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spheres cluster via contact.
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with system size due to periodic bounds.
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ABSTRACT

Hindered settling of non spherical particles remains significantly less understood than spherical particles due to
the computational challenges in resolving the complex contact mechanics and hydrodynamic interactions. In this
paper, we present a scaleable fluid structure interaction (FSI) framework coupling the open-source LBM software
in OpenLB (Krause et al., 2021) with the Discrete Element Method (DEM) implemented in LAMMPS (Thompson
et al., 2022) to simulate arbitrary shaped rigid bodies in a fluid. Particle contacts are captured using a multi-
sphere “clump” representation in DEM, while particle geometries are resolved on the fluid grid via voxeliza-
tion. We validate our model against single and multi-particle benchmarks, and proceed to study the hindered
settling of cubes in systems containing up to #(10°) cubes. Our simulations show distinct differences between
the settling of cubes and sphere, as cubes form pronounced coordination shells without face-parallel contact, in
contrast to the contact-dominated clustering observed in spheres. Our calculations find that periodic boundary
conditions might cause the velocity fluctuations along the direction of gravity to remain correlated for even the
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largest system size we studied. These findings highlight the role of particle morphology in suspension dynamics
and demonstrate a robust framework for simulating large-scale geotechnical and particulate flows.

1. Introduction

Hindered settling is the phenomenon where particle-particle and
particle-fluid interactions retard the downward velocity of suspensions
with high particle concentrations. Found in many natural and industrial
systems, this phenomenon has been subject to extensive experimental
and numerical studies. However, numerical models of hindered settling
has largely focused on spherical particles. This simplification is inher-
ently limited, as it fails to capture the contact dynamics, interlocking
behaviors, and orientational microstructures. In this work, we establish
a computational framework to bridge this gap. We have combined a
fluid solver, OpenLB, with granular simulation package in LAMMPS, to
accurately resolve arbitrary rigid-body shapes and their contact dy-
namics. This coupled framework for fluid-structure interaction (FSI) is
first validated through the study of the hindered settling velocities of
sedimenting cubes.

Perhaps the best known result associated with hindered settling is the
Richardson-Zaki relation which relates the bulk settling velocity of a
suspension of spheres to the packing density (Richardson & Zaki, 1954).
This relationship has been validated for spheres through experimental
(Chong et al., 1979; Garside & Al-Dibouni, 1977) and numerical evi-
dence (Rettinger & Riide, 2017b; Willen et al., 2017; Yin & Koch, 2007).
Owing to the numerical difficulties in contact detection, there are fewer
studies on sedimentation of non-spherical shapes. Some of the recent
studies on hindered settling of non-spherical shapes (Fareed et al., 2026;
Kundu et al., 2025; Seyed-Ahmadi & Wachs, 2021; Zhang et al., 2016).

Simulations of particles in a fluid typically fall into Euler-Euler or
Euler-Lagrange methods. Euler-Euler methods represent the particle
phase as continuum. In Euler-Lagrange methods, particles are evolved
individually. When particles are simulated individually, the predomi-
nant method for simulating particles is DEM (Cundall & Strack, 1979).
These simulations are often called CFD-DEM.

There are several commercial and open-source implementation that
are available for CFD-DEM. In recent years, Lattice-Boltzmann methods
(LBM) have become increasingly prominent and have emerged as a
alternative to solving the Navier-Stokes equation directly. LBM has the
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advantages of being more easily parallelizable and being well-suited for
simulating complex geometries. There are different methods developed
for particle-fluid interaction in a LBM simulation. They largely fall into
momentum-exchange methods (MEM) (Ladd, 1994a, 1994b) and
partially saturated methods (PSM) (Noble & Torczynski, 1998). In MEM,
a no-slip boundary condition is applied along the surface of the particle.
This is in contrast with PSM where each node in the lattice is parame-
trized by solid fraction and the collision operator in LBM is modified
according to the solid fraction. See (Rettinger & Riide, 2017a; Trunk
et al., 2021) for a comparison between the methods. Various imple-
mentations of CFD-DEM are listed in Table 1.

Many of the implementations in Table 1 are capable of simulating
non-spherical rigid bodies. The main challenge in simulating irregular
shaped rigid bodies is contact detection. There are various methods
developed for contact detection between general non-spherical shapes.
The most common methods are multi-sphere (clump) representation,
superquadratics, polyhedral methods and using spherical harmonics.
Each method comes with its own advantages and disadvantages, how-
ever the “clump” method is the easiest and the most straightforward
method to implement. It is also very flexible in that any shape can be
decomposed into a collection of spheres. The major drawback of this
method is that one might need a large number of spheres for an accurate
representation. See (Capozza & Hanley, 2021; Lu et al., 2015; Zhao &
Zhao, 2023) for more details.

Despite various available implementations, simulating #(10°) arbi-
trary rigid bodies still remains a major computational challenge. To the
best of authors knowledge, openHFDIB-DEM (Studenik et al., 2024) is
the only framework that has demonstrated such a capability. To address
this gap, in this article we couple LAMMPS (Thompson et al., 2022) and
OpenLB (Krause et al., 2021), both designed and capable of large scale
parallel simulations. We use the clump multi-sphere representation in
LAMMPS for rigid bodies and make use of the FSI (fluid-structure
interaction) module of OpenLB to create a fully-resolved LBM-DEM
simulation of arbitrary shaped rigid bodies. Presence of the arbitrary
solid bodies is represented as a time-dependent lattice porosity field on
the Eulerian grid.

Summary of commercial and open-source CFD-DEM. Here by “not demonstrated”, we mean that we could not find an implementation in the official website/article.

Framework/Software Fluid solver DEM engine

License type ~ Notes

CFDDEM-Coupling (Goniva et al., OpenFOAM (Weller LIGGGHTS (Kloss

2012) et al., 1998) et al., 2012)

YADE (Smilauer et al., 2023) OpenFOAM YADE

MFiX (Syamlal et al., 1993) Built-in Built-in

Lethe-DEM (Blais et al., 2020) Built-in Built-in

openHFDIB-DEM (Studenik et al., ~ OpenFOAM Built-in
2024)

Ansys Fluent + Rocky (Fluent, Ansys-Fluent Ansys Rocky
2023)

Commercial CFDDEM-coupling OpenFOAM LIGGGHTS

LBDEMCcoupling (Seil & Pirker, Palabos (Latt et al., LIGGGHTS
2016) 2021)

LAMMPS-LBM-PSM (Najuch & LBM LAMMPS
Sun, 2019)

LIGGGHTS-Palabos (Ahmadian & Palabos LIGGGHTS
Zheng, 2024)

OpenLB (Krause et al., 2017) OpenLB Built-in

LEDDS (Maggio-Aprile et al., LBM Built-in
2025)

WalLBerla (Bauer et al., 2021) LBM MESA-PD (Eibl,

2021)

Open- Non-spherical clump representation available only in commercial version.
source

Open- Supports polyhedral and clump representation for DEM but fluid coupling
source of non-spherical particles not demonstrated.

Open- Capable of simulating rigid body shapes in a fluid. Rigid bodies can be
source represented as “clumps” or using super quadratics.

Open- Support for resolved non-spherical particles not demonstrated.

source

Open- Demonstrated #/(10%) concave non-spherical rigid body + fluid

source simulations.

Commercial

Commercial

Open- Non-spherical particle simulations not-demonstrated

source

Open- LBM is integrated into LAMMPS, non-spherical particles not-demonstrated
source

Open- Non-spherical particle is used as a clump for fluid-structure interaction
source

Open- Support for only convex shapes

source

Open- Supports only spheres and ellipsoids

source

Open- Supports convex polyhedral representation through MESA-PD

source
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We use the LAMMPS-OpenLB framework to study hindered settling
of cubes with the aim of understanding the microstructure. We first
validate our framework through simulations of spheres and highlight the
differences between cubes and spheres during sedimentation.

2. Models and methods

The simulation consists of using the Lattice-Boltzmann Method
(LBM) for the fluid and Discrete-Element-Method (DEM) for the rigid
bodies. An important feature of these simulations is the “clump” rep-
resentation of rigid bodies. We use the “CLUMP” package to generate the
overlapping sphere representation of any arbitrary shape (Angelidakis
et al., 2021). The rigid bodies are represented as a porosity field in LBM
using the FSI module and therefore, we can use the irregular shaped
rigid body (available to us as an.stl file, for example) directly in LBM.
This means that the effect of any particular clump representation of rigid
bodies is only indirectly felt by fluid. This crucially differentiates our
work from similar work in (Ahmadian & Zheng, 2024) where the rigid
body is represented as a collection of spheres in the fluid as well. Rep-
resentation of the rigid body as sphere clump in the fluid introduces an
additional approximation as the fluid-structure interactions are influ-
enced by the clump representation.

2.1. OpenLB-LAMMPS coupling

The simulation consists of running LBM and DEM simulations
sequentially. Depending on the details of the particle contact, viscosity
of the fluid and the chosen relaxation constant z, we have two values of
timesteps in the simulation Atpgy and Aty gy. For most of the cases we
have considered here, Atppm < Atigm. Therefore, we simulate npgy =

Atigm
Atpgm

steps, the forces on the DEM particle due to the fluid is kept constant.
Forces on the fluid are calculated based on the final positions and ve-
locities of the particles. In the other case where Atpgy > Atigy, We
slmply set Atppm = At pm-

The full simulation involves exchange of information between the
fluid and the rigid bodies. The fluid solver calculates hydrodynamic
forces/torques acting on the rigid bodies and these are included in DEM
simulation as external forces/torques. After the DEM simulations are
completed, the new positions, velocities, orientations and angular ve-
locities are communicated back to the fluid simulation. This is described
in the flowchart Fig. 1.

We use OpenlLB (Krause et al., 2021) for LBM and GRANULAR
package in LAMMPS (Thompson et al., 2022) for DEM simulations.
LAMMPS is used as a library with minimal modifications to its source
code. Note that although the rigid body is represented in LAMMPS as a
collection of overlapping spheres, this representation is only used by
LAMMPS for contact detection and force calculation. The dynamics of
the rigid body due to contact forces (and the external forces from LBM) is
determined by the mass and moments of inertia specified independently
through the infile feature of rigid body simulation in LAMMPS. In all the
simulations reported here, we use the BGK collision operator for the
fluid phase and Hertzian interactions with tangential friction for the
particle contacts.

For the fluid side of the FSI, we use a homogenized lattice Boltzmann
method (HLBM) based on the Brinkman-Navier-Stokes equations (BNSE)
(Krause et al., 2017; Trunk et al., 2021). The bodies are represented on a
fixed Eulerian lattice by a time-dependent porosity field d(x, t), and the
no-slip condition is imposed through a volume penalization term
(Brinkman drag) added to the incompressible Navier-Stokes equations.
For a fluid with kinematic viscosity v, density p, and pressure p, this
monolithic formulation is governed by:

DEM timesteps for every LBM timestep. During these npgy time-

ou
E +u-Vu =

By CH . ®
P

K(x,1)
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Fig. 1. Flow chart describing our implementation of OpenLB-LAMMPS
coupling. {x;}, {vi}, {w;} and {I;} are positions, velocities, angular momen-
tums and the rotated inertia matrix respectively.

where u is the fluid velocity and ug is the local solid velocity. The
permeability K(x, t) is a function of the porosity field, such that the
penalization term vanishes in the fluid, where K — oo, and drives u to-
wards ug inside the bodies, where K takes its lowest numerically stable
value. The motion of the bodies, changes of their geometrical arrange-
ment and their contacts enter the fluid solver only through d(x, t), so that
arbitrarily shaped bodies require no special treatment. The penalization
is realized as a Kupershtokh forcing term in the collision step, while the
hydrodynamic forces and torques acting on the bodies are obtained from
a momentum exchange over the lattice links crossing the fluid-solid
interface. This Brinkman penalization approach has recently been suc-
cessfully applied to complex FSI problems, such as wall-modeled large
eddy simulations of wind turbine rotors (Kummerlander, Ito, et al.,
2026) and vocal fold oscillations (Kummerlander, Tur, et al., 2026).

During the coupled simulation, the structural geometry is resolved via
an exact surface voxelization in the fluid solver, while LAMMPS
concurrently tracks the contact mechanics and trajectories using the
multi-sphere clump representation. This separation allows us to handle
complex, arbitrarily shaped geometries contacts. This distinguishes our
approach from prior HLBM implementations in OpenLB, such as the work
by Trunk et al. (Trunk et al., 2021), which lacked a collision model, and
Marquardt et al. (Marquardt et al., 2024a), which was limited to convex
bodies. We call our simulations fully resolved in the following sense. The
fluid solver represents each body by its actual surface geometry and not
by a clump of spheres. This geometry is resolved up to the lattice spacing
Ax. The flow around and between the particles is computed directly and
no drag closure is used. The hydrodynamic forces and torques follow
from the momentum exchange at the resolved interface. The clump is
used only by LAMMPS to detect and compute contacts and does not enter
the fluid solver. This distinguishes the approach from unresolved
CFD-DEM, which models the particles below the grid scale by drag clo-
sures. It also distinguishes it from methods that represent the particle
shape in the fluid by spheres or that are limited to convex bodies. Flow
features smaller than Ax are not resolved. This concerns in particular the
lubrication flow in gaps narrower than Ax between approaching surfaces.
Fig. 2 illustrates this separation for the Stanford bunny (Turk & Levoy,
1994).The scheme is implemented in the open source LBM framework
OpenLB (Krause et al., 2021) as platform-transparent operators, so that
the same model definition is executed on CPUs and GPUs. LBM and DEM
simulations are detailed in Appendix A.
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Fig. 2. Representations of the Stanford bunny (Turk & Levoy, 1994). Left: surface mesh of the body. Middle: clump of 400 spheres used by LAMMPS for the contacts.
Right: level set d=1/2 of the porosity field seen by the fluid solver at Ax =7.4 mm, taken from the simulation in Section 4.3. The fluid solver resolves the actual

shape up to the lattice spacing, while the clump only enters the contact model.

3. Validation

We test our implementation by validating sphere settling simulation
in a fluid. Our initial set of simulations model three cases: the settling of
a single sphere in a fluid, sphere-wall collision, and the calculation of the
drag force on a periodic array of spheres.

3.1. Terminal velocity of a single sphere

We reproduce here the validation of the simplest case of a sphere
settling in a fluid as discussed in Ten Cate et al. (2002). The experi-
mental setup involves dropping a sphere in a viscous fluid. We compare
“Case E1” and “Case E2” in Ten Cate et al. (2002) corresponding to a
Reynolds number of ~ 1.5 and ~ 32.2 respectively. Our results as shown
in Fig. 3a show a good agreement with experimental results. The pa-
rameters used for this simulation is presented in Table 2.

3.2. Sphere-wall collision in a fluid

We compare an experimental result of a metallic sphere bouncing on
a surface in a viscous liquid from Li et al. (2012) with our numerical
method in Fig. 3 b. The presence of lubrication force as the sphere ap-
proaches the wall is not captured in our simulations as the gap between
the two surfaces become smaller than the lattice separation. To match
with the experimental data we enlarge the particle radius by 5% as
mentioned in Marquardt et al. (2023). The result, which correspond to
Case 1 of Li et al. (2012) is shown in Fig. 3 b. As the sphere comes close
to the wall lubrication forces become important - we discuss the lubri-
cation force in Appendix F. Note that we do not retain the increased
radius for the remaining calculations.

3.3. Drag force on a periodic array of spheres

Another fundamental result relevant for validation of our numerical
method is the drag force on a periodic array of spheres. Analytical result
exists for this calculation (Hasimoto, 1959; Ladd, 1988; Sangani &
Acrivos, 1982). In this test, we follow the numerical setup outlined in
Rettinger & Riide (2017b). We define a domain of L x L x L with pe-
riodic boundary conditions and place a sphere at the center whose radius
is determined by the packing fraction ¢ we are studying. We apply a
constant force density to all the fluid nodes fq;q. We then measure the
force acting on the sphere and the average velocity in the domain. At
steady state, the measured force on the sphere is equal to the total force
applied on all fluid nodes. As discussed in Rettinger & Riide (2017b), ina
real system where one measures the drag force on the sphere, that value
will include the buoyancy force as well. However, since we are only
applying the force to the fluid nodes, the drag force we measure in the
sphere is due to the flow of the fluid alone. We need to add back the
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buoyancy force to the drag force to get the correct measurements.
Therefore, total force is F;

1%). Our results are shown in Fig. 3c. In
Appendix B we discuss the effect of 7 and resolution on the results.

3.4. Settling velocity of cuboid

For validation of our code for non-spherical shapes, we compare our
numerical technique with experimentally observed settling velocity of
cuboidal particles as reported in Kwon et al (2025). The settling velocity
of a cube can also be calculated using the empirical relation by Haider
and Levenspiel (1989). This relationship is given by

18
Us = ?Jr

where

(2.3348 — 1.7439®)

) 1/3
U =u _
" | gulp, —Pf)

@

and

d- =

- Pf)} 3
sph

gps(p,
"

with u, being the particle velocity, dspn the equivalent spherical diam-
eter of the cuboid and @ the sphericity. The fluid and particle parameters
are taken from the experimental study Kwon et al. (2025) and are given
in Table 2. We consider the glycerol-water mixture studies for compar-
ison. In the simulation we use pressure boundary conditions in the x and
y directions and we use bounce-back boundary condition on 2z walls. The
cube is placed with a face parallel to the x —y plane as in Kwon et al.
(2025). As shown in Fig. 4, the numerical method underestimates
settling velocity when compared to the experimental result. We also
show the empirical relationship alongside, which is lower than both
numerical and experimental results. As noted in Kwon et al. (2025), the
cubes maintain their initial orientation throughout the descent. The
likely reason for underestimation is resolution and dependence of z as
highlighted in Appendix D.

4. Results and discussion
4.1. Hindered settling of cubes and spheres

In this section we present the results from the numerical study of
hindered settling of spheres and cubes. For comparison between spheres

and cubes, we use cubes that are volume-equivalent to spheres while
keeping all other parameters fixed. Settling velocity of a collection of
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Fig. 3. Sphere simulation in a fluid. (a) Comparison of experimental (Ten Cate
et al., 2002) and simulated settling velocities for a sphere falling in a viscous
liquid. (b) Comparison of experimental results with numerical results of a
sphere-wall collision in viscous liquid. (c¢) Comparison of the drag coefficient
calculated from analytical calculation and from numerical simulations for a
periodic array of spheres.

spheres at different packing fractions has been studied numerically
Rettinger & Riide (2017b); Marquardt et al. (2024a); Marquardt &
Krause (2024); Trunk et al. (2021); Yin & Koch (2007). Settling dy-
namics of multiple cubes was studied numerically in Kundu et al.
(2025); Marquardt et al. (2024a); Marquardt et al. (2024b); Seyed-
Ahmadi & Wachs (2021); Fareed et al. (2026) experimentally in Paul
et al. (2017).
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Table 2
Summary of physical and numerical parameters used across the four validation
cases.

Parameter Symbol Value
Terminal velocity of single sphere
Sphere radius R 7.5 x 10~°m
Sphere density Ps 1120 kg/m®
Fluid density (E1/E2) or 970/960 kg/m®
Fluid viscosity (E1/E2) " 0.373/0.058 Pa-s
Reynolds number (E1/E2) Re ~15/~32.2
Relaxation time (E1/E2) T 0.661/0.6
Resolution of R Nres 9
Sphere-wall collision in fluid
Sphere diameter d, 9.5 x 10 3m!
Sphere density Psphere 7780 kg/m*
Fluid density Pfluid 1203 kg/rn3
Fluid viscosity " 50.2 x 10> Pa-s
Young's modulus (S/W) E 20/3.3 GPa
Poisson's ratio (S/W) v 0.33/0.24
Domain dimensions LyxLyxL, 42x42x50 mm®
Sphere resolution dy/Ax 32 Lu.
Drag force, periodic array
Domain size L Im
Grid resolution/dim. N 64
Viscosity u 0.02Pa-s
LBM relaxation time T 0.55
Settling velocity of cube
Fluid density or 1135.19 kg/m®
Kinematic viscosity v 7.325x10°° mz/s
Particle density Pp 1221.0kg/m®
Cube length a 0.79, 1.00, 1.20, 1.36, 1.59 mm
Domain size Ly, Ly, L, 20ax20ax50a
LBM relaxation time T 1.0
Resolution a/Ax 16
1.0
—— Haider’s formula -
0.91 =  Experimental
%  Numerical *

T T T T T

. 4.0
d*

Fig. 4. Settling velocity of cubes. We compare the values calculated from nu-
merical method and empirical formula with experimental results from Kwon
et al. (2025).

The simulation is conducted in a domain that is periodic in three
directions. To prevent the particles from accelerating infinitely due to
gravity, we apply a force to the fluid. This force is periodically adjusted
such that the average velocity computed over all nodes is zero. We use
the following equation to update the compensating force

f:;gw :f:;ld - Kp("u)

with K, = 102 and « € [x, y, z]. This update is performed every 10 *s.
The complete set of simulation parameters is specified in Table 3. The
Reynolds number is defined as Re = pfUidsphere/st With the sphere
diameter dgphere. The cubes are volume equivalent to the spheres. The
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velocity Ui~ 0.048 m/s is the terminal velocity of a single sphere (Ap-
pendix C). The conversion between lattice and physical units is given in
Appendix A.

This numerical method of studying hindered settling using triply-
periodic box with a compensating force has been used in various pre-
vious studies such as Ladd (1996), Uhlmann and Doychev (2014),
Rettinger and Riide (2017b), Fareed et al. (2026), Fornari et al. (2016),
Yin and Koch (2007).

To generate a non-overlapping initial packing, we ran a long simu-
lation (timesteps> 107 or ~ 220 turnover times) starting from a
configuration where spheres are arranged in a square lattice at ¢ = 0.4.
The configuration generated is assumed to have randomized positions
and are rescaled down to different packing fractions we study. Given the
number of spheres of radius a and the packing fraction ¢, the domain

size can be calculated as L(¢,a) &

cubes in a configuration at packing fraction ¢ =0.4 is rescaled by L
(¢1owers A)/L(¢p =0.4, a). The same initial condition is used for both
spheres and cubes as the cubes are volume equivalent to the spheres. The
hindered settling simulation requires a brief period for the compensating
force to stabilize, after which the average velocities of the system remain
constant. We notice that the system is characterized by a small drift in
the perpendicular direction to gravity which is of an order of magnitude
smaller than the bulk terminal velocity. Once the (v,) values have
reached their steady state values, we use the last 100 configurations
from the trajectory for our analysis. The clump representation of the
cube we study and a validation of it is given in Appendix H. The clump
representation of the cube used 100 spheres and is shown in Fig. A.10.

1/3
(N"aa) . The positions of spheres/

4.1.1. Atigm, Atpem and nppy

We briefly present the values used for hindered settling simulation of
cubes and spheres. At;gy can be calculated from the kinematic viscosity
v and space discretization Ax as

Table 3
Summary of physical and numerical parameters used for hindered settling of

cubes and spheres. G = and f = 0.8766 + 0.1630v. LAMMPS contact

E
2(1+v)

time ¢, is derived from the material properties and particle size: 7 —2r™

Gophere  Pp
2p

G
known as Rayleigh Time Step.

Parameter Symbol Value
Number of N 3150 (cubes) 3114 (spheres)
spheres
Fluid density Pr 1000 kg/m>
Fluid viscosity u 103Pas
Particle density 2500 kg/m®
Sphere diameter  dsphere 0.35 x 10°m
Cube dimension a 0.283 x 10°m
Young's E 5x10*Pa
modulus
Poisson ratio v 0.3
Restitution e 0.9
coefficient
Friction He 0.6
coefficient
Reynolds Re 16.8
Number
Resolution of Nies 12
dsphere
Lattice spacing Ax 2.92 x 10°m
LBM time step Aty 1.42 x 10°s
LAMMPS time At 0.05¢t,
step
LBM relaxation T 0.55
time
Domain sizes L(¢p,a) = L (¢) 0.0056 m (0.4) 0.0062 m (0.3)
Nra®\ /3 0.0071 m (0.2) 0.0089 m (0.1) 0.0112 m
I
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with 7 being the relaxation time. Ax = a/N,.s where a is the radius of the
sphere and Ny =12 is the resolution.

LAMMPS timestep is given in Table 3 as Atpapmps = 0.05t. where t, =

dsphere
26
With these information we can calculate npgy = Atzpy/ Atrammips-
For 1=10"%m?/s and a=0.35mm, we have Ax=2.91667 x
107> m, then Atzgy = 1.41782 x 107> 5. Atzapmps works out to 1.0709 x

1075 s and we round npgy = At g/ Atpavmps = 1.

% known as Rayleigh timestep.

4.1.2. Hindered settling velocity

The uy for spheres is —0.0488 m/s and —0.0457 m/s for cubes.

The dependence of the settling velocity of a collection of spheres on
the packing density ¢ is empirically given by Richardson-Zaki relation
(Richardson & Zaki, 1954). The relation is

) _

=19 3)
u
where
4.65 Re < 0.2
. 435Re™™® 02 <Re< 1
T ) 445Re™®! 1 < Re < 500
2.39 500 < Re

Here (up) is the particle velocity and u* is the settling velocity of a
single particle. First we calculate the terminal velocity of a single cube
and a single sphere as ~ 0.0457m/s and ~ 0.048m/s respectively (see
Appendix C,D). The terminal velocity for sphere agrees with numerical
calculation in Rettinger and Riide (2017b) for the same system
parameters.

The settling velocities of cubes and spheres at different packing
fraction is shown in Fig. 5. We also show the Richardson-Zaki relation
calculated using Re =16.8. We also show the result from Batchelor
(1972) valid for dilute suspensions. We also show results at similar Re
from Climent and Maxey (2003) and Yin and Koch (2007). Numerical
results diverge from the empirical formula especially at lower packing
fractions. At higher packing fractions, our simulations predict a higher
velocity than is found in previous studies of comparable Re. Climent and
Maxey (2003) and Yin and Koch (2007) both explicitly add lubrication
forces to the study which could be why our results differ from previous
at higher packing fractions.

4.1.3. Radial distribution function (RDF)
To understand the structure of cubes and spheres undergoing sedi-
mentation we compute the radial distribution function as given by

_ <Npairs(r7r+dr)>
~ NWN-1)

2

g(r) C))

Anridr
x \4

where the averaging is over configurations at steady state. The de-
nominator term in the above expression is the number of pairs that will
be found in a spherical shell of radius r if the particle positions are
generated from a uniform distribution. The results for cubes and spheres
are shown in Figs. 6 and 7. The RDFs clearly show the difference in
structure formed by cubes and spheres. RDF of cubes clearly shows the
formation of a first and a second shell. In addition, it is clear that the
cubes are not touching each other with their faces parallel - then one
would see the first peak before scaled distance 1. For spheres, we
observe that, except at the lowest packing fraction we studied, spheres
tend to touch each other, with the number of pairs in contact increasing
as packing fraction is increased. These figures can be directly compared
with results in Seyed-Ahmadi and Wachs (2021), Yin and Koch (2007),
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Fig. 5. Hindered settling velocities of cubes and spheres at different packing
fractions. We also show comparison with Yin and Koch (2007), Climent and
Maxey (2003).

Kundu et al. (2025), Fareed et al. (2026). At low packing fractions
¢ < 0.1, RDF results of Seyed-Ahmadi and Wachs (2021) and Kundu
et al. (2025) shows spheres in contact, which Yin and Koch (2007)'s RDF

2.0
o = 0.05 —— ¢ = 0.30
o = 0.10 == ¢ = 0.40
1.5 1
=10
= 1.0
05 T ‘l‘
0.0 - . :
0 1 2 3
T
dspheTe

dsphm‘c

Fig. 6. Radial distributions of spheres (top) and cubes (bottom) for different
packing fractions. The black dashed line of the bottom figure indicates the side
length of cube a=0.000283m.
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Fig. 7. Correlations in velocity fluctuations of the z component for spheres
(top) and cubes (bottom) for different packing fractions.

for Re ~ 10 and our results do not observe. Our RDF of cubes agrees
quantitatively with Seyed-Ahmadi and Wachs (2021)'s result for ¢ = 0.2,
while at lower packing fractions, their results predict much larger
number near pair contacts. See comparison in Appendix E. It must be
noted that simulation in Seyed-Ahmadi and Wachs (2021) are at a
higher Reynolds number than here.

Here, we also note the effect of underestimation of lubrication force.
As shown in Appendix F, force acting on spheres when the gap between
them is smaller than 0.12 x ppere is underestimated and therefore, RDF
values for spheres at close contact maybe not be physical.

4.1.4. 2-Point spatial correlation of velocity

In the steady state, the other natural quantity to calculate is the
velocity-velocity correlation in space. Since the system as a whole has a
mean velocity in the —Z direction due to gravity, we measure the cor-
relation between velocity fluctuations. The fluctuation is calculated as
8Vz =V — Vmean Where Viean = (V). The correlation is calculated by

_ (0 (0)0v.(r))
(v.(0))

We show the 2 point correlation of velocity in Fig. 7. Given the pe-
riodic boundary conditions, we calculate the correlation function only
up-to 0.5L where L is the side length of the cubical domain. The main
observation here is that correlations in velocity fluctuations stretch
across the system for all packing fractions studied. We will come back to

c(r)
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Fig. 8. Visualization of cubes undergoing hindered settling for three system sizes studied at ¢) = 0.3. The top row shows the cubes colored by v, for 3150, 10648 and
103823 cubes respectively. The bottom row are slices along the xz plane showing fluid velocities along with the cubes for the corresponding system sizes.
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Fig. 9. Velocity-autocorrelation for cubes and spheres at two different pack-
ing fractions.

this point in a later section where we analyze systems of different sizes.
We also find that correlations are stronger for cubes than for a spheres at
a given packing fraction.

4.1.5. Velocity auto-correlation

We calculate velocity autocorrelation for hindered settling of cubes
and spheres. We calculate the velocity autocorrelation for x and y
direction

— <ny (t)'vxy (0)>

5
(9 (0) ®

C(1)

The results are given in Fig. 9. VACF of cubes at higher packing fraction
shows a oscillating decay, similar to an under-damped oscillator. A
similar observation is reported in work of Fornari et al. (2016) for the
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vertical component of velocity, which is a study carried out at much
lower packing fractions and higher Re.

4.2. System size dependence

To demonstrate the capability of our framework, we study systems at
223 =10, 648 and 47° = 103, 823 cube systems. We study both systems
at a ¢ = 0.3. The correlation functions calculated from these simulations
and the settling velocity are shown in Figs. 10 and 11. The primary
conclusions from this study is that the average settling velocity and local
arrangement of the cubes do not change as we study large systems.
However, the 2-pt velocity correlation in space shows that the correla-
tion length scales with the system size even for the largest system size we
studied.

Previous works have studied dependence of velocity fluctuations on
system size (Guazzelli, 2001; Segre et al., 2001; Segrc et al., 1997)
experimentally and Ladd (1988, 1997) numerically. Spatial correlation
in velocity fluctuations have been previously reported in Guazzelli
(2001), Segrc et al. (1997) experimentally and numerically in Climent
and Maxey (2003), Uhlmann and Doychev (2014), Yao et al. (2021). As
summarized in Guazzelli and Hinch (2011) and Guazzelli (2001), the
velocity fluctuations were found to saturate to a steady value as the box
size exceeded 20a¢ /3 in experiments. The initial fluctuations were
found to be of the size of the container which would diminish with time
and reach a size of 20a$~'/3. Numerically, the packing fraction ¢ and
number of particles N and the box dimensions are related as L3 = ""%;3.
For L3> (2 x 20a)3¢’1, N>122, 000, which is the minimum size
required to observe correlations at the discussed length-scale.

Numerical observations from Climent and Maxey (2003), Uhlmann
and Doychev (2014), Yao et al. (2021) show that the correlation in
fluctuations along the vertical component of the velocity does not decay
to zero even for the largest system, however the system sizes studied are
not comparable to the limit observed in the experiments. The largest
system size studied here approaches the limit and does not show a sys-
tem that is uncorrelated spatially.
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Fig. 10. Correlation functions for different system sizes studied.
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Fig. 11. Terminal velocity v, at ¢ = 0.3 for different system sizes. The system
size does not strongly affect the terminal velocity of bulk suspensions.
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Table 4
Parallel efficiency and scaling across three cube-sedimentation runs at different
particle counts. All simulations are ran on AMD EPYC 7643 48-Core Processor.

Particles 3150 10,648 103,823
Lattice nodes (M) 9.53 32.16 314.43
Nodes per particle 3025 3020 3029
MPI ranks 16 64 64
Approx particles per rank 196.9 166.4 1622.2
Avg. MLUPs 24.30 111.58 109.58
MLUPs per rank 1.52 1.74 1.71
Wall-clock time (0.5 s) 3.87h 2.86h 28.14 h

As mentioned in Ladd (2002, 1996), this could be an artifact of the
periodic boundary conditions applied to top and bottom walls in the
system. Details of different systems are given in Table 4. A visualization
of the three system sizes studied is shown in Fig. 8 where we can see the
system scale correlation in velocities.

4.3. Settling of stanford bunnies

To show that the framework is not restricted to simple or convex
shapes, we simulate the settling of 512 copies of the Stanford bunny (Turk
& Levoy, 1994). The bunny is a non convex body with thin features such as
the ears. Its surface mesh is embedded into the fluid as described in Ap-
pendix A, and LAMMPS represents it by a clump of 400 spheres (Fig. 2).
Each bunny has a height of about 0.32 m and a density of pp, = 1250 kg/m®.
The bunnies start from rest with random orientations in aregular 8 x 8 x 8
arrangement in a cubic box of side length 4.08 m, which is periodic in all
directions. The fluid has the density p¢=1000kg/m> and the kinematic
viscosity v = 10~ m?/s. We use Ax = 7.4 mm, so that a bunny spans about
43 cells, and 7 = 0.52. As in Section 4.1, a uniform force on the fluid bal-
ances the net weight of the bunnies. The simulation runs on a single GPU.
Fig. 12 shows three snapshots. The regular arrangement breaks up as the
bunnies settle, and the bunnies collide, rotate and pass through the peri-
odic boundaries. The mean settling velocity levels off at about 0.7 m/s after
about 3 s. A video of the simulation is available at https://www.youtube.
com/watch?v&equals;zMORIz2ZGaE.

5. Conclusions

We have implemented and validated a new framework to simulate
irregular shaped particles in a fluid using open-source codes such as
OpenLB and LAMMPS. We demonstrate the capabilities of our frame-
work by simulating #(10%) cubes in a fluid. This is an order of magni-
tude larger than Studenik et al. (2024) where they demonstrated #(10)
rigid bodies. We have used this capability to study hindered settling of
spheres and cubes. Our analysis of local structure of cubes and spheres
show qualitative agreement with previously published results in Seye-
d-Ahmadi and Wachs (2021), Kundu et al. (2025), Fareed et al. (2026),
Yin and Koch (2007) although previous studies are at different Re.
Spatial correlation in velocity fluctuations calculated at different system
sizes indicate that the velocities remain correlated across the system
even at the largest system studied. This problem is also addressed in
Moriche et al. (2026). This required further analysis and experimenta-
tion with different periodic boundary conditions, box dimensions and
also perhaps the balancing force acting on the fluid nodes.

The framework can be further optimized in various ways. Currently,
the implementation requires LAMMPS and OpenLB to have same num-
ber of MPI threads. An optimal number of threads for LAMMPS and
OpenLB might be different at different densities which could make the
code faster. GPU implementation of DEM simulations is also another
direction for optimization. Future versions will include the lubrication
force between particles.

Future work will also be able to directly utilize the HLBM moving
wall model Kummerlander, Ito, et al. (2026) for turbulent flows of
moving arbitrarily shaped particles.


https://www.youtube.com/watch?v&equals;zM0RIz2ZGaE
https://www.youtube.com/watch?v&equals;zM0RIz2ZGaE
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Fig. 12. Settling of 512 Stanford bunnies in a triply periodic box. Snapshots at t =0, 2.5 s and 5 s (left to right). Each bunny keeps its color in all snapshots. The faded
bodies outside the box are periodic images. The back wall of the box shows the fluid speed |u|, and the arrow indicates gravity.
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The fluid is governed by the incompressible Navier-Stokes equations on the time-dependent fluid domain Qg(t) = Q \JxBk(t), where Bi(t) is the

region occupied by the rigid body k at time t,
Vau=0,

0 \Y

X ruvu=—Ly vV7u,

ot P

subject to the no-slip condition

u=u, ondB(r),

©

@)

(8

on every moving body surface, where u,, is the local velocity of the body. Rather than discretizing Eqs. (6)-(8) directly, we solve a penalized problem

on the full, fixed domain Q,
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Z—?erVu = f¥+yvzu7i1(x7t)(u7up), ()]
where y(x, t) is the indicator function of the region occupied by the bodies and ;;, > 0 is the penalization parameter. The added term is a Brinkman type
volume penalization (Angot et al., 1999), formally the Darcy drag of a porous medium of permeability K = vz, although no physical porous medium is
modeled here. It vanishes in the fluid and drives the velocity towards u,, inside the bodies, so that solutions of Eq. (9) converge to the solution of Egs.
(6)—(8) for n, — 0 (Angot et al., 1999). The geometry of the bodies, their motion and their contacts enter only through y. The same formulation is used
in (Kummerlander, Tur, et al., 2026) for the closing contact of oscillating vocal folds and in (Kummerlander, Ito, et al., 2026) for blade-resolved
simulations of wind turbine rotors. The discrete counterpart of 1 — y is the porosity field d(x, t) used throughout this work, with d=1 on fluid
nodes, d =0 on solid nodes and a continuous transition between the two across the surface of a body.

A.1.2 Lattice Boltzmann discretization
The Lattice Boltzmann method solves Egs. (6) and (7) via a discrete in space-time kinetic theory. A discrete velocity set ¢ = {Cy,...,C,} with
associated populations {fi, ..., f,} and non-negative weights {w, ..., w,} is chosen to respect the symmetries required by the fluid flow. Grid spacing

Ax and time step At are chosen such that particle populations move precisely from one lattice node to an adjacent node along the discrete velocity
vectors C; in a single time step At. The f; populations are related to density p and velocity v of the fluid at a lattice node as

p(x,1) = Zf (x,1)
pv(x,1) = i Cifi(x,1)

. The variable fi's are evolved using the following equation

FO+ Gt +-80) = f(5,) (9, ¥) — fi(x)] a0

where

“Up,v) = w; 1 _
fi*(p,v) wpx<+cg+ 2w 2a

Cv (Cv)} v >

is the equilibrium distribution. Here cs is a constant with dimension of velocity. The simulation consists of two steps: a collision step where RHS of eq.
(10) is calculated at a lattice node and a streaming step where the updated fi's are moved or streamed to the adjacent lattice node connected by the
vector C;. A Chapman-Enskog analysis, as shown in various standard textbooks (Kriiger et al., 2017), recovers Egs. (6) and (7) with the kinematic
viscosity

1\ Ax?
I/:cf(rfi)Tx; an

so that z > 0.5 is required for physical viscosities. We use the D3Q19 velocity set, for which mass and momentum are conserved. The penalization term
of Eq. (9) is recovered by adding a forcing term to the collision step, as described in Appendix A.3.

For a given physical viscosity and lattice spacing Ax, Eq. (11) links the choice of 7 to the timestep At. The timestep in turn sets the lattice velocity
and thus the Mach number of the simulation. Values of 7 close to 1/2 reduce the compressibility error. They require more timesteps and reduce the
stability margin of the BGK collision. Larger values of 7 increase the compressibility error and the dependence of the boundary representation on =
(Kriiger et al., 2017, Ch. 7). The values of 7 used in this work are listed in Tables 2 and 3 Their effect on the drag force and on the settling velocities is
shown in Appendices B, C and D.

The simulations are set up in physical units and converted to lattice units with the conversion factors C; = Ax for length, C, = At for time, C,, = Ax/
At for velocity and C, = ps for density. Forces are converted with Cr = C,C} /C2. The lattice spacing is given by the particle diameter and the resolution
as Ax = d/Nyes. The timestep follows from 7 and the physical viscosity by Eq. (11) as At = c2(z — 1 /2) Ax?/v. For the hindered settling simulations
(dsphere = 0.35mm, Nyes =12, 7=0.55,v = 10-%m?/s) this gives Ax =2.92 x 107°m and At=1.42 x 107> s. The terminal velocity of a single sphere
Ut ~ 0.048 m/s then corresponds to a lattice velocity of 0.023 and a Mach number of Ma ~ 0.04. The velocities in the hindered settling simulations are
smaller than this.

A.2 DEM
First we will discuss the DEM method used in the simulations for particles. We will discuss the contact force between spherical particles of different

radii. Since we are using the clump representation for arbitrary shapes, all interactions between rigid bodies can be resolved through interaction
between spheres. The force acting between two spheres i and j of radii R; and R; is given by a normal component,

4
F, = 2EaR 60 — v

which is a repulsive force acting when particles overlap. Here E. is the effective Young's modulus given by
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1
Eeff =7\
1-2 1=
R = R +R L, 8ij =Ri + Rj — |rjj|, where rjj=r; —rjandn = ‘:—’ The second term in the normal interation is the viscous damping term, here vy e} = (Vj — Vi)
_ logle) 4 i
-nn,and n, = 2\/‘ m knaMest, Where kng = SEera with a = /6;R,mes = , +1\j1 and e is the coefficient of restitution.
In addition to this, there is a tangentlal component,
[
/ k,avml(‘r)dr - n;,vl.rel
to
F. + Fl‘damp = ifFe + Flvdamp < Mranl 12)

# ||
ifFle + Fl,damp > ﬂyanl

-1
where Vi el = Ve — (RiQ; + Rj€j) xn, V=V, — V; ‘N 0, V; = Vj — Vj, i is the friction co-efficient, k; = 8< o 26}”’) with G;=E;i/(2(1 + v;)). These

interactions are implemented in LAMMPS as pair_style granular with hertz/material for normal interaction and tangential mindlin for tangential
interaction.

A.3 Fluid-Structure Interaction
In this section we describe how particle motion influences the populations f;'s and how forces acting on the particles are calculated from fi's.

A.3.1 How fi's are modified due to particle motion

A given lattice node with d <1 has a velocity u, defined by the particle's translational and rotational velocity. In addition to the standard BGK
collision Eq. (10), we have to apply the Brinkman penalization as an external force, which is applied to the system through the exact difference scheme
of Kupershtokh (Trunk et al., 2021). First we calculate

f=v+(1-d)u, -] 13)

and then the populations are modified by
Si :ffq(pvqu) 7f:')q(p7v) as

with S;'s added to the RHS of Eq. (10) before streaming. The physical velocity is calculated using

ll#:VJr%(l*d)[llp*V] (15)

as described in (Kriiger et al., 2017).
An external body force F acting on the fluid is applied by the very same construction and simply adds to the shifted velocity,

+:v-&-%F-&-(1—a’)[ul,,—v], (16)

so that the body force and the penalization are realized by a single exact difference step, with the corresponding term At F/(2p) added to Eq. (15). In
the hindered settling simulations, F is the compensating force of Sec. 4.1, which keeps the mean velocity of the fluid at zero.

Comparing this with the penalized momentum equation Eq. (9), the scheme relaxes the local velocity towards u,, by the fraction (1 — d) in every
timestep, i.e. the discrete penalization parameter is , = At/(1 — d) and the corresponding local permeability is K = v#p. In the fully fluid limit d = 1 the
forcing vanishes and the scheme reduces to standard BGK, while inside a body d = 0 and the penalization is at its strongest. The attainable penalization
is thus bounded by the timestep rather than chosen freely, so that at a fixed resolution the residual slip, and hence the position of the effective hy-
drodynamic surface, retains a weak dependence on 7. This is the origin of the r dependence reported in Appendix B and Appendix D.

A.3.2 How forces on particles are calculated from fi's
We use the Galilean invariant momentum exchange formulation from (Wen et al., 2014), where the hydrodynamic force acting on a given particle
is calculated by

S € wfix G (C ) (x, 1)] an

xeB i=1

where 1 is the direction opposite to i. The sum is restricted to the lattice links that cross the fluid-solid interface, i.e. to the nodes x with d < 1 that
belong to the particle and whose neighbour x + G; is a pure fluid node with d = 1. Nodes in the interior of a particle, which have no fluid neighbour, do
not contribute. The corresponding torque about the particle pivot x;, follows as
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TH() = (x—x,) x F'(x,1), 18)
XEB

where FH(x, 1) is the per-node contribution to Eq. (17). For the periodic directions of the domain, the lever arm x — x,, is taken with respect to the

nearest periodic image of the pivot, i.e. each component is shifted by the corresponding domain length whenever it exceeds half of it. Without this

minimum image convention, a particle straddling a periodic boundary would be assigned lever arms of nearly the domain length for the nodes on the

far side.

A.3.3 Representation of a particle in the fluid

We initialize a reference lattice, whose dimensions bound the object we would like to represent, with a porosity field representing the.stl file using
STLreader capability of OpenLB. The reference lattice is resolved at half the spacing of the fluid lattice and its nodes are set to 0 or 1 depending on
whether they fall inside or outside the surface mesh, so that the reference porosity is an exact voxelization of the given geometry. The same voxe-
lization provides the volume, the mass and the inertia tensor of the body, which are passed to LAMMPS through its infile feature, so that the fluid and
the DEM side use a consistent description of the rigid body.

Given a pivot to place the particle (taken to be its center of mass) and the orientation about the pivot, we can map a given lattice node in our
domain to a point in the reference lattice and therefore use the predefined porosity field to embed the particle in our lattice. The porosity assigned to a
node of the fluid lattice is the average of the reference porosity over the mapped node and its 26 neighbours of the D3Q27 stencil in the reference
lattice. This average is a discrete approximation of the porosity profile used in Kummerlander, Tur, et al. (2026), which is defined by the signed
distance ¢ to the surface of the body, positive in the fluid,

0 ifp(x,1) < —ey/2,
d(x, 1) = %+ ¢(:’ D iflpx,0)] < en/2, 19)
1 ifp(x,1) > €,/2,

so that the surface of the body is the level set d = 1/2. For a surface that is flat on the scale of Ax, the average over the D3Q27 stencil yields this linear
profile with a transition width of about three reference cells, that is e, ~ 1.5 Ax. The interface between fluid and solid thus spans one to two cells of the
fluid lattice. As discussed in Kummerlander, Tur, et al. (2026), higher order profiles offer no advantage at this width, and the transition introduces a
truncation error of order ¢ near the interface. This error appears as the dependence of the settling velocities on Nyes and = in Appendices C and D. The
stencil is aligned with the reference lattice and rotates with the body. The faces of a cube therefore always see the same profile, independent of the
orientation of the cube relative to the fluid lattice. The mapping uses the same minimum image convention as above, so that a particle whose support
crosses a periodic boundary is embedded as one body.
The solid velocity entering the forcing follows from the rigid body kinematics of the body k covering the node,

up(x, 1) = Vi(1) + @ (1) x (x = x(1)), (20

for center of mass Xy, translational velocity vy and angular velocity .

During the motion of particles in the simulation, this procedure is repeated to keep track of the porosity field. Updating the porosity field after a
displacement or a rotation of a body does not require a re-evaluation of all the nodes of the domain. Between two timesteps the surface of a body may
not travel further than the distance between adjacent nodes, so that only the nodes currently covered by a body and a surrounding growth layer have to
be revisited. The cost of the geometry update, like that of the force evaluation, is therefore proportional to the surface and not to the volume of the
bodies. The porosity embedding and the surface force integration are implemented as platform-transparent operators in OpenLB and are executed on
the GPU as described in (Kummerlander et al., 2026a, 2026b).

B Drag force on cubic array of spheres
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12.25 1
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£ 1150
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S 11.251
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& 11.00 —— =055
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=== Analytic Value for ¢ = 0.3
40 60 80 100 120

Fig. A.1. Drag force for different z and Nye at ¢ =0.3.
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In this section we describe the validation associated with calculating the drag force on a cubic array of spheres. For a packing fraction ¢ = 0.3 we
run the simulation for different values of 7 and Nyes. The results are shown in Fig. A.1, where we observe a convergence to thee analytical value. Since
the force acting on the sphere at steady state is equal to the applied force to the fluid for all values of 7, the average velocity is the value that changes as
we change the parameter. Therefore, we observe a higher velocity than the analytical prediction for higher values of z, which we observe also in the

single sphere settling.

C Sphere settling velocity

(a) Evolution of v,

0.00 A —e— 20 X 20 X 100; 7 = 0.75; Nycs = 8
=—e— 10 X 10 X 100; 7 = 0.75; Nyes = 8

—0.01 1 5% 5 X 200; 7 = 0.75; Nyes = 8

Velocity v,
| | |
o o e
o o (e]
S w [ NS}
1 1 1

—0.05 Moo

Timesteps (x10)

(b) Domain Size Influence
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T
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Fig. A.2. For Ny =8, i.e the diameter is resolved upto 8 l.u's.
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(a) Transient Velocity Profiles
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Fig. A.3. Settling velocity of sphere as one increases the resolution with which a diameter is resolved for two different ¢ values.
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(a) Velocity Time-Series
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Fig. A.4. Terminal velocities of a single cube for different resolutions N;s and for two different relaxation times z.
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Fig. A.5. Comparison of cube and sphere settling velocity for different resolutions and relaxation times.

In this section we describe sphere settling simulations. We will calibrate the system by comparing the terminal velocity of the sphere with a known
ground truth. The system under study has d = 0.35 x 10~> m diameter, pp = 2500 kg/m>, pr=1000kg/m?> and 4 = 1073 Pa's (same as the one used in
Rettinger and Riide (2017b)). The terminal velocity of a single particle is taken to be ~ 0.048 m/s. We need to study the influence of z, Nys, on the
numerical terminal velocity. First, we study different domain sizes as multiples of the diameter of the sphere to ascertain the dependence of domain
size on the terminal velocity. For the simulation, we use bounceback boundary condition for the top and bottom walls, a pressure boundary condition
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for the side walls as implemented in interpolatedPressureBoundary in OpenLB. As shown in Fig. A.2, the effect of the domain walls only changes the
terminal velocity by less than 1%. Therefore for further studies we will use the 5 x 5 x 200 box size.

In Fig. A.3 we plot the variation of v, as we increase the resolution of the sphere diameter for two relaxation times z. As seen in the graph, as we
increase the resolution of the system, the value seems to converge to a value around the expected value of around ~ 0.048. As resolution is increased,
the effect of relaxation time 7z reduces, indicating that the simulation is converging.

D Cube Settling Velocity

Similar to the preceding sphere study, we study the effect of 7 and N5 on the cube settling velocity. In Fig. A.4, we show the dependence of the cube
velocity on different parameters. Again, we observe a convergence to a value close to ~ — 0.046 m/s. This is close to, but faster than what is predicted
from empirical relations - Haider's formula Haider and Levenspiel (1989) predicts ~ 0.0437 m/s. From existing literature Marquardt et al. (2024a),
Kundu et al. (2025), Seyed-Ahmadi and Wachs (2021) we expect the cube to settle slower than the sphere. However, we observe that the sphere and
the cube terminal velocities are close to each other as shown in Fig. A.5.

E Comparison with Seyed-Ahmadi and Wachs (2021)

1.50 1
1.25 1
1.00
< 0.751
Ahmadi et al (2021)
0.50 1 ¢ = 0.2 cubes
- Ahmadi et al (2021)
0.25 ¢ = 0.05 cubes
. — ¢ = 0.2 cubes
— 005 )
0.00 - ¢ = 0.05 cubes

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Fig. A.6. Comparison with Seyed-Ahmadi and Wachs (2021).

We compare the radial distribution function obtained for cubes from Seyed-Ahmadi and Wachs (2021) at two different packing fractions as shown in
Fig. A.6. Although, their simulation is at a higher Re than ours, we observe that at higher packing fraction, the local structure is very similar. However,
at lower packing fractions, there is more clustering for the higher Re case. We also note the that RDF for ¢ = 0.05 from Seyed-Ahmadi and Wachs
(2021) and RDF for ¢ = 0.1 from Fig. 7 for cubes is quantitatively very similar.

F Lubrication force between the particles

\\\ e LAMMPS lubricate
;3 \\\ e OpenlLB
g \\\ === Jeffery formula
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Fig. A.7. The force acting on a sphere compared with its stokes drag for two sphere approaching each other along the y direction.
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Fig. A.8. RDF of spheres. The black dashed line shows the gap below which lubrication forces are underestimated.

As discussed in Ladd (1994a), Rettinger and Riide (2017b), Najuch (2019), Ten Cate et al. (2002) there is a repulsive force that acts between two
spheres as they come close to each other. This is due to the fluid getting squeezed out of the gap between the two spheres. Numerical simulation by
Najuch (2019) show that the partially saturated method underestimates the repulsion between the two spheres approaching each other, necessitating
an addition of a lubricating force. As shown in Fig. A.7, LBM without lubrication captures the repulsive force accurately to about a gap of about ~
0.12 x a. Fig. A.8 shows the RDF of spheres at various packing fractions, along with a line indicating the gap below which forces are not accurate. The
spheres that are in contact at higher packing fractions may not occur if lubrication forces are present in the system. Lubrication force correction is
applied by calculating the error with the analytical solution (Najuch, 2019, Nguyen and Ladd). There is an implementation of lubrication force be-
tween spheres in LAMMPS called fix lubricate. We have shown the magnitude of this force as the spheres approach each other in FIg. A.7. We are in the
process of implementing this in our code, but as pointed out, we need to account for the challenge of the small step required as well as the subgrid
resolution.

G Hindered Settling of Spheres and Cubes

(a) Spheres (b) Cubes
0.00 A 0.00 A
—0.01{ [ | 0,011
—0.02 o pomrommemron —0.02 1
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— ¢ =10.05 ¢p=01—¢p=02—0p=03—¢p=04

Fig. A.9. Vertical velocity component of sphere and cubes at different packing fractions.

In this section, we present the evolution of settling velocity for bulk suspension at different packing fraction. The results correspond to Fig. 5. We
observe that cube always settles slower than sphere at all packing fractions. However, when compared to Marquardt et al. (2024a) reports a 25%
difference between the velocities of cubes and spheres, while in our system the difference settling velocities is ~ 6%.

Voxellization error

The volume of the voxelized cube is lower than dfube (by 5%). Hence, while we choose the domain size as described earlier, actual packing fraction

simulated (solid nodes/liquid nodes) is lower than the prescribed one. Then the settling velocity will be larger than the value at the correct packing
fraction, which might be reason why we find the difference in settling velocity between cubes and spheres to be lower than reported literature value.
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H Validation of clump representation
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Fig. A.10. Evolution of v, for hindered settling with two different “clump” representation of cube with 2169, 489 spheres and 100 spheres respectively. The cor-
responding clumps are shown in the inset.

1.751
1,50 — NEIZUF = 489
—— NGRT =100
1.251
100+
=0.75 1
0.50 1
0.251
0.00 1
0 1 2 3

r
cubelength

Fig. A.11. RDF for different clump representation.

In this section we present a validation test for clump representation. We perform a hindered settling of 125 cubes. The two representation are
shown in the insets. The 100 sphere representation is created using the Angelidakis et al. (2021) library while the 489 and 2169 sphere representations
are created by placing spheres in a grid on the cube surfaces. As shown in Fig. A.10, v, evolves similarly for both systems. We compute the RDF for
cubes in hindered settling for the validation case discussed in Appendix H and is shown in Fig. A.11. This shows that different clump representations
quantitatively generate similar structures.
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Impact Angle 6°
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Fig. A.12. Comparison of analytical solution of rebound velocity v} and angular velocity w; with numerical result with a clump representation of the cylinder.
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Cylinder-wall impact

Following Marquardt and Krause (2024), Trunk et al. (2021), we compare the numerical rebound velocity with analytical solution for a cylinder
impacting a wall at an angle . The analytical solution is given by
mv; (1 + e)rcos(a + 6)
Y Ly + mricos?(a + 6)

+ —

v, = o] rcos(a+0) —ev,.

where I, is the moment of inertia around y axis, e is the coefficient of restitution, m is the mass, r = |/R? + 1H? is distance from the point of impact to

the center of mass, a is the angle the line connecting the point of impact with center of mass makes with the base of the cylinder and 6 is the impact
angle which is the angle the base of the cylinder makes with horizontal wall.

In Fig. A.12 we shown the comparison with numerical results. The clump representation of the cylinder is made of 600 spheres and is shown in the
inset. As expected, clump representation introduces errors, however overall agreement is reasonable. Experimenting with different clump repre-
sentations could improve the agreement with the analytical solution.
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