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Abstract

A ”Partially Stirred Plug Flow Reactor” model (PaSPFR) has been developed to study the influ-
ence of varying intensities of turbulent mixing on NOx formation describing the combustion process
during turbulent mixing of two separate flows (i.e. fuel and hot oxidizer) in a tubular flow reactor.
This PaSPFR model consists of two submodels for the time evolution of the mass fraction for chemical
species and enthalpy which account for turbulent mixing and chemical reactions respectively. Mixing
in the combustion chamber is modelled assuming statistically homogeneous and isotropic turbulence
via the binomial Langevin mixing model extended to several scalars. Chemistry is modelled using
a detailed chemical mechanism of elementary reactions. These two models are incorporated into a
Fokker Planck type of equation. In order to calculate its solution a Monte Carlo simulation is per-
formed where equivalent stochastic differential equations for each particle have to be solved. The
PaSPFR model is then used to perform a detailed analysis of the sensitivity of reaction paths to
various degrees of mixing intensities. The results indicate that the formation pathways of NO forma-
tion are sensitive to the mixing intensities. With decreasing mixing intensities, the formation of NO
is shifted from the Fenimore reaction channel towards the N2O channel and the Zeldovich channel.
Nevertheless, the total NOx emissions after complete burnout have been found to be influenced only
slightly, or even tend to decrease with less intense mixing.

1 Introduction

In many circumstances it is desirable to inject additional fuel, or mixtures of fuel and air into a hot
stream of combustion products. For example, in catalytically stabilized combustion for modern gas
turbines (i.e. turbine inlet temperatures > 1700K), not all of the fuel can be burnt within the catalyst
without deactivating or melting the catalyst. Thus only part of the fuel consumption takes place in the
catalyst (e.g. 80 %) and the remaining fuel has to be injected into a hot preburnt mixture [15, 13].
Another example of additional fuel injection is the “sequential combustor system” where, to improve the
overall efficiency of gas turbines, a second combustion chamber is employed after the first stages of the
turbine (e.g. ABB GT24). In this second combustion chamber it is necessary to inject fuel into a hot
stream of combustion products. With todays understanding of combustion, the way of injection (i.e. the
mixing with the hot combustion products) has a great influence on the amount of NOx generated in
the subsequent combustion zone. In the ideal case, mixing of fuel and hot combustion products should
be completed prior to self-ignition. This is to achieve overall lean conditions which lead to overall low
combustion temperatures and low NOx emissions. In contrast, insufficient mixing prior to combustion
is supposed to result in large temperature differences and therefore in increased NOx emissions. In a
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technical application of such a second stage combustor, it is hardly possible to achieve perfect mixing
at high pressures and/or high product temperatures before to self-ignition, since ignition delay times
are very small under these conditions. As a consequence, turbulent mixing and chemical reactions will
occur simultaneously. It is therefore of great interest to determine the interaction of the turbulent mixing
and the combustion process as well as its impact on NOx formation. In this work, a ”Partially Stirred
Plug Flow Reactor” model (PaSPFR) [11] is applied to investigate this interaction. It is a combination
of a simple turbulent mixing approach with a detailed chemistry submodel for fuel oxidation and NOx
formation. This work supplements the investigation of the influence of unmixedness in a “Partially Stirred
Reactor” PaSR [3].
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'hot' combustion
 products V

1

additional fuel
or fuel + air

fuel

air

V
2

Figure 1: Principle of the ”sequential combustor system”. To improve overall efficiency, a
second combustion chamber is employed after the first stages of a gas turbine. Thereby,
additional fuel or a mixture of fuel and air V̇2 have to be injected and mixed into the hot
combustion products V̇1 of the previous stages. This second stage combustor is described as
a ”Partially Stirred Plug Flow Reactor” (PaSPFR), where mixing and chemical reactions
occur simultaneously.

2 Modelling

Modelling the interaction of a complex set of chemical reactions and high Reynolds number turbulent
fluid flow typical for gas turbine combustion is a challenging task. If the emphasis is on the formation
of pollutants such as NOx a full chemistry model is prohibitive. Direct numerical simulation is not
feasible due to high computational costs and storage requirements. Even a probability density function
(PDF) modelling approach of a ”real” gas turbine combustion chamber with boundary effects, swirling
inhomogeneous flow by far exceeds computational capacities. Therefore, severe simplifications have to
be made to be able to study the interaction of turbulence and detailed chemistry with respect of NOx
formation. The second combustion chamber is assumed to be an ideal, turbulent, adiabatic, constant,
pressure, tubular flow reactor. It is assumed that there are no boundary effects and the turbulence created
at the inlet is homogeneous, isotropic, stationary, and decaying along the reactor axis. The turbulence is
characterized by the decay time of the velocity fluctuations τ = k/ε. k represents the turbulent kinetic
energy and ε the dissipation rate. The turbulent time τ is assumed to be fixed and proportional to the
decay time of the scalar fluctuations τ = Cφτφ. As suggested in [14] Cφ is set Cφ = 2.0. The input into

the reactor consisting of two streams with the composition vectors ψ(1)

0
and ψ(2)

0
is constant in time.
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2.1 Governing Equations

The PaSPFR model is a generalization of the PFR (plug flow reactor), analogous to the PaSR which is a
generalization of the PSR (see [2]). It models the time evolution of scalar statistics in a volume element
flowing with mean velocity E(u) = x/t along the reactor axis for a given set of initial conditions. Due
to the stationary character of the turbulent flow the spatial profiles of scalar statistical quantities along
the mean flow axis can be identified with the time evolution of the scalars statistical quantities within
the volume element flowing along the reactor axis. This physical system can be described by means of
a stochastic process of a random vector φ = (φ1, . . . , φL)T = (Y1, . . . , YK , h

∗)T with constant pressure p.

Where Yk ∈ [0, 1] k = 1, . . . ,K are mass fractions of K chemical species and h∗ =
∫ T
T0
cp dT, h∗ ∈ IR

is the enthalpy contribution due to the heat of the gas mixture in the volume element. The constraint∑K
k=1 Yk = 1 defines a manifold < of realizable states, called scalar space, for the random vector φ(t).

fφ(ψ) is the joint composition probability density function defined as P (ψ ≤ φ ≤ ψ + dψ) = fφ(ψ)dψ =

fφ1...φL(ψ1, . . . , ψL)dψ1 . . . dψL where ψ is the sampling space vector. For variable density flows the
mass density function MDF is defined as F(ψ; t) = ρ(ψ)fφ(ψ). The time evolution of the MDF yields

F(ψ; t) =
∫
f(ψ, t;ψ

0
, t0)F(ψ

0
; t0)dψ0 where F(ψ0; t0) describes the initial distribution at starting time

t = t0. f(ψ, t;ψ0, t0) is the transition PDF defined as f(ψ, t;ψ0, t0)dψ = P (ψ ≤ φ ≤ ψ+dψ |φ(t0) = ψ0).
The equation for the time evolution of the transition probability density is given in ref. [14].

∂

∂t
f︸︷︷︸

change in time

= −
L∑
l=1

 ∂

∂ψl

[
E

(
Dl

ρ
∇2φl | st, s0

)
f

]
︸ ︷︷ ︸

molecular diffusion

+
∂

∂ψl
(Slf)︸ ︷︷ ︸

chemical source

 (1)

The solution of (1) is determined by the initial conditions f = f(ψ, t0;ψ0, t0) = δ(ψ − ψ0). The first
term on the right hand side describes the transport of the transition probability density due to molecular
diffusion and the second term describes the transport due to chemical reaction. The expectation of the

scalar flux E
(
Dl
ρ ∇2φl | st, s0

)
is conditional on s0 = {φ(t0) = ψ0} and st = {φ(t) = ψ}. Dl (l =

1, . . . , L − 1) is the mass diffusivity of the l-th species χl, ρ is the gas density, and DL = λ
cp

represents

the thermal diffusivity. The conditional expectation of the molecular diffusion is not known and needs
to be replaced by a suitable model. The second term in the above equation desribes the influence of
chemical reactions on the transition PDF. Sl = ρ−1ω̇l(ψ)Wl (l = 1, . . . , L − 1) where ω̇l(ψ) is the molar
production rate and Wl is the molar weight of the l-th species χl. Source term for the enthalpy is
SL = ρ−1

∑K
k=1 h0kWkω̇k(ψ) where h0k is the formation enthalpy of the k -th species.

2.1.1 Molecular diffusion term

The molecular diffusion term in the PDF equation describes the combined action of turbulent straining
and molecular transport. A model for the molecular diffusion term must satisfy a number of conditions. It
should not alter the scalar mean value and produce the correct decay velocity of variance for a chemically
inert flow. The time evolution of the random vector φ has to stay within the manifold < and the
fluxes on ∂< have to point inward < to account for the bounded scalar field. Dimensional consistence
as well as coordinate system independence must be fulfilled. Additionally linearity and independence
of inert dynamically passive scalars also have to be satisfied. Results of direct numerical simulation of
stationary homogeneous isotropic turbulence of a single inert scalar in [4] gives evidence that the PDF
relaxes asymptotically to a Gaussian distribution. Among all the existing models for molecular diffusion
only the amplitude mapping closure model [1] and the binomial Langevin (BL) [16, 8] lead to the correct
Gaussian asymptotics. In the subsequent part the binomial Langevin model is used for simulation studies.
There, the decay of the fluctuations is modelled by a deterministic drift which contracts the PDF to its
mean and a noise which blurs the PDF to have a Gaussian asymptotic behaviour. The operator ∂2

b /∂bψ
2
l

is a symbolic notation for a generator of a binomial stochastic process which tends to a diffusion process
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for decaying fluctuations. This guarantees that the boundedness condition for the scalars is satisfied.

−
L∑
l=1

∂

∂ψl

(
E(

Dl

ρ
∇2φl|st, s0)f

)
= −

L∑
l=1

∂

∂ψl
(Al(ψ)f) +

L∑
l,m=1

1

2

∂2
b

∂bψl∂bψm
(Blm(ψ)f) (2)

with

Al(ψ) = −1

2

[
1 + k

(
1− D(φl)

ψ2
l∗

)]
Cφ
τ

(ψl − E(φl)) (3)

Blm(ψ) =

{
k
[
1− (ψl−E(φl))

2

ψ2
l∗

]
Cφ
τ D(φl) : l = m

0 : l 6= m
(4)

ψl∗ =

{
(ψmax
l − E(φl)) : (ψl − E(φl)) ≥ 0

(ψmin
l − E(φl)) : (ψl − E(φl)) < 0

(5)

and the empirical constant k = 0.1 and Cφ = 2.0 as suggested in e.g. [14]. In the above equations E(φ)
and D(φ) denote the mean and the variance of the random variable φ. The coefficients A(ψl) and B(ψl)
are chosen in such a way to fit the solution of (2) to the results of the DNS in [4]. The idea behind
this choice is to have for small times a scalar dependent coefficient of diffusion which should be zero for
extreme values of scalar fluctuations and maximum for values of ψl in the neighborhood of E(φl). The
drift coefficient is also modified to get the right decay of variance.

2.1.2 Chemical source term

The molar production rate ω̇l is a function of the composition vector φ = (Y1, .., YK , h
∗) and is described

by I elementary reversible reactions involving K chemical species.

K∑
k=1

ν′kiχk ⇀↽

K∑
k=1

ν′′kiχk (6)

The stoichiometric coefficients νki are integers and χk is the symbol for the k -th species. The reac-
tion rate of reaction i is given as qi = qi(Y , T ). The temperature T is a function of enthalpy and
composition variables T = T (Y , h∗). The integrated reaction rates over the time interval [0, t] s is

given as Qi =
∫ t

0
qidt. These two variables are statistically described by their probability densities

fq(q1, q2, q3, . . . , qI ; t) , fQ(Q1, Q2, Q3, . . . , QI ; t). These densities are approximated when evaluating the

chemical source terms of the representative stochastic particles using the CHEMKIN library [10, 9]. From
these densities the mean conversion E(Qi)(t) =

∫
QifQi(Qi, t) dQi of the reaction i can be calculated.

In addition to the rate of progress variable qi the molar production rate of a species k in reaction i,
ẇki = (ν′′ki − ν′ki) qi, the conversion of species k in reaction i in the time interval [0, t]s, wki =

∫ t
0
ẇki dt,

and the overall production of the species k given as wk =
∑I
i=1 wki can be calculated to describe the

dynamic of the chemical reactions. The estimators of the expectations and the higher statistical moments
can be obtained from the discrete representation of fq and fQ. Carbon-hydrogen-oxygen chemistry of

natural gas ignition and flames is modelled using the GRI-Mech 2.1 chemical mechanism [6]. Version 2.1
expands GRI-Mech 1.2 [5] by including nitrogen chemistry. It consists of complex set of 279 elementary
chemical reactions and 49 chemical species. GRI-Mech 2.1 was developed optimizing the nitrogen chem-
istry relevant to natural gas flames and reburning. It is an improvement for the experiments modelled
over previous attempts to describe NOx formation and removal in natural gas flames, for example the
1989 Miller and Bowman mechanism [12]. Still GRI-Mech 2.1 is only a preliminary starting point that
can not be applied with anything like the degree of confidence that can be attached to the version 1.2
carbon-hydrogen-oxygen chemistry.
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2.1.3 Numerical treatment

The transport equation for the transition probability density (1) - (5) is a Fokker Planck equation and
can be written in the following way.

∂

∂t
f(ψ, t;ψ0, t0) = (PA + PB + PS)f(ψ, t;ψ0, t0) (7)

and the initial conditions f0 = f(ψ, t0;ψ0, t0) = δ(ψ−ψ0) =
∏L
l=1 δ(ψl−ψl0). The operators P. represent

the transport of the transition probability density due to chemical reaction and molecular diffusion. PA
describes the deterministic drift towards the mean value, PB describes the stochastic fluctuations, and
PS represents the influence of the chemical reaction on the transition probability density function. For
example from (2) follows that

PA =
L∑
l=1

(
∂

∂ψl
Al(ψ)I +Al(ψ)

∂

∂ψl

)
. (8)

where I is the identity operator. In order to solve equation (7) the solution procedure is divided in
several steps. Therefore we approximate the solution operator St,t0 with ∂

∂tf(., t; ., .) = St,t0f0 of (7) in

the following way St,t0 ≈ SPAt,t0S
PB
t,t0S

PS
t,t0 . This results in

f∗(t) = SPAt,t0f0 (9)

f∗∗(t) = SPBt,t0f
∗(t) (10)

f∗∗∗(t) = SPSt,t0f
∗∗(t) (11)

This operator splitting technique leads to three transport equations for the transition PDF. These have
to be solved successively. Due to the high dimension L = 50 of the transition PDF we choose a Monte
Carlo technique. Therefore we approximate the initial distribution by N particles.

F (ψ, t0) ≈ FN (ψ, t0) =
N∑
n=1

∆mn
L∏
l=1

δ(ψ)− ψnl0) (12)

Here ∆mn is the individual particle weight according to its mass. Each particle is now an initial condition
for the stochastic process corresponding to equations (9)-(11). Each equation corresponds to a fractional
step in the solution procedure. For the first fractional step we have to solve for each particle the initial
value problem.

dψnl
dt

= Al(ψ
n(ψn

0
, t)) ψnl (ψnl0, t0) = ψnl0 n = 1, . . . , N (13)

The second step corresponds to simulating the stochastic noise by solving a system of stochastic differential
equations with the result of (13) as initial value. The outcome of the second fractional step serves as
initial condition for the last and third fractional step which describes the influence of the chemical
reactions. For this a system of stiff ordinary differential equations has to be solved. The N particles
ψn(ψn

0
, t) n = 1, . . . , N approximate the mass density function MDF at time t.

F (ψ, t) ≈ FN (ψ, t) =

N∑
n=1

∆mnδ(ψ − ψn(ψn
0
, t)). (14)

This solution procedure introduces at several points numerical errors. The first source is approximating
the initial MDF by particles. In this work this error vanishes because of the choice of the initial conditions
which is a composition of two delta functions. The second source of error enters the numerical solution
through the operator splitting technique. This simple technique is described in [14] and it introduces a
first order error. In each fractional step the solution operator SP.t,t0 has to be approximated by a time
discrete numerical method.

SP.t,t0 = HP.∆t,t0
(15)
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This approximation also introduces an numerical error. In case of SPAt,t0 an analytic solution can be
found because it describes a linear drift. This solution is a function of moments of φl like mean E(φl)
and variance D(φl). These moments have to be estimated from the discrete particle ensemble which
also introduces an numerical error. This error is proportional to the standard deviation

√
D(φl) and

decreases with the square root of the number of particles N . To obtain a numerical approximation of the
noise operator SPBt,t0 a numerical scheme for the corresponding system of stochastic differential equations
is applied [16]. We choose an equidistant time step ∆t = tj+1 − tj j = 0, . . . , J − 1 and a stochastic
increment ∆Wblj = Wblj∆t. Wblj is a binomial distributed random variable therefore the statistical
moments of the stochastic increment are E(∆Wbj) = 0 and E((∆Wbj)

2) = ∆t. Starting from an initial
vector ψn(ψn0 , t0) = ψn0 we obtain an approximation for ψn(ψn0 , tj+1) applying the following scheme.

ψ̂nl (tj+1) = ψ̂nl (tj) +

√
B̂ll(ψ̂nl (tj)∆Wblj (16)

ψ̂nl (tj+1) is called the Euler(- Maruyama) approximation of ψn(ψn
0
, tj+1). Approximating Bll by B̂ll

introduces a numerical error because mean and variances have to be estimated. In addition, a random or
statistical error is introduced when calculating the stochastic increment ∆Wblj . A further problem is the
violation of physical principles. Using a binomial distribution preserves boundedness of the scalars, i.e.
ψl ∈ [0, 1]. In the limit for D(φ)→ 0 the random number Wbj is normal distributed and therefore imposes
the right asymptotic behaviour on the PDF. Although the components of the scalar property vector are
bounded they do not need to be inside the manifold < which was defined by the sum of all chemical species
mass fractions is equal to one for each particle. Moreover, due to the finite number of particles (in this
simulation we have N = 150) the estimated mean Ê(φ) is not constant after proceeding form one time step

to the next. This is clearly unphysical. Hence a correction procedure is employed to fulfill
∑L−1
l=1 ψnl = 1

and Ê(φ(tj)) = Ê(φ(tj−1)). In this procedure the particle properties are scaled by a correction factor to
meet the first condition. The second condition is also achieved by a scaling. This two scaling procedures
are then iterated until the error is small enough. Finally the last fractional step which corresponds to
the operator SPSt,t0 has to be approximated. This operator describes the chemical source term. For each
particle a system of stiff ordinary differential equations has to be solved. This is done using DASSL
stiff ODE integrator as part of the SENKIN program provided by Sandia National Laboratories [9].
DASSL employs a variable stepsize, variable order fixed leading coefficient implementation of backward
differential formulas.

2.2 Initial Conditions

In the present study, only one set of inlet gas compositions and temperatures is used for the two streams
V1 and V2 (table 1). V2 represents the ”hot combustion products” from an earlier combustion chamber,
referred to as ”exhaust” and V1 is the injected stream of fuel and nitrogen, referred to as ”fuel”. The
volume flow ratio V̇1/V̇2 [nm3/s] is fixed at 0.17. The pressure is fixed at 1atm.. This set of inlet
conditions yields adiabatic combustion temperatures of 1500◦C after complete combustion. This is to
meet turbine inlet temperatures of modern gas turbines. The only parameter varied in this study is
the characteristic turbulent mixing time τ . It corresponds to the degree of mixing intensity in the
tubular flow reactor. Numerical simulations are performed for τ = 0s, 0.008s, 0.025s and 0.05s for which
the characteristic physical and chemical times are of the same order of magnitude. The limiting case
of τ = 0s implies infinitely fast mixing, i.e. a ”perfectly premixed” mixture of V1 and V2 enter the
combustion chamber. In this case, the PaSPFR model describes a plug flow reactor (PFR) where no
mixing occurs in the combustion process. The perfectly premixed inlet composition and temperature are
shown in table 1 as ”PFR” inlet conditions. As initial condition for the MDF transport equation we have
the joint composition mass density function at time t = t0.

F(ψ; t0) = F0(ψ) =
1

2
ρ(ψ)

(
δ(ψ − ψ(1)

0
) + δ(ψ − ψ(2)

0
)
)

(17)

In equation (17 ) the vectors ψ(1)

0
and ψ(2)

0
are the mass fraction and enthalpy composition vectors of

stream V1 and stream V2 respectively.
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Fuel Exhaust PFR

V̇1 V̇2

X(N2) 0.750 0.753 0.752
X(O2) 0.000 0.167 0.151

X(H2O) 0.000 0.052 0.047
X(CO2) 0.000 0.028 0.025
X(CH4) 0.250 0.000 0.023
Temp. 770 K 1303 K 1244 K

Table 1: Inlet conditions to the PaSPFR (V̇1,V̇2) and the PFR as used in this study.
X(k) are mole fractions of the chemical species and the ratio of the volume streams
between V1 and V2 is set to be V̇1/V̇2 = 0.17.

3 Results and Discussion

In the following sections, we first discuss in detail the ignition process and the different channels of NO
formation for the limiting case τ = 0s, i.e. a ”Plug Flow Reactor” (PFR), where both flows are mixed
instantaneously at the inlet of the combustion chamber (at t=0). In a second step, computational results
obtained with the PaSPFR model are shown to demonstrate the influence of different mixing intensities
on the combustion process and the NO formation. The characteristic turbulence times are chosen such
that mixing and combustion occur simultaneously.

3.1 The PFR case

The time evolution of mass fractions of some important chemical species is displayed in figures 3,4,5,6,
and 7 for the time interval [0, 5]s. The PFR case can be found in the diagrams of the estimated mean
mass fraction for τ = 0s. After 0.018s the homogeneous gas mixture ignites as indicated by a sharp peak
in the OH mass fraction time evolution. During ignition carbon monoxide is formed and then oxidized to
CO2. After ignition CH4 is completely consumed in the given fuel lean environment. Nitrogen oxides are
formed during the combustion process. Figure 2 shows the most important reaction channels under the
conditions chosen for this study. The numbers of the reactions correspond to those in the GRI mechanism
2.1. Since the adiabatic combustion temperature is low (1500◦C), there is only negligible ”post-flame”
NO formation, i.e. all of the NO is formed as ”prompt-NO” within the combustion zone. The different
reactions can be allocated as follows to the three main NO formation mechanisms :

• Zeldovich mechanism

N + NO ⇀↽ N2 + O (178)

N + O2 ⇀↽ NO + O (179)

N + OH ⇀↽ NO + H (180)

The Zeldovich mechanism comprises three elementary reactions. The cleavage of the N2 bond by
the attack of O-atoms in reaction 178 is the rate determining step. Since reaction 178 has a very
high activation energy, NO formation via the Zeldovich mechanism is very temperature dependent.
Although combustion temperatures are low under the given conditions, the Zeldovich mechanism
plays an important role in NO formation (Fig. 9), since reaction 178 is enhanced by superequilibrium
concentrations of O-atoms during the combustion process.

• N2O mechanism
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N2O + O ⇀↽ 2NO (182)

NH + NO ⇀↽ N2O + H (199)

In the N2O mechanism NO is formed via the intermediate species N2O. For the given initial
conditions only reactions 182 and 199 contribute significantly to the NO formation.

• Fenimore mechanism

NH + O ⇀↽ NO + H (190)

NH + O2 ⇀↽ NO + OH (195)

N2H + O ⇀↽ NH + NO (208)

H + NO + M ⇀↽ HNO + M (212)

HNO + O ⇀↽ NO + OH (213)

HNO + H ⇀↽ H2 + NO (214)

HNO + OH ⇀↽ NO + H2O (215)

HNO + O2 ⇀↽ HO2 + NO (216)

The Fenimore mechanism includes a whole set of elementary reactions. Usually, NO formation is
initiated by the attack of hydrocarbon radicals CHi on N2. Reaction channels of NO formation
strongly depend on fuel concentration during the combustion process. Some of the kinetical data
for these reactions are still not known exactly. The Fenimore mechanism is not as much tempera-
ture dependent as in the Zeldovich mechanism due to lower activation energies. Listed below are
only those reactions which contribute significantly to the formation of NO under the given initial
conditions.

NO

N H

NO

HNO N O

NNH

N
2

2

2

2

178
182
199

208

180
179

212

-216

190
   195

Reactions producing NO
(numbers of reactions as in gri 2.1 mechanism)

178

198
229

Zeldovich:
178 :N+NO=N2+O
179 :N+O2=NO+O
180 :N+OH=NO+H
( 198 :N2+OH=NH+NO )
( 229 :NCO+NO=N2+CO2 )

N2O :
182 : N2O+O=2NO
199 : NH+NO=N2O+H

Fenimore :
190 : NH+O=NO+H
195 : NH+O2=NO+OH
208 : NNH+O=NH+NO
212 : H+NO+M=HNO+M
213 : HNO+O=NO+OH
214 : HNO+H=H2+NO
215 : HNO+OH=NO+H2O
216 : HNO+O2=HO2+NO

Figure 2: Reaction paths of the perfectly mixed composition

All other reactions involving N-containing species listed in the GRI mechanism are not significant under
the prevailing conditions. As a matter of fact, reaction
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CH + N2 ⇀↽ HCN + N (240)

usually regarded as ”initial reaction” of the Fenimore mechanism, contributes only negligibly to the for-
mation of N- or HCN-radicals. Nevertheless, the allocation of the reactions to the three NO mechanisms,
as found in literature, shall be retained in this study. Figure 9 shows the specific molar production of
NO in the PFR (τ = 0) for each of the reactions mentioned above. Approximately 50% of the total NO
is produced by the Fenimore mechanism while N2O and Zeldovich mechanisms contribute 18% and 32%
respectively. The integration time is equal to the simulation time of 5s.

3.2 PaSPFR results

In the following the influence of the turbulent mixing on the chemical kinetics is subject of investigations.
We shall demonstrate that turbulence acts as a perturbation to the chemical reactions. This perturbation
is caused by the stochastic process which alters the evolution of the trajectories of the composition vectors
in phase space due to chemical reactions. In order to demonstrate the influence of turbulent mixing on
the chemical reactions we vary the turbulent times τ . From the limiting case of the PFR τ = 0s we move
to realistic turbulent time scales τ = 0.008s which corresponds to very fast mixing and then to τ = 0.025s
an intermediate mixing time and τ = 0.05s which is slow mixing. The turbulence times are about the
same order as the characteristic time for chemical reactions to guarantee that both processes influence
each other. This will be demonstrated with the time evolution of the statistical moments estimated from
the approximation of the PDF for the important chemical species as well as two dimensional marginal
PDF. Additionally the estimations of the overall production of NO from the chemical source term of each
particle will give insight on how reaction paths will vary.

Figure 3: Time evolution of estimated mean and standard dev. of OH mass fraction in the
PFR and PaSPFR for different turbulent times.

Fig. 3 shows the time evolution of the estimated mean and standard deviation of OH mass fraction.
With decreasing mixing intensity (increasing mixing time τ), ignition delay times decrease significantly.
The ignition delay time is defined as the time elapsed between t = 0s and the sudden increase in OH
mass fraction. The combustion process, which is very short in the PFR case, is stretched for less intense
mixing and the OH peak concentrations are much lower.
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Figure 4: Time evolution of estimated mean and standard dev. of methane in the PFR and
PaSPFR for different turbulent times.

Figs. 3, 4 and 5 show, that in all cases the combustion process is fully completed within the calculation
time of 50 ms, i.e. all radicals reached their equilibrium concentrations and mass fraction of CO2 its
maximum value. The standard deviation of the species concentration, which is shown in Figs. 3 to 6 as
well, is a measure of homogeneity of the mixture. It is important to note, that after completion of the
combustion process, all species except NO are fully mixed as well (st. dev. = 0). However, the mean NO
mass fractions after complete combustion depend only slightly on mixing intensity. This is in contrast to
the common expectation that imperfect mixing in the combustion process leads to overall higher NOx
emissions.

Figure 5: Time evolution of estimated means of carbon dioxide and carbon monoxide in
PFR and PaSPFR for different turbulent times.

Figure 8 shows the time evolution of the marginal PDF of temperature and mass fraction NO, f(T,NO),
for different mixing times τ = 0.008s and τ = 0.05s. At starting time (t = 0s) the two initial states for
stream V1 and V2 are represented by two groups of particles in the T − Y (NO) plain. These represent
the initial double delta PDF. At time t = 0s no NO is present in neither of the two streams. The black
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line is the projection of the unperturbated trajectory on the T − Y (NO) plain. At time t = 0.010s in
both cases particle have already moved. The binomial Langevin model has two effects on the particles.
The deterministic drift moves all particles towards their mean and the noise blurs the delta functions.

Figure 6: Time evolution of estimated mean and standard dev. of NO in the PFR and
PaSPFR for different turbulent times.

In case of τ = 0.008 the contraction has progressed further than in case of slow mixing τ = 0.05. In the
fast mixing case particles stay close to the PFR trajectory. The temperature rise of some particles is due
to their ignition. At time t = 0.013s one can still distinguish between two composition streams. A little
later at t = 0.015s all particles are ignited. At the end of the simulation at time t = 0.05s all particles
are close to equilibrium and homogeneously mixed.

Figure 7: Time evolution of estimated mean and standard dev. of NO2 in the PFR and
PaSPFR for different turbulent times.

In case of slow mixing τ = 0.05 the two streams keep separated much longer and as consequence of this
particles are not as close to the PFR trajectory as in the fast mixing case τ = 0.008. Because of slower
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mixing fuel and oxygen can not react as fast as in the case of τ = 0.008 and this mixing controlled
situation is the reason for the much slower movement of the particles in composition space.

Figure 8: Time evolution at discrete points of time of the marginal two dimensional PDF of
NO mass fraction and temperature for different mixing times.

Figure 9: Estimated mean of the overall production of NO for various turbulent mixing
times. Simulation time for both the PaSPFR and PFR model is 0.05s.

At time t = 0.05s the mixture is still not homogeneous. Most particles have a lower NO mass fraction
than the corresponding value for the faster mixing case. This is in agreement with the time profiles of the
estimated means. The strong influence of turbulent mixing on the PDF also effects the overall integrated
specific mean molar productions of NO. Estimates of this quantity for various τ are presented in figure 9.
The main effect of turbulent mixing is that the NO formation channels vary significantly for the various
grades of mixing. In the perfectly mixed case the percentage of Zeldovich, N2O, and Fenimore formation
pathways of the overall production is 32%,18%, and 50% respectively. These percentages change strongly
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for increasing turbulent time τ . The percentage of NO formation via the Zeldovich mechanism increases
from 32% which corresponds to 4.6 × 10−7moles g−1 for τ = 0s, to 32% for τ = 0.008s, to 43% for
τ = 0.025s, and eventually to 45% (5.8 × 10−7moles g−1 ) for τ = 0.05s. This increase is due to the
molar production growth of reaction 178. This effect is also exhibited in figure 10. There, the mean
specific molar fluxes of species which form NO integrated over the simulation time is displayed. On the
left side species are listed which contribute to NO formation which leads to a negative molar flux and
species which are formed by consuming NO which results in a positive molar flux. The increase of NO
production in reaction 178 is reflected by an increase on N2 consumption for NO formation. For the N2O
mechanism and the Fenimore mechanism the influence of turbulent mixing is even more significant. NO
formation via N2O increases from 18% (2.7 × 10−7moles g−1) for τ = 0, to 23% for τ = 0.008, to 33%
for τ = 0.025, and to 39% (5.0 × 10−7moles g−1) for τ = 0.05. This strong increase of NO production
via the N2O is almost exclusively caused by reaction 182. In figure 10 also the N2O mean specific molar
flux to NO increases for larger τ . NO production through reaction 199 almost remains constant. The
formation of NO via Fenimore mechanism decreases significantly when changing the turbulent time τ .
From 50% (7.3 × 10−7moles g−1) for τ = 0, to 42% for τ = 0.008, to 24% for τ = 0.025, and to 16%
(2.01 × 10−7moles g−1) for τ = 0.05. This very strong decrease of Fenimore NO is mainly due to a
decrease of NO productions in reaction 190 and 208. The mean NO contribution of these reactions
reduces from 5.1× 10−7moles g−1 to 0.8× 10−7moles g−1.

Figure 10: Estimated mean of the integrated species flux to NO for various turbulent mixing
times. Integration time interval corresponds to the simulation time, i.e. 0.05s.
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This decrease leads to a significant mean flux reduction of the species NH and N2H. Another important
observation is that NO production in reactions which involve O radicals such as 178 in the Zeldovich
mechanism, reaction 182 in the N2O mechanism and reactions 190 and 208 are all effected significantly
by turbulent mixing. This important role of the O radical should be examined closer in future work. The
fact that ignition phase changes its character from a short ignition to a long ignition process with less
step gradients in the temperature profiles might be responsible for the above observation.

3.3 Conclusions

A ”Partially Stirred Plug Flow Reactor” (PaSPFR) model has been developed as a tool to study the
influence of turbulent mixing intensity on the combustion process and NO formation. It combines com-
plex C/H/N/O chemistry and the binomial Langevin mixing model assuming homogeneous isotropic
turbulence. The model describes simultaneous combustion and mixing of two separate flows in a tubular
flow reactor. It is used in this work to simulate the case where additional fuel (diluted with nitrogen)
is injected into hot combustion products of a previous (lean) combustion chamber. The computational
results show that the combustion process as well as the NO formation are very sensitive on the mixing
intensity. With decreasing mixing intensity the combustion process is stretched out. The ignition delay
is shorter but the residence time to achieve complete burnout increases significantly. NO formation rates
are lower for less intense mixing and the contributions of the three NO formation channels are shifted
from the Fenimore mechanism towards the N2O and the Zeldovich mechanisms. Nevertheless, total NOx
emissions after complete burnout are influenced only slightly, or even tend to decrease with less intense
mixing. This is in contrast to the common expectation that imperfect mixing in the combustion process
leads to higher NOx emissions.
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