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HIGH-ORDER GUARANTEED LOWER BOUNDS FOR THE

SCHRÖDINGER EIGENVALUE PROBLEM

BENEDIKT GRÄSSLE∗, MORITZ HAUCK†, AND YIZHOU LIANG‡

Abstract. We compute unconditional guaranteed lower eigenvalue bounds

for Schrödinger operators using a modified hybrid high-order method with

built-in correction for the potential defect. The method assumes exact numer-
ical integration and allows possibly unbounded potentials in Lp for p > n/2

and p ≥ 2 on general polyhedral domains. We prove that the high-order cor-

rection preserves optimal a priori convergence orders, and derive reliable and
efficient a posteriori error estimators. Numerical experiments provide striking

evidence of optimal high-order convergence rates of the adaptive algorithm.

1. Introduction

Guaranteed eigenvalue bounds are required whenever computed spectra enter
rigorous statements, for instance in the assessment of critical loads and buckling in
structural mechanics, the detection of spectral gaps, bifurcation and stability analy-
sis, and computer-assisted existence proofs. Combined with the upper bounds from
conforming Galerkin methods for self-adjoint problems, guaranteed lower bounds
provide rigorous two-sided eigenvalue enclosures. For Schrödinger operators, such
enclosures certify the quantum energy levels of ground and excited states.

This paper considers Schrödinger operators with a possibly unbounded potential
V ∈ Lp(Ω) with p > n/2 and p ≥ 2 on a bounded polyhedral Lipschitz domain
Ω ⊂ Rn in n ≥ 2 dimensions. The corresponding Schrödinger eigenvalue problem
seeks eigenpairs (λ, u) with

(1.1)

{−∆u+ V u = λu in Ω,

u = 0 on ∂Ω.

Its weak formulation seeks (λ, u) ∈ R×H1
0 (Ω) with ∥u∥L2 = 1 such that

(1.2) A(u, v) = λb(u, v) for all v ∈ H1
0 (Ω),

where A(v, φ) := (∇v,∇φ)L2 + (V v, φ)L2 and b(v, φ) := (v, φ)L2 for v, φ ∈ H1
0 (Ω).

After a possible shift of the spectrum, we may and will assume that A(•, •) is
coercive. The normalized eigenfunctions u are the critical points of the energy

E(v) := A(v, v) =

ˆ
Ω

(
|∇v|2 + V |v|2

)
dx for all v ∈ H1

0 (Ω)
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on the L2 unit sphere in H1
0 (Ω), and each eigenvalue is the energy λ = E(u) of

its eigenfunction. Counting their finite multiplicity, the eigenvalues form a nonde-
creasing sequence 0 < λ1 ≤ λ2 ≤ · · · with λm → ∞ as m → ∞ and satisfy the
Courant–Fischer min–max characterization

(1.3) λm = min
Xm⊂H1

0 (Ω)
dim(Xm)=m

max
v∈Xm\{0}

E(v)
∥v∥2L2

for all m ∈ N.

Conforming Galerkin discretizations of self-adjoint elliptic eigenvalue problems
provide guaranteed upper eigenvalue bounds, since minimizing over fewer subspaces
in the min–max characterization (1.3) can only increase the energy. Their conver-
gence theory goes back to Strang and Fix [SF73] and Babuška and Osborn [BO91].
A posteriori error estimators can be used to drive adaptive mesh refinement and en-
able efficient higher-order conforming eigenvalue approximations; see, e.g., [CG24]
for a proof of rate-optimal adaptive convergence.

Guaranteed lower eigenvalue bounds (GLB) require different techniques already
for the Laplace operator (V = 0 in (1.1)). First-generation constructions based on
nonconforming interpolation [CG14, Liu15] and mixed formulations [Gal23] pro-
vide postprocessed GLB on general polyhedral domains without a priori spectral
information. These bounds are limited to low-order convergence, and their depen-
dence on the maximal mesh size restricts the gains from local refinement. This is
particularly relevant for Schrödinger eigenfunctions with potential-induced localiza-
tion [And58, OR23, GOP25]. We refer to [CS26] for a comparison of several schemes
for the Schrödinger problem with bounded potentials and possible simplifications
for piecewise-constant potentials.

Second-generation constructions incorporate the lower-bound mechanism into
the discrete problem through fine-tuned stabilization and compute direct GLB
λh ≤ λ under a computable mesh-size condition [CEP21, CP24, CGT24, Tra26].
These schemes allow high-order variants and overcome the preceding limitations for
Laplace eigenvalues: on sufficiently fine meshes, the bounds retain the approxima-
tion order of the discrete eigenvalues and recover optimal convergence rates on adap-
tive meshes in practice. However, their direct extension to Schrödinger operators
relies on orthogonality arguments that require a piecewise-constant potential, and
replacing a spatially varying potential by a piecewise-constant approximation limits
the accuracy of the bounds to low order. This restriction is discussed for the extra-
stabilized Crouzeix–Raviart scheme in [CS26] and also appears in the low-order
bounds for the related Gross–Pitaevskii ground-state energy [GHLP25, HL26].

Further approaches use explicit source-problem estimates [Liu15], the Lehmann–
Goerisch theorem combined with preliminary spectral bounds [LP25], or guaranteed
a posteriori estimates [CDM+18, CDM+20, Cha26]. Spectral Galerkin lower bounds
based on explicitly known auxiliary eigensystems are developed in [Liu26].

Main results. This paper removes the piecewise-constant restriction from second-
generation schemes for the Schrödinger eigenvalue problem (1.1) with spatially vary-
ing and possibly unbounded potentials. To this end, a hybrid high-order (HHO)
discretization of the Schrödinger energy E(•) is modified by a negative correction
that compensates the part of the potential contribution not resolved by the poly-
nomial cell unknowns. This correction vanishes for piecewise-constant potentials.

The focus on coercive Schrödinger forms A(•, •) imposes no loss of generality as
discussed in Remark 3.10, and simplifies the discussion of the following results.

• Guaranteed lower bounds. Assuming exact integration and exact algebraic
eigenvalues, the discrete eigenvalues combined with a scalar postprocessing
as in [CGP25, Tra26] provide GLB on arbitrary meshes without a priori
spectral information. Once a computable condition on the maximal mesh
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size holds, the discrete eigenvalue λh,m ≤ λm itself is a direct GLB and local
mesh refinement pays off fully. This condition is based on explicit control of
the L2 projection error. Potentials unbounded from below require further
explicit bounds of the coercivity constant and a weighted projection error.

• Explicit projection bounds. We derive analytical bounds for the L2 projec-
tion error onto piecewise polynomials of degree k + 1 in different (trace)
norms with optimal dependence on k. The Poincaré-type constant im-
proves on the Payne–Weinberger constant already in the lowest-order case,
and further leads to an explicit control for the H1 stability of this projec-
tion. These bounds also provide the explicit parameters for the original
HHO GLB [CEP21] beyond the established lowest-order case k = 0.

• A priori error analysis. The negative correction contributes an oscillation
of the potential applied to a discrete function and hence is of higher order.
Under a mild multiplier assumption on V , which makes potential oscilla-
tions well defined for all of H1

0 (Ω), the modified scheme thus retains the
optimal convergence rates of the underlying HHO method for eigenvalues
and eigenfunctions. Duality arguments as in [CGT24] yield improved rates
for the L2 and potential-weighted L2 errors of the eigenfunctions.

• A posteriori error analysis. For simple eigenvalues in n ∈ {2, 3} dimen-
sions, the stabilization-free framework of [BCGT23, CGT24] is extended
to the modified scheme with spatially varying and possibly unbounded po-
tentials. The residual-based estimator contains neither stabilization nor
correction terms and is reliable and, up to the potential oscillation, efficient
on sufficiently fine meshes.

Numerical experiments for smooth, singular, and localized eigenstates show that
the adaptive algorithm driven by this a posteriori error estimator yields high-order
GLB that converge with optimal rates until round-off errors dominate.

Outline. Section 2 introduces the HHO method including the potential correction
term. Explicit bounds for the L2 projection and the remaining potential control
precedes the GLB proof in Section 3. Section 4 discusses the a priori error analysis.
The a posteriori error analysis in Section 5 provides a reliable and efficient error
estimator in n ∈ {2, 3} dimensions. Numerical evidence for our theoretical results
with high-order GLB on adaptive meshes concludes this paper in Section 6.

Notation. Standard notation applies for Lebesgue and Sobolev spaces and their
norms and scalar products. For simplicity, we omit the full domain Ω in subscripts
and write, for instance, ∥•∥Lp , (•, •)L2 , and ∥•∥Hs . The subspace H1

0 (Ω) ⊂ H1(Ω)
of functions with zero trace is equipped with the norm ∥∇ • ∥L2 .

2. Hybrid high-order method

2.1. Meshes and discrete spaces. Consider a mesh T from a family of geometri-
cally conforming and shape-regular simplicial triangulations of Ω. For each simplex
element T ∈ T with the set of faces F(T ), let hT := diam(T ) denote its diameter.
We define the piecewise constant mesh-size function hT by (hT )|T := hT for all
T ∈ T , and denote the maximal mesh size by hmax := maxT∈T hT . The set of mesh
faces of T , denoted by F , is partitioned into the set of interior faces F(Ω) and the
set of boundary faces F(∂Ω). The space of polynomials of total degree at most
ℓ ∈ N0 defined on an element T ∈ T is denoted by Pℓ(T ). Similarly, Pk(F ) denotes
the space of polynomials of total degree at most k ∈ N0 defined on a face F ∈ F .
For any T ∈ T , the space of broken polynomials on ∂T is defined as

Pk(F(T )) :=
{
v ∈ L2(∂T ) | v|F ∈ Pk(F ), for all F ∈ F(T )

}
.
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The corresponding global broken polynomial spaces are

Pℓ(T ) := {v ∈ L2(Ω) | v|T ∈ Pℓ(T ), for all T ∈ T },
Pk(F) := {v ∈ L2(Σ) | v|F ∈ Pk(F ), for all F ∈ F},

where Σ :=
⋃
F∈F F denotes the mesh skeleton. For all T ∈ T and all F ∈ F , let

ΠℓT : L
2(T ) → Pℓ(T ) and ΠkF : L2(F ) → Pk(F ) denote the L2 orthogonal projections

with respect to (•, •)L2(T ) and (•, •)L2(F ), respectively. Their piecewise application

defines the global L2 projections ΠℓT : L2(Ω) → Pℓ(T ) and ΠkF : L2(Σ) → Pk(F).
Similarly, Πk∂T : L

2(∂T ) → Pk(F(T )) denotes the facewise L2 projection for T ∈ T .
As in the higher-order HHO constructions for GLB [CEP21, Tra26], we use

polynomial degree k + 1 for the cell and degree k for the face unknowns; the cell
degree k + 1 instead of the classical equal-order choice k is essential for the GLB
property, cf. Section 3. We write vh = (vT , vF ) = ((vT )T∈T , (vF )F∈F ) for vh ∈
Pk+1(T ) × Pk(F) with vT := vT |T , vF := vF |F , and v∂T := (vF )F∈F(T ). Local

restrictions to T ∈ T are denoted by vh,T = (vT , v∂T ) ∈ Pk+1(T )× Pk(F(T )). The
discrete HHO space with homogeneous Dirichlet boundary conditions reads

Vh := {vh ∈ Pk+1(T )× Pk(F) | vF = 0, for all F ∈ F(∂Ω)}.
2.2. Reconstruction, elliptic projection, and interpolation. The reconstruc-
tion operator R : Vh → Pk+1(T ) is defined elementwise by (Rvh)|T := RT vh,T for
any vh ∈ Vh and T ∈ T , where RT vh,T ∈ Pk+1(T ) solves

(∇RT vh,T ,∇φ)L2(T ) = −(vT ,∆φ)L2(T ) + (v∂T , ∂νφ)L2(∂T ) for all φ ∈ Pk+1(T ),

(RT vh,T , 1)L2(T ) = (vT , 1)L2(T ),

with the outward normal derivative ∂ν along ∂T .
Similarly, the elliptic projection operator G : H1

0 (Ω) → Pk+1(T ) is defined piece-
wise by (G•)|T := GT (•|T ), where GT vT ∈ Pk+1(T ) for any vT ∈ H1(T ) solves

(∇GT v,∇φ)L2(T ) = (∇v,∇φ)L2(T ) for all φ ∈ Pk+1(T ),(2.1a)

(GT v, 1)L2(T ) = (v, 1)L2(T ).(2.1b)

Denoting the piecewise gradient with respect to T by ∇pw, the orthogonal projec-
tion G satisfies the best approximation property

(2.2) ∥∇pw(v − Gv)∥L2 = min
vT ∈Pk+1(T )

∥∇pw(v − vT )∥L2 for all v ∈ H1
0 (Ω).

The interpolation operator

(2.3) I : H1
0 (Ω) → Vh, Iv :=

(
Πk+1

T v, ΠkFv
)
,

connects the reconstruction and the elliptic projection through the key commuting
diagram property

(2.4) R ◦ I = G.
2.3. Discrete bilinear forms. The HHO stabilization sh : Vh×Vh → R penalizes
the differences between the cell and face unknowns and the corresponding values of
their polynomial reconstruction. Given a stabilization parameter σ > 0, it reads

sh(vh, φh) := σ
∑
T∈T

sT (vh,T , φh,T ) for all vh, φh ∈ Vh

with the local contributions

sT (vh,T , φh,T ) := h−1
T

∑
F∈F(T )

ℓ−1
T,F

(
ΠkF
(
v∂T −RT vh,T

)
, ΠkF

(
φ∂T −RTφh,T

))
L2(F )

+ h−2
T

(
vT −RT vh,T , φT −RTφh,T

)
L2(T )

for all T ∈ T .
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Following [Tra26], we define the face scaling parameters

(2.5) ℓT,F := (n+ 1)
|F |n−1 hT

|T |n
for all F ∈ F(T ),

where |S|d denotes the d-dimensional Hausdorff measure of a set S for d ∈ {n−1, n},
abbreviated by |S| if d is clear. Shape regularity implies ℓT,F ≈ 1, so that both
contributions in the definition of sT scale like the squared H1 seminorm. The
stabilization induces the seminorm |vh|2sh := sh(vh, vh) on Vh.

The discrete Laplace bilinear form ah : Vh × Vh → R is defined by

(2.6) ah(vh, φh) := (∇pwRvh,∇pwRφh)L2 + sh(vh, φh) for all vh, φh ∈ Vh.

It induces the discrete energy norm ∥vh∥2ah := ah(vh, vh) on Vh.

Let Q := 1−Πk+1
T denote the L2 projection error. Given a correction parameter

α > 0, the modified discrete Schrödinger bilinear form Ah : Vh × Vh → R reads

Ah(vh, φh) := ah(vh, φh) + (V vT , φT )L2 − α
(
hTQ(V vT ), hTQ(V φT )

)
L2 .(2.7)

Since V ∈ Lp(Ω) ⊂ L2(Ω) and the cell unknowns are piecewise polynomial, V vT ∈
L2(Ω) and the correction is well defined. If V ∈ P0(T ), then V vT ∈ Pk+1(T )
and the correction vanishes. The negative correction distinguishes Ah(•, •) from
standard HHO discretizations of the Schrödinger operator and may destroy positive
definiteness on coarse meshes even for nonnegative potentials V ≥ 0. While not
relevant for the GLB result, positive definiteness always holds under the assumed
coercivity of A(•, •) on sufficiently fine meshes for fixed α > 0; see Lemma 4.6
below.

The discrete mass form bh : Vh × Vh → R is induced by b(•, •) as

bh(vh, φh) := b(vT , φT ) for all vh, φh ∈ Vh.

2.4. Discrete eigenvalue problem. The modified HHO eigenvalue problem seeks
discrete eigenpairs (λh, uh) ∈ R× Vh with ∥uT ∥L2 = 1 such that

(2.8) Ah(uh, φh) = λhbh(uh, φh) for all φh ∈ Vh.

Since the mass, potential, and correction terms act only on the cell component,
the face–face block coincides with the positive definite HHO diffusion block. It can
therefore be eliminated by a Schur complement, which reduces (2.8) to a symmetric
eigenvalue problem for the cell unknowns as in [CEP21, Sec. 3.3]. Hence, counting

multiplicities, (2.8) has N := dimPk+1(T ) = |T |
(
n+k+1
n

)
real discrete eigenvalues,

possibly negative and enumerated in nondecreasing order

λh,1 ≤ λh,2 ≤ · · · ≤ λh,N .

3. Guaranteed lower bound on eigenvalues

The modified HHO eigenvalues provide GLB via a postprocessing on arbitrary
meshes and are themselves direct GLB under a computable mesh size condition.

3.1. Explicit bounds on the L2 projection. The GLB proof uses the L2 orthog-
onal projection as HHO interpolation and requires explicit constants CP , Cst > 0
in the local approximation and stability estimates

∥Qv∥L2(T ) ≤ CP hT ∥∇(v − GT v)∥L2(T ),(3.1)

∥∇Qv∥L2(T ) ≤ Cst∥∇(v − GT v)∥L2(T )(3.2)
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for all T ∈ T and v ∈ H1(T ), where we recall Q = 1 − Πk+1
T on T . The following

lemma establishes a slightly stronger form of (3.1)–(3.2), based on the sharp bounds
in [BS00]. Define for any k ∈ N0 and with ℓT,F from (2.5) the constants

c2P := (4(k + 2)(k + n+ 2))−1(3.3)

c2tr := cP
(
cP + 2/(n+ 1)

)
(3.4)

c2st := 1 + (k + 1)(k + n)(n(n+ 1))−1c2tr
∑

F∈F(T )
ℓ2T,F .(3.5)

Let ΠkT act componentwise on gradients.

Lemma 3.1 (Explicit projection bounds). Any nondegenerate simplex T ⊂ Rn
and any v ∈ H1(T ) satisfy

∥Qv∥2L2(T ) ≤ c2Ph
2
T ∥(1−ΠkT )∇v∥2L2(T ),(3.6) ∑

F∈F(T )
ℓ−1
T,F ∥Qv∥2L2(F ) ≤ c2trhT ∥(1−ΠkT )∇v∥2L2(T ),(3.7)

∥∇Qv∥2L2(T ) ≤ c2st∥(1−ΠkT )∇v∥2L2(T ).(3.8)

Since ΠkT is the best approximation in L2(T ), the estimates (3.6) and (3.8)
imply (3.1)–(3.2) with CP ≤ cP and Cst ≤ cst. The constant cP scales optimally
like (k + 1)−1 and improves on the Payne–Weinberger constant 1/π for all k ≥ 0.
Lemma 3.1 also provides explicit expressions for the constants in [CEP21, Thm. 2.3]
of the original HHO GLB, which were only available in the lowest-order case k = 0
before; the growth

√
k + 1 of cst is optimal [CGT24, Lem. 2.1] for n ∈ {2, 3}.

Proof of Lemma 3.1. Let P1, . . . , Pn+1 denote the vertices of T with barycenter xT ,
outer unit normal νT , and barycentric coordinates λ1, . . . , λn+1. Set

e := Qv, q := ΠkT∇v −∇Πk+1
T v so that r := ∇e− q = (1−ΠkT )∇v.

Proof of (3.6). This is a consequence of [BS00, Thm. 3.3], which provides

∥e∥L2(T ) = ∥Qe∥L2(T ) ≤ 2cP ∥M1/2∇e∥L2(T )(3.9)

with the symmetric matrix-valued function M ∈ P2(T )n×n given by

M(x) =
∑

1≤i<j≤n+1

λi(x)λj(x)(Pi − Pj)(Pi − Pj)
⊤ for all x ∈ T.

Since si := ξ · Pi −min1≤j≤n+1 ξ · Pj ≤ hT holds for any ξ ∈ Rn with |ξ| = 1 and

i = 1, . . . , n+ 1, a straightforward calculation with s =
∑n+1
i=1 λisi shows

ξ ·Mξ =
∑

1≤i<j≤n+1

λiλj(si − sj)
2 =

n+1∑
i=1

λis
2
i − s2 ≤ s(hT − s) =

h2T
4

−
(
hT
2

− s

)2

.

Hence the spectral norm of M1/2 is bounded by hT /2. Since MνT ≡ 0 on ∂T , an
integration by parts and the orthogonality of e to div(Mq) ∈ Pk+1(T ) provide

(M∇e, q)L2(T ) = −(e,div(Mq))L2(T ) = 0.

This orthogonality and the spectral norm bound reveal

∥M1/2∇e∥2L2(T ) = (M∇e, r)L2(T ) ≤ (hT /2)∥M1/2∇e∥L2(T )∥r∥L2(T ).

The combination with (3.9) concludes the proof of (3.6).
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Proof of (3.7). Following the proof of [BCGT23, Lem. 3], the trace identity on the
sub-simplices joining the faces of T with its barycenter xT results in∑

F∈F(T )

n|T |
(n+ 1)|F | ∥e∥

2
L2(F ) = n∥e∥2L2(T ) + 2(e, (x− xT ) · ∇e)L2(T )

= n∥e∥2L2(T ) + 2(e, (x− xT ) · r)L2(T )

with the orthogonality of e to (x − xT ) · q ∈ Pk+1(T ) in the last step. Hence the
geometric bound maxx∈T |x− xT | < nhT /(n+ 1) reveals the multiplicative form∑

F∈F(T )

ℓ−1
T,FhT ∥e∥2L2(F ) ≤ ∥e∥2L2(T ) +

2

n+ 1
hT ∥e∥L2(T )∥r∥L2(T ).

This and (3.6) conclude the proof of (3.7).

Proof of (3.8). Orthogonality and an integration by parts verify

∥q∥2L2(T ) = (q,∇e)L2(T ) = (q · νT , e)L2(∂T ).

The inverse estimate [WH03, Thm. 5] applied componentwise on F ∈ F(T ) shows

n

(k + 1)(k + n)
∥q∥2L2(F ) ≤

|F |
|T | ∥q∥

2
L2(T ) ≤

ℓT,F
(n+ 1)hT

∥q∥2L2(T ).

Together with (3.7), this and Cauchy inequalities imply

∥q∥L2(T ) ≤ ctr

 (k + 1)(k + n)

n(n+ 1)

∑
F∈F(T )

ℓ2T,F

1/2

∥r∥L2(T ).

This and the orthogonal split ∥∇e∥2L2(T ) = ∥r∥2L2(T ) + ∥q∥2L2(T ) yield (3.8). □

It is interesting to note that Lemma 3.1 also implies an explicit bound for the
H1 stability constant of the local L2 projection.

Corollary 3.2 (Explicit H1 stability of Πk+1
T ). Any simplex T ⊂ Rn and v ∈

H1(T ) satisfy ∥∇Πk+1
T v∥L2(T ) ≤ cst∥∇v∥L2(T ) with cst from (3.5).

Proof. This follows as in [CGT24, Lem. 2.1] from Kato’s lemma, i.e., equal operator

norms of Πk+1
T and Q in the Hilbert space H1(T )/R with norm ∥∇ • ∥L2(T ). □

3.2. Explicit constants for the modified scheme. The GLB proof requires
explicit information in form of a stabilization bound Λ > 0 and, if V takes negative
values, a coercivity bound cA > 0 and a potential-weighted projection bound δh ≥ 0.

Stabilization. The following lemma provides the stabilization bound Λ > 0.

Lemma 3.3 (Stabilization estimate). Any T ∈ T and v ∈ H1(T ) with local inter-

polation vh,T := (Πk+1
T v,Πk∂T v) satisfy

sT (vh,T , vh,T ) ≤ Λ∥∇(v − GT v)∥2L2(T ) with Λ ≤ 2/π2 + 2/(nπ).(3.10)

Proof. This is known from [Tra26] as a consequence of Lemma 3.1 therein. □

The optimal local values of Λ, CP , and Cst depend only on k and the shape
of T . They are characterized by local variational eigenvalue problems and can be
enclosed using the verified eigenvalue framework of [Liu15], with its extension to
positive semidefinite bilinear forms in [YXL19, Thm. 2.4]. Table 6.1 below lists
numerical approximations for right-isosceles triangles.
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Coercivity bound. The postprocessing involves cA > 0 in the coercivity estimate

A(v, v) ≥ cA∥∇v∥2L2 for all v ∈ H1
0 (Ω).(3.11)

For nonnegative V ≥ 0, the natural choice is cA = 1. For general V ∈ Lp(Ω), split
V = V+ − V− into V± = (±V )+ with (•)+ = max{0, •}. It suffices to consider
V− with small Lp norm after a possible spectral shift as discussed in Remark 3.10
below. The Sobolev embedding then absorbs this perturbation.

Explicit analytical bounds on the Sobolev constant CS,r > 0 for r = 2p/(p−1) in

(3.12) ∥v∥Lr ≤ CS,r∥∇v∥L2 for all v ∈ H1
0 (Ω)

follow as in [TSMO17, Cor. A.2] by zero extension and Hölder’s inequality from the
critical embedding W 1,q(Rn) ↪→ Lr(Rn) for q = nr/(n+ r) with optimal constants
from [Aub76, Tal76]. Alternative bounds follow from an interpolation inequality
whose L2 factor is controlled by a lower bound for the first Dirichlet Laplace eigen-
value [NPW19, Lem. 7.10]. On bounded convex domains, the numerical algorithm
in [TSMO17, Thm. 1.1] also provides sharp verified enclosures of CS,r.

Lemma 3.4 (Explicit coercivity bound). If C− > 0 bounds ∥V−∥Lp ≤ C− and
satisfies C2

S,rC− < 1, then (3.11) holds with cA = 1− C2
S,rC− > 0.

Proof. This follows from a Hölder inequality for A(v, v) ≥ ∥∇v∥2L2 − (V−v, v)L2

with any v ∈ H1
0 (Ω) and (V−v, v)L2 ≤ C2

S,r∥V−∥Lp∥∇v∥2L2 using (3.12). □

Potential-weighted projection error. The direct GLB condition further in-
volves the constant δh ≥ 0 in the potential-weighted estimate

∥V 1/2
− Qv∥L2 ≤ δh∥∇pw(v − Gv)∥L2 for all v ∈ H1

0 (Ω).(3.13)

For nonnegative V ≥ 0, the natural choice is δh = 0. Unlike CP , the optimal δh
depends on V− and cannot be tabulated from element shapes if V− varies in space.
For V− ∈ L∞(Ω) with ∥V−∥L∞ ≤ C−, one may take δh = CPhmax

√
C−.

For V− ∈ Lp(Ω) with p < ∞, an explicit δh follows from a constant CP,r > 0
with r = 2p/(p− 1) such that all T ∈ T and v ∈ H1(T ) satisfy

∥Qv∥Lr(T ) ≤ CP,rh
1+n/r−n/2
T ∥∇(v − GT v)∥L2(T ).(3.14)

Lemma 3.5 (Explicit negative-potential bound). If C− > 0 bounds ∥V−∥Lp ≤ C−,

then (3.13) holds with δ2h := C2
P,rh

2−n/p
max C−.

Proof. Hölder’s inequality and (3.14) show, using 2− n/p > 0, for any T ∈ T that

∥V 1/2
− Qv∥2L2(T ) ≤ ∥V−∥Lp(T )∥Qv∥2Lr(T ) ≤ C−C

2
P,rh

2−n/p
max ∥∇(v − GT v)∥2L2(T )

The sum over T ∈ T concludes the proof. □

Like CP = CP,2, the optimal constant CP,r depends only on k and the shape
of T , but its verified computation is significantly more involved for r > 2, since the
associated extremal problem is nonlinear and already convergence may be an issue.

Analytical bounds may combine (3.2) with constants Ds > 0 for s ∈ Ir with
Ir := [r,∞) for n = 2 and Ir := [r, 2n/(n− 2)] for n ≥ 3 in

∥v −Π0
T v∥Ls(T ) ≤ Dsh

1+n/s−n/2
T ∥∇v∥L2(T ) for all v ∈ H1(T ).(3.15)

Explicit analytical bounds [MTSO17, Thms. 3.2–3.3] for Ds on bounded convex
domains are available. Recall CP ≤ cP and Cst ≤ cst from Lemma 3.1.

Lemma 3.6 (Lr projection error). The estimate (3.14) holds for

CP,r := inf
s∈Ir

CθsP (CstDs)
1−θs , where θs :=

1
r − 1

s
1
2 − 1

s

.
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Proof. Let s ∈ Ir and θ = θs. Hölder’s inequality for |Qv| = |Qv|θ|Qv|1−θ with
1/r = θ/2 + (1− θ)/s, (3.1), and (3.15) for Qv = (1−Π0

T )Qv with (3.2) show

∥Qv∥Lr(T ) ≤ ∥Qv∥θL2(T )∥Qv∥1−θLs(T )

≤ (CPhT )
θ
(
CstDsh

1+n/s−n/2
T

)1−θ∥∇(v − GT v)∥L2(T )

= CθP (CstDs)
1−θh

1+n/r−n/2
T ∥∇(v − GT v)∥L2(T )

with θ+(1− θ)(1+n/s−n/2) = 1+n/r−n/2 in the last step. The infimum over
s ∈ Ir concludes the proof. □

Alternative bounds for CP,r follow from explicit Gagliardo–Nirenberg inequali-
ties, which interpolate the Lr norm between the L2 norm and the H1 seminorm.
On right-isosceles triangles, reflection reduces this to the periodic setting, where
the inequalities in [IKZ22, IZ23] provide the following simple bound.

Lemma 3.7 (Lr projection error for the right-isosceles triangle). Any right-isosceles
triangle T ⊂ R2 satisfies (3.14) for 2 ≤ r <∞ with

CP,r =

√
r

2

(
2

π

)1/2−1/r

C
2/r
P C

1−2/r
st .

Proof. Let v ∈ H1(T ). After a rigid motion, T = conv{0, ae1, ae2} with a > 0. The
even reflection across the hypotenuse extends Qv to (0, a)2, and the even extension
in both coordinates to (−a, a)2, which consists of eight copies of T , is 2a-periodic
and defines w ∈ H1(T2) on T2 = R2/(2aZ)2. Hence ∥w∥sLs(T2) = 8∥Qv∥sLs(T ) for

all s <∞ and ∥∇w∥2L2(T2) = 8∥∇Qv∥2L2(T ). As w has zero mean, [IZ23, (1.8)] with

constant
√
r/2 (4π)1/r−1/2 and the factor 81/2−1/r from the eight copies provides

∥Qv∥Lr(T ) ≤
√
r

2

(
2

π

)1/2−1/r

∥Qv∥2/rL2(T )∥∇Qv∥
1−2/r
L2(T ) .

This and (3.1)–(3.2) conclude the proof. □

3.3. Guaranteed lower bounds. The parameters σ and α enter with the con-
stants Λ, CP , and δh from Sections 3.1 and 3.2 into the certification constant

γ(λh,m) := (σΛ + C2
P (α

−1 + h2max(λh,m)+) + δ2h − 1)+.(3.16)

The coercivity bound cA > 0 only contributes to the postprocessing if γ(λh,m) > 0.

Theorem 3.8 (Guaranteed lower bound). For any mesh T , parameters σ, α > 0,
and 1 ≤ m ≤ N , the m-th eigenvalues λm of (1.2) and λh,m of (2.8) satisfy

(3.17) GLB(m) :=
cA(λh,m)+
cA + γ(λh,m)

≤ λm.

In particular, if
σΛ + C2

P (α
−1 + h2max(λh,m)+) + δ2h ≤ 1,

then γ(λh,m) = 0 and λh,m ≤ GLB(m) ≤ λm is a direct lower eigenvalue bound.

Proof. Let ϕ1, . . . , ϕm denote L2-orthonormal eigenfunctions of (1.2) associated
with eigenvalues λ1, . . . , λm that define E := span{ϕ1, . . . , ϕm}. The Schrödinger
energy E(ϕ) = A(ϕ, ϕ) satisfies E(ϕ) ≤ λm for any ϕ ∈ E with ∥ϕ∥L2 = 1 by the A-
and L2-orthogonality of the eigenfunctions. The best approximation (2.2) of G and
coercivity (3.11) imply

(3.18) ∥∇pw(ϕ− Gϕ)∥2L2 ≤ ∥∇ϕ∥2L2 ≤ c−1
A E(ϕ) ≤ c−1

A λm.

This proof distinguishes between linearly dependent and independent cell projec-
tions Πk+1

T ϕ1, . . . ,Π
k+1
T ϕm.
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Case 1: linearly dependent cell projections. Then some ϕ ∈ E with ∥ϕ∥L2 = 1

satisfies Πk+1
T ϕ = 0, and the Poincaré inequality (3.1) and (2.2) yield

1 = ∥ϕ∥2L2 = ∥Qϕ∥2L2 ≤ h2maxC
2
P ∥∇ϕ∥2L2 .

The definition (3.16) of γ(λh,m) provides h2maxC
2
P (λh,m)+ ≤ 1 − δ2h + γ(λh,m).

Since Qϕ = ϕ, the potential-weighted estimate (3.13) and (2.2) imply ∥V 1/2
− ϕ∥2L2 ≤

δ2h∥∇ϕ∥2L2 . Hence (1− δ2h)∥∇ϕ∥2L2 ≤ E(ϕ), so that

λh,m ≤ (λh,m)+ ≤
(
1− δ2h + γ(λh,m)

)
∥∇ϕ∥2L2 ≤ E(ϕ) + γ(λh,m)∥∇ϕ∥2L2 .

This, E(ϕ) ≤ λm, and ∥∇ϕ∥2L2 ≤ λm/cA from (3.18) conclude this case.

Case 2: linearly independent cell projections. Here

Eh := span{Iϕ1, . . . , Iϕm} ⊂ Vh

is an m-dimensional subspace with vT ̸= 0 for all vh ∈ Eh \ {0}. Hence the discrete
min–max principle, also known as the Courant–Fischer theorem, reveals

λh,m = min
Xh⊂Vh, dim(Xh)=m

vT ̸=0 for all vh∈Xh\{0}

max
vh∈Xh\{0}

Ah(vh, vh)

∥vT ∥2L2

≤ max
vh∈Eh\{0}

Ah(vh, vh)

∥vT ∥2L2

.

The maximizer corresponds to vh = Iϕ for some ϕ ∈ E. Normalizing it such that
∥ϕ∥L2 = 1, the definition (2.7) of Ah and the identity (2.4) give

λh,m∥Πk+1
T ϕ∥2L2 ≤ ∥∇pwGϕ∥2L2 + sh(Iϕ, Iϕ)

+ (VΠk+1
T ϕ,Πk+1

T ϕ)L2 − α∥hTQ(VΠk+1
T ϕ)∥2L2 .

(3.19)

For the first two terms on the right-hand side of (3.19), the Pythagoras identity
∥∇pwGϕ∥2L2 = ∥∇ϕ∥2L2 −∥∇pw(ϕ−Gϕ)∥2L2 and the stabilization bound (3.10) show

(3.20) ∥∇pwGϕ∥2L2 + sh(Iϕ, Iϕ) ≤ ∥∇ϕ∥2L2 + (σΛ− 1)∥∇pw(ϕ− Gϕ)∥2L2 .

To estimate the potential terms in (3.19), we use for V± = (±V )+ ≥ 0 the identity

∥V 1/2
± Πk+1

T ϕ∥2L2 = ∥V 1/2
± ϕ∥2L2 − 2(Q(V±Π

k+1
T ϕ), Qϕ)L2 − ∥V 1/2

± Qϕ∥2L2 ,

which follows from the binomial formula and the L2 orthogonality of Q. Subtracting
the identity for V− from that for V+ gives the mixed term −2(Q(VΠk+1

T ϕ), Qϕ)L2 .

A Young inequality with weight α > 0 for this term and ∥V 1/2
+ Qϕ∥2L2 ≥ 0 imply

(VΠk+1
T ϕ,Πk+1

T ϕ)L2 − α∥hTQ(VΠk+1
T ϕ)∥2L2

≤ (V ϕ, ϕ)L2 + α−1∥h−1
T Qϕ∥2L2 + ∥V 1/2

− Qϕ∥2L2 .

Returning to (3.19), we insert (3.20) and the last estimate, and use the Pythagoras

identity ∥Πk+1
T ϕ∥2L2 = 1− ∥Qϕ∥2L2 to obtain

λh,m ≤ E(ϕ) + (σΛ− 1)∥∇pw(ϕ− Gϕ)∥2L2

+ α−1∥h−1
T Qϕ∥2L2 + λh,m∥Qϕ∥2L2 + ∥V 1/2

− Qϕ∥2L2 .(3.21)

The Poincaré inequality (3.1) provides

α−1∥h−1
T Qϕ∥2L2 + λh,m∥Qϕ∥2L2 ≤ C2

P (α
−1 + h2max(λh,m)+)∥∇pw(ϕ− Gϕ)∥2L2 .

Using this and ∥V 1/2
− Qϕ∥L2 ≤ δh∥∇pw(ϕ− Gϕ)∥L2 from (3.13) in (3.21) reveals

λh,m ≤ E(ϕ) + γ(λh,m)∥∇pw(ϕ− Gϕ)∥2L2 .

This, E(ϕ) ≤ λm, (3.18), and λm > 0 from (3.11) conclude the proof. □
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Remark 3.9 (Choice of parameters). For practical applications, we balance the
stabilization and discretization contributions by selecting σ = Λ−1/3 and α = 3C2

P ,
so that σΛ = C2

Pα
−1 = 1/3. This particular choice yields

γ(λh,m) =
(
h2maxC

2
P (λh,m)+ + δ2h − 1/3

)
+
.

Thus γ(λh,m) = 0 if and only if h2maxC
2
P (λh,m)+ + δ2h ≤ 1/3. For each fixed m with

bounded (λh,m)+, this condition holds on sufficiently fine meshes when δh = 0 for

V− = 0 or when δh ∈ O(h
1−n/(2p)
max ) is chosen as in Lemma 3.5.

Remark 3.10 (Spectral shift). One may always shift the spectrum by M > 0 to
make the Lp norm of the negative potential part V− arbitrarily small, and thus
obtain a coercive Schrödinger form by Lemma 3.4. Indeed, this shift amounts to

replacing V in (1.1) by V̂ = V +M with negative part V̂− = (V−−M)+, satisfying

∥(V− −M)+∥Lp → 0 as M → ∞.

Since Q(MvT ) = 0, the quadratic correction term in (2.7) is invariant under such a
constant perturbation and the discrete spectrum is also exactly shifted by M > 0.
Hence Theorem 3.8 immediately generalizes to

ĜLB(m) :=
ĉA(λh,m +M)+
ĉA + γ̂(λh,m +M)

−M ≤ λm,

with coercivity constant ĉA > 0 and δ̂h within γ̂ for the shifted potential V̂ .
Moreover, a spectral shift does not change the eigenfunctions. Hence the errors

in the eigenvalues, eigenfunctions, and residuals are unaffected by this shift, and
the outcome of the convergence analysis in Sections 4 and 5 transfers to general
potentials V , with modified constants depending also on the coercivity shift M .

4. A priori error analysis

This section shows that the negative correction term in (2.7) is of higher order,
so that the Babuška–Osborn theory [BO91] yields the same convergence rates as
established for the HHO eigenvalue approximations in [CCDE19]. Throughout this
and the following section, A ≲ B abbreviates A ≤ CB with a generic constant
C > 0 that is independent of the mesh size but may depend on Ω, the shape
regularity, k, σ, α, V , the elliptic regularity constant, and the eigenvalue λ.

4.1. Preparations. To simplify the error analysis, potential oscillations f = V v
of conforming functions v ∈ H1

0 (Ω) are treated as L2 oscillations of the form

osck+1(f, T ) := ∥hTQf∥L2 for all f ∈ L2(Ω).(4.1)

We therefore assume that the potential V is admissible in the following sense.

Definition 4.1 (Admissible potential). A function V ∈ Lp(Ω) with p > n/2 and
p ≥ 2 is called an admissible potential if multiplication by V defines a bounded
operator from H1

0 (Ω) to L
2(Ω), i.e., if there exists a constant CV > 0 such that

(4.2) ∥V v∥L2 ≤ CV ∥∇v∥L2 for all v ∈ H1
0 (Ω).

Hölder’s inequality and the Sobolev embedding verify (4.2) if p ≥ n for n ≥ 3
or p > 2 for n = 2. Hardy’s inequality further provides (4.2) for the critical point
singularity V (x) = ±|x − x0|−1 /∈ Ln(Ω) for n ≥ 3. In particular, the attractive
and repulsive Coulomb potentials are admissible in three dimensions. We recall the
following standard estimates without proof.
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Lemma 4.2 (Potential estimates). Any v ∈ H1
0 (Ω) and any vT ∈ H1(T ) with

(vT , 1)L2(T ) = 0 for T ∈ T satisfy

∥|V |1/2v∥L2 ≲ ∥V ∥1/2Lp ∥∇v∥L2 ,(4.3)

∥|V |1/2vT ∥L2(T ) ≲ h
1−n/(2p)
T ∥V ∥1/2Lp(T )∥∇vT ∥L2(T ).(4.4)

The analysis relies on the smoothing operator of [EZ20].

Lemma 4.3 (Smoothing operator [CGT24, Lem. 5.2]). There exist kJ ∈ N and
a linear right-inverse J : Vh → H1

0 (Ω) ∩ PkJ (T ) of the HHO interpolation I, i.e.,
I ◦ J = id, such that the following holds. Any vh ∈ Vh and v ∈ H1

0 (Ω) satisfy

∥∇J vh∥L2 ≲ ∥vh∥ah ,(4.5)

∥∇(J Iv − v)∥L2 ≲ ∥∇pw(v − Gv)∥L2(4.6)

with hidden constants depending only on Ω, the shape regularity, k, and σ.

The next result shows that the discrete potential correction is of higher order.

Lemma 4.4 (Correction term estimate). There exists Ccor > 0, depending only on
Ω, the shape regularity, k, σ, and V , such that any vh ∈ Vh satisfies

∥hTQ(V vT )∥L2 ≤ ∥hT V vT ∥L2 ≤ Ccorh
min{1, 2−n/p}
max ∥vh∥ah .

Proof. The first inequality follows from the L2-stability of Q. For the second, the
triangle inequality with the smoothing J vh ∈ H1

0 (Ω) of vh from Lemma 4.3 yields

∥hT V vT ∥L2 ≤ ∥hT V J vh∥L2 + ∥hT V (J vh − vT )∥L2 .

To estimate the first term on the right-hand side, we apply the multiplier bound (4.2)
together with the stability estimate (4.5) for J to obtain

∥hT V J vh∥L2 ≤ CV hmax∥∇(J vh)∥L2 ≲ hmax∥vh∥ah .
For the second term, I ◦ J = id implies Πk+1

T J vh = vT and hence J vh − vT =
QJ vh. Hölder’s inequality, an inverse estimate for the piecewise polynomial QJ vh,
and (3.1) with the best approximation (2.2) yield, for any T ∈ T ,

hT ∥V QJ vh∥L2(T ) ≤ hT ∥V ∥Lp(T )∥QJ vh∥L2p/(p−2)(T )

≲ h
1−n/p
T ∥V ∥Lp(T )∥QJ vh∥L2(T )

≲ h
2−n/p
T ∥V ∥Lp(T )∥∇J vh∥L2(T ).

Summing over all T ∈ T and applying the stability estimate (4.5) results in

∥hT V (J vh − vT )∥L2 ≲ h2−n/pmax ∥vh∥ah .
Combining the above estimates completes the proof. □

Similar arguments bound the potential term V Qv by the elliptic projection error.

Lemma 4.5 (Weighted projection error). For any v ∈ H1
0 (Ω), we have

∥hT V Qv∥L2 ≲ h2−n/pmax ∥∇pw(v − Gv)∥L2 .

Proof. Since Qv = v−Πk+1
T v and Πk+1

T Gv = Gv, the local H1-stability of Πk+1
T , as

in Corollary 3.2, yields the auxiliary estimate

∥∇pwQv∥L2 ≤ ∥∇pw(v − Gv)∥L2 + ∥∇pwΠ
k+1
T (Gv − v)∥L2

≲ ∥∇pw(v − Gv)∥L2 .
(4.7)
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We distinguish two cases based on the integrability of the potential V ∈ Lp(Ω).
In the first case p > n, Qv has vanishing integral mean on each T ∈ T , so that
Hölder’s inequality and a scaled Sobolev–Poincaré inequality yield

hT ∥V Qv∥L2(T ) ≤ hT ∥V ∥Lp(T )∥Qv∥L2p/(p−2)(T ) ≲ h
2−n/p
T ∥V ∥Lp(T )∥∇Qv∥L2(T ).

Summing over all T ∈ T and using (4.7) yields the claim in this case.
In the second case n/2 < p ≤ n, adding and subtracting the interpolant J Iv

from Lemma 4.3 and applying the triangle inequality yield

∥hT V Qv∥L2 ≤ ∥hT V (v − JIv)∥L2 + ∥hT V (J Iv −Πk+1
T v)∥L2 .

For the first term, (4.2), (4.6), and hmax ≲ h
2−n/p
max for p ≤ n show

∥hT V (v − JIv)∥L2 ≤ CV hmax∥∇(v − JIv)∥L2 ≲ h2−n/pmax ∥∇pw(v − Gv)∥L2 .

For the second term, since J Iv − Πk+1
T v = Q(J Iv) is piecewise polynomial,

Hölder’s inequality, an inverse estimate, and (3.1) with (2.2) give, for any T ∈ T ,

hT ∥V (J Iv −Πk+1
T v)∥L2(T ) ≲ h

1−n/p
T ∥V ∥Lp(T )∥Q(J Iv)∥L2(T )

≲ h
2−n/p
T ∥V ∥Lp(T )∥∇(J Iv −Πk+1

T v)∥L2(T ).

Summing over all T ∈ T and adding and subtracting v, we obtain

∥hT V (J Iv −Πk+1
T v)∥L2 ≲ h2−n/pmax

(
∥∇(J Iv − v)∥L2 + ∥∇pwQv∥L2

)
.

The first term in the parentheses is bounded via (4.6) and the second term via (4.7).
Combining the previous bounds completes the proof. □

The coercivity of A(•, •) is inherited by its discrete counterpart, also in a slightly
strengthened form required for the source problem analysis in Lemma A.1 below.

Lemma 4.6 (Discrete coercivity). There exist mesh-independent constants c0, h0 >
0 such that hmax ≤ h0 implies

Ah(vh, vh)−
1

2
|vh|2sh ≥ c0∥vh∥2ah for all vh ∈ Vh.

Proof. We argue by contradiction and discrete compactness: Assume that there
exist a sequence of meshes indexed by h with hmax → 0 and functions vh ∈ Vh with

∥vh∥2ah = 1 and lim sup
hmax→0

(
Ah(vh, vh)−

1

2
|vh|2sh

)
≤ 0.

Stability of J from (4.5) implies that wh := J vh is bounded in H1
0 (Ω). Weak

compactness in H1
0 (Ω) and the Rellich embedding provide a subsequence (not re-

labeled) and weak limit w ∈ H1
0 (Ω) with wh ⇀ w in H1

0 (Ω) and wh → w in L2(Ω).
Throughout this proof, convergence is understood as hmax → 0.

The identities IJ = id and RI = G reveal Rvh = Gwh. Hence ∇pwRvh−∇wh is
orthogonal to all elementwise constant vector fields. Since this difference is bounded
in L2 and Π0

T ψ → ψ for every fixed ψ ∈ L2(Ω;Rn), it follows that ∇pwRvh ⇀ ∇w
in L2. Weak lower semicontinuity of the norm reveals ∥∇w∥2L2 ≤ 1.

Recall Qwh = wh−vT from I ◦J = id, which satisfies ∥h−1
T Qwh∥L2 ≲ 1 by (2.2)

and (3.1). Hence the multiplier estimate (4.2) and Lemma 4.4 provide∣∣(V vT , vT )L2 − (V wh, wh)L2

∣∣ ≤ (∥hT V vT ∥L2 + hmax∥V wh∥L2) ∥h−1
T Qwh∥L2 → 0.

Moreover, the multiplier estimate and strong L2 convergence lead to∣∣(V wh, wh)L2 − (V w,w)L2

∣∣ ≤ CV ∥∇(wh + w)∥L2∥wh − w∥L2 → 0.
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Thus (V vT , vT )L2 → (V w,w)L2 . The potential correction term also tends to zero
by Lemma 4.4. This and the weak lower semicontinuity of norms with 1 = ∥vh∥2ah =

∥∇pwRvh∥2L2 + |vh|2sh by definition imply

0 ≥ lim inf
hmax→0

(
Ah(vh, vh)−

1

2
|vh|2sh

)
≥ 1

2
+

1

2
∥∇w∥2L2 + (V w,w)L2

= A(w,w) +
1

2

(
1− ∥∇w∥2L2

)
≥ min{cA, 1/2} > 0,

with continuous coercivity (3.11) and 0 ≤ ∥∇w∥2L2 ≤ 1 in the last step. This
contradiction concludes the proof. □

4.2. Spectral correctness. By the Babuška–Osborn theory, spectral correctness
follows from the convergence of the solution operators of the continuous and discrete
source problems in the operator norm. Throughout the convergence analysis in
Sections 4 and 5, let hmax ≤ h0 with h0 from Lemma 4.6. The coercivity of A(•, •)
and Ah(•, •) ensures that the continuous and discrete source problems are well
posed.

The continuous solution operator T : L2(Ω) → L2(Ω) maps any f ∈ L2(Ω) to
the unique solution Tf ∈ H1

0 (Ω) of

(4.8) A(Tf, v) = b(f, v) for all v ∈ H1
0 (Ω).

If (λ, u) is an eigenpair of (1.2), then (λ−1, u) is an eigenpair of T , and we denote
the eigenspace of λ by Eλ := ker(λ−1I − T ). For hmax ≤ h0, the discrete solution
operator Sh : L

2(Ω) → Vh maps any f ∈ L2(Ω) to the unique solution Shf ∈ Vh of

(4.9) Ah(Shf, vh) = b(f, vT ) for all vh ∈ Vh.

The cell component of Shf defines Th : L
2(Ω) → Pk+1(T ) by Thf := (Shf)T . If

(λh, uh) is an eigenpair of (2.8), then (λ−1
h , uT ) is an eigenpair of Th.

To obtain quantitative convergence estimates, assume that there exists a regu-
larity index s ∈ (0, 1] such that all 0 ≤ t ≤ s satisfy

(4.10) ∥Tf∥H1+t ≲ ∥f∥Ht−1 for all f ∈ L2(Ω).

Such a result is classical for the Laplacian, see, e.g., [AM25, Thm. 5.5], and transfers
to the Schrödinger operator using the multiplier bound (4.2). The following lemma
relies on the source problem estimates from Appendix A.

Lemma 4.7 (Spectral correctness). Let hmax be sufficiently small. Then

(4.11) ∥T − Th∥L(L2;L2) ≲ hsmax.

For any eigenvalue λ = λm = · · · = λm+r−1 of (1.2) with multiplicity r and
µ := λ−1, the eigenvalues µh,j := λ−1

h,j of Th satisfy

(4.12)

max
m≤j≤m+r−1

|µ− µh,j | ≲ sup
ϕ,ψ∈Eλ\{0}

|((T − Th)ϕ, ψ)L2 |
∥ϕ∥L2∥ψ∥L2

+ ∥(T − Th)|Eλ
∥2L(Eλ;L2).

Moreover, if uT ,j ∈ Pk+1(T ) with ∥uT ,j∥L2 = 1 is an eigenvector associated with
µh,j for m ≤ j ≤ m+ r − 1, then there exists a unit eigenvector u ∈ Eλ such that

(4.13) ∥u− uT ,j∥L2 ≲ ∥(T − Th)|Eλ
∥L(Eλ;L2).
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Proof. Let f ∈ L2(Ω). The triangle inequality, (3.1), Lemma A.2, and (2.2) yield

∥Tf − Thf∥L2 ≤ ∥QTf∥L2 + ∥Πk+1
T Tf − Thf∥L2

≲ hmax∥∇Tf∥L2 + hsmax

(
∥∇Tf∥L2 + osck+1(f, T )

+ osck+1(V (Tf), T )
)

≲ hsmax

(
∥∇Tf∥L2 + hmax∥f∥L2

)
,

where the last step uses the L2-stability of Q and the multiplier estimate (4.2).
Since ∥∇Tf∥L2 ≲ ∥f∥L2 , this establishes (4.11). The operator T is compact by
the Rellich embedding, Th has finite rank, and both operators are self-adjoint and
positive semidefinite by the symmetry and coercivity of A and Ah. Hence, the
max–min principle and (4.11) yield |λ−1

m − λ−1
h,m| ≤ ∥T − Th∥L(L2;L2) ≲ hsmax for

all 1 ≤ m ≤ N , which justifies the indexing, and the remaining estimates (4.12)
and (4.13) follow from the Babuška–Osborn theory [BO91, Thms. 7.3 & 7.4]. Since
∥uT ,j∥L2 = 1, normalizing u in (4.13) only changes the hidden constant. □

4.3. A priori error estimates for eigenpairs. The main result shows that the
eigenvalue errors converge at twice the rate of the eigenvector errors in the energy
norm. Recall the elliptic regularity index s ∈ (0, 1] from (4.10) and set

(4.14) sV := min

{
s, 1− n

2p

}
> 0,

which quantifies the gain of the |V |1/2-weighted L2 error over the energy error. The
best-approximation and potential oscillations of v ∈ H1

0 (Ω) are combined in

(4.15) Err(v) := ∥∇pw(v − Gv)∥2L2 + osc2k+1(V v, T ).

Theorem 4.8 (A priori error estimates for eigenpairs). Let λ = λm = · · · =
λm+r−1 be an eigenvalue of (1.2) with multiplicity r. For sufficiently small hmax,
the discrete eigenvalues λh,m, . . . , λh,m+r−1 of (2.8) satisfy

max
m≤j≤m+r−1

|λ− λh,j | ≲ sup
v∈Eλ

∥v∥L2=1

Err(v).

If uh,j = (uT ,j , uF,j) ∈ Vh with ∥uT ,j∥L2 = 1 is an eigenvector associated with λh,j
for some m ≤ j ≤ m+ r − 1, then there exists a unit eigenvector u ∈ Eλ such that

∥Iu− uh,j∥2ah + h−2sV
max ∥|V |1/2(uT ,j − u)∥2L2 + h−2s

max∥uT ,j − u∥2L2 ≲ sup
v∈Eλ

∥v∥L2=1

Err(v).

For sufficiently smooth eigenfunctions and potentials, standard approximation

properties bound the right-hand sides in Theorem 4.8 by h
2(k+1)
max , so that the eigen-

value errors are of order 2(k + 1) and the eigenvector errors in the energy norm of
order k + 1. This recovers the rates known from the HHO method [CCDE19].

Proof of Theorem 4.8. We first bound the operator norm of the difference T − Th
on the eigenspace Eλ. Any v ∈ Eλ satisfies osck+1(λv, T ) ≲ h2max∥∇pw(v −Gv)∥L2

and ∥QTv∥L2 ≲ hmax∥∇pw(v − Gv)∥L2 by (3.1). Hence the triangle inequality,
which splits off QTv, and Lemma A.2 for the remaining projected error yield the
estimate

∥(T − Th)|Eλ
∥L(Eλ;L2) ≲ hsmax sup

v∈Eλ

∥v∥L2=1

Err(v)1/2.(4.16)
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For fixed j ∈ {m, . . . ,m + r − 1}, we write (λh, uh) := (λh,j , uh,j) with uh =
(uT , uF ). Then, (4.13) and (4.16) give a unit eigenvector u ∈ Eλ with

∥u− uT ∥L2 ≲ hsmax sup
v∈Eλ

∥v∥L2=1

Err(v)1/2.(4.17)

Next, let ϕ, ψ ∈ Eλ with ∥ϕ∥L2 = ∥ψ∥L2 = 1. By the definitions of Th and Sh
in (4.9) and the symmetry of Ah, the difference T − Th satisfies

((T − Th)ϕ, ψ)L2 = (Tϕ, ψ)L2 −Ah(Shϕ, Shψ)

= (Tϕ, ψ)L2 −Ah(ITϕ, Shψ) +Ah(ITϕ− Shϕ, Shψ)

= (Tϕ, ψ)L2 − (ψ,Πk+1
T Tϕ)L2 +Ah(ITϕ− Shϕ, Shψ).(4.18)

Noting that Tϕ = 1
λϕ, the L

2-orthogonality properties of Q, together with (3.1),
yield the following bound for the first two terms on the right-hand side of (4.18):

(Tϕ, ψ)L2 − (ψ,Πk+1
T Tϕ)L2 = 1

λ (Qϕ,Qψ)L2

≲ h2max∥∇pw(ϕ− Gϕ)∥L2∥∇pw(ψ − Gψ)∥L2 .

The last term of (4.18) can be further split into three components:

Ah(ITϕ− Shϕ, Shψ) = Ah(ITϕ− Shϕ, Shψ − ITψ)
+
(
A(Tϕ, Tψ)−Ah(Shϕ, ITψ)

)
+
(
Ah(ITϕ, ITψ)−A(Tϕ, Tψ)

)
.

(4.19)

Using the definition of Ah, together with Lemmas 4.4 and A.1, we obtain the
following bound for the first term on the right-hand side of (4.19):

Ah(ITϕ− Shϕ, Shψ − ITψ) ≲ Err(ϕ)1/2 Err(ψ)1/2,

where we used the relations Tϕ = 1
λϕ and Tψ = 1

λψ. For the second term on
the right-hand side of (4.19), the definitions of T and Sh in (4.8) and (4.9) show
A(Tϕ, Tψ) − Ah(Shϕ, ITψ) = (ϕ,QTψ)L2 = 1

λ (Qϕ,Qψ)L2 , which is bounded as
the first two terms in (4.18). For the last term in (4.19), we write

Ah(ITϕ, ITψ)−A(Tϕ, Tψ)

= 1
λ2

((
(∇pwGϕ,∇pwGψ)L2 − (∇ϕ,∇ψ)L2

)
+
(
(VΠk+1

T ϕ,Πk+1
T ψ)L2 − (V ϕ, ψ)L2

)
+ sh(Iϕ, Iψ)− α(hTQ(VΠk+1

T ϕ), hTQ(VΠk+1
T ψ))L2

)
.

(4.20)

We bound the four terms on the right-hand side of (4.20) separately. First, the
orthogonality properties of the elliptic projection in (2.1) yield

(∇pwGϕ,∇pwGψ)L2 − (∇ϕ,∇ψ)L2 = (∇pw(Gϕ− ϕ),∇pw(ψ − Gψ))L2

≤ ∥∇pw(Gϕ− ϕ)∥L2∥∇pw(Gψ − ψ)∥L2 .

For the second term in (4.20), the L2-orthogonality properties of Q, the splitting
(V Qϕ,Qψ)L2 = (hT V Qϕ, h

−1
T Qψ)L2 with Lemma 4.5, and (3.1) imply

(VΠk+1
T ϕ,Πk+1

T ψ)L2 − (V ϕ, ψ)L2

= −(Qϕ,Q(V ψ))L2 + (V Qϕ,Qψ)L2 − (Q(V ϕ), Qψ)L2

≲ Err(ϕ)1/2 Err(ψ)1/2.

The stabilization term can be bounded using (3.10) as

sh(Iϕ, Iψ) ≤ |Iϕ|sh |Iψ|sh ≲ ∥∇pw(Gϕ− ϕ)∥L2∥∇pw(Gψ − ψ)∥L2 .



HIGH-ORDER GLB FOR THE SCHRÖDINGER EVP 17

For the last term, Πk+1
T ϕ = ϕ−Qϕ, the L2-stability of Q, and Lemma 4.5 yield

(hTQ(VΠk+1
T ϕ), hTQ(VΠk+1

T ψ))L2

≲
(
h2−n/pmax ∥∇pw(Gϕ− ϕ)∥L2 + osck+1(V ϕ, T )

)
×
(
h2−n/pmax ∥∇pw(Gψ − ψ)∥L2 + osck+1(V ψ, T )

)
.

Combining the estimates for the terms in (4.18)–(4.20) yields

((T − Th)ϕ, ψ)L2 ≲ Err(ϕ)1/2 Err(ψ)1/2.

Then, by Lemma 4.7 and (4.16), and noting that λ = µ−1 and λh,j = (µh,j)
−1 for

m ≤ j ≤ m+ r − 1, we obtain the following eigenvalue estimate:

(4.21) max
m≤j≤m+r−1

|λ− λh,j | ≲ sup
v∈Eλ

∥v∥L2=1

Err(v).

Next, we consider the estimate of ∥Iu− uh∥ah , where u ∈ Eλ with ∥u∥L2 = 1 is
as given above. Abbreviating eh = Iu− uh = (eT , eF ) and noting that

2λh = λh∥u− uT ∥2L2 + 2λh(u, uT )L2 = λh∥u− uT ∥2L2 + 2Ah(uh, Iu),
we find, with λ = A(u, u) and λh = Ah(uh, uh), that

Ah(eh, eh) = λh∥u− uT ∥2L2 +
(
λ− λh

)
+Ah(Iu, Iu)− λ.(4.22)

Using the coercivity of Ah and combining (4.17) and (4.21) to bound the first and
second terms on the right-hand side of (4.22), while applying a similar argument
to the expansion in (4.20) to bound the last term, we deduce

∥eh∥2ah ≲ sup
v∈Eλ

∥v∥L2=1

Err(v).

Finally, we prove the improved error estimate for ∥|V |1/2(uT − u)∥2L2 . The
triangle inequality and the splitting uT − u = −Qu− (eT − J eh)− J eh yield
(4.23)

∥|V |1/2(uT − u)∥L2 ≤ ∥|V |1/2Qu∥L2 + ∥|V |1/2(eT − J eh)∥L2 + ∥|V |1/2J eh∥L2 .

For the first term on the right-hand side of (4.23), (4.4) and (4.7) yield

∥|V |1/2Qu∥L2 ≲ h1−n/(2p)max ∥∇pw(u− Gu)∥L2 ,

while for the second term, the identity eT − J eh = −QJ eh from I ◦ J = id,
together with (4.4), (4.7) with (2.2), and (4.5), gives

∥|V |1/2(eT − J eh)∥L2 ≲ h1−n/(2p)max ∥∇J eh∥L2 ≲ h1−n/(2p)max ∥eh∥ah .
For the last term in (4.23), we employ an Aubin–Nitsche-type duality argument.
Consider the dual problem z := T (|V |J eh) ∈ H1

0 (Ω), with T defined in (4.8). By
the elliptic regularity estimate (4.10) with t = sV , we have

∥z∥HsV +1 ≲ ∥|V |J eh∥HsV −1 ≲ ∥|V |1/2J eh∥L2 .

In the last step, we factor |V | = |V |1/2|V |1/2 and absorb one factor into the test
function, applying the Sobolev inequality similarly as in (4.3). The Sobolev embed-
ding theorem ensures the continuous embedding H1−sV (Ω) ↪→ L2p/(p−1)(Ω), since
the condition 1− sV ≥ n/(2p) holds by (4.14).

Testing the dual problem with J eh and inserting Reh gives

∥|V |1/2J eh∥2L2 = (|V |J eh,J eh)L2 = (∇z,∇J eh)L2 + (V z,J eh)L2

= (∇z,∇pw(J eh −Reh))L2 + (∇z,∇pwReh)L2 + (V z,J eh)L2 ,

which has the same structure as (A.3) in the proof of Lemma A.2. We follow the
arguments in that proof. Therein, Lemma A.1 is replaced by the above bound for
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∥eh∥ah and |uh|sh ≤ |eh|sh+|Iu|sh , (A.6) by ∥∇pw(z−Gz)∥L2 ≲ hsVmax∥|V |1/2J eh∥L2 ,
and the estimate in (A.5) by

(λu,J Iz)L2 − (λhuT ,Π
k+1
T z)L2 = (λu− λhuT ,J Iz)L2

= (λ− λh)(u,J Iz)L2 + λh(u− uT ,J Iz)L2

≲
(
|λ− λh|+ ∥u− uT ∥L2

)
∥z∥H1 .

For all v ∈ Eλ with ∥v∥L2 = 1, (4.10) for v = T (λv) and (4.2) show

Err(v) ≲ h2smax.(4.24)

Together with (4.17) and (4.21), this yields for the last term in (4.23)

∥|V |1/2J eh∥L2 ≲ hsVmax sup
v∈Eλ

∥v∥L2=1

Err(v)1/2.

Combining (4.23) with these bounds and the bound for ∥eh∥ah concludes the proof.
□

5. A posteriori error analysis

This section derives a reliable and efficient a posteriori error estimator for a
simple eigenvalue in n ∈ {2, 3} dimensions. To this end, it adapts the stabilization-
free a posteriori framework of [BCGT23, CGT24] to spatially varying potentials and
the additional correction term of the modified HHO scheme. Let (λ, u) := (λm, um)
denote a simple eigenpair of (1.2) and (λh, uh) := (λh,m, uh,m) the corresponding
discrete eigenpair of (2.8) with (u, uT )L2 ≥ 0. The estimator uses the discrete
gradient ph := ∇pwRuh and reads η2(T ) :=

∑
T∈T η

2(T ) with local contributions

η2(T ) := |T |2/n∥ div ph + λhuT − V uT ∥2L2(T ) + |T |1/n
∑

F∈F(T )

∥[ph]F ∥2L2(F ).(5.1)

Here [•]F abbreviates the full jump on interior faces F ∈ F(Ω) and the tangential
trace on boundary faces F ∈ F(∂Ω). The framework of [BCGT23] relies on two
equilibrium properties of ph for the Courant and Raviart–Thomas spaces

S1
0(T ) := P1(T ) ∩H1

0 (Ω),

RT0(T ) := {q ∈ H(div,Ω) | q|T ∈ P0(T ;Rn) + xP0(T ) for all T ∈ T }.

Lemma 5.1 (Discrete equilibrium identities). For any vC ∈ S1
0(T ) and any qRT ∈

RT0(T ) with div qRT = 0, the discrete gradient ph = ∇pwRuh satisfies

(ph,∇vC)L2 = ((λh − V )uT , vC)L2 + α(hTQ(V uT ), hTQ(V vC))L2 ,(5.2)

(ph, qRT)L2 = 0.(5.3)

Proof. Polynomial consistency implies RIvC = vC and sh(uh, IvC) = 0. Hence
ah(uh, IvC) = (ph,∇vC)L2 , and the discrete eigenvalue equation (2.8) proves (5.2).
The identity (5.3) follows verbatim from [BCGT23, Lem. 6]. □

Theorem 5.2 (Reliability and efficiency). There exists h0 > 0 such that, for
hmax ≤ h0, the a posteriori error estimator η(T ) from (5.1) satisfies

C−2
eff η

2(T ) ≤ |λ− λh|+ ∥Iu− uh∥2ah + ∥∇u− ph∥2L2 + osc2k+1(V u, T )

≤ C2
relη

2(T ).(5.4)

The constants h0, Crel, Ceff > 0 depend only on Ω, the shape regularity, k, σ, α, V ,
the constants in Theorem 4.8, the eigenvalue λ, and its spectral separation.
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Proof of Theorem 5.2. We prove the upper and lower bounds in (5.4) separately.

Step 1: reliability. Recall from Theorem 4.8 and (4.15) for simple λ that

|λ− λh|+ ∥Iu− uh∥2ah + h−2s
max∥u− uT ∥2L2 + h−2sV

max ∥|V |1/2(u− uT )∥2L2

≲ Err(u),
(5.5)

provided hmax ≤ h0 is sufficiently small. Since ∥u − uT ∥2L2 = 2 − 2(u, uT )L2 , the
unit eigenvector from Theorem 4.8 satisfies (u, uT )L2 ≥ 0 after possibly reducing
h0 and thus coincides with u. As the elliptic projection satisfies ∥∇pw(u−Gu)∥L2 ≤
∥∇u− ph∥L2 , it suffices to prove reliability of the form

∥∇u− ph∥2L2 + osc2k+1(V u, T ) ≲ η2(T ).(5.6)

This proof of (5.6) follows that of [CGT24, Thm. 6.2] and focuses on the potential
and correction terms. The solution w ∈ H1

0 (Ω) to (∇w,∇v)L2 = (ph,∇v)L2 for all
v ∈ H1

0 (Ω) leads to the orthogonal decomposition of the gradient error as

∥∇u− ph∥2L2 = ∥∇(u− w)∥2L2 + ∥∇w − ph∥2L2 .(5.7)

The final term in (5.7) is the nonconformity error. As in [BCGT23, Lem. 5],
the orthogonality to the divergence-free lowest-order Raviart–Thomas functions
from (5.3) in Lemma 5.1 and a Helmholtz decomposition control it by the tangential
jumps in η(T ), i.e.,

∥∇w − ph∥L2 = min
v∈H1

0 (Ω)
∥∇v − ph∥L2 ≲ η(T ).(5.8)

Note that the piecewise curl contribution from the general estimate in [BCGT23]
vanishes here because ph = ∇pwRuh is an elementwise gradient.

To control the conforming error ϱ := u−w ∈ H1
0 (Ω) in (5.7), let ϱC ∈ S1

0(T ) de-
note its Scott–Zhang interpolant. Straightforward manipulations for the continuous
eigenvalue problem (1.2) and the residual equation (5.2) in Lemma 5.1 imply

∥∇ϱ∥2L2 =
(
(λu− λhuT , ϱ)L2 − (V (u− uT ), ϱ)L2

)
+
(
((λh − V )uT , ϱ− ϱC)L2 − (ph,∇(ϱ− ϱC))L2

)
− α(hTQ(V uT ), hTQ(V ϱC))L2 .

(5.9)

For the first term on the right-hand side of (5.9), a Friedrichs inequality and the
multiplier bound (4.3) for |V |1/2 provide the upper bound(

∥λu− λhuT ∥L2 + ∥V ∥1/2Lp ∥|V |1/2(u− uT )∥L2

)
∥∇ϱ∥L2 .

Piecewise integration by parts and the Scott–Zhang estimates control the second
term in (5.9) by η(T )∥∇ϱ∥L2 . Since Q is L2-orthogonal, the multiplier bound (4.2)
and the H1-stability of the Scott–Zhang interpolation imply

∥Q(V ϱC)∥L2 ≲ ∥∇ϱ∥L2 .

Hence the third term in (5.9) contributes a small oscillation term

−α(hTQ(V uT ), hTQ(V ϱC))L2 ≲ αhmax osck+1(V uT , T )∥∇ϱ∥L2 .

The previously discussed estimates for the right-hand side of (5.9) establish

∥∇ϱ∥2L2 ≲ η2(T ) + ∥λu− λhuT ∥2L2

+ ∥|V |1/2(u− uT )∥2L2 + h2max osc
2
k+1(V uT , T ),

(5.10)

with a hidden constant that depends on α and V .
Standard algebraic manipulations with ∥u∥L2 = 1 = ∥uT ∥L2 reveal

∥λu− λhuT ∥2L2 = (λ− λh)
2 + λλh∥u− uT ∥2L2 .
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Hence (5.5) with Err(u) ≲ h2smax from (4.24) with 0 < sV ≤ s leads to

∥λu− λhuT ∥2L2 + ∥|V |1/2(u− uT )∥2L2 ≲ h2sVmax Err(u).(5.11)

This, (5.7)–(5.8), and (5.10) provide

∥∇u− ph∥2L2 ≲ η2(T ) + h2sVmax Err(u) + h2max osc
2
k+1(V uT , T ).(5.12)

It remains to control the potential oscillation osck+1(V u, T ). The (reverse) triangle
inequalities, the L2-stability of Q, and u− uT = Qu+ (Iu− uh)T imply

|osck+1(V u, T )− osck+1(V uT , T )| ≤ osck+1(V (u− uT ), T )

≤ ∥hT V Qu∥L2 + ∥hTQ(V (Iu− uh)T )∥L2

≲ h2−n/pmax ∥∇pw(u− Gu)∥L2 + hmin{1, 2−n/p}
max ∥Iu− uh∥ah ,(5.13)

with Lemmas 4.4 and 4.5 in the last step. This and (5.5) lead to

osc2k+1(V u, T ) ≲ osc2k+1(V uT , T ) + h2min{1, 2−n/p}
max Err(u).(5.14)

Recall ∥∇pw(u − Gu)∥L2 ≤ ∥∇u − ph∥L2 , and observe from divpw ph + λhuT ∈
Pk+1(T ) and the local mesh size equivalence |T |1/n ≈ hT that the volume residual
in η(T ) controls osck+1(V uT , T ) ≲ η(T ). Thus (5.12) and (5.14) with sV ≤ 1 −
n/(2p) ≤ min{1, 2− n/p} lead to

∥∇u− ph∥2L2 + osc2k+1(V u, T ) ≲ η2(T ) + h2sVmax

(
∥∇u− ph∥2L2 + osc2k+1(V u, T )

)
.

By possibly reducing h0 and thereby hmax ≤ h0, the final sum can be absorbed into
the left-hand side to prove (5.6), which concludes the proof of reliability.

Step 2: efficiency. Standard bubble function arguments (as in [Ver96] and specifi-
cally for HHO in [BCGT23, CGT24]) applied with the exact source f := (λ− V )u

and the polynomial discrete source fh := λhuT −Πk+1
T (V uT ) provide

η(T ) ≲ ∥∇u− ph∥L2 + ∥hT (λu− λhuT )∥L2

+ ∥hT V (u− uT )∥L2 + osck+1(V uT , T ).(5.15)

The last three terms in (5.15) originate from the source mismatch f − fh = (λu−
λhuT )− V (u− uT )−Q(V uT ). The positive powers of hmax ≤ h0 are collected in
the hidden constant so that (5.11), (5.13), and Lemmas 4.4 and 4.5 show

∥hT (λu− λhuT )∥L2 + ∥hT V (u− uT )∥L2 + osck+1(V uT , T )

≲ ∥∇u− ph∥L2 + ∥Iu− uh∥ah + osck+1(V u, T ).

This and (5.15) conclude the proof of efficiency. □

6. Numerical experiments

Three computational benchmarks for piecewise-constant, polynomial, and un-
bounded potentials validate the GLB property and provide striking evidence for
higher-order convergence rates.

6.1. Computational setup and parameter choices. The MATLAB implemen-
tation is based on the code from [CGT24, Tra26] and solves the algebraic eigenvalue
problem with eigs up to machine precision. We employ quadrature rules that in-
tegrate polynomials exactly. On elements containing a logarithmic singularity in
Section 6.4, we combine Gaussian quadrature with a power-graded Duffy transfor-
mation [Duf82]. Numerical errors from inexact solves and quadrature are neglected.

Adaptive mesh refinement is compared with uniform red refinement. Figure 6.1
displays the natural adaptive algorithm for these skeletal GLB, based on newest
vertex bisection (NVB) and Dörfler marking driven by the error estimators (5.1).
All triangulations are refinements of the initial ones from Figure 6.2 and consist
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Adaptive algorithm (AFEM).

Input: Initial triangulation T0 and number m ∈ N of eigenvalue λ
for: ℓ = 0, 1, 2, . . .

SOLVE: (2.8) for m-th eigenpair (λℓ, uℓ) on Tℓ and compute γℓ = γ(λℓ) from
(3.16)

ESTIMATE: local error indicators ηℓ(T ) from (5.1) for all T ∈ Tℓ
if: γℓ = 0 and λℓ ≥ 0 then GLBℓ = λℓ ≤ λ is a guaranteed lower bound

MARK: minimal subset Mℓ ⊂ Tℓ with 1
2 η

2
ℓ (Tℓ) ≤

∑
T∈Mℓ

η2ℓ (T )

REFINE: Tℓ to smallest NVB refinement Tℓ+1 with Mℓ ⊆ Tℓ \ Tℓ+1

else: GLBℓ = cA(λℓ)+/(cA + γℓ) ≤ λ is a guaranteed lower bound
REFINE: Tℓ by uniform red refinement to Tℓ+1

Output: Sequences of triangulations Tℓ, error estimators ηℓ = ηℓ(Tℓ), guaranteed
lower bounds GLBℓ ≤ λ, and discrete solutions uℓ

Figure 6.1. Mesh refinement strategy adapted from [CGP25].
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Figure 6.2. Initial triangulations of the unit square (left), the big
square (−8, 8)2 (middle), and the big L-shaped domain (−8, 8)2 \
[0, 8]2 (right) from [CS26].

exclusively of right-isosceles triangles. The convergence history plots display the
GLB error λ − GLB or the squared error estimator η2(T ) for the corresponding
eigenvalue index with respect to the number |T | of mesh elements. All displayed
computations satisfy the lower bound GLB ≤ λ for the stated reference value of λ.

Numerical approximations of the optimal Λ, CP , and Cst, computed as in [CGZ26,
Sec. 4.2], are given in Table 6.1 and enter the canonical choice σ = Λ−1/3 and
α = 3C2

P from Remark 3.9. Nonnegative potentials in Sections 6.2 and 6.3 lead to
the natural choices cA = 1 and δh = 0. Section 6.4 calculates cA and δh for a nonzero
negative potential part V− ∈ L3(Ω) with the auxiliary constants for p = 3 = r,

CS,3 =
|Ω|1/335/4
213/6π

and C2
P,3 =

3

2

(
2

π

)1/3

C
4/3
P C

2/3
st ,

from [TSMO17, Cor. A.2] and from Lemma 3.7 with CP , Cst from Table 6.1.

6.2. Disorder potential. The disorder potential V (x) from [CS26, Sec. 7.4] with

V |Ωs,t ≡ xs,t ∈ {0, . . . , 104 − 1}
is piecewise constant over a uniform 8× 8 partition of the unit square Ω = (0, 1)2,

Ωs,t =
[
s−1
8 , s8

)
×
[
t−1
8 , t8

)
for all s, t = 1, . . . , 8,

with integer coefficient matrix X ∈ N8×8
0 obtained1 from randi(1e4, [8,8])-1.

1This benchmark initialises the MATLAB random number generator by rng(5, ’twister’).
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k Λ C2
P C2

st

0 1.5765e-02 1.5416e-02 1.5428
1 8.8171e-03 7.4771e-03 1.7280
2 6.7597e-03 4.6327e-03 2.0729
3 4.8495e-03 3.2398e-03 2.3987
4 3.7720e-03 2.4357e-03 2.7506
5 2.9469e-03 1.9170e-03 3.1290

Table 6.1. Values of Λ, C2
P , and C

2
st for right-isosceles triangles.

uniform adaptive k = 0 k = 1 k = 2 k = 3

102 103 104 105
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|T |
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1
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Figure 6.3. Convergence history plots of the GLB error (left) and
the error estimator η2(T ) (right) for λ1 with the disorder potential
on the unit square in Section 6.2.

Since the initial triangulation displayed in Figure 6.2 resolves the partition
{Ωs,t}s,t, the potential is piecewise constant over all computed triangulations. Con-
sequently, Q(V vT ) = 0 for all vT ∈ Pk+1(T ) and the negative correction term
in (2.7) vanishes. The discrete problem is therefore independent of α. Formally
setting α−1 = 0 in Theorem 3.8 recovers the GLB from [Tra26], but the computa-
tions here retain the universal parameter choice from Section 6.1.

The ground energy λ1 ≈ 539.16091242 is obtained from a fine reference compu-
tation. Uniform refinement leads in Figure 6.3 to the optimal convergence rate k+1
only for k ≤ 1, while adaptive refinement recovers the optimal convergence rates
for the GLB error and η2(T ) for all polynomial degrees k over the displayed range.
The reduced convergence rates under uniform refinement are consistent with the
limited piecewise regularity of the eigenfunction at the junctions of the potential
jumps. The strong Anderson localization of the principal eigenfunction explains the
smaller errors compared to uniform meshes of comparable cardinality and the local
refinement displayed in Figure 6.4, which leaves large parts of the domain coarse.

6.3. Harmonic potential. The harmonic potential V (x) = |x|2/2 represents a
smooth, convex confinement trap centered at the origin, and is considered on the
big square and the big L-shaped domain with the initial triangulations displayed in
Figure 6.2. The Gaussian decay of the full-space eigenfunctions explains the weak
influence of the Dirichlet condition at the outer boundary ∂(−8, 8)2 on the lower
eigenvalues.
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Figure 6.4. Adaptive meshes for k = 0 (left, |T | = 740) and
k = 2 (right, |T | = 1445) with the disorder potential on the unit
square in Section 6.2.

The full-space eigenvalues j
√
2 have multiplicity j for j ∈ N. Zero extension, the

min–max principle, and unique continuation imply that the Dirichlet eigenvalues
on Ω are strictly larger than their full-space counterparts. On the big square,
the ground energy agrees with its full-space counterpart

√
2 to machine precision,

while λ50 = 14.14213562490 belongs to a cluster of five distinct double eigenvalues
that lie within (10

√
2, 10

√
2+10−7) around the ten-fold full-space eigenvalue 10

√
2.

This cluster has been confirmed by disjoint enclosures obtained from the high-order
GLB and conforming upper bounds. Theorem 3.8 guarantees the GLB on every
mesh, so only the refinement for the double eigenvalue λ50 goes beyond Section 5,
which considers simple eigenvalues. Figure 6.5 displays the optimal convergence
order k + 1 of the GLB for λ1 and λ50 under uniform and adaptive refinement.
Adaptivity improves the error substantially for larger k, already on coarse meshes.

On the big L-shaped domain, the re-entrant corner at the origin results in a
reduced observed convergence rate 0.66 of the GLB and the error estimator η2(T )
for the principal eigenvalue λ1 = 2.357022603953 displayed in Figure 6.6. Adaptive
refinement as shown in Figure 6.7 recovers the optimal convergence rate.

All displayed examples for both domains produce a negative λh,1 < 0 only on
the coarsest mesh, except for k = 3 on the big L-shaped domain that satisfies the
direct GLB condition on all meshes. Possible further uniform refinements in the
AFEM algorithm of Figure 6.1 are then triggered by γ(λh) > 0.

6.4. Logarithmic potential. Consider the unbounded logarithmic potential

V (x) =
3

64
log

(
8
√
2

|x− z+|

)
− 1

8
log

(
1

|x− z−|

)
with poles at z+ = (0, 0) and z− = (−4,−4) on the big square domain, satisfying
V ∈ Lp(Ω) for any p <∞. Its negative part is supported in the unit ball about z−
with majorant 1

8 log(|x− z−|−1). For p = 3, integration in polar coordinates gives

∥V−∥L3 ≤ ∥ log(|x|)∥L3(|x|<1)

8
=

(3π/4)1/3

8
=: C−.

Hence Lemmas 3.4 and 3.5 lead with the values CS,3 and CP,3 from Section 6.1 to

δ2h =
34/3

213/3
C

4/3
P C

2/3
st h4/3max and cA = 1− 317/6

28/3π5/3
≈ 0.47457 > 0.
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uniform adaptive k = 0 k = 1 k = 2 k = 3

101 102 103 104 105
10−12

10−9

10−6

10−3

100

1
1

1
2

1

3

1

4

|T |
101 102 103 104 105

10−9

10−7

10−5

10−3

10−1

101
1

1

1

2

1

3

1

4

|T |

Figure 6.5. Convergence history plots of the GLB error for λ1
(left) and λ50 (right) with the harmonic potential on the big square
in Section 6.3.

uniform adaptive k = 0 k = 1 k = 2 k = 3
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Figure 6.6. Convergence history plots of the GLB error (left) and
η2(T ) (right) for λ1 with the harmonic potential on the L-shaped
domain in Section 6.3.

Figure 6.8 displays reduced convergence rates under uniform refinement for k ≥ 2
towards the ground energy λ1 = 0.299567750934152, whereas adaptive refinement
recovers the optimal rates k + 1 for the GLB error and the error estimator η2(T ).
The singularities cause no visible reduction in the uniform convergence rate for
k = 0, 1 as expected from u ∈ H3−ε(Ω) for any eigenfunction and ε > 0 by elliptic
regularity. The adaptive mesh for k = 0 in Figure 6.9 is only refined towards
the attractive point z− where the mass of the eigenfunction concentrates while
the repulsive singularity at the origin z+ does not trigger local refinement. For
larger polynomial degree k ≥ 2, adaptive refinement towards both singularities z±
recovers optimal convergence rates. The direct GLB condition γ(λ) = 0 holds on
all displayed meshes except for k = 0 on the initial triangulation, which provides
the lower bound GLB ≤ λ via postprocessing.
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Figure 6.7. Adaptive meshes for k = 0 (left, |T | = 714) and
k = 2 (right, |T | = 1482) for the harmonic potential on the big
L-shape in Section 6.3.
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Figure 6.8. Convergence histories of the GLB error (left) and
η2(T ) (right) for λ1 with the logarithmic potential in Section 6.4.
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Figure 6.9. Adaptive meshes for k = 0 (left, |T | = 2202) and k =
2 (right, |T | = 1900) with the logarithmic potential in Section 6.4.
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[CGT24] C. Carstensen, B. Gräßle, and N. T. Tran. Adaptive hybrid high-
order method for guaranteed lower eigenvalue bounds. Numer. Math.,
156(3):813–851, 2024.
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Appendix A. A priori error estimate of the source problem

Lemma A.1 (Source problem error estimate). For sufficiently small hmax and any
f ∈ L2(Ω), let u = Tf denote the solution of (4.8) and uh = Shf = (uT , uF )
the corresponding discrete approximation defined by (4.9). Then, the following
estimates hold:

∥Iu− uh∥ah + ∥|V |1/2(uT −Πk+1
T u)∥L2 + |uh|sh

≲ ∥∇pw(u− Gu)∥L2 + osck+1(f, T ) + osck+1(V u, T ).

Proof. Let eh := Iu − uh. Testing the weak formulation (4.8) with J eh and the
discrete formulation (4.9) with eh, and subtracting, yields

(A.1)
(∇u,∇J eh)L2 − (∇pwRuh,∇pwReh)L2 + (V u,J eh)L2 − (V uT , eT )L2

= (f,J eh − eT )L2 + sh(uh, eh)− α(hTQ(V uT ), hTQ(V eT ))L2 .

To rewrite the reconstructed gradient contribution, we use the property from (2.4)
and (2.1)

(∇u,∇pwReh)L2 = (∇pwRIu,∇pwReh)L2

to expand this term as

− (∇pwRuh,∇pwReh)L2

= −(∇u,∇pwReh)L2 + ∥∇pwReh∥2L2

= −(∇u,∇pw(Reh − J eh))L2 − (∇u,∇J eh)L2 + ∥∇pwReh∥2L2 .

Similarly, we decompose the potential term, the stabilization term, and the correc-
tion term in (A.1) as follows:

(V u,J eh)L2 − (V uT , eT )L2 = (V u,J eh − eT )L2 + (V eT , eT )L2

+ (V Qu, eT )L2 ,

sh(uh, eh) =
1
2

(
|Iu|2sh − |eh|2sh − |uh|2sh

)
,

−α(hTQ(V uT ), hTQ(V eT ))L2 = −α(hTQ(V u), hTQ(V eT ))L2

+ α(hTQ(V Qu), hTQ(V eT ))L2

+ α(hTQ(V eT ), hTQ(V eT ))L2 .



HIGH-ORDER GLB FOR THE SCHRÖDINGER EVP 29

Substituting these expansions back into (A.1) and moving the norms of the error
to the left-hand side leads to the following identity:

∥∇pwReh∥2L2 + (V eT , eT )L2 + 1
2

(
|eh|2sh + |uh|2sh

)
− α∥hTQ(V eT )∥2L2

= (∇u,∇pw(Reh − J eh))L2 + 1
2 |Iu|2sh + (f − V u,J eh − eT )L2

− (V Qu, eT )L2 − α(hTQ(V u), hTQ(V eT ))L2

+ α(hTQ(V Qu), hTQ(V eT ))L2 .

(A.2)

We bound each term on the right-hand side of the latter identity individually. For
the first term in (A.2), we have

(∇u,∇pw(Reh − J eh))L2 = −(∇pw(u− Gu),∇J eh)L2

≲ ∥∇pw(u− Gu)∥L2∥eh∥ah ,

where the equality utilizes the orthogonality ∇pw(J eh−Reh) ⊥ ∇pwPk+1(T ) from
Reh = RIJ eh = GJ eh and the inequality follows from the stability bound (4.5)
applied to eh.

The second term in (A.2) can be estimated as

|Iu|sh ≲ ∥∇pw(u− Gu)∥L2 ,

which is the global counterpart of the local bound (3.10).
For the third term in (A.2), we obtain

(f − V u,J eh − eT )L2 = (Q(f − V u), QJ eh)L2

≲ osck+1(f − V u, T )∥eh∥ah ,

which relies on the identity J eh − eT = Q(J eh), the L2-orthogonality properties
of Q, (3.1), and the stability estimate (4.5).

For the remaining terms on the right-hand side of (A.2), we obtain

(V Qu, eT )L2 = (Qu,Q(V eT ))L2

≲ hmin{1, 2−n/p}
max ∥∇pw(u− Gu)∥L2∥eh∥ah ,

(hTQ(V u), hTQ(V eT ))L2 ≲ hmin{1, 2−n/p}
max osck+1(V u, T )∥eh∥ah ,

(hTQ(V Qu), hTQ(V eT ))L2 ≲ h2−n/p+min{1, 2−n/p}
max ∥∇pw(u− Gu)∥L2∥eh∥ah .

Here, we have used Lemmas 4.4 and 4.5, as well as the L2-stability of Q and (3.1).
Discrete coercivity from Lemma 4.6 bounds the left-hand side of (A.2) from

below by c0∥eh∥2ah + 1
2 |uh|2sh , while a weighted Young inequality absorbs the contri-

butions involving ∥eh∥ah from the right-hand side. The identity eT = J eh−QJ eh,
Lemma 4.2, and the stability of J give ∥|V |1/2eT ∥L2 ≲ ∥eh∥ah . This concludes the
proof. □

To obtain an improved L2-error estimate, we employ an Aubin–Nitsche-type
argument, gaining a factor of hsmax.

Lemma A.2 (Source problem L2-estimate). Consider the setup of Lemma A.1 and
assume elliptic regularity with index s ∈ (0, 1] as in (4.10). Then every f ∈ L2(Ω)
satisfies

∥Πk+1
T u− uT ∥L2 ≲ hsmax (∥∇pw(u− Gu)∥L2 + osck+1(f, T ) + osck+1(V u, T )) .

Proof. Abbreviate eh := Iu − uh and let z = TeT ∈ H1
0 (Ω) denote the solu-

tion to the dual problem (4.8). Using the moment-preserving properties of J
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(cf. Lemma 4.3) and the definition of the dual problem, we obtain

∥eT ∥2L2 = (eT ,J eh)L2

= (∇z,∇J eh)L2 + (V z,J eh)L2

= (∇z,∇pw(J eh −Reh))L2 + (∇z,∇pwReh)L2 + (V z,J eh)L2 .(A.3)

For the first term on the right-hand side, the orthogonality relation ∇pw(J eh −
Reh) ⊥ ∇pwPk+1(T ), the definition (2.1) of the elliptic projection G and (4.5) yield

(∇z,∇pw(J eh −Reh))L2 = (∇pw(z − Gz),∇J eh)L2

≲ ∥∇pw(z − Gz)∥L2∥eh∥ah .

For the second term in (A.3), using (2.1) again together with (2.4), we obtain

(∇z,∇pwReh)L2 = (∇z,∇pwGu)L2 − (∇pwGz,∇pwRuh)L2

= (∇pwGz,∇u)L2 − (∇pwGz,∇pwRuh)L2

= (∇JIz,∇u)L2 − (∇pwRIz,∇pwRuh)L2

+ (∇pw(Gz − JIz),∇u)L2 .

Finally, for the third term in (A.3), we expand

(V z,J eh)L2 = (V z,J Iu− J uh)L2 .

To reformulate the sum of the second and third terms in (A.3), we test the weak
formulation (4.8) with J Iz and the discrete formulation (4.9) with Iz. Using the
resulting identities to rewrite (∇JIz,∇u)L2 and (∇pwRIz,∇pwRuh)L2 gives

(∇z,∇pwReh)L2 + (V z,J eh)L2

= (f,J Iz −Πk+1
T z)L2 + sh(Iz, uh) + (∇pw(Gz − JIz),∇u)L2

+ (V uT ,Π
k+1
T z)L2 − (V J uh, z)L2 + (V J Iu, z)L2 − (V u,J Iz)L2

− α
(
hTQ(V uT ), hTQ(VΠk+1

T z)
)
L2 .

(A.4)

For the first term on the right-hand side of the latter identity, applying the
L2-orthogonality of Q, the moment-preserving properties of J (Lemma 4.3), the
approximation estimate (4.6) and (3.1) yields

(f,J Iz −Πk+1
T z)L2 = (Qf,J Iz − z)L2 + (Qf,Qz)L2

≲ osck+1(f, T )∥∇pw(z − Gz)∥L2 .(A.5)

The second term in (A.4) is estimated using the global version of (3.10), yielding

sh(Iz, uh) ≤ |Iz|sh |uh|sh ≲ ∥∇pw(z − Gz)∥L2 |uh|sh .

To estimate the third term in (A.4), we note that elementwise integration by
parts, together with the moment-preserving properties of J (cf. Lemma 4.3), gives
(∇pw(z − JIz),∇pwGu)L2 = 0. Combining this with (2.1), the triangle inequality
and the approximation property (4.6), we obtain

(∇pw(Gz − JIz),∇u)L2 = (∇pw(Gz − JIz),∇pw(u− Gu))L2

≲ ∥∇pw(z − Gz)∥L2∥∇pw(u− Gu)∥L2 .

For the next two terms in (A.4), the L2-orthogonality properties of Q yield

(V uT ,Π
k+1
T z)L2 − (V J uh, z)L2 = −(QV uT , Qz)L2 − (J uh − uT , V z)L2 ,
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where, for the first term on the right-hand side, we have

−(QV uT , Qz)L2 = −(QV u,Qz)L2 + (QV Qu,Qz)L2 + (QV eT , Qz)L2

≲
(
osck+1(V u, T ) + h2−n/pmax ∥∇pw(u− Gu)∥L2

+ hmin{1,2−n/p}
max ∥eh∥ah

)
∥∇pw(z − Gz)∥L2 ,

which follows from Lemmas 4.4 and 4.5, and (3.1). For the second term on the
right-hand side, we obtain

(J uh − uT , V z)L2 = −(J eh − eT , V z)L2 + (J Iu−Πk+1
T u, V z)L2

≲ (hmax∥eh∥ah + hmax∥∇pw(u− Gu)∥L2) ∥∇z∥L2 ,

where we have used the identity J eh − eT = Q(J eh), and the stability estimate
(4.5), as well as the multiplier estimate (4.2), the approximation estimate (4.6),
and estimate (3.1).

The next two terms in (A.4) can be decomposed as

(V J Iu, z)L2 − (V u,J Iz)L2 = (J Iu− u, V z)L2 + (V u, z − JIz)L2 .

For the first term, applying the multiplier estimate (4.2) together with (3.1) and
(4.6) gives

(J Iu− u, V z)L2 ≲ hmax∥∇pw(u− Gu)∥L2∥∇z∥L2 ,

while, for the second term, exploiting the moment-preserving properties of J (cf. Lemma 4.3)
alongside (3.1) and (4.6) yields

(V u, z − JIz)L2 = (Q(V u), z − JIz)L2 ≲ osck+1(V u, T )∥∇pw(z − Gz)∥L2 .

Before estimating the final term in (A.4), we establish the auxiliary bound

∥hTQ(VΠk+1
T z)∥L2 ≤ ∥hTQ(V Qz)∥L2 + ∥hTQ(V z)∥L2

≲ h2−n/pmax ∥∇pw(z − Gz)∥L2 + hmax∥∇z∥L2 ,

which follows from Lemma 4.5, estimate (4.2), and the L2-stability ofQ. Combining
this bound with Lemmas 4.4 and 4.5, we obtain for the final term in (A.4):(

hTQ(V uT ), hTQ(VΠk+1
T z)

)
L2

=
(
hTQ(V u), hTQ(VΠk+1

T z)
)
L2 −

(
hTQ(V Qu), hTQ(VΠk+1

T z)
)
L2

−
(
hTQ(V eT ), hTQ(VΠk+1

T z)
)
L2

≲
(
osck+1(V u, T ) + h2−n/pmax ∥∇pw(u− Gu)∥L2 + hmin{1,2−n/p}

max ∥eh∥ah
)

×
(
hmax∥∇z∥L2 + h2−n/pmax ∥∇pw(z − Gz)∥L2

)
.

Finally, using standard finite element approximation properties together with
the dual elliptic regularity estimate (4.10), we obtain

(A.6) ∥∇pw(z − Gz)∥L2 ≲ hsmax∥z∥H1+s ≲ hsmax∥eT ∥L2 .

Inserting the individual estimates for the terms in (A.4) into (A.3), and combining
the resulting bound with Lemma A.1 and (A.6) and ∥∇z∥L2 ≲ ∥eT ∥L2 , yields the
assertion. □
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