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> Today’s Objectives
Executive Overview of
> Numerical Modeling
(Allen-Cahn and Cahn-Hilliard in unified model framework)

> Consistent coupling to incompressible two-phase Navier-Stokes equations
> Enforcement of phase-volume conservation and boundedness (AC)
> Treatment of moving contact lines

> Equation Discretization and Solution
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> Implementation into FOAM
> Numerical Results
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> sharp interface models

> surface of zero thickness
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> sharp interface models

> surface of zero thickness

> discontinuity/jump of material and
transport quantities
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Sharp vs. Diffuse Interface Modeling

> sharp interface models

> surface of zero thickness

> discontinuity/jump of material and
transport quantities

> discontinuous phase indicator
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> sharp interface models
> surface of zero thickness
> discontinuity/jump of material and
transport quantities
> discontinuous phase indicator

[l

> methods (main representatives): w‘i‘\’:
Volume-Of-Fluid / Level-Set %w \
Interface-Capturing, Arbitrary ) ,' 'M‘ﬂ

Lagrangian Eulerian Interface-Tracking,
Front-Tracking Methods
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> sharp interface models

> surface of zero thickness

> discontinuity/jump of material and
transport quantities

> discontinuous phase indicator

> methods (main representatives):
Volume-Of-Fluid / Level-Set
Interface-Capturing, Arbitrary
Lagrangian Eulerian Interface-Tracking,
Front-Tracking Methods

diffuse interface
e>0

2(t) :={x € 2]X(x,t) =0}
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> sharp interface models

>
>

>

surface of zero thickness
discontinuity/jump of material and
transport quantities

discontinuous phase indicator
methods (main representatives):
Volume-Of-Fluid / Level-Set
Interface-Capturing, Arbitrary
Lagrangian Eulerian Interface-Tracking,
Front-Tracking Methods

» diffuse interface models

>
>

>

surface of finite thickness

smooth but rapid transition of material
and transport quantities

smooth phase indicator

methods (main representatives):
Phase-Field Interface-Capturing
Methods

diffuse interface
€>0 e

2(t) :={x € 2| X(x,t) =0}

2=2(H) U 2(t)

D(t)
x=-1
P2, V2
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» Phase-field methods rely on diffuse interface models

> connection to thermodynamics by a phenomenological
free energy functional (model).

> evolution of phase field governed by dissipative
minimization of free energy.

°
0% o

1 | gas phase ¢
:

liquid phase ¢
I

on region

indicator | ~100A

function x

|
|
|
|
|
|
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|
|
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!

spatial coordinate ¢

U D. Jacgmin, J. Comput. Phys. 155/1 (1999).
121 JW. Gahn and J.E. Hilliard, J. Chem. Phys. 28 (1957).
18] 5.M. Allen and J.W. Cahn, Acta Metall. 27 (1979).
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» Phase-field methods rely on diffuse interface models ° & o o
> connection to thermodynamics by a phenomenological %0 o ©
free energy functional (model). %o °
> evolution of phase field governed by dissipative ?o 8 o
minimization of fr nergy.
inimization of free energy. %boo
> Diffuse interface represented as a finite thickness transition °
layer °
liquid phase o !

> characterized by capillary width e > 0 (related to
interfacial thickness)
> diffusion of phase constituents within thin transition layer e
> fluid mixing (even for immiscible fluids) and interface
evolution controlled by chemical potential
> fluid properties vary rapidly but smoothly between fluids

spatial coordinate ¢

U D. Jacgmin, J. Comput. Phys. 155/1 (1999).
121y . Cahn and J.E. Hilliard, J. Chem. Phys. 28 (1957).
18] 5.M. Allen and J.W. Cahn, Acta Metall. 27 (1979).
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» Phase-field methods rely on diffuse interface models ° & o o
> connection to thermodynamics by a phenomenological %0 o ©
free energy functional (model). %o °
> evolution of phase field governed by dissipative ?o 8
minimization of free energy. ﬁgb ) oo
> Diffuse interface represented as a finite thickness transition °§’ o ©
layer ol© ©
> characterized by capillary width € > 0 (related to kel M L
interfacial thickness) T

> diffusion of phase constituents within thin transition layer e
> fluid mixing (even for immiscible fluids) and interface
evolution controlled by chemical potential
> fluid properties vary rapidly but smoothly between fluids
> Phase-field methods for two-phase flow
> pioneering work: Jacgmin ("]
> two 'flavors’: Cahn-Hilliard 2! or Allen-Cahn 3]
U D. Jacgmin, J. Comput. Phys. 155/1 (1999).
121 5w, Cahn and J.E. Hilliard, J. Chem. Phys. 28 (1957).
18] 5.M. Allen and J.W. Cahn, Acta Metall. 27 (1979). B B
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I S
> Free energy phase 2 phase 1

Free energy density model for mixing of the two-phase

system
Ao A
F00 = SIVXP 4+ 50
— — ———
‘gradient energy’  bulk energy
where

> W(X) = (X? — 1)2/4: bulk energy density
(Ginzburg-Landau double-well functional)

> W'(X) = X(X? — 1): derivative of ¥ w.r.t. X

> ®(X) = 6F/8X, with F = [, fdx: chemical potential

(Cahn, 1961)

» Competition between bulk and capillary/interfacial
(gradient) contribution ‘controlling’ surface tension and

interfacial thickness.

1-

v(x)

=]

S
1D equilibrium profile

X(¢) = tanh (%)
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> Input model parameters

i ! o end: Source Ci
(primary parameters) Olparation N [Neies s e
ill idth \ and — } For copyright not. ee file Copyright
> capillary width: e ]
> mobility coefficient: [
> viscosities and densities: p¥, T¥ f
> surface tension coefficient: o =

diffuseInterf:

7/- diffusio
I type G
type  Aller

//- numerical method (CH only)
method coupled;

/7- inter 1 width

epsilon epsilon [ 0100000 ] 5e-5;

/1~ mobility
pa kappa [ 100001 10e-9;
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Diffuse Interface Models — Model Parameters DARMSTADT

> Input model parameters ‘
(primary parameters) J Bt | :“"“ o e .
> capillary width: € ) " I
> mobility coefficient:
> viscosities and densities: p¥, T¥
> surface tension coefficient: o

A nd |
M anipulation |

> Derived model parameters
(secondary parameters)

s ter
P e CahnHill
> mixing energy parameter: A = 237\/50'6‘ type . AllenCahn;
//- numerical method (CH only)
> relaxation time parameter: v = %“ method couple
€ //- interfa width

epsilon epsilon [ 0100000 ] 555

/1~ mobility
ppa

Kappa [ -13 1000 0 ] 10e-9;
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Derivation of Governing Phase-Field Transport Equations
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» Starting Point: Generic structure of the phase-field equation [4:5]
0t (pX) + V* (pXv + Ix) = &x.

> This can be specified into Allen-Cahn- (AC) or Cahn-Hilliard-type (CH) models via choice of either
the production rate £x or flux Jx being non-zero
Jx #Z0 and &x =0(CH) and Jx =0 and &x # 0 (AC)

> Volume-Averaging yields governing equations with C' = ¢ := as — a;.

14 W. Dreyer, J. Giesselmann and C. Kraus, Physica D: Nonlinear Phenomena 273 (2014).
151 M. Heida, J. Malek and K.R. Rajagopal, Z. Angew. Math. Phys. 63 (2012). . B B
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» Starting Point: Generic structure of the phase-field equation [4-5]
Ot (pX) + V- (pXV -+ Jx) = &x.
> This can be specified into Allen-Cahn- (AC) or Cahn-Hilliard-type (CH) models via choice of either
the production rate £x or flux Jx being non-zero
Jx #0 and &x = 0(CH) and Jx =0 and &x # 0 (AC)

> Volume-Averaging yields governing equations with C = ¢ := as — a;.

> Allen-Cahn phase-field equation

A
ot +Ve(eu)= e—szE - E—4x1/’(a) in Q

3
O C —Bcosee(ﬁ—n and 3, ® =0 onaN

Cly—g = Co inQatt=0

14 W. Dreyer, J. Giesselmann and C. Kraus, Physica D: Nonlinear Phenomena 273 (2014).
151 M. Heida, J. Malek and K.R. Rajagopal, Z. Angew. Math. Phys. 63 (2012). . B B
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Derivation of Governing Phase-Field Transport Equations DARMSTADT

» Starting Point: Generic structure of the phase-field equation [4-5]
O (pX) + V- (pXV -+ Jx) = &x.

> This can be specified into Allen-Cahn- (AC) or Cahn-Hilliard-type (CH) models via choice of either
the production rate £x or flux Jx being non-zero

Jx #0 and &x = 0(CH) and Jx =0 and &x # 0 (AC)
> Volume-Averaging yields governing equations with C = ¢ := as — a;.

> Cahn-Hilliard phase-field equation

A

e+ Ve (cu) = rV?P(2) with &(¢) = S¥/(2) —AV?e  inQ
€
3
Ot = —acosee(zz’ —1)and 8, =0  ondN

Cli—p = Co inQatt=0
4 W. Dreyer, J. Giesselmann and C. Kraus, Physica D: Nonlinear Phenomena 273 (2014).

151 M. Heida, J. Malek and K.R. Rajagopal, Z. Angew. Math. Phys. 63 (2012).

=]
Holger Marschall”~ Xuan Cai’, Martin Worner-, Olaf Deutschmann’, Mathematical Modeling and Analysis, Center of Smart InterfacesphaseFieldFoam

Development and Implementation 7/20



Numerical Modeling Il
Coupling to Navier-Stokes Equation
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» Cahn-Hilliard momentum equation with (non-standard) relative density flux due to diffusion
of components [6:7]

J
Ot (o ﬁk) + Ve (a1 ﬁkﬁ) =-VJ, & a1 +Ve(iu)=-V (TIZ)
D

18] 4. Abels, H. Garcke and G. Griin, Math. Models Methods Appl. Sci. 22/3 (2012).

[ 4. Ding, PD.M. Spelt and C. Shu, J. Comput. Phys. 226 (2007). B B i
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» Cahn-Hilliard momentum equation with (non-standard) relative density flux due to diffusion
of components [6:7]

J
at(oq ﬁk) + V- (al ﬁkﬁ) =-VJ, & 0Ota;+ Ve (a1 ﬁ) = -V (TIZ)
D

> From summation of the right equation for £ = 1, 2, exploiting a1 + a2 = 1

J1 Jo

P
i.e., insisting on volume conservation in the volume-averaged model, the volumetric
diffusion fluxes are required to match — in the spirit of Cahn and Hilliard.

=0, where J, :=a;p (T — @)+ Jx,

18] 4. Abels, H. Garcke and G. Griin, Math. Models Methods Appl. Sci. 22/3 (2012).

[71 H. bing, P.D.M. Spelt and C. Shu, J. Comput. Phys. 226 (2007). . B B
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Coupling to Navier-Stokes Equation

TECHNISCHE
UNIVERSITAT
DARMSTADT

» Cahn-Hilliard momentum equation with (non-standard) relative density flux due to diffusion
of components [6:7]

—k

J
6t(041 ﬁk) + V- (a1 ﬁkﬁ) =-VJ, & 0Ota;+ Ve (a1 ﬁ) = -V (i)
D

> From summation of the right equation for £ = 1, 2, exploiting a1 + a2 = 1
Ji1 Jo
P

i.e., insisting on volume conservation in the volume-averaged model, the volumetric
diffusion fluxes are required to match — in the spirit of Cahn and Hilliard.

=0, where J, :=a;p (T — @)+ Jx,

> Then, however, from summation of the left equation for k = 1, 2, the continuity equation
becomes

P +V(pu)=D;p=-V-(J1+J2)#0  incaseswhere o' # 5°

18] 4. Abels, H. Garcke and G. Griin, Math. Models Methods Appl. Sci. 22/3 (2012).
[71 H. bing, P.D.M. Spelt and C. Shu, J. Comput. Phys. 226 (2007).
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Coupling to Navier-Stokes Equation (cont’d)

TECHNISCHE
UNIVERSITAT
DARMSTADT

> Cahn-Hilliard momentum equation with (non-standard) relative density flux due to diffusion
of components

> Linear momentum equation (l.h.s.), using Ve u = 0,

d(pu)+V(puu)=p@:u+u-vu)-V-[u(Ji1+J2)|+J1+J2)* V1,

18] 1. Abels, H. Garcke and G. Griin, Math. Models Methods Appl. Sci. 22/3 (2012).
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Coupling to Navier-Stokes Equation (cont’d)
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> Cahn-Hilliard momentum equation with (non-standard) relative density flux due to diffusion
of components

> Linear momentum equation (l.h.s.), using Ve u = 0,
d(pu)+V(puu)=p@:u+u-vu)-V-[u(Ji1+J2)|+J1+J2)* V1,
which allows for an objective [8] momentum flux tensor on r.h.s.

o:=0c+u(J;+J2)=—-pl+71

18] 1. Abels, H. Garcke and G. Griin, Math. Models Methods Appl. Sci. 22/3 (2012). . B
[=] = = = ¥
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> Cahn-Hilliard momentum equation with (non-standard) relative density flux due to diffusion
of components

> Linear momentum equation (l.h.s.), using Ve u = 0,
d(pu)+V(puu)=p@:u+u-vu)-V-[u(Ji1+J2)|+J1+J2)* V1,
which allows for an objective [8] momentum flux tensor on r.h.s.

o:=6+u(Ji+J2)=—-pI+7
> Then,
(%(ﬁﬁ)-ﬁ—V'(ﬁﬁﬁ) —u [Dtﬁ] =—-Vp+ Ver — (J1 +J2)'Vﬁ

& O(pu)+Ve(puu)=—-Vp+Ver—V-(u(J; + Jo2))

18] 1. Abels, H. Garcke and G. Griin, Math. Models Methods Appl. Sci. 22/3 (2012).
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Enforcement of phase-volume conservation and boundedness (AC)
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» Allen-Cahn phase-field equation with space-time dependent Lagrange multiplier concept [°]
to enforce volume conserving property

9T+ Ve (2T) =7AT — 612\1;’(5) FAD)T(T)

191§, Kim, S. Lee and Y. Choi, Int. J. Eng. Sci. 84 (2014).

o = = = vHAQR

Development and Implementation 10/20
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Enforcement of phase-volume conservation and boundedness (AC)
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» Allen-Cahn phase-field equation with space-time dependent Lagrange multiplier concept [°]
to enforce volume conserving property

9T+ Ve (2T) =7AT — 612\1;’(5) FAD)T(T)

> Choose ) s.t. phase volumes are conserved, i.e.

i/ cdx—/Btcdx—O
dt

/[ (cu +7Ac—el "(2) + A\(t)¥(c )] dx

/ Eﬁ-nds—k’y/(;nn'Vcds——/\Il dx-i-)\()/Q (¢)dx

191§, Kim, S. Lee and Y. Choi, Int. J. Eng. Sci. 84 (2014). . B B
] = = E|=
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» Allen-Cahn phase-field equation with space-time dependent Lagrange multiplier concept [°]
to enforce volume conserving property

9T+ Ve (2T) =7AT — 612\1;’(5) FAD)T(T)

> Choose ) s.t. phase volumes are conserved, i.e.

i/ de:/atzdx:o
dt Jq Q

:/Q [V (@) +9aE - 20/ (2) + XDU(e)] dx
:—/89Eﬁ-nds—k’y/(;nn'VEds—elz/sllll’(ﬁ)dx-i-)\(t)/g‘ll(é)dx

Joom+(WE) —n-Ve]ds /e [P (c)dx
Jo ¥(e)dx Jo ¥ () dx

= A(t) =

191§, Kim, S. Lee and Y. Choi, Int. J. Eng. Sci. 84 (2014). . B
o = E|l= ¢
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Holger Marschall™~ Xuan Cai”, Martin Wérner”, Olaf Deutschmann®, Mathematical Modeling and Analysis, Center of Smart InterfacesphaseFieldFoam



Equation Discretization and Solution |
Enforcement of phase-volume conservation and boundedness (CH)
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» approach: decompose 4" order Cahn-Hilliard phase-field transport equation into
2nd order Helmholtz-type equations and solve simultaneously.

1191 b yue et al., J. Fluid Mech. 515 (2004).
1 S. Dong, Comput. Methods App. Mech. Engrg. 247-248 (2012).

o <3 =, <=, 2= 9agQ
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» approach: decompose 4" order Cahn-Hilliard phase-field transport equation into
2nd order Helmholtz-type equations and solve simultaneously.

> steps:

1191 b yue et al., J. Fluid Mech. 515 (2004).
1 S. Dong, Comput. Methods App. Mech. Engrg. 247-248 (2012).

o <3 =, <=, 2= 9agQ
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» approach: decompose 4" order Cahn-Hilliard phase-field transport equation into
2nd order Helmholtz-type equations and solve simultaneously.

> steps:

> use FOAM’s block-coupled matrix support

1191 b yue et al., J. Fluid Mech. 515 (2004).
1 S. Dong, Comput. Methods App. Mech. Engrg. 247-248 (2012).

o <3 =, <=, 2= 9agQ
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Enforcement of phase-volume conservation and boundedness (CH)
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» approach: decompose 4" order Cahn-Hilliard phase-field transport equation into
2nd order Helmholtz-type equations and solve simultaneously.

> steps:

> use FOAM'’s block-coupled matrix support
> treat all coupling and transport terms fully implicit

1191 b yue et al., J. Fluid Mech. 515 (2004).
1 S. Dong, Comput. Methods App. Mech. Engrg. 247-248 (2012).
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Enforcement of phase-volume conservation and boundedness (CH)
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» approach: decompose 4" order Cahn-Hilliard phase-field transport equation into
2nd order Helmholtz-type equations and solve simultaneously.
> steps:
> use FOAM’s block-coupled matrix support
> treat all coupling and transport terms fully implicit
> reconstruct volumetric fluxes from solution of the block-coupled system

1191 b yue et al., J. Fluid Mech. 515 (2004).
1 S. Dong, Comput. Methods App. Mech. Engrg. 247-248 (2012).
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TECHNISCI_—!E
Enforcement of phase-volume conservation and boundedness (CH) Bﬁéfﬁiiféi

» approach: decompose 4" order Cahn-Hilliard phase-field transport equation into
2nd order Helmholtz-type equations and solve simultaneously.

> steps:
> use FOAM’s block-coupled matrix support

> treat all coupling and transport terms fully implicit
> reconstruct volumetric fluxes from solution of the block-coupled system

> starting point: semi-(time-)discretized form of Cahn-Hilliard transport equation [10:11]

Yn €™ — Yo € % 4 Yoo €°°
At

+Ve(cu)®
2 2on A — 0)2 - o A =-n = o - 00
=kV* |=A\V~“ ¢ +—2((c ) —1) ¢ +'yz-—2(7nc — Y €%+ 70¢)|,
€ €
with the time-discretization dependent parameters v, = (1, 3/2), 7o = (1, 2) and
Yoo = (0, 1/2) for Euler implicit and Gear’s backward schemes, respectively.

1101 b yue et al., J. Fluid Mech. 515 (2004).
W S. Dong, Comput. Methods App. Mech. Engrg. 247-248 (2012).
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Enforcement of phase-volume conservation and boundedness (CH) gﬂg’,&'ﬁfﬁ

> Sorting: explicit (r.h.s.) and implicit (I.h.s.) terms

where

o <3 > «=)» E|=
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> Sorting: explicit (r.h.s.) and implicit (I.h.s.) terms
A
-v? (AVQ " — YiTn E”) ~On ogn = Sy(T°, %),
€ K

where

1
Sy(c°,c%) ::7[_%E”+X:E°°+V'(EH)O

=S5V (((2°)? =1 =70%) €° + Y007 ¢ )

> Defining auxiliary variable for separation into two Helmhotz-type equations as

A
"= AV2e" _%%:2 c™,

we arrive at
PsiEqn: V24 e gn=_Gy(c°, c%)
n .
CEqn : Vv2e— 7\1/)\ =Tijegn
. = = =, == ¢
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> Assembling the coupled system
> improved implicitness compared to Dong ['? and Yue et al. ["®! achieved by

o —oo 1 _o _oo
Su(e,e%) = = [ 22 2% 4 (35 — 1/A0)700 "]

2] 5. Dong, Comput. Methods App. Mech. Engrg. 247-248 (2012).

3] b Vue et al., J. Fluid Mech. 515 (2004).
a
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Enforcement of phase-volume conservation and boundedness (CH)
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> Assembling the coupled system

> improved implicitness compared to Dong ['? and Yue et al. ["®! achieved by

o oo 1 _o e
Sy (c° T )::;[7%6 + (vi — 1/At)vo0 € :|

> finite volume notation of final coupled system

[V-(vieDl  + [ {7}]

+[ v (e1 s prrm0.15)) ]

+[V: (3% =1 —vive)V{E})] = -5y
[V (V{eh] —[4¥)] = 23~ {z}]

1121 5. Dong, Comput. Methods App. Mech. Engrg. 247-248 (2012).
3] b Vue et al., J. Fluid Mech. 515 (2004).

o & = = == DA

Holger Marschall™~ Xuan Cai”, Martin Wérner”, Olaf Deutschmann®, Mathematical Modeling and Analysis, Center of Smart InterfacesphaseFieldFoam Development and Implementation 13/20



Implementation into FOAM |

Class overview and collaboration

TECHNISCHE
UNIVERSITAT
DARMSTADT

> three main (base) classes
> diffuseInterfaceModels holding
phaseFieldEquations
> phaseContactAngle holding
constantPhaseContactAngle and
dynamicPhaseContactAngle
> diffuseInterfaceProperties
providing mixture density and viscosity
fields as well as derived (secondary)
model parameters, i.e. mixing energy
and relaxation time parameters
» Client point of view:
> Top-Level Solver phaseFieldFoam
> Dictionary phaseFieldProperties

diffi
{

//

71- diffus
type

type

7/- numerical method (CH only)

method coupled;

//- interfacial width

epsilon epsilon [0 1000080 ] 5e-5;

//- mobility
kappa

kappa [ -13 10000 ] 10e-9;
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Temporal Sub-cycling
» needed in segregated mode for

solution of Cahn-Hilliard equation
(chemical potential as auxiliary
quantity):
9, + Ve (TW) = kV2D(T)
. =\ _ A= 2
with ®(¢) = — ¥ (¢) — AV~ e
2
> mass-flux accumulation yields updated
_1 —2
Fm =ay,pp F1+az fp Fa

1—¢ 1+ ¢
:< ) ﬁ1F1+< ) P’ Fa
2 Jy 2 /s

—2 —2
P —p e+
=" (¢)yFL + ——F
2 (¢)rF1 5

for discretized momentum equation
(rhoPhi). Note: cvy ¢ F'1 = oy g F.

o = = == DA
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Temporal Sub-cycling
» needed in segregated mode for
solution of Cahn-Hilliard equation
(chemical potential as auxiliary
quantity):
9, + Ve (TW) = kV2D(T)
. _ A= 2_
with ®(¢) = — ¥ (¢) — AV~ e
2
> mass-flux accumulation yields updated

_1 _2
Fm =ay,pp F1+az fp Fa

1—¢ 1+ ¢
:< ) ﬁ1F1+< ) PPy
2 Uy 2 /s

_o _2
p°—7p P+ P
=2 " e+ PR
2 () F1 2

for discretized momentum equation
(rhoPhi). Note: cvy ¢ F'1 = oy g F.

implemented as

Atasc
Fm,sum = m,ascs
nase Dtiotal
Atiotal
With Atgse = — 0@
Masc =]
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Top-level: Client/user interface DARMSTADT
Temporal Sub-cycling phaseFieldEqn.H
; (
> need_ed in segrega_te_d mode fo_r label nSubCycles
solution of Cahn-Hilliard equation (
(chemical potential as auxiliary readLabel (piso.lookup ("nSubCycles"))
quantity): )
_ _ 25—
Orc + Ve (2cU) =rViP(T) if (nSubCycles > 1)
A (
with ®(¢) = — ¥/ (2) — Av3ze dimensionedScalar totalDeltaT = runTime.deltaT();
€2 surfaceScalarField rhoPhiSum = 0.0+rhoPhi;
mass-flux accumulation yields updated for
— —1 —2 (
Fm =a1,pp F1+ag5p F2 subCycle<volScalarField> CSubCycle(C, nSubCycles);
1—¢ 1 1+¢ L ! (++CSubCycle) .end () ;
:<7>PF1+<7 P F2 )
2 Jr 2 Jy {
5 . 5 1 // Solve the phase field equation
P =P _ P T+ P // Update and return mass flux field
= #( c)pF1 + #F rhoPhi = phaseField.solve(C, Phi);
rhoPhiSum += (runTime.deltaT()/totalDeltaT)srhoPhi;
for discretized momentum equation }
(rhoPhi). Note: avy g Fy =~ ovp ¢ F. , rhoPhi = rhoPhiSum;
implemented as else
A (
F _ tasc rhoPhi = phaseField.solve(C, Phi);
m,sum = — f'masc)
nase Dtiotal , !
. _ Atk:;tal . R
with Atgge = ———— diffuseInterface.updateProperties(rho, mu);
Masc o = = =
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part of UEqn.H
> Relative density flux due to diffusion of

components (with matching volumetric
diffusion fluxes — in the spirit of Cahn and fvvectorMatrix UEqn
Hilliard) as consequence of solenoidal
condition (Veu = 0):

surfaceScalarField muf = diffuseInterface.muf();

::ddt (rho, U)

div(rhoPhi, U)

laplacian (mu, U)

at(ﬁ ﬁ) + \vg (F u ﬁ) — (fvc::grad(U) & fvc::grad(mu))

=—Vp+Ver—Ve (u(J; +J2)) //~HM Relative density flux

//— due to diffusion of components

//~ Abels et al. (arXiv:1011.0528, 2010)
//~ Ding et al. (JCOMP, 226, 2007)

— phaseField.diffRhoPhi (U)

//~HM Rhie—Chow interpolation practice
//~ buoyancy and surface tension term
//~ tansferred to pressure equation

o & = = ==
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part of UEqn.H
> Relative density flux due to diffusion of

components (with matching volumetric
diffusion fluxes — in the spirit of Cahn and fvvectorMatrix UEqn
Hilliard) as consequence of solenoidal
condition (Veu = 0):

surfaceScalarField muf = diffuseInterface.muf();

::ddt (rho, U)
div(rhoPhi, U)
laplacian (mu, U)

at(ﬁ ﬁ) + V- (F u ﬁ) — (fvc::grad(U) & fvc::grad(mu))
=—Vp+Ver—V: (u(J1 +J2)) //—HM Relative density flux
//— due to diffusion of components
> Consistency of the Allen-Cahn diffuse //— Abels et al. (arXiv:1011.0528, 2010)
. . . //— Ding et al. (JCOMP, 226, 2007)
interface model requires a source term in the

g — phaseField.diffRhoPhi (U)

pressure equation.
//~HM Rhie—Chow interpolation practice
//~ buoyancy and surface tension term
//— tansferred to pressure equation

)i

part of pEqn.H
for (int nonOrth=0; nonOrth<=nNonOrthCorr; nonOrth++)
{
fvScalarMatrix pdEqn
(
fym::laplacian (rUAf, pd)
== fvc::div(phi) + phaseField.massSource (C)
)i

yZamme|
} . - ~ -
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Test case | — Drop deformation in shear flow
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L+S§

U

Drop deformation in shear flow

> Analytical solution ['#] relates
deformation parameter D to Capillary
number Ca.
(Assumptions: matching v, p and
creeping unbounded flow)

(4] G.l. Taylor, Proc. R. Soc. London, Ser. A 146 (1934).

=] [ = =
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L+S§

U

Drop deformation in shear flow

> Analytical solution ['#] relates
deformation parameter D to Capillary
number Ca.
(Assumptions: matching v, p and
creeping unbounded flow)

> Validation test for implementation of
interfacial energy density (surface
tension)

(4] G.l. Taylor, Proc. R. Soc. London, Ser. A 146 (1934).
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Test case | — Drop deformation in shear flow
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L+S§

U

Drop deformation in shear flow

> Analytical solution ['#] relates
deformation parameter D to Capillary
number Ca.
(Assumptions: matching v, p and
creeping unbounded flow)

> Validation test for implementation of
interfacial energy density (surface
tension)

> Verification test for phase-volume
conservation and boundedness

(4] G.l. Taylor, Proc. R. Soc. London, Ser. A 146 (1934).
[=]
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Test case | — Drop deformation in shear flow
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U 03 >
0251 | Re=0.01 :
Analytical(*) _ .
0.2
L+S Q
0.15
U
Drop deformation in shear flow 0.1
> Analytical solution ['#] relates 005
deformation parameter D to Capillary 01 015 02 025 03
number Ca. Ca
(Assumptions: matching v, p and
creeping unbounded flow)
> Validation test for implementation of
interfacial energy density (surface
tension)
> Verification test for phase-volume
conservation and boundedness
(4] G.l. Taylor, Proc. R. Soc. London, Ser. A 146 (1934).
=] [ = =
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Results: Validation & Verification |
Test case | — Drop deformation in shear flow
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L+S§

U

Drop deformation in shear flow

> Analytical solution ['#] relates
deformation parameter D to Capillary
number Ca.
(Assumptions: matching v, p and
creeping unbounded flow)

> Validation test for implementation of
interfacial energy density (surface
tension)

> Verification test for phase-volume
conservation and boundedness

(4] G.l. Taylor, Proc. R. Soc. London, Ser. A 146 (1934).

0.3
*
L]
025|Re=001 g
Analytical(*) _ °
0.2
Q
0.15
0.1
0.05
0.1 0.15 0.2 0.25 03
Ca
model / method Aey, Aey /%
Allen-Cahn 0.000E —12 3.054E—09
Cahn-Hilliard / segregated 3.900E —03 1.211E—06
Cahn-Hilliard / coupled 3.149E—04 4.036E—06

Tab.: Phase-volume conservation and bounded properties.
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Test case Il — Capillarity-driven Droplet Spreading / Dewetting
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Initial shape Final shape

» Analytical solution [15:18] for Eo < 1
(droplet shape is controlled by the
capillary force) and Eo > 1 (droplet
shape is controlled by the gravity force)

18] . Ghen, R. Mertz and R. Kulenovic, int. J. Multiphase Flow 35/1 (2009).
16l J.-B. Dupont and D. Legendre, J. Comput. Phys. 229 (2010).

=) =) = = == A v
Development and Implementation 18/20

Holger Marschall™~ Xuan Cai”, Martin Wérner”, Olaf Deutschmann®, Mathematical Modeling and Analysis, Center of Smart InterfacesphaseFieldFoam



Results: Validation & Verification I
Test case Il — Capillarity-driven Droplet Spreading / Dewetting
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Initial shape Final shape

» Analytical solution [15:18] for Eo < 1
(droplet shape is controlled by the
capillary force) and Eo > 1 (droplet
shape is controlled by the gravity force)

> Validation test for implementation of
(static) contact angle boundary condition

18] . Ghen, R. Mertz and R. Kulenovic, int. J. Multiphase Flow 35/1 (2009).
16l J.-B. Dupont and D. Legendre, J. Comput. Phys. 229 (2010).
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Results: Validation & Verification I
Test case Il — Capillarity-driven Droplet Spreading / Dewetting
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Initial shape Final shape

» Analytical solution [15:18] for Eo < 1
(droplet shape is controlled by the
capillary force) and Eo > 1 (droplet
shape is controlled by the gravity force)

> Validation test for implementation of
(static) contact angle boundary condition

> Verification test for phase-volume
conservation and boundedness

18] . Ghen, R. Mertz and R. Kulenovic, int. J. Multiphase Flow 35/1 (2009).
16l J.-B. Dupont and D. Legendre, J. Comput. Phys. 229 (2010).
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Results: Validation & Verification I
Test case Il — Capillarity-driven Droplet Spreading / Dewetting
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Initial shape Final shape

» Analytical solution [15:18] for Eo < 1
(droplet shape is controlled by the
capillary force) and Eo > 1 (droplet
shape is controlled by the gravity force)
> Validation test for implementation of
(static) contact angle boundary
condition

> Verification test for phase-volume
conservation and boundedness

181 . Ghen, R. Mertz and R. Kulenovic, int. J. Multiphase Flow 35/1 (2009).
16l J.-B. Dupont and D. Legendre, J. Comput. Phys. 229 (2010).

L* Analytical(*)
L* Simulated

3 [ ]
H* Analytical(*) =—
2.5 H?, Simulated L]
2

0‘540 60 80 100 120 140
e

6,=45° 6,=90°

hydrophilic

=] [ = = ==
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Test case Il — Capillarity-driven Droplet Spreading / Dewetting
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1 A}
| |
0.9
6, = 60° h
& 08
y H & o7
L T o6
Initial shape Final shape 0.5 || Analytical capillarity reg. (*) —
04 Analytical gravity reg.(**) —
3 Simulation results -
03 0.01 0.1 1 10
» Analytical solution [15:18] for Eo < 1 ) T Eo
=10

(droplet shape is controlled by the Eo
capillary force) and Eo > 1 (droplet
shape is controlled by the gravity force)
> Validation test for implementation of
(static) contact angle boundary
condition
> Verification test for phase-volume
conservation and boundedness

181 . Ghen, R. Mertz and R. Kulenovic, int. J. Multiphase Flow 35/1 (2009).
16l J.-B. Dupont and D. Legendre, J. Comput. Phys. 229 (2010).
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1 A}
| |
0.9
6, = 60° h
& 08
y H & o7
L T o6
Initial shape Final shape 0.5 || Analytical capillarity reg. (*) —
04 Analytical gravity reg.(**) —
3 Simulation results -
03 0.01 0.1 1 10
» Analytical solution [15:18] for Eo < 1 ) T Eo
=10

(droplet shape is controlled by the
capillary force) and Eo > 1 (droplet

shape is controlled by the gravity force)

> Validation test for implementation of

(static) contact angle boundary condition model / method Aep Aey /%
. : Allen-Cahn 1.000E—11 1.076 E—06
> Verlflcatlo_n test for phase_vo“"me Cahn-Hilliard / segregated 2.577E—03 1.018 E—09
conservation and boundedness Cahn-Hiliard / coupled 1253503 8.230B-07

Tab.: Phase-volume conservation and bounded properties.

[15] v Ghen, R. Mertz and R. Kulenovic, Int. J. Multiphase Flow 35/1 (2009).
(6] -B. Dupont and D. Legendre, J. Comput. Phys. 229 (2010). 5 o _ -~
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Summary & Outlook RISl
Summary
> Consistent coupling to incompressible two-phase Navier-Stokes equations.
> Enforcement of phase-volume conservation and boundedness.
> Quantitative validation of phase-field methods based on Allen-Cahn and Cahn-Hilliard diffuse
interface models.
> Quantitative verification on phase-volume conservation and boundedness properties (ongoing
work).
Outlook
> Release of the source to foam-extend.
o [ = = == v 22
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