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An analytical iilethod is developed for determining the energy del)enderit neutron flus in 
Iioniogeneous and lieterogeneous media. Vsing the heary gas model scattering operator, neutroii 
spectra in tmo-dimensional rod reactors of various types are calculated in the diffusion apl~rosi- 
ination. They s h o ~  a strong spatial dependence eveIi in the rl)itherrnal region, \J-hich fact is 
neglected in the numerical treatment of the problern by Honecli and I<al)laii. It is just t,liis rpi- 
thermal part of the sl)ectrum, which mainly influences the ralues of tkie thermal utilizatiori arid 
the 7-factor. The ralue obtained for the latter quantity is too large if the correct rieutron spectra 
in moderator and fuel are replaced by ;Ilas~veliian distributions at moderator-teml~erature or a 
suitably displaced teiiiperature, for esample. 

hlany attempts have Ileen made to obtaiii analyti- 
cal solutions of thc thermalization problem for vari- 
ous scattering models. Csually this is done for 
infinit,e, homogeneous media neglecting all effects 
of heterogeneity or finiteness of the systein under 
considerat,ion. A first step in the determination of 
stationary neutron spectra in heterogencous as- 
semblies has been made by Hiifele ( I ) ,  who has senli- 
analytically solved the probleni for one-dimensional 
slab reactors with weak absorption in the heavy gas 
scattering model. The same geometry has been 
treated by an iniproved multigroup iteration pro- 
cedure by A/leetz, Ott, and Sanatani using the 
~~7igner-~~' i lkins  scattering operator (2). The coni- 
pletely nuinerical work of Honeck and Kaplan (3) 
will be discussed briefly a t  the end of this Paper. 

The aim of the present ~vork was to find the 
analytical solution of the problem for heterogeneous 
reactors mith infinitelg long, cylindrical fuel elements 
arranged in a regular Square lattice. Although the 
niethod derived b e l o ~ ~  can be extended to a far more 
general character, we shall perform the calculation 
in the diffusion approximation, as far as the spatial 

cules of the moderator. Furthern~orc all iieutroii 
absorptions shall follo~v a I, 11-law. 

The special difficulty one faces iii a treatiiicnt of 
the energy dependence of thc neiitron fliis is that in 
neiitron therinalization a slo~ving doll-ii and aii 
equilibration process are superposed, as has beeil 
stated by Häfele (1). At high encrgies the slowing 
down process is predoininant; at  Ion- eriergies, how- 
e17er, the equilibration process prevails. The niethod 
described belol~ treats these t~vo  pheiioiiiena sepa- 
rately by the appropriate niatheiiiatiral niethods and 
joins theni continuouslg. 

First \ve shall calculate the neutro~i spectrum in a 
homogeneous, infinite, absorbing medium in order 
to explain the idea of our method. Theii Ive shall 
apply the method to heterogeneous reactor struc- 
tures as considered by Meetz (4). The spatial de- 
pendence of the neutron flus is treated by means of 
hleetz's method. The ileiitron spectra thus obtained 
are used for calciilnting the thermal iitilizatioii and 
the 7-factor. 

In  a two-dimensional problem the statioiiary 
neutron flux C#I (X, Y, E') obeys the follo~viiig equation, 
if no sources are present: 

dependence of the neutmn flux is coneerned, and 
Y, E )  + /" r(s, E' + E)C#I( .~ ,  U, E')  , j~' 

use the heavy gas differential operator in order to  
describe the scattering of the neutrons by the mole- - StOt(z, L/, E)d(x, L/, E )  = 0. (1) 



X and y are space variables and E represents the with the abbreviation 
neutron energy. If we introduce a dimensionless 
encrgy variable S,(r = 1 )  

Pt = 2pL2 . 
E 

e = - The conditions to be imposed on the solution of 
k T '  

Eq. ( 8 )  are that the slo~ving-down density shoulii 
T is the temperature of the moderater, arid ranish a t  t = 0  and the flus should be positive for 

describe the scattering by the heavy gas rnodel, lve positive energies. These conditions are satisfied if 
can xvrite : + ( E )  " 0  for t 3 0  (10) 

= s+(2, y, e ) .  

p is the ratio of the neutron mass to the mass of the 
molecule of t,he moderator. 8; is the macroscopic 
loiv energv scattering cross sectioii of the moderator. 
Thus ~ v e  obtain the following equation determining 
t,he neutron flus: 

In  the reactor model described belo~v d: is spatially 
independent. The diffusion constant D is regarded as 
eriergy independent in this work. We shall use the 
eigenfunctions of the heavy gas operator 6: : 

These are the Laguerre functions of the first kind: 

xvit,h (sec ( 5 )  , where they are defined ~vith an addi- 
tional factor d p  + 1 ;  our normalization is more 
convenient for the purposes of this paper) : 

Furthermore, 

THE IXFISITE, HOhIOGESEOUS bIEDILTM 

The neutron flus in a homogeneous, infinite, 
source-free medium is independent of the space 
variables. Thus, under the above ment'ioned assump- 
tiori of a 1 /U-absorption larv, we have to solve the 
folloiving second order differential equation: 

and 

+ ( t )  > O  for e >  0  (11) 

The solution of Eq. ( 8 )  satisfying (10) and ( 1 1 )  
is determined uniquely except for a positive factor. 

Let us try nolv to find this solution. First me shall 
look for an asymptotic representation of the neutron 
Am a t  high energies: 

Equation (12) is t,he semiconvergent, asymptotic 
espansion of a particular solution 4"' (C) of Eq. ( 8 ) .  
The coefficients g, are det,ermined by the follo~ving 
recursion formula : 

90 > 0  is an arbitrary normalizstion const,ant. 
NTe obtain: 

g i =  -2p t .g , ,  g 2 = 2 ( 1 + p l ) g o . . .  . 
A second linearly independeiit solutioii +@' ( E )  of ( 

Eq. (8) may be mitten asymptotically in the form: 

The solution of Eq. (8) required here is a linear com- 
bination of the tmo particular solutions 4"' and 
c$'~', both being singular a t  t = 0 :  

(P ( E )  = 4"' ( e )  + X+@' ( C ) .  (15) 

4 ( t )  is regular at  t = 0 ,  but it does not belong to the 
space of the eigenfunctions of the heavy gas operator 
because of the contribution +"' ( e )  in (15) , as can be 
seen from (5) and ( 1 2 ) .  

I t  folloms from E<& (8 )  and the boundary condi- 
tion (10) that the neutron flux + ( E )  can be expanded 
in a power series in terms of : I2  beginning lin- 
early in t :  
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Let üs now determine a three-times differentiable 
function 4" (E) in such a way that 

$'(C) = +::)(E) for t 2 €0 (17) 

and 

d>s(E) = rn + be3/' + CE" de5/' 

for t 5 to .  
(18) 

The continuity condition for (E) and its first three 
derivatives a t  t = to determine the coefficients 
a, b, C, d. N is a finite, fixed upper limit of summa- 
tion in (12). 

The difference 4 (C) - can be determined 
from an inhomogeneous differential equation because 
&'(E) does not satisfy Ey. (8) for t < tu and only 
approsimately for E 2 €0 : 

+ (E) - $ x ( ~ )  has to satisfy the boundary conditions 

+ - $'--t O for E -+ O (20) 

and 

~ ( 4  -$X) * O  for E *  W .  W )  

This can be seen from (E), (14), and (15). The 
. "source function" Sx( t )  is found by inserting 
-$" (E) into the left-hand side of Eq. (8). 

For E 2 t0 one obtains from (12), (13), and (8) : 

One recognizes from Eq. (22) that Sv (€ )  cannot be 
espanded iii the eigenfunctions of the heavy gas 
operator. 

As is sho~vn in (7) the source function S v ( € )  can 
be made Zero for t 2 E ( > ,  if instead of the l/v-absorp- 
tion law assumed in Eq. (8) a slightly changed ab- 
sorption cross section is used. N and E,, can be chosen 
in such a way that this deviation of the absorption 
cross section from the original l/o-lam is negligibly 
small. Thus we may neglect S" (E) for E 2 co in Eq. 
(19). I t  is then possible to exparid the source func- 
tion Sx (C) as xrell as the solution 6 (E) - $" (E) of 

Eq. (19) in the Laguerre orthogonal funvtions. \Te 
~vrite: 

and make the ansatz 

Equation (19) is transformed into the follotvirig 
infinite system of linear ecluations for the coeffi- 
cients ap : 

I-Iere \Te have int'roduced (8 )  : 

\T7e shall take into consideration oiily po + 1 
modes in the espansioris (23) and (24). Esperiencr 
sho~vs the result to be independent of p, for po 2 4. 
The espansion coeficients a, of the function 
+(C) - $'(E) are then dctermined uniqucly as the 
solution of the finite, inhomogeneous system of 
linear equations : 

\Ire have now obtained the solution of Eq. (8) satis- 
fying the boundary conditions (10) and (11) with 
sufficient accuracy in the form: 

$'(C) is giren by (I", (17) arid (18); the coeffi- 
cients ap are determined from (27). 

The method of the determinatiori of the neut,ron 
spectrum in an infinite, homogeneoiis medium as 
described in this sectiori has been applied to the 
example pt  = 0.25. \T'c have chosen t o  = 16, N = 10, 
and p" = 5 .  Figure 1 shows the result of the calcula- 
tion completely agreeing with the solution obtained 
numerically by Hur~vitz, Selkin, and Habet,ler ( 6 ) .  
The figure shotvs E+(€) in its dependence on di. 
Furthermore, t$l0(t) has also been dra~vn. One 
recognizes that this function, representing the main 
part of the soliition at  high energies, cssentially 



I 
FIG. 1. Seu t ron  spectriini in an  infinite, homogeneoiis, soiirce-free medium. The lower ciirve represents 4 I n ( e ) ,  giviiig 

essential15 the  contribution of the  neutrons slowed down from higher energies. The differente e@(e )  - c $ ' ~ ( E )  describes the  
contribution of t he neirt rons nearly in thermal equilit>riiini L\-it h the  nioderator. 
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FIG. 2. Arrangement of the  fuel elements in tlie two- 
dimensional rod reactor. 

gives the contribution to the total flu of those 
neutrons which are slowed down from higher energies 
by collisions with the molecules of the moderator. 
On the other hand, the function z : ~ o a , w , ( e )  
describes the contribution of those neutrons which 

are nearly in thermal equilibrium with the moder:t- 
tor. By continuing the functtion qN ( E )  steadily to the 
origin of the energy scale according to Eq. ( H ) ,  
we were able to compose these two functions, repre- 
senting physically completely different contributions 
to the neutron flux, continuously to  the entire solu- 
tion of Eq. (8). 

T H E  TWO-DIhIENSIOKAL ROD REACTOIt 

It is now our task to combirie the method of treat- 
ing the energy dependence of the neutron Aus, as 
developed in the last section, with ilIeetz7s theory 
describing the spatial behavior of the neutron flus. 
We shall use here the notation of Häfele (1). 

hieetz considers a reactor of the following type: 
the reactor is infinitely long in the z-direction and 
has a square cross section. There are NO' = (2n + 1)' 
cylindrical fuel elements of radius a, likewise in- 
finitely long in the direction of the reactor asis which 
form a regular scluare lattice with the lattice param- 
eter d. The side length of the reactor cross section is 
2L = No d. Figure 2 shoms the arrangement of the 
fuel elements in the reactor. 

The space between the fuel slugs is filled ~vi th  nori- 
absorbing moderator. The absorption effect of the 
fuel elements is described in its spatial dependence 
by Dirac 6-functioris, i.e., the fuel rods are considered 
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as linear sinks for the neutrons. This has as a conse- 
quence that the neutron flus has logarithmic singu- 
larities st the lattice points of the reactor thus 
idealized. Therefore it may not be identified mith 
the real physical flux inside the fuel elements but 
only in the moderittor 2nd a t  the boundsry of the 
fuel slugs. The neutron absorption rate in a fuel 
element has to be determined from the mean value 
4 R ( ~ )  of our solution over the bouridary of the rod 
and an appropriately chosen effective absorption 
cross section 2:". I t  has to be determined in such a 
way that the absorption rate calculated from it 
agrees with that obtained using the real neutron flux 
4, in the fuel and the real absorption cross section 
Za". Thus the equation determining 2;" is: 

ra2 11 ~:~'(c)c$'(lcd, ld; ~ ) 6 ( r  - l id)6(~ - ld) dr  dg 
fuel 

rlpment 
(kd.ld) 

(29) 
= /-/ '.(t)+.(., g, t )  dx dg. 

fuel 
olprnent 
( k d , l d )  

The effort to be applied iri the determination of 
deperids ou the accuracy required in the calculation. 
For a first estimate v7e may use an energy inde- 
pendent diffusiori approximation inside the fuel ele- 
ments. The determination of the effective cross sec- 
tion is a point to be improved later On. 

The energy of the fission neutrons is assumcd as 
infinite. Thus the reactor is source-free. As we shall 
see below this assumption, together with the postu- 
late of positivity of the neutron flux, has as a conse- 
quence a simple cos ( a ~ )  cos (aoy) -behavior of the 
flus in the limit of an infinite neiitron energy. This 
does not describe the real physical situation in a 
reactor. Häfele (1) has treated the heterogeneous 
slo~ving do~vn problem assuming the energy of the 
fission neutrons as finite at  t, z 10" At an inter- 
mediate energy L N 106 the neutrons then shon- 
the above mentioned simple spatial distribution. 
This energy being estremely high in comparisoii 
~l-ith the thermal energies L N 1 of interest here, we 
may assume i t  to be infinite, thus justifying our 
assumption of infinite fission energy coincidentally. 

lITith the abbreviations 

and 

we obtain from (3) the equation determining the 
neutron flux in our reactor model: 

. +'(l;d, ld, L) = 0. 

The boundary conditions to be imposed on the solu- 
tion of Ey. (32) are ( I )  energetically: regularity of 
the flux a t  E = 0, i.e., 

4 (.T, y, 6) -t 0 for t -+ 0, (33) 

and ( 2 )  spatially: vanishing of t'he flus at  the re- 
actor boundaries, i.e., 

Equat,ion (34) means that the reactor has no re- 
flector. Furthermore the neutron flus has to be 
positive all over the reactor. From the symmetry of 
the problem it follows that the flus is an even func- 
tion of .T and y. X main result of hIeetz's work is a 
representation of the neutron flus by a double 
Fourier series, which in our energy dependent case 
takes the form (cf. (4) ) : 

(3 5 ) 
= C pXOi, X,,s (L) cos (ar.,~) eos (a,..~) 

\Ire obtain from (32) the follo~ving sgstem of second 
order differential equations for the Fourier coeffi- 
cients pXOr , ivO~  (L) : 

= 0 , ( 1 ' , s =  -W, . - . , - 1 , 0 , + 1 ,  - . . , +  W). 

The superscript Ro means that the mean value orer 
the boundary of the central rod is to bc taken. 

The boundary conditions for the solution of Eqs. 



(37) nre: G' = -p t  H(-2ao'xo2 + +), 

tl-2u02z02 POO (t) const. > 0 for t -f X (39) 

She coniiection between the postulate that the flux 
should be positive all over the reactor aiid the 
houndary conditions (39) - (40) becomes obvious 
later ori. 

Iii order to obtain the asympt,otic solution of the 
system (Z), mnke the nnsatz (cf. (1)):  

and get a reciirsiori formiila for the coeficients 
Y 

Q ~ « r , s ~ s  : 

GO > 0 is an arbitrarg coristant. \Ire have fiirthermore 
introdiiced in (42) : 

I'or U = 0, Eq. (42) niiist be replaced by: 

Eyuatiori (44) determines the indices of the non- 
vanishing eoeficients g ~ „ , h T u ,  . In order that the flus 
be positive iii the high energy range the indires of 
thc sole nonvanishing coefficient gh.„,„, have to he 
zero. This means tohat the spatial t~ehavior of the 
rieutrori flus in our geometry is given by a simple 
cos (acLr) cos ((Y"!/) -distribution a t  high cnergies. \Ire 
see that the asjrmptotic solutiori (41) satisfies the 
boundary conditions (3'31, (40). Thus we obtain: 

From (42), together with ( G ) ,  the gN„,„,'s can be 
easily determined. 

The first coeficients are (cf. (I) ) : 

Here nre have introduced 

The evaluation of this doiible series as well as that 
of all folloxving Fourier series is discussed briefiy a t  
the end of this section. 1:urthermore t,he mean value 
[COS (aox) cos (aOy)]Ru was repluced by a Bessel func- 
tion of the first. kind and zero order 

5 0  (4Zao a )  
1 2" 

= g cos (W, a eos 6) eos < a ~  a sin e) d6. 

\T7e nolv define a set of functions ~vhicli have three 
continuous derivatives a t  t = t o  by: 

- N (1) 
Y N ~ ~ , N ~ ~ ( ~ )  = ( s N ~ T . N ~ ~  8 8  ( E )  for E 2 tO (48) 

and 
- N 312 
~ ~ V o r , ~ ~ s ( t )  aNov.No8. 6 + bNUr.Nos' C  

613 + C N ~ ~ , N ~ S .  t2 + t for t 5 CO . (49) 

The set of differente functioris 

is then detcrmined as the soIution of an  inhomogeiie- 
ous system of differential equat,ions obeying appropri- 
ate boundary conditions. As in the homogeneous 
medium the source functions SArur.Nus ( C )  of these 
ecluations may be neglected for t 2 t o  . S„,,„, ( C ) ,  

- N as mell as the set of functions p h ' o r . ~ 0 8  - , 
can then be espanded in the eigenfunctions of the 
heavy gas operator 2. 

lTTe write: 

and 
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TABLE I 
PARAA[ETERS O F  TRE TIVEI,VE ~ ~ E A C T O R S  

- - - 

Reactor hloderator d a P 
(cm) ( 4  (76) gm/cm3 Pt x o l d  Pt" 

D20 (40°C) 
DrO (40°C) 
I 3 2 0  (40°C) 
n,o (40°C) 
D20 (40°C) 
1120 (4OoC) 
Grapliite (300°C) 
Graphite (300°C) 
Graphite (300°C) 
Graphite (300°C) 
Graphite (300°C) 
Grapliite (300°C) 

This manip~lat~ion leads to  an infinite system of 
linear equations for the unknown coefficients 
~ N ~ ~ . N ~ ~ , ~  : 

rvith the abbreviation: 

und summed over Y and s. This procedure results in a 
finite system of linear, inhomogencous equations 
\vit,h the unkno~vns -1, : 

' [COS ( a N V 2 )  ' COS ( a N o 9 1 / ) ] " o .  

( P  = 0, I,  2, . . . , po) 

The coefficients a„,,„,,, are theii obtairied from 
(52). Thus the solutiori of (33) is folind in the form: 

All the coefficients of the above Fourier series can 
be written as linear combinations of terms of the 

form 6,0.6,0 and 

1 

Y + ( a ? T o r  + ai,08)x02 

In order to obtairi 6"' ( E )  the mean value of the flus 
over the boundary of thc fuel elcment is replaced 
by the mean aralue of the flus a t  the four intersec- 
tions of the axes with the boundary of the slug 
(cf. (/t) ) , ~vliich is a good approsimation for 
small a /L .  

Thus series of thc type 

have to be summed. As has Ir)eeii shon-ii by lI<*etz 
one summation caii be carried out esactly by mearis 
of thr calciilus of residues. The remaining single 
series converges rather rapidly iiiside the nioderator, 
but its coiir7ergence is very poor a t  the boiindary 
of the fiiel rods because of the logurithmic singulari- 
ties of the flus a t  the latticc poi~itc of the reactor. 
But the coiivergence of thtxse Fourier series caii bc 
improved by usual methods stich that all doiible 
series occurring in our theory caii bc determiried with 
high accuracy.' 

The theory dcrived in the last sectioil hac bren 
upplied to tn-elve types of reactora i i ~  thc liniit 
AT0 = 5 (7). I3esides thc rieutron spectra themsclves, 
the values of the .tl-factor arid thc tliermal utilizatioii 
have bcen calculat.ed. In  dcterminiiig the lattrr 
quantity a 1111-absorptioii Ialv in thc niodcrator has 
been assumed. The meaii values of thc absorptioii 
and fission Cross sections of tlie fuel elerneiits were 

1 For a detailed description of tiie iiuriierical werk iii- 
volved in tlie iiietliod see (7). 



takeri in the energy interval 0 S E 5 16; in the 
moderator the spatial average of the absorption 
cross section has been calculated, too, by means of 
the spectrum determined neglecting the neutron 
absorption in the moderator. 

The parameters of the twelve reactors considered 
here are given in Table I. a, d, p, , zo/d have the 
meaning defined in the test above; pth' = 
V hS -, (E = 1)/2pS; is the absorption parameter of 
the moderator; and p is the density of the fuel. In 
the calculation of the q-factor the fuel was assumed 
to consist of p 9% and (100 - P ) %  

The values p = 0.7115, p = 18.4 gm/cm3 corre- 
spond to those of natural uranium; p = 3 and 
p = 10 gm/cm3 are the data of uranium oxide en- 
riched up to 2 %  The macroscopic absorption 
cross sectiori of natural uranium at  the moderator 
t,emperature of 40°C was assumed to be ZaU(e = I) = 

0.3467 cm-'. At a fuel enrichment of 2 % ~ v e  
harre Sau (6 = 1) = 0.7541 cm-'formetallic uranium 
a t  40°C and Sau ( c  = I )  = 0.3034 cm-' for enriched 
uranium oxide a t  300°C. As the absorption cross 
section in heavy water has been used &"(E = 1) = 

7.736 X 10-~cm-' a t  40°C and in graphite a t  300°C 
ZShr(t = 1) = 2.58 X 10-\m-'. Finally the Sachs- 
Teller mass has been used for heavy water. 

Figures 3-10 shon- the neiitron spectra in some of 

FIG. 3.  Seutron spectrum in reactor I. Tlie upper curve 
represents thc spectrum in the middle of tlie moderator. 
,M0Io is a i\lax\veIIian distribution fitted to the moderator 
spectrum a t  low energies. +RO (C) gives the spectrum a t  the 
boundary of the fuel slugs. 

I 

i ; , 1 -  
,o-s! 

1;rl 1 0 0  

FIG. 4 .  h'eutron spectrum in renctor 11. According t o  
tlie lnrger lnttice parameter tlie spectrum is approximated 
by :L hlas\velIian distribution muck1 better tlian in reactor I. 

the reactors I-SII. The neutron Aus 4 is plotted 
rersus the energy in double logarithmic scale. There 
is drawn the Aus 4Ro (C )  nt t'he boundary of the fuel 
rods and thc spectrum 4 (d/2, d / 2 ,  E) in the middle 
of the moderator, respectively. 

For comparison a Alas~vellian distribution ilIolro 
has been fitted to the spectrum in the moderator a t  
low energies. In the low energy range all the spectra 
have AIax\vellian character, the msximum being 
usually displaced from E = 1. One recognizes clearlyl 
the change from the hlax~vellian part of the spectrum 
to the characteristic l/t slowing-den--ri spectrum. 
Diminution of the lattice parameter d results in a 
simultaneous, almost equal, increase of the neutron 
temperature in fuel and moderator. The neutron 
temperature is here defined as the temperature of a 
&Ias~~~ellian distribution fitted to the given spectrum 
in its maximum. An increase in the absorption cross 
section of the fuel with unchanged geometry, on the 
contrary, has as a consequence a displacement of the 
maximum of the spectrum in the fuel but almost 
none in the moderator. 

Figures 3-10 show that the spectra in fuel and 
moderator are far from being identical in the 
epithermal region. In an infinite reactor (No = =) 
they tend to meet asymptoticallg, of Course. But 
this becomes true only a t  very high energies. Honeck 
and Kaplan (3) made the assumption that the 
spectra in moderator and fuel are identical above 
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C = 9 in the numerical treatment of the problem in 
the Wigner-Seitz cell. This assumption was necessary 
because of the limited machine capacity. I t  seems to 
us to become dubious a t  least for strong absorpt,ion. 

FIG. 5. Neutron spectrum in reactor IV, i.e., in an en- 
riclied, DzO-moderated, heterogeneous reactor. Tkie dis- 
placement of tlie maximum of tlie spectruin against E = 1 
is obvious. 

FIG. 6. Neutron spectrum in reactor VI. Tlie neutron 
temperature nearly coincides \T-ith thc moderator tempera- 
ture. 

I I ! 
10- 5-1 1 00 

FIG. 7. Seutron spectrum in reactor VII ,  i.e., a grapliite- 
moderated, natural uraniuin reactor. Tlie neutron tenl- 
perature differs much froiii the temperature of tlie moder- 
ator. 

FIG. 8. Seutron spectrum in renctor VIII. Due to tlie 
diminution of the lattice parameter tlie neutron tempera- 
ture approaclies t,he moderator temperature. 

According to the experience of the author a small 
inaccuracy in the calculation of the high energy part 
of the spectrum results in serious deviations from 
the rigorous solution in the thermal energy range. 



This difficiilty and a possible way of ooercoming it 
has been discussed in the second and third sections 
of this paper for the homogeneous and heterogene- 
011s case. 

Table I1 gives the values of the thermal utilization 
f calculated for our tlvelve reactors I-XII. For com- 
parison these quantities have been determined in a 
one-group diffusion calculation for the corresponding 
M7igner-Seitz cell. There can be no pretension of 
great accuracy in these values, of course. Rut a t  
present the main aim of f-factor calculations tends 
to a refinement of transport-theoretical corrections, 
i.e., to an improvement of the treatment of the 
spatial dependence of the rieutron density, whilst its 
eriergetic behavior is neglected. At most the absorp- 
tion cross sections are averaged over a i\Iax~vellian 
distribution the temperature of which, however, is 
dubious. Xaturally, this procedure loses its meaning 
as soon as the error caused by neglecting the correct, 
space-dependent behavior of the neutron spectrum 
is larger than that of the monoenergetic transport- 
theoretical determination of the f-factor. An estimate 
of the improvement in accuracy to be expected from 
a rigorous consideration of the energy dependence 
of the neutron density can be obtained from a com- 
parison of the f-factor values in Table 11. The differ- 
ence betmeen these quantities determined by our 
method and thr  one groiip approximation, respec- 

FIG. 9 .  Seutron spectrum in reactor X,  i.e., an enriclied, 
grapliite-moderated, uranium oride reactor. Tlie difference 
I~etween the spectra in moderator and fuel is large in the 
epithermal region. 

FIG. 10. h'eutron spectrum in reactor S I I .  Tlie ~ieutrons 
are in good equilibrium with tlie rnoder:rtor. Tlie spectruin 
can be weil approsirnated by a Max\vellian distrihutioli. 

tively, is negligibly small for D20-moderated reactors 
with natural uranium fuel elements (this is true only 
for a l/v-absorption law). But this is not the case in 
reactors with enriched fuel elements, especially in 
graphite-moderated reactors. In any case the ac- 
curacy of the monoenergetic, transport-theoretical 
calculation can be improved essentially if the ab- 
sorption cross sections used are averaged over the 
neutron spectra determined in the diffusion ap- 
proximation. 

In  Table I1 the values of the V-factor determined 
by means of the neutron spectra sho~vn in Figs. 
3-10 and those calculated from Alax~vellian distribu- 
tions a t  moderator temperature and the temperature 
TnU of the neutrons a t  the boundary of the fuel rods 
are also given for comparison. Finally; the rnean 
values of the fission and absorption cross section of 
u~~~ and of the absorption cross section of are 
given as obtained from the three types of spectra 
just specified. As expected the mean values of these 
cross sections obtained from hIax\\~ellian distribu- 
tions are too large because these functions decrease 
so rapidly that the epithermal cross section values 
have no influence on the mean value. Consequently, 
the q-factors determined with hIaxwellian distribu- 
tions are too large. 

Ar1 analytical method has been derived by which 
the energy dependent neutron flux in heterogeneous 
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TABLE I1 
VALUES OF f-  A X D  l l - F ~ ~ ~ ~ ~  AND OF i \ IEAX A I J S O R I > T I O ~  AND FISSIOW CROSS S E C T I O ~ ~ S  

Reactor 
5; -., - 3  

r:; '=* '=a (Larns) (barns) (barns) 'I 

I 0.99648 0.99606 415.96 491.09 2.037 1.30965 
I1 0.98750 0.98655 446.82 526.56 2.171 1.31500 

111 0.98125 0.97996 452.11 532. G5 2.194 1.31585 
I\' 0.99807 0.99764 373.24 441.79 1.853 1.  70659 

T- 0.99217 0.99117 422.12 497.82 2.067 1.71586 
T I  0.98786 0.98649 430.90 507. 86 2.105 1.71731 

1-11 0.97153 0.97215 271. 48 322.74 1.427 1.27012 
YIII  0.89185 0.88192 311.89 370.06 1.606 1.28157 

IS 0.77493 0.75494 320.73 380.41 1 .G45 1.28373 
S 0.97801 0.97554 263.40 313.27 1.392 1 .ii8171 

S I  0.90395 0.89361 307 .9(i 365.49 1.589 1.  69160 
S I 1  0.79586 0.77458 317. 96 377.20 1.634 1.  69351 

I ilIaxwellian distribution a t  mod- 481.44 5G6.94 2.316 1 ,32037 
11 erator-temperature 481.44 566.94 2.316 1 ,32037 

I11 481 .44 5GG. 94 2.316 1.32037 
IV 481.44 WO. 94 2 316 1.72301 
V 481.44 5%. 94 2.316 1.72304 

V1 481.44 566.94 2.316 1 .72304 
Y11 341.01 403.86 1.730 1 29026 

1-111 341.01 403.86 1.730 1.29026 
I S  341.01 403.86 1.730 1.29026 
X 341.01 403.80 1.730 1 ,69962 

SI  341.01 403.86 1.730 1 ,69962 
S I 1  341.01 403.86 1.730 1 .  69962 

hlaswellian distribution witli displaced tcmperature 

Reactor 
'r,V 

("C) 
a f 

(barns) 
a: 

(barns) 

- 3  
'=a 

(barns) 

reactors of regular geometry can be determined. Of 
course, the theory can be applied to Iliigner-Seitz 
cells, too. The calculation has been carried out in the 
diffusion approximation; nevertheless it can be ex- 
tended to a P,-approsimation of arbitrarily high 
order, as has been shown in the one-dimensional case 
in the example of the PI-approximation (7). As a 
first improvement of the diffusion calculation the 
diffusion constant D ~vill be taken to be energy de- 
pendent. The heavy gas model has been used to 

describe the scattering lan-, but integral operat,ors can 
be treated priricipallg in the same n'ay. Fiirthermore, 
a 1,lv-absorption law has been nssumed. This, t,oo, 
is not a necessary condition t'o the npplicabiliti; of 
the theory. The author is working on an estensiori 
of the method in this direction a t  the momeiit. The 
inclusion of resoilances like the I'u'~' resoriance a t  
0.3 eV will be described in a later paper. 

Another important step improving tlie calculntion 
described above should tend to a more accurate de- 
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termination of the effective absorption cross section 
from the real cross section values, as long as the 
model of linear fuel sinks is used. This coincides with 
a better calculation of the neutron flux inside the 
fuel from t,he spectrum at  the boundary of the rods. 
Naturally the dependence of the neutron flux on a 
third space variable z can be taken into considera- 
tion. Thus it seems to us that many problems con- 
nected with neutron thermalization can now be 
solved by generalizations of the theory described 
in this Paper. 

Tlie author wishes to express liis great appreciation for 
tlie steadg advice and assistance given bg Dr. W. Häfele. 
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