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HIGH-ORDER GUARANTEED LOWER BOUNDS FOR THE
SCHRODINGER EIGENVALUE PROBLEM

BENEDIKT GRASSLE*, MORITZ HAUCK', AND YIZHOU LIANG!

ABSTRACT. We compute unconditional guaranteed lower eigenvalue bounds
for Schrodinger operators using a modified hybrid high-order method with
built-in correction for the potential defect. The method assumes exact numer-
ical integration and allows possibly unbounded potentials in LP for p > n/2
and p > 2 on general polyhedral domains. We prove that the high-order cor-
rection preserves optimal a priori convergence orders, and derive reliable and
efficient a posteriori error estimators. Numerical experiments provide striking
evidence of optimal high-order convergence rates of the adaptive algorithm.

1. INTRODUCTION

Guaranteed eigenvalue bounds are required whenever computed spectra enter
rigorous statements, for instance in the assessment of critical loads and buckling in
structural mechanics, the detection of spectral gaps, bifurcation and stability analy-
sis, and computer-assisted existence proofs. Combined with the upper bounds from
conforming Galerkin methods for self-adjoint problems, guaranteed lower bounds
provide rigorous two-sided eigenvalue enclosures. For Schrodinger operators, such
enclosures certify the quantum energy levels of ground and excited states.

This paper considers Schrodinger operators with a possibly unbounded potential
V e LP(Q) with p > n/2 and p > 2 on a bounded polyhedral Lipschitz domain
Q C R in n > 2 dimensions. The corresponding Schrédinger eigenvalue problem
seeks eigenpairs (A, u) with

(L1) {—Au +Vu=MXu in Q,

u=0 on Jf.
Its weak formulation seeks (\,u) € R x H} () with ||u||zz = 1 such that
(1.2) A(u,v) = Ab(u,v) for all v € H} (),

where A(v, ) = (Vov,Vo)r2 + (Vv, )2 and b(v, p) == (v, )12 for v, € HY(Q).
After a possible shift of the spectrum, we may and will assume that A(e,e) is
coercive. The normalized eigenfunctions u are the critical points of the energy

Ew) = A(v,v) = / (IVo* + V[v]?) dz for all v € Hy ()
Q
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on the L? unit sphere in Hg(£2), and each eigenvalue is the energy A\ = &(u) of
its eigenfunction. Counting their finite multiplicity, the eigenvalues form a nonde-
creasing sequence 0 < A\ < Ap < -+ with A\, — o0 as m — oo and satisfy the
Courant—Fischer min—max characterization

(1.3) Am = min max Ll;) for all m € N.
xm(cHg)(m veXm\{0} [[V]|72
dim(X,,)=m

Conforming Galerkin discretizations of self-adjoint elliptic eigenvalue problems
provide guaranteed upper eigenvalue bounds, since minimizing over fewer subspaces
in the min—max characterization (1.3) can only increase the energy. Their conver-
gence theory goes back to Strang and Fix [SF73] and Babuska and Osborn [BO91].
A posteriori error estimators can be used to drive adaptive mesh refinement and en-
able efficient higher-order conforming eigenvalue approximations; see, e.g., [CG24]
for a proof of rate-optimal adaptive convergence.

Guaranteed lower eigenvalue bounds (GLB) require different techniques already
for the Laplace operator (V =0 in (1.1)). First-generation constructions based on
nonconforming interpolation [CG14, Liul5] and mixed formulations [Gal23] pro-
vide postprocessed GLB on general polyhedral domains without a priori spectral
information. These bounds are limited to low-order convergence, and their depen-
dence on the maximal mesh size restricts the gains from local refinement. This is
particularly relevant for Schrodinger eigenfunctions with potential-induced localiza-
tion [And58, OR23, GOP25]. We refer to [CS26] for a comparison of several schemes
for the Schrodinger problem with bounded potentials and possible simplifications
for piecewise-constant potentials.

Second-generation constructions incorporate the lower-bound mechanism into
the discrete problem through fine-tuned stabilization and compute direct GLB
Ar < A under a computable mesh-size condition [CEP21, CP24, CGT24, Tra26].
These schemes allow high-order variants and overcome the preceding limitations for
Laplace eigenvalues: on sufficiently fine meshes, the bounds retain the approxima-
tion order of the discrete eigenvalues and recover optimal convergence rates on adap-
tive meshes in practice. However, their direct extension to Schrédinger operators
relies on orthogonality arguments that require a piecewise-constant potential, and
replacing a spatially varying potential by a piecewise-constant approximation limits
the accuracy of the bounds to low order. This restriction is discussed for the extra-
stabilized Crouzeix—Raviart scheme in [CS26] and also appears in the low-order
bounds for the related Gross-Pitaevskii ground-state energy [GHLP25, HL26].

Further approaches use explicit source-problem estimates [Liul5], the Lehmann—
Goerisch theorem combined with preliminary spectral bounds [LP25], or guaranteed
a posteriori estimates [CDM™18, CDM ™20, Cha26]. Spectral Galerkin lower bounds
based on explicitly known auxiliary eigensystems are developed in [Liu26].

Main results. This paper removes the piecewise-constant restriction from second-
generation schemes for the Schrodinger eigenvalue problem (1.1) with spatially vary-
ing and possibly unbounded potentials. To this end, a hybrid high-order (HHO)
discretization of the Schrodinger energy &£(e) is modified by a negative correction
that compensates the part of the potential contribution not resolved by the poly-
nomial cell unknowns. This correction vanishes for piecewise-constant potentials.
The focus on coercive Schrodinger forms A(e, @) imposes no loss of generality as
discussed in Remark 3.10, and simplifies the discussion of the following results.

o Guaranteed lower bounds. Assuming exact integration and exact algebraic
eigenvalues, the discrete eigenvalues combined with a scalar postprocessing
as in [CGP25, Tra26] provide GLB on arbitrary meshes without a priori
spectral information. Once a computable condition on the maximal mesh
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size holds, the discrete eigenvalue Ay, < Ay, itself is a direct GLB and local
mesh refinement pays off fully. This condition is based on explicit control of
the L? projection error. Potentials unbounded from below require further
explicit bounds of the coercivity constant and a weighted projection error.

o FExplicit projection bounds. We derive analytical bounds for the L? projec-
tion error onto piecewise polynomials of degree k + 1 in different (trace)
norms with optimal dependence on k. The Poincaré-type constant im-
proves on the Payne—Weinberger constant already in the lowest-order case,
and further leads to an explicit control for the H' stability of this projec-
tion. These bounds also provide the explicit parameters for the original
HHO GLB [CEP21] beyond the established lowest-order case k = 0.

o A priori error analysis. The negative correction contributes an oscillation
of the potential applied to a discrete function and hence is of higher order.
Under a mild multiplier assumption on V', which makes potential oscilla-
tions well defined for all of H}((2), the modified scheme thus retains the
optimal convergence rates of the underlying HHO method for eigenvalues
and eigenfunctions. Duality arguments as in [CGT24] yield improved rates
for the L? and potential-weighted L? errors of the eigenfunctions.

e A posteriori error analysis. For simple eigenvalues in n € {2,3} dimen-
sions, the stabilization-free framework of [BCGT23, CGT24] is extended
to the modified scheme with spatially varying and possibly unbounded po-
tentials. The residual-based estimator contains neither stabilization nor
correction terms and is reliable and, up to the potential oscillation, efficient
on sufficiently fine meshes.

Numerical experiments for smooth, singular, and localized eigenstates show that
the adaptive algorithm driven by this a posteriori error estimator yields high-order
GLB that converge with optimal rates until round-off errors dominate.

Outline. Section 2 introduces the HHO method including the potential correction
term. Explicit bounds for the L? projection and the remaining potential control
precedes the GLB proof in Section 3. Section 4 discusses the a priori error analysis.
The a posteriori error analysis in Section 5 provides a reliable and efficient error
estimator in n € {2,3} dimensions. Numerical evidence for our theoretical results
with high-order GLB on adaptive meshes concludes this paper in Section 6.

Notation. Standard notation applies for Lebesgue and Sobolev spaces and their
norms and scalar products. For simplicity, we omit the full domain €2 in subscripts
and write, for instance, || ®||», (o, )72, and || @ | zs. The subspace H}(Q) C H*(Q)
of functions with zero trace is equipped with the norm ||V e || 2.

2. HYBRID HIGH-ORDER METHOD

2.1. Meshes and discrete spaces. Consider a mesh T from a family of geometri-
cally conforming and shape-regular simplicial triangulations of €. For each simplex
element T' € T with the set of faces F(T), let hy := diam(T") denote its diameter.
We define the piecewise constant mesh-size function hy by (hr)|r = hr for all
T € T, and denote the maximal mesh size by hyay = maxpe hp. The set of mesh
faces of T, denoted by F, is partitioned into the set of interior faces F(£2) and the
set of boundary faces F(02). The space of polynomials of total degree at most
¢ € Ny defined on an element T € T is denoted by P*(T)). Similarly, P*(F) denotes
the space of polynomials of total degree at most k£ € Ny defined on a face F € F.
For any T' € T, the space of broken polynomials on 9T is defined as

P*(F(T)) == {v € L*(9T) | v|r € P*(F), for all F € F(T)}.
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The corresponding global broken polynomial spaces are

PY(T) = {v € L*(Q) | v|r € PXT), for all T € T},

P¥(F) = {v € L*(2) | v|r € P*(F), for all F € F},
where ¥ := |Jpc r F' denotes the mesh skeleton. For all T € T and all F' € F, let
5. L3(T) — PYT) and T1%.: L?(F) — P*(F) denote the L? orthogonal projections
with respect to (e,®)2(7y and (e, )2, respectively. Their piecewise application
defines the global L? projections IT4-: L%(Q2) — P*(T) and II%: L3(X) — P*(F).
Similarly, I1%,.: L%(9T) — P*(F(T')) denotes the facewise L? projection for 7' € T.

As in the higher-order HHO constructions for GLB [CEP21, Tra26], we use
polynomial degree k + 1 for the cell and degree k for the face unknowns; the cell
degree k + 1 instead of the classical equal-order choice k is essential for the GLB
property, cf. Section 3. We write v, = (vy,vxr) = ((vr)reT, (Vr)Fer) for v, €
PEHL(T) x PR(F) with vr = vr|r, vp = vr|r, and vor == (vp)per(r). Local
restrictions to 7' € T are denoted by v, 1+ = (vr,var) € PETHT) x P*(F(T)). The
discrete HHO space with homogeneous Dirichlet boundary conditions reads
Vi, i= {vp, € PMYH(T) x PH(F) | vp = 0, for all F € F(9Q)}.

2.2. Reconstruction, elliptic projection, and interpolation. The reconstruc-
tion operator R: Vj, — PF+1(T) is defined elementwise by (Rup,)|r = Rruvsr for
any v, € Vi, and T' € T, where Ryvpr € P*+1(T) solves
(VYRrvn7, V) 121y = — (01, A) L2 (1) + (Vor, Dvp) 2oy for all ¢ € PFT(T),
(Rrvn,r, )2y = (vr, 1) L2(1y,

with the outward normal derivative 9, along 9T

Similarly, the elliptic projection operator G: HE(Q) — P*+1(T) is defined piece-
wise by (Ge)|r := Gr(e|r), where Grvr € P*HL(T) for any vy € H*(T) solves
(2.1a) (VGrv,Vo)r2(ry = (Vu, Vo) r2(1) for all ¢ € PFF(T),
(2.1b) (Grv, 21y = (v, 1) L2(7).

Denoting the piecewise gradient with respect to T by Vyu, the orthogonal projec-
tion G satisfies the best approximation property

(2.2)  |IVpw(v —Gv)|2 = vTe%}@Hll(T) IVow(v —v7)| L2 forall v € Hol(Q)

The interpolation operator

(2.3) T: H(Q) = Vi, Tv = (H’;j'lv, %v),

connects the reconstruction and the elliptic projection through the key commuting
diagram property

(2.4) RoZI=4gG.

2.3. Discrete bilinear forms. The HHO stabilization sj: Vj, x Vi, — R penalizes

the differences between the cell and face unknowns and the corresponding values of
their polynomial reconstruction. Given a stabilization parameter o > 0, it reads

su(vn,on) =0 > sr(onr,enr)  forall vy, p €V,
TeT

with the local contributions

st(vn,rsonr) = hy' Z 7% (I (vor — Ryonr), i (por — RT@h,T))Lz(F)
FEF(T)

+hz? (vr — Revnr, o1 — RTSDh,T)LQ(T) forall T € T.
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Following [Tra26], we define the face scaling parameters

(2.5) bpp=(n+1) for all F € F(T),
where |S|4 denotes the d-dimensional Hausdorff measure of a set S for d € {n—1,n},
abbreviated by |S] if d is clear. Shape regularity implies {7 p ~ 1, so that both
contributions in the definition of sy scale like the squared H! seminorm. The
stabilization induces the seminorm |vp|2, = sp (v, vn) on Vj.

The discrete Laplace bilinear form ay: V x Vi — R is defined by

(2.6)  an(vn,on) = (VpwRVh, VpwR@R) L2 + 51 (Vnh, ©h) for all vy, o € Vi.

2
ap

It induces the discrete energy norm ||vg|| = ap(vp, vn) on V.
Let Q:=1— H’;-H denote the L? projection error. Given a correction parameter

a > 0, the modified discrete Schrodinger bilinear form Ap: V, x V, — R reads
(2.7)  An(vn,on) = an(vn, on) + (Vor,o7)2 — a(h7Q(Vur), hrQ(Veor)) 2.

Since V € LP(Q) C L?(Q2) and the cell unknowns are piecewise polynomial, Vv €
L?(92) and the correction is well defined. If V € P°(T), then Vv € PF1(T)
and the correction vanishes. The negative correction distinguishes Ay (e,e) from
standard HHO discretizations of the Schrédinger operator and may destroy positive
definiteness on coarse meshes even for nonnegative potentials V' > 0. While not
relevant for the GLB result, positive definiteness always holds under the assumed
coercivity of A(e,e) on sufficiently fine meshes for fixed a > 0; see Lemma 4.6
below.
The discrete mass form by : Vj, x V, — R is induced by b(e, e) as

br(vn, pn) = blvr, ©7) for all vy, o, € Vj.

2.4. Discrete eigenvalue problem. The modified HHO eigenvalue problem seeks
discrete eigenpairs (A, up) € R x V3, with ||ur|/p2 = 1 such that

(2.8) Ah(uh, (ph) = )\hbh(uh, (ph) for all @, € V},.

Since the mass, potential, and correction terms act only on the cell component,
the face—face block coincides with the positive definite HHO diffusion block. It can
therefore be eliminated by a Schur complement, which reduces (2.8) to a symmetric
eigenvalue problem for the cell unknowns as in [CEP21, Sec. 3.3]. Hence, counting
multiplicities, (2.8) has N := dim P*+1(T) = |T| ("+S+1) real discrete eigenvalues,
possibly negative and enumerated in nondecreasing order

A S Apo < < AN

3. GUARANTEED LOWER BOUND ON EIGENVALUES

The modified HHO eigenvalues provide GLB via a postprocessing on arbitrary
meshes and are themselves direct GLB under a computable mesh size condition.

3.1. Explicit bounds on the L? projection. The GLB proof uses the L? orthog-
onal projection as HHO interpolation and requires explicit constants Cp,Cy > 0
in the local approximation and stability estimates

(3.1) |Qull2(ry < Cphr|V(v = Gv)|L2(T)s

(3.2) IVQul[r2() < Cstl|[V(v = Go) | L2 (7)
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for all T € T and v € H'(T), where we recall Q = 1 — II%:"* on 7. The following
lemma establishes a slightly stronger form of (3.1)—(3.2), based on the sharp bounds
in [BS00]. Define for any k& € Ny and with {7 p from (2.5) the constants

(3.3) cp =4k +2)(k+n+2)"
(3.4) ¢t =cp(cp +2/(n+1))
(3.5) =1+ k+1)(k+n)(n(n+1)" & g

FeF(T)
Let H? act componentwise on gradients.

Lemma 3.1 (Explicit projection bounds). Any nondegenerate simplex T C R™
and any v € HY(T) satisfy

(36) QI cr) < bhd (L= ) Vo,
(37) S e pen (eI Q0 (r) < Bl (1= ) Vol
(33) IV@ulE2(r) < (L= TE)Vollfaqry.

Since T is the best approximation in L?(T), the estimates (3.6) and (3.8)
imply (3.1)—(3.2) with Cp < cp and Cst < c¢s. The constant cp scales optimally
like (k + 1)~! and improves on the Payne-Weinberger constant 1/7 for all k& > 0.
Lemma 3.1 also provides explicit expressions for the constants in [CEP21, Thm. 2.3]
of the original HHO GLB, which were only available in the lowest-order case k = 0
before; the growth vk + 1 of ¢y is optimal [CGT24, Lem. 2.1] for n € {2,3}.

Proof of Lemma 3.1. Let Py, ..., P41 denote the vertices of T' with barycenter zr,
outer unit normal vy, and barycentric coordinates A1, ..., A,4+1. Set

e = Qu, q=T15Vv — VIIE My so that r:= Ve —q= (1 —1%)Vo.

Proof of (3.6). This is a consequence of [BS00, Thm. 3.3], which provides

(3.9) lellz2(ry = 1Qell2(r) < 2epl|M Y/ Vel|2(r)
with the symmetric matrix-valued function M € P?(T)"*" given by
M@)= > X@\@)(Pi—P)(P,—P)"  forallzeT.

1<i<j<n+1

Since S; = § . Pz — minlgjgn_,_l é. . Pj < hT holds for any § € R™ with ‘€| =1 and

i=1,...,n+ 1, a straightforward calculation with s = Z?jll A;S; shows
ey K2 (hr 2
£-M¢= Z A (si — 85)% = Z)\isf—SQ <s(hr —s) = ZT— (2 —s) .
1<i<j<n+1 =1

Hence the spectral norm of M'/2 is bounded by hr /2. Since Mvr = 0 on 9T, an
integration by parts and the orthogonality of e to div(Mgq) € P*+1(T) provide

(MVe, Q)LZ(T) = —(6, diV(Mq))LZ(T) = 0
This orthogonality and the spectral norm bound reveal
IMY2Vel[Fa(ry = (MVe,r) 2y < (hr/2)[|MY2Vel| 2y 17| 2 (-

The combination with (3.9) concludes the proof of (3.6).
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Proof of (3.7). Following the proof of [BCGT23, Lem. 3], the trace identity on the
sub-simplices joining the faces of T with its barycenter xp results in

n|T|
Z W” ||L2 n||€||%2(T) +2(e, (x —2r) - Ve)r2(r)
FeF(T)
= nllel|7z(r) + 2(e, (z — 21) - ) L2(1)

with the orthogonality of e to (z — x7) - ¢ € P**1(T) in the last step. Hence the
geometric bound max,er | — xr| < nhy/(n + 1) reveals the multiplicative form

> trhhrlelae < el + ——hrllellsa e,
FeF(T)
This and (3.6) conclude the proof of (3.7).
Proof of (3.8). Orthogonality and an integration by parts verify
lgll72ry = (¢ Ve)2(r) = (¢ v, ) L2 (o)
The inverse estimate [WHO03, Thm. 5] applied componentwise on F' € F(T) shows

gl < gl € g2,
et (k1 )2y =y lallze (n+ 1)hy (D)
Together with (3.7), this and Cauchy inequalities imply
1/2

(k:+1 k+n
lallezr) < co | ~————= > G| rllza
FeF(T)

This and the orthogonal split HV6||2L2(T) = ||7"||2 )+ Hq||L2 yield (3.8). O

It is interesting to note that Lemma 3.1 also implies an explicit bound for the
H' stability constant of the local L? projection.

Corollary 3.2 (Explicit H® stability of H’H'l). Any simplex T C R™ and v €
HY(T) satisfy HVHI,}+1U||L2 < cstl| VUl L2y with csy from (3.5).

Proof. This follows as in [CGT24, Lem. 2.1] from Kato’s lemma, i.e., equal operator
norms of 15 and Q in the Hilbert space H'(T)/R with norm ||V e l2ery. O

3.2. Explicit constants for the modified scheme. The GLB proof requires
explicit information in form of a stabilization bound A > 0 and, if V' takes negative
values, a coercivity bound ¢4 > 0 and a potential-weighted projection bound d5, > 0.

Stabilization. The following lemma provides the stabilization bound A > 0.

Lemma 3.3 (Stabilization estimate). Any T € T and v € H*(T) with local inter-
polation vy 1 (H]%Hv 15, v) satisfy

(3.10) st(vpr,onr) < A|V(v— QTU)HZLg(T) with A < 2/7% +2/(n).
Proof. This is known from [Tra26] as a consequence of Lemma 3.1 therein. O

The optimal local values of A, Cp, and Cy depend only on k and the shape
of T. They are characterized by local variational eigenvalue problems and can be
enclosed using the verified eigenvalue framework of [Liul5], with its extension to
positive semidefinite bilinear forms in [YXL19, Thm. 2.4]. Table 6.1 below lists
numerical approximations for right-isosceles triangles.
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Coercivity bound. The postprocessing involves c4 > 0 in the coercivity estimate
(3.11) A(v,v) > cal|| Vo2, for all v € H} ().

For nonnegative V' > 0, the natural choice is ¢4 = 1. For general V' € LP(Q), split
V =V, —V_into Vi = (£V); with (e); = max{0,e}. It suffices to consider
V_ with small LP? norm after a possible spectral shift as discussed in Remark 3.10
below. The Sobolev embedding then absorbs this perturbation.

Explicit analytical bounds on the Sobolev constant Cs,. > 0 for r = 2p/(p—1) in

(3.12) lollzr < Csr|Vol| L2 for all v € Hy ()

follow as in [TSMO17, Cor. A.2] by zero extension and Hélder’s inequality from the
critical embedding W4(R"™) < L"(R") for ¢ = nr/(n + r) with optimal constants
from [Aub76, Tal76]. Alternative bounds follow from an interpolation inequality
whose L? factor is controlled by a lower bound for the first Dirichlet Laplace eigen-
value [NPW19, Lem. 7.10]. On bounded convex domains, the numerical algorithm
in [TSMO17, Thm. 1.1] also provides sharp verified enclosures of Cs,.

Lemma 3.4 (Explicit coercivity bound). If C_ > 0 bounds |V_|L» < C_ and
satisfies C3,.C_ < 1, then (3.11) holds with ca =1 — C%,C_ > 0.

Proof. This follows from a Holder inequality for A(v,v) > ||V, — (V_v,v) 2
with any v € Hj(Q) and (V_v,v)g2 < CZ . |[V_|»[[Vv[|72 using (3.12). O

Potential-weighted projection error. The direct GLB condition further in-
volves the constant d; > 0 in the potential-weighted estimate
(3.13) ||VE/2QU||L2 < || Vpw(v — GU)|| 2 for all v € H} ().

For nonnegative V' > 0, the natural choice is §, = 0. Unlike Cp, the optimal §;,
depends on V_ and cannot be tabulated from element shapes if V_ varies in space.
For V_ € L>*(Q) with ||[V_||p~ < C_, one may take dp, = Cphmax\/CT.

For V_ € LP(Q)) with p < oo, an explicit §;, follows from a constant Cp, > 0
with 7 = 2p/(p — 1) such that all T € T and v € H*(T) satisfy

(3.14) 1Qull1r(r) < Crrhg ™ |V (0 = Gro) L2 ().
Lemma 3.5 (Explicit negative-potential bound). If C_ > 0 bounds |V_||r» < C_,
then (3.13) holds with 5,21 = C%yrhﬁl;;l/pC’,,
Proof. Holder’s inequality and (3.14) show, using 2 — n/p > 0, for any T' € T that
1/2 “n
HVJ QUHQLz(T) < HVfHLP(T)HQU”%T(T) < C*C%’,rh?nax/p”v(v - gT’U)H%Q(T)
The sum over 7" € T concludes the proof. O

Like Cp = Cpy, the optimal constant Cp, depends only on k and the shape
of T, but its verified computation is significantly more involved for r > 2, since the
associated extremal problem is nonlinear and already convergence may be an issue.

Analytical bounds may combine (3.2) with constants Dy > 0 for s € I, with
I. = [r,00) for n =2 and I, := [r,2n/(n — 2)] for n > 3 in

(3.15) v = T30 Loy < Do ™ * 2| V|| 2y for all v € HY(T).

Explicit analytical bounds [MTSO17, Thms. 3.2-3.3] for Dy on bounded convex
domains are available. Recall Cp < cp and Cy < ¢g; from Lemma 3.1.

Lemma 3.6 (L" projection error). The estimate (3.14) holds for

S

® |

Cpy = inlf C’%(CstDs)lfes, where 04 ==
sel,

N|—=
w [
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Proof. Let s € I and 0 = 6,. Holder’s inequality for |Qu| = |Quv|?|Qu|*~? with
1/r=0/2+(1-0)/s, (3.1), and (3.15) for Qu = (1 — I1%)Qu with (3.2) show
1Qullzr ) < 1Qull% (1) | QU= (1
< (Cphr)? (Ca Dby * ) 2|V (0 = Grv) | 12y
= CH(Cx D)~ hy™ 2|V (0 = Gro) |y

with 4+ (1—-0)(14+n/s—n/2) = 14+n/r —n/2 in the last step. The infimum over
s € I,. concludes the proof. O

Alternative bounds for Cp, follow from explicit Gagliardo—Nirenberg inequali-
ties, which interpolate the L™ norm between the L? norm and the H' seminorm.
On right-isosceles triangles, reflection reduces this to the periodic setting, where
the inequalities in [[KZ22, 1Z23] provide the following simple bound.

Lemma 3.7 (L" projection error for the right-isosceles triangle). Any right-isosceles
triangle T C R? satisfies (3.14) for 2 < r < co with

1/2—1/r
2 T —2/r
Cpr=1/= () cHrokA

™

Proof. Let v € HY(T). After a rigid motion, T' = conv{0, ae;,aes} with a > 0. The
even reflection across the hypotenuse extends Qu to (0,a)?, and the even extension
in both coordinates to (—a,a)?, which consists of eight copies of T, is 2a-periodic
and defines w € H'(T?) on T? = R?/(2aZ)?. Hence |Jwl|}. 12y = 8]|Qu]
all s < 0o and HVwH%Z(Tz) = 8||VQ’U||%2(T). As w has zero mean, [1Z23, (1.8)] with
constant /7/2 (47)'/71/2 and the factor 8'/27/" from the eight copies provides

SLs(T) for

1/2—1/r
' 2 2/r 1-2/r
Qullzrr) < B (W) ||QUHL/2(T)||VQU||L2(T/)'

This and (3.1)—(3.2) conclude the proof. O

3.3. Guaranteed lower bounds. The parameters ¢ and « enter with the con-
stants A, Cp, and d;, from Sections 3.1 and 3.2 into the certification constant

(3.16) YAnm) = (0A + CR(a™! + M Anm)+) + 8 — 1)+
The coercivity bound ¢4 > 0 only contributes to the postprocessing if y(Ap,m) > 0.

Theorem 3.8 (Guaranteed lower bound). For any mesh T, parameters o, > 0,
and 1 <m < N, the m-th eigenvalues Ay, of (1.2) and Apm of (2.8) satisfy

ca(An,m)+
3.17 GLB(m) = —/——— 2T _ < \,.
(3.17) (m) T
In particular, if
oA+ Ch (™! + hiax(Anm)+) + 07 < 1,

then Y(An,m) = 0 and Ap m < GLB(m) < A, is a direct lower eigenvalue bound.

Proof. Let ¢1,...,¢, denote L?-orthonormal eigenfunctions of (1.2) associated
with eigenvalues A1,..., A\, that define E := span{¢1,..., ¢ }. The Schrodinger
energy £(¢) = A(¢, @) satisties E(¢p) < A, for any ¢ € E with ||¢]|L2 = 1 by the A-
and L2-orthogonality of the eigenfunctions. The best approximation (2.2) of G and
coercivity (3.11) imply

(3.18) [ Vow(d — G132 < [Vo|[72 < 4" E(d) < 5" M.

This proof distinguishes between linearly dependent and independent cell projec-
tions TTEH g, ... ITEH g, .
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Case 1: linearly dependent cell projections. Then some ¢ € E with ||@]jz2 = 1
satisfies H];-Hgb = 0, and the Poincaré inequality (3.1) and (2.2) yield

1=9l7: = [Qel7 < hiuxCEIVOIEL--
The definition (3.16) of v(An,m) provides hZ, CH(Anm)+ < 1 — 87 + Y(Anm)-

Since Q¢ = ¢, the potential-weighted estimat:?g.m) and (2.2) imply ||V_1/2¢||2L2 <
2 1V6]2. Hence (1— 33)[[ V6|2 < £(6), so that

M < Anm)+ < (1= 8, +7nm)) IVEIZ2 < E@) +1(Anm) [ VOII72-
This, £(¢) < Am, and [|[V||32 < Ap/ca from (3.18) conclude this case.
Case 2: linearly independent cell projections. Here

Ep = span{Z¢1,...,Zom} C V3

is an m-dimensional subspace with vy # 0 for all v;, € Ej, \ {0}. Hence the discrete
min—max principle, also known as the Courant—Fischer theorem, reveals

Ap(vp,vp) Ap (v, vp)

min ma. 2 = 2
XnCVi, dim(Xp)=m vneXp\{0} |[lor|7. oneEn\(0} o7z
v #0 for all v, € X, \{0}

)\h,m =

The maximizer corresponds to v, = Z¢ for some ¢ € E. Normalizing it such that
l¢llr2 = 1, the definition (2.7) of A, and the identity (2.4) give

Ml T 1132 < (IVowGll72 + 51(Ze, Zo)
+ (VI o, TE M 8) 12 — ol hrQ(VITE  9)|| 2.

For the first two terms on the right-hand side of (3.19), the Pythagoras identity
[VowGol32 = [|[VO[32 — || Vpw (¢ — Go) |32 and the stabilization bound (3.10) show

(320)  [VpwGollis + sn(Z¢,Z¢) < [VolLa + (oA = D[ Vipw(d — GO)|72-
To estimate the potential terms in (3.19), we use for Vi = (£V'); > 0 the identity
Vi1 6l = V672 — 2QVEITF ). Qo= — Vi Qo7

which follows from the binomial formula and the L? orthogonality of Q. Subtracting
the identity for V_ from that for V gives the mixed term —Q(Q(VH’fr+1¢), Qo) re.

A Young inequality with weight o > 0 for this term and ||V_¢/2Q(,zb||2L2 > 0 imply
(VI 6, 115 6) 12 — al hrQ(VIIF9)| 72
< (V4,0)2 + o~ [h7' Qollza + V22 Q4.

Returning to (3.19), we insert (3.20) and the last estimate, and use the Pythagoras
identity |[TI51 )2, = 1 — |Q¢||%. to obtain

M < E(9) + (0A = 1)|[Vipw (6 — G9) |72
(3.21) +a BT Qol3: + AnmlI Q03 + IV22Q0)3-.
The Poincaré inequality (3.1) provides
a M hF Qo7 + A [Qel T2 < CR(a™! + M Anm)+) | Vi (6 — G&)[ 72
Using this and ||V_1/2Q¢)HL2 < |lVpw(® — Go)| L2 from (3.13) in (3.21) reveals
A < E() + (A | Vi (¢ = GO) |72
This, £(¢) < Am, (3.18), and A,;, > 0 from (3.11) conclude the proof. O

(3.19)
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Remark 3.9 (Choice of parameters). For practical applications, we balance the
stabilization and discretization contributions by selecting o = A™!/3 and a = 3C3,
so that oA = C%a~! = 1/3. This particular choice yields

’Y()‘}hm) = (hfmaxcvl23 (/\h,m)-‘r + 5}2L - 1/3)+
Thus Y(An,m) = 0 if and only if 2, C3(Anm)+ + 07 < 1/3. For each fixed m with

bounded (Ap,m)+, this condition holds on sufficiently fine meshes when §, = 0 for

V_ =0 or when ¢, € O(h}n;;b/@“) is chosen as in Lemma 3.5.

Remark 3.10 (Spectral shift). One may always shift the spectrum by M > 0 to
make the LP norm of the negative potential part V_ arbitrarily small, and thus
obtain a coercive Schrédinger form by Lemma 3.4. Indeed, this shift amounts to
replacing V in (1.1) by V =V + M with negative part Vo= (V_ — M), satistying

(Ve = M)illr =0 as M — oc.

Since Q(Mwvr) = 0, the quadratic correction term in (2.7) is invariant under such a
constant perturbation and the discrete spectrum is also exactly shifted by M > 0.
Hence Theorem 3.8 immediately generalizes to

EA(Ah,m + M)+
A +7(Anm + M)

GLB(m) = — M < A,
with coercivity constant ¢4 > 0 and &), within 3 for the shifted potential V.
Moreover, a spectral shift does not change the eigenfunctions. Hence the errors
in the eigenvalues, eigenfunctions, and residuals are unaffected by this shift, and
the outcome of the convergence analysis in Sections 4 and 5 transfers to general
potentials V', with modified constants depending also on the coercivity shift M.

4. A PRIORI ERROR ANALYSIS

This section shows that the negative correction term in (2.7) is of higher order,
so that the Babuska—Osborn theory [BO91] yields the same convergence rates as
established for the HHO eigenvalue approximations in [CCDE19]. Throughout this
and the following section, A < B abbreviates A < C'B with a generic constant
C > 0 that is independent of the mesh size but may depend on €2, the shape
regularity, k, o, o, V, the elliptic regularity constant, and the eigenvalue A.

4.1. Preparations. To simplify the error analysis, potential oscillations f = Vv
of conforming functions v € H{(£2) are treated as L? oscillations of the form

(4.1) oscii1(£,T) = [|h7Qfll2  for all f € LA(Q).
We therefore assume that the potential V' is admissible in the following sense.

Definition 4.1 (Admissible potential). A function V' € LP(Q) with p > n/2 and
p > 2 is called an admissible potential if multiplication by V defines a bounded
operator from H}(Q) to L?(€), i.e., if there exists a constant Cy > 0 such that

(4.2) Vollz2 < Cv||Vv| 2 for all v € H} ().

Holder’s inequality and the Sobolev embedding verify (4.2) if p > n for n > 3
or p > 2 for n = 2. Hardy’s inequality further provides (4.2) for the critical point
singularity V(z) = %]z — 2¢|7! ¢ L™(Q) for n > 3. In particular, the attractive
and repulsive Coulomb potentials are admissible in three dimensions. We recall the
following standard estimates without proof.
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Lemma 4.2 (Potential estimates). Any v € H}(Q) and any vy € HY(T) with
(vr, D) g2(ry = 0 for T € T satisfy

(4.3) 1V 1Y20]| 2 S VIV 2,
(4.4) V1Y 2orl| oy S by " CONV I ot IV 07| 22y

The analysis relies on the smoothing operator of [EZ20].

Lemma 4.3 (Smoothing operator [CGT24, Lem. 5.2]). There exist k7 € N and
a linear right-inverse J : Vi, — H(Q) NPE7(T) of the HHO interpolation I, i.e.,
ToJ =id, such that the following holds. Any v, € Vi, and v € H}(Q) satisfy

(4.5) IVTvnllez S llvnllan
(4.6) IV(TZv = v)l|2 S [Vew(v — Gv)|| 2
with hidden constants depending only on ), the shape regularity, k, and o.

The next result shows that the discrete potential correction is of higher order.

Lemma 4.4 (Correction term estimate). There exists Ceor > 0, depending only on

Q, the shape regularity, k, o, and V', such that any vy, € V}, satisfies
IhrQ(Vor)llLe < Ih7Vurlle < Ceorhimnd™*™"/PH|up |,

max

Proof. The first inequality follows from the L?-stability of . For the second, the
triangle inequality with the smoothing Jv;, € HJ(Q2) of vy, from Lemma 4.3 yields

[hrVurle < lhrV Tonllz + [[hrV(Tvn — v7)| L2

To estimate the first term on the right-hand side, we apply the multiplier bound (4.2)
together with the stability estimate (4.5) for J to obtain

||h7_VJUhHL2 S Cthax||v(jvh)||L2 ,S hmax||vh||ah-

For the second term, Z o J = id implies HkT+1jvh = vy and hence Jvp — vy =
QJvp,. Holder’s inequality, an inverse estimate for the piecewise polynomial Q7 vy,
and (3.1) with the best approximation (2.2) yield, for any T € T,

hrlVQIvnl L2y < hr|VIiLe () QT vl 2o/ -2 (1)
Sh PV ey |QTvnl 2y
S B2V Loy IV T ol 22 -
Summing over all T € T and applying the stability estimate (4.5) results in
IV (Ton = vr)le S A2 onla

Combining the above estimates completes the proof. O

Similar arguments bound the potential term V Qu by the elliptic projection error.
Lemma 4.5 (Weighted projection error). For any v € H}(Q), we have
Ih7VQullz € WV (v = Go)| 2.

Proof. Since Qu = v — HkT'HfU and H’;flgv = Gu, the local H!-stability of H’;fl, as
in Corollary 3.2, yields the auxiliary estimate
”vaQU”L2 < HVPW(” —Gv)Lz + HVPWHI;’JFI(QU —v)|lL2

4.7
1) < [V — G0)]| =
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We distinguish two cases based on the integrability of the potential V' € LP(Q).
In the first case p > n, Qv has vanishing integral mean on each T" € T, so that
Holder’s inequality and a scaled Sobolev-Poincaré inequality yield

2—n
hr|[VQollL2(ry < hrl|[ViLe () |QVl L2/ -2 (1) S hp UV Loy IV Q0| L2

Summing over all T' € T and using (4.7) yields the claim in this case.
In the second case n/2 < p < n, adding and subtracting the interpolant JZv
from Lemma 4.3 and applying the triangle inequality yield

Ih7VQulre < gV (v = TTv)l 12 + A7V (T Tv — TFw)]| 2.
For the first term, (4.2), (4.6), and hpax S haan/® for p < n show
Ih7V (v = TTo)||rz < Ovhunaxl V(v = TT0) 22 S Bl IV pw (v — Go)| 2.

max

For the second term, since JZv — H’frHv = Q(JZv) is piecewise polynomial,
Holder’s inequality, an inverse estimate, and (3.1) with (2.2) give, for any T € T,

hrllV(TTo = T 0) |2y S b P IV o) IQ(TT0) 2y
S PV oy V(T T — T2 0) | 2.
Summing over all 7' € 7 and adding and subtracting v, we obtain

lhV(TZo = 115 o) | 2 S Rl P (IV(TTo = 0) 22 + [ VpwQull 2).-

max

The first term in the parentheses is bounded via (4.6) and the second term via (4.7).
Combining the previous bounds completes the proof. O

The coercivity of A(e, ) is inherited by its discrete counterpart, also in a slightly
strengthened form required for the source problem analysis in Lemma A.1 below.

Lemma 4.6 (Discrete coercivity). There exist mesh-independent constants co, hg >
0 such that hyax < hg implies

1
Ap(vn,vn) = = |vnl2, = collonl?, for all vy, € V.
2

Proof. We argue by contradiction and discrete compactness: Assume that there
exist a sequence of meshes indexed by h with hy. — 0 and functions vy, € Vp, with

2
2 ) <o

Stability of J from (4.5) implies that w, = Juvj is bounded in H}(Q2). Weak
compactness in H}(€) and the Rellich embedding provide a subsequence (not re-
labeled) and weak limit w € H{ () with w, — w in H}(Q) and wp, — w in L*(Q).
Throughout this proof, convergence is understood as hyax — 0.

The identities ZJ = id and RZ = G reveal Rv, = Gwy,. Hence Vi Ry —Vwy, is
orthogonal to all elementwise constant vector fields. Since this difference is bounded
in L? and Hg—w — 1) for every fixed ¢ € L?(Q;R™), it follows that V,Ruvy — Vw
in L?. Weak lower semicontinuity of the norm reveals ||[Vw||3, < 1.

Recall Quy, = wy, —v7 from To J = id, which satisfies |h;'Quy |12 S 1 by (2.2)
and (3.1). Hence the multiplier estimate (4.2) and Lemma 4.4 provide

. 1
lvn] 3h =1 and lim sup (Ah(vh,vh) _ i‘vh

hAmax—0

‘(VUT, ’UT)L2 - (th, ’wh)L2‘ < (HhTVUTHLz + hmax”V'LUhHL?) ||h7_—1QwhHL2 — 0.
Moreover, the multiplier estimate and strong L? convergence lead to

|(Vwn, wn)r2 — (Vw, w) 2| < Cv ||V (wp 4+ w)||2]|wn — wl|z2 — 0.
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Thus (Vor,v7)2 = (Vw,w)r2. The potential correction term also tends to zero
by Lemma 4.4. This and the weak lower semicontinuity of norms with 1 = [|v,[|2, =
[VpwRUk||72 + [vn]2, by definition imply

1 1 1
0 > liminf (Ah(vhavh) - 2Uh|§h> > 5+ §||VU)||2L2 + (Vw,w) e

hmax_> - 2

1
= A(w,w) + 3 (1= |Vwl|72) > min{ca,1/2} >0,

with continuous coercivity (3.11) and 0 < |[Vw||2, < 1 in the last step. This
contradiction concludes the proof. O

4.2. Spectral correctness. By the Babuska—Osborn theory, spectral correctness
follows from the convergence of the solution operators of the continuous and discrete
source problems in the operator norm. Throughout the convergence analysis in
Sections 4 and 5, let Apax < ho with hg from Lemma 4.6. The coercivity of A(e,e)
and Ay (e,e) ensures that the continuous and discrete source problems are well
posed.

The continuous solution operator T: L?(2) — L?(Q)) maps any f € L?*(Q) to
the unique solution T'f € H}(Q) of

(4.8) A(Tf,v) =b(f,v)  forallve Hy(Q).

If (\,u) is an eigenpair of (1.2), then (A1, u) is an eigenpair of T', and we denote
the eigenspace of A\ by E) := ker(A™1I — T'). For hmax < ho, the discrete solution

operator Sy, : L2(2) — V,, maps any f € L?(Q) to the unique solution Sj, f € V}, of
(4.9) Ah(Shf, Uh) = b(f, vT) for all vy, € Vj,.

The cell component of Sy f defines Ty, : L?(Q2) — P*1(T) by Tnf = (Suf)r. If
(An,up) is an eigenpair of (2.8), then (\; ', ur) is an eigenpair of Tj,.

To obtain quantitative convergence estimates, assume that there exists a regu-
larity index s € (0, 1] such that all 0 < ¢ < s satisfy

(4.10) WTfll e S fllger for all f € L*(9).

Such a result is classical for the Laplacian, see, e.g., [AM25, Thm. 5.5], and transfers
to the Schrodinger operator using the multiplier bound (4.2). The following lemma
relies on the source problem estimates from Appendix A.

Lemma 4.7 (Spectral correctness). Let hyax be sufficiently small. Then

(4.11) IT = Thlle(z2:L2) S Pinax-
For any eigenvalue A = A, = -+ = Apar—1 of (1.2) with multiplicity v and
p= "1, the eigenvalues pp, ; = )\gi of Ty, satisfy
(4.12)
(T = Th) ¢, ¥) 2|
max —|p—pny| S sup + (T = To)l e 252

m<j<mAr—1 swen\{oy  1@llr2ll¥llLe

Moreover, if ur; € P*TYT) with |ur ;|2 = 1 is an eigenvector associated with
pn,j form < j <m+1r—1, then there exists a unit eigenvector v € Ey such that

(4.13) [ —ur jllee ST = Th)l Bl ccesize)-
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Proof. Let f € L?(Q). The triangle inequality, (3.1), Lemma A.2, and (2.2) yield

ITf = Tofllze < QT fllz= + IUF T = Tnf 12
S hmax VT fl 22 + hfnax(”VTme +oscrp1(f,T)
+ oscr41(V(Tf),T))
S onax (IVT fll 22 4 Pmax | £ 22),

where the last step uses the L2-stability of @ and the multiplier estimate (4.2).
Since |[VTf|lzz < |If|lL2, this establishes (4.11). The operator T is compact by
the Rellich embedding, T}, has finite rank, and both operators are self-adjoint and
positive semidefinite by the symmetry and coercivity of A and A,. Hence, the
max-min principle and (4.11) yield |} — )\;1”| ST = Thll 22y S higax for
all 1 < m < N, which justifies the indexing, and the remaining estimates (4.12)
and (4.13) follow from the Babuska—Osborn theory [BO91, Thms. 7.3 & 7.4]. Since
llur ;llz2 = 1, normalizing v in (4.13) only changes the hidden constant. O

4.3. A priori error estimates for eigenpairs. The main result shows that the
eigenvalue errors converge at twice the rate of the eigenvector errors in the energy
norm. Recall the elliptic regularity index s € (0,1] from (4.10) and set

) n
(4.14) sy = min {37 1-— Zp} > 0,

which quantifies the gain of the |V|1/ 2_weighted L? error over the energy error. The
best-approximation and potential oscillations of v € H} () are combined in

(4.15) Err(v) == || Vpw(v — Gv) |72 + osciy (Vv, T).

Theorem 4.8 (A priori error estimates for eigenpairs). Let A = A, = -+ =
Amar—1 be an eigenvalue of (1.2) with multiplicity r. For sufficiently small hpax,

the discrete eigenvalues Ap m, - .., An,m+r—1 0f (2.8) satisfy
A=l < E )
meBax hil S sup rr(v)
llvllL2=1

Ifupj = (ur j,ur ;) € Vi with ||ur ;|2 =1 is an eigenvector associated with A, ;

for somem < j <m+r—1, then there exists a unit eigenvector u € Ey such that

1Zu = un g, + oo VY2 (ur g = w)lZe + hpaillury = ullZe S Sup Err(v).
veEEN

ol p2=1

For sufficiently smooth eigenfunctions and potentials, standard approximation
properties bound the right-hand sides in Theorem 4.8 by R2kF 1), so that the eigen-
value errors are of order 2(k + 1) and the eigenvector errors in the energy norm of

order k + 1. This recovers the rates known from the HHO method [CCDE19].

Proof of Theorem 4.8. We first bound the operator norm of the difference 7" — T,
on the eigenspace Ey. Any v € E) satisfies osci11(Av, T) < 72| Vw (v — Gv)|| 12
and ||QTv||r2 S Pmax||Vpew(v — Gv)||r2 by (3.1). Hence the triangle inequality,
which splits off QTv, and Lemma A.2 for the remaining projected error yield the
estimate

(4.16) (T = Tw)ly |l (Bair2) S Pinax SUp Err(v)/2.
lolla
vl 2=
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For fixed j € {m,...,m +r — 1}, we write (An,upn) = (Anj,un;) with up =
(u,ux). Then, (4.13) and (4.16) give a unit eigenvector u € F) with

(4.17) Ju—ur|lpe < hs.. sup Err(v)'/2.
loll 2 =1

Next, let ¢,9 € Ey with ||¢||r2 = ||¢||2 = 1. By the definitions of T, and S},
in (4.9) and the symmetry of Ay, the difference T — T}, satisfies

(T =Th)p,Y) 2 = (TP, ¥) 12 — An(Sho, Sh))
= (T, ¥) 12 — Ap(IT ¢, Spp) + Ap(ZT ¢ — S, Snip)
(4.18) = (T, ¥) 2 — (W, 5T @) 12 + Ap(ITh — Sné, Sp).

Noting that T'¢ = ¢, the L?-orthogonality properties of @, together with (3.1),
yield the following bound for the first two terms on the right-hand side of (4.18):

(To. )2 — (&, I To) 12 = 5(Qb, Q)2
S Pl Vow (@ = G) 2| Vi (¥ — G| 2.
The last term of (4.18) can be further split into three components:
Ap(IT¢ — Sne, Snip) = Ap(ZT'¢ — Sp, Spyp — IT))
(4.19) + (A(T¢, Tp) — Ap(Sne, IT))
+ (AR (ZT ¢, ITep) — A(T¢, T))).

Using the definition of A, together with Lemmas 4.4 and A.l, we obtain the
following bound for the first term on the right-hand side of (4.19):

AR(ZT¢ — Spe, Sy — ITY) < Err(p)/? Err(y) /2,

where we used the relations T¢ = %qﬁ and Ty = %w For the second term on
the right-hand side of (4.19), the definitions of 7" and Sy, in (4.8) and (4.9) show

A(T),T) — An(Snd IT0) = (6,QTH)12 = +(Qé, Qu) 12, which is bounded as
the first two terms in (4.18). For the last term in (4.19), we write

AW(IT9.ITv) — A(T6,T¥)
— 3 (VoG VinGe)1 — (V6, V) 12)
(4.20) + (VI 6, I ) 2 — (Ve 0) 12)
+ 50(Z6,T6) — alhr QVILF6), hrQ(VIv)) 2.

We bound the four terms on the right-hand side of (4.20) separately. First, the
orthogonality properties of the elliptic projection in (2.1) yield

(vag¢v vagw)l/2 - (v¢» VQ/’)L? = (va(gd) - ¢)v va (T/) - gl/J))Lz
< Vow(G9 — )Lzl Vow (G — )|l 2.

For the second term in (4.20), the L?-orthogonality properties of @, the splitting
(VQo, Q)12 = (hrVQe, hfrle/J)Lz with Lemma 4.5, and (3.1) imply

(VIG 6, I ) 2 = (Vo ¥) 12
= —(Q9,Q(VY)) 2 + (VQ,QY) 2 — (Q(V ), Q1) L2
< Err(¢)"/? Err(y)"/2.
The stabilization term can be bounded using (3.10) as

sn(Z6, I) < |Tols, [T9]s, S [ Vpw (G0 = )l L2 [ Vow (G = ¥ 22
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For the last term, HkTqu = ¢ — Q¢, the L%-stability of ), and Lemma 4.5 yield
(hrQVIIF ), hrQ(VILF ) 2
S (WP IV (96 = @) 12 + 05k 41 (V, T))
X (B[ Vow(G = )| L2 + 08k 41 (VY), T)).
Combining the estimates for the terms in (4.18)—(4.20) yields
(T = T)$,¥) 12 < Err(¢)'/? Err(y)'/2.

Then, by Lemma 4.7 and (4.16), and noting that A = p=! and A, ; = (up, ;)" for
m < j <m+4r— 1, we obtain the following eigenvalue estimate:

4.21 _ e . B |
( ) mgjrél’r?,l}j»r—l |>\ Aha] ‘ ~ ’Use.uEpA I‘I"(U)
”UHLZ =1

Next, we consider the estimate of || Zu — up||q, , where v € Ey with |lul|p2 =1 is
as given above. Abbreviating e, = Zu — uj, = (e1, ex) and noting that

2\, = )\hHu — uT||2L2 + 2)\h(u,uT)Lz = )\h||u — UTH%2 + 2Ah(uh,Iu),
we find, with A = A(u,u) and Ap = Ap(up,up), that
(4.22) Ah(eh, eh) = )\hHu — UT||2L2 + ()\ — )\h) + Ah(Iu, Iu) -\

Using the coercivity of Aj, and combining (4.17) and (4.21) to bound the first and
second terms on the right-hand side of (4.22), while applying a similar argument
to the expansion in (4.20) to bound the last term, we deduce
lenll, < sup  Err(v).
) veEE)
vl L2=1

Finally, we prove the improved error estimate for |||V[/2(ur — u)|[%.. The
triangle inequality and the splitting uy —u = —Qu — (ey — Jep) — Jey, yield
(4.23)

VI3 (ur =z < [IVIV2Qul e + IVIV2(er = Ten)lle + VIV Tenl|a-
For the first term on the right-hand side of (4.23), (4.4) and (4.7) yield

V12 Qull 2 S higas P [V e (u = Gu) | 2,

max

while for the second term, the identity e — Jep = —QJep from Z o J = id,
together with (4.4), (4.7) with (2.2), and (4.5), gives

IV[Y2(er — Ten)llre S hiaw/ @)V T el L2 < hint/@P]lesa, -

max max

For the last term in (4.23), we employ an Aubin—Nitsche-type duality argument.
Consider the dual problem z := T(|V|Jep) € H} (), with T defined in (4.8). By
the elliptic regularity estimate (4.10) with ¢t = sy, we have

2l v e S NV ITenllgev-1 S NVIV2T enll o

In the last step, we factor [V| = |V|*/2|V|'/2 and absorb one factor into the test
function, applying the Sobolev inequality similarly as in (4.3). The Sobolev embed-
ding theorem ensures the continuous embedding H'~*V (Q) — L2/~ (Q), since
the condition 1 — sy > n/(2p) holds by (4.14).

Testing the dual problem with Je; and inserting Rey, gives

IVIY2Tenlze = (VITen, Ten)rz = (V2, VT en) 1z + (Vz, Ten) 12
= (VZ, pr(jeh — Reh))Lz -+ (VZ, prReh)Lz —+ (VZ, jeh)L2,

which has the same structure as (A.3) in the proof of Lemma A.2. We follow the
arguments in that proof. Therein, Lemma A.1 is replaced by the above bound for
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llenlla, and [unls, < lenls, +|Tuls,, (A.6) by [Vow(2=G2) L2 S hidaIVIV2 T enl| 12,
and the estimate in (A.5) by
My, TZz)p2 — ()\huT,H’%Hz)Lz = (Au— Apur, JIZz) 2
=A=M)w,IJZ2)p2 + A (u — ur, TLz2) 12
S (A=Al + llw = urle2) 2]l e
For all v € E) with ||v||z2 =1, (4.10) for v = T'(Av) and (4.2) show
(4.24) Err(v) < h2s

~ max*

Together with (4.17) and (4.21), this yields for the last term in (4.23)
[IVIY2Tenllr: S hie sup  Err(v)/2.

max
vEE
lollL2=1

Combining (4.23) with these bounds and the bound for ||ep||q, concludes the proof.
O

5. A POSTERIORI ERROR ANALYSIS

This section derives a reliable and efficient a posteriori error estimator for a
simple eigenvalue in n € {2,3} dimensions. To this end, it adapts the stabilization-
free a posteriori framework of [BCGT23, CGT24] to spatially varying potentials and
the additional correction term of the modified HHO scheme. Let (A, u) == (A, tm)
denote a simple eigenpair of (1.2) and (Ap,up) = (An,m, Un,m) the corresponding
discrete eigenpair of (2.8) with (u,ur)r2z > 0. The estimator uses the discrete
gradient pj, := VpRuy, and reads n?(T) := Yo7 n*(T) with local contributions

(5.1) n*(T) = |T[*/™(|divpn + Mur — Vur| Tz + 11" D llpalelliz e
FEF(T)
Here [o]r abbreviates the full jump on interior faces F' € F(Q2) and the tangential
trace on boundary faces F' € F(9€). The framework of [BCGT23] relies on two
equilibrium properties of p;, for the Courant and Raviart-Thomas spaces
So(T) =PBY(T) N Hy(9),

RTo(T) := {q € H(div,Q) | ¢|7 € P°(T;R™) + 2P°(T) for all T € T}.
Lemma 5.1 (Discrete equilibrium identities). For any ve € S§(T) and any grr €
RTo(T) with divgrr = 0, the discrete gradient pp, = VpwRuy, satisfies
(5.2) (P, Voc)rz = (A — V)ur,vc)rz + a(hrQ(Vur), hrQ(Voc)) e,

(5.3) (ph, qrr)L2 = 0.
Proof. Polynomial consistency implies RZve = ve and sp(up,Zvc) = 0. Hence

ap(up, Zvc) = (pn, Vue) 2, and the discrete eigenvalue equation (2.8) proves (5.2).
The identity (5.3) follows verbatim from [BCGT23, Lem. 6]. O

Theorem 5.2 (Reliability and efficiency). There exists hg > 0 such that, for
hmax < ho, the a posteriori error estimator n(T) from (5.1) satisfies

Cot1*(T) <IN = Anl + [1Tu — unllf, +IVu = pall72 +osct 1 (Vu, T)

€

(5.4) < Cran*(T).

The constants hg, Crel, Cegg > 0 depend only on §2, the shape reqularity, k, o, a, V,
the constants in Theorem 4.8, the eigenvalue A\, and its spectral separation.
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Proof of Theorem 5.2. We prove the upper and lower bounds in (5.4) separately.
Step 1: reliability. Recall from Theorem 4.8 and (4.15) for simple A that
A= Anl + 1T = unl3, + hoasllu = ur |22 + b (VY2 (u = ur)|12:

max max
< Err(u),

(5.5)

provided Amax < ho is sufficiently small. Since ||u — ur||3. = 2 — 2(u, ur) 12, the
unit eigenvector from Theorem 4.8 satisfies (u,ur)r2 > 0 after possibly reducing
ho and thus coincides with u. As the elliptic projection satisfies || Vpw(u—Gu)| 2 <
IV — ppl| 2, it suffices to prove reliability of the form

(5.6) IVu = palliz + osci 1 (Vu, T) < n*(T).

This proof of (5.6) follows that of [CGT24, Thm. 6.2] and focuses on the potential
and correction terms. The solution w € H}(Q) to (Vw,Vv)rz = (pn, V)2 for all
v € HY(Q) leads to the orthogonal decomposition of the gradient error as

(5.7) IVu = pallZe = [V (u = w)l|Z: + [Vw = prllZ--

The final term in (5.7) is the nonconformity error. As in [BCGT23, Lem. 5],
the orthogonality to the divergence-free lowest-order Raviart—Thomas functions
from (5.3) in Lemma 5.1 and a Helmholtz decomposition control it by the tangential
jumps in n(7T), i.e.,

(5.8) IVw = ppll> = min_||Vo—ppllL> < n(T).
vEHJ(Q)

Note that the piecewise curl contribution from the general estimate in [BCGT23]
vanishes here because p, = VRup, is an elementwise gradient.

To control the conforming error ¢ == u—w € H} () in (5.7), let oc € SH(T) de-
note its Scott—Zhang interpolant. Straightforward manipulations for the continuous
eigenvalue problem (1.2) and the residual equation (5.2) in Lemma 5.1 imply

IVoll7: = ((Au— Apur, @)z — (V(u —ur), 0)12)
(5.9) + (A = V)ur, 0 — 0c)r2 — (pr, V(e — 0c))12)
—a(hrQ(Vur),h7Q(Voc)) L2
For the first term on the right-hand side of (5.9), a Friedrichs inequality and the
multiplier bound (4.3) for |V|*/2 provide the upper bound
(I = Mo + VI VY2 = wr)]|z2) [ Vel

Piecewise integration by parts and the Scott-Zhang estimates control the second
term in (5.9) by n(7T)||Vol|2. Since Q is L2-orthogonal, the multiplier bound (4.2)
and the H'-stability of the Scott-Zhang interpolation imply

1Q(Vec)llz: < Vel re-
Hence the third term in (5.9) contributes a small oscillation term
—a(h7Q(Vur),h7Q(Voc))r2 S ahmax 0sciy1(Vur, T)|Vol| 2.
The previously discussed estimates for the right-hand side of (5.9) establish
(5.10) IVollZe S o*(T) + 1M — Apurl|e
VY2 (= ur)lfe + hia 05ciss (Var, T),

with a hidden constant that depends on o and V.
Standard algebraic manipulations with ||u||p2 = 1 = ||Jur|| L2 reveal

D= Apur|Fz = (A= An)? + M flu = ur |72
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Hence (5.5) with Err(u) < k25, from (4.24) with 0 < sy < s leads to

(5.11) IV = Anur||Za + VY2 = ur)Z2 S hisk Brr(u).
This, (5.7)-(5.8), and (5.10) provide
(5.12) IVu = pallie < 0*(T) + higd Brr(u) + b o 056ty (Vur, T).

It remains to control the potential oscillation oscy11(Vu, T). The (reverse) triangle
inequalities, the L2-stability of Q, and u — ur = Qu + (Zu — uy )7 imply

losci1(Vu, T) — oscgr1 (Vur, T)| < oscpp1(V(uw—ur), T)
< [hrVQull 2 + [hrQ(V (Zu — un)7)| 22

(5.13) S eIV pw (w0 = Gu) [ 2 + B 272 | Tu — |,
with Lemmas 4.4 and 4.5 in the last step. This and (5.5) lead to
(5.14) osciq (Vau, T) S osciq (Vug, T) + h2mnth2=n/p} Bre(y).

Recall |Vpw (v — Gu)|lr2 < |[Vu — pillz2, and observe from divpy pp + Apur €
PF+1(T) and the local mesh size equivalence |T|'/™ ~ hy that the volume residual
in n(T) controls osci+1(Vur,T) < (7). Thus (5.12) and (5.14) with sy < 1 —
n/(2p) < min{1,2 — n/p} lead to

IV = prllz2 +osci oy (Va, T) S 0*(T) + higdi (1Vu = pall7e + oscipy (V, 7)) -

By possibly reducing hg and thereby hmax < hg, the final sum can be absorbed into
the left-hand side to prove (5.6), which concludes the proof of reliability.

Step 2: efficiency. Standard bubble function arguments (as in [Ver96] and specifi-
cally for HHO in [BCGT23, CGT24]) applied with the exact source f = (A —V)u
and the polynomial discrete source fp, := Apur — H’“T“(VuT) provide

n(T) S Ve = pallz2 + [hr(Au = A2
(5.15) + |h7V (u — ur)||r2 + oscgr1 (Vur, T).

The last three terms in (5.15) originate from the source mismatch f — f = (Au —
Anur) = V(u —ur) — Q(Vur). The positive powers of hpax < ho are collected in
the hidden constant so that (5.11), (5.13), and Lemmas 4.4 and 4.5 show

lhr(Au — Apur)|lze + [|h7V (u — wr)| L2 + oscer1 (Vur, T)
S Ve =pallee + [Zu = uplla, + oscry1(Vu, T).
This and (5.15) conclude the proof of efficiency. O

6. NUMERICAL EXPERIMENTS

Three computational benchmarks for piecewise-constant, polynomial, and un-
bounded potentials validate the GLB property and provide striking evidence for
higher-order convergence rates.

6.1. Computational setup and parameter choices. The MATLAB implemen-
tation is based on the code from [CGT24, Tra26] and solves the algebraic eigenvalue
problem with eigs up to machine precision. We employ quadrature rules that in-
tegrate polynomials exactly. On elements containing a logarithmic singularity in
Section 6.4, we combine Gaussian quadrature with a power-graded Duffy transfor-
mation [Duf82]. Numerical errors from inexact solves and quadrature are neglected.

Adaptive mesh refinement is compared with uniform red refinement. Figure 6.1
displays the natural adaptive algorithm for these skeletal GLB, based on newest
vertex bisection (NVB) and Dérfler marking driven by the error estimators (5.1).
All triangulations are refinements of the initial ones from Figure 6.2 and consist
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Adaptive algorithm (AFEM).
Input: Initial triangulation 75 and number m € N of eigenvalue A
for: £=0,1,2,...
SOLVE: (2.8) for m-th eigenpair (As, u¢) on T and compute v, = y(A¢) from
(3.16)
ESTIMATE: local error indicators ny(T") from (5.1) for all T € Ty
if: v, =0 and \; > 0 then GLB, = \; < )\ is a guaranteed lower bound
MARK: minimal subset M, C Ty with 507 (T) < Y pepq, 7(T)
REFINE: 7; to smallest NVB refinement 741 with M, C Ty \ To11
else: GLBy = ca(A¢)+/(ca +7¢) < X is a guaranteed lower bound
REFINE: 7, by uniform red refinement to 741
Output: Sequences of triangulations 7, error estimators 1, = 1¢(7¢), guaranteed
lower bounds GLB, < A, and discrete solutions wu,

FIGURE 6.1. Mesh refinement strategy adapted from [CGP25].

1 8| 8
0.5 of 0
0 -8t -8
0 05 1 ry 0 8 _3 0 8

FIGURE 6.2. Initial triangulations of the unit square (left), the big
square (—8,8)? (middle), and the big L-shaped domain (-8, 8)%\
[0,8]? (right) from [CS26].

exclusively of right-isosceles triangles. The convergence history plots display the
GLB error A — GLB or the squared error estimator 7%(7) for the corresponding
eigenvalue index with respect to the number |7 | of mesh elements. All displayed
computations satisfy the lower bound GLB < A for the stated reference value of \.
Numerical approximations of the optimal A, Cp, and Cy, computed as in [CGZ26,
Sec. 4.2], are given in Table 6.1 and enter the canonical choice o = A~!/3 and
a = 3C% from Remark 3.9. Nonnegative potentials in Sections 6.2 and 6.3 lead to
the natural choices c4 = 1 and §;, = 0. Section 6.4 calculates c4 and ¢j, for a nonzero
negative potential part V_ € L3(Q) with the auxiliary constants for p = 3 = r,

L () e

from [TSMO17, Cor. A.2] and from Lemma 3.7 with Cp, Cys from Table 6.1.

6.2. Disorder potential. The disorder potential V' (z) from [CS26, Sec. 7.4] with
Vig,, = s €{0,...,10* — 1}

is piecewise constant over a uniform 8 x 8 partition of the unit square Q = (0,1)2,

Qo= [251, &) x [5E, E)  foralls,t=1,....8,

with integer coefficient matrix X € Ngxs obtained! from randi(le4, [8,8]1)-1.

IThis benchmark initialises the MATLAB random number generator by rng(5, ’twister’).
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A ez cz
1.5765e-02 1.5416e-02 1.5428
8.8171e-03 7.4771e-03 1.7280
6.7597e-03 4.6327e-03 2.0729
4.8495e-03 3.2398e-03 2.3987
3.7720e-03 2.4357e-03 2.7506
2.9469e-03 1.9170e-03 3.1290

T W N~ O

TABLE 6.1. Values of A, C%, and C% for right-isosceles triangles.

’— uniform  esese adaptive @ k=0 @ k=1 @ k=2 k=3
T T T T T T T T T T ,104

- 101

Lil L Lol L Lol Ll I [ | 1 T W I Lo
10? 103 10* 10° 10? 10° 10* 10°

71 7l

FIGURE 6.3. Convergence history plots of the GLB error (left) and
the error estimator n2(7) (right) for A; with the disorder potential
on the unit square in Section 6.2.

Since the initial triangulation displayed in Figure 6.2 resolves the partition
{1 }s,¢, the potential is piecewise constant over all computed triangulations. Con-
sequently, Q(Vvr) = 0 for all v € P*1(T) and the negative correction term
in (2.7) vanishes. The discrete problem is therefore independent of «. Formally
setting @~ = 0 in Theorem 3.8 recovers the GLB from [Tra26], but the computa-
tions here retain the universal parameter choice from Section 6.1.

The ground energy A1 ~ 539.16091242 is obtained from a fine reference compu-
tation. Uniform refinement leads in Figure 6.3 to the optimal convergence rate k+1
only for k£ < 1, while adaptive refinement recovers the optimal convergence rates
for the GLB error and 7?(T) for all polynomial degrees k over the displayed range.
The reduced convergence rates under uniform refinement are consistent with the
limited piecewise regularity of the eigenfunction at the junctions of the potential
jumps. The strong Anderson localization of the principal eigenfunction explains the
smaller errors compared to uniform meshes of comparable cardinality and the local
refinement displayed in Figure 6.4, which leaves large parts of the domain coarse.

6.3. Harmonic potential. The harmonic potential V(z) = |z|?/2 represents a
smooth, convex confinement trap centered at the origin, and is considered on the
big square and the big L-shaped domain with the initial triangulations displayed in
Figure 6.2. The Gaussian decay of the full-space eigenfunctions explains the weak
influence of the Dirichlet condition at the outer boundary 9(—8,8)? on the lower
eigenvalues.
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1h | 11
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]
)
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0.5 . 105
0F . 10
1 1 1 1 1 1
0 0.5 1 0 0.5 1

FIGURE 6.4. Adaptive meshes for k = 0 (left, |7| = 740) and
k = 2 (right, | 7| = 1445) with the disorder potential on the unit
square in Section 6.2.

The full-space eigenvalues j1/2 have multiplicity j for j € N. Zero extension, the
min—max principle, and unique continuation imply that the Dirichlet eigenvalues
on ) are strictly larger than their full-space counterparts. On the big square,
the ground energy agrees with its full-space counterpart /2 to machine precision,
while A5 = 14.14213562490 belongs to a cluster of five distinct double eigenvalues
that lie within (10\/57 10v2+ 10~7) around the ten-fold full-space eigenvalue 10v/2.
This cluster has been confirmed by disjoint enclosures obtained from the high-order
GLB and conforming upper bounds. Theorem 3.8 guarantees the GLB on every
mesh, so only the refinement for the double eigenvalue A5y goes beyond Section 5,
which considers simple eigenvalues. Figure 6.5 displays the optimal convergence
order k + 1 of the GLB for A1 and A5y under uniform and adaptive refinement.
Adaptivity improves the error substantially for larger k, already on coarse meshes.

On the big L-shaped domain, the re-entrant corner at the origin results in a
reduced observed convergence rate 0.66 of the GLB and the error estimator n?(T)
for the principal eigenvalue A; = 2.357022603953 displayed in Figure 6.6. Adaptive
refinement as shown in Figure 6.7 recovers the optimal convergence rate.

All displayed examples for both domains produce a negative Ap ;1 < 0 only on
the coarsest mesh, except for £ = 3 on the big L-shaped domain that satisfies the
direct GLB condition on all meshes. Possible further uniform refinements in the
AFEM algorithm of Figure 6.1 are then triggered by v(\,) > 0.

6.4. Logarithmic potential. Consider the unbounded logarithmic potential

3 8v2 1 1
Viz)= —log [ —— | — Zlog [ ———
(r) = Gy 8 <|xZ+|> s ()

with poles at z; = (0,0) and z_ = (—4, —4) on the big square domain, satisfying
V € LP(Q) for any p < oo. Its negative part is supported in the unit ball about z_
with majorant g log(|z — z_|7!). For p = 3, integration in polar coordinates gives

log(|z 3(|z 3 /4)1/3

IV_|[zs < [ og( |)é|3|L3(‘ I<h) _ ( 71-/8) =C_.

Hence Lemmas 3.4 and 3.5 lead with the values C's 3 and Cp 3 from Section 6.1 to

34/3 317/6
2 4/3 ~2/3,4/3 1
b= gmECr O ad =1

~ 0.47457 > 0.
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’ uniform  seses adaptive @ k=0 @ k=1 @ k=2 k:3‘
TTT T T T T T T T T T T LR LR T T
100 1T 10!
03| 1T 1107t
L - 1073
1070 1
L N 10—5
1079 - 1L 110-
i 1077
10712 T B A S S Ay i L UV U L \\\\\\\\71079
10! 10? 10? 10* 10° 10! 10? 10? 10* 10°
71 71
FIGURE 6.5. Convergence history plots of the GLB error for A\
(left) and Asq (right) with the harmonic potential on the big square
in Section 6.3.
= uniform = sesss adaptive ® £=0 ® (=1 ® k=2 k=3
. 105
1071 L
. 410!
107 |
N 10—3
1077
10710} 1207
10713 Ll \\HHM‘ Lol Ll \\\HH\( \\\HH\' Ll Ll 710711
102 10° 10* 10° 10? 10° 10* 10°
IT] 71

FIGURE 6.6. Convergence history plots of the GLB error (left) and
n?(T) (right) for A\; with the harmonic potential on the L-shaped
domain in Section 6.3.

Figure 6.8 displays reduced convergence rates under uniform refinement for k > 2
towards the ground energy A1 = 0.299567750934152, whereas adaptive refinement
recovers the optimal rates k + 1 for the GLB error and the error estimator 7%(7).
The singularities cause no visible reduction in the uniform convergence rate for
k= 0,1 as expected from u € H37¢(Q) for any eigenfunction and ¢ > 0 by elliptic
regularity. The adaptive mesh for £k = 0 in Figure 6.9 is only refined towards
the attractive point z_ where the mass of the eigenfunction concentrates while
the repulsive singularity at the origin z; does not trigger local refinement. For
larger polynomial degree k > 2, adaptive refinement towards both singularities z4
recovers optimal convergence rates. The direct GLB condition y(A) = 0 holds on
all displayed meshes except for & = 0 on the initial triangulation, which provides
the lower bound GLB < X via postprocessing.
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FIGURE 6.7. Adaptive meshes for k = 0 (left, |7| = 714) and
k = 2 (right, |7| = 1482) for the harmonic potential on the big
L-shape in Section 6.3.

’ uniform  ssess adaptive @ k=0 @ k=1 @ k=2 k:S‘
T T T T T T T T T T T T T T T ““““*101
-2 L
10 ,10—2
1075’ 710—5
10_8’ 71078
1071 J107H
1014 L Ll Hmml Ll Ll (Ll | PR " \1”””\ \\\\\\\\’10_14
10 102 103 104 105 10! 102 103 10 10°
[T] 71

FIGURE 6.8. Convergence histories of the GLB error (left) and
n*(T) (right) for A; with the logarithmic potential in Section 6.4.

8 . 18
0F . 10
-8t | 18
L L L L L L
-8 0 8 -8 0 8

FIGURE 6.9. Adaptive meshes for & = 0 (left, |7| = 2202) and k =
2 (right, |7| = 1900) with the logarithmic potential in Section 6.4.
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APPENDIX A. A PRIORI ERROR ESTIMATE OF THE SOURCE PROBLEM

Lemma A.1 (Source problem error estimate). For sufficiently small hmax and any
f € L*(Q), let u = Tf denote the solution of (4.8) and up, = Spf = (ur,ur)
the corresponding discrete approximation defined by (4.9). Then, the following
estimates hold:

1Zu = wnlla, + I1IVIY2 (ur = T )| 2 + |unls,
S [ Vow(u = Gu)[r2 + 0scpq1 (f, T) + oscp1 (Vu, T).

Proof. Let ey, := Zu — up. Testing the weak formulation (4.8) with Jep, and the
discrete formulation (4.9) with e, and subtracting, yields

(VU, Vjeh)Lz — (prRuh, prReh)Lz + (Vu, jeh)Lz — (VUT, BT)Lz
= (f.Ten —er)r2 + sn(un, en) — alhrQ(Vur), hrQ(Ver)) 2.

To rewrite the reconstructed gradient contribution, we use the property from (2.4)
and (2.1)

(A.1)

(VU, vaReh)Lz = (VPWRIU, prReh)Lz

to expand this term as

— (VpwRun, VpwRep) 2
= —(Vu, VpwRen) 2 + [ VowRen 72
= —(Vu, Vpw(Ren — Jen)) 2 — (Vu, VT en) 2 + | VpwRen| 7.
Similarly, we decompose the potential term, the stabilization term, and the correc-
tion term in (A.1) as follows:
(Vu,Tep)r2 — (Vur,er)rz = Vu,Ten —er)rz + (Ver,er) 2
+ (VQu,er)r2,
sn(unsen) = 3 (|Zul2, — len o)
—a(hrQ(Vur), hrQ(Ver))r2 = —a(h7Q(Vu), hrQ(Ver)) 2
+ a(h7Q(VQu), hrQ(Ver)) 2
+a(h7Q(Ver), hrQ(Ver))re.

2, — lun
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Substituting these expansions back into (A.1) and moving the norms of the error
to the left-hand side leads to the following identity:
IVowRenllz2 + (Ver,er)rz + 5 (lenls, + unli,) — allhrQ(Ver)|[-
= (Vu, Vpw(Ren — Ten)) 2 + 5|Zulf, + (f = Vu, Ten —e7) 12
(A.2) — (VQu,er) > — a(hrQ(Vu), hrQ(Ver)) >
+a(hrQ(VQu), hrQ(Ver)) 2.

We bound each term on the right-hand side of the latter identity individually. For
the first term in (A.2), we have

(VU, va(Reh - jeh))L2 = _(va(u - gu), Vjeh)L2
S [ Vpw(u —Gu)l[zzllenllan
where the equality utilizes the orthogonality V(T en —Rep) L Vi PEFH(T) from
Rep, = RZJen, = GJT ey, and the inequality follows from the stability bound (4.5)

applied to ey.
The second term in (A.2) can be estimated as

1Zuls, S [Vpw(u — Gu)| 2,

which is the global counterpart of the local bound (3.10).
For the third term in (A.2), we obtain

(f =Vu,Ten —er)r2 = (Q(f — Vu),QTen) 2
S OSCk-‘rl(f - VU, T)”ehHam

which relies on the identity Jej, — e = Q(Jes), the L?-orthogonality properties
of @, (3.1), and the stability estimate (4.5).
For the remaining terms on the right-hand side of (A.2), we obtain

(VQu,er)r2 = (Qu,Q(Ver)) L2

S Bl 27 [V (u = Gu) | 2 e

(hrQ(Vu), hrQ(Ver))re < hmindt-2=n/Phogey 1 (Vau, T) len|

ap
(hrQ(VQu),hrQ(Ver)) 2 < hn/prminil: 22n/p} |17 (u — Gu)|| 12 || en|ay -

Here, we have used Lemmas 4.4 and 4.5, as well as the L?-stability of Q and (3.1).

Discrete coercivity from Lemma 4.6 bounds the left-hand side of (A.2) from
below by collen||2, + 5|un|?, , while a weighted Young inequality absorbs the contri-
butions involving ||leg||q, from the right-hand side. The identity e = Jep — QT en,
Lemma 4.2, and the stability of J give ||[|[V|*/2e7 1> < |lenlla, . This concludes the

proof. O

To obtain an improved LZ-error estimate, we employ an Aubin—Nitsche-type
argument, gaining a factor of hS ..

Lemma A.2 (Source problem L2-estimate). Consider the setup of Lemma A.1 and
assume elliptic regqularity with index s € (0,1] as in (4.10). Then every f € L*(Q)
satisfies

15— wrll e S B (Ve (0 — G|z + 056141 (£, T) + 051 (Va, T)).

Proof. Abbreviate e, = Zu — uj, and let z = Ter € H}(Q) denote the solu-
tion to the dual problem (4.8). Using the moment-preserving properties of J
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(cf. Lemma 4.3) and the definition of the dual problem, we obtain
lerlZ= = (er, Ten) 12
= (Vz,VTep)2 + (Vz,Tep) L2
(A.3) = (Vz,Vpw(Ten —Ren))r2 + (Vz, VowRen) 2 + (Vz, Ten) 2.

For the first term on the right-hand side, the orthogonality relation V. (Jen —
Rep) L VpwP*H1(T), the definition (2.1) of the elliptic projection G and (4.5) yield

(Vz,Vpw(Ten —Rep))r2 = (Vpw(z — G2), VT en) 12
S IVpw(z — G2) Iz llenlla, -
For the second term in (A.3), using (2.1) again together with (2.4), we obtain
(VZ, va,Rfeh)L2 = (VZ, vagu)L2 - (prgzv Vpw’R«uh)L2
= (VowGz, Vu)r2 — (VpwGz, VpwRun) 12
= (VIZz,Vu)r2 — (VpwRZIz, VowRup) 2
+ (Vpw(Gz — TIz),Vu) 2.
Finally, for the third term in (A.3), we expand
(Vz,Ten)r2 = (Vz,TTu — Jup) 2.

To reformulate the sum of the second and third terms in (A.3), we test the weak
formulation (4.8) with JZz and the discrete formulation (4.9) with Zz. Using the
resulting identities to rewrite (VJZz, Vu) 2 and (VpwRZz, VpwRup) 2 gives

(Vz,VpwRen)r2 + (Vz,Ten) 2
= (f,JZz =T 2) 12 + sp(Zz,wn) + (Vpw(Gz — TTz), Vu) 2
(A.4) + (Vur I 2) 2 — (VT up, 2) 2 + (VI Zu, 2) 2 — (Vu, JIz) 12
—a (hrQ(Vur), hrQVITS2)) . .

For the first term on the right-hand side of the latter identity, applying the
L2-orthogonality of @, the moment-preserving properties of J (Lemma 4.3), the
approximation estimate (4.6) and (3.1) yields

(f, TTz =T 2) 12 = (QF, T Tz = 2)12 + (QF, Q)2

(A.5) < oscis1 (£, Tl Vi (z = G2)]l 12
The second term in (A.4) is estimated using the global version of (3.10), yielding

sn(Zz,un) < [Zzls, [unls, S Vow(z — G2)llL2[unls),-

To estimate the third term in (A.4), we note that elementwise integration by
parts, together with the moment-preserving properties of J (cf. Lemma 4.3), gives
(Vow(z = JZ2),VpwGu) 2 = 0. Combining this with (2.1), the triangle inequality
and the approximation property (4.6), we obtain

(Vow(Gz = JLz),Vu)r2 = (Vpw(G2z — TL2), Vpw(u — Gu)) 2
S Vow(z = G2)ll 2| Vipw (u — Gu) || 2.

For the next two terms in (A.4), the L2-orthogonality properties of @ yield

(VuT,H’fer)Lz — (VJup,2)r2 = —(QVur,Qz)r2 — (Jup — ur,Vz) e,
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where, for the first term on the right-hand side, we have
—(QVur,Qz)r2 = —=(QVu,Qz)r2 + (QVQu, Qz) 12 + (QVer, Qz) 2
S (osersa (Vit, T) + 22711V (1 = Gu)

+ B2 P e 0, )V (z = G2)]l 22,

which follows from Lemmas 4.4 and 4.5, and (3.1). For the second term on the
right-hand side, we obtain

(Jup —ur,Vz)r2 = —(Jep —er,V2)r2 + (JTZu — H’;-Hu, Vz)pe
an F hmax||Vw (u — Gu)|[12) V2| 12,
where we have used the identity Je, — e = Q(Jen), and the stability estimate
(4.5), as well as the multiplier estimate (4.2), the approximation estimate (4.6),
and estimate (3.1).

The next two terms in (A.4) can be decomposed as
(VIZTu,2)p2 — (Vu,JZ2)2 = (JZu —u,Vz)p2 + (Vu,z — JLz)pe.

For the first term, applying the multiplier estimate (4.2) together with (3.1) and
(4.6) gives

S (hmaxueh|

(JZu —u,V2)r2 S Bmax|| Vow (v — Gu) || 12| V2 L2,
while, for the second term, exploiting the moment-preserving properties of 7 (cf. Lemma 4.3)
alongside (3.1) and (4.6) yields

(Vu,z—=J1z)r2 = (Q(Vu),z = TIz) 1> S 0scks1(Vu, T)[[Vpw(z — G2)|| 2.
Before estimating the final term in (A.4), we establish the auxiliary bound
IhrQVILF2) |12 < [hrQ(VQ2)||L2 + [Ih7Q(V2) | 2
S Mt PV (2 = G2)l12 + humax V2| 22,

which follows from Lemma 4.5, estimate (4.2), and the L2-stability of Q. Combining
this bound with Lemmas 4.4 and 4.5, we obtain for the final term in (A.4):

(hrQ(Vur), hrQ(VIIS2))
= (hrQ(Vu), hrQ(VITE2)) . — (hrQ(VQu), hrQ(VITF2))
— (hrQ(Ver), hrQVIISF12))
< (oscrra (Vi T) 4 B/ P9 — Gl + 2=/ ey,

max

% (Pmax| V21122 + 2t/ Vg (2 = G2)lI12)-

Finally, using standard finite element approximation properties together with
the dual elliptic regularity estimate (4.10), we obtain

(A.6) IVow(z = G2)llL> S hinallzll s < Piaxcller Iz

Inserting the individual estimates for the terms in (A.4) into (A.3), and combining
the resulting bound with Lemma A.1 and (A.6) and ||Vz||r2 < |ler]|r2, yields the
assertion. g
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