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I n t r o d u c t i o n  

I n  n u c l e a r  r e a c t o r s  t h e  temperature  t r a n s i e n t s  a r e  normally t r e a t e d ,  by 

u s i n g  t h e  w e l l  known "lumped model". T h i s  model does no t  t a k e  i n t o  account  

any e f f e c t  due t o  t h e  h e a t  p ropaga t ion  i n s i d e  t h e  f u e l  element and the 

h e a t  t r a n s p o r t  a l o n g  t h e  channel .  

Purpose of t h i s  paper i s  t h e r e f o r e  a c r i t i c a l  a n a l y s i s  of t h e  ~ o l u t i o n s  

of t h e  h e a t  ba lance  e q u a t i o n s  w i t h  s p a t i a l  v a r i a b l e s .  

The work has  been d iv ided  i n  two p a r t s :  

( a )  R a d i a l  Ana lys i s  i n  which t h e  h e a t  p ropaga t ion  i n s i d e  t h e  f u e l  

element i s  s t u d i e d  

(b) Axia l  Ana lys i s :  t h e  r e s u l t s  coming from t h e  f i r s t  p a r t  a r e  i n -  

c o r p o r a t e d  i n  t h e  h e a t  ba lance  e q u a t i o n  of t h e  c o o l a n t ,  Then t h e  

complete s o l u t i o n ,  i n c l u d i n g  t h e  hea t  t r a n s p o r t  a l o n g  t h e  channel ,  

i s  analysed.  

I n  t h i s  f i r s t  p a r t  t h e  r a d i a l  a n a l y s i s  is developed. Two d i f f e r e n t  aphroxi-  

mate s o l u t i o n s  have been found one expressed  i n  sums of e x p o n e n t i a l s  and 

t h e  o t h e r  w i t h  t h e  e r r o r  f u n c t i o n .  

Numerical examples a r e  inc luded  w i t h  r e f e r e n c e  t o  Sef o r  r e a c t o r  ( ~ i b l . 7 . )  

and t o  power r e a c t o r s .  

For s i m p l i c i t y  i n  t h i s  mathemat ica l  t r e a t m e n t  t h e  f u e l  element has  been 

supposed t o  be cooled d i r e c t l y  wi thout  any c ladd ing .  Never the less  t h e  

method i s  s t i l l  g e n e r a l  i f ,  i n s t e a d  of t h e  c o o l a n t  t empera tu re ,  we c o n s i d e r  

t h e  t empera tu re  of t h e  i n t e r n a l  s u r f a c e  of t h e  c ladd ing .  



2. Mathematical Fundamentals 

Fig.1 shows the section of a cylindrical fuel element in which heat is 

produced uniformely and which is cooled on the external surface. The 

following symbols have been used: 

T = temperature at any point of the cylinder 

T = surface temperature of the cylinder 
S 

T = central temperature of the cylinder 
C 
T = average temperature of the cylinder 
av 
Q = coolant temperature (or temperature of the internal surface 

of the cladding) 
q = power density 

r = radius 

R = external radius 

t = time 

h = thermal conductivity (supposed to be constant) 

Yf = mass density (supposed to be constant) 

c = specific heat capacity (supposed to be constant) f 
h = heat transfer coefficient between cylinder surface 

and coolant (supposed to be constant) 

The equation which describes the heat balance in a cylinder is the 

following: 

In equation (l) the term related to the heat propagation in the fuel 

element along the axial direction ha6 been neglected. 

The boundary conditions for the full cylinder are: 



Equa t ion  ( 1 )  can  be  w r i t t e n  as fo l lows :  

where : 

r 
y  = normal i zed  r a d i u s  = - R 

t 7 = normal ized  t ime  = - 
t , 

t = -  9fc f  XI2 = r a d i a l  t ime  s c a l e  
r A 

C o n s i d e r i n g  t h e  v a r i a t i o n  of t h e  system from t h e  s t a t i o n a r y  c o n d i t i o n s ,  

we can  i n t r o d u c e  t h e  f o l l o w i n g  symbols: 

where t h e  ~ u b s c r i p t ~ ~ o ' '  i n d i c a t e s  i n i t i a l  s t e a d y  s t a t e  c o n d i t i o n s  and 

"A" v a r i a t i o n  from s t e a d y  s t a t e  c o n d i t i o n s .  

Equa t ion  (4 )  becomes: 

The Lap lace  t r a n s f o r m  of e q u a t i o n  ( 1 2 )  i s :  

where 

, l '  i n d i c a t e s  Lap lace  t r a n s f o r m  

6 =  complex v a r i a b l e  of t h e  Lap lace  t r a n s f o r m a t i o n  



The boundary conditions (2) and (3) become respectively: 

The solution of equation (13) with the associated boundary conditions 

(14) and (15) is the following ( see Appendix 1) : 

where : 

J 
z (a) = - 0 

2 fi J~ (F?) 

J and ~~(c6) being Bessel functions of the first kind. For prac- 
0 

tical purposes it is useful to calculate the variation of the surface 

temperature, ATs, (~=1), central temperature, ATc (y=o) , and average 
temperature, AT (see Appendix 2 ) :  

av 

in which: 



It is very important to notice that the functions (23); (24); (27) 

and (28) depend only on y and Z ( 6 ) .  

d 
n 3. Expansion in sums of terms of the type 

S l + -  
bn 

The expressions (17); (19) and ( 2 3 )  to ( 2 8 )  can be expanded in a sum 
d, 

of terms of the type which in the time domain corresponds to 
6 

1 + q  

a sum of exponential functions. 



A l l  t h e ,  - 5 ,  s a t i s f y  t h e  c h a r a c t e r i s t i c  equa t ion :  n  

The r o o t s  of e q u a t i o n  ( 3 7 )  a r e  a l l  r e a l  and n e g a t i v e  ( s e e  Appendix 3 ) .  
A g r a p h i c a l  s o l u t i o n  of equa t ion  ( 3 7 )  i s  shown a l s o  i n  Appendix 3 .  The 

equa t ion  has  been s o l v e d  a l s o  numer ica l ly  u s i n g  a d i g i t a l  computer 

IBM 7070 and v a l u e s  of 6 up t o  n=20 have been c a l c u l a t e d  f o r  v a l u e s  
n  

of y between l ~ - ~  and 10.  

Fig.2 shows t h e  normalized as f u n c t i o n  of y. The r e l a t i o n s h i p  6n 
between Cn and 8 i s  t h e  fo l lowing :  

n 

(Appendix 3 )  

where t h e  meaning and t h e  v a l u e s  of t h e  c o e f f i c i e n t s  a and bn a r e  
n  

given i n  Table 1, 

The c o e f f i c i e n t s  of t h e  e q u a t i o n s  ( 2 9 )  t o  ( 3 6 )  a r e  g i v e n  by t h e  fol low- 

i n g  express ions  ( s e e  Appendix 4 ) :  



The exp re s s ions  (39) t o  (45)  s a t i s f y  t h e  fo l lowing  r e l a t i o n s h i p s :  

Figs.3;  4; 5 ;  6; 7 show t h e  v a r i o u s  c o e f f i c i e n t s  as f u n c t i o n  of y. 

i?ig.8 shows t h e  f u n c t i o n  ~ ~ ( ~ f i ~ ) .  

4. Comparison wi th  t h e  lumped model and phys i ca l  meaning of y 

The lumped model i s  t h a t  ob ta ined  by cons ide r i ng  t h e  f u e l  element as 

a  simple thermal  c apac i t ance  and t h e r e f o r e  n e g l e c t i n g  any h e a t  propa- 

g a t i o n  e f f e c t .  I n  t h i s  case  %he hea t  balance equa t ion  i s  t h e  fol lowing:  

I n t roduc ing  t h e  n o t a t i o n s  ( 6 ) ;  ( 7 )  and ( 8 )  and making t h e  Laplace 

t r an s fo rma t ion ,  equa t ion  (47)  becomes: 

Comparing (48) wi th  (201, i t  appears  t h a t  t hey  a r e  equa l  i f :  



The lumped model g i v e s  a good d e s c r i p t i o n  of t h e  t r a n s i e n t  when y -+W. 

I n  f a c t  from f ig .2 :  

and t h e r e f o r e :  

1 
l i r n  , = - 

y 3 - 3  -L 
Y 

a.nd ir. a l l  t h e  express ions  ( 2 9 )  t o  ( 3 6 )  i t  is :  

lia 6 = l i m  6 = l i m  bcl = l i m  ECl = l i m  d = l i m  El l i m  )rl 1 (52) 
y ---l c S1 y --)CB Y -03 

sl  
Y 4- y + W 1  y.m y.- 

and f ~ r  n # 1 

as a l s o  i t  appears  from f i g s . 3  t o  7. 

From ( 2 0 )  end (21 ) ,  i t  is p o s s i b l e  t o  o b t a i n  ( f o r  6--9 0 ) :  

7 Ts-Q 
Y r t  with  r e a c t o r  i n  s t a t i o n a r y  cond i t i ons  (54) 

C S 

Meta l l i c  f u e l  elements ( f i g . 1 )  a r e  c h a r a c t e r i z e d  by a f l a t  tempera- 

t u r e  d i s t r i b u t i c n  i n s i d e  t h e  f u e l  element i n  c o ~ ~ a r i s o n  t o  t h e  tempe- 

r a t u r e  drop between s u r f a c e  and c o o l a n t ,  t h a t  i s  Tc-Ts <Ts-Q ( y  b i g ) .  

Their  tempeyztnre t r a n s i e n t s  a r e  t h e r e f o r e  w e l l  desc r ibed  by t h e  

lumped ~ o d e l .  

I n  t h e  chEe cf ceramic f u e l  elements ( a s  i n  ~ e f o r )  t h e  temperature  

distribnzion i n s i d e  t h e  f u e l  element i s  very  shaped (TC-T6>>TS-Q ; 

y snail\ 2nd t h e r e f o r e  t h e  more r e f i n e d  model i s  needed t o  d e s c r i b e  

t h e  temperature  t r a n s i e n t s .  

y a l ~ o  c ? ~ e r  two phys i ca l  meanings: 

h 1 l/?rrR.h 1 thermal r e s i s t a n c e  between f u e l  and coo l an t  ( 5 4 , )  y = -- = - ---W- - - 
211R 4 1/4xh - 4 equiva len t  thermal  r e s i s t a n c e  of  t h e  f u e l  



w i t h  h e a t  p r o d u c t i o n  supposed t o  b e  c o n c e n t r a t e d  i n  t h e  c e n t e r  of  t h e  

f u e l  e lement ,  and 

YfcfR/2h tl t ime  c o n s t a n t  of t h e  lumped model 
Y = =t = r a d i a l  t ime s c a l e  

r 

l 

5. A n t i t r a n s f o r m a t i o n  i n  sums of e x p o n e n t i a l s  

A l l  t h e  t r a n s f e r  f u n c t i o n s  c a l c u l a t e d  i n  pa ragraph  3 a r e  of t h e  type :  

wi th :  

L e t  u s  c o n s i d e r  t h e  c a s e  i n  which t h e  power ( o r  t h e  c o o l a n t  t e m p e r a t u r e )  

is a s t e p  f u n c t i o n .  I n  t h i s  c a s e  a n  e x p r e s s i o n  of t h e  t y p e  

must b e  a n t i t r a n s f o r m e d .  The s o l u t i o n  i n  t h e  t ime  domain is: 

For  p r a c t i c a l  pu rposes  t h e  s e r i e s  of e x p o n e n t i a l s  must be  a r r e s t e d  t o  

a v a l u e  n=m. We s h a l l  c o n s i d e r  t h e  two approximate  s o l u t i o n s :  

n= m 

'm+ (7) = - Z d e-~n' (upper  approx imat ion)  n  n= l 

n= m 
X (7') = 1 - D e d e-%' ( lower  approximat ion)  m- m n  

( 6 2 )  
n= l 

- 10 - 



where : 

A t  any value  of 7' i t  is: 

The t r a n s f e r  f unc t i ons  corresponding t o  equa t ions  (61) and ( 6 2 )  a r e  

r e s p e c t i v e l y :  

6. Ant i t r ans format ion  by u s ing  f o r  ~ ( 6 )  t h e  approximate express ion  R ( 6 )  

The mathematical  t r ea tment  a l r e ady  desc r ibed  g i v e s  r a p i d l y  convergent 

approximated express ions  f o r  t h e  func t i ons  F (6); F (6) and F (6). 
S C av 

I n  t h e  case  of Gs(6) t h e  approximated express ions  a r e  no t  r a p i d l y  con- 

ve rgen t  f o r  smal l  va lue s  of y .  

A complete d i f f e r e n t  approach t o  t h e  problem i s  t o  make t h e  a n t i t r a n s -  

format ion by d i r e c t  i n t e g r a t i o n  a long  t h e  imaginary axis of t h e  complex 

plane.  

Let u s  examin t h e  f requency response  of t h e  f u n c t i o n  Z ( 6 ) ,  t h a t  i s  when 

Fig.9 shows t h e  p o l a r  diagram of Z ( v )  and f i g s . 10  and 11 ampli tude and 

phase of Z(V) a s  f unc t i on  of U .  



From the asymptotic expressions of the Bessel functions, it is possible 

to calculate : 

1 1  lim Z ( V )  = 'J + - 
'3'-0 

iv 

Let us consider the function: 

which has the asymptots: 

1 1  
lim R(Y) = B + -  

v ---+ 0 iV 

Fig.12 shows the errors in amplitude and phase made by substituting 

Z ( v >  with R(v). 

Putting R(s) in the expressions GS(d); FS(6) and FaV(6), we obtain: 

Jl+0.25 6 when 6 = i v  
Gs(6) + 

F ( 6 )  1 when 6 = iv 
S y d  + \l=& 

Let us consider now the case in which the power (or the coolant tempera- 

ture) is a step function. Then the antitransformed are: 



(a-a) 

f3-U Y 
l(T) - e 

~ ( 2 6  f i e  -47" p F 1611 % {'l('Tl + - 
L 6 av l+ Y BY y .2  G 

R-a 

R+a + - e 
Y 

R-a -T - -  
213 e 7' [ 1 - E [ 2(8+a)i~~ ] 

where : 

L-L = an t i t r ans fo rma t ion  

E = e r r o r  f unc t i on  

(77) and (78) can be ob ta ined  d i r e c t l y  by (74) and (75) o r  by (761, 
t ak ing  i n t o  account (24) and (28).  

Using (24) and (28), i t  is  a l s o  pos s ib l e  t o  eva lua t e  t h e  ca se  i n  which 

t h e  power i s  a pu lse  func t ion .  



and 

-'[L F (61 a r e  a l r eady  given r e s p e c t i v e l y  by where L-1[& 6 G S (C)] and L 
- 

(77)  and (78) .  

It i s  pos s ib l e  t o  demonstrate t h a t  f o r  y  -4 00 t h e  express ions  (76 ) ;  

(77) and (78)  a l l  tend t o :  

7- - -  
l - e  Y 

L 

which is t h e  s o l u t i o n  given by t h e  lumped model. 

It is  very i n t e r e s t i n g  t o  examin t h e  behaviour of t h e  express ion  (76)  

f o r  y  j o. It is: 

l i m  L [ G ]  = 1 - 1 6  y e 4  E 8 - e r  [ E  2~ l (84) 

Y --$ 0 

which i s  d i f f i c u l t  t o  approximate wi th  express ions  l i k e  (59). I n s t e a d  

from (77)  and (78) :  

l i m  

Y - 0  

which can be e a s i e r  approximated by e sp rc s s ions  l i k e  (59) .  Th is  exp l a in s  

why t h e  s e r i e s  of ( f i g . 3 )  is poorly  convergent f o r  smal l  va lue s  of y ,  

while t h e  s e r i e s  of Esn and p n ( f i g s . 5  and 7) a r e  r a p i d l y  convergent.  

( 76 ) ;  (77)  and (78)  can be developed i n  express ions  of t h e  type:  

where t h e  "dn" a r e  func t i ons  of y. 



  or r--+ o, we have : 

l i m  
7-* 0 

l i m  L-'[$FS(r)] 
7-4 0 

+3 ' * * *  8v 

l i m  F (611 = l + B y  p[.-- + 7----, 0 
6 av 15v2fi 24y 

Let u s  cons ider  t h e  case  i n  which t h e  coo l an t  temperature  remain cons t an t  

and t he  power changes as a pu l se  f unc t i on  H 5 (T) , H be ing  t h e  energy of 

t he  pu l se .  From (22)  and ( 8 2 ) ,  we have: 

V be i cg  t h e  volume of f u e l  i n  r e a c t o r .  
f 

For 7--+ o, (91) becomes: 

I n  t h e  r eg ion  0,(T<<y t h e  temperature  change i s  a s t e p  func t i on  which 

i s  the  i n t e g r a l  of t h e  pulse .  I n  t h i s  i n t e r v a l  t h e  temperature  change 

can be considered p r o p o r t i o n a l  t o  t h e  time i n t e g r a l  of t h e  power change, 

w3ich means t h a t  a l l  t h e  hea t  produced remains i n s i d e  t h e  f u e l  rod.  

13 a super-prompt c r i t i c a l  r e a c t i v i t y  ramp t e s t  ( ~ i b l . 6 )  t he  power 

cbanges i n  a way very s i m i l a r  t o  a pu l se  f unc t i on ,  s o  t h a t  we can 

sapFose t h a t  a l l  t h e  hea t  produced remains i n s i d e  t h e  f u e l  r o d s  as 

l o z g  a s :  

T max << Y 

I n  t he  r e a l  time domain, t a k i n g  i n t o  account (54"),  cond i t i on  (93) be- 

comes: 



In order to increase the useful experiment time, tmax , reactors like 
Sefor, designed specifically for this type of experiment, must have 

fuel rods with big radius. 

In the Sefor case, it is: 

t = 160 secs. 
r 

te = 11.2 secs. 

7. Electrical Analogy and physical meaning of ~(6) 

Fig.13 A shows the cylindrical electrical line equivalent to eq.(l): 

temperatures are represented by voltages, heat flows by currents, heat 

sources by current sources, heat resistances by electrical resistances 

and heat capacitances by electrical capacitances. 

Fig.13 B shows the same cylindrical electrical line having introduced 

the normalized time,T, the normalized radius, y, and y. This line is 

equivalent to eq.(lJ). The functions Gs(6); FS(6); GC(6); FC(6); Gay(b) 

and Fav(6) can therefore be calculated by solving the electrical network 

of fig.13 B. If in fig.13 B we put Aq = 0, we can calculate Gs(6). 

Applying the usual network theorems, we can get the simple circuit of 

fig.14 A in which Z(6) is the output impedence of the cylindrical 

electrical line. 

An empirical approach to calculate temperature transients in a cylindri- 

cal fuel element is usually the following: to divide the fuel element in 

ttnll concentric cylinders having the same thickness and to write for each 

cylinder the equation of the lumped model. This leads to solve the 

electrical network of fig.14 B. From this network we can calculate 

approximate expressions for G (6); F (6); G 6 ) ;  ~~(6); Gav(6) and 
S S C 

Fav(5) and by comparison with the exact functions (23); (24); (25); (26); 

(27) and (281, it is possible to establish for any function how many 

concentric cylinders are needed in order to get the wanted degree of 

accuracy. In the case of Gs(6); Fs(6); Gav(6) and Fav(6), since they 

depend only on y and on Z ( b ) ,  the problem is reduced to calculate the 



output  impedence Z ( 6 )  of t h e  e l e c t r i c a l  network of f i g . 14  B: 

8. Numerical Examples 

Fig.15 shows t h e  p o l a r  diagram of t h e  func t i ons  Gs( iv) ;  Gc(i*) and 

GaV(iv) i n  t h e  Sefor  c a s e  (y=0.07).  Fig.16 shows t h e  p o l a r  diagram 

of t h e  f u n c t i o n s  Fs ( iv ) ;  F c ( i v )  and Fav( iv )  always i n  t h e  Sefor  case .  

I n  bo th  t h e  f i g u r e s  t h e  d o t t e d  l i n e  r e p r e s e n t s  t h e  lumped model. The 

va lue  y=0.07 h a s  been c a l c u l a t e d  i nc lud ing  i n  "h" t h e  hea t  t r a n s f e r  

c o e f f i c i e n t s  f u e l  t o  c ladd ing ,  i n t e r n a l  t o  e x t e r n a l  s u r f a c e  of t h e  

c l add ing  and c l add ing  t o  coo l an t .  Let  u s  cons ider  t h e  average tempe- 

r a t u r e  t r a n s i e n t s  i n  t he  two simple c a s e s  i n  which t h e  power, P, 

changes a s  a s t e p  [ ~ ~ ~ * 1 ( 7 ) ]  and as a  pu l s e  f u n c t i o n  [H*~(T)] , H be- 

i n g  t h e  energy of t h e  pu l se .  During t h e  t r a n s i e n t s  under cons ide r a t i on ,  

i t  has  been supposed t h a t  the  coo lan t  temperature ,  Q , is  cons tan t .  

We have from (22)  i n  t h e  case  of t h e  s t e p  func t i on :  

V be ing  t h e  volume of f u e l  i n  r e a c t o r .  
f 

From (22) and (28)  i n  t h e  ca se  of t h e  pu l s e  f u n c t i o n  we have: 

2hVf 
Fig.17 shows t h e  f u n c t i o n  - 1 -1 1 

 RAP^ A T ~ ~ ~ T )  = L [: F,,(")] . 
2hVf Fig.18 shows t h e  func t i on  V- 

1 bTav(T) = L-'[F (611 . av  



Both t h e  f i g u r e s  a r e  r e f e r r e d  t o  t h e  S e f o r  c a s e  (y=0.07).  Both t h e  

f i g u r e s  have on t h e  h o r i z o n t a l  a x i s  t h e  normal ized  t ime s c a l e  and t h e  

r e a l  t ime s c a l e .  The v e r t i c a l  a x i s  of f i a . 1 7  has  t h e  s c a l e  r e l a t i v e  - .  

t o  L-~[* F ,~(S)]  and t h a t  r e l a t i v e  t o  *TaJhP i n  OC/EIW. The v e r t i c a l  

a x i s  of f i g . 1 8  h a s  t h e  s c a l e  r e l a t i v e  t o  L - ' ~ ~ ~ ( S ) ]  and t h a t  r e l a t i v e  
0 t o  ATavfl i n  C/MW s e c .  

F ig .21  and 22 show r e s p e c t i v e l y  ampl i tude  and phase of t h e  f r equency  
1 

reeponse  of t h e  f u n c t i o n  - F (6 )  and i ts  approx imat ions  which e n t e r  
6 

i n  (190) .  

The upper  and lower  approx imat ions  w i t h  e x p o n e n t i a l s  have been  c a l c u -  

1 a t e d . a c c o r d i n g  t o  (65)  and (66) .  The f r equency  re sponse  i s  b e t t e r  

approximated by i n c r e a s i n g  t h e  number t t n t t  of e x p o n e n t i a l s  ( f i g . 2 1  and 

22) .  

Fig.23 and 24 show t h e  c a s e  y=0.35 and f i g s . 2 5  and 26 t h e  c a s e  y=0.01. 

These two v a l u e s  of y  have been chosen a s  l i m i t i n g  v a l u e s  of t h e  r ange  

i n  which y can  v e r y  depending on t h e  u n c e r t a i n t y  of t h e  h e a t  t r a n s f e r  

c h a r a c t e r i s t i c s  of a  power r e a c t o r .  P a r t i c u l a r l y  t h e  h e a t  t r a n s f e r  

c o n s t a n t  "ht' can  have v e r y  d i f f e r e n t  v a l u e s  depending mainly  on t h e  

model used  t o  c a l c u l a t e  t h e  h e a t  t r a n s f e r  c o e f f i c i e n t  f u e l  t o  c l a d d i n g  

( g a p  c o n d u c t i o n  o r  c o n t a c t  conductance  model)  
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Appendix 1 - S o l u t i o n  of t h e  h e a t  ba lance  equa t ion  

The Laplace t r ans fo rm of t h e  h e a t  ba lance  equa t ion  i s  (eq.13 of par .2)  : 

and t h e  boundary c o n d i t i o n s  a r e  (eqs.14 and 15 of pa r .2 ) :  

A 
w i th  y = - 2hR 

The s o l u t i o n  of equa t ion  ( 1 )  is:  

where t h e  symbols J and K i n d i c a t e  B e s s e l  f u n c t i o n s  r e s p e c t i v e l y  of 

f i r s t  and second kind.  

Boundary c o n d i t i o n  ( 2 )  g ives :  

and t h e r e f o r e  ( 5 )  becomes 

D i f f e r e n t i a t i n g  equa t ion  (7) ,  we o b t a i n :  

The r a t i o  between (7) and (8 )  gives :  



where : 

2 J o ( y 6 6  
Z(y 6) = - 

2y - Jl(y c61 

Taking i n t o  account ( g ) ,  ( 3 )  becomes: 

R 1 
A q f ]  = - 5 ( A T *  S - A@*]  

and t h e r e f o r e :  

* * R * 
ATs  = Gs(6) AO' + ~ i ;  ~ ~ ( 6 )  A q  

where : 

and 

From (7)  and ( 1 2 ) ,  we o b t a i n  ( p u t t i n g  y = 1) : 

G (6) * R 1 G (6) s s * 
A = A Q -  

J ( 6 6 )  2h Y 6  J ( F 6 )  
A q  

0 0 

In t roduc ing  (15) i n  (7 ) ,  w e  have: 

where : 

and 



Appendix 2 - Calculation of the average temperature variation 

The average temperature is given by the following formula: 

Taking into account equations (17) and (18) of ~ p ~ e n d i x  1, we can 

write: 

where : 

Appendix 3 - Solution of the characteristic equation 

The characteristic equation is the following: 

with: 

Equation (1) can be written as follows: 



It is: 

where \(b, a r e  t h e  r e a l  z e r o s  of  t h e  B e s s e l  f u n c t i o n  J . 
1 

Equa t ion  ( 3 )  c a n  be w r i t t e n :  

w i t h  a l l  t h e  bn r e a l  and p o s i t i v e .  

I f  6 =  X + i y  i s  a r o o t  of e q u a t i o n  (5 ) ,  t h e n ,  p u t t i n g  i t  i n  (51, t h e  

imag ina ry  p a r t  must b e  e q u a l  t o  z e r o ,  t h a t  is: 

Equa t ion  ( 6 )  i s  s a t i s f i e d  on ly  i f :  

From ( 7 )  we c a n  conclude  t h a t  a l l  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  

e q u a t i o n  ( 1 )  a r e  r e a l . . S i n c e  t h e  c o e f f i c i e n t s  of  e q u a t i o n  ( 1 )  a r e  a l l  

p o s i t i v e ,  t h e  r o o t s  w i l l  a l s o  b e  a l l  n e g a t i v e .  

Fig.27 shows t h e  f u n c t i o n  Z ( 6 )  p l o t t e d  a g a i n s t  n e g a t i v e  v a l u e s  o f 6  

on l o g a r i t h m i c  s c a l e s .  The r o o t s  a r e  g i v e n  by  t h e  i n t e r s e c t i o n  of 

t h e  c u r v e  Z ( 6 )  w i t h  t h e  h o r i z o n t a l  l i n e s  y = c o n s t a n t .  

E q . ( l )  h a s  been  programmed on a d i g i t a l  computer IBM 7070 and i t s  

r o o t s ,  - g  , have been c a l c u l a t e d  up  t o  t h e  v a l u e  n=20 f o r  v a l u e s  of  
-4 

y between 10 and 10.  

- 
Fig .2  shows t h e  no rma l i zed  v a l u e s ,  'n ' as f u n c t i o n  of  y .  

The r e l a t i o n s h i p  between 6n and zn i s  t h e  f o l l o w i n g :  



where c and 6 a r e  r e s p e c t i v e l y  t h e  n- th  z e ro s  of t h e  Bes se l  
n  

f unc t i ons  J and Jl. The va lue s  of t h e  c o e f f i c i e n t s  an and bn a r e  
0 

g iven i n  t a b l e  1. 

It i s  i n t e r e s t i n g  t o  know t h a t  

I l i m  6- = - 
Y 

and t h e r e f o r e  

l 
l i m  5 = - 

1 a.Y 

being b  - 0 ( t a b l e  1 )  
1 - 

Appendix 4 - Evaluat ion of t h e  c o e f f i c i e n t s  a s s o c i a t e d  t o  t h e  s e r i e s  

of exponen t i a l s  

We s h a l l  s t a r t  wi th  t h e  c o e f f i c i e n t s  hSn from eq.(29) par.3.  CS,, i s  

c a l c u l a t e d  i n  t h e  fo l lowing  way: 

( 1  + 6) J (G) - 1 
= l i m  c n  o  = J (5) 6, - - 
6- -a', Jo (m)  - 2 ~  n J 1 ( m )  o n  

J1(Q + y J O ( q )  
2% 



With r e f e r ence  t o  e q . ( l )  i n  Appendix 3 

t h e  f i n a l  express ion is: 

We ob ta in :  

a )  from eqs . (24)  and (39)  

b )  from eqs.(25) and (31)  

C )  from eqs.(26) and (32)  

d) from eqs.(28) and (36)  
,- 

e )  from e q s . ( l 7 ) ,  (25)  and (33) 

f )  from e q s . ( l 9 ) ,  (33) and (34)  

1 
l+ - 4 v 1 J ( y 6 - )  

4y E J(yG) = 
0 € = 

n 2 cn o n  2  ( 9 )  
l - y  +4y Gn(0.25+y ~ ~ ( 6 )  



Appendix 5 - Antitransformatioh by using for ~ ( 6 )  the approximate 

expression R(C) 

From (73)  of par.6, it is: 

(1) can be written as follows: 

where : 
7 

Taking into account that: 



We obtain: 

( 9 )  and (10) have been calculated according to Bibl.5, vol.l,p.235, 

Nr.22. 

1 F (6) can be calculated in the The antitransformed of g ~ ~ ( 6 )  and 7 av 
-1 1 

sane way or by integration of L ( l i  G s ( b ) )  in the time domain using 

respectively eqs.(2k) and (28) of par.2. 
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T a b l e  l 

R e l a t i o n s h i p  between t h e  z e r o s  "Sn" and t h e  no rma l i zed  z e r o s  "8" of 

t h e  c h a r a c t e r i s t i c  e q u a t i o n  

\/;;;;= n- th  z e r o  of t h e  B e s s e l  f u n c t i o n  J 
0 

V b  = n-th z e r o  of  t h e  B e s s e l  f u n c t i o n  J1 n  


