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Abstract

Ultrafast laser pulses possess coupled spatial, temporal, spectral and directional structure that is
conventionally described within electromagnetic-field formulations. Transport-oriented meth-
ods instead operate on rays, samples or distribution functions and require a positive represen-
tation that can be evolved according to optical transport and interaction rules within explicit
geometries. Accordingly, we develop an energy-normalized, transport-compatible phase-space
representation of an ultrafast laser pulse in terms of transverse position, local pulse time, prop-
agation direction and optical frequency. The framework represents the phase-space distribu-

tion by energy-weighted samples, evolves them under optical transport rules and reconstructs
selected envelope-level spatial, temporal and spectral observables from the resulting ensemble. The
representation—transport—reconstruction procedure is first benchmarked for free-space propaga-
tion of a transform-limited Gaussian reference pulse. Analytical predictions and numerical recon-
structions agree for the pulse spreading, directional evolution, radial spectral redistribution and
geometrical path-delay broadening. The applicability of the framework to an explicit optical geom-
etry is then demonstrated by numerically transporting the pulse through a dispersive lens. The
resulting ensemble captures the principal near-focus spatiotemporal concentration, post-focal
expansion and accompanying evolution of the pulse’s spatially resolved spectral structure. The
framework also reproduces compensation of an initial linear chirp and temporal compression in
an ideal four-grating compressor. These results show that a positive, energy-weighted transport
ensemble can reproduce selected free-space, near-focus and pulse-compression dynamics of an
ultrafast pulse while preserving access to its local energy, frequency, direction and arrival-time dis-
tributions. The formulation is intended to support the incorporation of envelope-level ultrafast
pulse structure into ray-based, Monte Carlo and distribution-based transport frameworks.

1. Introduction

Ultrafast laser pulses are temporally localized electromagnetic wave packets with durations spanning the
picosecond, femtosecond, and attosecond regimes. They enable the observation and control of physi-

cal and chemical processes on their natural timescales [1-3], but their effective use depends on accu-
rate knowledge of their spatial, temporal, spectral, and energetic structure. This requires both advanced
pulse-characterization techniques, including frequency-resolved optical gating and spectral interferometry
[4-6], and computational frameworks capable of modelling the propagation and interaction of such
optical wave packets [7].

The coupled spatial, temporal, spectral and angular structure of ultrafast pulses presents chal-
lenges for theoretical description and numerical simulation. These pulses are most commonly repre-
sented by the electromagnetic field, expressed either as a carrier-resolved real field or as a complex
envelope. Depending on the problem, the field may be treated in space and time or transformed into

© 2026 The Author(s). Published by IOP Publishing Ltd
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temporal-frequency and transverse-wave-vector variables, as in spectral and angular-spectrum propaga-
tion methods. Such field-based formulations underpin full-wave electromagnetic simulations, paraxial
beam propagation, unidirectional propagation models and nonlinear envelope equations [7, 8]. They
have been successful because they preserve the coherent wave nature of light and naturally describe
diffraction, dispersion, focusing, nonlinear coupling, spectral evolution and spatiotemporal pulse dynam-
ics. Phase-space formulations provide a complementary representation by combining conjugate variables
such as position and direction or time and frequency. In particular, Wigner-distribution methods estab-
lish a rigorous connection between wave optics and phase-space transport, allowing paraxial beams to be
interpreted as weighted ray bundles [9]. Other joint representations have been developed for more spe-
cialized purposes, including compact von Neumann time-frequency descriptions of ultrashort pulses [10]
and photon-kinetic formulations of laser propagation in plasma environments [11].

The choice of representation often influences the corresponding propagation formalism because dif-
ferent variables emphasize different aspects of pulse evolution. Although field, spectral and phase-space
representations emphasize different aspects of pulse evolution, they remain fundamentally connected to
an underlying optical field or field-correlation function. Converting such descriptions into a form suit-
able for direct transport requires a different computational representation. Transport-oriented meth-
ods, including ray tracing, radiative transfer, Monte Carlo propagation and kinetic transport, operate on
ensembles of rays, particles or distribution samples [12—14]. Statistical ray ensembles have, for example,
been shown to reproduce the diffraction spreading of a monochromatic Gaussian beam when the initial
position-angle distribution is chosen consistently with the corresponding optical beam [15]. More gener-
ally, the Wigner phase-space formalism provides a rigorous basis for describing optical pulses in terms of
particle-like phase-space ensembles [9]. Related approaches for ultrashort pulses have been developed in
both ray-pulse matrix and field-derived phase-space formulations.

Martinez [16] generalized conventional ABCD optics for grating- and prism-based pulse compressors
by incorporating frequency-dependent ray transformations while retaining the spectral phase informa-
tion required to determine temporal dispersion. Kostenbauder [17] subsequently introduced a 4 x 4 ray-
pulse matrix in which transverse position, propagation direction, arrival time, and optical frequency are
treated jointly within a first-order dispersive optical system. Paye and Migus [18] developed a comple-
mentary four-dimensional space-time Wigner description and showed that first-order dispersive devices
can be represented by matrix transformations acting on spatial, directional, temporal, and spectral coor-
dinates. This line of development was extended by Marcus [19] to 6 X 6 ray-pulse matrices incorporat-
ing both transverse dimensions, non-separable spatiotemporal couplings, and quadratic temporal disper-
sion, together with a corresponding multidimensional Huygens formulation for coherent pulse propa-
gation. These studies showed that spatial, angular, temporal and spectral pulse variables can be treated
within unified first-order formalisms while maintaining a connection to coherent wave propagation.

Hybrid methods combining frequency-resolved ray tracing through real optical components with
wave-optical propagation in diffraction-sensitive regions have been used to model ultrashort pulses in
realistic optical systems, including the effects of dispersion and aberrations [20]. Gaussian pulsed-beam
decomposition provides another approach, in which arbitrary spatial and spectral pulse profiles are rep-
resented by elementary coherent Gaussian pulsed beams, propagated independently through the optical
system, and recombined by phase-correct superposition to recover the scalar field [21]. This approach
also builds directly on 6 x 6 spatiotemporal matrix optics for the propagation of the individual pulsed
beams. More recently, multidimensional Wigner formulations have been combined with coherent
Gaussian expansions so that both individual contributions and interference cross terms can be propa-
gated through matrix optics, including spatiotemporal coupling generated by diffraction gratings [22].
Direct statistical transport has also been demonstrated for ultrashort x-ray pulses using six-dimensional
phase-space ray tracing [23]. In this approach, the source is represented in transverse position, propa-
gation direction, time and frequency, while individual rays are propagated through dispersive beamline
optics with their path-dependent arrival times retained.

Collectively, these studies have explored joint spatial, angular, temporal and spectral descriptions of
ultrashort pulses using matrix optics, Wigner methods, Gaussian pulsed-beam decomposition, hybrid
ray—wave calculations and statistical ray tracing, providing a clear connection between phase-space
descriptions and transport-oriented optical modelling. Accordingly, we develop an energy-normalized,
transport-compatible phase-space distribution defined over transverse position, local pulse time, prop-
agation direction, and optical frequency. The distribution is sampled into energy-weighted propagation
elements, evolved according to optical transport rules, and reconstructed into selected spatial, tempo-
ral, spectral, and directional observables. The framework is examined through free-space propagation,
dispersive focusing, and chirped-pulse compression in an explicit grating geometry. The formulation



10P Publishing

J. Opt. 28 (2026) 115501 A Sherniyozov et al

is intended for transport problems in which local energy, frequency, propagation direction, and arrival
time must be carried through optical systems within ray-based, Monte Carlo, or distribution-based
models.

2. Transport-compatible phase-space representation of ultrafast pulses

To formulate the pulse in a directly transportable form, we introduce a positive statistical distribution
defined over transverse position, local pulse time, propagation direction and optical frequency. The dis-
tribution is constructed from pulse characteristics that are analytically specified or experimentally accessi-
ble and is evolved through deterministic optical transport rules.

2.1. Transport-compatible phase-space representation

Ultrafast laser pulses may be described through several complementary mathematical representations.
Common textbook examples include the space-time electromagnetic field [24] E(x,y,z,t), spectral-
domain formulations E (k,ﬁky,w) and phase-space descriptions that combine conjugate variables within
a unified framework W (#,w) [9, 25]. Figure 1 summarizes several representations of an ultrafast pulse,
including the space-time field, the spectral field and joint phase-space descriptions. These field-derived
representations organize the optical information in forms suited to different analyses and propagation
methods. The formulation adopted here instead defines a reduced positive transport state over transverse
position, local pulse time, propagation direction and optical frequency. Its purpose is not to retain the
complete electromagnetic field, but to preserve the selected spatial, temporal, directional and spectral
information required for deterministic transport and observable reconstruction.

The present work adopts a transport-oriented viewpoint. Accordingly, the ultrafast pulse is repre-
sented by the non-negative transport-compatible phase-space distribution function f, (x, VT, Gxﬁy,w) ,
where f; denotes the initial phase-space distribution function, x and y denote transverse position, 7
denotes the local retarded-time coordinate within the pulse envelope, 6 and 6, are propagation angles,
and w is optical frequency. Together, these variables provide a unified description of the spatial, tem-
poral, angular, and spectral structure of the pulse within a form directly compatible with deterministic
transport propagation. The representation introduced here should therefore be viewed as a transport-
compatible encoding of pulse information. The complete initial phase-space distribution is not, in gen-
eral, uniquely determined by separate measurements of the spatial beam profile, temporal envelope,
optical spectrum and angular divergence. Such measurements constrain corresponding marginal dis-
tributions, whereas the joint density additionally depends on statistical dependencies among position,
local pulse time, propagation direction and frequency. Specification of f; must therefore be based on an
analytical or field-derived pulse model, experimentally determined joint or conditional distributions, or
explicit closure assumptions for dependencies that have not been measured. The resulting f; should be
interpreted as a positive transport representation consistent with the pulse information retained in the
model, rather than as a unique reconstruction of the complete electromagnetic field.

For the Gaussian reference pulse considered here, the initial distribution is specified by associating
the transverse, temporal, spectral and angular coordinates with the corresponding analytical pulse pro-
files. The transverse coordinates are determined by the spatial beam profile, the local time coordinate by
the temporal pulse envelope, and the frequency coordinate by the optical spectrum. These may be writ-
ten as P (x, Vs wx,wy) , P(7,70), P(w,wy, Aw), where w, and w, characterize the transverse beam dimen-
sions, 7y is the pulse duration, and wy and Aw denote the central frequency and spectral bandwidth. For
the reference pulse considered here, all frequency components are assumed to share the same Gaussian
transverse profile with waist radius wy. The corresponding transverse-wave-vector distribution therefore
has a frequency-independent width. Using the paraxial relations,

ke =k(w) 6, k, =k(w)6,. (1)

This common transverse-wave-vector width becomes a frequency-dependent angular width, oy, (w) =
9, (w). The conditional distribution,

P (Hxﬁy,w) =P(w)P (Qx, 9y|w) , (2)

represents the particular common-waist, diffraction-limited broadband Gaussian model adopted for the
present benchmark. It is not a universal consequence of the coordinate transformation alone.

3
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Figure 1. Schematic illustration of an ultrafast pulse and selected representations.

Together, these component distributions specify the normalized structure of the initial transport-
compatible phase-space distribution. Let U, denote the total pulse energy. The corresponding energy-
weighted phase-space distribution function is written as

fo (x,3,7,0x,0,,w) = UpP (x,ylwy, w,) P(7]70) P(wlwo, Aw) P (6y,6,|w) . (3)

Each component distribution is normalized over its corresponding variables, with the angular distri-
bution normalized at every frequency. It follows that i dxdydr df,df, dw = U,. The component dis-
tributions therefore determine the relative structure of the pulse in phase space, while U, establishes its
physical energy scale. Equation (3) represents the simplest initialization in which the spatial and tem-
poral variables are independent of the joint spectral-angular distribution and no initial spatial-temporal
or temporal-spectral correlation is imposed. The angular and spectral coordinates are not independent,
because the angular distribution is conditioned explicitly on optical frequency. Thus, although transverse
position and optical frequency are initially independent, the directional and spectral coordinates are not:
the initialization already contains a frequency-dependent angular variance through P (Gx, 9),|w). More
general pulse structures may be introduced through additional joint or conditional distributions describ-
ing spatial chirp, angular dispersion, temporal chirp, pulse-front tilt, and other forms of spatiotemporal
coupling. The resulting phase-space distribution function provides a statistical description of the pulse,
parameterized in terms of measurable pulse characteristics, and serves as the initial condition for deter-
ministic transport evolution.

For the separable, transform-limited and diffraction-limited Gaussian pulse considered here,
equation (3) coincides with the positive Wigner distribution of the corresponding Gaussian field after
transformation from transverse wave-vector coordinates (kmk),) to propagation-E coordinates (Hxﬁy).
This equivalence establishes the field consistency of the reference initialization and fixes the widths of the
conjugate variables rather than allowing them to be selected independently. Under the conventions used
here, the transform-limited temporal and spectral widths satisfy 7o, = 1, while the diffraction-limited
angular standard deviations are oy, (w) = 0g, (w) = 1/ (k(w) wy). Equation (3) therefore provides an ana-
lytically controlled initial condition for the deterministic transport evolution developed below.

2.2. Phase-space evolution formulation
Pulse evolution is obtained through transformations of the transport coordinates (x, ¥, T, Ok, Qy,w).
Because the phase-space coordinates coincide with the variables transformed by optical systems, con-
ventional ray-optical and dispersive propagation rules can be applied directly to the phase-space repre-
sentation. Pulse dynamics is therefore described through the evolution of the phase-space distribution
function rather than through propagation of the electromagnetic field.

For propagation and numerical realization, the phase-space distribution function fy (x, VT, Gx,Hy,w) is
represented by a finite set of phase-space samples,

N
Xi = (xi7yi7Ti70x,iaey,iawi) I 6i 20) Zei = Up' (4)

1=1
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The collection {(Xi,ei)}ﬁil provides a discrete realization of the continuous phase-space distribution
function. An individual sample is therefore a computational representative of the energy-weighted phase-
space distribution, rather than an individual physical photon. Its coordinates specify the phase-space
state, while ¢; specifies the corresponding amount of pulse energy. The evolution of an individual phase-
space sample may be expressed schematically as

X; =T, (Xi), & =mnei (5)

where 7, denotes the optical transformation associated with a propagation or optical element at the
frequency w;. Here, ¢; is the non-negative energy weight of sample i and 7; is the dimensionless energy
multiplication factor for the considered transport step. Lossless propagation corresponds to 7; = 1, pas-
sive attenuation to 0 < 7; < 1, and prescribed unsaturated gain to 7; > 1. This weight update can repre-
sent absorption, interface losses, or prescribed amplification, with any accompanying refractive or dis-
persive effects included in 7. Nonlinear interactions, including gain saturation and intensity-dependent
absorption, require additional coupling between the evolving pulse and the material response and are
outside the present formulation. Different optical systems correspond to different implementations of
T.» while the underlying transport variables remain unchanged. For paraxial systems, the spatial-angular
component of 7, is described by the frequency-dependent ray-transfer matrix M (w),

(x2>:<A(w) B(w))(xl ) ()
ax’z C(LJ) D(W) ax,l ’
with an analogous relation for the orthogonal transverse direction. Frequency-independent matrix ele-
ments recover the conventional monochromatic ABCD formalism [26], whereas frequency-dependent
matrices permit incorporation of chromatic and dispersive optical effects. Free-space propagation, lenses,
and more general optical systems may therefore be represented within a common framework.

The temporal component of 7, describes the propagation delay accumulated by each spectral com-

ponent. The local pulse-time coordinate of each ensemble sample is updated from the transit time accu-
mulated along its actual propagation path relative to a chosen reference trajectory. For sample 7,

@ _ () biym _m 1
T; =T +Zm - Atref*’r,‘ + E;ng,m (Wi) li,m *Atref (7)

where [; ,, is the geometrical path length travelled by sample i through propagation segment m, v, ,,, (w;)
and g, (wi) = ¢/Vvgm (wi) are the corresponding frequency-dependent group velocity and group index
and At is the transit time accumulated by the selected reference trajectory over the same propagation
interval. Equation (7) therefore accounts simultaneously for differences in geometrical path length and
frequency-dependent material group delay.

In linear systems, the optical frequency remains invariant, while the spatial, angular, and temporal
coordinates evolve according to the corresponding optical transformation.

The collective evolution of the transport coordinates induces a corresponding evolution of the phase-
space distribution function. Denoting the deterministic transport map from the initial plane to axial
position z by 7, this evolution may be written schematically as

ﬁ) (xJ’, T, exveww) Ef(xaya T, 0x70)/7w;z) . (8)

Thus, the phase-space distribution f (x, VT, GX,Hy,w;z) provides an energy-weighted statistical descrip-
tion of the transported ensemble at propagation distance z. Selected observable pulse quantities are
obtained as projections, marginals, or moments of this distribution. Similar reconstruction principles
are widely used in phase-space optics and kinetic descriptions [14, 25].

Introducing the phase-space coordinate q = (x,y,7,0y,0,,w) and the corresponding energy measure
du; (q) = f2(q;z) dg, an energy-weighted phase-space functional may then be written in continuous or
discrete form as

Oy (2) = / V@@, 080 =Y =) v @) (©)
I

where v (q) specifies the quantity being reconstructed, g; (z) are the propagated phase-space samples
and ¢;(z) is its associated energy weight. Different choices of 1) can generate the observables used in this
work. For example, 1) =1 gives the total transported energy, aperture functions give energy collected

5
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over finite spatial or spatiotemporal regions, Dirac-delta projections formally define local densities such
as p, (x,y,7) or S, (x,y,w), and polynomial weights such as x?, 72, or x7, after normalization, give global
moments and correlations. Local quantities are obtained as normalized projections. For a window or
selector x4 (q), the conditional mean of any phase-space quantity g(q) over the selected region A is

~ Jg(q) xa(q) du:(q)
W= @ dn (10

In equation (10), x 4 selects the region over which g is averaged. Choosing g as w, A, 7 or 0,0, gives
the corresponding mean optical frequency, vacuum wavelength, pulse time, or propagation-angle com-
ponent within that region. In numerical implementation, ideal Dirac-delta selectors are replaced by finite
bins, voxels, aperture functions, or smooth kernels.

The integral definitions of these projections do not require smooth distributions. Their numerical
evaluation nevertheless introduces a finite reconstruction scale. Summing the sample energy weights
within a bin or voxel gives its energy. Dividing this energy by the bin or voxel measure in the recon-
structed coordinates gives the average density. Conditional means instead divide the weighted sum of g
by the selected energy, as in equation (10). Kernel estimates similarly average over a scale determined
by the bandwidth. Sharp or rapidly varying structure below the chosen reconstruction scale remains
unresolved.

Reconstruction accuracy depends jointly on this scale and on the number and weights of the sam-
ples contributing to each region. Reducing bin widths or kernel bandwidths decreases averaging across
features but can increase statistical fluctuations if the local sample population becomes too small.
Sampling convergence can be assessed by increasing the ensemble size at fixed reconstruction resolution.
Resolution dependence can be assessed by refining the bins or bandwidths and evaluating the sampling
uncertainty at each setting. Conditional means are undefined when the selected energy is zero and may
have large statistical uncertainty when only a few samples contribute appreciably to the weighted sums.
The reconstruction widths and ensemble size should therefore be assessed against specified error toler-
ances for the observables being studied.

The reconstructed quantities are energy-weighted marginals and moments that describe selected sta-
tistical pulse observables. The reconstruction does not recover the complex field or evaluate interference
between coherent field contributions.

3. Pulse evolution and correlation formation

The propagation dynamics of phase-space samples drawn from the transport-compatible distribution

are analytically studied using the outlined propagation formalism. The initial distribution is chosen as

a transform-limited Gaussian beam—Gaussian pulse [24] at the waist, providing an analytically tractable
proof-of-concept case for isolating propagation-induced correlations and comparing the resulting observ-
ables with recognizable wave-optical behaviour. The initial joint transport-compatible distribution is
written as

fo (x,y, T, Gx,ﬂ),,w) = Upfr (x,9) fr () fio (W) fo (Gx,9y|w) . (11)

The marginal and conditional densities are:

fr(xa}’) = W

2 272
i ] 2]
B 1 (w—wp)
fw(w)—\/z—T%eXP - 202,
and
0.9 = e [ (1)
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Equation (12) embodies the common-waist Gaussian assumption introduced in section 2. All fre-
quency components have the same transverse-wave-vector variance, while their angular variance scales as
1/k* (w). Consequently, lower-frequency components have a broader directional distribution, although
the conditional mean direction remains zero at every frequency. The initialization therefore contains
frequency-dependent divergence but no frequency-dependent mean propagation direction. Thus, the ini-
tialized pulse is specified by measurable parameters: w; is the 1/¢* intensity beam radius at the waist,

7o is the 1/€® intensity half-width of the pulse envelope, wy is the central angular frequency, and o, is
the standard deviation of the angular-frequency distribution. No spatial chirp, pulse-front tilt, temporal
chirp, or explicit propagation-induced correlation is imposed at initialization. The sampling, transport
and reconstruction procedure does not require a Gaussian or separable initial distribution. Non-Gaussian
profiles and initial correlations may be specified through a positive joint distribution, provided that the
initialization is physically consistent and the transport rules are applicable to the optical processes being
modelled. The sampling procedure depends on the chosen distribution, while observables without avail-
able analytical expressions can be estimated from the transported ensemble. The Gaussian initialization
used here provides an analytically controlled benchmark, while section 5 examines an initially coupled
time—frequency distribution.

The initialized distribution is propagated using the transport laws and pulse observable reconstruc-
tions introduced in section 2. Beam spreading and the development of spatial-angular structure are
quantified through the corresponding second moments and covariances, while reduced marginals are
used to examine spatial, temporal, spectral, spatial-spectral, and temporal-spectral evolution. For exam-
ple, second moments such as x?,, 62, and xf,, are used to quantify beam spreading and position-angle
correlation.

3.1. Spatial-spectral evolution of the pulse
The transverse spatial evolution is first considered for the cylindrically symmetric Gaussian initialization.
Under free-space ABCD transport, the second spatial moment in one transverse direction evolves as

()2 = (x7) + 22(xibx,i) +2°(07), (13)

where the subscript i denotes waist-plane quantities. For the initialized waist-plane distribution, position
and angle are initially uncorrelated, so that (x;f, ;) = 0. The corresponding spatial and angular variances
are (x7) = w;/4 and (0%;) = 1/ [k* (w) wg]. Substitution gives

ZZ

W (z,w) = w) {1 + zf,\(w)} , R (w) =

k(w)ws

5 (14)

Thus, although individual phase-space samples follow only straight paraxial trajectories, the transverse
width of the pulse distribution defined by equation (14) evolves with the same functional form as the
transverse broadening of a Gaussian beam in paraxial wave optics [24]. This correspondence is consistent
with the statistical-ray representation of Gaussian beam propagation demonstrated by Crooker et al [15],
with the same moment-based mechanism applied here to the transport-compatible pulse distribution. In
the present formulation, this broadening arises from the finite initial angular spread and its deterministic
mapping into transverse position during propagation.

The results above were obtained for a fixed optical frequency. For a broadband pulse, the frequency
dependence of the angular spread makes the propagated transverse width frequency dependent. At the
waist plane, transverse position and optical frequency are separable, but propagation direction and fre-
quency are not, because the lower-frequency components have a larger angular variance. Free-space
propagation maps direction into transverse displacement. spatial-spectral dependence during propaga-
tion. The resulting radial spectral redistribution is a consequence of the selected common-waist Gaussian
model together with deterministic transport, rather than a universal consequence of positive phase-space
propagation. For a given spectral component, the propagated transverse density per unit area is obtained
by substituting the width from equation (14),

2(x*+57)
exp | — W) | (15)

frixylws 2) = — X

Since optical frequency is conserved during free-space propagation, the corresponding spatial-spectral
energy density is

Sxyw (x,y,w;2) = Upr_ (x,yw; 2) fo (w). (16)

7
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Figure 2. Spatial-spectral correlation of the propagated pulse. (a), (b) Joint density f(x,w, z) at the waist and after propagation
to z = 2zg (wo); (c), (d) Normalized local spectra at selected transverse positions before and after propagation. The values S/So
indicate local signal strength relative to the on-axis signal.

At z=0, all spectral components have the same width, w(0,w) = wy, and the spatial and spectral vari-
ables remain separable. For z > 0, the width w(z,w) depends on frequency through k(w), so the joint
distribution is no longer separable in transverse position and frequency. Thus, propagation generates
spatial-spectral correlation in the pulse distribution without imposing spatial chirp at initialization.

The projected local spectrum at transverse coordinate x, after integration over y, is obtained by con-
ditioning the x —frequency energy density on x:

Sww (%,w;2)
P = Tg (i)

with Sy, (x,w;z) = /Sxyw (x,y,w;z) dy. (17)

This expression shows that the spectral content observed at a fixed transverse position becomes spa-
tially dependent after propagation. The global spectral distribution f,, (w) remains unchanged under
free-space transport. Therefore, the effect is not spectral broadening or frequency generation. The
existing spectral components are redistributed across the transverse profile through their frequency-
dependent angular spreads. For visualization, the two-dimensional transverse density is reduced to the
one-dimensional marginal f(x,w,z) = f; (x,z|lw) f., (w). Figure 2 illustrates the resulting spatial-spectral
redistribution for a normalized Gaussian pulse with o, /wy = 0.10. At the waist plane, all spectral com-
ponents have the same transverse width wy, so the joint distribution is separable in transverse position
and frequency. This is seen in figure 2(a), where the spatial and spectral variables are separable, and in
figure 2(c), where the local spectra at different transverse positions overlap with the global spectrum.
After propagation, the transverse width becomes frequency dependent through w(z,w). The joint dis-
tribution is therefore no longer separable in x and w, as shown in figure 2(b). This also appears in the
local spectra in figure 2(d). At larger transverse positions, namely, x = w(z,wy) and x = 2w (z,wy), the
spectrum shifts toward lower frequencies. This red-shift occurs because lower-frequency components
have larger angular spread and therefore occupy the outer parts of the propagated pulse more strongly.
The resulting position-dependent local spectrum is qualitatively consistent with the behaviour expected
for pulsed Gaussian beams in wave-optics descriptions [24, chapter 22]. The slight blue shift of the cen-
tral projected spectrum is consistent with the paraxial field solution in appendix. For the x —frequency
projection, equation A7 gives a spectral density at x = 0 proportional to 5 (Q) /w(z,w). Under the
common-waist assumption, higher-frequency components have smaller transverse widths at nonzero
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propagation distances and therefore receive greater central weighting. The shift reflects spatial redistri-
bution of the existing spectral components. The global spectral distribution remains unchanged.

3.2. Position—angle correlation in pulse evolution

The transverse broadening is accompanied by the reorganization of the pulse distribution in phase space.
At the initial waist plane, transverse position and propagation angle are independent. During propaga-
tion, the pulse not only becomes wider, its transverse position and propagation angle also become corre-
lated. For one transverse direction,

<x0x>z = ((x,' +Z6x,i) 9x,i> = <xi9x,i> + Z<0,26’1~>. (18)

With the initialized waist-plane distribution, (xifl;) =0 and (6} ;) =1/ [k* (w) wj], we obtain

(x0y), = (19)

ke (w)wg
Thus, an initially uncorrelated distribution develops a position—angle correlation during propagation.
Samples located farther from the beam axis are statistically associated with larger outward propagation
angles.

The covariance gives a global measure of this correlation. A more local description is obtained from
the mean propagation angle at a given transverse position. For the propagated Gaussian phase-space dis-
tribution, this conditional mean is

Cov(x,6,)
Hx XZ,wW — T~ 7N 20
(O, Var (x) (20)
Using equations (14) and (19), we obtain
Xz
9)( 2w — 5 1 2/ N° 21
0o = 372 e

Thus, the transported ensemble has developed a position-dependent mean propagation direction: sam-
ples near the axis have zero mean transverse angle, whereas samples away from the axis have a mean
angle proportional to their transverse displacement. Interestingly, the proportionality factor is not arbi-
trary. It is identical to the transverse angular slope associated with the radius of curvature of a Gaussian
beam in paraxial wave optics [24],

(Or) om0 = R(zw) =z {1 LR (“)] . (22)

R(z,w)’ z

The transported phase-space distribution therefore develops the same local position-dependent angu-
lar organization that is associated with Gaussian wavefront curvature in the field description. This does
not imply that individual samples acquire optical phase or that a wavefront is explicitly propagated.
Rather, the wavefront-like angular structure appears as an emergent statistical property of the trans-

ported ensemble.

3.3. Temporal evolution of the pulse

In this subsection, we isolate the contribution of material dispersion to temporal evolution by neglecting
differences in geometrical path length between ensemble samples. In a reference frame moving with the
group velocity at the carrier frequency, different spectral components accumulate different relative group
delays in a dispersive medium, producing temporal broadening and time-frequency correlation. In vac-
uum or an ideal nondispersive medium, this contribution vanishes, and the temporal marginal remains
unchanged under the equal-path-length approximation. Temporal changes arising from unequal geomet-
rical propagation paths are considered separately in section 3.4.

The temporal transport law is written in a frame moving with the group velocity at the carrier fre-
quency wy. For propagation through a homogeneous medium, we neglect geometrical path-length dif-
ferences and take the propagation length to be z for all ensemble samples. Under this approximation,
equation (7) becomes,

7(2) =11+ z Ak (W), Ak (w) =k’ (w) — k" (wo), (23)

where k' (w) = dk/dw is the group delay per unit length. This equation is the temporal analogue of the
transverse transport rule. Instead of mapping angle into transverse position, dispersive temporal trans-
port maps each sample into local time according to its frequency-dependent group delay.
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The temporal variance follows directly from equation (23). For the initially transform-limited
Gaussian pulse, no time—frequency correlation is imposed at the input, so Cov[r;, Ak’ (w,)] = 0.
Therefore, using Var (7;) = 73 /4

2
Var |1 (z)] = ZO + 2 Var [Ak’ (w)]. (24)
This expression gives the general transport form of dispersive temporal broadening. For a broadband
pulse, Ak’ (w) can be evaluated directly from the full dispersion relation.

For the common narrowband case, Ak’ (w) =k’ (w) — k' (wo) ~ k§' (w — wp). Applying the same

Gaussian intensity-width convention, 7; (z) = 4Var|[r (z)], equation (24) becomes

T2 (2) =15 +42 (k!')o2 . (25)
Thus, temporal broadening appears because different spectral components are displaced to different local
times. The global spectrum remains conserved, but its components are redistributed across the pulse-
time coordinate. This is the temporal counterpart of the spatial redistribution discussed in section 3.1.

Multiplying equation (23) by (w —wy) and taking the ensemble average gives the temporal-spectral
correlation,

7(w—wp), = zk{ 2. (26)

This covariance has a direct physical interpretation: dispersive propagation orders the spectral compo-
nents within the pulse envelope. For ki’ > 0, higher-frequency components drift toward later local times;
for k{’ < 0, the ordering is reversed. In field-based pulse optics, the same physical behaviour is described
as temporal chirp generated by group-velocity dispersion [24, chapter 22]. In the transport-compatible
ensemble, it appears as a correlation between local pulse time and optical frequency.

3.4. Free-space spatiotemporal evolution

To complement the preceding analytical results, we performed a direct numerical propagation of a phys-
ically parameterized Gaussian pulse ensemble in free space. The purpose is to compare the reconstructed
spatiotemporal intensity distribution with that obtained from the analytical paraxial field solution for a
pulsed Gaussian beam in free space, presented in appendix.

The simulation uses following parameters: a transform-limited Gaussian pulse with central fre-
quency vy = 750 THz, corresponding to A\g = 400 nm, temporal width parameter 7y = 6.67 fs, and waist
radius wy = 1 mm. Here, w; is the 1/¢? intensity radius, and 7 defines the temporal intensity profile
I(t) < exp (—2£/7¢). The corresponding a Rayleigh range is zg = 7wj /Ao ~ 7.85 m. The ensemble was
reconstructed at z = 0, zg,52r, 10zg, 15zg. The ensemble contained 2 x 10° equal-energy samples. Both
descriptions use the retarded time 7 = t — z/c, measured relative to an on-axis reference travelling at c.

Figure 3 shows close correspondence between the analytical field solution and the transported
ensemble for the pulse parameters and propagation distances considered. Both descriptions exhibit pro-
gressive transverse spreading and at larger propagation distances, a curved spatiotemporal distribution
with the outer regions displaced toward later retarded times. In the ensemble description, this tempo-
ral structure arises from unequal geometrical propagation paths. In the field solution, it follows from
the frequency-dependent diffraction and spectral phase retained in equation All. The common colour
scale represents (p.,/po) on a logarithmic scale, where pj is the peak value of the initial waist-plane dis-
tribution. All snapshots use this same normalization and common spatial, temporal and colour scales.
Finite-sample fluctuations are most apparent in the low-density outskirts of the reconstructed ensemble.

3.5. Convergence of reconstructed pulse observables

Estimates of pulse observables reconstructed from a finite transported ensemble vary between inde-
pendent realizations under identical physical conditions. We assessed how their accuracy changes with
ensemble size, reconstruction resolution and observation plane by comparing three quantities with con-
tinuous analytical references: a) the transverse root-mean-square (RMS) width, b) the spatial-spectral
distribution of pulse energy and c) the mean propagation direction within prescribed spatial-spectral
regions.

We used the nominal pulse parameters of section 3.4 and evaluated the observables at z = zp (wy)
and z = 5zg (wy) snapshot planes. The Gaussian spectral distribution was conditioned on the explic-
itly prescribed band B = [wy — 30.,,wp + 304, 0, = 1/7o. This positive-frequency band retains
approximately 99.730% of the nominal Gaussian spectral energy. The tested ensemble sizes were N €

10



10P Publishing

J. Opt. 28 (2026) 115501 A Sherniyozov et al

(a) Paraxial field solution
z/zR:O z/szl z/zR:S z/zR:10 z/zR:15
Z=0.00 m z=7.85m z=3927m z=7854m z=11781m

20
- 10
2 0| = <> @ &‘?
110 1101 E
107 o
-20 é:‘
&
(b) Transported ensemble dd-'EJ
- 10'2 !-8
N
20 =
3]
- 10 E
2 0 wsm——— S —— 2
* .10 1073
-20

2 0 2 20 2 20 2 20 2 20 2
t/t0

Figure 3. Free-space spatiotemporal evolution of a pulsed Gaussian beam. (a) Analytical paraxial field solution based

on appendix. (b) Reconstructed transported ensemble. Both rows show the normalized x —time intensity distribution integrated
over y, using common spatial, temporal and colour scales. Colour represents on a logarithmic scale. All snapshots use the same
normalization.

{104, 3% 10%,10°,3 x 10°,10%,2 x 106}. At each count, ten independent initial ensembles were trans-
ported to both observation planes. Each sample carried the energy weight U, /N.
To compare reconstruction scales relative to the beam size, we introduced u = v/2x/w, (z) and q =

(w —wp) /0., where w.(2) = wo\/ 14 [z/zr (wp)]” is the beam radius at the central frequency. Spatial—

spectral energies were reconstructed on the normalized domain D: (u,q) € [-3,3] x [-3,3], using

(25 % 25), (50 x 50) and (100 x 100) grids. The physical spatial domain was consequently +3 mm at

zg and approximately £10.82 mm at 5zg. All three grids were reconstructed from the same realization.
The transverse RMS width was calculated from all samples in the retained band, including those out-

side the spatial reconstruction domain. Its relative error was

1 N

Ox N — Ox ref 1 -
= 17eN T Onntl 2 oy 1 / P (@)W (W) de, o2y =3 (-5 (27)
Ox,ref 43 Ni:l

Here, Xy is the sample mean, pp (w) is the spectral probability density normalized over B and w(z,w) is
the frequency-dependent beam radius.

The spatial-spectral energy distribution was reconstructed by summing sample energy weights within
each grid cell, with energy outside the domain accounted for separately. Its error was measured by

1
= —— 5" |Unp — Usets|, 28
eg 2Upzb:| N,b efb] (28)

where b runs over all reconstruction cells and one additional category containing the energy outside the
domain. The quantities Uy, and Uk are the estimated and analytically integrated energies in category
b, respectively.

Conditional mean directions were evaluated in nine prescribed spatial-spectral regions, formed
by pairing each spatial interval u € [—1,—0.5], [—0.25,0.25], [0.5,1] with each spectral interval g €
[-2,—1], [-0.5,0.5], [1,2]. Their normalized boundaries were specified before sampling and retained
across all ensemble sizes, reconstruction grids and observation planes. Within each region, the mean
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Figure 4. Sampling convergence and finite reconstruction resolution of selected Gaussian-pulse observables. (a) Relative trans-
verse RMS-width error. (b) Conditional-direction RMS error, normalized by the angular scale. (c) Spatial-spectral energy error.
(d) Deterministic resolution discrepancy. Spatial bounds scale with the beam radius at the central frequency. N denotes the num-
ber of samples per realization. Dashed horizontal lines mark the 1% level for each metric.

transverse angular component was calculated as an energy-weighted average and compared with its ana-
lytical regional mean. The aggregate error was

1/2
11 & o
€ = ;70 M Z (GN,]' - eref,j) >

j=1

M= 9, 0'9’() = 1/ (k()W())7 (29)

where 6 denotes the angular component in the x direction and ky = wp/c. Analytical cell energies and
regional mean directions were obtained by integration over their respective domains.

For each observable and reconstruction grid, the empirical convergence requirement was the smallest
tested N for which the corresponding error was strictly below 1% in all ten realizations and remained
below 1% at every larger tested count. A pass occurring only at the largest count was recorded without
confirmation at a larger N.

Figures 4(a)—(c) shows that the required ensemble size depends on the observable and reconstruction
resolution. The transverse RMS width satisfied the criterion from 3 x 10* at both observation planes.
The conditional-direction RMS error met the criterion at 10° samples at zz, compared with 10° at 5zz.
For the spatial-spectral energy distribution, the 25 x 25 grid met the criterion at both planes from 10°.
The 50 x 50 grid reached the 1% level at 2 x 109, the largest tested count, without confirmation at a
larger ensemble size. The 100 x 100 grid remained above 1% throughout the tested range.

Finite reconstruction resolution was assessed separately in figure 4(d) through

1
B = 53 [ 191 0) = (x) dds (30)
R TIA
D

where S is the continuous analytical reference and Sy, is its piecewise constant representation using
exact cell averages. The larger discrepancy at the two planes was 4.44%, 2.22% and 1.11% for the
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(25 x 25), (50 x 50) and (100 x 100) grids, respectively. These discrepancies are independent of ensem-
ble size. Thus, satisfying the 1% sampling criterion for reconstructed cell energies does not by itself
establish 1% accuracy for the continuous spatial-spectral density.

These results show that ensemble size and reconstruction resolution should be selected jointly for
the observable and tolerance of interest. Finer grids reduce the cell-averaging discrepancy but require
larger ensembles to estimate cell energies accurately. The reported counts provide empirical convergence
requirements for the selected Gaussian-pulse observables at the two tested planes.

4. Focusing of ultrashort pulses

The transport formulation is next applied to an ultrashort pulse transmitted through a dispersive focus-
ing lens. This calculation extends the preceding analytical tests to an explicit optical geometry in which
wavelength-dependent refraction, unequal propagation paths and material group delay act simultane-
ously. The near-focus measurements reported by Bowlan et al [27] provide the reference configuration
and physical scales for the simulation. The objective is to determine whether deterministic transport of
the positive ensemble reproduces the principal envelope-level contraction, chromatic redistribution and
post-focal expansion observed across the focal region.

The pulse is centred at A\g = 800 nm with a RMS wavelength bandwidth of approximately 25 nm and
is initialized as a transform-limited Gaussian pulse. The transverse profile is also Gaussian, with a radial
RMS spot size of 3 mm before the lens, and the incident beam is taken to be collimated. These values
follow the experimental conditions reported for the reference measurements [27]. The optical element
is modelled as a spherical ZnSe plano-convex singlet with an 11.43 mm clear aperture, a 2.00 mm cen-
tre thickness and a front-surface radius of curvature of 71.26 mm. The present configuration employs a
spherical ZnSe singlet for which the geometry and material dispersion are specified in [28, 29].

The calculation used 2 x 10° equal-energy samples with collimated initial directions. Each trajectory
was intersected analytically with the spherical entrance surface, rejected if it lay outside the clear aper-
ture, refracted at the air—ZnSe and ZnSe—air interfaces using vector Snell’s law, and propagated through
the planar rear surface to the observation planes. The ZnSe phase index was evaluated from the adopted
dispersion relation [29], while the group index ng (A) = n(X) — A(dn/d\) was used with the actual geo-
metrical path lengths in the temporal update of equation (7).

Surface-reflection and coating losses, bulk absorption, multiple internal reflections and aperture-edge
diffraction were neglected. Component-specific transmission, absorption and reflection data were not
reported in the reference experiment. These effects may modify the transmitted energy and near-focus
pulse structure. Transmission and absorption can be incorporated through sample-weight updates, and
internal reflections through additional weighted trajectories.

The transported ensemble was reconstructed at seven planes using weighted (x) — (7) histograms on
a common (200 x 200) grid over +100 pm and £100 fs. A meridional slice (|y| <10 ~ pm) was used,
the maps were smoothed with a one-bin Gaussian kernel, and values below 10% of the local maximum
density were excluded from both the density and conditional-wavelength displays.

Figure 5 (top row) shows seven reconstructed pulse snapshots separated by 0.4 mm, extending from
z=—1.2mm to z= +1.2 mm relative to the nominal focal plane. This axial range is chosen to corre-
spond to the near-focus sequence reported by [27]. At z= —1.2 mm, the reconstructed pulse occupies
a broad, strongly curved region in the x — 7 plane, with transverse extents of approximately 150 pm.
This value is comparable to the scales observed experimentally and wave-optics based calculations [27].
The distribution contracts progressively at z= —0.8 and —0.4 mm, while retaining the characteristic pre-
focal curvature. At z =0, the ensemble reaches its most compact spatiotemporal extent and its maximum
reconstructed density. The downstream snapshots at z= +0.4,+0.8 and +1.2 mm show the correspond-
ing expansion. The reconstructed evolution agrees quantitatively with the experiment in its characteristic
spatial and temporal scales and in the location and extent of the focal contraction.

The lower row in figure 5 shows the conditional mean wavelength over the same density-supported
pulse region. Before focus, the model predicts a systematic wavelength ordering across the curved distri-
bution, with different spectral components occupying distinct transverse and temporal locations because
of wavelength-dependent refraction and chromatic focal displacement. This blue-to-red spatial-spectral
structure and its reversal across focus are consistent with the chromatic evolution reported by [27].
Because the experimental colour map represents a phase-derived instantaneous wavelength whereas the
present map represents a conditional ensemble-averaged wavelength, a point-by-point quantitative com-
parison of the spectral colour cannot be made. Nevertheless, the agreement in the axial sequence, pulse
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Figure 5. Near-focus evolution of an ultrashort pulse transmitted through a ZnSe plano-convex lens. The upper row shows the
reconstructed normalized ensemble density in the x — 7 plane and the lower row shows the corresponding conditional mean
wavelength A|x, 7, z. All snapshots use common spatial, temporal and colour scales, and the spectral maps are restricted to the
density-supported pulse region. The spectral colour does not represent phase-derived instantaneous wavelength.

dimensions, focal contraction and post-focal evolution provides quantitative-scale validation of the trans-
port reconstruction, while the spectral redistribution shows close qualitative agreement with the mea-
sured evolution.

The calculation combines finite-low-aperture lens geometry, wavelength-dependent refraction, chro-
matic focal displacement, geometrical path-length differences and material group delay within a single
transport framework. The model recovers the principal near-focus envelope-level dynamics observed
experimentally: transverse contraction, density accumulation, post-focal expansion, and spatial-spectral
redistribution. Figure 5 therefore demonstrates that an ensemble specified from reported pulse param-
eters can be propagated through a realistic dispersive lens and reconstructed into physically meaningful
near-focus observables.

5. Compression of chirped ultrashort pulses

The preceding studies demonstrated that the transport-compatible representation can describe geometri-
cal propagation, wavelength-dependent refraction, material dispersion, and the resulting coupled spatial,
spectral, and temporal pulse evolution. In both cases, the input time—frequency distribution was sep-
arable and represented a transform-limited pulse. A complementary test is provided by an ideal four-
grating compressor, a standard arrangement in ultrafast optics in which diffraction generates angular
dispersion and hence wavelength-dependent propagation paths and differential delays. In the transport
calculation, the selected-order diffraction angle is prescribed by the grating equation at each grating, and
an initially linearly chirped pulse is propagated through the complete system. This configuration tests
whether the ensemble can transport the initially coupled distribution, compensate the imposed linear
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chirp, reproduce the generation and cancellation of intermediate spatiotemporal correlations, and recover
the expected temporal compression at the output.

The compressor input was a Gaussian pulse with positive linear chirp. The functional forms of the
transverse-position, propagation-direction, and spectral distributions were retained from the preceding
initialization, whereas the previously independent temporal and spectral factors were replaced by a cor-
related Gaussian time—frequency distribution. Introducing r, = (x,y), 0 = (6,6,) and Q = w — w, the
initial energy-weighted phase-space density was written as

ﬁ)(rl,a,TC,Q) = UPr(TL)P‘g (GQ)PTQ (TC,Q), PTQ (TC,Q) #PT (TC)PQ (Q) (31)

The centred local pulse time, 7. = 7 — (7), was sampled according to 7. = Tr. + ¢2,in2, wWhere 71 is an
independent, zero-mean Gaussian variable describing the transform-limited temporal distribution and
®2,in is the imposed input group-delay dispersion. Under this convention, positive ¢, j, places higher-
frequency components at later local times. The input distribution is therefore non-separable in local
pulse time and frequency, while the frequency-conditioned angular distribution remains as defined

in section 2. The pulse had a central wavelength of 800 nm, a spectral-intensity FWHM of 8.83 THz
(approximately 18.8 nm near 800 nm), corresponding to a Gaussian transform-limited intensity FWHM
of 50 fs. After imposing ¢, ;, = +1.80 x 10* fs?, the input ensemble had duration of 1 ps.

The compressor consisted of four ideal planar reflection gratings G; — —Gj, each with a 16 x 16 mm
clear aperture and a groove density of 600 lines/mm, corresponding to a grating period of d = 1.667um.
The grooves were oriented along y, such that diffraction and angular dispersion occurred in the x — —z
plane, and only the reflected m = +1 diffraction order was retained. The central 800 nm ray entered
along +Z at an incidence angle of 30° relative to the normal of G, giving a signed diffraction angle of
—1.146° under the convention defined below. The gratings within each pair were parallel, with equal
normal separations L, = L, = L ~ 27.6mm. This value was chosen using the GDD-matching condition
introduced below. The two pairs were separated by an 80 mm central-ray path between G, and Gj;, and
the second pair was arranged as the mirror-symmetric counterpart of the first so that the central output
ray returned to the +Z direction. The ensemble traversed the gratings in the order G; — G, — G; — Gy,
and its evolving phase-space distribution was sampled at the diagnostic planes Sy — —S, indicated in
figure 6(a). Here, Sy was located 50 mm before G, S; and S; bisected the propagation paths within the
respective grating pairs, S, bisected the path between G, and Gs, and S; was located 50mm after G.
The gratings were assigned unit diffraction efficiency in the selected order, with no absorption or groove
errors, other diffraction orders and interference among them were not modelled.

Each ensemble member was propagated to its intersection with the next grating plane, where its
direction was updated according to the signed reflection-grating equation mA = d[sina + sin 3 ()], with
« and § denoting the local signed incidence and diffraction angles relative to the grating normal. The
component of the propagation direction parallel to the grooves remained unchanged. Between succes-
sive gratings, the ensemble members followed straight trajectories in air, and their arrival times were
incremented by I/c. At each diagnostic plane, the time coordinate was referenced to the pulse tempo-
ral centroid, 7, = 7— < 7 >. This re-cantering shifts all arrival times by the same constant and therefore
leaves the relative delays, pulse duration, and spatiotemporal correlations unchanged. An analytical ref-
erence was obtained from the standard spectral-phase expansion of an ideal grating compressor [30, 31].
For the present unfolded four-grating geometry with L; = L, = L, the second- and third-order dispersion

coefficients are
2
ML (o 1
Prg=— — 2\ 7 ) codn.
w2\ d ) cos®By

2

and

3AL ()\0)2 1 {H No sin By } (32)

3= —
$2m23\ d ) cos®fy d cos?f,

The separation L = 27.574 mm was selected from the matching condition ®,;, + ®,, =0, giving the
analytically ®, , ~ —1.80 x 10* fs? and ® 3, ~ +2.27 x 10* fs’. To extract the corresponding coefficients
independently from the transported ensemble, the compressor-induced delay was fitted over || < oy,

by a weighted sixth-order polynomial in d7,(q) = 22:0 arg®. The local transport-derived coefficients

were then obtained as @gf? =a,/0, and P gt:g) =2a,/c? . For the net output dispersion, the same fit

was applied to 7oy — 71, Which removes the independent transform-limited temporal coordinate while
retaining the imposed input chirp and the frequency-dependent compressor delay.
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Figure 6. Ensemble transport through a four-grating pulse compressor. (a) Compressor geometry with gratings G; — —Gg, rep-
resentative wavelength-resolved trajectories, and diagnostic planes Sy — —Ss. (b) Normalized spatiotemporal ensemble snapshots

in (€,7¢). The opposite inclinations at S; and S; reveal pulse-front tilt within the two grating pairs, whereas S, and Sy show its
cancellation after each pair. (c) Normalized time—frequency ensemble snapshots in (7., Av), showing compensation of the initial
linear chirp and an output nonlinear frequency—time correlation generated by the compressor-induced third-order dispersion.
Here, 7. = 7 — (7) is the arrival time relative to the pulse temporal centroid, £ is the local transverse coordinate in the plane of
grating dispersion and Av is the frequency detuning from the central frequency. Colours represent density relative to the peak
density of each snapshot and therefore do not indicate absolute density differences between snapshots. Note the different 7. scales
between snapshots.

Figures 6(a) and (b) follows the spatiotemporal evolution of the ensemble through the complete
compressor. At Sy, the transverse coordinate and local arrival time are initially uncorrelated. Propagation
between G, and G, converts the angular dispersion introduced by G, into the pronounced (§ — —7)
correlation observed at S, corresponding to pulse-front tilt. After diffraction at G,, the spectral com-
ponents propagate parallel to one another, and the absence of a systematic inclination at S, shows that
this pulse-front tilt has been removed, although spatial-spectral separation and frequency-dependent
delay remain. The mirror-symmetric second grating pair reverses the spatial evolution: an oppositely
inclined distribution appears at Ss, followed by cancellation of the tilt and recombination of the spa-
tial and directional distributions at S4. The sequence demonstrates that the transport-compatible repre-
sentation follows the generation, reversal, and cancellation of intermediate spatiotemporal correlations
through the complete multi-element system.

The time—frequency projections in figure 6(c) show the progressive compensation of the imposed
input chirp. At Sy, the approximately linear relation between 7. and Av represents the positive input
GDD. After the first grating pair, the reduced temporal extent at S, indicates partial compensation, while
the distribution at S, approaches a vertical orientation, showing that the linear time—frequency correla-
tion has been removed. For the ensemble members transmitted through all four grating apertures, the
RMS-equivalent intensity FWHM decreased from 1000.5 fs at the input to 54.24 fs at the output, cor-
responding to a compression factor of 18.44. The polynomial fit to the transported compressor delay
yielded <I>§t;,) = —1.8011 x 10* fs? and @gf;) = 42.2728 x 10* fs>, in agreement with the analytical calcu-
lations. Combining the compressor contribution with the imposed input GDD gave a net output GDD
indistinguishable from zero at the numerical precision of the calculation, whereas the positive compres-
sor TOD remained unchanged. Normalizing the transport-derived coefficients by L = 2.7574 cm gives
—6531.9 fs>cm~! and +8242.5 fs>cm ™!, differing by only 0.20% and 0.57%, respectively, from Feurer’s
tabulated values of —6545 fs>cm™~! and +8290 fs>cm™! [31]. The nearly vertical but curved distribu-
tion at S4 (in figure 6(c)) indicates cancellation of the imposed linear time—frequency correlation while
retaining the higher-order correlation associated with the compressor TOD.
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The four-grating compressor tests the transport-compatible representation with an initially non-
separable time—frequency distribution in a multi-element optical system. The ensemble reproduces the
generation and cancellation of intermediate spatiotemporal correlations, spatial and directional recom-
bination, the expected GDD and TOD, and the resulting temporal compression. Here, each grating is
represented as an ideal selected-order mapping prescribed by the grating equation. The result therefore
demonstrates transport of grating-induced angular dispersion and wavelength-dependent delays, rather
than groove-resolved diffraction.

6. Discussion

The free-space, dispersive and near-focus results show that selected spatial, temporal, angular and spec-
tral properties of an ultrafast pulse can be encoded in a positive phase-space representation and evolved
through deterministic transport. The transport maps the angular and group-delay dependences encoded
in the initial distribution into spatial and temporal evolution. In particular, the transverse angular spread
determines the diffraction scale, the frequency dependence of the transverse angular spread governs
wavelength-dependent diffraction, and the frequency-dependent group delay determines dispersive tem-
poral evolution.

The analytical free-space results make this reorganization particularly transparent. The initial
position—angle distribution is uncorrelated at the waist, but during propagation, ensemble elements
travelling at different angles move to different transverse positions. The spatial profile therefore broad-
ens, while a finite position—angle covariance develops within the full distribution. At any given trans-
verse position, the ensemble contains samples propagating over a range of angles. Their conditional
mean direction, however, is not arbitrary. For the Gaussian initialization used in this study, it is equal
to x/R(z). Independently, Gaussian-beam optics predicts that the normal to the curved wavefront at the
same transverse position has the paraxial angle x/R(z). The two descriptions therefore coincide at the
level of the mean local direction. That is, the average direction of the ensemble samples passing through
a given position is aligned with the normal to the corresponding Gaussian-beam wavefront. This agree-
ment does not imply that the optical phase has been reconstructed, but it shows that the directional
structure associated with wavefront curvature emerges from the transported position—angle distribution.

The same phase-space transport also explains the spatial-spectral evolution. At initialization, the
finite transverse-wave-vector spread corresponds to a frequency-dependent angular spread through
0, ~k, /k(w). Lower-frequency components therefore occupy a broader range of propagation angles
and spread more strongly toward larger transverse positions. As a result, the local spectrum becomes
progressively shifted toward lower frequencies with increasing radial distance from the beam axis, in
agreement with the wave-optics prediction for a pulsed Gaussian beam [24]. This radial spectral redis-
tribution occurs without changing the frequency of any ensemble element or the pulse-integrated spec-
trum, and therefore represents a rearrangement of existing spectral content.

The temporal evolution in a dispersive medium follows the same transport principle. Different spec-
tral components propagate with different group velocities and therefore acquire different delays as the
pulse travels through the medium. The initially uncorrelated time—frequency distribution is consequently
sheared, producing temporal broadening and a systematic ordering of frequency across the pulse enve-
lope. In this sense, the time—frequency structure generated by the ensemble corresponds to the chirp pre-
dicted by conventional dispersive pulse propagation [24]. As in the spatial case, the global spectrum is
preserved. The observed change arises from a redistribution of spectral components in local pulse time.

The simulation of ultrashort-pulse propagation through the dispersive ZnSe lens and across the focal
region extends the analytical results to a case in which spatial, temporal and spectral transport act simul-
taneously. More importantly, it tested the complete transport workflow proposed here. The initialized
phase-space representation is propagated through a finite optical geometry using wavelength-dependent
refraction, geometrical path lengths and material group delay, and is then reconstructed into spatial,
temporal and spectral observables. The resulting pulse contraction before focus, maximum concentra-
tion near the nominal focal plane and subsequent expansion are consistent with the characteristic spatial
and temporal scales and the overall axial evolution reported in the measurements and wave-optics calcu-
lations of [27]. The simulation therefore provides a numerical demonstration of the intended transport-
and-reconstruction workflow. The reconstructed density evolution shows quantitative-scale agreement,
whereas the spectral comparison remains qualitative because the experiment [27] reports a phase-derived
instantaneous wavelength and the present calculation reports a conditional ensemble mean wavelength.

Representative runtimes were measured for sampling, pulse transport and observable reconstruction
in the free-space Gaussian-pulse benchmark (section 3.5) and the four-grating compressor (section 5).
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Both calculations used 2 x 10° ensemble samples. In the Gaussian benchmark, initialization, transport to
one observation plane and reconstruction on all three grids required approximately 0.3-0.4 s per inde-
pendently sampled ensemble. The complete compressor calculation, including validation and dispersion
fitting, required approximately 40 s, averaged over three runs. Reconstruction of five spatial-temporal
and three temporal-spectral density maps accounted for approximately 1 s of this total. Measurements
used MATLAB R2024b on a system with an Intel Core i5 processor and 16 GB RAM, without explicit
parallelization.

The consistency observed between the ensemble-based pulse description and field-based predictions
for the selected observables does not imply equivalence between the positive phase-space representation
and the complete electromagnetic field. In its current form, the ensemble does not retain the complex
optical phase or the full coherence information required to reconstruct interference, carrier-envelope
effects and polarization-dependent structure. The present formulation therefore does not define a unique
inverse mapping from the transported ensemble to a complete complex electromagnetic field. The con-
ditional mean propagation direction and conditional mean wavelength should therefore be interpreted as
local statistical properties of the ensemble, rather than as general substitutes for the field-phase gradient
or instantaneous frequency. The near-focus calculation is likewise geometrically nonparaxial in its treat-
ment of trajectories and refraction, but it does not constitute a vectorial electromagnetic description of
focused light. Incorporating phase or polarization information while preserving the positivity and direct
sampling interpretation of the present ensemble would require an augmented state space and additional
transport framework, and lies beyond the scope of this work.

The grating compressor in section 5 illustrates the scope of this distinction. The grating equation
supplies the propagation direction of the selected diffraction order, and the resulting paths determine
the accumulated delays. This treatment does not reconstruct the interference pattern across that order.
Groove-position errors can alter the focused intensity profile and Strehl ratio through phase variations
across the illuminated grating [32]. Predicting these changes requires additional phase or coherence
information.

These limitations define the regime in which the representation can be applied. Its principal value
lies in problems where the relevant quantities are local energy, frequency, direction and arrival time
and where direct compatibility with ray tracing, kinetic transport or Monte Carlo interaction models
is more important than complete phase-sensitive field reconstruction [11-13, 33, 34]. The propagated
ensemble provides energy-weighted marginals and conditional moments from which quantities such as
fluence, spectral energy density, directional energy flux and photon flux may be constructed using the
appropriate spatial, temporal, velocity and photon-energy normalizations. These quantities could then
be coupled to models of absorption, scattering, detection or energy deposition formulated in compat-
ible transport variables. A further intended application is initialization from characterized laboratory
pulses. In such a workflow, measured spatial, temporal, spectral and directional information would be
converted into normalized marginal or conditional distributions and sampled into energy-weighted ele-
ments. Measurements of the individual beam profile, temporal envelope, spectrum and divergence con-
strain the corresponding marginals but do not, in general, determine a unique multidimensional joint
distribution. Experimentally informed initialization therefore requires either measured spatiotempo-
ral dependencies or explicitly stated assumptions for unmeasured correlations. More complete pulse-
characterization data could be used to introduce temporal chirp, spatial chirp, angular dispersion, pulse-
front tilt and other initially coupled structures. Demonstration of this workflow using a measured non-
Gaussian pulse remains a subject for future work. The transport rules may likewise be extended to addi-
tional optical elements and material interactions. The representation can therefore be viewed as com-
plementary to field-based propagation, providing a pulse-resolved transport description for situations in
which envelope-level observables and compatibility with particle- or distribution-based simulations are
the primary requirements.

7. Conclusion

The central result of this work is that selected ultrafast-pulse dynamics can be represented within a pos-
itive, energy-normalized phase space whose coordinates are transverse position, local pulse time, propa-
gation direction and optical frequency. Once this joint state is specified, its subsequent spatial, temporal
and spectral evolution follows from the transport of the same energy-weighted samples. Observable pulse
changes are therefore obtained through the redistribution of an initially defined phase-space structure
and the accumulation of geometrical and material transit times, rather than through separate models for
the spatial, temporal and spectral parts of the pulse.
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This work establishes a practical connection between ultrafast-pulse descriptions and transport-
oriented computation. The framework was implemented numerically and applied to propagation
through a dispersive focusing lens, demonstrating that a single sampled pulse state can be propagated
through an explicit refractive geometry and reconstructed into spatially, temporally and spectrally
resolved observables near focus. The four-grating example further demonstrates the evolution of spa-
tiotemporal correlations, chirp compensation and temporal compression through a sequence of optical
elements. The representation retains the variables required to track pulse energy through optical sys-
tems while providing direct access to local frequency, propagation direction and arrival time. It therefore
provides a practical means of transferring analytically specified or field-derived pulse information into
ray-tracing, Monte Carlo and distribution-based calculations that require pulse-resolved quantities.
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Appendix. Field-based reference for the free-space Gaussian-pulse propagation

This appendix presents the analytical paraxial field solution used for the spatial, spectral and spatiotem-
poral comparisons in section 3. The frequency dependence of diffraction, wavefront curvature and Gouy
phase is retained throughout [35].

A.1. Waist-plane field and paraxial propagation
Let p* =x*+y*, Q =w —wy and k(w) = w/c. All spectral components share the same waist plane and
waist radius wy. The transform-limited waist-plane field is

r’ £\
E(p,t,0) = Epexp (_w2> exp <—T2) e Wk, (A1)
0

0

Here, 7y and wy are the temporal and spatial (1 / ez) intensity-width parameters, respectively. With the
Fourier convention E(w) = [*_E(t)e“'dt and inverse factor (1/27) its propagated spectrum is

ZQ2

E(p,wo+Q,2) = Agexp (— o

)g(p,z;w) kW2 Ay = Eyron/T. (A2)
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After factoring out the axial propagation phase ¢, the paraxial wave equation and its Gaussian solution
are

i 20 (pziw) = ——exp [ — r (A3)

The frequency-dependent beam parameters are defined by ¢ = z/zg (w) and

zp(w) = 2, wz(z,w):wg(1+42)

I z
R(z,w) Z2+2;(w)

, Y =arctan (. (A4)

2
The factor g contains the wavefront phase kZLR and the Gouy phase —1). The inverse curvature is zero at
the waist. Retaining their frequency dependence will be essential for the temporal intensity calculated in
equation (A.3).

A.2. Spatial and spectral intensity distributions
The transverse Fourier transform of the waist-plane field gives the RMS wave-vector and paraxial angu-
lar widths

1 1

O, = Ok, = e 09, (W) =09, (W) = K@) (A5)

At a given frequency, the normalized transverse spectral intensity per unit area is

fi(x,y€%2) = mexp (_2(x+y2)> : (A6)

w? (z,w)

Frequency integrals are restricted to a common band B, within which w = wy+ £ > 0 and
k (w)wo > 1. The normalized spectral energy distribution within this band is f5 (Q) =

exp (7@) / [zexp (f TUZZQ 2) d€2. The excluded Gaussian spectral tails are negligible for the parame-

ters considered; equation Al therefore represents the waist-plane field to this accuracy. Integration over y
gives the normalized x —frequency distribution corresponding to the spatial-spectral marginal discussed
in section 3.1:

pen o 822) =8 () Y T (- ). (&7)

w(z,w) (z,w)

The squared broadband transverse RMS width is

w? (z,w
@ = [ @) a0 m
B

This integral is evaluated over the same spectral band used for the ensemble comparison. The local
paraxial propagation direction follows from the transverse phase gradient:

1
ex,ref (x7Q;Z) = 680 = *

T kdx R(zw) (49)

Equation (A9) provides the field reference for the conditional mean direction discussed in section 3.2.
For a finite spatial-spectral bin A = [x,x;] X [21,€2,] containing nonzero energy, the mean direction is

il ffAﬁpr (.x,Q;Z) dxd)

AT T b (%, 952) dxd®2 (A10)

The probability densities integrate to unity over their respective domains. Multiplication by the retained
pulse energy gives the corresponding energy distributions. Comparisons use the same spectral band, spa-
tial aperture and bin boundaries.
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A.3. Spatiotemporal intensity
In the retarded time 7 =t — z/c, the field is E = £e~“07, The complex pulse envelope is

A 1% ;
E(p,7,2) = ﬁ /exp (— T°4 )g(p,z;wo +0Q)e7dQ. (A11)
B

Equation (A11) coherently superposes the spectral field components before the intensity is evaluated. It
therefore retains the frequency dependence of diffraction, wavefront curvature and Gouy phase, which
determines the spatiotemporal pulse profile. For a scalar field of fixed polarization, the cycle-averaged
intensity and its normalized distribution are

e Ire et
Lt = “X(EP pyyr = 25 Uy = [ dxdydr. (A12)
2 U,

The energy integral covers the full transverse plane and all retarded times. The retained pulse energy
is conserved within the paraxial model. The normalized (x) —time intensity distribution shown in
figure 3 is

Dr (x,752) = / Pxyr (%,y,752) dy. (A13)

The temporal profile is p, (7;2) = ffooo Pxr (x,7;2) dx. For the cylindrically symmetric field, the radial-
time distribution is p,; = 27 pp,,~, where 27 p is the cylindrical integration factor. This factor does not
enter the Cartesian x —time projection.
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