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ABSTRACT

Compressible, magnetized plasma flows pervade astrophysics, from stellar winds to planetary magnetospheres and the
interstellar medium. Their high-fidelity simulation at scale is limited by the non-local operations that conventional
solvers require for flux reconstruction, gradient and stress evaluation, and magnetic-divergence control, which bottleneck
communication on heterogeneous supercomputers. We present a novel class of fully local Lattice Boltzmann Method
(LBM) schemes for compressible magnetohydrodynamics (MHD) in which all non-linear operations are point-wise. The
approach exploits the kinetic structure to transport each state variable of the Strang-split conservation laws alongside its
characteristics, recovering the compressible macroscopic fluxes, gradients, and viscous stresses through local relaxation
rather than finite-difference stencils. Divergence control enters as a local source term within the same kinetic update, with
no separate global solve. The formulation is partial-differential-equation agnostic and encompasses hydrodynamic limits
such as the compressible Euler and incompressible Navier-Stokes equations. We discretize both ideal compressible and
resistive incompressible MHD, and validate the scheme across multiple resolutions against the canonical astrophysical
MHD test suite: the Brio-Wu shock tube resolves compound waves and slow-fast shocks, the MHD rotor captures strong
torsional Alfvén waves, and the Orszag-Tang vortex reproduces current-sheet formation and the transition to MHD
turbulence. Implemented in the performance-portable framework OpenLB, the scheme reaches up to 98.9 percent of
the hardware roofline on GPU. Finally, as a capability demonstration, we simulate a rotating, surface-resolved magnetized
body modelled after 16 Psyche in a supersonic early solar wind, yielding an emergent bow shock, flux-rope magnetosheath,
and reconnecting magnetotail.
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1 INTRODUCTION

Most of the baryonic Universe is a magnetized, compressible
plasma, and its large-scale dynamics are well described in the
magnetohydrodynamic (MHD) limit, in which the Navier-Stokes
and Maxwell equations couple through an electrically conduct-
ing fluid (A. A. Schekochihin & S. C. Cowley 2007; J. M. Stone
2011). MHD flows shape systems across astrophysics, from the
solar and stellar winds and the bow shocks of planetary magne-
tospheres to the turbulent magnetized interstellar medium and
accretion flows around compact objects. Capturing them at high
fidelity is computationally severe. Beyond the strong non-linear
coupling, the wide reconstruction stencils and characteristic de-
compositions of conventional finite-volume MHD, together with
the auxiliary operations needed to control the magnetic diver-
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gence, all entail substantial neighbour communication. As de-
mand for resolution grows, it is increasingly this non-local data
movement, rather than arithmetic, that bottlenecks simulations
on modern heterogeneous high-performance-computing (HPC)
architectures (S. Williams, A. Waterman & D. Patterson 2009;
D. Unat et al. 2017). The Lattice Boltzmann Method (LBM) of-
fers an alternative whose algorithmic profile is well matched to
this constraint, decomposing the update into a perfectly parallel,
point-local collision step and a neighbour-local streaming step (T.
Krueger et al. 2017). While uniquely suited to massively paral-
lel execution, extending standard scalar LBM to complex, high-
Mach-number multiphysics introduces severe numerical chal-
lenges. G. Wissocq, Y. Liu & R. Abgrall (2025) notes that re-
covering the correct macroscopic fluxes often requires complex
Hermite expansions or excessive artificial dissipation that com-
promises physical accuracy. To circumvent these limitations, F.
Dubois (2014) and later G. Wissocq et al. (2025) introduced the
vectorial LBM (VLBM), which assigns a distinct set of distribu-
tion functions to each variable of the macroscopic state vector.
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Building on this, and inspired by the unified kinetic schemes
of C. Liu & K. Xu (2017), H. Grad (1949), and H. Struchtrup &
M. Torrilhon (2003), our approach treats the fully evolved equa-
tion system directly at the mesoscopic level. Instead of relying
on non-local finite differences to approximate spatial derivatives,
we apply Strang splitting in time (G. Strang 1968) and explicitly
transport the state variables of the conservation equations along-
side their characteristics. This yields a unified kinetic scheme
capable of natively solving a wide range of transport equations,
including the fully compressible Euler, incompressible Navier—
Stokes, and linear Navier-Cauchy systems, as demonstrated by O.
Boolakee, M. Geier & L. De Lorenzis (2025), and the compress-
ible Navier-Stokes-Fourier equations (F. Bukreev, A. Kummerlidn-
der & M. J. Krause 2026). In this work, we develop this class of
schemes into a solver for astrophysical MHD. The formulation is
fully local: the compressible fluxes, the magnetic field gradients,
and the viscous stresses are all recovered through point-wise ki-
netic relaxation rather than finite-difference stencils. Magnetic-
divergence control is handled in the same spirit, entering as
a local source-term correction (K. G. Powell et al. 1999) with
the divergence read from the locally evolved field gradients, so
that no separate elliptic or global solve is required. To assess
accuracy, robustness, and shock-capturing fidelity, we validate
the scheme against the standard astrophysical MHD test prob-
lems. The Brio-Wu shock tube, applied for instance by H. Huang
et al. (2024), probes the resolution of compound waves, slow-fast
shocks, and non-equilibrium kinetic effects at sharp interfaces.
The MHD rotor, used by P. Londrillo & L. Del Zanna (2000) and
E. Gaburov & K. Nitadori (2011), tests the handling of strong
torsional Alfvén waves and rapid rotational discontinuities. The
Orszag-Tang vortex, analysed by J. M. Stone et al. (2008) and P. J.
Dellar (2013), evaluates fidelity in capturing magnetic reconnec-
tion, current-sheet formation, and the transition to MHD turbu-
lence. Finally, we apply the scheme to a fully three-dimensional
plasma-body interaction: a magnetized, rotating asteroid em-
bedded in a supersonic early solar wind, in which the bow
shock, magnetosheath, and reconnecting wake are resolved to-
gether with the moving solid boundary and its remnant magnetic
field.

The scheme is implemented in the OpenLB software li-
brary (M. J. Krause et al. 2021), which provides a hardware-
abstracted framework for efficient execution on heteroge-
neous exascale supercomputers (A. Kummerldnder et al. 2023,
2026a). Section 2 introduces the PDE-agnostic framework for
general conservation laws and our fully local discretization,
then applies it to ideal and resistive MHD and to static
and moving boundaries. Section 3 validates predictive accu-
racy and shock-capturing fidelity against the canonical bench-
marks. Section 4 evaluates hardware efficiency on a mod-
ern GPU. Section 5 presents the three-dimensional solar-wind
interaction.

2 METHODOLOGY

In this section, we present a novel, partial differential equation
(PDE) agnostic Lattice Boltzmann framework designed for highly
efficient and scalable transport simulations. Subsequently, we de-
tail the application of this methodology to the target MHD equa-
tion systems, including the required evolution of spatial gradients
and the realization of boundary conditions for the presented sim-
ulation cases.
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2.1 General conservation laws

The proposed numerical framework is designed to solve generic
systems of conservation laws that can be written in the abstract
vector form:

3Q+V-®=85, €Y)

where Q represents an arbitrary macroscopic state vector, ® is
the corresponding flux tensor governing the transport of the state
variables, and S encapsulates any localized source or sink terms.
By formulating the numerical method around this generic ab-
straction, the resulting solver remains largely PDE-agnostic and
can be readily adapted to various complex multiphysics problems
by redefining the components of Q, ®, and S.

2.2 Lattice Boltzmann Methods

To discretize the generic conservation laws defined above, we
employ a fully local VLBM. Unlike finite difference or finite
volume methods that rely on extended spatial stencils for flux
and gradient evaluation, our approach confines these non-linear
operations to strict point-wise updates. This algorithmic locality
inherently avoids the wide, irregular memory access patterns of
traditional solvers, rendering the scheme suited to the saturation
of modern heterogeneous HPC architectures.
The fully local VLBM is formulated as

Jei(x + eiAt, ¢+ At) = fioi(x, 1) + QC<TLBJ¢, feiCx, 1), fix, t))
+25 (tim ks frae 0, 166, Si), ()

where f;; is the distribution function for a state vector compo-
nent k in the lattice direction i, C is the collision operator, 7. x is
the lattice relaxation time for a component, f7 is the equilibrium
distribution function, and ¢; = ce; is the discrete lattice velocity
vector, where c = Ax/At is the lattice speed and &; are dimension-
less Cartesian direction vectors (e.g. &; € {(0, 0), (%1, 0), (0, +1)}
for D2Q5). Q° is the source operator with the Sy ; source term. For
the standard Bhatnagar-Gross-Krook (BGK) collision (P. L. Bhat-
nagar, E. P. Gross & M. Krook 1954) and direct source injection,
these operators read:

(ke firs £11) = == (il ) = f20x.)). 3)

TLB.k

QS(TLB.ka fiis fids Sk,i) = Atw; Sy, 4

where w; are the directional lattice weights. The universality of
the applied scheme results in the ability to use any possible col-
lision, such as the regularized BGK (RLB) (J. Latt & B. Chopard
2006), two-relaxation-time collision (TRT) (I. Ginzburg, F. Ver-
haeghe & D. d’Humiéres 2008), and multiple relaxation time col-
lision (MRT) (D. d’Humiéres 2002), among others. Furthermore,
distinct source operators can be applied, including direct injec-
tion, the scheme proposed by Z. Guo, C. Zheng & B. Shi (2002),
and the method developed by Z. Chai & T. S. Zhao (2013). Al-
though the update reads as an explicit forward step, the scheme is
second-order in both space and time. The streaming term f ;(x +
c;At, t + At) is an exact shift along a lattice direction, so no spa-
tial derivative is evaluated by the algorithm. The spatial order is
instead fixed by the equilibrium of equation (5), whose first two
moments match the target exactly. The Chapman-Enskog deriva-
tion and its method-of-manufactured-solutions verification for
this class of schemes, the resistive MHD system included, are
given in the companion work (A. Kummerldnder, F. Bukreev &
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M. J. Krause 2026b), where the measured orders of convergence
are near two.

In the shock-dominated benchmarks of Section 3, the lat-
tice relaxation time is also used to add an artificial viscosity.
On D2Q5 the relaxation diffusion reduces to v = v, when
Tk = 1/2 + 3vum At /AX?, so setting one sets the other. The
ideal- MHD benchmarks below hold the dimensionless numerical
diffusivity fixed, giving voum = O(Ax) and hence formally first-
order accuracy where that stabilizer is active. This is the cost
of shock capture and is in any case the order attainable at a
discontinuity. The choice is stated quantitatively for each case in
Section 3.

In contrast to standard LBM, the non-linear fluxes are embed-
ded directly in the first moment. For this reason, the equilibrium
function requires only a linear, first-order expansion:

C-~<I>k
;3=wi(Qk+ — ) ©)

S

where w; are the lattice Gauss—Hermite quadrature weights and c
is the lattice speed of sound. Here, ¢; - ®x = >, ¢« Pk, cONtracts
over the spatial dimensions « the components of the discrete
velocity ¢; in lattice direction i with those of the macroscopic
flux ®; of state component Q, and is therefore a scalar for
each i. The constant ¢, is a globally fixed numerical reference
speed set by the quadrature weights rather than the physical
speed of sound, and takes the lattice-specific values ¢, = ¢/+/3
on D2Q5 and ¢; = ¢/2 on D3Q7. The true physical wave prop-
agation speeds (sound speed a, Alfvén speed v,, and fast/slow
magnetosonic speeds vy, V) are embedded directly within the
non-linear flux tensor ® and equation of state. Stability re-
quires the lattice sound speed c; to exceed the fastest physi-
cal signal speed. This is the subcharacteristic condition of ki-
netic relaxation schemes (S. Jin & Z. Xin 1995; F. Bouchut 1999;
D. Aregba-Driollet & R. Natalini 2000; K. Guillon, R. Hélie &
P. Helluy 2024; A. Kummerldnder et al. 2026b, c), which for
ideal MHD reduces to a bound on the Courant number (CFL)
alone, CFL = Vo At/AX < cg/c, With Ve = max(u| + vy) the
maximum signal speed. This ceiling is 1/+/3 on D2Q5 and
1/2 on D3Q7. The lattice speed of sound is therefore not a
proxy for any physical wave speed, but the admissible Courant
ceiling. All simulations reported below are run inside this
bound.

To recover the state vector variables and their fluxes, moments
of the distribution functions must be taken. The zeroth moment
directly recovers the conserved variables, while the first moment
exactly recovers the macroscopic fluxes ®y:

Q=Y fiir ®u=)_ fuc (6)

Unlike standard scalar LBM, where the macroscopic fluxes
must be recovered from the second-order O(e?) moment ex-
pansion, requiring high-order lattice isotropy and complex Her-
mite polynomials, the present approach strictly embeds the
physical non-linear fluxes into the first moment. M. Anan-
dan & S. Raghurama Rao (2024) shows that this yields the
correct transport equations independent of the underlying dis-
crete velocity set. The two discrete velocity sets used in this
work, D2Q5 and D3Q7, are shown schematically in Fig. 1,
with their velocities and weights listed in Table 1. Further-
more, this PDE-agnostic formulation can be naturally extended
to address Navier-Cauchy and other complex multiphysics
systems.
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Figure 1. Schematic view of the discrete velocity sets. The discrete
velocities are depicted as arrows (zero velocity not shown).

Table 1. Lattice discretization parameters.

Normalized lattice velocities

Directions i c;At/Ax Lattice weights w;
D2Q5
0 (0,0) 1/3
1,2,3,4 (%1, 0), (0, £1) 1/6
D3Q7
(0,0,0) 1/4
1,2,...,6 (%1, 0, 0), (0, &1, 0), (0, 0, 1) 1/8

For more details and mathematical analysis of VLBMs, we
recommend the works of G. Wissocq et al. (2025), O. Boolakee
et al. (2025), F. Dubois (2014), M. Anandan & S. Raghurama
Rao (2024), and K. Guillon et al. (2024). For the aspects of stan-
dard LBM and advection-diffusion equation approximation, T.
Krueger et al. (2017) provides a comprehensive overview.

2.2.1 Lattice relaxation time

In the case of the standard transport equation approximation, the
relaxation time is connected to the diffusion constant D as

1
D= (TLB — E)C?At (7)

The molecular diffusion (or viscous effects) is embedded di-
rectly into the flux term, which is why the lattice relax-
ation time remains only a stabilization parameter. In the ideal
case, t gk can be set to 0.5, which means zero added ar-
tificial diffusion. Due to the challenge of obtaining a sta-
ble simulation with this lattice relaxation time, a stabiliz-
ing diffusion is imposed in the following simulations. By
mesh refinement, this stabilization diffusion can be scaled to
ZEr0.

2.2.2 Unit conversion

In contrast to standard LBM, where the SI units are scaled to
lattice units with respect to the lattice speed of sound, lattice
relaxation time, and a common definition that Ax;g = Atjg =1,
the present approach is no longer bound to this convention. Iden-
tical to other numerical discretization schemes, the unit scaling
is performed here with the chosen reference quantities, such as
reference length, velocity, viscosity, and others. This choice is
case specific and has only numerical or computational precision
limitations.

MNRAS 553, 1-13 (2026)
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2.2.3 Local moments evolution

A fundamental feature of this generic framework is its ability to
recover higher moments (stress tensor components, heat fluxes)
natively through a local relaxation mechanism, entirely avoiding
finite-difference stencils. When spatial gradients of a variable are
required for dissipative fluxes or source terms, they are evolved as
independent variables governed by a conservation equation with
a relaxation source term.

Taking a generic spatial gradient tensor G tracking the gradi-
ents of an arbitrary field V' as an example:

1
¥G+V-®c=—-—0CG. ®)
TR
If analysed in a quasi-steady state, the time derivative 9;G is neg-
ligible. The gradients are thus purely determined by the balance
between their flux divergences and their relaxation:

G~ —1p(V - ®g). C)

This balance holds when the relaxation time is short against the
macroscopic dynamical time-scale Tqyn ~ L/Vmax Over a charac-
teristic length L, and its formal asymptotic derivation is given
in the companion work (A. Kummerldnder et al. 2026b). By
formulating the macroscopic flux ® such that the field V
is embedded appropriately (e.g. via a —I ® V term), the spa-
tial divergence operator natively acts upon the field. Conse-
quently, the relaxation balance recovers the explicitly scaled spa-
tial gradients (G ~ 1z VV') without ever querying a neighbouring
cell.

First, 7z is a time, not a dimensionless number, and it is
parametrized as 1z = g, At with a resolution-independent step
count g, following the construction of the companion work (A.
Kummerlidnder et al. 2026b). The neglected transient is then
O(At) and contracts under refinement rather than persisting
as a fixed offset. The values of g, used here lie between 41
and 116 steps. Secondly, the ratio that the argument above ac-
tually requires is tg/Tqyn. At the coarsest grid of each bench-
mark this is 0.038 for the MHD rotor of Section 3.2, 0.010 for
the Brio-Wu tube of Section 3.1, 0.023 for the compressible
Orszag-Tang vortex of Section 3.5 and 0.024 for the resistive
case of Section 3.4, and it falls in proportion to the cell size
thereafter.

Varying tx over a sixteenfold range at fixed resolution, from 4 tx
to 7z/4, changes the recovered profiles by less than 0.05 per cent
of their range for the MHD rotor and by 0.03-0.17 per cent for the
Brio-Wu tube. For the compressible Orszag-Tang vortex a four-
fold change in 7z moves the profile by only 0.001 per cent, below
what the comparison can resolve. The Strang splitting method (G.
Strang 1968) is applied to handle the calculation of these fluxes
from the previous time-step.

2.3 Application to magnetohydrodynamics

We now specialize the framework to compressible and dissipa-
tive MHD. The governing equations couple the conservation of
mass, momentum, and energy with the magnetic induction equa-
tion and map onto the generic vector form of equation (1) with:

P pu

pu ®— pu@uUu+pitl —BRIB—1

et | (etot + po)u —B(u-B)—u-t+q+njxB|
B u®B—-BQu—nVB

Here, p is density, u is velocity, e is total energy, B is the mag-
netic field, and p;ot = p + %|B|2 is the total pressure. t represents
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the viscous shear stress tensor, q is the heat flux, » is magnetic
diffusivity, j is electric current density, and I is the unit tensor.

Pressure is obtained from the ideal equation of state for com-
pressible gas within a magnetic field:

_ 1 2 1 2
p=(y = D(ew — 5plul* = SIBF). (10)

2.3.1 Evolution of the MHD equation system

In line with the methodology established in the local gradient
evolution framework, the macroscopic state vector Q for the dissi-
pative MHD system is expanded to transport the physical viscous
stresses (7) and the magnetic field gradients (G) as independent
variables:

ou
Q — Ctot . (11)
B

Here, G tracks the spatial gradients VB. To recover the physical
magnetic field gradients, the macroscopic flux ®¢ is formulated
as

;=GRu—-IQB. (12)

By injecting the magnetic field directly into the flux tensor
via the —I®B term, the spatial divergence operator
natively acts upon the magnetic field (V-(I ® B) = VB).
The relaxation balance under the assumption of small
relaxation time 1), parametrized as in Section 2, yields
G ~ 1y VB. A similar expansion logic is applied to the viscous
stress tensor 7 in the simulations where resistive MHD is
considered.

2.3.2 Ideal MHD

For the most part, we assume the ideal MHD limit where
all resistive processes are set to zero, such that viscosity,
magnetic diffusivity, and thermal conductivity are null. This
leads to a simplified equation system based on the Euler
equations:

P ou
ru pu@u+ poil —BRB
= . ®= . 13
Q €tot (ewot + pror)u — B(u - B) 13)
B u®B—-BQu

Note that the magnetic-field gradient G is retained in this limit,
since it still supplies V - B for the Powell source term. Only the
viscous stress t and the resistive flux contributions are dropped
relative to the full system.

2.3.3 Incompressible resistive MHD

For the subsonic low compressible Orszag-Tang vortex test pre-
sented by P. J. Dellar (2013) (Section 3.4), the full equation system
is used with the viscous stress tensor t = u(Vu + VuT), where
is shear viscosity. Heat fluxes are set to zero, and the magnetic
diffusivity is treated as a locally changing function of the current
density.
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2.3.4 Powell correction

To control the spurious magnetic divergence and stabilize the
evolution, we apply the eight-wave source-term correction of K.
G. Powell et al. (1999) across all simulations:

0

B

s=-(v-B)| "o (14)

u

As is standard for eight-wave formulations, this source term ren-
ders the discrete system non-conservative and controls V - B by
advecting and damping it with the flow rather than driving it to
zero to machine precision, in contrast to constrained-transport
schemes. The divergence entering S is obtained locally from the
evolved gradient field G, so the correction adds no non-local op-
eration.

2.4 Boundary conditions

In the current work, we use two types of bound-
ary condition conventions: for static = boundaries
and for the homogenized ones for moving solid
objects.

2.4.1 Static boundaries

All boundary conditions used in further simulations are based
on the equilibrium distribution functions. For each state vec-
tor variable, the boundaries are either Dirichlet or Neumann.
In the first case, the variable value is just defined and in
the other case, the needed component is taken from the next
cell along the boundary discrete normal. Having information
from the actual and neighbouring cells, a new equilibrium
distribution function is computed and assigned to the lattice
direction.

2.4.2 Homogenization

For moving solid objects and complex boundaries, we utilize the
homogenized LBM (HLBM) developed by M. J. Krause et al.
(2017) and efficiently implemented by A. Kummerlidnder et al.
(20264, f). In standard continuous formulations, this is equivalent
in the limit of vanishing permeability to the Brinkman penaliza-
tion approach (P. Angot, C.-H. Bruneau & P. Fabrie 1999), where a
drag term enforces no-slip conditions by driving the permeability
to zero inside the solid domain. In our discrete VLBM frame-
work, instead of applying an explicit Brinkman forcing term, we
directly impose the zero permeability limit by blending the state
variables.

Specifically, we compute a homogenized target state using a
convex combination of the locally computed fluid state and the
prescribed solid state. For MHD, this applies not only to the
macroscopic velocity u, but is naturally extended to the magnetic
field B:

a(x,t) =dx, Dulx, t) + (1 —d(x, t)ub(x, t), (15)
B(x,t) = d(x, )B(x,t) + (1 — d(x, t))BB(x, 1), (16)

where u? and BP are the velocity and magnetic
field of the solid object, and the homogenized vari-
ables @ and B replace the standard variables in

LBM for compressible MHD 5
the equilibrium distribution and
evaluations.

This homogenization is governed by the lattice porosity param-
eter d(x, t) € [0, 1], which depends on the signed distance ¢(x, t)
to the solid surface. Let €, = ¢ Ax be the width of the smooth
transition region coupled to the grid resolution Ax. The porosity
is defined as

macroscopic  flux

0 ifp(x,t) < —%
d(x. 1) := {s(p(x.1)) ifp(x.t) € (—%, L) (17)
1 ifp(x,t) > 2
A common choice for the transition function s is the linear profile:
1
=242, as)
€n 2

such that the exact solid wall is represented by the level set
dx,t) = %

By mapping the macroscopic penalization limits directly on
to the discrete lattice porosities, with the fully fluid limit cor-
responding to d =1 and the fully solid limit to d =0, we
bypass the use of an empirical physical permeability model.
While this sharp, single-cell transition introduces an O(ej,) trun-
cation error near the interface, the geometric representation
strictly converges to a sharp boundary in the limit Ax — 0 due
to the direct coupling of the transition width to the spatial
resolution.

Finally, for zero-gradient boundary conditions on homog-
enized boundaries, no special algorithmic measures are re-
quired; the state vectors, flux vectors, and LBM distribu-
tion functions are computed uniformly across the entire
domain.

3 VALIDATION

In this section, the validation of the MHD-VLBM is presented
on different established benchmarks, showing the robustness
and sufficient accuracy of the built solver. In all tests, the D2Q5
discrete velocity set of Fig. 1 was employed, that is a two-
dimensional lattice with five discrete velocities, one stationary
and four pointing to the nearest neighbours. As the collision oper-
ator, we use BGK and add source terms using the direct injection
scheme.

All results reported in this section were computed in sin-
gle precision on a single NVIDIA RTX A5000. Every discretiza-
tion parameter of the scheme is specified by a resolution-
independent number, the admissible CFL through the sub-
characteristic condition of Section 2 and the gradient trackers
through the parametrization tz = g, At (A. Kummerldnder et al.
2026Db).

Each reference curve is digitized from the published
figure identified in Table 2, which records the numerical
set-up of the simulation that produced it. For the rotor,
J. M. Stone et al. (2008) apply no smoothing at the
surface of the disc, whereas the present runs use the
linear taper between ry=0.1 and r; = 0.115 described in
Section 3.2.

Systematic selection of numerical dissipation and resis-
tivity: In the ideal MHD cases the physical viscosity and resis-
tivity are zero, and a stabilizing diffusivity vyum is added to con-
trol the high-wavenumber content generated at discontinuities.
It enters through the relaxation time alone: as in Section 2, on
D2Q5 the choice of 715 reproduces vy, exactly, so the two are
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Table 2. Provenance and numerical set-up of the reference solutions digitized for the benchmarks of Section 3.

Benchmark Reference Resolution Method, V - B control Reconstruction, flux CFL, time-step
Brio-Wu shock tube M. Brio & C. Wu (1988) 800 2nd-order upwind Roe, Harten TVD CFL 0.8, At =0.2
fig. 2,t = 80 (= 0.2)
MHD rotor J. M. Stone et al. (2008) 4002 unsplit CTU, CT PPM 3rd-order, Roe Co < 1 bound, not stated
fig. 26, = 0.15
Resistive Orszag-Tang P.J. Dellar (2013) 20482 Fourier pseudospectral,Hou-Li filter each step RK4, diffusion-limited
div-free
fig.6,t = 1.0
Compressible Orszag-Tang J. M. Stone et al. (2008) 5122 unsplit CTU, CT PPM 3rd-order, Roe Co < 1 bound, not stated
(pressure)
fig. 23,t = 1/2
Compressible Orszag-Tang E. Gaburov & K. Nitadori (2011) 10° meshless, Dedner Balsara linear, HLLD cfl <1
(density) particles  cleaning
fig. 11, =1/2

interchangeable statements of the same choice. The choice itself
is made through a single dimensionless numerical diffusivity

Cc= Vnum ’ (19)
AX Vmax

with V. the maximum signal speed that also sets the time-
step. The MHD rotor uses C = 4.1 x 1072 and the compressible
Orszag-Tang vortex C = 1.1 x 1072, held constant under refine-
ment, so that vy, falls in proportion to the cell size: 3.14, 1.57
and 0.785 x 10~ for the rotor at N = 500, 1000 and 2000, and
2.5 x 1075 down to 6.25 x 107° for the Orszag-Tang vortex at
N = 1000 to 4000. A single dimensionless constant thus fixes the
dissipation for every resolution of a given problem, and its value
is of order 1072 in both.

Where the target itself carries dissipation, the absolute diffu-
sivity rather than C is held fixed. The Brio-Wu tube keeps vyym =
0.75 x 10~* at all three resolutions, and the resistive Orszag-Tang
vortex of Section 3.4 keeps it at five per cent of the physical viscos-
ity v = 1073, In those cases the added diffusivity is a fixed fraction
of an already resolved physical scale rather than a quantity to be
refined away.

The resistivity is not tuned in any case reported here: it is zero
in the ideal cases, and in the resistive Orszag-Tang vortex both
no = v and the current-dependent closure n(j) = no(1 + (j/j.)?)
with j. = 25 are adopted unchanged from P. J. Dellar (2013),
whose solution is the reference. For a problem with no such
reference, equation (19) is the quantity to specify, and it is the only
free constant of the scheme. A more automatic alternative exists
within the same framework. A cell-local shock sensor raises the
dissipation only where the flow is compressing, and is validated
against the Sod and Becker shock tubes and the compressible
Taylor-Green vortex by F. Bukreev et al. (2026).

3.1 Brio-Wu shock tube

The Brio-Wu shock tube is a standard 1D problem performed here
in a 2D domain; H. Huang et al. (2024) utilizes this to evaluate
the scheme’s shock-capturing capabilities in compressible ideal
MHD. The domain is initialized with two distinct states separated
by a discontinuity. Following M. Brio & C. Wu (1988), the left state
is given by (p, p, u, v, By, By) = (1.0, 1.0, 0, 0, 0.75, 1.0), and the
right state is (0.125, 0.1, 0, 0, 0.75, —1.0). The artificial diffusivity
was set constantly to 0.75 x 10~ m?s~!, at a CFL of 0.30. As de-
tailed by H. Huang et al. (2024), the simulation evolves to produce
a complex wave structure consisting of a fast rarefaction wave, a
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slow compound wave, a contact discontinuity, a slow shock, and
a fast rarefaction wave. This test validates the robustness of the
proposed VLBM in handling strong gradients and assessing non-
equilibrium kinetic moments at shock interfaces.

It can be seen in Fig. 2 that the results of different resolutions
(2000, 4000, 8000 cells in the domain length), even without sepa-
rate shock capturing, show good accordance with the reference
solution. At finer cell sizes, the oscillations disappear and the
variables become smoother. This test shows the validity of the
developed solver for accurate reproduction of shock fronts bound
to magnetic field in one dimension.

3.2 MHD rotor

The MHD rotor problem (P. Londrillo & L. Del Zanna 2000) tests
the propagation of strong torsional Alfvén waves in a compress-
ible medium. The setup consists of a rapidly rotating, dense fluid
cylinder embedded in a uniform static background fluid, both
permeated by a constant horizontal magnetic field B, = 5/+/47
(with B, = 0). Specifically, within a fully periodic 1 x 1 spatial
domain, a rotor of radius ry = 0.1 with density p = 10.0 and
initial velocity fields u = —2y/r, and v = 2x/r, is placed in a
resting background medium (u = v = 0) with p = 1.0. The ini-
tial thermodynamic pressure is uniformly set to p = 1.0 across
the domain, and the fluid is modelled as an ideal gas with an
adiabatic index of y = 1.4. To reduce initial extreme transients,
the density and velocity fields are smoothly connected between
the core and the background via a linear taper from ry = 0.1 to
r1 = 0.115. E. Gaburov & K. Nitadori (2011) observed that the
strong rotational kinetic energy twists the magnetic field lines,
launching outward-propagating Alfvén waves that decelerate the
rotor while compressing the surrounding fluid.

For this specific configuration, the VLBM simulation is per-
formed at resolutions of 500 x 500, 1000 x 1000, and 2000 x
2000. The simulation runs up to afinal time of t = 0.15, utilizinga
CFL of 0.30 (resulting in a physical time-step of At &~ 3.9 x 107°
at the finest resolution). In the simulation, the artificial diffusivity
0f3.14 x 1074, 1.57 x 107*,0.785 x 10~*m? s~ ! is used to ensure
stability during the robust flow transients.

In Fig. 3, density and local Mach number distributions show
smooth shock fronts, matching corresponding figures in the refer-
ence work of J. M. Stone et al. (2008). The plots in Fig. 4 show good
agreement with the spectral solution, which is accentuated in the
subplots. They underline the convergent behaviour of the refine-
ment with acoustic scaling and reducing stabilization diffusivity.
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Figure 2. Comparison of reference and simulated data for Brio-Wu
benchmark att = 0.2. The reference is digitized from figure 2 of M. Brio &
C. Wu (1988), whose abscissa runs over 800 cells of unit width and whose
output time ¢t = 80 corresponds to ¢t = 0.2 in the normalization used here.

Figure 3. Density and local Mach number distribution at t = 0.15 by
resolution of 2000. Results can be compared to the reference work of J.
M. Stone et al. (2008).

LBM for compressible MHD 7

Slice at X=0.5

T T T T
2 eee
>
=)
5 .55 x
&2
2
ERNES -
N I S I " R | I Stone et al. (2008)
= 0.5 — N500
: — N1000
________ — N2000
Us I I I I ]
0 0.2 0.4 0.6 0.8 1
Length Y
Slice at Y=0.5
1.5 T T T T =
1
>
5 05
53
5]
§ 0
&
=R N I A Stone et al. (2008)
=0.5 — N500
— N1000
—1F — N2000 =
I T T I
0 0.2 0.4 0.6 0.8 1

Length X

Figure 4. Behaviour of magnetic field X at the x = 0.5 slice (top panel)
and magnetic field Yin y = 0.5 slice (bottom) for the MHD rotor problem
att=0.15.

As we don’t apply a separate shock capturer in these validations,
at the ends of the domain, the shocks are sharper than the goal
reference because of the oscillations occurring there. In future
work, we will investigate shock-capturing techniques to handle
such situations involving problems with discontinuities.

3.3 Sensitivity to the Courant number

The subcharacteristic condition of Section 2 bounds the CFL by
the lattice speed of sound, CFL < ¢;/c, which for the D2Q5 set
used here is 1/+/3. First, the bound is imposed on the time-
step through an estimate of vy« formed from the initial state,
whereas the attained fast magnetosonic speed grows as the flow
compresses. The realized CFL therefore exceeds the nominal one,
and the usable range is narrower than c/c. Secondly, because the
relaxation time is set from the imposed diffusivity through the
relation of Section 2, the numerical dissipation of the scheme is
fixed by that diffusivity alone and does not change with the CFL.
The accuracy of a solution should therefore be insensitive to the
time-step, and only stability should limit it.

Both expectations are confirmed by a CFL study on the MHD
rotor of Section 3.2, repeating the 500 x 500 configuration at CFL
values from CFL = 0.01 up to 0.30 and comparing each result
against the CFL = 0.01 solution. Table 3 lists the outcome. The
deviation is flat at approximately 0.12 per cent in relative L; over
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Table 3. Courant-number study for the MHD rotor at 500 x 500, run to
t = 0.15. Deviations are relative to the CFL = 0.01 solution along the line
x = 0.5, normalized by the dynamic range of B,.

L, (per Lo (per
CFL At Steps cent) cent)
0.01 5.21 x 107° 28 807 - -
0.05 2.60 x 10~ 5761 0.098 0.197
0.10 5.21 x 1073 2880 0.110 0.589
0.20 1.04 x 1074 1440 0.116 0.907
0.30 1.56 x 1074 960 0.118 1.377
102 —— CFL 0.10 —— CFL 0.30

AT T T

= | |
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Figure 5. Difference between the MHD rotor solution at raised CFL and
the CFL = 0.01 solution, along x = 0.5 at t = 0.15 and 500 x 500 cells.
The differences are confined to the two contact discontinuities near y =
0.40 and y = 0.60 and remain below 0.035 against a field spanning 2.0.
The smooth regions are unaffected.

the whole range, a fifth of the difference between the 500 x 500
and 1000 x 1000 solutions. Fig. 5 shows that what little difference
exists is confined to the two contact discontinuities and absent
from the smooth regions. Measured against the reference data of
Section 3.2 rather than against our own coarse-step solution, the
agreement is unchanged to within 0.01 percentage points (4.40
against 4.41 per cent in relative L,). Raising the time-step from
CFL = 0.01 to 0.30 therefore has no measurable effect on the
L, agreement with the reference. The CFL is limited by stability
rather than by accuracy.

The MHD rotor of Section 3.2 is accordingly reported at CFL =
0.30, chosen with a margin below the point at which the sim-
ulations lose stability. The remaining cases of this Section are
reported at the values stated with each.

3.4 Low compressible resistive Orszag-Tang vortex

The Orszag-Tang vortex is a canonical benchmark for studying
the transition to 2D MHD turbulence, characterized by strong
velocity-magnetic field coupling and current-sheet formation. To
study the incompressible limit, the initial conditions are pre-
scribed via a fluid streamfunction ¢ = 2 cos(x) — 2sin(y) and a
magnetic flux function ¢ = 2 cos(x) — cos(2y), which yield the
velocity profiles u = [2cos(y), —2sin(x)] and magnetic profiles
B = [—25in(2y), —2sin(x)]. The system is initialized with a uni-
form density po = 1 and a sufficiently small Mach number to
suppress spurious compressibility effects, matching the setup of
P.J. Dellar (2013). The evolution is tracked using a kinematic vis-
cosity of v = 1073 (corresponding to an effective Reynolds num-
ber of Re = 40007 ), monitoring the peak electric current density
and vorticity to evaluate the behaviour of a current-dependent
resistivity model n(j) = no(1 + (j/j.)?*) as the system generates
complex, fine-scale turbulent structures. 7, is set equal to the
kinematic viscosity, and j. = 25. To match the results of P. J.
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Figure 6. Vorticity and electric current density at a resolution of 2048
cells in the side length at t = 1 by incompressible Orszag-Tang vortex.
Results can be compared to P. J. Dellar (2013).
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Figure 7. Electric current density j along the horizontal line at the
height of y = 7 compared to the spectral simulation taken from P. J. Dellar
(2013).

Dellar (2013), the stabilization diffusivity was set to 5 per cent of
the physical viscosity, at a CFL of 0.30.

The visual plots (Fig. 6) match those in the referenced pub-
lication and show smooth vorticity and electric current density
distributions in the domain. Fig. 7 shows how the values are con-
verging towards the spectral simulation values through acoustic
spatiotemporal scaling with constant stabilization diffusion. It
can be seen that the numerical diffusion is reducing with the
refinement of the cell size, and the finest resolution matches the
reference spectral values as well as the standard LBM simulation
results of P. J. Dellar (2013).

3.5 Compressible non-resistive Orszag-Tang vortex

To evaluate the scheme’s ability to capture complex compress-
ible dynamics and multiple shock formations, the adiabatic non-
resistive Orszag-Tang vortex for ideal MHD is simulated follow-
ing the standard validation setup described by J. M. Stone et al.
(2008) and E. Gaburov & K. Nitadori (2011). The problem is ini-
tialized on a periodic domain of [0, 1] x [0, 1] with an adiabatic
equation of state (y = 5/3). The initial density and pressure are
set uniformly to p = 2> and p = 13-, yielding a nominal sound
speed of a = 1.0.
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Figure 8. Density distribution in the adiabatic Orszag-Tang vortex
benchmark by the resolution of 4000 cells in the side length taken at
t = 0.5, can be compared to J. M. Stone et al. (2008) and E. Gaburov &
K. Nitadori (2011).

The velocity and magnetic field profiles are defined as
u = [—sin(2wy), sin(2rx)], B = [—Bysin(2ry), By sin(47x)]
with By = 1/+/47. The stabilization diffusion is set to 2.5 x 1075
at a resolution of 1000 cells per side length and is decreased
linearly together with the cell size refinement. The scaling is
performed acoustically by treating a constant CFL of 0.20.

In this compressible regime, the interacting vortices rapidly
evolve to produce a system of complex shock waves and strong lo-
cal current sheets. This configuration serves as a rigorous bench-
mark for ideal MHD solvers, specifically testing their capacity
to sharply resolve fine-scale structures, magnetic reconnection
events, and discontinuities. The resulting density distribution is
shown in Fig. 8 and the pressure values are provided in Fig. 9.

The results show good agreement with the reference values,
whereby small oscillations occur at the local shocks at the coars-
est resolution due to the chosen stabilization diffusion. At finer
cell sizes, these oscillations disappear, whereby attempts to de-
crease the stabilization with a higher factor than the cell size
refinement factor lead to the divergence of the simulations. In the
upper pressure plot in the zoomed snippet of the curve, it can be
noted that the resolutions of 2000 and 4000 show lower numerical
diffusion than the reference simulation.

4 EFFICIENT IMPLEMENTATION

The unique amenability of classical LBMs to efficient parallel ex-
ecution directly translates to our present approach. Realizing this
potential on diverse target hardware requires an implementation
capable of transparently abstracting platform-specific memory
and execution hierarchies. The present approach is implemented
within the open-source multi-physics framework OpenLB (M.
J. Krause et al. 2021), which utilizes a hardware-agnostic C++
abstraction layer to achieve performance portability across SIMD
CPUs and diverse GPU architectures (A. Kummerlidnder et al.
2023, 2026a). By expressing models against abstract cell-level
concepts, this design enables compile-time binding to platform-
specific data structures.

To bridge the gap between abstract mathematical implemen-
tation in C++ and high hardware efficiency, OpenLB employs
an automatic optimization pipeline based on Common Subexpres-
sion Elimination (CSE). As detailed by A. Kummerlidnder et al.
(2026a), the framework repurposes its differentiable architecture
to extract the underlying mathematical expression tree which
is then automatically processed in the SymPy computer algebra
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Figure 9. Validation of the gas pressure values along the horizontal lines
at the heights of y = 0.3125 and y = 0.427 in the adiabatic Orszag-Tang
vortex benchmark taken at t = 0.5.

Table 4. Performance and roofline analysis of the validated 2D and
3D homogenized MHD collision kernels on a NVIDIA RTX A5000
GPU. Compared to measured peak single-precision memory bandwidth
680 GB/s (BabelStream). Throughput is reported in MLUPs, million lat-
tice updates per second, one update being one cell of the computational
grid.

2D 3D Homogenized
Metric Unopt. Opt. Unopt. Opt.
Arithmetic complexity 1066 978 1387 1117
(FLOPs)
Operation reduction (per - 8.26 per - 19.47 per
cent) cent cent
Memory bandwidth 624 624 608 608
(Bytes/cell)
Arithmetic intensity 1.708 1.567 2.281 1.837
(FLOP/Byte)
Throughput (MLUPs) 711+8 1,077+ 754+3 847+4
10

Performance (GFLOPs) 757.5 1053.7  1046.2 946.4
Roofline efficiency (per cent) 65.2 per 98.9per 67.4per 75.8 per

cent cent cent cent

system developed by A. Meurer et al. (2017) in order to minimize
the number of arithmetic operations.

Table 4 and Fig. 10 demonstrate the impact of this step on
an exemplary NVIDIA A5000 GPU. For the 2D configuration,
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Figure 10. Roofline analysis of both MHD dynamics on NVIDIA A5000
GPU.

the CSE pipeline reduces the arithmetic complexity from 1066
to 978 FLOPs per cell (an 8.26 per cent reduction), shifting the
arithmetic intensity from 1.708 to 1.567 FLOP/Byte at a constant
memory bandwidth requirement of 624 Bytes/cell. Consequently,
while the unoptimized 2D kernel achieves 65.2 per cent of the
maximum roofline performance (711 + 8 million lattice updates
per second (MLUPs), one update being one cell of the computa-
tional grid), the optimized kernel peaks at 98.9 per cent hardware
efficiency relative to the roofline peak, processing at 1077 + 10
MLUBPs. Similarly, the 3D homogenized MHD model sees a 19.47
per cent reduction in operations (1387 down to 1117 FLOPs),
reducing the arithmetic intensity from 2.281 to 1.837 FLOP/Byte.
Even when resolving the complex, moving porosity fields rep-
resenting the solid asteroid geometry at 608 Bytes/cell, the CSE
optimized 3D model scales throughput from 754 & 3 to 847 £ 4
MLUPs, achieving a roofline efficiency of 75.8 per cent.

The two-dimensional kernel measured here is the extended
MHD collision, which carries the tracked gradients and the resis-
tive fluxes throughout. The ideal benchmarks of Section 3 run it
with the magnetic diffusivity and viscosity set to zero rather than
through a separate reduced kernel, so the throughput reported
above is that of the resistive discretization.

4.1 Computational cost relative to finite-volume solvers

A throughput comparison against established astrophysical codes
is meaningful only once the differing hardware, arithmetic preci-
sion, physics and accuracy targets are accounted for. We there-
fore confine the quantitative statements below to measurements
made on the present implementation, and treat the comparison
with finite-volume methods structurally rather than numerically.
At 624 Bytes per cell update the optimized 2D kernel sustains
672 GBs~! of the 680 GBs~! attainable on this device, and the 3D
kernel 515 GBs™! at 608 Bytes per cell. Because every operator is
point-local and the update is single-stage, this traffic is the state it-
self, with no multi-cell reconstruction stencil and no intermediate
Runge-Kutta or corner-transport stage that a high-order finite-
volume MHD code writes and re-reads (U.-H. Zhang, H.-Y. Schive
& T. Chiueh 2018; P. Grete, F. W. Glines & B. W. O’Shea 2021).
The subdomain overlap is likewise one cell deep, against the four
ghost cells of a third-order finite-volume reconstruction (J. M.
Stone et al. 2008).
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Set against this, the present scheme is bounded at CFL < 1/ J3
in two dimensions, whereas the finite-volume integrator of J. M.
Stone et al. (2008) is stable up to a CFL of one there, so a lattice
update advances less physical time per step than one of that inte-
grator. This ceiling is a property of that integrator rather than of
finite-volume schemes in general, whose stable Courant numbers
vary with reconstruction order and the degree of dimensional
coupling. A fair ranking would require both codes on the same
device, in the same precision and to the same error tolerance,
which is challenging and left to future work. Such comparisons
have been made for this LBM framework in other demanding ap-
plications, an IC-engine flow and an agricultural airflow bench-
marked against finite-volume solvers (M. Haussmann et al. 2020;
B. Moreau et al. 2026). No speed-up factor is claimed here.

5 SOLAR WIND INTERACTION WITH A
MAGNETIZED ASTEROID

We close with a fully three-dimensional plasma-body application:
the interaction of a highly magnetized early solar wind with a
rotating metallic asteroid modelled after 16 Psyche, using obser-
vational data from M. K. Shepard et al. (2021) and NASA Science
(2025). Such solar wind interactions with planetary bodies are of
significant interest in computational astrophysics, J. Miiller et al.
(2011) and L. Mejnertsen et al. (2018) have traditionally addressed
them via global MHD or adaptive hybrid kinetic schemes.

This specific scenario was selected as a challenging compu-
tational stress test. Early stellar environments display extreme
plasma conditions characterized by high-Mach coronal mass
ejections and enhanced magnetic flux densities. W. Exner et al.
(2018) and C. Koenders et al. (2015) demonstrate that these highly
energetic plasma flows drive discontinuities and complex spatial
features, testing the numerical stability of our approach.

By embedding a rotating, strongly magnetized solid body
within a high-Mach compressible flow using our established ho-
mogenized fluid-structure interaction (FSI) approach developed
by M. J. Krause et al. (2017), A. Kummerlidnder et al. (2026d),
and A. Kummerldnder et al. (2026f), the setup encompasses
moving boundary conditions, localized dipole fields, and moving
shock fronts simultaneously. The basic setup is illustrated by the
schematic overview in Fig. 11.

To mimic complex crustal remanent features on the metallic
asteroid, an analytical ensemble of four independent, shifted, and
smoothed magnetic dipoles is embedded inside the reference lat-
tice onto which the Psyche STL geometry provided by NASA Sci-
ence (2025) is voxelized. This arrangement scales to a local peak
surface field intensity of 225 nT. Furthermore, the body is rotated
around a normalized arbitrary tilt vector (¥ = [1, 0, 1]/+/2) with
an artificially accelerated angular frequency. This tumbling be-
haviour continuously twists the frozen-in interplanetary magnetic
field (IMF) lines (initially oriented along the —Y direction at
5nT), forcing local magnetic reconnection events, dynamic bow
shock structures, and localized Alfvén transients. The resulting
complex plasma topologies and field line structures for a 100
million cell simulation executed on a dual NVIDIA A5000 system
are visualized in Fig. 12.

The inflow boundary (Xuin) is formulated via an equilibrium
projection operator to enforce the continuous, supersonic, and
moderately compressible early solar wind fluid state defined
in Table 5. The outflow and lateral boundaries (Xmax, Ymin/max»
Zmin/max) are governed by a directed MHD zero-gradient bound-
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Figure 11. Schematic overview of the 3D computational domain for
simulating the interaction of an early solar wind plasma with a mag-
netized, rotating asteroid. The blue face indicates the supersonic inflow
plane (Xpin), orange faces denote the open boundaries (Xmax, Ymin/max
Zmin/max)> and the solid central structure represents the homogenized
discretization of the asteroid body.

(a) Magnetic field line streamlines showing the complex interaction with
internal crustal remanent fields.

atl

(b) Normalised plasma density contours capturing the bow shock and wake
structures.

Figure 12. Illustrative visualization and rendering of the early solar
wind interaction with a magnetized, tumbling asteroid modelled after 16
Psyche (NASA Science 2025). The supersonic (Mach 3.5) plasma inflow
interacts with the internal crustal remanent fields to produce: (I) a dis-
tinct, high-density bow shock and upstream compression region where
the frozen-in interplanetary magnetic field (IMF) lines pile up (II) a mag-
netosheath of twisted flux ropes deflected around the magnetic obstacle
(III) an asymmetric, turbulent downstream magnetotail and low-density
wake cavity showing magnetic reconnection events. Rendered in Blender
using J. Marin et al. (2025).
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Table 5. Simulation parameters for the 16 Psyche early solar wind
interaction.

Parameter Value
Asteroid diameter 220 km
Solar wind velocity 400 kms™!

Solar wind density 8.35 x 1072 kgm~3

Interplanetary magnetic field (IMF) 5nT
Maximum crustal magnetic field 225nT
Simulation Mach number 3.5
CFL 0.2
Lattice relaxation time 0.51
Cell count 100 x 10°
Lattice velocities set D3Q7
Collision operator BGK

Source scheme Direct

ary condition to allow the plasma flow and transient features
to exit the domain without unphysical reflections. The crustal
field maxima drive this configuration into the magnetically dom-
inated regime, well below the plasma beta reached by any of the
benchmarks of Section 3. The scheme is kept robust there by
bound-preserving safeguards on the recovered state. Like every
other operator in the framework, these act on a single cell and
therefore leave the strictly local structure of the update intact.
The same principle underlies the local shock-capturing treatment
of F. Bukreev et al. (2026). Their role and their limitations are
discussed in Section 6.

Due to the translation of the porosity-based HLBM approach
to MHD, OpenLB’s established FSI module (A. Kummerldnder
et al. 2026d, f) can be directly utilized both to efficiently project
the rotating geometry and its remnant magnetic field into the
fluid lattice, and to integrate various quantities of interest at every
time-step. For the present setup we obtained per-timestep surface
integrals of:

(i) Net magnetic flux (Wb) passing through the asteroid.

(ii) Forces (N), comprising both aerodynamic and Maxwell
electromagnetic forces.

(iii) Torques (N - m) acting on the rotating asteroid.

(iv) Electromagnetic work (J) transferred to/from the solar
wind.

While this configuration is designed as an algorithmic capa-
bility and high-performance computing showcase rather than a
phenomenologically validated planetary study, it, together with
the previous rigorous benchmarks, demonstrates the viability of
our strictly local scheme for such applications.

6 DISCUSSION AND CONCLUSION

6.1 Astrophysical extensions and regimes
6.1.1 Extension to relativistic MHD

Because the framework is formulated around generic hyper-
bolic conservation laws 9,Q+ V- ® = S, it extends naturally
to Special and General Relativistic Magnetohydrodynamics
(SRMHD/GRMHD) (S. S. Komissarov 1999; C. F. Gammie, J. C.
McKinney & G. T6th 2003; L. Del Zanna et al. 2007). In units with
¢ = 1, with Lorentz factor I, specific enthalpy h and laboratory-
frame field B, the conserved state Q = (D, S, E, B)T hasD =T'p
and
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S = (phI'* + B*)v— (v- B)B, (20)
E = phl'* — p+ 1B*+ 1 [v*B* — (v- B)*]. (21)

The spatial fluxes are algebraic in the primitive variables, so they
map directly into the VLBM equilibria and all collision steps
remain point-local. The same construction already runs the ideal
ultrarelativistic fluid (A. Kummerldnder et al. 2026b), so the ki-
netic formulation is not restricted to Newtonian regimes.

The relativistic case is not pursued here. The primitive-variable
recovery is no longer closed-form and needs a non-linear root find
in every cell, which stays point-local but changes the cost of the
update. The physical signal speeds approach the speed of light,
so with ¢ a hard ceiling the subcharacteristic condition of Section
2 tightens the admissible CFL. And positivity of the recovered
pressure and of I' at high Lorentz factor is not guaranteed by
the linear equilibrium, requiring the bound-preserving treatment
discussed below.

6.1.2 Applicability in low-B plasma regimes

Astrophysical environments such as the solar corona and pul-
sar magnetospheres reach extremely low plasma beta (8 =
2p/|B|* « 1), where the internal energy is a small difference
of large numbers and truncation error can drive the recovered
pressure negative. The benchmarks of Section 3 already reach the
magnetically dominated range 8 < 1, with a lowest attained 8 of
0.081 (Brio-Wu), 0.125 (rotor) and 0.178 (compressible Orszag-
Tang) and positive recovered pressure at every cell without any
floor. The asteroid demonstration of Section 5 reaches alocal 8 =
O(1073) near the crustal field maxima and remains stable, but
it carries explicit cell-local safeguards, a pressure floor, a density
floor and a velocity cap, which is one reason it is presented as a
demonstration rather than a validated study.

Reaching 8 « 1 as a validated regime would require positiv-
ity preservation beyond these floors. The local structure of the
scheme accommodates this, since such treatments act cell by cell,
for example the shock sensor of F. Bukreev et al. (2026) or the
bound-preserving limiters for vectorial LBM of G. Wissocq et al.
(2025).

6.2 Conclusion

In this work, we introduced a novel, fully local, PDE agnostic
LBM framework for solving generic systems of conservation laws.
We applied it to compressible ideal and incompressible resistive
MHD, the regime underlying shock-dominated and reconnecting
astrophysical plasma flows. By expanding the macroscopic state
vector to transport spatial gradients and viscous stresses as in-
dependent variables, the scheme natively recovers the required
derivatives while completely avoiding non-local finite-difference
operations. In the context of MHD, the same local machinery sup-
plies the magnetic divergence for an eight-wave cleaning correc-
tion, so that divergence control remains a point-local source term
rather than a global solve. Validation across established astro-
physical MHD benchmarks, including the Brio-Wu shock tube,
the MHD rotor, and the Orszag-Tang vortex, confirms the frame-
work’s high accuracy, stability, and robust discontinuity resolu-
tion. Furthermore, implementation within the OpenLB frame-
work, augmented by automated common subexpression elim-
ination, translates this localized algorithmic structure into ex-
ceptional computational efficiency, achieving up to 98.9 per cent
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of the hardware roofline limit on a modern GPU architecture.
Finally, a three-dimensional application to the interaction of an
early solar wind with a tumbling, magnetized asteroid, resolving
the bow shock, magnetosheath, and reconnecting wake together
with the moving body, shows that the approach extends naturally
to large-scale fluid-structure interaction, establishing this PDE-
agnostic scheme as a scalable and robust tool for astrophysical
MHD.

A natural next step is to reconstruct the transported gradi-
ents from the non-equilibrium part of the distribution, which
removes the tracker components from the state vector. This is de-
veloped for general conservation laws in A. Kummerlénder et al.
(2026¢) and for the compressible Navier-Stokes-Fourier system in
A. Kummerlidnder et al. (2026€e), and its application to the MHD
system studied here is left to future work.
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