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Abstract

One-dimensional arrays of Josephson junctions have been studied because of their

unusual zero-temperature superconductor-insulator phase transitions. Furthermore,

their low-energy Hamiltonian coincides with that of a Luttinger liquid. Hence 1-D

Josephson junction arrays provide a physical realization of this model system. In

order to explore these similarities we discuss 1-D arrays with defects, making contact

to recent studies of transport in Luttinger liquids. We then study Andreev tunneling

between a Josephson chain and a normal metal and between a superconductor and

a Luttinger liquid. In both cases the current-voltage characteristics strongly deviate

from a linear dependence.

1 Introduction

In recent years Josephson junction arrays (JJA) built from small tunnel junc-
tions have attracted a growing interest, both from the experimental and the

theoretical side [1,2]. The transport properties of these low-dimensional struc-
tures are strongly in
uenced by interaction e�ects. Most of the physics associ-
ated with charging e�ects and Coulomb blockade is described by the so-called

capacitance model. When the geometrical capacitance of the islands is of the

order of picofarads the associated Coulomb energy may exceed the Josephson
energy. In this case quantum 
uctuations destroy the coherence and the array

is insulating at zero temperature. The phase diagram of the superconductor-
insulator transition depends the ratio of Josephson coupling and charging

energy and on the dimensionality of the system. A one-dimensional Joseph-

son chain undergoes a T = 0 transition of the Kosterlitz-Thouless-Berezinskii
(KTB) type, as shown by Bradley and Doniach [3]. Dissipation, which may
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be caused by Ohmic shunts, gives rise to additional structure in the phase

diagram [4{7].

The interest in 1-D systems goes further. Interacting 1-D systems are pro-

totypes of non-Fermi liquids, and have been studied for several years theo-

retically [8{10] as well as experimentally [11,12]. One-dimensional interacting

systems can be described in terms of the Luttinger liquid (LL) model [8]. The

low energy excitations of the interacting electron gas in one dimension are

long-wavelength spin and charge oscillations, rather than fermionic quasipar-

ticle excitations. Accordingly the transport properties cannot be described in

terms of the conventional Fermi-liquid approach. The density of states shows

a power-law asymptotics at low energies. Depending on the sign of the interac-

tion in a quantum wire an arbitrarily weak barrier leads to perfectly re
ecting

(for repulsive interactions) or transmitting behavior at low voltages [9]. Some

experimental evidence for LL behavior has been found in the power-law energy

dependence of the single-particle density of states in the Bechgaard salts [11].

The dispersion of spin and charge excitations in quantum wires has also been

measured [12].

In this article we point out that a Josephson junction chain is a physical

realization of a LL. We �rst explore the similarities by discussing a Josephson
chain with a defect and show that the problem is similar to that discussed for
a LL [9]. We then study Andreev re
ection between a superconductor and a
quantum wire which are coupled via a tunnel barrier, and between a Josephson
chain and a normal island.

2 The model for a Josephson chain

The model Hamiltonian for a Josephson junction chain contains the electro-
static interaction and the Josephson coupling

Hchain =
1

2

X
ij

QiC
�1
ij Qj � EJ

X
i

cos(�i � �i+1) ; (1)

where Qi is the charge and �i the phase of the condensate wave function on the

island i. The charge and phase on equal sites do not commute, [�j; Qi] = 2ei�ij .

The interaction is described by the capacitance matrix Cij, which is built by
the nearest neighbor capacitance C and the ground capacitance C0. In general

the electrostatic interaction has a �nite range with a screening length (in units

of the lattice spacing) of the order of � =
q
C=C0.
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In this article we will restrict ourselves to the case of short range interactions,q
C=C0 � 1, where a typical charging energy is de�ned by E0 = 4e2=C0. This

model at T = 0 can be mapped onto a classical two-dimensional XY model [3],

which undergoes a phase transition of the KTB type at a critical value of the

coupling constants EJ=E0 � 4=�2. For large values of the Josephson energy

the system is superconducting, while in the opposite limit it is insulating.

In the limit of large EJ and low temperatures the system exhibits phase co-

herence. The low lying excitations can then be expressed in terms of the 
uc-

tuations of the phase within the harmonic approximation. The action related

to the Hamiltonian (1) expressed by modes with wavevector k and frequency

!n is

A =
1

2

X
k;!n

n
C(k)�h2!2

n=4e
2 + EJk

2
o
j �k;!n j2 : (2)

Here !n = 2�n=�h� are the Matsubara bosonic frequencies, and C(k) is the

Fourier transformed of the capacitance matrix. This representation will allow
us to establish the connection to the physics of the LL as will become evident
in the following.

3 Josephson chain with a defect

In this �rst section we discuss a Josephson chain with a weak link in the middle.

The system bears similarities to a LL with a barrier, which was discussed by
Kane and Fisher [9]. It is convenient to describe the system in the path integral
formalism. The action is given by

A =
X
i

�Z
0

d�

2
4E0

2

 
d�i

d�

!2

� E
(i)
J cos(�i+1 � �i)

3
5 : (3)

The notation is the same as in Eq. (1), except for the site-dependent Josephson

coupling. A weak link in the chain at site 0 is described by E
(0)
J � EJ (while

E
(i)
J = EJ for i 6= 0). If EJ � E0 it is possible to use the harmonic approxi-

mation for the junctions of the chain, except for the one at i = 0. Following

the approach of Ref. [9] we derive in this way an e�ective action for the weak
junction

Ae� =
1

2
g

Z
d!

2�
j!jj�(!)j2�E0

J

�Z
0

d� cos(�) : (4)
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The interaction parameter is given by

g = �

s
EJ

E0

;

where � is equal to one in the harmonic approximation for the chain. Its exact

value can be determined by Monte Carlo simulations (see below). The e�ective

action (4) is identical to the one obtained for a dissipative particle in a periodic

potential [18] and also for a spinless LL with a barrier [9].

The harmonic approximation is valid when g > 1, therefore the present model

maps onto the attractive case described in Ref. [9]. In this case, in the renor-

malization group 
ow, E0
J 
ows to larger values. This means that at large

distances the e�ect of the weak link decays, and the properties of our system

reduce to those of a chain with all Josephson coupling equal to EJ .

We have carried out Monte Carlo simulations of a Josephson chain with one

defect using the techniques of Refs. [19]. This enables us to study the validity of

the approximations and the renormalization of the weak link in the Josephson
chain. The result for the super
uid density, which is a direct measure of the
strength of the weak link, is shown in Fig. 1. The data show the renormaliza-

tion of the weak link according to the scaling of Ref. [9], i.e. �0(L) � L(1�1=g).
The scaling is cut o� by the �nite super
uid density of the bulk. We obtain
the best �t for � = 1:56, independent of the strength of the defect and the
bulk coupling. This renormalization of � compared to the value � = 1 in
the harmonic approximation is due to phase slips, which also drive the super-

conductor to insulator transition. The value of � implies that g = 1 roughly
coincides with the critical ratio of EJ=E0 where the KTB transition of the
uniform chain has been found. It still remains an open question whether the
two values actually coincide rigorously.

The physics of the LL with attractive interaction g > 1 can be studied in
Josephson chains with EJ=E0 > 1, which make them an interesting, experi-
mentally accessible system for studying models with non-Fermi liquid behav-

ior. On the other hand, the LL model with g < 1 cannot be realized in a

Josephson chain. The reason is that in the EJ=E0 < 1 (which would cor-
respond to g < 1) the chain is insulating and the low-lying excitations are
no longer spin-waves with an acoustic branch. As a consequence the e�ective

action (4) does not contain an Ohmic kernel as required to describe LLs.

4 Andreev current into a Josephson chain

In this section we study Andreev tunneling between a normal metal and a
Josephson chain [13]. Quantum 
uctuations of the phases in the JJA produce
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a nonlinear Andreev current, which is very sensitive to the critical properties

of the JJA. The Hamiltonian of the system under consideration is

H =
X
�

Z
N

d3r  y�(~r)�(�ir) �(~r) + T
h
ei�0 "(0) #(0) + h:c:

i
+Hchain :(5)

The tunneling Hamiltonian is chosen to describe Andreev processes between

the normal metal and the �rst superconducting island i = 0. The creation

operators  y� refer to electrons of the normal metal particle and �(�ir) =
�r2

2m
� � is the kinetic energy, measured relative to the Fermi energy.

When a voltage V is applied, the Andreev current across the NS boundary is

calculated from the time variation of the electron charge on the metal island

INS = 4e j T j2
1Z

�1

dt e�2ieV t i�(t) h[Ay(t); A(0)]i ; (6)

where A(t) = ei�0(t) "(0; t) #(0; t). This expression demonstrates that key
features are contained in the phase{phase correlation function of the super-
conducting island which is in contact with the normal metal,

g(� ) = hT� ei�0(�)e�i�0(0)i :

In the limit EJ � E0 the harmonic approximation (2) can be used, which
amounts to neglecting quantum phase slips. The system possesses quasi-long
range order, i.e. for � !1 the correlations decay with a power-law g(� ) � j
!p� j 1��, with !p =

p
EJE0 and � = 1+ (2�)�1

q
E0=EJ . As a result the I{V

characteristic at low voltage has a power-law behavior

IA = GA

e�
(��1)

�(1 + �)

!p

2e

 
2e j V j
!p

!�

; eV � !p ; (7)

where 
 is the Euler number. In the classical limit, � ! 1 , the ground state
of the chain has the phases aligned and no collective modes are excited. Then
the chain behaves as a bulk superconductor with a linear Andreev I{V char-

acteristic.

When E0=EJ increases phase-wave collective modes become active. In partic-

ular they are excited by the Andreev tunneling events themselves, and their

back-action leads to the anomalous nonlinear characteristics of Eq. (7). The

excitations of the chain act like bosonic modes of an electromagnetic envi-
ronment coupled to the tunneling pair. Indeed the result (7) resembles that
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obtained for single electron tunneling in systems coupled to an electromagnetic

environment [14].

In the limitEJ � E0 the one-dimensional JJA acts like a line of linear elements

with the equivalent impedance

Z(!)

h=2e2
=

� � 1q
1� (!=!p)2

�(!p � !) (8)

(see Ref. [13] for more details). Notice that the low voltage behavior is dom-

inated by the capacitance to the ground C0, and a small �nite C does not

change the behavior of Eq. (7).

When quantum phase slips are included the harmonic approximation (2) re-

mains a �xed point Hamiltonian, but the parameters are renormalized. Ac-

cordingly in Eq. (7) � is replaced by a renormalized value, which deviates

from the phase-wave value near the superconductor-insulator transition. For
further details see Ref. [15].

5 Andreev tunneling into a Luttinger liquid

In this section we consider a LL coupled to a superconductor by a tunnel
barrier and study the current through the interface [16,17]. The Hamiltonian
in this case is given by

H = HS +HT +HL : (9)

The superconductor is described by the standard BCS-Hamiltonian HS . The
tunneling part is

HT =
X
s=�1

Z
dx

Z
dr T (x; r)	y

L;s(x)	S;s(r) + h:c: : (10)

Finally, HL describes the LL. It can be expressed in terms of boson operators

HL =
Z
dx

�

X
j

vj

"
gj

2
(r�j)2 + 2

gj
(r�j)2

#
: (11)

It is written as a sum of the contributions from spin (j = �) and charge (j = �)
degrees of freedom. Here vj = (2=gj)vF are the renormalized, interaction-

dependent Fermi velocities. For repulsive interaction we have g� < 2, while for
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attractive interaction g� > 2. The �elds � and � are canonically conjugated,

[�s(x);r�s0(x0)] = (i�=2)�(x0� x)�s;s0.

The similarity to the Josephson chain becomes manifest if we write the corre-

sponding action for a LL

AL =
1

2

X
k;!n

X
j

n
gj!

2
n=vj + gjvjk

2
o
j �k;!n;j j2 : (12)

Comparing Eq. (12) and Eq. (2) it is clear that the Josephson chain corre-

sponds to a spinless LL. This o�ers the possibility to study the interaction

e�ects of a LL by studying a one-dimensional Josephson array.

In the following we will consider spin-independent interactions. Hence, g� = 2

and v� = vF . For an in�nitely extended quantumwire the Fermi �eld operators

can be expressed by boson operators as

	y
s =

p
�0

X
m=�1

eikFmxeim�s(x)ei�s(x) (13)

where �s =
1p
2
(�� + s��) and �s =

1p
2
(�� + s��). The density of electrons per

spin in the LL is �0 = kF =2�. For transparency we will assume in the following
that the gap of the superconductor is much larger than all other characteristic

energies of the system.

We �rst evaluate the contribution of Andreev tunneling to the nonlinear sub-
gap current. The current is evaluated in standard way in an expansion in the
tunneling Hamiltonian

I=e = h _NL(t)i = hTei
R t
�1

HTI
(t0)dt0 _NLI(t) T e

�i
R t
�1

HTI
(t0)dt0i : (14)

The terms contributing to the current can be classi�ed diagrammatically. The
important element is

�s;s0(xi; t) = h	L;s(x3; t3)	L;�s(x2; t2)	
y
L;s0(x1; t1)	

y
L;�s0(x; t)i : (15)

As long as all energies (eV , kT ) are small compared to the gap of the supercon-

ductor the anomalous correlations in the superconductor can be approximated

by delta-functions. The expression for the current then reads

I = 16N(0)2�2jT j4e Re
� 1Z

0

dt�+;�(t3 = t2 = 0; t1 = t)(e2ieV t � e�2ieV t)

�
:

(16)
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The averages can be evaluated by using Eq. (11). The resulting current at

T = 0 is

I(V; T = 0) =
1

4
G2
TRKV

�
2eV

EF

� 2

g�
+
g�

2
�2 1

�(
g�
2
+ 2

g�
)

 
2

g�

! 2

g�
+
g�

2

+
1

4
G2
TRKV

�
2eV

EF

� 2

g�
�1 1

�(1 + 2
g�
)

 
2

g�

! 2

g�

; (17)

where GT is the dimensionless tunneling conductance. For repulsive electron-

electron interaction the term I � V 2=g� dominates while for attractive electron-

electron interaction I � V (2=g�)+(g�=2)�1 is the relevant one. These power laws

con�rm the qualitative expectation, a suppression or increase of the current

by repulsive or attractive interactions, respectively. Accordingly the linear

conductance G = @I=@V � V 
�1 (where 
 is the leading power in Eq. (17))

at V = 0 and T = 0 vanishes for repulsive interaction (
 > 1), or becomes

in�nite for attractive interaction (
 < 1).

At �nite temperatures we have

G =
1

4
G2
TRK

2
4c1

 
kT

EF

!g�

2
+ 2

g�
�2

+ c2

 
kT

EF

! 1

g�
�1
3
5 ; (18)

where c1; c2 are constants of order one.

The divergence of the conductance in the attractive case reveals the failure

of the perturbation expansion in the tunneling Hamiltonian. By means of a
renormalization group (RG) approach it is possible to identify the Cooper pair
channel (tunneling of two electrons with opposite spin on di�erent branches)
as the relevant process for attractive interactions (in the RG sense). More
generally, if g� 6= 2, the �xed point is shifted from g� = 2, and in principle

one may have a fully transparent barrier for Andreev tunneling even in the

presence of repulsive interaction in the LL.

6 Discussion

In this paper we discussed the possibility of using one-dimensional Josephson

junction arrays to detect transport properties which are currently investigated

in Luttinger liquids. A direct evidence of this connection was discussed in the

�rst part of the paper when the Josephson chain with a weak link was consid-

ered. In the second part of the paper we investigated Andreev-type transport
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and showed that the I{V characteristics for the Josephson chain and the LL

coincide. A key point in the discussion is the observation that in the supercon-

ducting chain the low-lying excitations are spin-waves, which are the equiva-

lent of the boson modes in LLs. The analogy between the two models becomes

apparent if we note that the the creation operator for an extra charge in a

island is given by � exp(i�), which is very similar to the representation (13) of

Fermion creation operators. The chain does not possesses any internal degree

of freedom and accordingly is mapped onto the spinless LL. In principle one

may think to use coupled chain to get also model for spin-1=2 electron in one

dimension.
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