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Abstract

Virtual metrology uses process data to estimate product quality before physical measurement
results become available. However, most models return only a point prediction, which does not
show whether an individual prediction is reliable enough for quality decisions. This paper develops
a conformal prediction framework for virtual metrology of micro crown gear quality from acous-
tic emission signals. The framework combines regression pipelines selected for each quality char-
acteristic with Split conformal prediction (Split CP), cross validation plus (CV+), and cross fit-
ted conformalized quantile regression (CF-CQR). The framework is model agnostic and does not
require a parametric form for the distribution of the data. Under exchangeability, conformal pre-
diction provides finite sample marginal coverage guarantees for prediction intervals. Split CP, CV+
and CF-CQR are evaluated over repeated data partitions of the full-factorial experimental dataset
using empirical coverage, interval width, and the Winkler score. The results show that acoustic
emission signals support the prediction of the studied geometric characteristics, although predic-
tive difficulty varies across targets. The conformal methods provide coverage close to the nominal
level, while cross validation plus and CF-CQR generally produce more informative intervals than
Split conformal prediction. The predicted intervals are used to formulate an interpretable quality
assessment logic by distinguishing clear conformity, clear nonconformity, and ambiguous cases
that require physical measurement or expert assessment. The proposed framework moves virtual
metrology from isolated point predictions towards quality predictions that communicate uncer-
tainty explicitly.

Nomenclature

Abbreviations

Abbreviation Definition

AE Acoustic emission

CF-CQR Cross fitted conformalized quantile regression

Cp Conformal prediction

CV+ Cross validation plus

DOE Design of experiments

GUM Guide to the Expression of Uncertainty in Measurement

© 2026 The Author(s). Published by IOP Publishing Ltd


https://doi.org/10.1088/1361-6501/aeb964
https://crossmark.crossref.org/dialog/?doi=10.1088/1361-6501/aeb964&domain=pdf&date_stamp=2026-11-4
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0009-0009-4350-5512
https://orcid.org/0009-0002-8571-4653
https://orcid.org/0000-0001-6754-844X
https://orcid.org/0000-0002-8406-1892
mailto:amine.heddoub@ensam.eu

10P Publishing

Meas. Sci. Technol. 37 (2026) 445003 A Heddoub et al

MAE Mean absolute error

OLS Ordinary least squares

PCA Principal component analysis

RMSE Root mean squared error

VM Virtual metrology

#CMM Micro coordinate measuring machine

Main symbols

Symbol Definition

o Nominal miscoverage level

X; Process-derived feature vector of part i

Vit Measured value of quality target t for part i
D, Regression dataset associated with target ¢
?t(x) Point prediction model for target ¢
’C\‘m,m(x) Prediction interval produced by method m for target ¢
fm)m(x) Lower prediction interval bound

[A]myt «(X) Upper prediction interval bound

A, Acceptance region for target ¢

LSL, Lower specification limit for target ¢
USL; Upper specification limit for target ¢
N Number of manufactured parts

p Number of input features

T Number of quality targets

1. Introduction

Quality assurance is essential in manufacturing because products must satisfy demanding functional and
geometric requirements while production remains efficient and responsive. Many quality characteris-
tics are still verified through measurements performed after production [1-3]. These measurements pro-
vide the reference information required for conformity assessment, but they can delay feedback to the
production process. Several parts may therefore be manufactured before a quality deviation is detected
[1, 4].

Industry 4.0 has expanded the use of industrial data for monitoring and decision making in manu-
facturing. Sensor networks, the Industrial Internet of Things, connected production systems, and arti-
ficial intelligence link physical operations with data acquisition and computational decision layers [5—
7]. These technologies increase the amount and diversity of information available during production.
Quality 4.0 builds on this development by using industrial data and learning methods to support moni-
toring, prediction, and faster quality decisions [8, 9].

Predictive quality is one important outcome of this transition. Methods for predictive quality learn
relationships between manufacturing data and measured product characteristics to estimate quality out-
comes from process observations [10]. These estimates can provide earlier feedback than measurements
performed after production. They can support process adjustment, selective inspection, and the identi-
fication of parts that require additional assessment. VM is a specific approach to predictive quality. It
uses process data and reference measurements to estimate a quality characteristic without immediately
performing the corresponding physical measurement [1, 2].

This capability is particularly relevant for microscale components because small geometric deviations
can affect their functional performance [11, 12]. This is the case for micro crown gears used in den-
tal drive systems, where geometric accuracy is important for transmission performance [2]. Reference
inspection may also require specialized and time consuming measurement procedures [13]. In micro
crown gear hobbing, AE signals provide information about the interaction between the cutting tool and
the workpiece during manufacturing. Previous studies showed that features extracted from these signals

2



10P Publishing

Meas. Sci. Technol. 37 (2026) 445003 A Heddoub et al

can be related to process parameters and geometric quality characteristics [2, 14]. These findings estab-
lished the basis for VM using AE signals.

VM models are commonly formulated as deterministic regression models that provide one point pre-
diction for each quality characteristic [15, 16]. Their performance is generally assessed with the coeffi-
cient of determination R?, RMSE, and MAE [17, 18]. These criteria summarize average prediction per-
formance over a dataset. They do not characterize the reliability of an individual quality prediction [19].
This limitation matters when VM outputs are used for selective inspection or conformity assessment. A
predicted value may lie within an acceptance region while the uncertainty associated with that prediction
reaches or crosses a specification limit [2].

CP is an uncertainty quantification framework that constructs prediction sets for classification [20]
and prediction intervals for regression [21] around the output of an underlying prediction model [22].
Under exchangeability between calibration observations and future observations, these prediction sets
and intervals satisfy a finite sample marginal coverage guarantee. The framework is model agnostic and
does not require specifying a parametric form for the data-generating distribution [22-24]. It is there-
fore relevant for VM applications that require predictive uncertainty to be represented explicitly. In this
study, uncertainty refers to predictive uncertainty associated with the VM output. The conformal inter-
vals capture the combined effects reflected in the observed prediction errors, but they do not separately
quantify the contributions from reference measurement, AE acquisition, and model estimation.

Previous research established the feasibility of predicting microgear quality from AE signals and later
investigated model reliability under changing production conditions [14, 17]. Predictive uncertainty was
also studied through a framework based on the Guide to the Expression of Uncertainty in Measurement
(GUM) [2]. That framework combines uncertainty associated with reference measurements, AE fea-
tures, and the prediction model. It addresses uncertainty from a metrological propagation perspective.
Conformal regression provides a different perspective by calibrating intervals from observed prediction
errors. However, it has not yet been investigated for VM of continuous micro crown gear quality charac-
teristics using AE signals.

The objective of this study is to develop a conformal VM framework for predicting micro crown gear
quality from AE data and to evaluate it under the controlled full-factorial experimental campaign. The
framework provides point predictions with prediction intervals and examines their use in quality assess-
ment that accounts for uncertainty. The main contributions are as follows:

e A VM framework based on AE signals and CP is developed to provide point predictions and predic-
tion intervals for continuous quality characteristics of micro crown gears.

e Split CP, cross validation plus (CV+), and CF-CQR are evaluated over repeated data partitions of
the experimental dataset using point prediction criteria, empirical coverage, interval width, and the
Winkler score.

e A decision logic based on prediction intervals is formulated as an intended use of the framework.
It distinguishes clear conformity and nonconformity predictions from ambiguous cases that require
physical measurement or expert assessment.

The remainder of this paper is organized as follows. Section 2 reviews quality prediction using AE sig-
nals, uncertainty quantification in VM, and industrial applications of CP. Section 3 presents the pro-
posed methodology. Section 4 describes the micro crown gear case study, the experimental protocol, and
the results. Section 5 summarizes the main findings and future research directions.

2. Related work

2.1. Quality prediction using AE signals and VM
Predictive quality methods use manufacturing and product data to estimate quality outcomes before
conventional inspection results become available. A systematic review by Tercan and Meisen shows
that these methods cover many manufacturing processes, quality characteristics, and machine learning
models [10]. VM is a related concept that estimates product quality from process data and reference
measurements [1]. The estimate is produced without immediately performing the corresponding phys-
ical measurement. Both research streams aim to provide earlier quality information from data generated
during production.

AE has been widely studied in machining for monitoring tool condition, tool wear, and process
stability [25]. More recent work has examined whether AE signals also contain information about the
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quality of the manufactured part. Early applications often focused on indirect indicators such as sur-
face roughness. Later studies extended prediction from AE signals to geometric and functional quality
characteristics [2, 14].

Schiller et al [14] showed that features extracted from AE signals can support the supervised pre-
diction of process parameters and microgear quality characteristics. Their study established the signal
processing and feature extraction basis used in the present work. Bilen ef al [17] later examined the relia-
bility of these prediction models under tool changes and evolving production conditions. Their results
showed that concept drift can affect model performance. More recently, Bilen et al [2] extended the
AE based VM approach to continuous regression of geometric quality characteristics and quantified the
associated predictive uncertainty using a framework based on GUM. Together, these studies demonstrate
the potential of VM based on AE signals. They also show that prediction capability depends on the con-
sidered quality characteristic and the production conditions.

2.2. Uncertainty quantification in VM

Average point prediction accuracy is not sufficient when predicted quality values support measurement
decisions. Several factors contribute to uncertainty in VM models. These factors include reference mea-
surements, process and signal variability, limited training data, incomplete representation of operating
conditions, and limitations of the prediction model [2]. Different methods have therefore been proposed
to represent predictive uncertainty.

Probabilistic approaches estimate a predictive distribution instead of only a central value. Papananias
et al [26] used Bayesian linear regression to estimate part quality and its associated uncertainty in a mul-
tistage manufacturing process. This approach represents uncertainty through a specified probabilistic
model and the assumptions associated with that model.

Prediction intervals can also be learned directly from data. Song et al [27] developed an ensemble
based on lower and upper bound estimation to predict intervals for steel tensile strength. The intervals
were evaluated using coverage and width criteria and were then used to derive a probability of noncon-
formity for active sampling inspection. This probability was obtained by assuming a normal distribution
within the predicted interval. Their case study used an ensemble of multilayer neural networks and a
substantially larger dataset than the microgear dataset considered in the present work.

A different approach follows metrological uncertainty propagation. Bilen et al [2] developed a frame-
work based on GUM for predicting micro crown gear quality from AE signals. The framework com-
bines uncertainty associated with reference measurements, variation in the AE feature representation,
and the prediction model. The resulting predictive distributions provide a metrological representation of
the identified uncertainty contributions.

These studies represent predictive uncertainty from different perspectives. Bayesian regression derives
uncertainty from a specified probabilistic model, lower and upper bound estimation learns interval limits
directly, and metrological propagation identifies and combines individual uncertainty contributions. CP
provides another perspective based on the empirical calibration of prediction errors, as presented in the
following subsection.

2.3. CP in industrial applications

CP constructs uncertainty outputs by calibrating the results of an underlying prediction model. It pro-
duces prediction sets for classification and prediction intervals for regression. Under exchangeability,
conformal methods can provide finite sample marginal coverage guarantees without requiring a para-
metric form for the data distribution [22-24]. The framework is model agnostic.

Compared with the approaches reviewed in the preceding subsection, CP is distinguished by the sta-
tistical interpretation of its output. Bayesian regression provides a predictive distribution under a spec-
ified probabilistic model, lower and upper bound estimation learns interval limits whose coverage is
assessed empirically, and metrological propagation identifies and combines individual uncertainty contri-
butions. CP instead calibrates prediction intervals to a target marginal coverage level and can be applied
to different regression models. These properties make CP well aligned with the objective of the present
study.

Several conformal regression strategies have been developed. Split CP uses a dedicated calibration
subset and provides a simple construction with a finite sample guarantee [24]. Cross validation plus uses
predictions from held out folds to use the available data more efficiently and reduce dependence on one
calibration split [28]. Conformalized quantile regression combines quantile regression [29] with confor-
mal calibration and allows the initial interval width to vary with the input [30]. Section 3 presents the
mathematical constructions used in this study.
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Conformal regression has been applied to several engineering problems. Akpabio and Savari [31]
studied prediction intervals without distributional assumptions for line edge roughness estimation from
semiconductor microscopy images. Zhang et al [32] developed a conformal method for uncertainty
quantification in process regression with multiple outputs. Conformal intervals have also been stud-
ied for remaining useful life estimation [21] and surface roughness prediction in micromachining [18].
Laguna et al [33] recently applied temporal conformal calibration to wind turbine anomaly monitoring
under evolving operating conditions.

Industrial applications also include conformal classification and anomaly detection. CP sets have been
used to communicate ambiguity in fault diagnosis and to support decisions after prediction [20, 34].
Conformal calibration has also been applied to the control of false alarms in fault detection [35]. Diallo
et al [36] combined conformal p values with false discovery rate control to reduce the operational bur-
den caused by repeated false alarms.

Despite these developments, the reviewed literature does not address conformal regression for VM of
continuous micro crown gear quality characteristics using AE signals. Previous work in predictive qual-
ity has produced intervals using neural-network-based lower and upper bound estimation [27] and has
quantified uncertainty through metrological propagation based on GUM [2]. These approaches are rele-
vant to the same general objective of uncertainty-aware quality prediction, but they differ in their uncer-
tainty construction, underlying prediction models, assumptions, and data requirements. In particular, the
approach of Song et al [27] relies on an ensemble of multilayer neural networks developed using a sub-
stantially larger dataset, whereas the present case study contains only 225 gears and uses target-specific
classical regression pipelines. A direct quantitative comparison would therefore combine differences in
the uncertainty quantification strategy, predictor architecture, and data regime. The GUM-based frame-
work also addresses a different objective by identifying and propagating individual metrological uncer-
tainty contributions. These methods are therefore not treated as like-for-like experimental baselines. The
present study connects AE-based VM with conformal regression and evaluates Split CP, CV+, and CF-
CQR as methods for producing prediction intervals and supporting quality assessment that accounts for
uncertainty.

3. Proposed methodology

The proposed methodology combines VM based on AE signals with conformal regression. It extends
each point prediction with a prediction interval. This interval represents the uncertainty associated with
the predicted quality value of a newly produced gear. It can then support conformity assessment that
accounts for predictive uncertainty and engineering specification limits.

3.1. Problem formulation
Consider a VM dataset containing N manufactured parts. For each part, process observations are
transformed into a feature vector and paired with reference measurements of the considered quality
characteristics.

For manufactured part i, let

T
Xi=[x1 xp - xp| €ERP (1)

denote its feature vector derived from the process observations. Reference metrology provides T mea-
sured quality characteristics,

Yi=[ia vip y,-,T]Te]RT, 2)

The complete dataset is therefore

D={(xy)}ls- 3)
A separate scalar regression problem is formulated for each quality target t € {1,...,T}:
Dt = {(xiayi,t) }IN:] . (4)

For target t, a VM model?t provides the point prediction

5/\t :ft(x) . (5)
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Figure 1. Proposed methodology.

A point prediction alone does not indicate the uncertainty of the predicted quality value. For method
m, conformal regression therefore constructs the prediction interval

am,na (X) = [fm,t,a (X) , ﬁm,t701 (X) , (6)

where m € {Split, CV+,CF-CQR} identifies the method used to construct the interval. The value o €
(0,1) is the nominal miscoverage level.
The nominal marginal coverage objective is

IEJ){Ynew,t € 6m,t,a (Xnew)} 2 I—a. (7)

Conformal coverage results rely on exchangeability between the data used to construct the interval
and the future observation. Exchangeability means that the joint distribution of these observations is
invariant under permutations of their ordering, so that the calibration observations and a future obser-
vation are statistically interchangeable for conformal calibration [22, 23]. Equation (7) states a marginal
coverage objective over future observations. It does not imply the same coverage probability for every
feature vector or operating condition.

3.2. Conformal VM framework

Figure 1 summarizes the proposed methodology. The left part presents the manufacturing and dataset
context. AE signals acquired during hobbing are transformed into feature vectors. These vectors are
paired with reference measurements of the gear quality characteristics. A separate regression dataset is
then formed for each quality target.

Stage 1 selects a VM pipeline for each target by combining a feature representation with a regres-
sion model. Stage 2 applies Split CP and CV+ to the selected point regression pipeline, while CF-CQR
retains the selected feature representation and uses a quantile regression estimator. Within Stage 2, the
blue, magenta, and green branches correspond to Split CP, CV+, and CF-CQR, respectively. Stage 3 rep-
resents inference for a newly produced gear. The feature vector derived from its AE signal is supplied
to the calibrated method. The method returns a prediction interval for the considered quality target.
Stage 4 compares this interval with the specification limits for the target. The result supports one of
three outcomes: predicted conformity, predicted nonconformity, or an uncertain case that requires fur-
ther investigation.

Stages 1 and 2 use historical gears with available reference measurements for offline model develop-
ment and conformal calibration. Stages 3 and 4 describe the intended application to a newly produced
gear.
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For readability, some equations in figure 1 omit the method index m, the target index t, and the
nominal miscoverage level .. The following subsections use the complete notation.

The conformity assessment logic in Stage 4 illustrates a possible operational use of the predicted
intervals. It is not evaluated as a separate automated decision algorithm in this study.

3.3. Selection of the VM pipeline for each target

A separate VM pipeline is selected for each target dataset D;. The observations used for model develop-
ment are divided into a training subset D ,in and a test subset D, or. The test subset is not used to fit
the candidate pipelines. The pipelines are compared using their predictions on this subset.

All candidate pipelines begin with feature standardization. This step prevents features with large
numerical scales from dominating the regression model or the feature reduction procedure. Three fea-
ture representations are then considered.

The first representation retains all standardized features derived from the AE signals. The second
applies PCA and retains the components required to explain 90% of the variance. PCA replaces the orig-
inal correlated variables with a reduced set of orthogonal components. The third representation uses
feature selection based on univariate F tests. Each feature is evaluated separately according to its linear
association with the measured response. The retained variables form a subset specific to the target.

Each feature representation is combined with three candidate regressors. These are OLS, random for-
est regression, and support vector regression with a radial basis function kernel. When required, hyper-
parameters are selected using only the training observations used for model development. These alterna-
tives follow the previous development of the VM pipeline based on AE signals [2]. The feature represen-
tation and regressor are selected according to the largest coefficient of determination on Dy est:

II} = argmax Ry, (I1) , (8)
IIepP
where P denotes the set of candidate combinations of feature representations and regression models.
RMSE and MAE are also computed as diagnostics during model development, but they do not deter-
mine the selected pipeline.

The selected pipeline specifies the feature representation, regressor class, and regressor hyperparam-
eters. This specification is fixed before the repeated conformal evaluation, but the fitted model is not
reused. All preprocessing and model parameters are estimated again using only the observations avail-
able at each fitting step. This includes standardization parameters, PCA components, selected variables,
regression parameters, and the models fitted for each fold. Section 4.3 reports the exact splits used for
model development, the settings used for hyperparameter search, and the pipeline selected for each
target. Split CP and CV+ use the selected feature representation and point regressor. CF-CQR uses the
selected feature representation but replaces the point regressor with a quantile regression estimator.

3.4. Split CP
For clarity, the following equations omit the target index .

Split CP divides the available data into two disjoint subsets. The training set Zi, has size #in, and
the calibration set Z, has size n,. The seAlected point prediction pipeline is fitted using only the train-
ing observations. This gives the predictor fiqin.

For each calibration observation, the absolute residual defines the nonconformity score

Vi _?train (xi)], [ASWANE 9)

Si =

This yields one score for each calibration observation. Let
S SS@) S 7 SS(n) (10)
denote the ordered scores, and set S(ne41) = T00. The rank with the finite sample correction is
riplit = [(na+1)(1 - )], (11)
and the conformal correction is
?j:s(rzpm). (12)
The resulting interval for a new feature vector x is
Cpie () = [fain (%) = @ frain () +] . (13)
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The same correction g is used for every new observation. The interval is therefore symmetric
around the point prediction and has constant width 24 for a fixed training and calibration split. Under
exchangeability between the calibration observations and the new observation, Split CP satisfies the
marginal coverage property in equation (7) [24].

3.5. Cross validation plus

Cross Validation Plus constructs the lower and upper interval endpoints from residuals and predictions
obtained across the folds [28]. Let the data pool be indexed by Z,,, and have size r1,401. This pool is
partitioned into K disjoint folds:

K
Tooo = | T (14)
k=1

For fold k, the selected point prediction pipeline is fitted using all pool observations outside Zy. The
resulting predictor is denoted by f(~%).
If observation i belongs to fold k(i), its absolute residual is computed without using this fold:

= lyi— RO (xy)|. (15)
Each pool observation therefore contributes one residual from a model that did not use its fold for

training.
For a new feature vector x, observation i contributes the candidate lower and upper bounds

ai(x) =D () —r, %) =D (x) 41 (16)

Let
amy (%) <+ <ag, ) (%) (17)

and
bay () <+ <by, ) (%) (18)

denote the separately ordered lower and upper candidates. Define
Eazmax{l, La (np001+1)J}, U, :min{npool, ((l—a) (npool—l-lﬂ}. (19)
The CV+ interval is

6cv+,oz (x) = [a(éa) (%), b, (x)} : (20)

Unlike Split CP, CV+ does not use one residual quantile around a single predictor. Each endpoint
combines predictions from the models fitted across the folds with the corresponding residuals.

Under exchangeability, the standard CV+ construction has finite sample coverage bounds that do not
require distributional assumptions. These bounds are weaker than the exact 1 — o marginal guarantee of
Split CP [28]. Its empirical coverage is therefore assessed in the repeated evaluation.

3.6. CF-CQR
Conformalized Quantile Regression with cross fitting combines estimated conditional quantiles with
scores obtained across the folds. The nominal lower and upper quantile levels are

« (0%
mi=1——. (21)

Tlozzv 2

The method uses the same partition into K folds as CV+. For fold k, two quantile functions are fit-
ted without using the observations in Z:

AP, P, (22)
For observation i € Zy;), the nonconformity score is computed without using its fold:
¢; = max {ag;k@) (xi) = ¥ir yi — QLKD) <Xi)} : (23)
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The score is positive when the measured response lies outside the estimated quantile interval. It may
be negative when the response lies inside the interval.
Let

€Y S 7 S ) 24)

denote the ordered scores obtained across the folds, and set e, +1) = +00. The rank with the finite
sample correction is

rgQR = ’V(npool + 1) (1 - 05)—‘ ) (25)
and the conformal correction is
3 = €/.CQR). (26)
(ra™)

After the scores have been computed across the folds, a final quantile regression model is fitted using
the complete pool. Its lower and upper predictions are

QAx),  QM(x). 27)
The final CF-CQR interval is
Cor—car.a (X) = a&;ﬂ (x) - A, @3;“ (x) + 3} . (28)
Unlike the Split CP interval, whose width is constant for a fixed split, the initial quantile width
QM (x) — QY (x) (29)

depends on the input feature vector. The initial interval width can therefore vary across the feature
space. The correction A calibrates these initial intervals.

The construction used here adapts standard Conformalized Quantile Regression [30]. It computes
calibration scores across folds and then fits final quantile models on the complete pool. The finite sam-
ple coverage theorem for standard split conformalized quantile regression does not directly apply to this
exact construction. In standard split CQR, the calibration scores and the score of a future observation
are computed using the same quantile models fitted on a separate proper training set. In the present
cross fitted construction, calibration scores are obtained from fold specific models, while the final predic-
tion uses quantile models fitted on the complete pool. The reported coverage therefore provides empir-
ical evidence for this cross fitted construction and should not be interpreted as a finite sample coverage
guarantee.

3.7. Conformity assessment with prediction intervals
For a newly produced gear, the conformal VM method provides

6m,t,o¢ (X) = Zm,t,oz (X) , am,t,oe (X)] . (30)

Let LSL; and USL; denote the lower and upper specification limits for target ¢, respectively. The
acceptable range is

A, = [LSL,, USL], (31)

A specification with only one finite limit can be represented by setting LSL; = —oco or USL; = +o0.
Three situations can then be distinguished.
When the complete prediction interval lies inside the acceptance region,

Cinra () C A, (32)

the gear is predicted to be conforming for target .
When the prediction interval and the acceptance region do not overlap,

Cnta () NA, = 2, (33)
the gear is predicted to be nonconforming for that target.

9



10P Publishing Meas. Sci. Technol. 37 (2026) 445003 A Heddoub et al

The remaining case is
Cota )NAE D, Coga () £ Ar (34)

Here, the prediction interval crosses at least one specification boundary. The available information
is insufficient for an unambiguous conformity decision. The gear can therefore be directed to reference
metrology, inspection of the process conditions, or expert assessment.

Reference measurements obtained for such cases may later be stored for periodic dataset enrichment
and model updating. Automatic online adaptation is not part of the present methodology. The decision
logic in equations (32)—(34) represents an intended operational use of the prediction intervals. It is not
evaluated as an independent decision algorithm in this study. The marginal coverage property of the
intervals does not provide a direct guarantee on the correctness of these conformity decisions.

3.8. Experimental evaluation criteria
Figure 1 describes the intended operational workflow. The following criteria evaluate the prediction
intervals separately from the conformity assessment logic.

For a fixed method and target, let Z.,,; denote an independent evaluation set. Its size is #eya1. For
observation i, define

Li=1La (x), Ui=U, (xi). (35)

The empirical marginal coverage is

— 1 ~ o~
Cov = Z 1 {}’i S |:L,'7 Ui:| } . (36)
1€ Leval

w; = U; — L;, (37)
and its mean is

w=— w;. (38)
Meval iezI: '

eval

Coverage and width must be considered jointly because excessively wide intervals can produce high
coverage. Their joint assessment uses the Winkler interval score [37, 38]

2/~ ~ 2 ~ N
V\/,‘:WiqLa (Lif)/,‘) l{y,- <Li}+a ()’i*Ui) l{yi > U,‘}. (39)
The mean Winkler score is
1

W=— Wi. (40)
Neval iezl:l

Lower values of w and W indicate more informative intervals, provided that empirical coverage
remains close to the nominal level.
Point prediction performance is evaluated using

1/2

1 - 1 ~
RMSE = > -7’ . MAE=— > |yi—7l, (41)
Neval €T Neval €T

and

~\2
ZieIMJ i =)
—_ R
ZiEIm] ()/i - yeval)

RP=1- (42)

where 7, is the mean measured value in the evaluation set.
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Figure 2. Case-study overview and data sources.

Let S denote the finite set of random data partitions used in the repeated evaluation. For method m
and target f, the mean Winkler score across these partitions is

_ 1 _
Wt == > Wems- (43)
|S| sES

Interval width, RMSE, MAE, and the Winkler score retain the physical unit of the corresponding
target. Because the targets have different numerical ranges, these quantities are compared only within
the same target and are not averaged directly across targets.

4. Case study and experimental evaluation

This section presents the controlled full factorial manufacturing dataset used to evaluate the proposed
conformal VM methodology. Figure 2 summarizes the case-study context and the main data sources.
Micro crown gears are manufactured by hobbing while AE signals are acquired during the process. The
manufactured gears are measured using the Alicona yCMM, and the resulting geometric characteristics
provide the reference target values for VM. The dental instrument illustrates the application context of
the investigated micro crown gear. The following subsections describe the manufacturing campaign, the
measured quality characteristics, the regression pipelines, and the experimental protocol.

4.1. Micro crown gear manufacturing and AE acquisition

The case study considers micro crown gears manufactured by hobbing. The manufacturing campaign
followed a full factorial DOE in which tool runout, axial infeed (z-shift), and tangential displacement
(x-shift) were varied. The influence of characteristic positioning and kinematic errors on the resulting
crown gear geometry is investigated in detail by Bilen et al [39]. Table 1 reports the investigated levels.
The three factors define 75 parameter combinations. Three gears were manufactured for each combina-
tion, which resulted in a balanced dataset of 225 gears [2].

A piezoelectric AE sensor was mounted close to the tool holder on a dedicated structure attached to
the hobbing aggregate. This arrangement kept a constant distance between the sensor and the cutting
zone. The sensor was tightened with a defined torque. The coupling condition was checked by injecting
a reference signal into the sensor chain.

The machine control system triggered AE acquisition at the beginning of each machining cycle. The
signals therefore shared a common temporal reference relative to the hobbing operation. Each recorded
signal was associated with the corresponding manufactured gear [2].
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Table 1. Manufacturing factors and levels.

Factor Unit Levels
Tool runout pm 0,5,9
Axial infeed (z-shift) mm —0.10, —0.05, 0, 0.05, 0.10
Tangential displacement (x-shift) mm —0.10, —0.05, 0, 0.05, 0.10

Table 2. Predicted gear quality characteristics.

Quality characteristic Symbol Unit
Tooth thickness deviation At pm
Flank angle deviation frp pm
Profile angle deviation fra pm
Profile total deviation Fq pm
Profile form deviation fla pm
Flank total deviation Fg pm
Flank form deviation ffs pm

Before feature extraction, Gaussian filtering was applied to reduce noise at high frequencies.
Automated outlier detection was also used to remove isolated measurement artefacts. Features were
extracted from the raw signal in the time domain and from representations obtained using the short
time Fourier transform, continuous wavelet transform, and discrete wavelet transform. The extraction
was performed for the complete signal and for predefined segments associated with different stages of
tool engagement. This signal processing and feature extraction procedure follows the pipeline introduced
by Bilen et al [2].

After manufacturing, the gears were measured using an optical ©CMM from Alicona. Section 4.2
presents the resulting feature dataset and the selected quality targets.

4.2. Dataset and quality characteristics

After signal processing and feature extraction, each manufactured gear is represented by an AE feature
vector x; € R373. The feature set contains 3865 continuous wavelet transform features, 4650 short time
Fourier transform features, 40 raw signal features, and 18 discrete wavelet transform features. The result-
ing feature matrix is

X = e RN*P, N =225 p=8573. (44)

C

The same feature matrix is used for all prediction targets. For each target, the response vector con-
tains the quality values obtained from the Alicona tCMM measurements described in section 4.1.

The evaluation of the geometric quality characteristics follows the framework introduced by Bilen
et al [40]. Seven scalar geometric quality characteristics are considered. They describe tooth thickness,
profile and flank deviations as summarized in table 2. The source values were expressed in millimetres
and were converted to micrometres for the analyses and results reported in this paper. The terms flank
angle deviation and profile angle deviation follow the gear metrology nomenclature. Their recorded val-
ues are linear deviations and are therefore also reported in micrometres.

A separate response vector

T
Vo= e v o oyng] €RY (45)

is formed for each target t. The dataset associated with target ¢ is
D, = {(Xivyi,t)}?zzsl ) (46)

in accordance with the formulation introduced in equation (4).
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Table 3. Selected virtual metrology pipelines.

Target Feature representation Regressor Selected hyperparameters Rlzcst

At F-regression OLS — 0.931

fup F-regression Random forest Nirees = 100, dmax = 0.867
207 Mleat = 1

fra F-regression Random forest Mirees = 100, dmax = 0.863
20, fjeat =1

Fo F-regression Random forest Nirees = 100, dmax = 0.558
10, Meat =5

ffa All features Random forest Nirees = 100, dmax = 0.687
207 Mleat = 1

Fg F-regression Random forest Mirees = 100, dmax = 0.567
20, Mjeaf = 2

ffs F-regression Random forest Nirees = 100, dmax = 0.397
10, Meat = 5

4.3. VM model development

The model selection procedure introduced in section 3.3 was applied separately to the seven quality
characteristics. The same fixed indices were used for every target. Model development used 155 obser-
vations for training and 30 observations as a fixed test set for pipeline selection. The test observations
were not used to fit the candidate pipelines. The remaining 40 observations were not used during this
selection stage.

Three feature representations were evaluated. The first retained all 8573 standardized AE features.
The second applied PCA after standardization and retained the components required to explain 90%
of the variance in the training data. The third applied univariate feature selection based on F tests after
standardization. A test that controls the false discovery rate at level 0.05 determined the retained fea-
tures. This procedure follows the feature reduction approach used in the preceding study of VM based
on AE signals [2].

Each feature representation was combined with three regressors. These regressors were OLS, random
forest regression, and support vector regression with a radial basis function kernel. The resulting com-
parison contained nine candidate pipelines for each target.

OLS was fitted without hyperparameter tuning. Random forest regression and support vector regres-
sion were tuned using randomized search and cross validation with three folds on the training set. The
coefficient of determination was used as the validation criterion. The selected hyperparameter configura-
tion was then refitted using the complete training set.

The nine candidate pipelines were evaluated on the independent test set according to the selection
rule in equation (8). Here, P contains the nine combinations of feature representation and regressor.
The retained pipeline achieved the highest test R> among the nine candidates for the corresponding
target. The test RMSE and MAE were also computed as diagnostic measures, but they were not used for
model selection.

Table 3 reports the selected pipelines. For the random forest models, #ees denotes the number of
trees, dmay denotes the maximum tree depth, and #j.,¢ denotes the minimum number of observations in
a terminal leaf.

The feature representation, regressor class, and regressor hyperparameters selected for each target
were fixed before the repeated conformal experiment. The fitted preprocessing transformations and
regression models were not reused. At each fitting step, the available observations were used to esti-
mate the standardization parameters, PCA components, selected features, regression coefficients, and
model parameters. The same rule was applied within every cross validation fold. The repeated experi-
ment therefore evaluates fixed pipeline specifications and does not include variability caused by model
selection.

Split CP and CV+ used the selected point regression pipeline. CF-CQR retained the selected fea-
ture representation but replaced the point regressor with the quantile regression estimator described in
section 4.4.

4.4. Experimental protocol

The three conformal methods were evaluated over ten random data partitions with a nominal miscover-
age level of o= 0.05. This level corresponds to a nominal marginal coverage of 95%. For each partition,
20 of the 225 gears were reserved for independent validation. The remaining 205 observations were used
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Table 4. Point prediction performance.

Split CP CV+ CE-CQR
Target R RMSE MAE R RMSE MAE R RMSE  MAE
At 0912 15395 12442 0923 1438 11559 0910 15656  9.121
fup 0.899 0.977 0.756  0.909 0.932 0.705  0.908 0934 0.608
fita 0.884 1213 0.945  0.900 1.140 0.874  0.899 1138 0.797
Fa 0.600 0.557 0472 0616 0.547 0457 0611 0.547  0.447
fo 0.549 0.404 0.309 0577 0.385 0.286 0572 0.380 0278
Fs 0.475 0.662 0.523 0538 0.617 0.487 0523 0.632 0459
ffa 0.491 0.139 0104  0.540 0.133 0.097  0.562 0.128  0.093

for model fitting and conformal calibration. Within each repetition, all targets and methods used the
same validation observations.

The pipeline specifications reported in table 3 remained fixed across the ten repetitions. However,
every preprocessing transformation and model parameter was estimated again using only the observa-
tions available in the corresponding training subset or cross validation fold.

For Split CP, the pool of 205 observations was divided into 155 training observations, 20 calibration
observations, and 30 observations used for point prediction diagnostics. The regression model was fitted
using the training observations. Only the calibration observations were used to determine the conformal
correction. With n,; = 20 and a = 0.05, the finite sample correction corresponded to the largest calibra-
tion residual.

CV+ used the complete pool of 205 observations. The pool was divided into K= 10 folds. Each
observation received a prediction from a model fitted without that observation. The interval endpoints
were then obtained from the empirical quantiles of the candidate lower and upper bounds defined in
section 3.5.

CF-CQR used the same pool and fold structure. For each target, its selected feature representation
was combined with a random forest quantile regression model. The lower, median, and upper quantile
levels were 0.025, 0.5, and 0.975, respectively. The fold-specific quantile models used 200 trees. Quantile
predictions obtained without using the corresponding observation were used for conformal calibra-
tion. The conformal correction was determined from the resulting cross fitted conformity scores. A final
quantile model with 300 trees was then fitted using the complete pool.

The repeated design comprised

10 partitions x 7 targets x 3 methods = 210 (47)

combinations of partition, target, and conformal method. For each combination, the prediction intervals
were evaluated on the independent validation set using the criteria defined in section 3.8.

The validation observations were excluded from all model fitting and conformal calibration steps.
For CV+ and CF-CQR, calibration predictions were generated out of fold, so that each observation was
predicted by a model fitted without that observation.

4.5. Results and discussion
4.5.1. Point prediction performance
The point prediction performance is first examined to determine whether the AE features contain suf-
ficient information to predict each gear quality characteristic. This analysis provides context for inter-
preting the prediction intervals. However, point prediction accuracy, empirical coverage, and interval
informativeness describe different properties of the prediction pipeline and must be evaluated separately.

The point predictor associated with each conformal method depends on how the available data are
used. For Split CP, the prediction is provided by the model fitted on the proper training set. For CV+,
the point prediction is obtained from a model fitted on the complete pool that excludes the validation
set. For CF-CQR, the median predicted by the final quantile regression model is used. The reported
point prediction metrics are therefore not systematically computed from the midpoint of the prediction
intervals.

Table 4 reports the mean validation performance over the ten data partitions. The RMSE and MAE
are reported in pm.

The predictive performance depends strongly on the quality characteristic. The mean R? values for
tooth thickness deviation and the two angle deviation targets were close to or above 0.90. The total
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Figure 3. Empirical coverage across repeated partitions.

and form deviations were more difficult to predict. For these targets, the mean R? values ranged from
approximately 0.48-0.62.

The small differences between the three methods partly result from their different training sets and
central predictors. The purpose of this comparison is therefore not to rank the conformal methods
according to point prediction alone. Instead, it shows that the underlying VM models have different
levels of accuracy across the seven targets. The next analysis examines whether the prediction intervals
reliably represent the uncertainty that remains after point prediction.

4.5.2. Coverage and stability

The reliability of the prediction intervals is first assessed through empirical coverage. This criterion
represents the proportion of measured quality values contained within the predicted intervals. For the
selected miscoverage level a = 0.05, the nominal coverage level is 0.95.

Figure 3 shows the empirical coverage over the ten data partitions. The dashed line marks the nom-
inal coverage level of 0.95. Across all targets and partitions, the mean coverage was 0.958 for Split CP,
0.974 for CV+, and 0.970 for CF-CQR. For CF-CQR, the reported coverage is an empirical result of the
cross fitted construction used in this study and is not interpreted as a finite sample coverage guarantee.

At the target level, the mean coverage for Split CP ranged from 0.945 to 0.970. The corresponding
ranges were 0.960 to 0.985 for CV+ and 0.950 to 0.985 for CF-CQR. CV+ and CF-CQR reached or
exceeded 0.95 for all seven targets. Split CP also remained close to this level, although its mean coverage
for F,, was 0.945.

As shown in figure 3, coverage varied more across the repetitions for Split CP. This behaviour is con-
sistent with the use of a dedicated calibration set containing only 20 observations. By contrast, CV+ and
CF-CQR construct their calibration information from predictions generated across the complete pool
that excludes the validation set. This reduces their dependence on one calibration subset.

The variability across repetitions must also be interpreted in relation to the size of the validation set.
Each validation set contains 20 gears, so one additional uncovered observation changes the empirical
coverage by 0.05. An empirical coverage below 0.95 in one partition does not therefore establish system-
atic undercoverage. The repeated evaluation provides a more representative assessment than any single
validation split.

Opverall, the three methods produced prediction intervals with coverage close to the intended level.
Coverage alone is nevertheless insufficient because a method can attain high coverage by producing very
wide intervals. The interval width and Winkler score are therefore examined next.
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Table 5. Interval performance (Bold values show the lowest mean interval width and
Winkler score among the three methods for each characteristic).

Split CP CV+ CF-CQR
Target Width Winkler Width Winkler Width Winkler
At 67.176 78.835 64.357 65.547 58.319 65.897
fug 4.818 5.144 4.695 4.974 4.235 4.605
fHo 5.690 7.110 4.961 5.466 5.156 5.686
Fq 2.413 2.953 2.181 2.334 2.308 2.519
fa 2.242 2.683 1.762 2.312 1.754 2.263
Fg 3.248 3.680 3.109 3.353 2.856 2.950
ffs 0.926 1.177 0.614 0.805 0.744 0.936

4.5.3. Interval informativeness

The practical usefulness of an interval depends on both its coverage and its width. The Winkler score
combines these two properties by adding a penalty when the measured value falls outside the interval.
Since the seven quality characteristics have different numerical ranges, widths are compared between
methods within each target and not across targets.

Table 5 reports the mean interval width and Winkler score over the ten data partitions. All values are
reported in pm, and the lowest value for each target and criterion is shown in bold.

Split CP produced the widest mean intervals for all seven targets. Its partition-level mean widths also
showed greater variability across the ten data partitions. This result is consistent with its dependence on
one calibration subset containing only 20 observations. CV+ and CF-CQR used calibration information
from the complete pool that excludes the validation set. In this experiment, they produced narrower and
more stable intervals.

CF-CQR obtained the lowest mean width for At, fug, ffa, and Fg. CV+ obtained the lowest mean
width for fya, Fo, and ffz. Width must, however, be interpreted together with coverage. For At, CF-
CQR produced the narrowest mean intervals, but CV+ achieved a slightly lower Winkler score because it
provided higher mean coverage.

CV+ obtained the lowest Winkler score for four targets, while CF-CQR obtained the lowest score
for three targets. CF-CQR was particularly effective for Fg, where it achieved the highest mean coverage,
the lowest mean width, and the lowest Winkler score. No method was uniformly best for every quality
characteristic. Nevertheless, both CV+ and CF-CQR provided more informative intervals than Split CP
in this case study.

To complement the aggregate comparison, figure 4 shows individual predictions from one addi-
tional randomly generated partition. This partition was generated once with the fixed pipelines selected
for each target and was not included in the repeated evaluation. The figure presents At, which had the
highest point prediction accuracy, and Fg, which had the lowest average point prediction accuracy across
the three methods. The validation gears are ordered by their measured values to improve readability.
This ordering has no temporal or process meaning.

For At, Split CP produced a mean width of 45.47 um, which was approximately 29% smaller than
the widths produced by CV+ and CF-CQR in this partition. This narrower interval came with lower
empirical coverage. Split CP covered 17 of the 20 measured values, and all three misses occurred below
the lower bound. CV+ covered 19 observations, while CF-CQR covered all 20. The coverage of Split
CP was therefore below the nominal level in this randomly selected partition. This single result does
not indicate systematic undercoverage because each observation changes the coverage by 0.05. It instead
illustrates why the repeated analysis is required. It also contrasts with the aggregate results, in which Split
CP produced the widest intervals on average.

For Fg, Split CP covered all measured values but produced visibly wider intervals. Its mean width
was 4.20 pm, compared with 2.90 yum for CV+ and 2.53 um for CF-CQR. The Split CP intervals were
therefore approximately 45% wider than the CV+ intervals and 66% wider than the CF-CQR intervals
in this partition. CV+ produced one miss below the lower bound. CF-CQR combined complete coverage
with the smallest mean width. This observation agrees with the repeated evaluation for F3, where CF-
CQR also achieved the lowest Winkler score.

The individual intervals in figure 4 show that coverage and width must be interpreted jointly. For
At, the narrowest intervals were associated with three misses. For Fg, complete coverage from Split
CP was associated with considerably wider intervals. The additional partition is used only to illustrate
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Figure 4. Illustrative conformal prediction intervals.

individual predictions and intervals. All comparisons between the methods remain based on the repeated
evaluation across ten partitions.

These results show that the conformal method affects both empirical coverage and interval
informativeness.

4.5.4. Implications for uncertainty quantification in VM

The point prediction results confirm that the AE signals contain useful information for predicting the

seven gear quality characteristics. The level of predictive accuracy nevertheless differs across the targets.
A point prediction alone does not quantify the reliability of an individual prediction. This limitation is
especially relevant for the total and form deviations, whose regression models showed lower predictive
performance.

The conformal methods complement each point prediction with a prediction interval. The empirical
results show that this information can be obtained with coverage close to the nominal 95% level. The
intervals therefore express predictive uncertainty that is not available from conventional VM based only
on point predictions.

CV+ achieved the lowest Winkler score for four targets, and CF-CQR achieved the lowest score for
the other three targets. Both methods therefore provided a better balance between coverage and width
than Split CP for this dataset. Split CP remained the simplest method, but it produced wider intervals
and greater variability in the partition-level mean widths than CV+ and CF-CQR for all seven targets.
This result is consistent with its dependence on a dedicated calibration set containing only 20 observa-
tions, although the methods also differ in how they use the available data and construct the intervals.
The results do not support one method as universally preferable because the best choice depended on
the quality characteristic.

In practice, a prediction interval can be compared with the acceptance region of a quality charac-
teristic. An interval contained entirely within the acceptance region supports a predicted conforming
decision. An interval that is completely disjoint from the acceptance region supports a predicted non-
conforming decision. An interval that overlaps a specification limit indicates an ambiguous case. The
corresponding gear can then be directed to physical measurement or expert assessment.

This logic supports selective quality control. The interval identifies cases in which the available AE
information does not support a clear decision. Metrology resources can then be directed towards these
uncertain cases instead of treating all point predictions as equally reliable. The prediction interval reports
uncertainty explicitly, but it does not by itself guarantee the correctness of the final conformity decision.

The conformity assessment stage was not evaluated experimentally because specification limits and
operational decision costs were not available for the seven targets. The present evaluation character-
izes the prediction intervals and their empirical coverage. The industrial decision strategy remains an
intended application that requires further validation with actual specifications and reference inspections.
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Figure 5. Theoretical effect of calibration set size on conditional coverage for Split CP at o« = 0.05.

Overall, the results show a progression from VM based only on point predictions towards quality
prediction that includes uncertainty information. The point prediction analysis confirms that AE features
contain useful but target dependent information about gear geometry. The conformal evaluation shows
that the remaining uncertainty can be represented by intervals with coverage close to the selected nom-
inal level. CV+ and CF-CQR produced the most informative intervals, while Split CP offered a simpler
approach that used the available data less efficiently. These findings support CP as a practical layer for
uncertainty quantification in VM based on AE signals.

4.5.5. Limitations and implications for production

The present evaluation is based on 225 gears produced through a balanced DOE. This design covers the
selected combinations of tool runout, z-shift, and x-shift in a controlled way. However, it does not rep-
resent all conditions that may occur during routine production. A production process may remain close
to one operating region for a long period. Tool wear and process drift also develop over time and were
not reproduced in the present experiment. The reported results should therefore be interpreted within
the investigated experimental domain.

The limited number of gears also affects conformal calibration. For Split CP, only n.; = 20 gears are
used for calibration in each repetition. To illustrate the effect of calibration size, consider a fixed proper
training set Dy,in and its fitted predictor. For this calculation, calibration observations and a future
observation are assumed to be independent draws from the same distribution and independent of the
proper training set. The nonconformity scores are assumed to have a continuous distribution. The cover-
age conditional on the training and calibration sets is

®cal =P (Ynew € /CSplit,a (Xnew) | Dtrain7Dcal> . (48)

With the proper training set and predictor fixed, its distribution across calibration samples is, for the
calibration sizes considered here, [22]

Oca ~ Beta(ng +1—2,¢), = |(na+1)a. (49)

For the value oz = 0.05 used in this study, the standard deviation of this distribution is approximately
0.045 for ng, = 20, 0.021 for n., = 100, and 0.010 for #., = 500. These values illustrate how a larger
calibration set can reduce variability without changing the nominal coverage objective 1 — .. Figure 5
shows the corresponding distributions.

This calculation isolates the effect of calibration sample variability under the stated assumptions.

It does not describe the full distribution of empirical coverage across the DOE partitions, which also
involves model refitting and a finite validation set. Each repetition uses 20 validation gears. The empir-
ical coverage therefore changes by 1/20 = 0.05 when one additional gear is not covered. Table 6 shows
how this effect decreases when the validation set becomes larger.
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Table 6. Effect of validation set size on empirical coverage

resolution.

Validation Coverage Change in
gears with one miss coverage
20 0.950 0.050
50 0.980 0.020
100 0.990 0.010
200 0.995 0.005

This explains why small differences between mean coverage values should be interpreted carefully.
The repeated partitions reduce the dependence on one validation split and show the variability across
repetitions, but they do not replace validation on a larger independent dataset.

The distribution of operating conditions is also different between the DOE and routine production.
The DOE gives balanced representation to the selected factor combinations. Production data may con-
tain many observations near normal operating conditions and only a few observations in rare regions.
Since the conformal guarantee considered here is marginal, good overall coverage does not guarantee the
same coverage in every operating region. A larger production dataset may therefore improve the stability
of the global calibration while still providing limited information in rarely observed regions.

Finally, the present evaluation does not include temporal changes in the process. Tool wear, machine
interventions, or process drift can change the relationship between the AE features and gear quality.
Calibration observations and future gears may then no longer be exchangeable. In this case, the standard
conformal coverage results do not directly apply. Adaptive conformal calibration can be used to address
such changes [41]. Its evaluation requires temporally ordered production data and is left for future work.

5. Conclusion

This study developed a CP framework for VM and evaluated it on the prediction of continuous micro
crown gear quality characteristics from AE data. The framework retains the regression pipeline selected
for each quality characteristic and extends each point prediction with a prediction interval. Split CP,
CV+, and CF-CQR were evaluated to determine how conformal regression can represent the uncertainty
that remains after point prediction. The framework therefore moves this application from isolated qual-
ity predictions towards predictions accompanied by calibrated uncertainty information.

The results confirmed that predictive performance depends strongly on the quality characteristic. The
conformal methods provided empirical coverage close to the selected nominal level. Their interval infor-
mativeness nevertheless varied across methods and targets. CV+ and CF-CQR generally offered a better
balance between coverage and interval width than Split CP. However, no method was uniformly prefer-
able for every target. These findings show that point prediction accuracy, empirical coverage, and inter-
val informativeness describe different properties and should be evaluated separately.

The prediction intervals also provide an interpretable basis for quality assessment. An interval con-
tained within an acceptance region supports a predicted conforming decision. An interval that is disjoint
from that region supports a predicted nonconforming decision. An interval that crosses a specification
limit indicates an ambiguous case that should be directed to physical measurement or expert assessment.
This logic could support selective inspection. Metrology resources could be directed towards predictions
for which the available AE information does not support a clear decision. However, this decision stage
was not evaluated experimentally because specification limits and operational decision costs were not
available for the studied characteristics.

The experimental evaluation is based on a controlled full factorial DOE. Producing gears and obtain-
ing accurate reference measurements are costly and time consuming, which limits the amount of data
available for model development and validation. The limited number of validation observations also
restricts the precision with which empirical coverage can be assessed. The conformal coverage guaran-
tee is marginal and does not ensure the same coverage within every process condition or region of the
prediction space. In addition, the present experiment does not evaluate temporal changes in the manu-
facturing process. Tool wear, process drift, or other changes may violate exchangeability and affect inter-
val validity.

Future work should evaluate the framework over successive manufacturing campaigns and under
evolving production conditions. Adaptive or online conformal approaches could update the calibration
procedure when process drift changes the relationship between AE signals and gear quality. Another
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direction is to assess and improve coverage within sufficiently represented groups. These groups could
represent process configurations or observable operating regions. This analysis would complement the
reported marginal coverage. Coverage should also be examined retrospectively across different ranges of
the quality characteristics to identify regions in which the intervals are less reliable. Finally, the proposed
quality assessment logic should be validated using actual specification limits, reference inspections, and
operational decision costs.

Opverall, this work establishes a practical CP layer for VM based on AE signals. It supports quality
predictions that communicate uncertainty explicitly. It also provides a foundation for more reliable use
of VM models in industrial quality assessment.
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