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Generalization of Weibull theory A
for interface failure in bi-material ceramic joints

1. Introduction / Motivation:
- what is the interface?
- where do interfaces occur?
- quality of interfaces

2. Fracture mechanics of interfaces:
- computation of interface stresses
- interface cracks: order of stress singularity
- fracture criteria

3. Weibull approach for failure probability calculation
- generalization to the case of interface failure
- role of different parameters on interface failure:

4. Summary
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What is composite material?

Structural material made of
two or more different materials

A structure or an entity made
up of distinct components

A complex material, in which
two or more distinct substances
(metals, ceramics, glasses,
polymers) are combined to
produce structural or functional
properties not present in any
individual component
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Motivation: Where do we use material joints? ﬂ (I.I.

Karlsruhe Institute of Technology

Orthopaedic surgery

Need in ceramic implants:

- Recovery of the functionality
of damaged components

www.texarkanaortho.com

- Increase duration of implant
usage

- Cosmetic reasons

_efe

www.eurodn-t-st.ru
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Motivation: Where do we use material joints?

 Lambda - sensor —

electronic device containing
number of material interfaces
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joints

plays an important role in many

engineering applications
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What is an interface for us?
I%I‘-(flI
The area of interconnection between two entities...
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A thin layer or boundary between two different substances
or two phases of a single substance.

Interface can be approximated with a sharp line/plane
between two elastic and ideally bonded materials.
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Advantages and disadvantages of interfaces

7

Advantages of ceramic materials:
v" low electrical / thermal conductivity

v" high strength at high temperatures
v’ corrosion resistance

Disadvantages of ceramic materials:

v brittleness
v’subcritical crack extension
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deflection

Strong interfaces
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Advantages and disadvantages of interfaces ﬂ (I.I.

Karlsruhe Institute of Technology

Weak interfaces

1. Improvement of functional behaviour

- Layered system with weak
interfaces presents stronger and
tougher ceramic component.

load

- Cracks arresting at the material
joint with strong interfaces

deflection

Strong interfaces

2. Strength reliability  under transient

service conditions

- Delamination fracture of the
material joint with weak interfaces

T. Lube (2007)
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Bi-material mechanical properties ﬂ(l'l'

* Dundurs’ parameters

_ M (A-vy) —p(A-v,) Mismatch in tensile modulus
W>A-v)+u1-v,) across the interface

/3:} =2~ (1-2) Mismatch in bulk modulus
2 1,A-v)+u@d-v,) across the interface

£ I
-0.5 2 1+
Dundurs (1967)

* Coefficient for thermally induced
stress intensity factor

Cooling

—

K. = 280 fh [,
\/(iul +1u2(3_4|/1))(:u2 +:u1(3_4V2))

Aa, - thermal expansion coefficients

Suga et al. (1984)
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Computation of interface stresses

e Nature of interface stresses

« Crack in homogeneous material r 2

« Crack at the bi-material interface r~Y?*¢

— g - r V*(sinfeInr],codeInr])

— U - r*(sinfelnr],codelnr])

Oscillations of stress and displacement fields
at tip of interface crack
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Stress intensity factors ( SIFs) ﬂ(IT

The difference in elastic properties of materials
causes high stress gradients on the crack faces

* Crack in homogeneous material K - (Force EQIengthl’Z
K, =0,V27T
K, =0,V277

- Crack at the bi-material interface K — (Force [{length? {length

Strags <5 intheiuppermateial K =K, +IK, - Complex Stress Intensity Factor

Re[Kr' ] =0,,~/27m
Im[Kr*] = o,27m

]
L

> Tensile and shear effects near the tip of the crack
interface crl*ok are inseparable into analogues of classical mode | and mode I
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Stress intensity factors ( SIFs) ﬂ(IT

The difference in elastic properties of materials
causes high stress gradients on the crack faces

« Crack in homogeneous material K _ (Force) [{length”?

K, =0,V27T
K, =0,V277

- Crack at the bi-material interface K — (Force [{length? {length

Siress o incecupparmatenial K =K, +IK, - Complex Stress Intensity Factor

interface crack
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Interface fracture criteria
T

Crack propagation path:
®* No crack extension
® Crack propagates along the interface

® Crack kinks into one of the materials

O
(P o
Fracture criterion
oading > Interface resistance
parameters < parameter
Y,
\_/
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Computation of interface stresses

Determination of interface stresse

V

» FE modeling

» Analytical stress computation Re[Kr] 50 Im[Kr*] g
a; = 2;°(6,6)+ 2" (6,€)
V2T VoIr
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FE modelling: Numerical computation of interface st resses Q(IT

Crack tip models for FE analyses

e Cohesive zone model
 Bridged zone model

---------------------------------------------------------------------------------------------

\
Fictitious Crack ;Tip

.............................................................................................

True Crack | Process
Zone

Effective Crack

Perfect brittle materials Barenblatt (1959,1962)
Perfect plastic materials Dugdale (1962)

e Contact zone model

........................................................................

........................................................................

Comninou (1990)
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Computation of interface stresses

Determination of interface stresse

» FE modeling

I —

» Analytical stress computatio

Re[Kr"f]

g. =
Yoo

Im[Kr"f]

50
= (0 o

2P (6.¢)
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Analytical computation of interface stresses ﬂ (I.I.

Karlsruhe Institute of Technology

Material 1

S+ material 1 -4, K,

S+

N S material 2 - i, K,

S/ X . .
\/\/LM [4<a(y=0): flat line crack is opened

by normal pressures

ompie rfaple . {Io y
Williams(1959), Erdogan(1965) X
England(1965) .

* Boundary conditions

* Governing equations
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Analytical computation of interface stresses ﬂ (I.I.

Karlsruhe Institute of Technology

Material 1

S*  material 1 - 14, K,

S+

N S material 2 - i, K,

E———— S- X | |
\/\/M [4<a(y=0): flat line crack is opened

by normal pressures

,omplex variable f tio

Williams(1959), Erdogan(1965)
England(1965)
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Analytical computation of interface stresses ﬂ (I.I.

Karlsruhe Institute of Technology

Material 1

S+ material 1 -4, K,

S+

g S material 2 - 1, K,

S/ X . .
\/\/LM [4<a(y=0): flat line crack is opened

by normal pressures

ble formulati

Williams(1959), Erdogan(1965) : =
England(1965) .

2/ @ (2)+ 0 (2|

Dig®) = Z[T(pl”(z) W z)}
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Analytical computation of interface stresses ﬂ (I.I.

Karlsruhe Institute of Technology

Material 1

S+ material 1 -4, K,

S+

S material 2 - 1, K,

== S- X=
\/\/M Stress conditions on the interface
041) :042). U(l) :U(Z).

Williams(1959), Erdogan(1965) :
England(1965) .

flabie 10 a

)tng (X)) =-y (X%

on crack faces

20 21.03.2011 Irina Melikayeva
Werkstoffkolloquium Institute for Applied Materials (IAM), KIT



Analytical computation of interface stresses ﬂ (I.I.

Karlsruhe Institute of Technology

Material 1

S+ material 1 - 14, K,
S’ S material 2 - i, K,

S/ x
\/\/ﬁ“\”‘/ Stress conditions on the interface

o0 =g?- Yo =y®@-

e rao atl

Williams(1959), Erdogan(1965)
England(1965) .

)tng (X)) =-y (X%

on crack faces
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How to use analytical solution for infinite bi -material?
AT

Stress state at the interface of bi-material strip
with internal crack
» Lamé equation (equilibrium equation) » Boundary conditions
» Hooke’s law » Continuity conditions at interface
@uperposition method: - )
o (a) P (b) :
2 P(xy) (xq) Q
NN I N I S 1L L R #1
#1 #1 Ll 1
h1 | h1 : _|_ #2 - rTa X
(42 < a h, %~ (#2 ih %
<+ T -t [ - e e
Qi' material strip with internal crack Uncracked bi-material strip Interface crack in infinite bi-materialj
"= + 59 Problem (a): Problem (b):

[QxD)Z()dr =P(x) @' () +1¢" () ==, =%, (¥)
5 System of singular _
integral equations Hilbert problem
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Stress state at the interface of bi  -material ( Al,O,/ ZrO, strip ﬂ (IT

Karlsruhe Institute of Technology

Bi-material strip under pure tensile loading

Equal bi-action of tensile
and shear stresses

Bi-material strip under pure shear stresses
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How to use analytical solution for infinite bi -material?

- AKIT

Stress state at the interface of bi-material
Brazilian disk with internal crack

|

» Lamé equation (equilibrium equation) » Boundary conditions

» Hooke’s law » Continuity conditions at interface
@uperposition method: - )

(a) (b)
#1

D < ¢ : _I_ #2 a“"‘*r‘;a ; )(1
\Bi—material strip with crack Uncracked Brazilian disk Interface crack in infinite bi-materialj

5= 5@ 4 5O Problem (a); Problem (b):

@' (N +1¢" (%) = YZ,(0 -, (%)}

Results of FE analysis Hilbert problem
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Interface fracture criteria

AKIT

Crack propagation path:
®* No crack extension
® Crack propagates along the interface

® Crack kinks into one of the materials

oy
(D L
Fracture criterion
Loading > JrJth
parameters < paramete
N
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Interface toughness

AT

Fracture criteria based on Energy Release Rate (ERR)

Z const far inafaoes

Gi :%(Klz n K22) < qcr qr:{:constforhcrrog&neolsma:en'ais

Gic:r/ Glcr

157

TG

icr

G (1+ tgy)

10;

G

7 or

Gl(1+Atgzw)

1L

-10 -05 00 05 1.0
G, - pure mode-I toughness

A - calibration parameter
Y. Freed; L. Bank-Sills (2008)
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Interface toughness

AT

Fracture criteria based on Energy Release Rate (ERR)

Gi :%(Klz n K22) < qcr qr:{:constforhcrrog&neolsma:en'ais

Z const far inafaoes

Gic:r/G'Ic:r
157 2
— +
G, =G (1+tgy
10; 50
40+
gl ot
E 301
z; L
T ] N\
-1.0 -05 00 05 1.0 -
G, - pure mode-I toughness mj
A - calibration parameter 4
Y. Freed; L. Bank-Sills (2b058)
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Experimental characterization of interfaces

AIT

Karlsruhe Institute of Technology

|.  Straight line segment - the linear-elastic behaviour (Hooke’s law)

Il. Load drop - instantaneous crack propagation towards to interface

lll. Plateau - crack growth along the interface

V. Straight line segment - crack propagation into the substrate material
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Interface fracture criteria

AKIT

C raC k p ro p ag atl O n p ath : Kerlsruhe Institute of Technology

® Crack propagates along the interface

_/
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Generalization of Weibull theory &(IT
for interface failure in bi  -material ceramic joints i

Main assumptions to statistical model

v' Material contains a number of defects of different
size, which can be described as cracks with fracture
mechanics methods;

v' The size of the defect is a random variable,
which is described by a certain distribution function; 1

\éi |

v" There are no interactions between the natural flaws, i.e. failure of a crack is
not affected by the presence of other cracks;

v' Failure of the worst natural flaw (i.e. where the combination between high
stress and large size is most unfavourable) causes the failure of the whole
component;

v Location and orientation of the natural flaws are random.
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The combination of fracture mechanics and ﬂ("‘
probabilistic methods

- Material parameters
- Geometry of the component

=
. - Loading conditions
s N =)

Interface plane =

“Weakest-link” approach

N

(Most dangerous flaw has
unfavourable combination of:

> Size Failure probability
> Location in the stress field

\> Orientation of the stress fleld)
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The combination of fracture mechanics and ﬂ("‘
probabilistic methods

4 “
Interface energy release rate
fracture criteria:

Gi = Gicr (‘ﬂ)

v

Fracture mechanics

a. — critical | crack length

- Material parameters
- Geometry of the component
- Loading conditions

“Weakest-link” approach

32 21.03.2011
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The combination of fracture mechanics and ﬂ("‘
probabilistic methods

: - Material parameters
— - Geometry of the component
: - Loading conditions

4

........................E P ~ 1_ exp{_[a_*
= g_
Experimental data @

r 1 L] L] -
Natural flaw size distribution Failure probability
Average number of natural flaws

Interface toughness, geometry
. v
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Failure probability: comparison of results ﬂ(IT

Karlsruhe Institute of Technology

» Failure probability of homogeneous material

= 1 o.. (X, w)
P, =1-exp ——— =
=ren - 117

] dvVdQ

» Interface failure probability of bi-material

E. v 1 o, (X, w i
P =1-exp| -] 2% | gado
27 5 o\ o1+t 2:/)
——
ettt e
: | G; !
E,.v, y = arctan | UKL )} - arctar Ol"l 5 \ :
Re(KL”) a2l |
parameter measures the mode mixity | E {G
+ o ti : 1
at the tip of the crack ;__% 1 =1
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Mode — mixity parameter

_ o -
W= ArcTar( %22) at the tip of the crack +

'

- 1L =03 B, =147/GPa
v, =032 E, = 213GPa
. KL =0Z2L E =341GPa
v, =0,32; E, = 213GPa
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Influence of the mode -parameter { on P ﬂ(IT

I{ T oy(X, W)

 Q

Karlsruhe Institute of Technology

P- =1-exp ——2;%_[
A

— | dAdQ
Oo\[1+tan’

1.0( PF
ol =0+
' max probability
of failure
0.6}

=",
min probability

i , ‘ 4: of failure

-1.5 -1.0 -0.5 0.5 -1.0 -1.5 | | (kinking is probable)
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Influence of the Weibull parameters on P ﬂ(IT

Karlsruhe Institute of Technology

N M
\

=[] Teq(X, @) JdAdQ
A

P- =1-exp T

allo Y1+ tan?y

3D Brazilian disk under diametrical compression

I — 210,

Q2

(X
usle’

8!

T
i
s

[T
/]
i

s

[]]
L]
L

N

%

R = 22,5 mm - radius of the disk
w=5mm — thickness of the disk

F=50KkN - applied force
t=1.0mm - thickness of Al-layer

o

O

<

“".3"0'

0¥
%

N

2

\
A\

Interface failure probability F,): — F,):(mOE))

Irina Melikayeva
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Influence of the Weibull parameters on P_ ﬂ(IT

Karlsruhe Institute of Technology

Interface failure probability F?: — F,’;(IT,\OE))
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Influence of the Weibull parameters on P_ ﬂ(IT

M Karlsruhe Institute of Technology
1 o.(X,w) |
P =1-expl ~——[[| ~ (%% [“4ado
2 A Q 0‘0«/1+tan2¢/
3D Brazilian disk under diametrical compression
F ZE

30+

25¢

20t
S
15+
10t
I
5! i
[\ S
1 i L 1 L L
] o _ 100 358 488 600 800 1000 1200
Interface failure probability F,): = F,’;(IT,\OE)) 5
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Influence of the crack model on P,
[ s SKIT

L j dAdQ

1
P =1-exp| - ———
F exp 27%\)""[ Uo\ﬁ_+tan2[//

A Q

v" “Through — wall” crack model

Z
O, = \/ g-ﬁ +0° + H, o> Interface plane

T (@+4HH, X

v' “Penny - shaped” crack model

0= | +Y 00+ U e 2
F(2+ig)/T(05+i&) H, |

nterface plane o
X
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Influence of the crack model on P ﬂ(IT

m

Karlsruhe Institute of Technology

PF :1—exp —LJ‘J‘ O'Gq(—)(_,a))— dAdQ

27y AQ Uo\/1+tan2¢/

v “Through — wall” crack model

Failure probability as a function of interface strength

Pr
T D i A '
|
I :“.,
0.80 m=10 " m=25
| =
TF i 5 T e e e q9——- ’.
l 4
0.474 = = = = B I
! - i
0.30 ' |
’ — 'through—wall’ crackgs 1y
— 'pennf-shaped' crdeks 5
a.ll‘L-_"_"_'_"ﬂ_'_'_'ﬂ:_'_' *
B s o w sualay noole oo o w
200 300 400 500 600 700 0r
Interface plane o
X
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Influence of Interface geometry on P ﬂ(IT

m

Karlsruhe Institute of Technology

Teq(X, &) dAdQ

1
P. =1-exp| -——— |
i 270%;’“[ O\l +tan?y

Brazilian disk under diametrical compression

F 7t0.: 1, =032 E - 213GPa
2aR A|203Z Vv, — 0,3 E2 =147GPa

R = 22,5mm — radius of the disk
F=50KkN —applied force

(t=0.1 mm

Thickness | t=10mm
of inter-layer | 1 =30 mm

L Analytical solution (t = 0.0 mm)
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Influence of Interface geometry on P, ﬂ(IT

m

Karlsruhe Institute of Technoloav

T oy(X, ) o MPa

dAdQ = t=01mm =t=J3.0mm

4001 = t=10mm - analytic

P. =

—

2T1A, Q g, \/1+ tan2y

Brazilian disk under diametrical compression

r, mm
F
2aR
t=0.1 mm
t=1.0 mm
+ MP
t=3.0mm e
- t=10.1 -t =230
o e 1000} | l.l]ﬁﬁ = annly_ﬁgnm
. Analytical
S00¢
V20 -10 J o mm
=300+
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Influence of Interface geometry on P

T oy(X, )

m

dAdQ

AIQ

O\l +tan?y

Failure probability values for some material combinations

= [m=10 m=10 m=18
g, =320MPa g, =430MPa g, =380MPa
__________________ exact conserv.| exact | conserv| exact |conserv.
Analyt. | 63.2% [F63.5% |51% §51% | 7.0% 7.01%
t=0.1mm| 64.7% §65.0% 53% [53% | 7.5% 7.6%
t=1.0mml 69.3% §71.8% |6.0% §6.4% |12.6% [ 13.2%
t =3.0mnm 61.9% 49% [ 69.1% | 10.5% | 100%

100.0%

44
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v P. grows (1) till some certain value of t,
then it starts to decrease (|)

v For some geometries conservative
approach leads to overestimation

o, MPa
400

AIT

Karlsruhe Institute of Technology

= t=01mm =t=23.0mm
= {=L10mm

-« analytic

=20 -10

- 100}

—-200¢

-300"

o, MPa

1000

Irina Melikayeva

r, mm

= t=01lmm =t=230mm
= t=1.0mm -+ analytic

r, mm
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Generalized Welbull approach
for interface failure pr obability ﬂ(IT

Karlsruhe Institute of Technology

—> Generalization of the Weibull theory for the case
of interface failure is introduced:

m

P.=1-exp| ———— dAdQ

271, 5 5| g1+ tan

1 T (% @)
J

— Equivalent stress are calculated with respect to
considered crack model.

—> The failure probability of the interface peaks for
mode-lI loading (the sharpness of the peak
depends on material parameters).
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Summary ﬂ(IT

Karlsruhe Institute of Technology

—> An algorithm for failure probability calculation is available and ready to
be implemented in STAU

—> A superposition approach leads to a semi-analytic solution for the
stress field and thus the failure probability

| 11 4
#2 -arrra X4

— The approach is promising for layered materials in functional
applications

—> The sequential issue is to obtain relevant statistical parameters
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b 5 A b b et et

Changesto STAU (Version 6) ﬂ (IT

47

(e = = ety =
# Stau 6.0 RC 1 - test

e g =4
‘%L-‘ Iw = ]D:m Karlsruhe Institute of Technology

File Help

td
.') PO srsti= ohi Absage g

[ Project Settings | Read FEM | Computation | Options | Material | Stau | Results | Settings |

Q Stau Solver Settings
Current Element Set all elements | i | dl | I
Type of calculation Pf for specimen (1) | -

|| Surface Flaws =] Volume Flaws
calculate surface flawes v calculate volume flaws =
Surface Flaws |Nurmal Stress criterion {21) | b ‘ Yolume Flaws ‘Nnrmal Stress criterion {21) ‘ - |
Loc Fail Prob (Surface) il Loc Fail Prob (Volume) [

Find Boundary Elements?
«f | Additional Settings o)} Interface Flaws
Additional Parameters calculate interface flaws 2

Interface flaws Interface stress criterion n

<

41| 1>

Calculate the failure prabahility far surface flaws.
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Karlsruhe Institute of Technology

Thank you
for your attention!
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