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A prerequisite (not only) for experimental work is

a measure that helps us

to judge how good we are.



Sample Variance

Typically, the sample variance is calculated from a data
sample using the relation:
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where Y is the sample mean calculated from the same data set.



What happens to the standard deviation ...

. when a data set may be characterized by power law spectra which are more
dispersive than classical white noise fluctuations ?
it is also a function of the dead time and of the

measurement system bandwidth. For example,

,M,"HW}WMM,H*A using flicker noise as a model, as the number

of data points increases, the standard
; deviation monotonically increases without
o "W, e W limit.

n wd 1I".

white One can show that the standard deviation is a
noise function of the number of data points in the set;

pink
noise
ST o Some statistical measures have been
o= T ) developed which do not depend upon the
data length and which are readily usable for
. characterizing random fluctuations in
—— Sy precision oscillators.



IEEE subcommittee on frequency stability

. has recommended von

Neumann’s two sample variance
and an experimental estimation

of the square root of the “Allan

variance” is
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Statistics of Atomic Frequency Standards

DAVID W. ALLAN
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of the problema that arise from the pressmce of “flicker maise”™
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Tha Useory is applied in classifying the types of oolss on the sigasls
aof frequency wlandards made avallable st NBS, Boaboer Laboratories,
much mn: mastrd (both H asd N9H,), the coshum beam frequency
standard smploped as the U. 5. Frequency Swandard, sod rebidium
o8 celln

“Flicher nelss® frequency medslatisn wis soi shesrved on ihe
wignals of masers for sampling ticses rangieg from 0.1 secood to
4 hown. In & comparison between the NBS hydrogen maser snd
the NBE III cesium beam, usmcermelated rendee sodse was chasrved
8 e Irequency Bucteationa for sampling Gmed ertending o 4
Bours; the frectional stendard devistions of the frequency fnctus-
tions were as low as § parts in 107
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5 ATOMIC TIMEKEEPING has come of age, it
has become imcreasingly important to Meatiiy
quality in an atomic frequency standard. Some

ol the most important quality fnctors are directly re-
ted 1o the inherent noise of a quantum device and its
sted electronics. For exa.. e, » e

a [requency standard is to compare two such standards
by measuring the period of the beat frequency between
the two standards. [t ia again the intent of the author o
show a practical and easy way of classifying the statis-
ties, .., of determining the power spectral density of
the irequency floetuations using this type of measuring
system,

An analysis has already been made of the noise pres-
ent in passive atomic frequency standards (1], such as
cesium beams, but a classification of the types of noise
exhibited by the maser type of quantum-mechanical
oscillator hus not been made in the long term area, i.c.,
{or low frequency Auciuations, Though this paper ia far
from exhaustive, the intent is to give additional in-
formation on the noise characteristics of masers. He-
cause a maser's output frequency is more critically
parameter dependent than a passive atomic device, it
has been suggested [2] that the output frequency might
appear to be “flicker noise™ modulated, where *ficker
noase™ s defined as a type of power spectral density
which is inversely proportional to the spectral lrequency
w/2w, It has been shown that if “Ricker noise” (requency
modulation is present on a signal from a standard, some
significant problems arise, such as the logarithmic di-
vergence of the standard deviation of the frequency
fluctaations as the number of samples taken increases,
and also the inability to define precisely the time aver-
aee frequency. It thus becom: s of special interest to

[ [ 5, I =ag@nl dm

D. W. Allan, “Statistics of atomic frequency standards,”
Proc. IEEE, vol. 54, pp. 221-230, Feb. 1966.



The two sample variance approach is also useful in trace gas analysis

The concept of the Allan
Variance has been applied to
characterize spectroscopic
instrumentation

and has become a well
established tool for researchers
and instrument developers to
describe the performance of
laseroptical trace gas sensors.
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P. Werle et al. , The limits of signal averaging in atmospheric trace gas monitoring”, Appl. Phys. B 57, 131-139 (1993).



Detrending : What is the optimum time constant ?

Allan Variance
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Plot of the two sample variance as a function of the
subensemble averaging time t. The line following t!
indicates the expected behaviour for a “white noise”
dominated system.



Detrending of time series data

Smoothing effect of the moving average filter with different time constants

High pass filtered
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Stability Analysis vs Filter Time Constant
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Frequency domain and time domain
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J.C. Kaimal et al., “Spectral characteristics of surface-
layer turbulence®, Quart. J. R. Met. Soc. 98, 563-589
(1972)

,Itis quite apparent that there is considerable similarity in the shapes
of the logarithmic spectra and cospectra. On the high frequency side
they fall off according to -2/3, -4/3, or -3/2 depending on the
parameter; on the low-frequency side the slope is very nearly +1
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Allan Variance Analysis
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P. Werle and R. Kormann, "Fast chemical sensor for
eddy-correlation measurements of methane emissions

from rice paddy fields “, Applied Optics 40, 851 (2001).
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