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Abstract

Firstly, for branched covering maps f: Y — X between smooth, separated schemes
of finite type over the integral ring O of a non-archimedean local field K, the ramifi-
cation divisor is found to coincide with the divisor of the Radon-Nikodym derivative of
the Radon measure associated with an algebraic differential form on Y against the pull-
back measure of one on X, both taking Borel sets of the space Y (Og) of Og-rational
points of Y as input values. Secondly, the ultracontractivity of semigroups generated
by Laplacian integral operators having a geodetic-distance-power kernel function is
proven, using heat kernel estimates for ultrametric operators on p-adic balls. Thirdly,
a series of p-adic Neumann Boundary Value Problems, depending on algebraic and
pluricanonical differential forms with poles on spaces X (O) coming from schemes is
formulated and solved, extending previous work of the author. These results are then
used to solve reconstruction problems on schemes: the divisor of a pluricanonical form
with poles with at worst log-terminal singularities, as well as Weierstrass points of
projective algebraic curves can be reconstructed via repeatedly finding weak solutions
of p-adic Neumann Boundary Value Problems.

1 Introduction

The use of p-adic integration in arithmetic geometry has been found to be helpful in study-
ing p-adic Hodge theory [19, [15], the wild McKay correspondence [32], or mirror symmetry
[T4], just in order to name a few recent instances of such applications, likely inspired by [3].
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Underlying such a method is an integral structure on the scheme at hand, and then mea-
sures induced by naturally obtained top differential forms are obtainable, as explained e.g.
in the recent article [10], and masterfully exploited towards arithmetic applications, as in [23].

This insight opens the door to applications of p-adic analysis on p-adic analytic mani-
folds, as has been in the recent focus of the author’s research [0, 9]. It belongs to the ongoing
project [8], from which the very recent formulation and study of p-adic Neumann Boundary
Value Problems in [7] takes upon itself applications aiming at extracting information from
p-adic analytic manifolds, in particular when these are given as the set of integral points
of a scheme defined over the integral ring of a non-archimedean local field K. The case of
branched coverings of projective algebraic curves over K studied in the end of this article
forms a bridge to early work on such coverings between Mumford curves [4, [5].

What this article aims at, is to widen the path connecting arithmetic geometry with the
analysis of p-adic stochastic processes and diffusion equations, cf. e.g. [33 24] 2, B1], also
by going deeper into all mathematical disciplines participating in this connection. This is
effected here by extending the scope of p-adic Neumann Boundary Value Problems, as found
e.g. in [1, 17, [7], to measures obtained by pluricanonical differential forms on a scheme on
the one hand, and by involving pullbacks of differential forms via branched covering maps.
In this way, methods from algebraic geometry become usable in translating pullback forms
into the language of measure and integration. The most visible such example is the Radon-
Nikodym Theorem which guarantees the existence of a distribution function g—” in order to
express one measure y with another measure v, as long as they are compatible with another.
This compatibility is called strongly continuous, and amounts to p-zero sets also being v zero
sets, and then the Radon-Nikodym derivative fl—z exists. This is played out when a measure
mod(wy) on a scheme 2), induced by an algebraic differential form wy), is expressible via
the pullback f*wy of a differential form wy on the the target scheme of a branched covering
morphism f: ) — X, times a function having the same zeros, including their multiplicities,
as the ramification divisor R of the covering map f. So, whereas in the algebraic description,

the extra summand R in the isomorphism
Ky=f*Kx+R

connecting the canonical divisor Ky with the pullback f*Kx, is not the divisor of a function
on 2), this is the case in the measure-theoretic description through the Radon-Nikodym
derivative

dmod(wy)
dmod( f*wy)

having its divisor equal to R. This is part of the first main result:

Theorem. The following statements holds true for the morphism f: ) — X:



1. The Radon-Nikodym derivative takes the value

_dmod(wy) [yl
dmod(f*wx) | frwsl|

for vy can-almost all y € P(Ok), where ) can is the canonical measure on 9 (Of).

, dmod(wy) \
div <dmod(f*wx)> =R

2. There is an equality

of divisors on (Ok).

3. The map
dmod(wy)

D(Ok) = R, y = dmod(f"wy)

is regular, i.e. does not contain any poles.

The next type of results are more general formulations of Neumann Boundary Value
Problems (NBVP) than in [7]. These involve a Dirichlet form associated with a Laplacian
integral operator

Aou(z) = / w0 ) () = uly) dmod()(y)

whose kernel function w(z,y) yields a graphon structure first on X(Og), and then for an
open subset @ C X(Og) a graphon-theoretic boundary

0wl = {y € X(Ox) \ Q| w(z,y) # 0}

and closure
cl, Q2 =QU,0,

together with a restricted kernel function

( ) U)(.T,y), xayECle
wo(x,y) = :
oy 0, otherwise.

The NBVP formulates itself as
Aqulg =0, Ns,auls,0=¢

for a given function ¢ € L*(cl,, 2, mod(w)), where

Ns,qu(z) = / w(z, y)(u(x) — u(y)) dmod(w)(y)



acts as the normal derivative for = € §,). During the course of the text, the measure
mod(w) will be replaced by measures associated with other differential forms, depending on
the context. The theorems are existence and uniqueness results for weak solutions of the
NBVP, extending the scope of [7, Theorem 5.6].

The final main result is a reconstruction theorem for a pluricanonical Q-divisor

s

div(w) = Z a;®;

=1

on a scheme X with poles, as long as the singularities are at worst log-terminal, via solving
series of suitable NBVPs weakly. This is done by detecting the volumes of the fibres of
the reduction map p: X(Ok) — X(F,), the orders a4, ...,a, € Q, and also the divisor D;
containing a given ball. All of this via weakly solved NBVPs. This result is followed by
extensions of the Closeness-to-Zero Theorem [7, Theorem 6.3] in order to detect Weierstrass
points on a projective algebraic curve, and then the Weierstrass points of a hyperelliptic
curve via its 2-sheeted branched covering coming from the hyperelliptic involution. Again
through weakly solved suitable NBVPs.

The following Section 2 introduces necessary preliminaries not already mentioned here.
This is followed by Section 3 which provides an overview on canonical measures and differ-
ential forms, including the results on the Radon-Nikodym derivative. Section 4 extends this
to finite, separable, dominant maps between separated, smooth Og-schemes of finite type.
Section 5 is devoted to the NBVP using algebraic differential forms. Section 6 concludes
with the final results stated in the previous paragraph.

2 Preliminaries

Analytic manifolds are defined over a non-archimedean local field K just like they are de-
fined over the real number field R, thereby taking into account that the transition functions
between overlapping charts are meant to be K-analytic, cf. [18, 25, 27, 30]. In order to be
able to construct integral Laplacian operators over their real- and complex- valued function
spaces, it was found useful to use a connected nerve complex coming from a suitable atlas,
which in the compact case can be assumed finite [6]. In order to be able to define an analogue
of geodetic distance (called p-adic geodetic distance), a Radon measure given by a nowhere
vanishing analytic differential n-form on the p-adic analytic n-manifold X can be used. In
the case that X is compact, then it is known that such a differential n-form exists, cf. [26],
Théoreme (2)]. What is to be kept in mind about the geodetic distance in the p-adic setting,
is that it is locally p-adic distance on charts, given by the maximum norm on K". If the p-
adic analytic manifold has an integral structure, as introduced e.g. in [I0], then the transition
maps between overlapping charts take balls to balls of equal radius. And that is very useful
for defining the p-adic geodetic distance, whereas in [0], this was done in the compact case



with the so-called equalising property of transition maps. Integral structures for this task
are used in [7]. In the case of an n-dimensional scheme X defined over the ring O of integers
of a non-archimedean local field K, with the property of being separated, smooth, and of
finite type, there is a natural structure of a compact K-analytic manifold on the set X(Ok)
of Ok-rational points of X. Furthermore, there is a canonical measure vx ¢, coming from a
nowhere vanishing differential n-form, and this Radon measure can be used, together with a
finite open covering of X (O ) having a connected nerve complex, to use the geodetic distance
in order to define distance-based kernel functions for p-adic Laplacian integral operators on
spaces of functions X(Ok) — C. Notice that X being an Og-scheme provides X(O) with
a natural Og-structure, from which most of the notions can be derived naturally. The only
exception is the atlas giving rise to a connected nerve complex. Its vertices are the open sets
from the finite covering U provided for by the atlas, and all other k-simplices are defined via
intersections of k overlapping sets in U. Paths in the nerve complex are defined in the usual
way, as it is a simplicial complex, and this allows to extend the notion of path to all of X(Ok),
as each face o in the nerve complex has an underlying open subset U, of X(Ok) covered
with sufficiently small p-adic balls, all contained in the set U,, now acting as the root of the
tree of balls contained in U,. The result is an infinite partially ordered set of balls and faces,
at whose boundary lies X(Of). The article [6] has a more detailed description of this concept.

Given smooth morphisms of schemes:
Y "-x-"-6 (1)

there is an exact sequence of quasicoherent sheaves

00— 1" Qe Qy /s Qy/x 0 (2)

cf. 29, Theorem 22.2.25] together with [29, Exercise 21.2.5]. Since determinantal line bundles
behave well in exact sequences, cf. [29, Exercise 13.5.H], it now follows that

wy /e = T Wr/e ® Wy x

where ZV is the dual of a line bundle .Z.

Here, we dare using the painfully sloppy notation for differential forms pulled back to
charts, in order for the reader to become more resilient. In particular, this is going to simplify
notation in many integrals. In [9, Remark 2.2}, it is explained how to properly read this often
encountered sloppy notation.

3 Canonical measures and differential forms

Let us summarise briefly the content of [23] Chapitre 1.2]. Given an Og-scheme X which
is separated, smooth, of finite type, and whose fibres are all of equal dimension n, observe



that the space X(Og) of Og-rational points of X is a compact K-analytic n-manifold, open
inside the algebraic variety X(K).

There exists a unique Radon measure vg,, on X(Og) such that for all n > 1 the fibres of

the maps
ks X(Ok) — X = X(0Ok /p")

all have measure ¢~*". This is known as the canonical measure on X(Og) and is nowhere
vanishing, cf. e.g. [30, Chapter 2.2|, where it is shown to come from a nowhere vanishing
K-analytic differential n-form, called a gauge form. As the K-analytic manifold X(Ok) is
compact, there always exists a gauge form on X(O), cf. [26] Théoreme (2)]. Its relationship
to the Haar measure pg» on K" is as follows: locally, on a Zariski-affine chart (4, ¢) of X,
it holds true that
Vcan’il(OK) = (b*NK”? ¢*Vcan|ﬂ(ok) = UK,

and this expresses itself on fibres of k; as

kn

¢" = Vean (K71 (Z)) = pucn (917 (7)) (3)
for x € X(Ok).

Remark 3.1. Let us remark here that what Serre proved in [20] is that compact p-adic
analytic varieties seem somewhat uninteresting, the only interesting quantity apart from their
dimension being the number of p-adic balls it decomposes into modulo (¢ — 1). However, it
18 extra structure unearthed from them which makes them much more interesting, e.q. them
being open submanifolds of algebraic varieties (like here), or through an integral structure
and a compatible atlas, cf. e.g. [6, 19,8, [10).

Let w be an algebraic differential n-form on the generic fibre X of X. It corresponds to
an analytic differential n-form on X(K), also denoted as w. By restriction it is an analytic
differential n-form on X(Ok). Now, for any x € X(Ok), the tangent space T, (X) identifies
with an Og-lattice in the K-vector space T,(X(O)), i.e. an integral structure as shown in
[10, Proposition 3.2.15] (where it is called R-structure for R = Of). The assignment

X(Ok) — Hom (/\ T.(X(0Ok)), K) ;T W),
where w(,) is the linear form induced by w, yields that the image

[ = W) (/\ Tx(%(OK))> CK

is a fractional ideal of K. Hence, the modulus

lw@)]| = [Jww|| = It (4)



of any generator ¢, € K of this fractional ideal [, depends only on [,.

Let mod(w) be the measure on X(Of), called the modulus of w. It can be written locally
on a given chart as

/U h(z) dmod(w(x)) = / W) g ()] |d] | (5)

where h € D(X(Ok)) is a test function, du(z) = |dz| is the Haar measure (as it appears in
integrals), and
wly = gu dx

a local representation of the algebraic differential n-form with gy a polynomial having coef-
ficients in K.

Then we have:

Theorem 3.2 (Oesterlé 1984). It holds true that

[ dmod@) = w0 [ @] dreae)

for any Borel set A C X(Ok).
Proof. Cf. [23] Theorem 2.4]. O

3.1 Laplacian Operators via Pluricanonical forms

Let
w €T (4 (W0,)"")

for some open subscheme i of X, i.e. w is an r-pluricanonical form on X with poles. It gives
1
rise to the measure mod(w)~ which on a local chart is of the form

dmod(w) " |y = |gu|" |dx]

for some meromorphic function gy on U. Assume that p: X — Spec(Of) is proper smooth
morphism of schemes and assume that

div(w) = Z aiCDZ-
i=1

as a Q-divisor is also a strictly normal crossing divisor (SNCD) over Og. The latter means
that all (reduced) irreducible pieces ©; with i € I = {1, ..., s} are smooth over O, and for
all = € supp(div(w)), the completion of the inclusion map

supp(div(w)) — X

7



(where the divisor support is viewed as a reduced closed subscheme) at x is isomorphic to
the inclusion

Spec (C/)\S,p(x)[[xl, o x)] /(2 1:0) — Spec (557p($)[[;1:1, . ,a:n]])

for some ¢ with 1 < ¢ < n, where S = Spec(Og), and n is the relative dimension of the
structure morphism g: X — S. That is a way of saying that, locally in x € supp(div(w)), the
local ring Oy, is regular, and there exists a regular system of parameters x1,...,z, € mx,
such that supp(div(w)) is locally cut out by the equation z; --- 2, = 0 in Oz, cf. [28 Def-
inition 41.21.1]. The passing to the completion in the present case preserves regularity [22,
Proposition 2.41], and the local presentation of these completed local rings as power series
rings in n variables for Noetherian Og-schemes is well-known in algebraic geometry.

A pluricanonical form w on X with poles yields a measure on X(Of) via

/mod % /|gU
U

on a chart U of X(Of), where w is given as

wly(z) = gu(z) (dzy A -+ A da,)®"

Since the structure morphism p: X — S is smooth of relative dimension n, it holds true that

O\f{,a: = O\S,p(x)[[xh v 7xn“

for x € div(w), and for any non-empty subset J C I = {1,..., s}, the closed subscheme
;=19
jeJ
of X is regular of codimension |J| in all its points, by the SNCD assumption, cf. |28 Lemma
41.21.2).

Define also
=%, 9;=9,\ |J 9,

JeNJ

Then we have a condition for the measure mod(w)% to be of finite value, in which case the
volume can be explicitly given:

Lemma 3.3. It holds true that
1 1 o q—1
mod(w)" (X(Ok)) = n Z 95 (F | H SN+t _ 1
ot 74

foray,...,as > —r.



Proof. [19, Proposition 3.5]. O

In the proof of [19, Proposition 3.5], we see also the following: let
k: X(Og) — X(F,)

be the reduction map, and let z € X(F,). Then the fibre volume

1,0y, 1 q—1
mod(w) (v '(2) = = ] PERTrE— (6)
q JjeI: 2€9; q

classifies the types of fibres the reduction map « has.
Write the divisor div(w) as
div(w) = V(w) — P(w),

where V' (w) is the Q-divisor of zeros, and P(w) the Q-divisor of poles of w. The assignment

X(Ok) \ supp(P(w)) — Hom (/\ T.(X(Ok)), K) ;T W)

i=1

where w,) is the linear form induced by w, yields that the image

o = W) (/\ Ta:(:f(OK)))

is a fractional ideal of K for x € X(Ok) \ supp(P(w)). The modulus
lw(@)]| = [Jww| = |t
of any generator £, of [, is well-defined and depends only on [, for z € X(Of) \ supp(P(w)).

Theorem 3.4. The Radon-Nikodym derivative

dmod(w)~
dVCaH
exists and takes the value
dmod(w)% : 1
it S - 1 -
2 ) = i ()]

for r >>0 and any x € X(Ok).



Proof. The differential form w is locally on a chart U C X(Og) of the form
wlU = gu dl’,

where gy is a rational function on U, and the canonical measure v.,, is given by an nowhere
vanishing analytic differential n-form we,,, locally on U of the form

wcan’U = hU dx

with Ay an analytic function on U. Let A C X(Ok) be a zero set w.r.t. Vea,, assumed to be
contained in a compact open chart U C X(Og). Then

0= Vcan / |wcan | _/ |h'U | |d3§'|

HKn (A) =0,
since |hy| is locally constant on U, and positive. It now follows that

mod(w % /|gU 3} prn(A) =0,

where the supremum on the right hand side exists in R, because it has an upper bound
given by Lemma [3.3] This shows that the Radon-Nikodym derivative exists.

Now, observe that locally on an open set V- C X(Of) \supp(P(w)), there is a presentation
w(r) = lydr = wy(er A+ ANey)

which implies

< [sup 90(2)
xelU

for the standard basis ey, ..., e, in each tangent space T, (X(Ok)) for z € V. In other words,
dw (s
l, = Z;)(el/\-~/\en) = gu(z),

if z € U for a chart U of X(Og). Then

/dmod«u)i:/|zz|i:/|gU<x>|i|dxr<oo,
A A A

_ @l
/Admod(w) = N |hU(J7>| d can( )7

since hy nowhere vanishing on U means that the Radon-Nikodym derivative

and it follows that

3=

chan

= |hy| ™

exists on U. Due to the finiteness of the Radon measure mod(w)+ on all of X(Ok), taking
limits to x € P(w) NU is now possible, and it follows that

)T 1 djugen
N () = lim 2 R
(@) = lim e = lim () g (2)

for z € U\ P(w) approaching x w.r.t. the geodetic distance d, defined in the following
subsection, cf. Lemma below. Using , this proves the assertions. O

10



3.2 Ultracontractive geodetic-distance-power Operators

Recall the definition of the geodetic distance dj on a p-adic analytic manifold X with an
integral structure A from [6]. It is defined via a fixed finite atlas A compatible with the
integral structure through paths passing through the nerve complex N(A). A face in the
finite simplicial complex N(A) corresponding to a unique compact open subset of X then
allows to define path length as the py-volume of the set corresponding to the path in N(A),
where pp is the Radon measure associated with the integral structure A. Minimising path
lengths then leads to the notion of geodetic distance dy. The effect of replacing the measure
fta with the Radon measure mod(w)r on X(Og) for r >> 0 is clarified in the following
Lemma:

Lemma 3.5. The function d,(x,y) defined like the geodetic distance dp(x,y) on X(Ok), but
with measure jipn = Vean Teplaced by the measure mod(w)%, 15 a distance function.

Proof. Assume that z # y in X(Of). The assertion now follows from the fact that d,(z,y)
is defined as the mod(w)%—measure of a clopen set containing x and y, and that the zero sets
w.r.t. to mod(w)r are of codimension at least one, and therefore not open. O

Lemma 3.6. The space (X(Ok),dy) is a separable, proper, B-reqular locally ultrametric
space for B =1.

Proof. The proof of [7, Lemma 5.1] generalises to this setting in the following way: First,
the geodetic distance d,, is ultrametric on each ball B C X(Og). Namely,

1
T

dy,(2,y) = mod(w)~ (z A y)

for x,y € B, where x A y is the smallest ball in B containing x and y. This implies

1
T

d,(z,y) < mod(w)r(x A z Ay) = max {d,(z, 2),d,(z,9)}

for x,y,2 € B. Hence, d, is a locally ultrametric distance on X(Of). Separability of
(X(Ok), A, mod(w)r) is clear, and properness follows from the fact that balls in (X(Ox), d.,)
are compact. In order to show [-regularity, present w locally on a chart (U, ¢) € A as

wly = gu dx

with some rational function gy on ¢(U) C K™. Since mod(w)+ is a finite Radon measure on
X(Ok) according to Lemma it follows that

1
sup |gu(z)|" < 0.
xelU

This means that for a ball B(x,r) C U, we have

(Bl 1) < sup 90 )| cn (B(B(x, 7))

mod(w)

11



As to a lower bound, let

F(z,r)={z € X(F,) |« (z) N B(z,r) #0} .
Then there exists a constant ¢ > 0 such that
1

mod(w)r (B(x,7)) = cmod(w)* (k~H(F(x,7))) > czergl(igﬂ mod(w)

(7'(2))

holds true. Since

for

as in @, we can now define

1
¢, =c¢ min C(z,r) C,= max su x))|
g, CEn P, Sp lov (9(z)

and obtain 1
Cotticn(B(z, 7)) < mod(w) (B(z,7)) < Copxn(B(z,r))

with the quantities ¢, C,, are positive and independent of x € X(Ok) and r > 0. Hence,
(X(Ok),d,) is p-regular for 8 = 1. This proves the assertions. O

Define the following Laplace integral operator on the function space D(X(Ok)) of locally
constant functions X(Og) — C:

3=

A%, u(x) = / w(z, ) (u(z) — uly)) dmod(w)* (y)
X(Ok)

with u € D(X(Ok)) and kernel function

«

U)(CU,y) - dw<x7y)_ )
where d,,(z,y) is the geodetic distance on X(Op), defined via the measure mod(w)r.

Theorem 3.7. Assume that o > 1. The semigroup exp (—tAgl/r) acting on the Hilbert

1

space L? <.’{(OK), mod(w)F) is ultracontractive with rate function

3 diam,, (X(0x))\
_ 1(1—w)
y(t) =Ct (1 + /e

for some C' > 0, and fort > 0.

12



Proof. The proof of [T, Theorem 5.6] carries over to this case, because again the heat kernel
estimate [13, Theorem 5.1] can be used due to Lemma [3.6] O

Remark 3.8. The proof of [7, Theorem 5.6] proceeds by constructing a heat kernel p,(zx,y)

for the operator. This procedure is what carries over also to the case of the Radon measure
1 . . . .

mod(w)r, here. It satisfies estimates leading to the rate function ~(t) fort > 0.

Corollary 3.9. Assume that o > 1. The operator A?, . is essentially self-adjoint with a
purely discrete spectrum. There exists a heat kernel p(z,y) for exp (—tAgl/T) acting on
L? (%(OK), mod(w)%>, and for every ty > 0, there exist ¢1,co > 0 such that

pi(w,y) — ! < cie
T mod(w) (X0 )| T

—cat

for all t >ty and mod(w)r-a.e. z,y € X(Ok).
Proof. Since, according to Lemma (3.3
mod(w)* (X(0k)) < oo,

the spectrum of A? is purely discrete, cf. [I1, Theorem 2.1.4]. This implies essential self-
adjointness. According to Remark [3.8] there is a heat kernel, and now the asserted inequality
follows from [16] eq. (18)]. O

In any case, eigenvalues for eigenfunctions supported outside the support of div(w) can
be explicitly given:

Proposition 3.10. The wavelets v with support on a small ball B(a) C X(Ok)\supp(div(w))
are eigenfunctions of A%, with eigenvalue

o= [ ) dmodw) )
X(0Ok)\B(a)

+ [mod(w)%(B(a»} -+ (—)m)
for a € R.

1
T

Proof. Since locally, the measure mod(w)~ is of the form

1
T d Vean

dmod(w)% lv = |gu

and the support of ¥ does not contain a zero or pole of the rational function gy, the proof
in |7, Proposition 6.1] carries over to this case, as long as |gy| is constant on supp(¢)). The
reason is that in this case, the vanishing integral

[ vl el =0
supp ()

can be guaranteed. O]

13



3.3 Separable maps and integral structures

Let f: %)) — X be a finite, separable, dominant morphism between Og-schemes which are
assumed separated, smooth, of finite type. The map f is generically étale with the generic
dimension being n. Assume further that wy and wy are algebraic differential n-forms on
the generic fibres X of X, and Y of ), respectively. Here, they are assumed without poles.
Again, denote the associated differential n-forms on X(Ok) and Y(Ok) as wx and wy, re-
spectively.

In this situation, the composed scheme morphisms of is thus:

29—~ % Spec(Ox), (7)

where the second map is the structure morphism. And the exact sequence of quasi-coherent
sheaves plays out as equivalences of line bundles or divisors:

WY /0K = frwx ®on o@ (R) ) (8)

in which the canonical line bundles appear, and where the relative one is Oy(R). The divisor
R contains the ramification information of the morphism f. Hence, the name ramification
divisor for R. The key property of is that R is effective:

Lemma 3.11. The ramification divisor R is effective.

Proof. This is well-known. A sketch of the proof is given here: the definition of R as
R= ) length(Qyx)p[P]
PeX of codim 1

obviously reveals the divisor R as being effective. However, it is by proving the isomorphism
(8) which makes its effectivity effectively meaningful. For this, the exact sequence ([2)) yields,
via taking A", the isomorphism

w@/OK =t f*wx/OK (2 det(Q@/x) s

because that exact sequence is one of locally free sheaves of finite rank on a scheme, cf. [22],
Corollary 4.2]. By smoothness of the morphism f, the latter equals

det(Qx/y) = wy/x

and the isomorphism now follows from Duality Theory, cf. 22 Chapter 6.4]. O
Proposition 3.12. The following Radon-Nikodym derivative
dmod(wy)
dmod( f*wy)

exists, and is of the form
dmod(wy)  dVy,can

dVy can  dmod(f*wy)

on Y(Ok), where the canonical measure on Y(Ok) is denoted as Vy can-

14



Proof. This is the chain rule for Radon-Nikodym derivatives, and is valid if
mod( f*wx) << Vy,can << mod(wy)

holds true, where v << 1/ denotes strong continuity of the measure v with respect to the
measure 1.

The first strong continuity relation is seen as follows: let A C 2 (Ok) be a Borel set with
VY,can<A> = 0

Hence, as in the proof of Theorem , it follows that pugn(A) =0, and thus

(*)
J 1t = [l e @l layl < e lov()] e (4) =0,

where the inequality (x) follows in this way: first, since f is a morphism of Og-schemes, it
holds true that
|det(T, f)] =1

for vy can-almost every y € 9(Of), i.e. more precisely, in the locus of f being étale. Next,
the map

y = |gu(f(y))]

is continuous on the closed-open chart V' in the compact (O ) and containing A, where U
is a chart in X(Of) containing f(V'). This proves mod(f*wx) << Vy.can-

The second one is seen as follows: let A C P(Ok) be a Borel set, contained in some
closed-open chart U, and such that

/Admod(w@) =0.

Then
0= / ()] = / @) ldy] .

Wyl = gu dy

for the chart U of 9 (O ) containing A. The set U being a compact subset of 9 (O ), observe
that the map

where locally

U—=R, y—|gvy)

is continuous, and thus takes a minimum m (and maximum) on U. Hence,

0= / dmod(wy) < mpu(A) <0

implies that p(A) = 0 for the Haar measure g on K™. But this clearly implies that vy can(A4) =
0, again by compactness of U. Hence, vy, can << mod(wy).
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By the Radon-Nikodym Theorem, it now follows that both derivatives

dmod(wy) dVy can
AVycan  dmod(f*wyx)

exist, and the assertion follows by the chain rule for Radon-Nikodym derivatives.
Theorem 3.13. The following statements holds true for the morphism f: ) — X:

1. The Radon-Nikodym derivative takes the value

dmod(w@)( _ lwy (@)l

dmod(frwe) " T [frwx()]

for vy can-almost all y € P(Ok).

. dmod(wy) \
div (m) =R

2. There is an equality

of divisors on Y(Ok).

3. The map

dmod(wgy))
D(Ok) = R, y— Wf"f)x)(y)

15 reqular, 1.e. does not contain any poles.
Proof. 1. In Oesterlé’s Theorem [3.2] it was shown that

dmod(wy)

dVY,can

= u(Ok)" lwyll

and in Proposition |3.12] it is shown that
mod(f wx) << Vy.can -

So, the analogous Oesterlé formula

dmod( f*wy)

— O n *
= 1Ox)"
also holds true, and thus yields, together with the chain rule that

dmod(uy) _ dmod(uy)/dvem iyl
dmod(f*wy)  dmod(f*wx)/dVycan || [*wxl’

as asserted.
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2. The isomorphism (§) takes the differential form wy(y) on P(Ok) to one which locally on
a chart U of 9 (Ok) has the form

gu(W)wx(f(y)) -

By taking the corresponding measures on (O ), one now sees that

dmod(wy) = |gu(y)| dmod(wx)(f(y))

on U. Hence, the Radon-Nikodym derivative equals

dmod(wy)

on that chart. By taking a cover of 2)(Og) with charts, one obtains the equality of divisors.
3. This follows immediately from Lemma and by the equality of divisors in 2. O]

Remark 3.14. Notice that the Radon-Nikodym derivative associated here with the ramifi-
cation divisor of a branched covering is an actual function, albeit real-valued. On the other
hand, the ramification divisor itself is not the divisor of a K-valued function, as in general,
it 18 a positive divisor.

4 Point Detection via Neumann Boundary Value Prob-
lems

Each of the following detection tasks on X(Ox ) are to be addressed via a NBVP methodology:

1. Detect the closed subschemes ®; as well as their orders a; € Q which constitute div(w).

2. Detect on which class of fibre of the reduction map x, given by @, a given ball is
located.

Given an open Q C X(Ok), write down the Dirchlet form:

Earapann) = [ [ () (40 - 0) (w0) - o)
- dmod(w)~ (y )dmod( )r (z)

with the Laplacian integral operator

1
T

A qu(T) Z/%(O )wa(x,y))(U(w) u(y)) dmod(w)~ (y)

with the kernel function

(2,9) w(zr,y), ,y € cl,
wo(x,y) = ,
oy 0, otherwise,
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with, in the present case,
(0%

’lU(SL’, y) = dA(xv y)_
fora>0,and w e (Ll, (Qz/oK)@)T) for an open subscheme 4 C X and r >> 0.

Remark 4.1. Notice that, due to the non-locality of the kernel function w(x,y), it holds
true that
Clw Q= %(OK) R

but we nevertheless remain with the viewpoint of a graphon-boundary:
0,02 =X(0K) \ Q,

in the present case, it is simply the complement set of ). This plays out in future consider-
ations of non-local operators.

In [7], a global section of the analytic structure sheaf of a compact p-adic analytic manifold
X was used in order to include zeros in the Radon measure, like this:

vg(z) = |g(z)| |w(z)]

with x € X, the function g: X — K regular analytic on X, and w a nowhere vanishing
differential n-form, where n € IN is the dimension of X. However, in the algebraic setting,
there are quite often not enough global sections of the structure sheaf of a projective alge-
braic variety. E.g. the projective line P} allows only constant functions without poles. That
is why in the algebraic setting, poles are not excluded from the considerations.

Define the Neumann Boundary Value Problem (NBVP) for (¢, Q;w) as:
Agl/Tu|Q == 07 Nwl/r75wQu|5wQ == ¢, (].0)
where u € dom(&,1/r o, ), and
¢ € L2 <6wQ, mod(w)%>

yields the boundary condition.

4.1 Green kernels
The Green function for Agl s is defined as
Gurloa) = [ (o) - ! i
0 mod(w)+ (X(Ok))

where p;(z,y) is the heat kernel associated with Agl - For a > 1, we will show that it exists
at least in the distributional sense.

18



First notice that
A%, D(X(Ok)) — L (ae(oK), mod(w)%>
is a symmetric operator for r >> (0. The Friedrichs extension of the Dirichlet form

& wl/r 1= & wl/r

clyw ©

exists, because it is defined via an operator. This then provides for a closed operator
A%, extending A%~ which is compact, self-adjoint on the closed subspace dom(€,u/r)

of L2(X(Ok), mod(w)7) for a > 1. Details of this approach, which uses Rellich’s Theorem,
can be found in [20, Chapter VI].

Definition 4.2. The operator Agl s 45 called a Dirichlet Laplacian on the p-adic analytic
manifold X(Of).

Lemma 4.3 (w-Co-area formula). Given a function f: X(Ok) — R, and the set
O ={r € X(Ok) | f(x) >t}
for each t € R, the following equality

1
T

// (2.9) | f(z) — f()] dmod(w)? (z) dmod(w)* (1)

/ // w(z,y) dmod( )%( ) dmod(w)

OQt

Sl

(y) dt

holds true.

Proof. We generalise the proof of [12 Lemma 3.4] to the present setting. Define for (z,y) €
X(Ok)?, such that w(z,y) > 0, the interval

Tay = [f(2), f(¥)),

where it is assumed that f(x) < f(y). This is not an issue, because w(z,y) is symmetric.
Next, observe that
(2,y) € 0l & t € Iy .

Namely,

(2,y) €0 & 2€6,2, ye & f(x)<t, fly) >t & t€lyy.
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Now,

[ wi.y) dimod(w)t (@) amodo)t ()
Ow
// w(z,y) | (2| dmod(w) % ) dmod(w )%( )
/// (2.9)11,, (1) di dmod(w)* (z) dmod(w)  (y)
/ // w(z,y)1y, () dmod(w)” (x) dmod(w)~ (y) dt
x(oK
:/ //w(x,y)dmod(w)i( ) dmod(w) (y) dt ,
Ow 2t
as asserted. O
Define the quantity
ff w(z,y) dmod(w)~ (z) dmod(w)7 ()
hy = inf ; )
0<mod(w) " (A) <L mod(w) ¥ (X(Ox)) mod(w)r (A)

S =

called the Cheeger constant of the graphon (%(OK), w, mod(w)

).

Lemma 4.4. Let f: X(Og) — Ry such that

mod(w)- ({z € X(Ok) | f(z) > 0}) < émod(w)i(ae(OK)).
Then
/ / w(z, 1)1 £(@) — f(y)] dmod(w)* (z) dmod(w)* (y) > h, / £(z) dmod(w)? ()
X(0Og)? X(Ok)
holds true.

Proof. This is an adaptation of the proof of [I12, Lemma 3.5]. From the w-Co-area formula

(Lemma [4.3)), see that
/ / £.) |£(z) = f()] dmod(w)? (z) dmod(w)

x(0x)?
> / / / w(z,y) dmod(w)?

Ow At

1
T

(v)

=

1
T

() dmod(w)* (y) dt .
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By assumption,

mod(w)r (€) < %mod(w)i@(OK))

for all ¢ > 0. Hence,

//w(m,y) dmod(w)%(:c) dmod(w)%(y) > hy mod(w)%(Qt),
B
and thus
/ / w(z,y) |f(x) = f(y)] dmod(w)+ (z) dmod(w)+ (y) > he /0 h mod(w)~ () dt .
X(Og)?

Now, z € Q, for t > 0 is equivalent with ¢ € [0, f(z)). Hence,

/Ooomod(w ¢)dt = //Qdmod v () dt
/ /OK Lo.s(a (£) dmod(w)* () dt

/OK/ Lio, f(2)) (t) dt dmod (w );()
_/wmf( v) dmod(w)* (@),

from which the assertion follows. O]

The Rayleigh quotient for an integral Laplacian operator L with kernel function w(z, y)
on L*(E, u) for some topological space E is defined as

(Lf, )
(£, 1)

where f € L*(E, ), and (-,-) is the inner product on L*(E, u). In the case of the operator
A?,,,, the Rayleigh quotient is denoted as

Ro[f] := Rul[f]

for f: ¥(Ox) — C an L2-function w.r.t. mod(w)r. The Rayleigh quotient belonging to an
operator using a kernel function w(z,y) restricted to a measurable subset A x A C E' x E
will be denoted as

Rw[f] =

Rylf), Ralfl, RiLSL,

where in the second case, it is the operator A%, being restricted, and in the third case,

A = supp(¢)
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for some L*-function ¢. For a function f: X(Of) — R, define

fole) = {f@:), f(2) >0

0, otherwise

as the positive part of f. The Cheeger constant of the graphon structure on X(Og) deter-
mined by w(z,y) = d,(z,y)~* will be written as

ha = hw )
and for the subgraphon induced on supp(¢), its notation is

he .

where « is to be taken from the range [0, 00).

Lemma 4.5. Let ¢ be a real-valued eigenfunction of the operator Agl/r with o« > 0. The
following inequality

(hg)?
2mod(w)7 (supp(¢))

RY64] >
holds true.

Proof. We need to show that

/ / 164 (2) — 6 (y)[* dmod(w)
supp(¢)?
(hg)Q 2 %

g /Supp(¢) 61 (2)? dmod(w)* ().

1 1
s T

() dmod(w)~(y)

>

Since we can assume that

1
T

mod(w) " ({¢s+ > 0}) < %mod(w) (supp(9)) ,

as otherwise ¢ — —¢ leads to this inequality. Hence, Lemma [£.4] implies

1
=

/ / |64 (2)? — 64 (4)?| dmod(w)* () dmod(w)* () (11)

supp(¢)?

>h) [ @) dmod(w) @) (12)

supp(¢)
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Now,

/ 64 (2)? — 64 (1)%| dmod(w)* (x) dmod(w)* ()

supp(¢)2
/ 164 (2) — 64 (4)] [64(2) + 64 (3)] dmod(w)? (z) dmod(w)* (y)
( // (64 (x 2 dmod(w)* (z) dmod(w)* ()
supp(¢)?
/ / (64(2) + 61 ())? dmod(w)* () dmod(w)* (y >)
( / 64 () — 64 ()| dmod(w)* () dmod(w)* (4)
/ (64 ()2 + ¢4 (1)2) dmod (w)* (x >dmod<w>i<y>)
supp(¢)2
(2mod * (supp(6 / / 194(2) = 64 (y)]* dmod(w)? (2) dmod () (y)

[ ol amode? <x>> g

where (k) is the Cauchy-Schwarz inequality. Inequality now implies
e / 6. (x) dmod(w)? (z)
supp(¢
</ / 6 (2)? — 64 (1)?] dmod(w)" (z) dmod(w)’

supp(¢)?

1

(y)

[NIES

(mod Houpp(e)) [ [ [6+(a)? - 64(0)] dmod(w)’ (x) dmod()? v >)

supp(¢)?

| (/suppw) ¢4 (x)? dmod(w) " (33)) : |

Squaring now allows to see the validity of the assertion.
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Lemma 4.6. It holds true that

Ral6] 2 gmod()? (supp(9))' .

where ¢ is as in Lemmal[].8, and o > 0.

Proof. We have )

Ra[¢+] > mod(w)7 (supp(¢)) *Rg[¢-].

Namely,

// (2,5)" |64 (z) — 64 (1)]? dmod(w)* () dmod(w)* (y

x(0x)?

// o(2,9)[64(2) — 6 ()] dmod(w)* () dmod(w)

supp

> mod(w)* (supp(¢ / 16:4(2) — 6+ ()2 dmod(w)

Supp

-

Hence, using Lemma [£.5] it follows that
(h3)?
2mod(w)+ (supp(¢))

1
T

Ru[¢+] > mod(w)r (supp(¢))

Since

the assertion now follows. O

Proposition 4.7. Let ¢ be a real-valued eigenfunction of the operator Agl/r with eigenvalue
Ag, and let « > 1. Then there exists C' > 0 such that

s qn(k—l)(a—l) q— 1 s(1—a)
¢ - 8 q(amin/r)"l‘l — 1 )

where
Umin = min{aq, ..., as},

¢ s any non-constant eigenfunction of Azl/r, and where supp(¢) is contained in disjoint
union of as few copies as possible of a ball of largest possible Haar measure in K" equal to
¢ "%, where k € 7.

Proof. First, we show that
)‘¢> > R, [¢+] :

24



Namely,
Mol 04) = (A% 6,6..)
=5 [ Al 60 = 6 (64(0) — 62 (1) dmod ()

X(0k)?

1
T

3=

() dmod(w) (y)

Since
PP = ¢,

we have
(0(x) = oY) (P4 (2) — D1 (y) = (D1 (2) — b4 (y))*.
It follows that

<Aw1/r¢, ¢> > <Aw1/T¢+7¢+> _ <Aw1/"¢+7¢+> — R [¢+]

(9, 04) (9, 04) (04, D4)

Using Lemma 4.6, we can now see that

Ay =

Ao 2 gmod() (supp(6)' "

Since each fibre volume satisfies
1, _1/= —n q— 1 ’
mod(w)r (k™ (%)) < q QT —1 )

set C > 0 as
C =N

with N the number of copies of Haar-largest possible balls disjointly covering supp(¢). This

then leads to ()
C k q _ 1 S —Q
~“onk(e=1) (4~
Ap = 3 q (q(amin/r)Jrl _ 1> :

The constant C' > 0 can be bounded as follows: notice that we have
N <q",
since otherwise, the ball whose copies are used for covering supp(¢) is not maximal. Hence,
C =g,

and the asserted inequality now follows. O
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Corollary 4.8. The spectral gap A1 of AZ,,, satisfies

\ qn(Mfl)(afl) q— 1 s(1—a)
1 8 q(amin/r)“!‘l — 1

for a > 1, where ¢~™M" for some M € 7 is the Vean-volume of the Vea-largest ball inside

v

Proof. This is an immediate consequence of Proposition in light of equality . O]

Corollary says that the spectrum of A%, is discrete for a > 1. This means that the
heat kernel can be expressed as

= e Mo(x)o(y)
¢
for z,y € X(Ok), and where ¢ runs through an orthonormal basis of

L2 (x(oK), mod(w)%>

of eigenfunctions of Agl /- From Proposition it follows that

1-a) -1 s(a—1) oo
1 q —nk(a—1)
Z )\ (q(amin/r)Jrl _ 1) Z m(k)q ) (13)

k=M

where m(k) is the number of eigenvalues A4 in the interval

qn(k—l)(a—l) q—1 s(1—a) an(a—l) qg—1 s(1—a)
8 glamin/T+T 1 T8 \glemn/MHD) — 1] '

Hence, in order to prove that

Gorlzy)= Y A'é

¢: >\¢>0

for x,y € X(Ok) is a well-defined function of some sort, some knowledge about the asymp-
totic behaviour of the quantity m(k) for k& — oo needs yet to be obtained. In any case, we be-
lieve the eigenvalue multiplicities of A%, for @ > 1 to be bounded. Using , this would im-

ply the existence of the Green function as an L2-function on (X(Ox )2, mod(w)+ A mod(w)7).

Nevertheless, the Green kernel G 1/» can be shown to exist for a > 1 via viewing the

integral
. 1
oo = [ (mten - i ) @
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as a distribution, and this can be used for solving the NBVP .
Define the following space:
N ={uedom(€ /) NL°(X(Ok)) | Ayiru € L=(X(0k))},

and similarly as for the case of a measure obtained from a nowhere vanishing analytic n-form,
one can prove that N is dense in dom(E,,1/»), cf. [7, Lemma 4.5].

Theorem 4.9. Let Q C X(Ok) be open, and let ¢ € L>(6,,82) such that

¢(r) =0

02

Let w be a regular Og-algebraic differential form on ). Then the NBVP (@ with
¢ € L>®(0,9, mod(w)) has a unique solution u € dom(€, q) such that

/& uly) dmod()(s) = 0

and

u(z) = / 0)Gealr.) dmod(w)(y).

Then the following statements hold true:

1. There is a unique function u € L>(X(Ok)) that weakly solves the Neumann Boundary
Value Problem for (¢,2), and satisfies

1
T

/ Qu(x) dmod(w)r(z) =0.

2. This function satisfies

u(z) = / Gl )oly) dmod () ()

for all x € 0,,€).

Proof. The proof of [7, Theorem 5.8] carries over to this case. It uses the density of N in
dom(gwl/'r)- D
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4.2 Detecting the divisor of the differential form

The searching task here presumes, in particular in the higher-dimensional case, that the sim-
plicial complex structure given by the divisor of the differential form in question is present
in order to “guide” searchers along the poset structure of its faces, but without (explicitly)
revealing one’s position in it. In the case of dimension one, treated in the last two subsec-
tions, this plays out only in the task of detecting which one of the points one is or is not
coming closer to when sampling different p-adic balls with wavelets supported on them for
using them as boundary conditions of a Neumann Boundary Value Problem.

The following specialisation of will be chosen:

Q=Q,r=X(0k) \ (Bg(z) Usupp(div(w)), (14)
0w = By(z) Usupp(div(w)),
O(x) = V¥By(2),5(2)

where By(z) C X(Ok) \ supp(div(w)) is a ball centred in a of canonical (i.e. w.r.t. Vean)
volume ¢"*

Theorem 4.10. Solving the NBVP (@) under specialisation weakly for lots of increas-
ing k € N detects the volume of the fibre k='(2), the corresponding orders aj,,...,a;,,, as
well as the set of possible smallest closed subscheme Dy;, . ;. .y containing Z for a € X(Og),
and finally the divisor div(w).

Proof. Since the eigenvalue Ay, of ¢ is of the order of the second summand of the formula in
Proposition m, it follows that sampling weak solutions u of under specialisation ([14])
for increasing sufficiently large k£ € IN, and then taking the logarithm of ||u||_ with basis ¢
allows to estimate the offset

m

nay  (log (¢ — 1) —log,(q — 1))

i=1

which immediately yields the fibre volume.

Taking enough samples as above for z € X(Ok) in sufficiently many “areas” of the
manifold X(Ok) yields a system of “almost” linear equations containing the a;’s on the left
hand side, and the ball volume values on the right hand side. The number of different
equations possible is 2°; for the parameters aq,...,as. Since the maximal possible rank of
this approximately linear system is the number of distinct values of the a;’s, taking enough
samples z € X(Og) \ supp(div(w)) with coverage of enough faces of the intersection complex
associated with div(w), yields a set of approximate linear equations with this rank. This
yields the values of aq,...,a, € Q.

Having established the knowledge of the a;’s, the question of where on the intersection
complex a given ball By(z) is taken from, can now be answered as follows: The volume
of By(z) can now be obtained with various sets of a;,,...,a;, with sets {ji,...,jm} of
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varying size. Collect all of these sets into a set Ky. Now, sample a ball of equal size from
a neighbouring face in the intersection complex. This amounts to either adding an a; to, or
subtracting an a; to these sets. Collect all the new possible subsets of I in a new set K, and
discard from K all sets which do not have a counterpart in K; be either adding or removing
an element. Do the same with K;. Now sample a ball of equal radius from a neighbouring
face to the previously sampled ball, and collect all the possible subsets of I in K,,;;. Remove
from K, any set which does not have a match in K, by adding or removing an element.
Likewise with K, ;. From there backtrack all previous sets K, ..., K, by removing items
not forming edit-neighbour pairs. Eventually, K, has a minimal size. We need to prove that
the minimal size of 1 is attainable, and this then yields the position of the initially sampled
ball By (z) in the intersection complex.

The divisor div(w) is built up by attaching to the known values of a4, ..., a, the fibres of
all points of the reduction D (IF,), taking into account the faces of the intersection complex
they are attached to. These are not known per se, but two fibres belonging to the same face
can be reached by a trivial path on that simplicial complex. O

4.3 Detecting Weierstrass points
Here, and in the following subsection, the algebraic differential form may have zeros, but no

poles.

Let X be a projective algebraic curve over O with g > 2 its genus. For each point in
X(Ok) take a local coordinate z, and let ¢q(z)dz, ..., ¢4(2)dz be a local presentation of a
basis of algebraic differential 1-forms on X. The following determinant:

61(2) ¢i(z) ... ¢ (2)
W(z)=det| o
b0(2) Gy(2) .. o
is the Wronskian of {¢1(2),...,¢4(2)} in a local neighbourhood of z. The order of vanish-

ing of a point z in the zero set of W(z) is called the weight of z. This is important for
characterising Weierstrass points of the curve X. These are points P € X for which

i.e. for which there exists a meromorphic function on X having a unique pole in P of order
at most g.

Lemma 4.11. A point x € X(Ok)is a Weierstrass point if and only if the Wronskian W (z)
in a local neighbourhood of x € X(Ok) vanishes at x.

Proof. [21, Proposition 11.1]. ]
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The Wronskian characterisation leads to a direct application of closeness to zero Theorem
[7, Theorem 6.3]. Namely, let

dvw (z) = [W(z)| dvean(2)

be a measure on X(Og) which incorporates the Wronskian locally in x € X(Ok). The
Dirichlet form:

wanlnn) =5 [ [ i) () - 0)) (0) — v(0) do ) e ()

is associated with the following Laplacian integral operator:

A% qu(z) = / walz, y)(ulz) — u(y)) dvw (y)
X(Ok)

with kernel function
w: X(Ok) x X(Ok) = R, (z,y) = dp(x,y)™

for a > 0.

Let us formulate a NBVP suitable for detecting Weierstrass points on X(O): let ¢ €
L*(6,9Q, vw). Then u € dom(Eyq,, o) is a weak solution of the NBVP (15)), if

<ACI/¥V,QU7 U>L2 - 07 <NW,5wQu7 U>L2 - <¢7 U>L2 (15>
for all v € dom(Ewe1, o) supported in Q and in 6,2, respectively. Recall the condition
/ ddy =0 (16)
F)

necessary for the existence of a weak solution, cf. [7, Proposition 4.4]. This allows for using
the specialised choices:

Q=Q,r=X(0k)\ (Bgla) UV(W), Bi(a) C X(Og) \ V(W)
0w§2 = Bi(a) UV(W),
¢(2) = Vpa)(2)
where the latter is a wavelet on X(Og) supported in By(a), and having parameter j € IF,.

We assume that the support B(a) of ¢ is small. In this case, the necessary condition is
satisfied, cf. the proof of [7, Propositon 6.1].

Theorem 4.12 (Closeness to Weierstrass Points). The norm |[ul| . of the weak solution
u € dom(Ewa, a) of the Neumann boundary value problem informs for varying a €
X(Ok) \ V(W) about whether or not a is approaching some Weierstrass point of X(Ok) of
weight v > 0.

Proof. This is an application of [7, Theorem 6.3]. ]
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4.4 Weierstrass points on hyperelliptic curves
A hyperelliptic curve is endowed with a covering map of degree 2:
I S

given by the hyperelliptic involution.

From the algebraic Radon-Nikodym theory in Theorem [3.13| we have
dmod(wy)

H("‘x H
d *
d(L*VIpl,can) (L VIPlﬁan)

B HL*VIPl,canH

dmod(wy) =

d (L*VIPl,Can) 5

where vp1 ¢,y is the canonical measure on P!(Og). Notice that, according to Corollary ,
Statement 2., that the zeros of the Radon-Nikodym derivative

dmod(wy) B ||lwz]|

N dmod(L*lel,can) B HL*lel,canH

coincide with the ramification points of the covering map ¢. In particular, this function is
without poles on the curve X(Ok).

The Dirichlet form
) =5 [ [ (o) () = 00)) (00) = o) s an(1(5) s conlo(2)

for Q C X(Ok) open comes from the integral Laplacian

Do) = [ wnle,)u(e) - u(w) e (1(0)
X(Ok)
and gives rise to the hyperelliptic NBVP:
(A ou, /U>L2(Q7L*V]P1,Can) =0, <NL*dZ76wQu7/U>L2<(5wQ,L*V]P17(:an) = (¢, v) 2 (17)

with ¢ € L* (cl, Q, t*Up1 can ), and weak solution u € dom(€, ). Here, the specialised choices
have this form:
Q=Qr=%X(0g)\ (V(F)U Bg(a)), Bi(a) C X(Og) \ V(F),
0,0 = B(a) UV (F),
¢(x) = ¥p(a),;(z)
with j € I, the wavelet parameter.

Theorem 4.13 (Closeness to Hyperelliptic Weierstrass Points). The norm ||ul|., of the
solution u € dom(&, ) of the Neumann boundary value problem informs for varying a €
X(Ok)\ V(F) about whether or not a is approaching a Weierstrass point of the hyperelliptic
curve X(Ok) of weight r > 0.
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Even if one can view this as a Corollary of Theorem [4.12] the proof here is going to use
the hyperelliptic cover ¢: X — Pk

Proof. The Weierstrass points of a hyperelliptic curve are given by the zeros of the ramifi-
cation divisor of the map ¢. This ramification divisor which coincides with the zeros of the

Radon-Nikodym derivative
dmod(wy)

d (L*VIP17can)

according to Theorem Statement 2. The assertion now follows from Closeness to Zeros,
cf. [T, Theorem 6.3]. O
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