energy ratio

As mentioned previously, the nonlinear spectrum comprises a dis-
crete spectrum related to the solitons and a continuous spectrum related 
to dispersive radiation waves. The total energy of the time series is 
calculated by integrating the absolute value of the signal squared over 
time. It equals the sum of the energy in the solitons and the dispersive 
radiation waves (Ablowitz and Segur, 1981; Lee and M. Brühl, 2023): 

𝐸total = ∫

∞

−∞
|𝑢(𝑡)|2𝑑𝑡 = 𝐸sol + 𝐸rad, (8)

where the soliton energy is calculated based on the imaginary parts of 
discrete eigenvalues, 

𝐸sol = 4
𝑁
∑

Im (𝜁𝑘), (9)

𝑘=1

3 
and the radiation wave energy is calculated based on the reflection 
coefficient 

𝐸rad = 4∫

∞

−∞
log(1 + |𝑟(𝜁 )|2). (10)

The above formulas allow us to define the soliton energy ratio as 
𝐸sol_ratio = 𝐸sol∕𝐸total = (𝐸total − 𝐸rad)∕𝐸total. (11)

where 𝐸sol_ratio ranges from zero to one. If the soliton energy ratio 
is high, the solitons are the dominant components in the system. We 
use the formula that utilizes the radiation energy to compute the 
energy ratio because it is easier to compute the continuous spectrum 
numerically.

3. Simulation setup for directional wave fields

The directional wave fields are generated from two-dimensional di-
rectional spectra with random phases. The directional spectrum 𝑆(𝑓, 𝜃)
is a product of a frequency spectrum 𝑆(𝑓 ) and a directional spreading 
function 𝐷(𝜃): 
𝑆(𝑓, 𝜃) = 𝑆(𝑓 )𝐷(𝜃), (12)

where 𝑓 is the frequency and 𝜃 is the wave direction. We adopt a 
Gaussian distribution, which is commonly used to model directional 
seas (Borgman, 1969, 1979; Benoït, 1993; Hashimoto, 1997). The 
function is expressed as 

𝐷(𝜃) = 1
√

2𝜋 𝜎𝜃
exp

(

−
(𝜃 − 𝜃𝑝)2

2𝜎2𝜃

)

with 𝜃 ∈ [0, 2𝜋) (13)

where 𝜃 represents the direction, 𝜃𝑝 is the peak direction set to 𝜋, and 
𝜎𝜃 is the amount of spreading (standard deviation). The directional 
spreading function 𝐷(𝜃) is defined over the range from 0 to 2𝜋, and its 
integral is nearly 1 because some energy is truncated in the Gaussian 
tails when the spreading is large. This function describes how the 
wave energy is distributed around a central peak direction, with a 
narrow width indicating more directional focus and a broader width 
representing a wider spread of energy. There are no opposite directional 
components propagating backward against the central peak direction. 
Other forms of directional spreading functions can be found in Massel 
and Brinkman (1998).

The frequency spectrum is based on the JONSWAP (Joint North 
Sea Wave Project) spectrum (Hasselmann et al., 1973), which extends 
the Pierson–Moskowitz spectrum by introducing a peak enhancement 
parameter 𝛾 to account for the enhancement of wave energy around the 
spectral peak. The JONSWAP spectrum is widely used for representing 
wind-generated sea states and is defined as 

𝑆(𝑓 ) = 𝛼𝑔2(2𝜋)−4𝑓−5 exp

[

−5
4

(𝑓𝑝
𝑓

)4]

𝛾
exp

[

−
(𝑓−𝑓𝑝 )2

2𝜎2𝑓2𝑝

]

, (14)

where 𝑆(𝑓 ) is the spectral energy density as a function of frequency 𝑓 , 
𝛼 is the Phillips constant, 𝑔 is the acceleration due to gravity, 𝑓𝑝 is the 
peak frequency, 𝛾 is the peak enhancement factor, and 𝜎 is the spectral 
width parameter. The Phillips constant 𝛼 governs the overall energy 
level of the wave spectrum reflecting the influence of wind energy 
input. The peak enhancement parameter 𝛾 adjusts the sharpness of the 
spectral peak and is used to characterize the developmental stage of sea 
states. The parameter 𝜎 is defined piecewise to reflect the asymmetry of 
the spectral shape around the peak frequency: 𝜎 =

{

0.07, 𝑓 ≤ 𝑓𝑝
0.09, 𝑓 > 𝑓𝑝

. We 
initially consider frequency spectra with Phillips constant values 𝛼 =
0.0025, 0.005, 0.0075, 0.01, 0.02, 0.03 and peak enhancement parameters 
𝛾 = 1, 2, 3, 4, 5, 6. This setup is later used to construct the wave fields. 
These initial parameters have been chosen such that some extreme 
cases are included. Recall that the NLS equation assumes narrow band-
width (𝛥𝑓∕𝑓 ≪ 1) and weak nonlinearity (𝑘 𝐻 ≪ 1). Table  1 presents 
0 0 𝑠

https://github.com/FastNFT/FNFT
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Fig. 1. Representative input components used to construct the two-dimensional wave spectrum. (a) Frequency spectrum corresponding to the Phillips constant 𝛼, 
(b) frequency spectrum associated with the peak enhancement parameter 𝛾, and (c) directional spreading function based on the directional spreading parameter 
𝜎𝜃 .
Table 1
Relative bandwidth of various JONSWAP spectra. The influence of 𝛼 and 𝑇𝑝
on the results is minimal. 𝛥𝑓  denotes the 3 dB bandwidth.
 𝛾 1 2 3 4 5 6  
 𝛥𝑓 ∕𝑓0 0.5762 0.2674 0.2001 0.1740 0.1595 0.1500 

Table 2
The nonlinearity parameter 𝑘0𝐻𝑠 for various JONSWAP spectra. The influence 
of 𝑇𝑝 on the values is minimal.
 𝛼∖𝛾 1 2 3 4 5 6  
 0.0025 0.0895 0.0999 0.1082 0.1155 0.1220 0.1279 
 0.0050 0.1265 0.1412 0.1530 0.1633 0.1725 0.1809 
 0.0075 0.1550 0.1729 0.1874 0.2000 0.2113 0.2216 
 0.0100 0.1789 0.1997 0.2164 0.2309 0.2439 0.2559 
 0.0200 0.2530 0.2824 0.3061 0.3266 0.3450 0.3619 
 0.0300 0.3099 0.3459 0.3749 0.4000 0.4225 0.4432 

the relative bandwidths of the considered JONSWAP spectra. From Fig. 
8 in Slunyaev et al. (2013), we expect that the narrow bandwidth 
condition is sufficiently well satisfied for 𝛥𝑓∕𝑓0 ≲ 0.25. This is the case 
in all cases except 𝛾 = 1, where we only have 𝛥𝑓∕𝑓0 = 0.5762. We will 
therefore later completely exclude the case 𝛾 = 1.

Table  2 presents the values of the nonlinearity parameter 𝑘0𝐻𝑠. 
Experiments and simulations have shown that solitons can exist for 
𝑘0𝐴0 ≲ 0.3 (Slunyaev et al., 2013), where 𝐴0 here is the soliton 
amplitude. To relate 𝐴0 to 𝐻𝑠, we use Osborne’s investigations of un-
stable wave packets, which can correspond to solitons on backgrounds. 
For small-amplitude modulations, the maximum packet amplitude can 
reach three times the carrier amplitude, 𝐴max ≃ 3𝑎0 (Osborne, 2010, 
p. 278–281). For random wave trains, the relations 𝐻𝑠 = 4𝜎 and 𝑎0 =
√

2𝜎 give 𝑎0 = 𝐻𝑠∕(2
√

2) (Osborne, 2010, pp. 763–764). At leading 
order, 𝐻max ≃ 2𝐴max (Osborne, 2010, p. 301). Therefore, the condition 
𝑘0𝐴0 ≃ 𝑘0𝐴max ≲ 0.3, equivalently 𝑘0𝐻max ≲ 0.6, leads to 𝑘0𝐻𝑠 ≲
0.6

√

2∕3 ≈ 0.283. Accordingly, 𝑘0𝐻𝑠 ≈ 0.283 may be regarded as an 
approximate upper limit for the applicability of the NLS soliton. Most, 
but not all of the considered JONSWAP spectra fulfill this condition. 
The cases with 𝛼 = 0.02, 𝛾 ≥ 4 and 𝛼 = 0.03 will therefore later be 
additionally excluded as well.

In Appendix, we furthermore show that the peak frequency in the 
JONSWAP spectrum can be normalized to one without changing the 
soliton energy ratio — if time and frequency grids are rescaled. In 
this paper, we however always consider the same grids to mimick the 
situation in real-word buoy measurements, where the length of the 
recording is fixed and in particular independent of the peak period. 
We will observe later that this lets the estimated soliton energy ratios 
decrease slightly with the peak period.

To reconstruct a realistic sea surface elevation from a given di-
rectional wave spectrum, the surface can be represented as a linear 
4 
superposition of oscillations (Tucker et al., 1984; Benoït, 1993; Massel 
and Brinkman, 1998; Massel, 2017). Specifically, it is represented as 
a superposition of infinitely many simple cosine waves, each with 
varying amplitude, frequency, phase, and propagation direction. The 
sea surface elevation 𝜂(𝑥, 𝑦, 𝑡) at a spatial location (𝑥, 𝑦) and time 𝑡 is 
then given by 

𝜂(𝑥, 𝑦, 𝑡) =
𝑁𝑓
∑

𝑖=1

𝑁𝜃
∑

𝑗=1

√

2𝑆(𝑓𝑖, 𝜃𝑗 )𝛥𝑓𝛥𝜃 cos
(

𝑘𝑖(𝑥 cos 𝜃𝑗 + 𝑦 sin 𝜃𝑗 ) − 2𝜋𝑓𝑖𝑡 + 𝜙𝑖𝑗
)

,

(15)

where 𝑁𝑓  and 𝑁𝜃 are the total number of discrete frequency and 
direction bins, respectively. The term 𝛥𝑓 is the frequency increment, 
and 𝛥𝜃 is the directional increment. The wave number 𝑘𝑖 corresponding 
to frequency 𝑓𝑖 is calculated using the deep water dispersion relation. 
𝜙𝑖𝑗 represents a random phase uniformly distributed in the interval 
[0, 2𝜋]. This allows us to generate multidirectional wave fields by 
linearly combining unidirectional wave systems propagating along a 
discrete set of directions. The directional spreading function determines 
how wave energy is spread across these directions.

In this study, we consider directional spreadings 𝜎𝜃 of 10, 20, 30, 
40, 50, 60, 70, and 80 degrees, which can be shown from Fig.  1(c). 
When the spreading is narrow, most of the wave energy is concentrated 
in a single direction, resulting in long-crested waves. In contrast, wide 
spreading distributes the energy over many directions, leading to short-
crested waves that appear more irregular. We summarize our setup of 
frequency and directional parameters used to construct the directional 
spectrum in Table  3. Previous studies have shown that higher values of 
𝛼 and 𝛾 can lead to soliton-dominated sea states for deep water waves 
(Lee and M. Brühl, 2023). We will classify the data by soliton energy 
ratio to further discuss sea states with different nonlinearity. This will 
be illustrated in a later section.

Fig.  2 shows typical wave fields generated with different directional 
spreading angles. The initial setting of the frequency spectrum is con-
sidered with 𝛼 = 0.01, 𝛾 = 1.0 and 𝑇𝑝 = 10 s in this example. A single 
wave gauge is placed at 𝑥 = 0, 𝑦 = 0 to measure the time series. The 
time series is recorded for 600 s with a sampling rate of 1.7 Hz. It can 
be observed that the wave fields change from long-crested seas at 10 
degrees (Fig.  2(a)) to short-crested seas at 80 degrees (Fig.  2(b)) as the 
directional spreading increases.

Using the basic wave parameters of the directional spectrum sum-
marized in Table  3, we generate various wave fields with random 
phases. Time series are extracted using a virtual wave gauge positioned 
at the center of each wave field. In total, 2880 time series are included 
in our dataset. The significant wave height in this dataset ranges from 
1 m to 19 m. The distribution of significant wave height for each peak 
period is illustrated using boxplots in Fig.  3(a). It can be observed 
that in general larger peak periods are associated with higher signif-
icant wave heights in our simulations. We are also interested in the 
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Fig. 2. Directional wave fields with spreading 𝜎𝜃 varying from (a) 10◦ to (h) 80◦. The wave gauge location at (𝑥, 𝑦) = (0, 0) is indicated by a red circle.
Fig. 3. Basic wave parameters of the dataset. (a) Boxplot of significant wave height versus peak period. (b) Boxplot of wave steepness versus peak period.
Table 3
Parameter setup used to construct the directional wave spectra.
 Parameter Values  
 Peak period 𝑇𝑝 4, 5, 6, 7, 8, 9, 10, 11, 12, 13  
 Phillips constant 𝛼 0.0025, 0.005, 0.0075, 0.01, 0.02a  
 Peak enhancement factor 𝛾 2a, 3a, 4a, 5a, 6a  
 Directional spreading  𝜎𝜃 10◦, 20◦, 30◦, 40◦, 50◦, 60◦, 70◦, 80◦ 
a Data corresponding to (𝛼, 𝛾) = (0.02, 𝛾 ≥ 4) were excluded from the simulation.

distribution of wave steepness, where the wave steepness is calculated 
as Steepness = 2𝜋𝐻𝑠∕𝑔𝑇 2

𝑝 , with 𝐻𝑠 representing the significant wave 
height, calculated as four times the square root of the zeroth moment, 
and 𝑇𝑝 the peak period. The distribution of wave steepness for each 
peak period is shown in Fig.  3(b). For each peak period, the wave 
steepness follows the same distribution ranging from 0.016 to 0.049. 
(We use identical values of 𝛼 and 𝛾 within each group, which results in 
the same distribution of wave steepness (Annenkov and Shrira, 2014).) 
This figure provides a basic overview of our dataset.

4. Characteristics of the soliton energy ratio

Before applying the nonlinear Fourier transform based on the NLS 
equation to all time series, we first provide an exemplary analysis of 
a single time series to reveal its nonlinear spectrum. The time series 
analyzed here is extracted from the wave field with parameters 𝛼 =
0.03, 𝛾 = 6.0 and 𝑇 = 6 s, as shown by the black line in Fig.  4(a). 
𝑝

5 
The blue line shows the magnitude of the complex envelope, which is 
calculated from the surface wave elevation using the Hilbert transform 
(Medina and Hudspeth, 1990). Note that while only the magnitude 
is shown here, the NFT requires the full complex envelope, including 
both magnitude and phase information. The envelope time series is 
used as input for nonlinear Fourier analysis. By the nonlinear Fourier 
transform based on the NLS equation, we obtain the nonlinear spectrum 
including continuous spectrum (Fig.  4(b)) and soliton spectrum Fig. 
4(c). The continuous spectrum displays the spectral parameter 𝜁 on 
the 𝑥-axis and the absolute value of the reflection coefficient 𝑟(𝜁 )
on the 𝑦-axis, representing components of linear dispersive waves. 
In the soliton spectrum, the real part of the eigenvalue on the 𝑥-
axis indicates soliton velocity, while the imaginary part on the 𝑦-axis 
represents soliton amplitude. A total of 77 solitons are identified, with 
most exhibiting small amplitudes. It has been found that a dense 
ensemble of solitons can give rise to large wave events in the time 
series through strong nonlinear interactions (Gelash and Agafontsev, 
2018). Meanwhile, it is important to note that the solitons of the NLS 
equation here are envelope solitons (Yuen and Lake, 1982; Osborne, 
2010; Slunyaev et al., 2013; Chabchoub et al., 2016; Slunyaev, 2018; 
Xia et al., 2021). From the nonlinear spectrum, we calculate the energy 
of the continuous spectrum and the soliton spectrum using Eq. (10) and 
Eq (9), respectively. The soliton energy ratio is then obtained using 
Eq. (11). In this example, the soliton energy ratio is 0.93, indicating 
a highly soliton-dominated sea state.
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Fig. 4. Example of the nonlinear Fourier transform to time series. (a) Time series (black line) and the magnitude of its complex envelope (blue line). (b) Continuous 
spectrum. (c) Soliton spectrum.
Fig. 5. Boxplots of soliton energy ratio versus key wave parameters: (a) Phillips constant 𝛼, (b) peak enhancement factor 𝛾, (c) directional spreading 𝜎𝜃 , (d) 
significant wave height, (e) peak period, (f) steepness.
We apply nonlinear Fourier analysis to our dataset and calculate 
the soliton energy ratios. The results showing the soliton energy ratio 
across all parameters are presented as a set of boxplots in Fig.  5. 
The soliton energy ratio is shown on the horizontal axis, while the 
vertical axes in subplots (a) to (f) correspond to Phillips constant 𝛼, 
peak enhancement parameter 𝛾, directional spreading 𝜎𝜃 , significant 
wave height 𝐻𝑠, peak period 𝑇𝑝, and wave steepness, respectively. In 
Fig.  5(a) and (b), it can be observed that both 𝛼 and 𝛾 increase with 
higher soliton energy ratios. This indicates that more energy in the 
system and a sharper spectral peak may be associated with the presence 
of more solitons. In Fig.  5(c), it can be seen that different directional 
spreadings do not influence the soliton energy ratio. In reality, di-
rectional spreading should destabilize solitons. However, because our 
measurement relies on a single-point wave gauge within the wave field, 
it cannot capture the directional characteristics from the recorded time 
series. We will investigate this further in the next section by truncating 
the energy in the directional sidebands to assess how spreading affects 
the soliton energy ratio. In Fig.  5(d), significant wave height does not 
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exhibit a clear correlation with the soliton energy ratio, suggesting 
that soliton presence is not directly dependent on wave height alone. 
Nevertheless, Fig.  5(e) indicates a slight tendency for higher soliton 
energy ratio to be associated with shorter peak period. This trend is 
attributed to the use of a fixed recording window of ten minutes. As 
𝑇𝑝 increases, the average duration of the solitons increases as well, and 
they are more likely cut off at the boundaries of the recording window. 
This leads the NFT to overestimate the radiation content in the time 
series. Consequently, the soliton energy ratio decreases with 𝑇𝑝. More 
notably, Fig.  5(f) reveals a strong positive correlation between soliton 
energy ratio and wave steepness, implying that steeper wave conditions 
are more favorable for soliton existence. Overall, these figures provide 
a fundamental understanding of the conditions when the soliton energy 
ratio based on a single buoy measurement is high. However, because 
of the unaccounted for directionality of the underlying wave field, the 
detected solitons might not have a clear physical interpretation. To 
address this issue, we now study how the soliton energy ratio changes 
when only the main propagation direction is considered. In the absence 
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Fig. 6. Directional spectrum truncation and the resulting wave field and time series. The directional spreading is set to 𝜎𝜃 = 30◦, and the JONSWAP spectrum is 
generated with parameters 𝛼 = 0.03, 𝛾 = 3, and 𝑇𝑝 = 8 s. Retention angles after directional truncation 𝛥𝜃 = 60◦ (in (d)–(f)) and 20◦ (in (g)–(i)) are considered.
The resulting wave fields are reconstructed from the truncated directional spectra, and time series are extracted using a virtual wave gauge located at the center 
of the computational domain, as labeled by the red circle.
of directional interference, the detected solitons can remain more stable 
as the filtered time series evolves nearly unidirectionally.

5. Influence of retention angle after directional truncation

Regarding our objective to investigate when soliton energy ra-
tios calculated in directional seas will remain stable, we address this 
by removing the energy that is not on principal wave directions to 
generate modified wave fields with minimal directional interference. 
Before starting directional truncation on directional wave fields, we 
emphasize that this study does not account for wave evolution. We 
consider four retention angles 𝛥𝜃 for directional truncation analysis in 
the directional domain: 20◦, 40◦, 60◦, and 120◦. For each scenario, 
wave energy outside the specified angular range is removed from the 
directional spectrum, preserving only the energy within the defined 
range for subsequent analysis. The retention angles 𝛥𝜃 correspond to 
varying levels of directional energy removal. Smaller values of 𝛥𝜃
indicate greater truncation of energy in the directional sidebands, 
while larger values retain a broader range of energy in the principal 
wave directions. The case 𝛥𝜃 = 360◦ represents the initial wave field, 
where no directional energy is removed. While ultimately only small 
retention angles are of interest, we also consider larger cases to see 
how the soliton energy ratio depends on this parameter. During the 
reconstruction stage, following the removal of energy in the sidebands, 
the modified wave fields are linearly synthesized using the original 
phase information.
7 
In Fig.  6, we show an example of how to generate modified wave 
fields with retention angles and the corresponding time series. First, 
we consider a directional spectrum with spreading set to 𝜎𝜃 = 30◦, 
as shown in Fig.  6(a), which is generated by multiplying a directional 
spreading function with a JONSWAP spectrum using parameters 𝛼 =
0.03, 𝛾 = 3, and 𝑇𝑝 = 8 s. The wave field is generated with random 
phases including a virtual wave gauge located at the center of the wave 
field (red circle), as shown in Fig.  6(b). The time series is extracted, as 
shown in Fig.  6(c).

Subsequently, we truncate specific directional ranges to construct 
wave fields with more concentrated directional characteristics. The 
retention angles are set as 𝛥𝜃 = 60◦, and 20◦, corresponding to Fig. 
6(d) to (f) and (g) to (i), respectively. In Fig.  6(d), the energy outside 
the retention angle 𝛥𝜃 = 60◦ (red lines) is filtered out. Using the 
original phases, we then generate the wave fields corresponding to 
the truncated spectra, as shown in Fig.  6(e). The time series data are 
subsequently re-extracted using virtual wave gauges, with the red line 
in Fig.  6(f). It can be observed that the time series loses some energy 
after directional truncation, resulting in slightly smaller wave crests and 
troughs compared to the initial time series (black line). Meanwhile, 
with smaller retention angles, more energy is filtered out from the 
spectrum, causing the wave field to become more long-crested, as seen 
in Fig.  6(h). The wave height in the time series also decreases as more 
energy is removed, as seen in Fig.  6(i).

After obtaining the time series via directional spectrum truncation, 
we applied the NFT based on the NLS equation to derive the nonlinear 
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spectrum and subsequently calculate the soliton energy ratio. The soli-
ton energy ratio of the initial time series is 0.847. For retention angles 
of 𝛥𝜃 = 120◦, 60◦, 40◦, and 20◦, the corresponding soliton energy ratios 
are 0.836, 0.808, 0.796, and 0.726, respectively. Although the soliton 
energy ratio decreases as wave energy in the directional sidebands is 
removed, the values remain sufficiently high to be classified as soliton-
dominated wave fields. It is worth noting that the directional spreading 
used in this case, 𝜎𝜃 = 30◦, is comparable to the dominant spreading 
conditions observed in the North Sea (Waseda et al., 2011; Teich et al., 
2018). This possibly suggests that if soliton-dominated wave conditions 
are observed in directional seas, surface waves propagating within a 
narrow range of the primary direction would be dominated by solitons 
in the absence of directional interference. The current case is only one 
example and all simulation results will be presented in the following to 
support this finding.

To better understand soliton characteristics in the nonlinear spec-
trum, we classify all wave fields based on the soliton energy ratio into 
three categories: general cases, soliton-dominated cases, and highly 
nonlinear soliton-dominated cases. The classification thresholds are 
defined as follows. Cases with a soliton energy ratio below 60% are 
categorized as general cases, where the wave field is dominated by 
radiation waves or exhibits a near-equal contribution from both radi-
ation waves and solitons. Cases with a soliton energy ratio between 
60% and 90% are classified as soliton-dominated. Finally, cases with 
a soliton energy ratio exceeding 90% are considered highly nonlinear 
soliton-dominated conditions.

Based on the above classification, we first focus on the general 
cases (𝐸sol_ratio < 60%), which correspond to sea states dominated by 
radiation waves or exhibiting a near-equal contribution from radiation 
waves and solitons. A total of 285 time series are identified in this 
category. The soliton energy ratios for the initial time series and 
those obtained after directional truncation under different directional 
spreading conditions are shown in Fig.  7. In our initial setup, there 
are eight directional spreading conditions, ranging from 10◦ to 80◦. 
We only show the cases with spreading angles of 10◦, 40◦, and 80◦, 
corresponding to subfigures (a) to (c), respectively, to represent low, 
moderate, and high directional spreading conditions. Each gray line 
represents one time series, showing the soliton energy ratio and its 
variation with the retention angle 𝛥𝜃. We first focus on the case with 
small directional spreading, 𝜎𝜃 = 10◦, shown in Fig.  7(a). It can 
be seen that a large portion of the soliton energy ratios decrease as 
the retention angle 𝛥𝜃 becomes smaller. However, in some cases, the 
soliton energy ratio may increase with a smaller 𝛥𝜃, possibly because 
the truncated energy in the sidebands is more dominated by radiation 
waves in those cases. Thus, the removal of radiation wave energy 
leads to an increased soliton energy ratio. The red line represents the 
mean soliton energy ratio for all cases in this classification. The mean 
soliton energy ratios of initial wave fields are around 0.472, which 
indicates the dataset is nearly equally dominated by radiation waves 
and solitons. As directional spreading 𝜎𝜃 increases, the mean soliton 
energy ratio decreases more significantly when the retention angle 𝛥𝜃
becomes small. For the small directional spreading, 𝜎𝜃 = 10◦, shown in 
Fig.  7(a), the mean soliton energy ratio does not decrease significantly. 
It only decreases slightly under a small retention angle of 𝛥𝜃 = 20◦. 
For moderate directional spreading 𝜎𝜃 = 40◦, as shown in Fig.  7(b), 
the mean soliton energy ratio under 𝛥𝜃 = 20◦ decreases to 0.127, 
indicating that only a small portion of solitons still exist, while the 
remaining energy is mainly dominated by radiation waves. For the 
largest directional spreading 𝜎𝜃 = 80◦, shown in Fig.  7(c), the mean 
soliton energy ratio under 𝛥𝜃 = 20◦ drops to 0.055 at 𝛥𝜃 = 20◦, 
indicating that the energy in the main direction with narrow directional 
bands is identified as high radiation waves dominance.

We subsequently examine the results for analysis of soliton dom-
inated cases (60% ≤ 𝐸sol_ratio < 90%), as shown in Fig.  8. There are 
a total of 1378 time series identified in this class. The mean soliton 
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energy ratios of initial wave fields are around 0.774. A similar trend 
of decreasing soliton energy ratios as the retention angle 𝛥𝜃 becomes 
smaller can be observed. The initial mean soliton energy ratio reduces 
to 0.702 with a retention angle of 𝛥𝜃 = 20◦ for small directional 
spreading 𝜎𝜃 = 10◦, to 0.416 for moderate directional spreading 𝜎𝜃 =
40◦ and to 0.253 for large directional spreading 𝜎𝜃 = 80◦. This indicates 
that in soliton dominated seas with small spreading, the soliton energy 
ratio in general decreases less, while for moderate and large spreading, 
it decreases more.

Finally, we focus on the results of the analysis for highly nonlinear 
soliton-dominated cases (𝐸sol_ratio ≥ 90%), as shown in Fig.  9. A total 
of 97 time series have been identified in this classification. The mean 
soliton energy ratio of the initial wave fields is approximately 0.917. 
For small directional spreading 𝜎𝜃 = 10◦, the mean soliton energy ratio 
remains nearly unchanged under a retention angle of 𝛥𝜃 = 20◦. For 
moderate directional spreading 𝜎𝜃 = 40◦, the mean soliton energy ratio 
decreases slightly to 0.686 under 𝛥𝜃 = 20◦. For large directional spread-
ing 𝜎𝜃 = 80◦, although the mean soliton energy ratio decreases under 
small retention angles, its value equals to 0.525, which corresponds 
to being nearly equally dominated by solitons and radiation waves. 
Overall, the analysis of soliton energy ratios under varying directional 
spreading and retention angles reveals similar trends across different 
classifications of sea states.

6. Discussion and conclusions

In this paper, we investigated by how much soliton energy ratios 
from directional seas reduce when directional interference outside the 
main direction is filtered out. Here, soliton energy ratio is a parameter 
used to quantify the nonlinearity of a sea state (Ablowitz and Segur, 
1981; Lee and M. Brühl, 2023). We generate directional wave fields 
under linear superposition of sine waves based on the JONSWAP spec-
trum with varying directional spreading parameters that are directly 
comparable to field measurements. The evolution of wave fields is 
not considered in this study. By removing energy outside specific 
directional ranges, the modified wave fields retain energy only within 
a targeted range of directional bands, resulting in reduced directional 
interference. Time series extracted from virtual wave gauges placed at 
the center of the wave fields are analyzed using the nonlinear Fourier 
transform to calculate the soliton energy ratio.

Solitons have been found to persist in small to moderate directional 
sea states over a number of wave periods (Slunyaev, 2024). Building 
on this, our results further examine highly nonlinear soliton-dominated 
wave fields under various directional spreading scenarios to interpret 
soliton energy ratios in directional wave fields. It is observed that for 
small directional spreading (e.g., 𝜎𝜃 = 10◦), the soliton energy ratio 
only slightly decreases compared to the initial value under a narrow 
propagating direction (𝛥𝜃 = 20◦) in the main directions. For a broad 
propagation direction (𝛥𝜃 = 120◦), directional filtering may not remove 
energy from the directional sidebands, causing the soliton energy ra-
tio to remain constant. In contrast, under large directional spreading 
(e.g., 𝜎𝜃 = 80◦), the soliton energy ratio decreases significantly. This 
indicates that portions of the initially detected solitons cannot retain 
their energy due to spreading effects. It should be noted that the 
variation in soliton energy ratio is highly case-dependent and is mainly 
influenced by the phase structure of the directional wave fields.

Meanwhile, different initial soliton energy ratios can lead to varying 
degrees of change. For our wave fields characterized by radiation 
wave-dominated or mixed sea states (𝐸sol_ratio < 60%), the mean 
soliton energy ratio decreases slightly under small directional spreading 
(e.g., 𝜎𝜃 = 10◦), but drops significantly under large spreading con-
ditions (e.g., 𝜎𝜃 = 80◦). This indicates that solitons can still account 
for a small portion of the energy in radiation wave-dominated seas 
when directional spreading is small; however, under large directional 
spreading, the initial detected solitons may not be representative, as the 
soliton energy ratio is quite low by directional truncation, indicating 
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Fig. 7. Effect of directional truncation on the soliton energy ratio for general cases (𝐸sol_ratio < 60%) with directional spreadings from 10◦ to 80◦. The red line 
is the mean soliton energy ratio for each retention angle.
Fig. 8. Effect of directional truncation on the soliton energy ratio for soliton-dominated cases (60% ≤ 𝐸sol_ratio < 90%) with directional spreadings from 10◦ to 
80◦. The red line is the mean soliton energy ratio for each retention angle.
Fig. 9. Effect of directional truncation on the soliton energy ratio for highly nonlinear soliton-dominated cases (𝐸sol_ratio ≥ 90%) with directional spreadings 
from 10◦ to 80◦. The red line is the mean soliton energy ratio for each retention angle.
that almost no solitons are retained in the main directions. For soliton-
dominated sea states (60% ≤ 𝐸sol_ratio < 90%), a similar decreasing 
trend in the mean soliton energy ratio is observed. These seas remain 
soliton-dominant under small directional spreading but change to radi-
ation wave dominance under larger spreading conditions. Nevertheless, 
on average significant amounts of soliton energy remain on average 
even for large spreading. In highly nonlinear soliton-dominated cases 
(𝐸sol_ratio ≥ 90%), the sea state remains strongly soliton-dominated 
under small directional spreading; however, with increasing directional 
spreading, the dominance gradually weakens, although solitons still 
dominate in the overall energy. This result is particularly noteworthy, 
as it reveals that soliton energy can remain dominant in the main propa-
gation directions even under conditions of large directional spreading. 
It should be noted that wave propagation was not considered in this 
study. Due to deviations from the NLS equation, the solitons detected 
9 
by the NFT would undergo changes during their subsequent evolution 
(Slunyaev, 2021).

Our study has demonstrated that, under highly nonlinear soliton-
dominated directional sea states, the waves propagating in the main 
directions remain dominated by soliton energy at a single measurement 
point. Even in the absence of directional interference, a soliton may still 
disintegrate during propagation over a finite distance due to transverse 
instability (Zakharov and Rubenchik, 1974; Deconinck et al., 2006) 
Meanwhile, it remains unclear how relevant these highly nonlinear 
soliton-dominated sea states actually are for the real ocean, as real 
wave fields may deviate from JONSWAP simulations and some of 
the considered JONSWAP configurations might occur only rarely in 
practice. To the best of our knowledge, the soliton energy ratio has 
been rarely applied in existing studies. In particular, the directional 
spreading settings used in our simulations can be directly comparable 
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to field measurement data. The recent observation of soliton gases 
in deep water around Taiwan provides a relevant case study (Lee 
and Wahls, 2026). Other measurements such as those conducted in 
Currituck Sound, North Carolina (Osborne et al., 2019), in the Bay 
of Biscay, Northeast Atlantic Ocean (Onorato et al., 2021) and in the 
Northwest Pacific Ocean (Lee et al., 2024) would be valuable for further 
investigation of the soliton energy ratio in future research. Our study 
offers a novel approach able to interpret such observations and provides 
new insight into the physical relevance of solitons in directional seas.
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Appendix. The peak period does not influence the soliton energy 
ratio for JONSWAP spectra (if the time and frequency grids are 
rescaled)

In this appendix, we show that the peak period 𝑇𝑝 does not influence 
the soliton energy ratio if the time and frequency grids are rescaled 
correctly. We start by noticing that the JONSWAP spectrum satisfies
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A signal generated from the JONSWAP spectrum 𝑆(𝑓 ; 𝛼, 𝛾, 𝑓𝑝) thus 
satisfies
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=
𝑁
∑

𝑛=1

√

2 1
𝑓 5
𝑝
𝑆(𝑓𝑛; 𝛼, 𝛾, 1)𝛥𝑓𝑓𝑝 cos(2𝜋𝑓𝑛𝑓𝑝𝑡 − 𝜙𝑛)

= 1
𝑓 2
𝑝

𝑁
∑

𝑛=1

√

2𝑆(𝑓𝑛; 𝛼, 𝛾, 1)𝛥𝑓 cos(2𝜋𝑓𝑛𝑓𝑝𝑡 − 𝜙𝑛).

If we instead sample a signal from the JONSWAP spectrum 𝑆(𝑓 ; 𝛼, 𝛾, 1)
and use the same phases 𝜙𝑛 as before, we get

𝑢̃(𝑡) =
𝑁
∑

√

2𝑆(𝑓𝑛; 𝛼, 𝛾, 1)𝛥𝑓 cos(2𝜋𝑓𝑛𝑡 − 𝜙𝑛).

𝑛=1

10 
Comparing 𝑢(𝑡) and 𝑢̃(𝑡), we see that
𝑢(𝑡) = 𝑓−2

𝑝 𝑢̃(𝑓𝑝𝑡).

The corresponding signals passed to the NFT are
𝑄(𝑡) = 𝜌𝑢(𝑡), 𝑄̃(𝑡) = 𝜌̃𝑢̃(𝑡),

where, using the deep-water dispersion relation 𝜔2
0 = 𝑔𝑘0,

𝜌 = 𝐶𝑔
√

2𝑘20 =
𝜔0

2�𝑘0

√

2𝑘▷20 =
𝜔3
0

√

2𝑔
=

(2𝜋)3
√

2𝑔
𝑓 3
𝑝 , 𝜌̃ = ⋯ =

(2𝜋)3
√

2𝑔�
�7
1

𝑓 3
𝑝 .

We see that the signals scaled for the NFT satisfy

𝑄(𝑡) =
(2𝜋)3
√

2𝑔
𝑓 3
𝑝 𝑢(𝑡) =

(2𝜋)3
√

2𝑔
𝑓 3
𝑝 𝑓

−2
𝑝 𝑢̃(𝑓𝑝𝑡) = 𝑓𝑝𝜌̃𝑢̃(𝑓𝑝𝑡) = 𝑓𝑝𝑄̃(𝑓𝑝𝑡).

This is exactly the relation that appears in the scaling invariance of 
the NLSE.1 In this specific case, it can be proven that the change of 
the nonlinear Fourier transform reduces to scaling operations as well 
(Yousefi and Kschischang, 2014, Sec. IV.D-4). These scaling operations 
do not change the soliton energy ratio.

In summary, we found that the soliton energy ratios of 𝑢(𝑡) and 𝑢̃(𝑡)
are the same. Since this result works for any combination of the random 
phases, we see that the distribution of the solitons energy ratio resulting 
from the JONSWAP spectra 𝑆(𝑓 ; 𝛼, 𝛾, 𝑓𝑝) and 𝑆(𝑓 ; 𝛼, 𝛾, 1) with random 
phases must be the same. The peak period 𝑇𝑝 = 𝑓−1

𝑝  therefore cannot 
influence the distribution of the soliton energy ratios for time series 
obtained from JONSWAP spectra, if the time and frequency grids are 
scaled accordingly and 𝛼 and 𝛾 are kept constant.
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