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Abstract

To inérease the avéilabiiity bf & power plant means also to inveést mofe ﬁOney
in the plant. A criterion to treizh the impfoved availabiiity aghinst the in-
creased plant cost is therefore ﬁeeded. Yor this reason, the anhual loss func-
tion of a power plant is introduced: the minimum of this fﬁnctibn gives the
best balance between improved availability and increased plant cost. The Safety
requirement is a constraint to the problem of finding the minimum of tﬁe fuﬁc—
tion. The mathematical expressions to calculate the annual loss fuhction aré
derived, and a numerical example is alsc included. Some gemeral probabilistic

considerations on reactor containers are also discussed.
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i. Introductigﬁ

One of the proﬁlems, with vhich the desigher of eleétric power plants is Eaced,
is that of construptipg the plant in such a way that it can fuﬁction(égfgiy
and économicaliy. To increase the degree of séfety of a plant igrpaiqvalways
by making it té function less economically. Ig fact the safest plant is tHat

which is always in shut down, which means that it does not function at all.

During normal oﬁerafiéh, it can happen that the plant, dué to the failite of
one of its parts, poes to shut down, and does not produce electricity during
the time in which is being repaired. This results in a loss of money for the
company which owns the plant. This consideration should drive the designer to
design a better plant, in which the failure procbability of its parts is reduced.

But to design a more reliable plant means also to invest more money in it.

Trom what we have said, one can already conclude that the designer must weigh
the improvement obtained in the plant availability against the increased plant
cost. Scope of this report is to give the criteria which allow to find this

optimum value of the plant availability, and, at the same time, to satisfy the

safety requirements given by the safety committee.



2. Fundamental concents. Different types of failures.

From an operational point of view,K we can think that a plant consists of two

ce
i

in
systems: the “Functional System” and the “Safety System”.

The "Functional System” is that part of the plant which performs the function
of the plant, that is to produce electricity. The ‘Functional System™ includes
those parts of the plant (such as reactor, pumps, heat exchangers, etc.), which

a2ll together allow the plant to produce electricity.

The "Safety System” is that part of the plant which protects the "Functional

System™ against accidents.

For this reason, signals coming from the “Functional System” are continuously

detected by the "Safety System” (fip. 1).

If the signals indicate that a dangerous situation exists, the Safety System

will shut the plant down,

e shall call "Functional Subsystem™ any part of the functional system which,

if it fails, does not allow the plant to perform its function at all, or at
least in a safe way. To illustrate this definition, we shall make two examples.
Let us take the case of a nuclear power plant. The pump of the primary coolant
circuit (fig. 13) is driven by an electric motor vhich is fed from a power
supply. If the power supply fazils, the pump stops, the coolant flow decreases,
and the reactor is not cooled any more. The consequence will be that the heat

is not converted into electricity, which means that the functional system does
not perform its function any more. In addition, since the reactor is not cooled,
the heat produced remains inside it and, if the plant is not shut down, there

59

will be a “disaster” or a big accident” (core melt dowm).

The power supply is therefore a functional subsystem, because its failure does
not allow the plant to function. Let us suppose now that we have two power
supplies, one working and the other in stand-by, connected in such a way that,
if the first fails, it is automatically switched off, while the second is
automatically switched into operation. In this case the functional subsystem
is made of both the power supplies, and each of them will be called "umit”.

The functiomal subsystem fails, if both the units fail.

The second example refers also to the primary coolant circuit of a nuclear
power plant, The bearings of the primary coolant pump (fiz. 13) are cooled

with oil, which is maintained in circulation by means of an oil pump. If the



oil pﬁmﬁ fails, the fuﬁctionai system can continhe still for some time to pro-
duce electricity, but not in 2 safe wa§. tn fact, if the primary coolant pump
is not switched off, the bearings will jam and the pump will fail (loss of
coolant flow accident). The oil pﬁmp is also a functional subsystem and, as

for tﬁé case of the powér supply, we can have an “oil numps subsystem” vhich
consists of two or more oil pumps, that is of two or more units. The functional
subsystems have only one type of failure. This does not mean that they can fail
only in one way, but that their failures have only one consequence, namely that

they bring the plant in a so dangerous situation, that plant shut down is required.

Let us take, for example, a "power supplies subsystem’ consistinz of one unit
only. The modes of failure of the vpower supply are many. but the consequence is
only one: the motor of the primary coolant pump is not driven aﬁy more. The units
of the functional subsystems will be characterized by only one average failure
rate, Ts which takes into account all the failure modes of the unit. If we

indicate with "hF(t)" the total failure probability demsity distribution of the

O
j - n,?(t)dt
i fe] :

unit, we have (Appendix 1)

Oy = r > = i
F mean time between two failures ™ Op v J{ep (0
- A ¥ | + EN
6 |1 I HF(t)dt thF(t)dt
. Yo )
where

t = time
0, = maintenance period, that is time interval between two

preventive replacements (or repairs) of the unit.

If no preventive maintenance is planned (©_==), eq. 1 becomes:

o, = ! 2)

k3, oo
f t h‘;(t)dt

o

The average failure rate, A,. of a functional subsystem depends upon the charac-

teristics of the units vhich form the subsystem and upon the way in vhich these
units are comnected (strategy). The calculation of “A_" as function of the unit
X -

characteristics for different strategies is shown in paragraph 5.4.

The plant will be shut down from time to time to carry out the maintenance of the



big components. This maintenance is called "routine plant maintenance.
t>1

The maintenance period “@F” of a unit belonging to a functional subsystem can
be shorter than thet of the routine plant maintenance®, if the functiomal
subsystem consists at least of two units. In fact, in the case in which the
functional subsystem comsists of one unit only, in order to carry out the

preventive maintenance of the unit, it 1s necessary to shut the plant down.

The safety system too can be divided in “Safety Subsystems™. Tor a better under-
standing, we shall illustrate a particular case. Fié. 2 shows a schematic block

diagram of some safety subsystems, which protect the reactor of a nuclear power

plant against accidents. In 2 safety system we can distinguish three types of

subsystems and exactly

Subsystems S1!, S12, £13. They measure some parameters (such as

power, temperatures, pressures, etc.) of the functional system,
and, on the basis of these measurements, decide wether or not

to shut the plant down.

Subsystem S14. It is an intermediate relays network, which receives

the dicision taken by the previous subsystems, and transmit it to

the following subsystem.

Subsystem S15. It is a structure of actuators. The actuators are the

organs, which carry out the decision received from the relays net-
work. In the case of a nuclear reactor. the actuators would be the
safety rods and its associated mechanisms. In the case of a pump,

the actuators would be the electric switches vwhich connect the pump

motor to the power supply.

With reference to fig. 2, let us suppose that the power supplies subsystem (which:

feeds the motor of the primary cocolant pump) fails. The loss of voltage to the
k1]
S11

14 ¥3,
kSll out of the nSIl

voltage correctly, the decision to shut the reactor down will be gziven to £14.

motor will be measured by the n measuring channels which are connected in
y L)

7% 1

such a way that, if at least units measure the loss of

”kcl]" units, at:the time of the loss of voltage accident,
pue

nust not have already failed in such a way that they cannot detect the accident

This means that at least

any more. We shall call with failure type "a" that type of failure which makes
the unit {of a safety subsystem) unable to function correctly when the accident
occurs, The subsystem S14 operates in a similar way. When S14 receives the shut

. 3 f ot . a 2 N £ £ 38 T
down decision from Sl1i (O?,§12,ofﬁf1%?f }?,7;§léwﬂoutﬂ9ﬁﬁfﬁgwggsléf 77777




operate correctly, it will transmit this decision to sdbsystem S15. Finally, if

"kSIS" control rods will drop inside thé reactor, no big accident will take place
and the reactor will be shut down. If instead, at the time of the loss of voltage

accident,

(3)

out of the ”nSIIH units don't measure the loss of voltage correctly, no decision
to shut the reactor down is given to subsystem S14. In this case, since tlie
primary coolant pump will stop, the primary coolant flow will decrease, and

this will be detected by the measuring channels of subsystem S12, which operates
in a way similar to S11. If alsc subsystem S12 fails to shut the reactor down,
the reactor outlet coolant temperature will increase, and this will be detected
by the measuring channels of subsystem S13, which operates in z way similar to
S11 and S12. If also subsystem S13 fails to shut the reactor down, there will

be a big accident (core melt down).

The big accident (or "disaster”) will take place also in the cases in which
subsystems S14 and S15 fail to operate correctly, when they are required to shut

the reactor dowm.

It can also happen that “k_, " out of the “n_. . " units detect the loss of voltage

s11 211 :
to the pump motor, when no loss of voltage exists (failure type b). In this case

the reactor would be erroneously shut down (false trip).

From what we have said above, we can conclude that the units of a safety sub-

system can have two types of failures: failure type "a" and failure type "b".

Failure type "a" is that type of failure, which makes the unit unable to operate

when it is asked to operate.

Failure type "b" is that type of failure, which makes the unit to operate, when

it is not asked to operate.

For a relay mounted in such a way, that its contacts are asked to open when
there is a danger, the failure type "2" would occur if the relay becomes unable
to open its contacts when it is asked to do it. The failure type "b" would in-

stead take place, if the relay contacts open without being asked to open.

The units of the safety subsystems will be therefore characterized by two average
failure-rates one, pg» related to failure type “a’ and the other, Ogs to failure

type nps



In order to find out that a2 unit of a safety subsystem is failed with failure

13 9 1]

type "a", it is necessary to test it from time to time. Let us indicate with
"TS" the checking period (that is the time interval between two tests), with
hl(t) the failure type "a" probability density distribution of the unit and

w;th hg(t) the failure type "b" probability density distribution of the unit.

Je have (Appendix 2)

1
| es(1+aS/rS) | t(1+62/TS)
hé(t) 1= J{ hg(t)dt dt
[o]

o
Pa = (4)
8 GS ] ! OS )
Oq {1 hs(t)dt + J t h_(t)dt
5 : S

o . o
and

)

Og(1+85/7g) £(1464/73)
hg(t) l-dj’ hé(t)dt dt
,L o -
Oq = 5)
S Gs } es )
- ho(t)de | + t ho(t)de

) = ’ o '

where
GS = maintenance period, that is time interval between two preventive
replacements (or repairs).
Gé = const.
Gg = const.

h(t)= total failure probability density distribution given by eq. 5 in

Appendix 2,

Fig. 3 shows the qualitative behaviour of p, and ©

as functions of "6_." and "t.".
S

S

It is understandable that the shorter is O_, and the longer is Tgo the smaller.

are o, and pS°

g

A safety subsystem is characterized by two parameters

(i) the reduction coefficient “Ké'for failure type

and (ii) the average failure rate "

w

Ao for failure type "b'.
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if a functiondl subsystem fails (for example the power supplies Subsystem),
there is a certain probablli;y that one of the safety subsystens which should
cbbperate to shut the reaétor down (for example S14) has aiready failed with

" 2] 31

B S
to the safety subsystem) have failed with failure type "a%. If ”A " is the

failure type . This would happen if "m,” out of the “n." units (belonging
failure rate of the functional subsystem, the rate of occurrence "u" of the
event, that, the safety subsystem fails before the functional subsysten does,

is given by (Appendix 3)

u = KSAF (6)
where
Pg
@)t (pgT)
X = TG 0
gD (agmg)!
and
Pg = unit average failure rate for failure type "a" given by eq. 4
ng = number of the units belonging to the safety subsystem
ng = number of the units which must fail in order to make the
safety subsystem to fail (failure type "a")
Tg = checking period,

iy WF

Figs. 4, 5 and 6 show the reduction coefficient "o as function of "p .1

P55

for different values of n "

1 I
g and "'m,

If we now ask for the rate of occurrence '‘v¥

, of the event that two safety
subsystems (i and j) fail before the functional subsystem fail, we have

(Appendix 3)

v Si Sj KSIKSJAF )
where

Fg; = reduction coefficient of the safety subsystem “'i"

KSj = reduction coefficient of the safety subsystem “j"

1 i = coupling coefficient



w1y -

HSi;Sj is given by
(. +1) (g, +1)
B1585 = T o) ®)
’ P51 "5
For the case of "N safety subsystems we have
3
= 7 3
V= Ap ) T Rey 1 Bgys2,. .90 (10)
i=] ‘
i
where T @noi+1)
. _i=1  °
BS1s82;5.. 580 = W an
I + ‘Z Mg.
i=1

The failure rate "A_."” for failure type "b" of a safety subsystem is given by

(Appendix 4)

3

s
s " -1 i o, (12)
S uC’ 13 ( ""1"’ ®
e
o . . al
i=o s q=ns—»s+]+1
vhere
Og = unit average failure rate for failure type " given by eq. 5
QS = number of units which must fail (failure type "b’’) in order to
make the safety subsystem to fail.
Mg = average repair rate of a unit, equal to the reciprocal cf the
mean time needed to repair the unit. (defined by eg. 13)
1
B, = (13)

o [¢+]
f t gs(t)dt
o]

where gs(t) is the repair probability density distribution of a unit.

Since u. /o, is usually extremely larce, eq. 12 can be written as follows
g/% y v g q

q
n ! og
(

s © (ns-ﬁs)! (14)

A
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For safety subsystems like structures of measuring channels or relays networks,

we have always
RS = kS = ns+l-ms (15)

For the safety actuators subsystems, we can have either eq. 15 or
25 # ks (16)

In the case of the reactor actuators subsystem (S15 in fig. 2), if one control

rod alone is sufficient to reduce the reactor power to a low value, we have

fgy5 =1 (17)

and therefore from eq. 12

A (13)

s15 = "s15 %si5



3. A simple model. The apnual loss function ¥Z%,

In order to understand the type of problem which we intend to solve, let us

start to consider a very simplified model of the electric plant.

At a given time the plant can be only in ome of the following states

State ‘0% The plant is in "normal operation’ which means
] 7w
Normal Operation . . .
per that it is producing electric power,

¥ 1

State 1" The plant ie in “shut down”, which means that

" 13
' Shut Dowm Pr s — “
t it is not producing electric power, but that

it can be repaired znd started up again.

=

State ''27 The plant is in the “disaster” state which means
it gt .

Disaster that it is 20 heavily damaged (as a consequence
of a big accident), that it cannot be repaired

any more,

Fig. 7 shows a schematic flow diagram of the various states of the plant.
The plant, 2s seen in paragraph 2, consists of the "functional system” and
of the "safety system”., A failure of the "functional system™ leads to a "big

accident”, if the safety system does not shut the plant down.
The plant goes from staze "0" to state "1” in the two following cases:

a) failure of the “functional system” followed by a correct action

of the safety system.

b) false trip, due to a failure of the safety system. This means
that the safety system shuts the plant down while the functional
system is operating correctly. We have called this type of failure

See ¥V
ke

of the safety system failure type

The plant goes from state "0 to state "2" (disaster) when the functional system

fails and the safety system does not shut the plant dowm. e have called this

type of the failure of the safety system faklure type "a".

We introduce now the following symbols
N (t) = probability that the system is in state "0" at time “t"
5 Y y

Q,(t) = probability that the system is in state "1" at time "t"

Q,(t) = probability that the system is in state "2" at time "t”

A

7 failure rate of the functional system



KS = reduction coefficient of the safety system

¥ = plant repair rate, that is the reciprocal of the mean
time needed to repair the plant

A, = rate of occurrence of a false trip.

g

The rate of occurrence “ud" that a big accident occurs (safety system fails with

"a¥ before the functional system fails) will be given by

failure type
Vg = Eghg ¢)

The rate of occurrence “v’, that the plant goes to shut down as a consequence

of the failure of the functional system, is

v = (17K, (2)
Since "KS" is very small (<10_5)9 eq. 2 can be written

v o= A? (3)
Typical values for Aps Ass ¥ and KS are the following

Ap = 0.1 % l/year %)

Ag = 0.01.% 0.05/year (5)

¥ = 10 + 100/years (6)

% < 1672 N

From 4 to 7, we get the expression & which holds in the practical cases

¥ > A, + 2 )

In the following analytical treatment, we suppose that A, AS and Y are constant.
This means that failure and repair probability demsity distributions are supposed

to be expomential.

The following equations can be written (fig. 7)

T = ~Og+A S_+1<SAF)QO+WQ1 €))
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déi

T T O Ty (10)

dQé

- KM an
where. £ jfidicates the time.

Cniy three of the four equationé 9, 10, 11 and 12 are independent. For instance,

&f. 11 can be easily obtained from eqs. 9, 10 and 12.
. The solution of the system of egs. 9, 10 and 12 is déééiibed in Appendix 5.

Here we write the approximate expressitm of "Qo“ under the condition that the
expression 8 is satisfied

—

’ ¥ AF+AQ
N ~ d - -7
% 1W+Au+*5 + W+AF+AS exp { (W+AF+AS)t}}exp( LSAFt) (13)

PN

Eg. 13 can be written as follows

QO =2 A o R (14)
where
A+A
¥ F '8
A= + exp { =~(¥+)_#1 )t } (15)
W+AF+AS Y+AF+ s F 'S
and
R = exp(-Kohot) (16)

"A" is a function which has the following characteristics

[A]t=o =1 a7
and

lim A = “Fﬁ%- =—A°° ) (33)

t>oo TS

Due to the large values of "¥" (eq. 6), "A" reaches A_ in a very short period

of time.

A
et
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For "R" we have instead

[l = (19)
aid

lifh R = 0 (20)

t—)co

Due to the very small values of Rodps “R" is practically equal to 1" for the

all plant lifetime. We have therefore that the average plant availability "A"

during the time interval "t” is given by

t t
E=1 =1 - - 1 -
A= S fg Q. dt = : jo Adt = A +(1-A)) TR t [1-exp{~ (‘{’-i-)\ +2 )t}] 21

For a time interval

1

eq, 21 becomes

A = —t
A=A, =y (23)
¥ S
YA'" is called point availability and A_ asymptotic availability. "A " can also
be expressed as follows

A = operation time (24)
%  operation time + repair time

It is very interesting to notice that the point availability "A", given by eq. 15,
would be the exact solution of the system of egs. 9 to 12 in the particular case
KS=0, that is when we suppose that the probability of the plant to be in the
absorbing state (disaster) is equal to zero.

Appendix 6 shows that egs 23 is valid also in the case in which failure and
repair probability demnsity distributions are not exponential. In this case Y,

AFﬂ AS are only average values.

"1-A " is called "unavailability” and we shall indicate it with the symbol "U"

+A
F S
U= l=A = e (25)
. o w+AF+AS
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We shall now introduce the annual loss function "2,

When the plant is in shut down, it does not produce electricity. The expected

amount of money lost in a year because of the unavailability of the plant is
PTyU (26)
where

= pover of the plant (W)

g~
L5

T < Hitiber 6f hotks in a year, during which the plant is
planned to be in opération (hrs)

price of the kWh minus price of the fuel whiéh produces
a kWh.

-2
]

We shall call the quantity given by-eq. 26: annual unavailability cost.

The value of "y" is very difficult to estimate. It depends upon many factors
such as the possibility to increase the load of other plants, or to buy the
energy from another electricity producer. The price of the kWh, due to the
"unavailability" of the plant occurred during the day, will be different from
that due to the "unavailability” occurred during the night.

The evaluation of "y" is by itself a big problem which exceeds the limits of

this report. We shall suppose that y has been elsevhere already evaluated.

Some money will be lost, to repair and start the plant up after a failure is
occurred. We shall indicate this amount of money with "8". The expected total

amount of money lost in a year for repair and start-up will be

S(AF+AS) 27)

We shall call the quantity given by eq. 27: annual shut down cost.

We shall indicate with "C" the annual subsystems cost, that is the cost per

year of all those parts of the plant which contribute to its "'unavailability®.
This cost will include the capital costs per year for design, comstruction

and installation, the operation costs, and the maintenance costs.

We can now calculate the expected amount of money lost in a year "2 (annual
loss function). Taking into account eqs. 26 and 27, and the definition of "C",

we can write

Z=PTyU + B(A;+A) + C (28)
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From eqs. 25 and 28 we get finally

PTy
Prig+hg

4]

+ 8 (AF+AS)«+ c (29)

We notice that the first term (on the right side of eq. 29) is a function which

increases with "M #A.". The term "C" will instead decrease with "A_+)A.", for

S a »
the simple reason that the less the parts of the plant will fail, the more

they will cost.

The function "Z", being the sum of two terms, one increasing and the other

decreasing with ”AQ+AS”S will have a minimum. We skall indicate with

(x and (AS)

F)opt opt

which'give the minimum value of "z" (Zmi Y.

respectively the values of hy and A o

S

The problem, vhich the designer must solve, is to find (Xﬂ)opt’

Zmin' Let us suppose that we have already found these values.

(ks)opt and

We can now define a second problem. The safety committee requires that; for

safety reasons, the rate of occurrence of a big a¢cident’(KaAn) should not
[

1 i

exceed a value Yoox which is fixed by the safety regulations. We can write
therefore
v, = KA, < u (30)

d SF max

For (}\F)opts eq. 30 will become
v _
Ky < ot | (31)
8 (AF)opt

The safety system must be designed in such a way, that its reduction coefficient
"KS" does not exceed the limit value given by the expression 31. In effect, the
fullfillment of 3! will have a feedback to the evaluation of Zmin because “AS”
depends too on the characteristics of the safety system. Condition 31 must

therefore be regardéd as a constraint to the problem to minimize "Z¥. This will
become clearer with the numerical example which will be shown in the following

paragraph.
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4, A numerical example

We shall suppose that all the functional subsystems are 100 Z reliable with
the exception of the power supply subsystem9 which feeds the motor of the pump

in the primary coolant citcuit of a nuclear reactor plant.

We shall also suppose that only the measurlng channeis of ‘the voltage to the

pump motor can faii9 while the other safety subsystems cannot fail.

If the power sﬁpply subsysten fails, the pump stops and the reactdbr is hot
cooled any mofeo If, in é&&ltlon, the safety subsysteh fails to shut the reac~
tor down {(failure t&pe W3y, there will be a big deéident (cora melt dowm),

The plant can go from state "O" (fig. 7) to state ”1“ in the tvo follcwing cases

(1) failure of the power supply subsystem followed by a égﬁféb%

action of the voltage measuring channels
(i1) failure type “b" (false trip) of the voltage measuring channels.

Ve shall suppose that the mean time "1/¥" and the shut down cost "8" to repair

the plant will be the same for both the cases.

The annual loss function "Z" will be

PTy
Z = (wx +>\ + s) (}\F-MS) + C + Cg (1)
where
AF = failure rate of the power supply subsystem
AS = failure rate of the motor voltage measuring channels
(failure type "b").
CF = annual cost of the power supply subsystem
C. = annual cost of the motor voltage measuring channels,

5
Since we have

¥ o> }‘Fﬂs (2)

eq. 1 can be simplified as follows

_{2Ty . . '
A =g+ 8 (AF+AS)+CF+CS (3)



Eq. 3 can still be written in a different way

Z = Zg + I %)
where - —

z, = | BT 8|+ G 5)
and : ':

Zg = z—%¥1 + B |2+ Cg (6)

Let us suppose that the constraint given by the safety committee is

vg = KSAF <UL T lo_glyear (7
The "power supply subsystem” consists of “n." units, one of which is working and
the others are in stand-by. hen the workiné unit fails, it is automatically
switched off, while one of the stand-by units is switched into operation. The
power supply subsystem will fail if all the "n_ " units fail before the repair
of the first has been completed. We shall supp;se in our example that the
automatic switch cannot fail. We have {eq. 20 of para 5.4 and Appendix 7

paré A7.2) '

n"ﬂ
o =
bl
A = e )
2 y 1)
s
where
op = average failure rate of a power supply unit ()
My = average repair rate of a pover supply unit (10)
We have also
CF = nyéy (n
where
cp = annual cost of a power supply umit (12)

Let us suppose that only three types of power supplies are available on the

market and that they lie on the following curve (fig. 3)
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AH

Fig. 9 shows "ZF" as function of "UF" for different values of "nF".
To calculate the curves of fig. 9 we have used the followihg numerical

values for the known parameters '
by = lOZ/years ; (1h)

6

= 2+10° D.M. (15)

The "Safety subsystem" (measuring channels) consists of “ns" units all
in active redundancy. The network is built in such a way that, if the
voltage to the stator fails, and ”ms" out of the "ns" units also fail
(failure type "a"), the safety system will not shut the reactor down and

there will be a big accident (reactor melt down).

For the "gsafety subsysten! we have the following expressions (para. 2

eqs. 7, 13)

m
(ng) 1 (pgrg) °

%5 = TageD Tlag-ny)T (16)
L
(ng)! og S (17
Ay = - 17
s~ (ng-2)! " (£g-1)
S
Since we have (eq. 14 of para. 2)
Q-s:ns-l-l-ms (18)
eq. 17 becomes
(n +1-m,)
(ndt  og 8 S
A (19)

s~ (mg-1)! us(ns-mg)

The symbols of egs. 16 to 19 have the following meaning

DS = unit failure rate for failure type "a"
TS = checking period
Og = unit failure rate for failure type "b"

B = unit repair rate, that is reciprocal of the mean time to

repair a unit after a failure type "b"



24 = number of units which must fail in order to make the

subsystem to fail (failure type "b'!)

The cost "C." of the safety subsystem is given by

03 = ns CS (20)
where
cS = annual cost of a unit
Taking into account eq. 16, the constraint 7 becomes
fg
i L -
(ng)t(pgg) Vmax 1072
K = D o ? - e = (21)
S S 78 F F S )

For the sake of simplicity, we shall suppose that only one type of measuring

channel is available on the market and that ”TS“ has already been chosen.

For the designer therefore, the following values will be fixed

og = 1/year (22)
_ 10"3 .
PgTg = 10 (23)
L
By = 10'/year (24)
cg = 102 D.M./year (25)

Fig. 10 shows the limit curve

-9
- 10 7 o (26)

max XF

as function of "AF”.

The following two tables give "A " (eq. 19); Zg (eq. 6) and Lo (eq. 16)

as functions of "ms" and ”ns”



Table 1
ms = 2
"5 rs o | % Ks
(years . ) (D.M,/year) 1
| " 4
3 6:207" 1.5410° 1076
b} o2.4-1077 4+10° 511076
5 | 1.2:107° | 5.10° 3.33.10"
6 | 7.20107 | 6-102 5.1076
Table 2
m. =1
s ]
- +
ng KS N ZS ] KS i
(year ) (D.M./year)
2 107" [ 2.10° 1072 '
3 6-10"8  3.10° 1.5-107°
4 240107 | 4102 2.1072
5 1.2:10° | 50102 2.5.107°

From the analysis of figs. 9 and 10 and of the tables 1 and 2, we can

easily conclude that the designer will obtain the minimal annual loss

131 . 1
min ?

and at the same time will satisfy the constraint given by the

safety committee, 1f he will take the following decisions:

(1)

he chooses, among all the types of power supply units

available on the market, the type No. 2 which is

characterized by

and

Op

<

F

i

0.1/years

11°000 D.M./year

(27)

(28)
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(ii) he decides to have one powér supply unit workinc and the other

in stand-by, that is

n, =2 (29)

(iii) he decides to have 4 measuring channels so connected that 3¢
2

of them must fail (failure type 'b") in order to sive a false

trip.
n, =4 (39)
mg = 2 (31)
Hith the numerical wvalues 27, 22, 29, 30 and 31, wve get
A, = 10-4/year (32)
Z, = 22°000 D.}M./year (33)
Zg = 400 D.l. /year (34)
Z=ZF+ZS=22°4QO D.ile[year (35)
and
] _ -10 -9
&SAF = 2+10 " “/year < 10 " /year ; (36)
It is very interesting to notice from egs. 33 and 34 that
7 <<Z (37)

8 F

which means that the minimum of the partial annual loss "ZS" of a safety sub-
syster is much smaller than that of the partial anmnual loss "Z," of a functional

subsysten.
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5. The annual loss 2" as function of the characteristics of the units of the

plant

5.1 Generals

$ier??
&

The aanual loss function is given by the sum of three terms

Z=7PWU+3+C (N

"PTyU" is the "annual unavailability cost™, and represents the expected
amount of money lost each year, because of the unavailability of

the plant.

iph is the “annual shut dowm cost’, and represents the expected amount
cf money needed each year to repair the plant any time shut dowm

occurs and to bring it back into normal operatiom.

cH is the “annual subsystems cost”, and represents the total cost per
year of all the subsystems which contribute to the plant unavaila~
bility. This cost includes the capital, operation and maintenance

L P

" costs per year of the subsystems.

In the next paragraphs we shall express "Z" as function of the characteristics

of the units of the plant.

5.2 The “plant unavailability'’, U, as function of the characteristics of the

functional and safety subsystems

k)

In paragraph 3 we have defined three possible states of the plant: normal

operation, shut down, and disaster.
In reality the “shut down" state is not only one state, but a collection of
different states which have in common the two following properties
(i) when the »lant is in one of these states, no electric power
is produced

(ii)

t is possible to rerair the plant and to bring it to ‘mormal

o

operation®,

Fig. 11 shows a schematic flow diagram of the various states. They are

o

Ctate 02 normal overation

States | to U shut dovm

State D disaster
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Fach state "i of the "N" shut down states is characterized by the failure rate

11 it

i 2
repair thé plant and to bring it badk inté normal operation.

v the repair rate "Wi“ ahnd the shut dowm cost “Bi“, wHich is the cost to

As seen in paragraph 3, the probability “Qo" that the plant at tire "t" is in
state "O" is given by

o = AR | %
where
R = exp(-udt) (2)

and "A" is the point availability, which is calculated by supposing that the
probability of the plant to be in the absorbing state (disaster state) is

equal to zero.

If we neglect the absorbing state and indicate with ”Si" the probability that
the plant at time "t" is in state "i" (i=1;2...1), we can write the following

equations (fig. 11)

. o o
da _ _ ) -
& - T A L v+ IOWS, 4)
i=1 i=1
ds;
"&'E_' = UiA - ‘yisi (1=l:2;ooal\]) (5)
and
N
IS, =1-4 (6)
i=1

The above "1+2" equations are not all ind€pendent: one of them can be obtained
from the others "i+1". Since we are interested in the asymptotic availability
"A ", we can solve the equations 4 to 6 by putting all the derivatives equal
to O.

From the equations 5 we get

v,
_ i . .o, -
Si':x: - ""}"_." Aw (1"; ._‘,2’.005.!;{) (7)
i
where
5., =5, (=) (3)
Putting the eqs. 7 in 6, we obtain
" Ui
I-A = A, :‘3- v 9



and finally

ey

A
=1 s

We shall now introduce the symbol VA, ” so defined

{oo
¥, ;
i
A [ R
Tie T oy, ey, an
FA

"Aim“ would be equal tc the asymptotic plant availability AT in the particular

case in vhich the state "i" is the only possible shut déwn state, that is when

and

Code
-~

v, =0 (341) (12)

# 0 (13)

=D

R

Taking into account eq. i}, eg. !0 becomes

B W I-A, (14)
30
1+ =
. A,
i=1 i

Introducing the "plant unavailability” U, we get finally from eg. 14

U= (15)

vhere ﬁi is called "partial unavailability" and it is given by

v,

¥ =1 = = e

Ji ) Aim v, Y, (16)
I 1

Eqs. 15 and 16 have been obtalned for constant values of vy and Wi, This corres~

ponds to the case in whick the failure probability density distribution "fi(t)”

and the rapair probability deasity dietribution “wi(t)” are both exponential.

However, due to the conclusions zeached in Appendix 6, these two equations

are alsgo valid in the case in which

In this last cagse v,

£,{:}" and "wi(t)" are not exponential.

"y Y oand N\i"e"

is =

are average values given respectively by egs.

5 and & of para £6.7.
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If one thinks to all the possiﬁle'hombinationé of failu%es among functional

and safety subsystems, he would conclude that thé rumber of shut down states

in a plant is tremendously high. For this reasén it is convenient to divide

the shut down states ih groups which are chdsen with a criterionexplained below.

Bq. 15 can be written as folldws

N U
-]-f_J—U= r —- : (17)
i=1 1-U,

Eq. 17 suggests the idea that, to get the unavailability "U." of a group of

3

"partial unavailabilities”, one has to sum the partial unavailabilities in

the following way

o Nj -
1-0, i=1 '1-U,
i it

where

"3" indicates group "j"

"ji" indicates shut dowm state "ji" belonging to group "j"

ﬁji = partial not availability due to shut down state "ji"

H,
J

number of the shut down states belonging to group "j".

Fig. 12 shows a schematic diagram of the major components of a nuclear power
plant. A major component, with associated auxiliary parts to make it to function
and safety subsystems to protect it against accidents, will be called "block".

A "block™ is therefore a group of subsystems. A 'block" will be said unavailable,
when it does not perform the function for which it has been built. For instance,
the primary coolant pump (block Wo. 2) will be not available, if it does not
maintain the primary coolant im circulation. All the partial unavailabilities,
which contribute to the unavailability of a block, will be grouped together to
give the unavailability of the block.

With reference to fig., 12, we can define the following nine blocks

Block Wo. 1 Reactor
Block Ho. 2 Primary Coolant Pump
Block llo. 3 Steam Generator

Block No. 4 Primary Circuit
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Block Ho: 5 Turbine -
Block No. 6 Zlectric Gererator
Block No. 7 Condenser
Block No. 8 Water Pump

Block lo. 9 Secondary Circuit

The division of the plant in blocks is a matter of convenience and is somewhat
arbitrary. The designer may find more convenient to divide the plant in blocks

different from those listed above,

The plant unavailability "U" will be given by:

g piA Uj
S = (19)
j=1 i

where "M" is the total number of the blocks. In the case of fig. 12 we have M=9.
One can also divide the blocks in sub-blocks and these in subsystems.

The "block unavailability" "Uj" will be a function of the "partial unavailabilities"”
t "
Uji
late "Uj".

according to eq. 18. Ve shall now analyse an example to show how to calcu~

Fig. 13 shows a schematic diagram of the primary coolant pump Zﬁlock Ho. 27.

The primary coolant pump is driven by an electric motor, which is fed from the
power supplies subsystem. The pump bearings are cooled with o0il, which is
maintained in circulation by means of the oil pumps subsystem. It is important
to point out that this example is made purposely simple, because we intend to
illustrate the principles and not to solve a practical case. Let us now continue
with our example. The safety system has the purpose to save the major components
(reactor, primary coolant pump) against accidents. It is clear that, from safety
point of view, the reactor will have first priority. This means that, if a
choice must be done between reactor and pump, we shall choose to save the reac-
tor first and after the pump. If the oil pressure decreases, (which is dangerous
for the bearings), it will be detected by the "oil pressure measuring channels"
(821), which will first shut the reactor down (through the intermediate relays
network S14 and the reactor actuators S15) and after will switch the pump drive
motor off (through the intermediate relays network 522 and the pumn actuators
523). This sequence of actions is obtained through a feedback from the reactor

actuators (S15) to the input of the intermediate relays network (522).



If the voltage to tiie punp drive motor Eails, Lhe plme will stop and this will
produce a big zeactor zccident (loss of coolant flow accident). For this reasén
the voltage is measured by the "woltage measuring chanmels® (S11), which will

shut the reactor down through 814 and S15.

The safety system includes alsc two other trips: one for low cocolant flow (S12)

and the other for high raactor outlet coolant temperature (S13).

We shall call "initial event” any failure of a functional subsystem or of a

safety subsystem, which brings the plant to a failed state (shut down ox

disaster). For the sake of simpllcity, we shall suppose that only some of the

¥

functional subsystems belonging to the block NWo. 2 (primary coolant pump) can

“D

fail. They are

Functional Subsystem lWo. F2! = Gil pumps subsysten

Functional Subsystem Ifo. F24 = 0il circuit subsy (oil leakage)
Functicnal Subsystem No. FZ3 = Power supplies subsystenm

A functional subsystem will be indicated with the letter "I followed by two
or more figures, the first figure heing the numbar of the block to which the

functional subsystem balongs.

The safety subsystems, which belong to the bleck Mo, 2, are those which protect

the primary coolant puwp and exactly

it

Bafety Subsystem £21 = measuring channels of oil pressure

]

Safety Subsystem 822 = pump intermsdiate relays network
Safety Subsystem S23 = pump actuators

A safety subsystem will be indicated with the letter "S" followed by two or

more figures, the first figure being the number of the block to which the

safety subsystem belcngs.

The safety subsvstem S21 acts on the intermediate relays network §14 and S22,
and protects both primary coolant pump and reactor against accidents. The
safety subsystem 521 can therefore be assigaed either to the block MNo. 2

(primary coolant pump) or to the block lo. ! that is the reactor.

We have thought to assigne the structure of the oil pressure measuring channels
(821) to the block of the primary ccolant pump (No. 2), because the oil pressur
is strictly related to the good operation of the pump bearings. In this case
the unavailability of the raccter is a consequence of the not availability of

the primary coolant puwmp, because the pump is not allowed to function with



too low oil pressure at the bearings.

The assignement of a safety subsysten to a block instead of another may be a
matter of personal judgement 6f the designer. But the designer must be very
careful, wvhen he makes the division of the plant in blocks, that he does not
assigne ﬁhé same shut down state to twe different blocks. In order to avoid
this errér, he must cheék’tha%h%ist of the shut down states grouped in a
block contains only those having as "initial events™ the failures of the

functionil and safety subsystems whiech he has assigned to the block.
The safety subsystems

811 (measuring channels of stator voltage)

S12 (measuring channels of primary coolant flow)

S13 Gmeésuring channels of reactor outlet temperature)
S14 (reactor intermediate relays network)

515 (reactor actuators)

belong to the reactor block (No. 1) because they protect only the reactor

against accidents.

Now we can illustrate the procedure to calculate the not availability U2 of
block No. 2. The initial events which must be considered are only those linked
to failures of the subéystems belonging to block lioc. 2 and exactly: F21, F22,
F23, 521; 522, S23. For the safety subsystems only the failure type “b¥ can

initiate a shut down.

The shut down states of block 2 are the following

Shut down State No. 21 = 0il pumps subsystem failed
Shut down State Wo. 22 = 0il circuit subsystem failed
Shut down State Ho. 23

Shut down State No. 24

]

Power supplies subsystem failed

Primary coolant pump failed

Shut down State No. 25 = False Trip (failure type "b' of a safety subsystem).

We want to point out that the failure of the primary coolant pump (shut down
state 24) can be due either to the failure of the oil pumps subsystem, or to
that of the oil circuit. Strictly speaking we should have two different shut
down states with primary coolant pump failed. However, since the time needed
to repair the pump is much longer than those needed to repair the oil pumps

and the oil circuit, we can group the two shut down states together in one alone.
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The same considerations have guided us in grouping all the false trips in one

state alone (state 25).

In general we can say that all the shut down stateés, which beiong to the same
block, and which are chgyacterized by the same (or almost the séﬁe) repair rate
"¥'' and shut down cost i‘B"g can be grdupe& in one state alone. This state will
have the same tepait rate add repait cokt; and a féilure rate equal to the sum
of the failure rates of all the shut doim states which have beeh grouped to-

gether,

Fiz. 14 shows the trees to go from the initial events to the shut down states
for block No. 2. Each tree is shown in details from fig. 15 to fig. 19. These
trees give all the minimal paths to go from the initial events to the shut down

state to which the tree refers.

Trom the analysis of these trees, one realizes immediately that, in order to
go to the shut down state, some subsystems are required to fail and some other
safety subsystems are instead required to function. At the time of the failure
of a functional subsystem, the probability that a safety subsystem (related to
it) has not failed is much higher than the probability that it has already
failed. We shall not make therefore any appreciable error in the evaluation of
the failure rate of a minimal path, if we suppose that the safety subsystem,

which is required to function, has a probability equal to 1 to functionm,

The table of fig. 20 shows all the minimal paths of all the trees belonging to
block No. 2. Here, for each minimal path, only the subsystems which are required
734_"

to fail are shown. The minimal paths are shown horizontally: the sign in

the column of a subsystem indicates that the subsystem is required to fail.
For the safety subsystems we have, as usually, the two types of failure "a"

and "b" R
e shall indicate with "'u" the rates of occurrence (or failure rates) of the

minimal paths, with "AF" the failure rates of the functional subsystems and

with "AS" the failure rates type "b" of the safety subsystems.

For the shut down state 21 and 22 (fig. 20) we have respectively

Y1 = Y211 = Mpay (20)
Vog = Yoy = Apao (21
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For the shut down state 23 we have

U =y + v + v (22)

23
Looking at fig. 20, one realizes immediately that the rates of occurrence of
the minimal paths 232 and 233 are much smaller than the rate of occurrence of

the minimal path 231

«<vy

Vaza = Kgyp Va3 KVpg (23)
and

V433 = Hayy.e12°Fe11Re12Y331 <23 (24)

where Ksi and Ry, o are the redubtion cobfficlents respectively of the safety
subsystens S11 and S12 &nd HS“;SIZ

safety subsystems SI1 and S12. Both these coefficients have been defined in

is the coupling coefficient between the
para. 2.
Taking into account 23 and 24, eq. 22 becomes

Vg3 * Ya3; = Apa3 (25)

For the shut down state 24, we notice the following (fig. 20)

Vous = Kar2 Y243 << Vaus (26)
and
Vose = Kg12 Y247 << Va47 (27)
Taking into account 26 and 27, we can write (fig. 20)
Vo ¥ Vasr * V242 * V243 T Vaus * Vase * Vasy (28)
Now we have
Yos1 = Fs22 M2 (29)
= K )
Vosz = Kga3 *pay (30)
= 31)
Vo3 = X521 Mpoi G
v (32)

245 = X520 Apan
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v (33)

246 = X523 *ra2

Uy = Kool A : (34)

247 s21 722

where with "Kg’we have indicated the reduction coefficients of the various

safety subsystems.

Taking into dccount éqs. 29 to 35, eg. 28 becomes

(35)

Vas = Opgp + Agpp) (Rggp + Kgpz * Kgpy)
For the shut down state 25 weAnotice that (fig. 20)

Y254 = K12 V252 V52 (36)
and

V255 = %512 V253 << Vps3 (37
Taking into account the expressions 36 and 37, we can write

V25 = Vzs1 * V52 * V53 @8
Since we have (fig. 20)

V251 = A2 (39)

V252 = *g22 (40)

Y253 = 523 (41)
egq. 38 becomes

Va5 = Aga1 * Agz2 * Ag23 (42)

Eqs. 20, 21, 25, 35 and 42 gives the rates of occurrence of the shut down
states of bleck 2 as function of the characteristics of the functional and

safety subsystems.
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Since the not availability of block No. 2 is given by

g Vgy
Uy, +Y
_i=1 V2Tt
U, = a— (43)
1+ % L
1=1 V21 Y21

we have to calculate all the repair rates "Wzg“.
£

The repair rate "?21“ is the reciprocal of the mean time needed to bring the
power station from shut down state "2i" back into normal operation (state 0).
This mean time must include the time needed to repair the subsystems which

have failed and that needed to start the plant up again. The repair rates are
therefore also very much dependent upon the way in which the repair actions

are carried out and organized (for example upon the number of the repair crews).
Their values must be obtained by collecting and analysing data coming from
experience gained with the operation of previous power plants similar to that

which the designer takes under consideration.

In general for a block "i" having "Nj" shut down states, we can write

p, ==L 31 3 (44)

5.3 The overlarping coefficient. Its definition and its influence on the

"plant unavailability"”

Taking into account that

! 1
u, = = y (l)
average time interval between two shut down states "i" oi

o

and

1

average time needed to bring the plant into operation from shut

- =% (2)
down state iV ri
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the partial unavailability ﬁi (eq. 16 of Bara. 5.2} can also be writtéh as
follows

tei

Ut e @
oi "ri

Putting eq. 3 in eq. 15 of para 5.2, we get for the plant unavailability "U"

u= Nt (4

If we indicate with "To" a long time interval, we have

) To(l-U)

o1 T a2 )
i

where ”ai“ is the expected number of times that the shut down state
"i" occurs in the time interval “TO“. Putting 5 in 4, we get finally

1
&y

[
]
-

I-BQ =3
I

8] (o]

where "Tr” is the total time during which the plant is in shut down. This total

repair time is given, as showm by eq. 6, by summing the lengths of time ”aitri",

111
ri
state "i"., This means that, in the model developed in para 5.2, no overlapping

wvhere "ait is the total length of time spent by the plant in the shut down
among the individual repair times "aitri" has been taken into account. Ve have
practically supposed that a failure of a subsystem creates a situation so

dangerous for the plant, that immediate shut down is required.

ilany times the failure of a subsystem does not bring the power station in a

so dangerous situation that immediate shut down is required. In other words,
there are different degrees of danger. Take, for instance, the case of the pres-
sure of the o0il which cools the bearings of the primary coolant pump (fig. 13).
If a leakage occurs in the oil circuit, the pressure will start to decrease
and, when it falls beyond a certain value, there will be an alarm. The opera-
ting crew will find out what has caused this alarm, and, on the basis of the

evaluation of the amount of oil vhich is being lost from the oil circuit can
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decide either to shut the plant down and to repair the oil circuit immediately,
or to wait for the next routine maintenance. It may happen that, while waiting
for the next routine plant maintenance, the 0il pressure decreases beyond a
value so low that the safety system shuts automatically the plant down. On the
other hand, it may also happen that, while waifing for thé routine plant mainte+
nance, the failure of another subsystem occurs, which shuts the plant down, and

then both the damages will be repaired at the game time

The above considerations bring to the conclusion that the repair times for the
various subsystems may overlap one with anothet. This efféct, as already said,
has not been taken into account in the model described iﬁ para 5.2, The degree
of overlapping depends upon the type of the plant, the repair policy followed

by the crew which operates the plant etc.

It seems convenient therefore to define an “overlapping coefficient”, 5 s to

be determined from operating experience. For the definition of this coefficient
we should refer to the partial unavailabilities ﬁi, Since this would be probably
too complicate because of the large number of shut down states, we shall refer
to the unavailabilities of the blocks. /

With reference to fig. 12, we shall define ”SD“ as follows (according to a defini-

tion suggested by Dr. Vetter and his coworkgré of the R.W.E. Essen)

M U, U
N
4o 170, 170
s T U U, ] ™
Z - oo
g 1705 170
where
U = plant unavailability
Uj = "uynavailability” of block "j"
U = unavailability of the block "m" characterized by having the

maximum among the block unavailabilities "Uj”

=
]

number of blocks (equal to 9 in fig. 12)

From 7 we get

MU,

(8)

™

U
—5 = (I=s)
1-U 2 j=1
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1]

The overlapping coefficient sp" lies always between O and 1

0 <s <1 (9)

s =10 (10)

and eq. & beconmes

2 % U an
1=-U j=1 l-Uj

which is equal to eq; 19 of para 5.2.

The case
s, = ? (12)

corresponds to complete overlapping.

With complete overlapping we mean the case, in which the repairs of the blocks
would be all carried out within the repair time of the block which has the

maximum unavailability Ume

In this case eq. S becomes:

U
L I .
-0 1-0 (13)

5.4 The average failure rate of a2 functional subsystem as function of the

characteristics of its units for different strategies

In paragraph 5.2 we have showm how the "plant unavailability "U" can be expressed
as function of the failure rates "AF" and "Ag" of the functional and safety
subsystems and of the reduction coefficients "KS" of the safety subsystems. Ue

want now to express the failure rate “A." of a functional subsystem as function

¥
of the characteristics of its units. The failure rate ")_" depends also upon
the type of strategy which is adopted. Here we give the results only for a
limited number of strategies. The details of the mathematical developments

are given in Appendix 7.
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5.4.1 Strategy 1: Functional subsystem consisting of a unit only

The subsystem fails if the unit fails we have simply

@F
J( hF(t)dt

- - o
*p = Op o c M
/ X by
OF l—f hE(t)dt +f thF(t)dt
o o
where

t = time

On = average failure rate of the unit

hy(t) =  failure probability density distribution of the unit

O = maintenance period

In the case in which no preventive maintenance is planned (@F = ), eq. 1
becomes

A, =0 = L (2)

T F o
f t hF(t)dt
o]

5.4,2 Strategy 2: Functional subsystem consisting of two units one working and

the other in stand-by. Wo preventive maintenance.

If the working unit fails, it is automatically switched off, while the stand-by
unit is at the same time gutomatically switched into operation. The failed umit,
after repair, is connected again as stand-by unit. The subsystem fails if the

wit, vhich is working, fails before the repair of the other unit has been

completed.
We have

o

p = - i (3)
1 + %
1 - 1lim (hE'GF)

50

where
GF(t) = repair cumulative probability distribution of the umnit =

T
J{ gF(t)dt %)

o]
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gF(t) = repaif probability deﬁéity distribdtion of the unik

, T
S e e (5)
j t hF(t)dt
O
s = complex variable of the Laplace domain

"%" indicates Laplace transformation

For the particulsar case in which the failure probability distribution is

exponential

hp(t) = op exp(-o,t) (6)

eq. 3 becomes

g

Ap = ‘ £ )

1 - jo gF(t) exp(—UFt)dt

If also gF(t) is exponential

g{t) = up exp(-ugt) (8)
we have
o
7
A, = p—————r %
F 2+ uF/oF
where

Up = repair rate of the unit

i

Since uF/oF is usually very large, eq. £ can be written as follows
2
°F
AF L (10)
bp
It is very interesting to remind that eq. 10 holds approximately also in the
case in whicth(t) is not exponential. In this case

My = average repair rate of the unit = ! (11)

ft gF(t)dt
(o]

The demonstration is given in Appendix 7 N\
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5.4i3 Strategy 3: Functional subsystem consisting of two units, one working end

the other in stand-by. Preventive maintenance.

It is similar to strategy No. 2 with the difference that the working unit is

also preventively replaced after having been used a period of time "0, ".
&

We have ;
Op . L
o e— T (12

1 “/f gF(t) exp(—oFt)dt
)

eF
. hF(t)dt
o]

o, = - 13)
F CH O

Op {1- [ hp(edde [+ [ ¢t ho(e)de
‘0 o

The following expression holds, only approximately, in the case that g.(t) is

where

any arbitrary distribution

GFZ
A, = — 14
s (14)
where
op is defined by eq. 14
and My is defined by eq. 11

5.4.4 Strategy 4: Functional subsystem consisting of "n." units:;vkE“ of these

Yunits are working and the others "nF—kw" are in stand-by. Mo

/ preventive maintenance.

If one of the working units fails, it is automatically switched off, while the _
first of the stand-~by units is at the same time automatically switched into
operation and so on. The failed units, after repair, are mounted again as stand-

by units.

The subsystem fails if n_~k_+1 uvnits are failed. We have solved this case only

with hF(t) and gF(t) being both exponential functions. We obtain



Ay = - ¥ ST (15)

= — (16)

Since uF/cF is usually very large, we have also that eq. 15 can be written

approximately
(np-kw+l)
(kgoﬂ) A
Ay = —=—
r (n?—k?) (7
Hp
In the case kF=1’ eq. 17 becomes
o} °r
B
A =~ (18)
i) ) (nF 1)

i1 3

Y units: ’KF of these

5.4.5 Strategy 5: Functional subsystem consisting of "nF
units are working and the others “n,-k." are in stand-by. Pre-

ventive maintenance.

It is similar to strategy No. 4 with the difference that the working units are

also preventively replaced after having been used a period of time "6.".

We have
(n ~k_+1)
(o) ° T
Ap = — (19)
F (k)
ue 00
where o and Mg are given respectively by eqgs. 11 and 14.
For k=1 eq. 19 becomes
n
GFF
)\Fg——(r—!;:l—); (20)

L)

=
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5.5 The reduction and coupling coefficients and the average failure rate of a

safety subsystem as function of the characteristics of its units

The parameters of the safety subsystems have already been defined in para. 3,
wvhere they are given as function of the characteristics of the units which make
the subsystems. Here we repeat only these expressions. The mathematical develop-

ments to obtain them are given in the Appendices 3 and 4.

Tor the reduction coefficient "KS“ of a safety subsystem we have

By
(ns) ! (ps'rs)

K. =
S (mS+1)!(nS-mS)!

€D

where

]
ft

number of the units which belong to the safety subsystem

1, = number of the units which must fail in order to make the unit

to fail (failure type "a™)

-4
[}

= checking period

pg = average failure rate (failure type "a") of a unit and is given

by eq. 4 of para. 2

] i 1}

Fig. 3 shows qualitatively "ps‘ as function of "0." and "TS

5

. Figs. 4, 5 and

1]

6 show "K," as function of the parameter "pgTg" for different values of "mg
o £ E

13 111
T
8
increases (fig. 3), which means

and "ns", To obtain a smaller value of "KS"9 one can think to reduce
(figs. 4, 5 and €). But if one reduces "TS", Pq
that the units fail more often. The designer will be compelled to make a

compromise between these two competing effects.
For the intercoupling coefficient "I among "N safety subsystems, we have

H

951,82,...,80 ~ W (2)
1+ 2 (m,,)
j=1 oL

The failure rate "AS" due to false trip (failure type ') of a safety subsystem

is given by

>\S =2 -1 u 1 ns .y 1 (3)
s 1{°8 > ﬂg-‘:l)'

- k g a : q-

1\ 8/ a=n =R +1+i

s el



where
25 = number of the units which must fail in order to make

the wnit to fail

oy = average failure rate (failure type "5'") of a unit and

is given by eq. 5 of para. 2
Ug = average repalr rate of a unit

Tig. 3 shows qualitatively "GS“ as function of ”OS" and “tsﬁ.

1t i

g is given by the following equation

_ 1

where

(t) = repair probebility density distribution for a umit.

is usuvally very large, eg. 3 becomes

n.t 5
}\ o 2 g (5)
8 (mo-g 1 (BgThg)
Vvig q- .HS

For the safety subsystems thz following relation may hold

2 =n¢,+i - (6)

5.6 The annual shut down cost "B

The second term of the amnual loss function “ZV is "BY, which represents the
xpected annual ccst to repair and to start the plant up after shut down. As

we have done for the plant unavailability (para. 5.2), we can also in this
case associate to each block the corresponding annual cost for repair and

start-up

B, n
y

e
]
1R

3
where B, is the start-up cost related to block "j", and "M" is the number of
the blocks.
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If we indicate with “Nj” the number of shut down states which have been associated

to block "j", we have
3
3. = I B, (2)

where §ji is the annual shut down cost associated to shut down state "ji".

Finally if we indicate with "uji" the rate of occurrence of shut down state "ji"

and with "ﬁji" the shut down cost associated to shut do:m state "ji", we have

8., =8,. v, (3)

Taking into account eqs. 2 and 3, eq. ! becomes

Mo i
B= 1% | 2 (8, v.,) (4)
g=1 1= 3t 3E

5.7 The annual subsystems cost ‘'C"

As already done for the plant unavailability and the shut down cost, we can write

o/
cC= 3% ¢, (1)
j=1 3
where
Cj = annual cost of the subsystems belonging to block "j"
M = number of the blocks

I1f we indicate with "CFji" the annual cost of the functional subsystem "ji" and

with "Csji“ that of the safety subsystem “ji" both belonging to block "i", we
have
L A,
] i
c.= L C,..+ I Cg,. 2
Iga FE o 83 @

where "Lj" and "Aj" are respectively the number of functional and safety sub-

systems belonging to block "j".



5.7.1 Funetisnal Subsystems

£

The annual éost of a functional subsystem is given by

S =E_.:+t V. .+ . s
CFji Fii \Fjl YFJI (3)
where
Eﬁji = annual capital cost of subsystem "Fji“. This cost includes
the design, construction and installation costs divided by
the number of years during which the plant is expected to be
in operation. The annual interests of the invested capital
must be also included.
V... = annual operating cost of subsystem “F,_ "
Fiji ii
Y... = annual maintenance cost of subsystem "F,."
rji Ji
Now we shall express the costs E . V. and Y,.. as functions of the costs of

Fji® 'Fji
the units which belong to the subsystem "Fji

ji

"

For the sake of simplicity, let us drop the subscript ¥ji".

We have
EF =n, - e; (4)
= b <ot - 1
Vg = kovg + (npkp)vy (5)
k-
and Y, = —;“Exuyé + Yo ] (6)
& F a S iy
ng = total number of units belonging to the functional subsystem

e, = annual capital cost of a unit

k. = number of the working units

[}

annual operating cost of a working unit

vp = annual operating cost of a stand=by umit

@
[

maintenance period (years)
Yp = cost of a non preventive replacement (or repair)
= cost of a preventive replacement (or repair)

Xy, = expected number of non preventive replacements in the time

interval "@.".
&
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"XF” is given by the following equation which has been obtained in Appendix 8

(% _ Tk

=1
X, = L dt (7)
} JO l ""-n (S )-}

where

L ' indicates antitransformation from the Laplace to the time domain
"x'" indicétes Laplace transformation

s = complex variable of the Laplace domain

1

*
hF(S)

ha(t)

Laplace transform of h(t)

failure probability demsity distribution of a unit

5.7.2 Safety Subsystems

The annual cost of a safety subsystem is given by
Cozy = .. F P s 8
Sii ESJl VSJi YSJl @
where
= : 1 a it 11
ESji annual capital cost of subsystenm Sji
This cost includes the design, construction
and installation costs divided by the number
of years during which the plant is expected
to be in operation. The annual interests of

the invested capital must be also included

FCa il

V... = annual operating cost of subsystem ''Sj

Y.., = annual maintenance cost of subsystem "Sji"

Now we shall express the costs E_..., V... and Y_.,.. as functions of the costs of
8ji Sji 5ji

the units which belong to the subsystem "'8ji"

1so here, for the sake of simplicity, we drop the subscript "ji”,

We have

e (9)

&)
2]
]
=]
w
ta

(19)

>
i
"
<
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n m—
S | ;
Ys =5 [xgvs * YSJ an
s | J

where

n. = total number of the units which belong to the safety Subsysfem

eg = annual capital cdst of a umit
VVS = annual operating cost of a unit
OS = maintenance period

yg = cost of a non preventive replacement (or repair)

yg = cost of a preventive replacement

M
]

expected number of non preventive replacements in the time

interval "OS".

x." is given by the following equation which has been obtained in Appendix 9

eS E*(s,r )
-1 S
XS = L e
e} i - hS(S’TS)

]

1

dt (12)

]

where

Tg = checking period

E:(S,T ) = Laplace transform of Es(t,T )

Es(tgrs) is the total failure probability density distribution and is given
by the following equation

- . .
N ( aé) [ ( &1 [/
ho(t,To) = {1+=2}. h! [t {1+=—= ] |1~ h'(t)dt | +

s 5 \ TS/ S ; S TSI;}.! JO S
“ 4L -
s r st s/t
+/ 1+ — ) h¥ ;t 1 +=—= H i- hi{t)dt (13)
T i S
s i Sf/{ )
! a4 I

where =
hé(t) = failure probability density distribution (failure type '"a")
hg(t) = failure probability density distribution (failure type '»")
6% = const.
st = const.
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6. The rate of occurrence Vg of a "disaster’ as function of the characteristics

of the units of the plant

The rate of occurrence “Ud" of a disaster (big accident) is obtained by summing

the rates of occurrence of all the minimal paths to go from “normal operation”

(state 0) to the "disaster state' (fig. 11)

N
v, = I v : e)
d .5 @i
i=]
where
uy; = rate of occurrence associated to the minimal path "'i"

Lot d
p=h
[}

number of the minimal paths

Strictly speaking, eq. 1 is wvalid only approximately. One should really sum the
probabilities of all the mutually exclusive events, which bring to the "disaster

state”, to get the total probability ”Qd"c

From this total probability one should calculate Vg

de/dt

Va =T TR (2)
d -1,

Howeveyr, since O, is extremely small, one does not make any appreciable error if

d
one instead uses the more simple eq. 1.

As dore for the plant unavailability, here too we shall illustrate the calculation

”ud" for the particular case of the scheme shown in

fig. 13. We shall suppose that only the subsystems F21, F22, F23, 511, 512, S13,
514, S15, 821, S22, S23 can fail.

of the rate of occurrence

The "Disaster Tree™, with all the minimal paths to go from the initial events
to the "Disaster State”, is shown in fig. 2!. We have also supposed that the
feedback from subsystem S15" to 822" is 100 % reliable., From the analysis

of this tree, one realizes that some subsystems are required to fail and some

other safety subsystems are instead required to function.

At the time of the failure of a functional subsystem, the probability that a
safety subsystem (related to it) has not failed is much higher than the proba-
bility that it has already failed. We shall not make therefore any appreciable
errcr in the evaluation of the failure rate of a minimal path, if we shall supvose

that the safety subsystem, which is required to function, has probability equal
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to 1 to function. Fig. 22 shows all the minimal paths: only the subsystems which

are required to fail have béen includédo

From fig. 22 we get
5 .
v, = i Udi (2)

"

where "v, " is the rate of occurrence of the minimal path B A

From fig. 22 ye obtain also

Va1 = Xsi4 Mr2 3
Va2 = Kg15 Apay | (%)
Ya3 = Fg12,813,521 Fs12 K513 o2 ez ()
Yau = Rgi4 Mra2 (6)
Yas = X515 *raz M
Y36 = Us12,513,521 Fs12 Fs13 Fs21 r22 ()
Va7 = X514 *p23 ®)
Yag = %15 *r23 (10)
Va9 = Esy1,512,513 %511 Fs12 Fa13 Pras an
Y310 = Kg15s22 (12)
Va1 = Fs14ts22 - (13)
Ya12 = Fai1,812"%s11 Fo12 As22 (14)

a13 = %s15 823 (15)

a14 = Xg14 *s23 (16)
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“as = Bs11,5127%s11 Ksi12 223 | a7

wheré the iedﬁétibn factord #nd che boupling é&éffiéiéﬁté of the safety subs?sféms
have Béen inditated respectively with "KS" and "0", and the ﬁailuré rates of the
various subsystems have been indicated with "A". The equatidﬁs to calculate the

"KS" and "H" coefficients are given in the paragraphs 2 and 5.5.

The equations for the failure rates of the functional and safety subsystems are
given respectively in paragraphs 5.4 and 5.5.
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7. Final considerations on the annual loss fuadtion 2"

In the preceeding paragraphs we have shoun how to ézpress the annual loss "'Z"

as function of the characteristies of the units of thé plant.

The designer can chodse each unit eong the different types available on the
market. The best constellation of choices will be that which gives the minimum
value of "Z" and at the same time satisfies the constraint that the rate of
1}
safety committee.

i W

occurrence of a disaster is smaller than the wvalue umaxﬂ fixed by the

To develop in details a mathematical method to find the mininum of ”Z" is a task

which needs to be solved, but which ewxceeds the limits of our report.

We shall make here only some considerations on 2 particular procedure, which

seems to us at the moment to be vary convenient.

We shall indicate with EU/(I-U)]vji the quantity U/(1-U) calculated by putting
in it equal to zero the failure rates and reduction coefficients of all the
safety subsystems and the failure rates of all the functional subsystems with

the exception of the functional subsystem "'Fjif.

We shall indicate with Eb/(l-U)]sji the quantity U/(1-U) calculated by putting

in it equal to zero the failure rates and reduction coefficients of all the
safety subsystems with the excepticn of the safety subsystem 'Sji”. To calculate
u/(1-0) g1 One needs therefore to know also the failure rates of the functional

ji
subsystems, which are nmultiplied by Ksji,

In the same way for the annual shut down costs "B", we define the two quantities

1 W " ]
BEji and BSji .
We can now define the functional partial arnual loss functions "iji"
Z... = (1-s )(1-U) |=0=| PIy +B__ +C )
Fii p =0y, Fii © CFji

it

where "sD is the overlapping coefficient.

For example, in the case of the functional subsystem F21 (oil pumps subsystem

in fiz. 13), we have

M2 N
Zpgy = (Ims ) (170) PIY 5=+ Byy Apgy * Cpgy &

Ve

We can also define the safety partial annual loss function "ZSji



| Tu
= (1-s ) (1-U) PTy |- B... ) 3
Zgyy = (=5 ) (1-0) Iy l}_U]Sji * B0+ Gy (3

For example, iIn the case of the safety subsystem S21 (oil pressure measuring

channels in fig. 13), we have

PO 722 521
Zggy = (17sp) (170} PTy [y Reop * v
* 80, (pp1™gs2) Boop * 825 Agpy * Cgpy (%)

We shall say that a safety partial annual loss function "Zsji“ is related to a

?xn" if "ZSji" contains the failure

rate of the functional cubsystem "Fyn". For instance "2321" (eq. 4) is related

functional partial annual loss function "2

to "ZFZIH (eq. 2) because it contains Apgye

For the functional and safety subeystems, which belong to the block "m" having

the maximum unavailability, we shall instead write

Zppg = (79 PIY bqog |+ By * Cppy ()
L. <fmi
and _
- (1 i
Zgng = (170) PTy 0, Psmi * Comi (6)

Taking into account eq. 8 of para. 5.3, we can write

i ™ 4 3
(l-s ) (1-0) z (T:ﬁ) + I (l ) +
j=1 i=1 Fji  i=l gji
jfn
Lm A.m
U = U
A I Gt I G &)
i=1 Pmi i=1 Smi
where

U = plant unavailability

s, = overlapping factor

M = number of blocks

L, = number of functional subsystems belonging to block "j"

A
A. = number of safety subsystems belonging to block "j"

and Wn" indicates the block having the maximum unavailability.



i 3
T 2 + T Z (8)

where all the ZFji and Z are given respectively by eas. { and 3 for j#m and

8ii
by eqs. 5 and 6 for j=m.

The procedure to finﬁ out the fiinimum of the arnual loss function can be now

described. It consists of the following cteps:
Step llo. i From previous operating experience we know already what is the

(i

block having the maximum unavailability “Um . We know also the

value of the overlapping coefficient g ",

e assume for the plant unavailability an initial value "Uin”
=0.1).
in )

We use this valve "U, “ in the functional partial annual loss

conming from previous operating experience {for instance U

functions "iji" definad by egqs. ! and 5. We find the type of

unit, the strategy and the maintenance pericd of subsystem "Fji",

i

L

which give the minimum of “Z?ji

?

For each subsystem “Fji”, we get the optimum failure rate AFJI

by which ”ZFji“ has the minirum.

Step No. 2 Ve us§ the values Aéji in the safety partial loss functions "ZSji"
defined by eqs. 3 and 6. We find the type of unit, the maintenance
period, the checking periocd, the total number of units and the type
of structure of subsystem Sji’ which give the minimum of "Zsji".

It is important to notice that the constraint

must be also satisfied.

1
ji

and of the failure rate “Aéji" by which "'z

For each subsystem “S we get the optimum values of the reduction

coefficient KR! . "
Sii
has the minimum.

11
sii

Step Ho. 3 We use the values A;jig kéji and K%ji to calculate the plant unavaila-
bility (eq. 7).

e get the value U' vhich may be different from MUin"o

-
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Step No. 4 WUe repeat the steps 1, 2 and 3 until the values of U converge to

a final value.

In this way we have found sepafateiy the minimals of all the partiai annual loss

functions "szi" and “Zsji". We get the minimum of "Z¥ by using eq. 8.

This procedure is valid only if the 2

i)
, Sji P
smaller than the related "Z?nx", when they are near to their minimals. That is

are oné or more orders of magnitude

Zsy1 << Zpny | ©)

This should be normally thée case (see numerical example of para. 4), because
a safety subsystem has usually a very low value of the reduction coefficient
“KS" (<10-5) and a subsystem annual cost "C," much smaller than that of each of

the functional subsystems which are related to it.

If the conditions "9" are not satisfied, one has to group together all the ZSji

and Zan which are related.

The minimum of each group can then be found, taking also into account that the
constraint (ud < Umax) must be also satisfied. The mathematical procedure would

be in this case much more complicated.
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8. A more genéral approach to the evaluation of thé safety réqﬁifémehts of a

power plant.

In the model described in the preceeding pafagraphs we have made the following

two hypothesis for the evaluation of the disaster failure rate

(i) It is possible to go to the "Diéaster" state only from the

"Normal Operation" state.

(ii) A disaster is always caused by combined failures of functional

and safety subsystems.

These two assumptions may not always be valid. A typical example is that of the
"meltdown accident of a dry and subcritical core due to fission product heat"
in the case of Sodium cooled fast reactors (Bibl. B16). This would be a case,
in which the failure of a2 functional subéystem (i.e. the vessel subsystem which

contains Sodium and core) would lead directly to a disaster.

For this reason a still more general model can be developed (fig. 27). e have

now "N" shut down states, and from '"n" of these it is possible to go to the

it ¥

disaster state. Each disaster failure rate Uti' will be given by
= +
Yei = Vai * Mesi ' M
where
Vai T rate of occurrence of a disaster caused by combined failures
of functional and safety subsystems, starting from state "i".
Aﬂqi= rate of occurrence of a disaster due to accidents which are

either not detectable or not controllable with the safety

system, starting from state “i".

For the calculation of "udi"

- 1l 11
For the calculation of AFSi 5

functional subsystems characterized by failures, which bring the plant in a

one can use the procedure shown in para. 6.

one has to sum the failure rates of all the

dangerous situation if the plant is in state “i", and which are either not

detectable or not controllable with the safety systen.

We shall indicate with "Q," the probability that the plant is in state "i"

i
at time “t¥.

Looking at fig. 27, we can write the following equations

3
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o N n ~ N
rrafalie Qo b vy + L v %J + i Wi Qi (2)

dQ.] ; _ ;
i N U IR

aq, |
ﬁ{“ = O'o Y4 - (Wn + Utn)Qri %)

o) 3)

dqQ
n+l - %
at - Qo Un+l Wn+l Qn+l (5

e ° e - . - . ° . . *

aq,
it "%V W (6)

n
3 L vy 9 &)

Lo +qy=1 | (8)

We have "N+3" equations with "N+2" unknowns. Only "N+2" equations will be in-

dependent. The last one can be obtained by summing the first "N+2" equationms.

According to what we have said in para. 3 and para. 5.2, also here we have that

the following property is satisfied

v, << ug << Y 9)

Taking into account the expression 9, the approximate solution for "Qi" is

given by

Qi = Si Ri (i=0,1,2,...,N) (10)
vhere

"Si" is the solution obtained from the first I+1 equations (egs. 2
to 6) by putting all the "Uti" equal to zero

and

R, = exp(-u,; t) an
The functions "S_," are characterized by asymptotic values S, which are reached

i i
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in a very short period of timé

v,

= ®) = — = ~
Sim = 510 =g 5. (i=1,2,...1) (12)
where
I D
Sow = N vy (13)
1+ § —
i=1 ¥

Hote that Soco was indicated in the previous paragraphs with A .

The initial values "Sic" are
S0 = 5,(0) =1 (14)
and
Sio = Si(O) = 0 (i=1,2,...,0) (15)
Taking into account eqs. 10 and 11, from eq. 7 we get
n t
UG = 2 ”ti_J/ s R,dt ‘ (16)
i=0 o
The occurrence rate "UD" of a disaster will be
o ‘ T vuv., S
) X - i
) dq,/de ) 12001 510%P (v 1) _ i=o ti “iw an
Yp T 1-Qy T n n
T S, exp(~-vu_, t) I S,
joo 1% ti j=o 1

If we indicate with "FSji" a functional subsystem whose failure starting from
plant state "i" is not controllable (or detectable) with the safety system,

we can write
§=Di

As = I

FSi (12)
j=1

Arsii

where "Di" is the total number of the functional subsystems characterized by

failures which lead directly to a disaster if the plant is in state "i". In

eq. 18 HAFSjiH is the failure rate of the functional subsystem "FSji”.

e can associate to each subsystem "FSji” its partial annual cost function "ZFSji”°
k1] $7 Py . Py 2 131 ¥7 o

Each of the ZFSji will be a decreasing function with AFSji .
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The total annual cost "ZFS“ of these particular functional subsystems will be

n D

i
Zpe = 2 | I Z... (19)

In order to reduce the dancerous effects due to a nucdlear e3plqsion {disaster),
the reactor may be provided with a éontainment sysféﬁ capébié of aﬁsofbing the
exPlosiveienergy due to a big accident, 6nce that Eﬁis has téken i)iéce° Task
of the contaimment system is also to avoid the spredading of the radioactive

products in the surrOunding étmosphéfés

It is becoming more and &ore cleat tHat there is not only onme big accident, but
a spectrum bf possible big acciderts. To each accident one can associate the
correspondent developable explosive mechanical energy "W", so that a probability

density distribution of "W" will describe the spectrum of accidents.

We ask now for the probability, Ic’ that the containment system will fail to
absorb the explosive energy without rupture. For the sake of simplicity we shall
limit ourselves to consider only the shock wave effect. We shall imagine that
the containment system is just a cylinder as shown in fig. 23 A. Fig. 23 B shows

the same cylinder deformed after the explosion has taken place.

The explosive energy will produce the highest stresses at the mid plane of the
cylinder (Bibl. B18). These stresses have a probability distribution, ¢s’ (curve

1 of fig. 24) about the mean value, Hs’ with a standard deviation, Es'

On the other side the strength of the material has also a prdbability distribution,
¢t, (curve 2 of fig. 24) about the mean value ;t with a standard deviation ;t.

The two curves of fig. 24 may overlap and the amount of overlapping gives an
indication of how large the probability "Kc" is, that during the explosion the

stress becomes larger than the strength.
The probability, p, that the strength n, is larger than a fixed value Ng is given

by (fig. 24)

P =j ¢t(nt)d n. (20)

s

The probability, I-Kc, that the strength is larger than the stress is the following

00 3 +c0
1=K, ==j 95(ng) f ¢(n )dn, | dng (21)
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If we assume that both ¢S and ¢t are normal distributions, it can be shown that

eq. 21 becomes

1=K = ¢ e 22
H
BNCEE:
where ¢Ns is the cumulative standardized normal distribution.
E¢. 22 can also be written as follows
e -
t ]
K =14 - — (23)
N
From eq. 23, at each value of KC, it corresponds a value of
n, =1

For given values of Ces Lo and ;s’ we get the value of ;t/;s° which is directly
related to the wall thickness of the cylinder.

This procedure may lead to a rational evaluation of the safety factor Etlﬁs

and may avoid to overdesign the safety containment system.

The smaller is "Kc", the higher ;t/as will be, and the hicher the thickness of

the safety container will be. We can conclude that the smaller is ”Kc”, the

higher the annual cost "Zc" of the container will be.

The probability of the event that a disaster takes place and that the safety

container does not cope with the explosion is given by

K, [l-exp(—th)] =K upt (25)

with Y given by eq. 17.

1w the constraint given by the safety committee can be written as follows

74
LcJD <Umax (26)

The total annual loss function “Zt“ will be given by

Z_ =2+ 12

t s ¥ 2 (27) -
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where ,
Z = annual loss function as definéd in para. 7

ZFS=‘i partial annual loss function given by eq. 19

Zc = partial antiual loss function associated to the reactor

containment system

The problem has now became that of finding the minimum of the function "Ztas

(eq. 27) with the conmstraint defined by the expression 26.



9. Appendix l: Calculation of the average failure rate of & unit belonging to

a functional subsystem

A. 1.1

Introduction

The sﬁbject of this appendix is to calculate the average failute

rate " Op " of a unit belonging to a functional subsystem.

We introduce the following symbols:

lth(t)H

1t .t"

]

failure probability density distribution of the unit

time

"o F" maintenance period, that is time between two
preventive replacements

The average failure rate "GF" (defined as reciprocal to the meantime

to failure) is given by

1
F = meantime between two failures

8
F
hy(t)at

Fo R

il

~ gv (1)

# . _/_'_l—ofBFhF(t)dt__7+ of‘ FthF(t)dt

Eq. 1 is derived in thefollowing paragraph (A 1.2)

Calculation of "Op"

A unit is characterized by its reliability "R;, where
R, = P § unit is not failed at time "t" % (2)

Evaluating "RF(t)" for the first maintenance period we get,

with "hF(t)",
9
#F
-1 - c.)) h_ (t)at (3)

’ F) F
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For the interval Zfb;q -QF;7, i.e. for "q" maintenance periods,
we get, taking into account eq. 3,

F _a
R, (a-65) = /13- f hp(t)at _/ (%)
where qa= 1,2, .... (5?
We can write t= q ng + fk | (6§

Taking into account eqs 4 and 6, we get

O . - £
Ry(t) = /- [p(0las 7 o [ fegeee 70 ()
) o
The average failure rate "GF", can be written as follows
Op = -'*-.,.-'—1"—"—
J Rg(t)at (8)
°

where RF(t) is the reliability of the unit

The integral from "o" to "ee" of the function "RF(t)" can be

represented as a sum, i.e.

” Q= @ a e, _ %
jRF(t)dt - = / l-ijF(t)dt 7 ) ey n (t)at 7as
0 q =20 0 0 o)

9)

By partial integration, we get

0

SF ot t ) e ) &%

ol -, - °F F _ F

J [ J mngat Jat = [t 6] bpdt /- { thodt = e é hpdt- { thdt

(10)

Taking into account 10, we get from O

o 1 \ o o
[Re (£)at - g 495~ L85 [Py at - f Fen_at 7 7(11)
© 1- [1- [ Fran7 oj F { tad
O
Putting i1 into 8, we get finally
9
f FhF(t)dt
9 = > g “ (12)
F F
o i_:l- g ng(t)at 7 + f th (t)dt . {
I b eyt f (t) o
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10. Appendix 2: Calculation of the twé_averagg;faiiuéé ta&;é of a unit belonging

to a safety subsystem.

3% H it

The average failure rates ps: and “o." of a thit belénging to a safety subsystem
will be calculated in this Appendix. They are obtained in a way very similar to
that used to evaluate the failure rate of a unit belonging to a functional sub-
system. There are however tiio important distinctions to be made.

(15 It has to be taken into account that there are two types of failures:

a0
a

a) TFailure type (when a safety unit does not function when it should)

b) Failure type “b" (when a safety unit functions when it should not).

(1i) The increased failure rate, causéd by “on-off-cycling” (due to the

periodical testing of the units) has to be taken into account.

Let us indicate with ho(t) and hg(t) the two failure probability density distri-

butions of a unit respectively for failure type "a" and failure type "b".

The on-off-cycling has practically the effect to change the time scale of the two
failure probability cumulative distributions.

The coefficients by which the time scale is changed are

6!
1+ ;ﬁ- for failure type "a” (1
<
and
6"
1+—= for failure type "b" (2)

with Sé and 6; being two constants.

Introducing these two coefficients; the two new failure probability density distri-
butions, which take into account the cycling effect, will be respectively

/ (5' (S; 3
1+ —= h‘{t(l-i- ——‘—‘)f (failure type "a™) 3
\. Ty S Ta
and
6' 6" '}
1+ __§,) K" {t(l"’ -2y (failure type "'b") %)
Tq TS

The total failure probability density distribution "ﬁg(t)" will be given by



_— SO 4 st (*F 68
hSCt) = I(1+ -——) h} {t(l-!- -—-)} 1 - (1+ ;—i) S{t(l"' ——)} +
g S 5
O u
all 6"
+ [(1+ ) hY {t(l*- ——)} 1-(1+ «i) {t(H —-)} (5)
s S |

With a procedure similar to that used in Appendix 1, we can calculate the total

7"

unit failure rate ' ps+cs vhere "p."

is the failure rate for failure type "a"

and "o." is that for failure type "b".

S
Og
j hS(t)dt
0

+0 = (6)

wvhere

@S = maintenance period of a unit

We can write also the following equations

Oq t -
T, o 3 o '
(i+ ’“‘) h! {t(l-l- -T—S-)} 1-(1+ ;—-) h" {t(l*- ——-—)}dt dat
Ds >o s S 5 o S
D40 ?) n
s s 5_
j h, (t)dt
o w2
and
s &% N 51 c 5
(1+ =) hy {t(1+ -——)} 1-(1+ -—-) he {t(l-!- -——)}dt dt
OS o g - S S o . S
p.+0 = 9] ()
g s 1786
] h. (t)dt
o ©

Taking into account eq. 6, eqs. 7 and & become finally



—
=

ogli*elftg)
B (t)
0

- 66 =

s

%(1+ngtg)
] - ){ h'(L)de| de
[s) .

A

OS_
es I - h(t)dt
o]

@S(1+6§/TS)
h'(t)
(o]

o

eﬂ
+,{- t h(t)dt

o

—

t(l+6é/TS)
1 - h"(t)dt {dt
[o] ]

e

% R o
O & -j h(t)dt jj+ f h(t)dt
o] (o]

9

(10)



11.Appendix 3: Calculation of the reduction and coupling coefficients for

safety subsystems

A 3.1 The reduction coefficient "K," of a safety subsystem

Let us suppose we have a safety subsystem "S", which is related to the
functional subsystem "F". This means that when "F" fails, "S" (if not

already failed) will contribute to shut the plant down.

We shall indicate with “A% the average failure rate of the functional
subsystem "BV,

t

The safety subsystem "S" is made of "nS units connected in such a way
that, if at the time at which "F" fails "kS" out of the "nS" units

have not already failed (failure type "a"), "S" will operate correctly.
We remind here briefly (see para. 2) that the units of a safety sub-

system can have two types of failures:

(i) failure type "a". It occurs when the unit does not

operate when it is recuired to operate

(ii) failure type "b". It occurs when the unit does operate

when it is not asked to operate.

n_

In this appendix we shall deal with failure type "a" only.
Going back to our subsystem "S", we can easily see that "S" will fail
if

my =ng + 1 -k (1)

units fail.

To find out that.a unit is failed with failure type "a", it is neces-
sary to test it from time to time. We shall indicate with """ the

checking period, that is the time interval between two checks (tests).

We ask now for the probability "PSF(t)" of the event that, at the time

"t" at which "F" fails, "S" has already failed. We indicate with "aSF"

" between

the probability that this event occurs in the time interval "

two checks. The probability "P

Sp (qig)", that the event occurs during
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the first "q" checking intervals, is

Pap (@F) = o { L Fsp [’Zs@-lﬂ * PSFEZS(Q'U]

Applying eqg. 2 respeatedly, we get

Eg. 3 is valid only when "g" is an entire number.

We can write approximately

. - X
T3
Taking into account eq. 4, eq. 3 becomes
- Yy
PSA(t) = 1- e
where lg (l-aSF)
V= -
?S
Since Uap 1, we get finally from eq. 5
vl %S
T3

"Ué;\has been caleculated in paragraph A 3.2 (eq.l7). We have

("s)1(f5%s) S

sF = “s'p ) ,
(nS mS).(mS+l).

where

dpS = average failure rate of a unit for failure

n_n

type "a" defined by eq. 4 of para. 3

Taking into account eq. 12, eg. 11 becomes

Y= K

where ‘ n
(s (BT S
s = Tagt) i (ng-my)

"KS" is called reduction coefficient.

@

(3)

()

(5)

(6)

(7)

(8)

(9)
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Figs. 4; 5 and 6 show "KS" as function of "f’szs‘"for different values
1t i " A\t .
of nS and mS .

A 3,2 Calculation of the probability"aSF" .

We want here to calculate the probability "asg‘: of the event that the

safety subsystem "S" fails before the functional subsystem "F" in the
time interval "’bé" .

The reliability "RS" of "8", that is,the probability that "s" is
not yet failed at time "t", is given by

ns . X
ng\ _i - . (ng-1)
Ry = I Ry (1-Rg) (1)
i=kg \ 1
where
'ﬁs = reliability of a unit.
The probability "F,S" that "S" is already failed at "t" is
Dg (ns) i ( (ns-i) (o)
F, =1-R, = % i 1-H 2
s =R = 2 Hy (1-Hg)
S
where
Hs: l‘ﬁs (3)

If "FF“ is the failure cumulative probability distribution of the

functional subsystem "F", we get

%
%sp ~ J[ FgdFy ()

t=0
We have
- - PED W U
d.FF = 2 KFeXp(- Ft)dt (5)
and
ﬁs = exp (-.?St) (6)
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From eqs. 5 and 6 we obtain

)‘F/Jb R g s

dFy = - - [H 7 = (7)
R S '?S
From eq. 1 we get
( Bs)t _ (kg-1) (ng-kq) _

BNCRECEIE e (1-Ry B (&

Taking into account egs. 3 and 7, eq. 4 becomes

1
. NS5
o = —5)—3 (1-R) [ﬁs] dg_s -
SRz L s
1 N
_ R YA 4 (55 -13)_
=1-[RS('té),__/kF S )\Ff Ry /[ Ry 7€ %RS“

s R
/ /5'
][] ¥ [l e
- Rl
Taking into account eqs. 2 and 8, we get from eq. 9
| - N, /8 -1)
Isp =[Rs(?’§)1 ’ S{“ 1 ( S) By (%) E ’Hs('%)]

(nS)! Mgy | (ns-ng)
¥ Tag) (g g )Y Hsﬂé)] - [H{S(g)J .

(ng)! ( + N -, ) ‘(ms“‘l)’ (ng-mg-1)
s 1o s
(n -mﬁ)’“(mﬂ)!s [HSG%’)] : [l‘Hs('%)] *
A 'y , . _
(E+n-my [ P AR th.-1)
?8)'§P§ WS.‘S} ..... éﬁi + ns-l—l/ ]}h- ng-i}
1—mS+2L (g -mg Y ({10 . LHS(%) ‘lﬁs(zgj 7
(10) 5

Taking into account eq.6, eq.l0 finally becomes
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" (ng)! o) (mg#1) - o () (ng-mg-1) A ,
0 = XP(AE) (ng-mg) H(mg+ 1)1 | S % | _l‘ st | Fs
o » R Fi N S ‘
T S 1 ' (zé).}j IE{.FéF' +ns+l'm5 ) i (ng-mg)! N
+(mgtl)1 (3 (mg+1+3) ! LHSF&;TE oy 1_3) (ng-mg-1-3)1
RELA —

1 I’{}% * ngrlon) [ B (25) Y

o
* (mS+l)! .j-g-n -m (m+1+J)! Ao 1-H (11)
5% U (‘(?g+ ng-ng-3) 5(%)
Where "[" stands for the "M function®
If
He () g -2
g \¢q 5 « 10 (12)
ERIRECA
eq. 11 can be simplified to
- N (ng)1 (mg+1)] | (n -m+1)
x (z) 1-H (%)
*sp 85 (ns—ms)!(ms+l)! HS S | 3 % (3)
If we have
Pl € 1072 (1)
we can write
B (%) T LY (15)
and
1-HS('z§) = 1 , (16)

Taking into account egs. 15 and 16, eq. 13 can be still simplified

s (ns)! Iy
Osp ~ 7\5‘(:8: (ns—ms)!(ms+l)! (‘fs'zé) (17)
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A 3.3 Calculation of the. coupling coefficienit

Let us suppode that we have two safety subsystems “Si“'and faah | e
want to caleulate the probability "a" that both fail before the
functional subsystem npt i the time interval "2’ ",

The cumulative probability distribution "B S1; 82 " sthat both
: : H
31 and S2 fail in a smwall time interval "t" is given by

. m
(Bgy) (J’S}L‘G)ms1 (nsg)'(fsgt) 52 (1)
(m 1) (“s17Ms1)! (mgp) H(ngymgp) !

F31;92

The failure cumulative probability distribution "Fg. of the functional

subsystem "F" is

F, = l-exp (-?th)’S' gt (2)

The probability "«', that both "S1" and "S2" fail before "F" in the

small time interval "’Zé", is

= "s1
N hg (g) (1) 185y %) S (BT 2
© T, Tsus2 T (mgy #g 31 ) (g )t (ng ) =gy JH{Fg, Mg -,

Eg.3 can be written as follows

o= MK K i 4
éﬁs 7 91°82°81;82 (%)
where ( ) (3 )
Sl
- sl 518 (5)
( +1)!(n81—m81)!
o) ! ( )s2
(mg 1) (32 mgp) !
and
(m +1)(m +1)
(7)

H =
31,52 (mg g o+1)

)1 (3)
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Hyi.q0 18 called coupling coefficient

For "N" safety sub’séystemé we have

N s
ﬂ_ (mg;+1)
i=1 L

S1;82 ....;8§ = —x

(8)
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12. Appendix 4: Calculation of the average faiiufe rate of a safety subsystem

" units so connected

Let us suppose that we have a safety subsystem "S" made of "nS
that, if "RS" ocut of the “ns“ units fail with the failure type "b", the sub-

system"S" fails (false trip).

We introduce the following symbols

LB

¢ average failure rate of a.unit defined by eq. 5 of para. 2

s

it

Hg = average repalr rate of a unit, that is reciprocal of the mean
time to repair.

if gs(t) is the repair probability density distribution of a unit, we have

U, = ! (1

S 0
J{ t gs(t)dt
)

The safety subsystem can be at time "t” in one of the following states (fig. 25).

ﬁumber of> Number of“
State | working failed Comments
units units
0 ng o
1 ns-i 1
2 nS*Z 2
i ns—i i
2892 nS—RS+2 25—2
Es~l nS-£S+l zs—l
ZS SnS—RS > QS Subsystem failed

Let us indicate with Qi(t) the probability that the subsystem "'S" is in state "i",

We can write the following "£S+l" equations

dq,
dc C T 8g%Q, * ugY (2)
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a9 5
}_ B I -
rradie nScSQo [(nS l)oS+uS] Ql + USQZ 3)
&Qi o N
@ = (gmiDogQ[agDoghug) gy < “)
1 » 4 s » . ° . ° ° ° .
dQZS-l ’
—qc = (gTigtoghy , - [(ns'zs+‘)°s+“§]st-1 ()
dQQS
dc T (ns'zs*')°stS-1 ®
Since
4s
N I o0 =l (7
1=0

only "QS" of the "£S+l" equations are independent.
The associated initial conditions are
Q(0) =1 (8)

and

il
(&

Qi(o) (i=1,29,..928) 9)

Taking into account the initial conditions & and 9, the Laplace transforms of

the egs. 2 to 6 are

* *
-y = — 10
1 (nSGS+S)Qo + 1Q (10)
* % *

0 = ngoQy ~[agDogrugrs]ay + ug0, an

. * . * *
0 = (ag-i+Dog0;_ +[ag-1)ogtucts]a; + ngd,,, (12)
0= (n .~ +2)0o Q* -[(a 2 +1)o_+u +é]Q* (13)

s s %8Ry 2 s g 19 s Ny -

0= (g~2.+1)0,Q _, - sQF 14
De™*g GstS-l 52 (14)

S
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where
s = complex variable of the Laplace domain

"' indicates Laplace transform

The Laplace transform of the reliability "R." of the subsystem "S" is given by

S
¥ _ 1 _ %
Rg =5 = Q (15)
g
Taking into account eq. 14, eq. 15 becomes
%
. 1 - (nS-£S+l)cS QQS_I
RS = s (16)
How we have
X AULS \
QR -1 - "3 ke (17)
S ,
where ‘
A = determinant of the coefficients of the first*"ﬁs"
equations (eq. 14 excluded)
A, = determinant complementary to the element ”312 ”
S

(1st line and "ZS"th column) of the determinant A

The determinant “A"™, having "QS" lines and "ES" columns, is written below (eq. 18)
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.Amﬁv

S

_,ﬁm+m1%moﬁﬁ+marmavgs

n .

S5(z455_Suy

[s+°1:50(2+53-5m) ] Zo(e+%3-5w)

S

e

0

.

=

S o} A,N..nmdv

[5082S

S

2l

So(1-%w

_“w+m n+mm Aﬂymcv“_ -

S

(s+

S

S,S

o

1) -
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Taking into account eq. 17, eq. 16 becomes

. A-(nS-ZS+I)OSAIQS
Ry = p—y (19)
On the other hand "Rz“ is also given by
* b7 *
Re = I Q (20)
i=o

By solving the system of egs. 10 to 13, we get

. A
q; = (- @1

i

where "A" is the determinant defined by eq. 18 and A " is the determinant

i

complementary to the element "ali" (1st line and "i"th column) of A.
Putting 21 in 20, we obtain

%S“l ;

T (-1)" A

x i=1 ii
Ry = (22)
A

By comparing eqs. 22 and 19, we get

A--(ns--SLE;H)cS!!xlSz‘S %S-l ;
= I (~1)74, (23)
s i=1
By extracting the determinant "A, " from A (eq. 18), one obtains
5
2 (n ! -
A = (D § o gD (24)

o 1
S (nS %S+l). S

Putting 24 in 23 for s=o, one gets

2. (@I! %
g S S
[A]s=o =D (ng'gg)f % (25)

The average failure rate "A_ " of subsystem “'S" is given by

S
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S o x
J[ det lim RS
o} S0

Taking into account eqs. 22 and 25, we get

QS
- 4]y s % (ng)!
Ay = == = (-1) (27)
S £.~1 La=1
8 i S 5 (nsmzs)!
T (-1) [Au] 5 (=1) [A”]
i=1 5=0 i=1 $=0
By extracting the determinants "Ali“ from A (eq. 18), we obtain for s=o
_ (25-1) (i-1) ns(ns-l)(nS-Z)...(ns-i+2) (zs-i)
A =D 9 (m.-2.1 (ng=1)! og
s=0 5 7§/’
(2,-1i-1) (L=i=1) (2g-1)
-i=1)1 e - - 1
+ (ng-i Diog Hg * oo H(ng=Ro+1)logh, +(nS 25).us
Taking into account eqs. 28, eq. 27 becomes
*s = ToTr ot -ijf (29)
s us 8 (n,~1-1-£)!
z '?‘}‘ z Y
i=o 8’ f=o0 S :
Introducing the index
q = ng~f (30)
we get finally
o
A= 5 (31)

in

3 “s) > (g=1-1)!
o q!

i=o 8 q=ns-25+l+i

Since in the practical case uslcs is very large, eq. 31 can be approximately
written as follows

1
(ns). . o

Ag ® (-2 )1 (=D

(32)

(28)
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The calculation of "AS" deveioped in this Api)endiz‘;‘;s strictly rig‘bréus only in
the case. in which the failure and the repair probability distributiods are both
exponential. However, due to the contlusions reached in Apﬁendié: 6, the result
is still valid for ariy type of distribution if ’*65" and ”ug" are average values
defined respectively by eq. 5 of para. 2 and eq. 1 of this appendix.
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13. Appendix 5: Calculation of the point-availability for a simple plant model

The solution of egs. (6), (7), (8) of ﬁara,j will be obtained in this

appendix (see also fig. 7). We have three linear differential equations

with constant coefficients:

aQ ' L
(e} .
— = - OpigHdele, + Ve, (1)
daqQ ,
h_l = by B yi
dq
2
= = stﬁao (3)

Where Qo = probability that the plant is in state "o"

probability that the plant is in state "1V

O
il

probability that the plant is in state "2"

I\)@
il

KF = rate of occurrence of the event that the funetiocnal

system fails

K. = reduction factor of the safety system

K.M= rate of occurrence of a "disaster" i.e. of the event

S F
that the functional system fails and the safety system
has already failed before
‘%S = rate of occurrence of a false trip

repalr rate, i.e. reciprocal to the meantime to repair the

“G%

plant
For Qo’ Ql, Q2 the following relation holds

Q + Q1+Q2= 1 , (4)

Therefore only 2 of the 3 egs. 1, 2, 3 are independent. The initial



conditions are
| Qo(oij =1 @(0) =0, g (0 =0 (5

They mean that at time t = O the probability that the plant is in

state "O" is equal to 1.

Applying the Laplace transform to egs. (1), (2) we get

-1

]

e #*
- (s+)\.F+>»S+KS>»F) Q, + T}*’Ql (6)

Ogtrg) @ % -(s¥) (7)

o
|

Where "s" is the complex variable in the Laplace domain and the

asterisk "&" denotes the Laplace transform.

We get with Cramer’s rule from the system (6), (7) for Qg?

-1 W
Qo% i 0 7\- (s+¥) ) )
-(S+7\F+ SHRAL) y
(’\F+7\S) - - (s+Y)
= s+ ¥ /

(50 PG (o4 - (i) ¥

S+ )\f! (8)

7 (WM A HOG) - Y RGN

il

To antitrasform eq.8 to the time domain, the roots of the characteristic

equation must be found.
sg+s("f’+7»F+7\.S+KS?\.F) - WK, = 0 (9)
The two roots are

2
' A -
_ YoagT S+KS o " (QQAF+%S+KS&F) ?d
1;2 ) ‘ T + KSKF (10)

S
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For practical cases, the rate of stcurrencé of a big taCéid’e‘ht "Ké?»?"
is very small compared to the sum of the two failure-rates niFu and

“7\8" . Tﬁey are again small compared to the repair rate "\(" . The follow-

ing reldtion therefore holds:

Vs ANhg > Ky Ay (11)
‘;I‘his is discussed in more details in para. 3.

With 11 we get also the relation

2
5 %Y <« (KFMS-IL{LS il (12)

Taking into account the expressions 1l and 12, we get from eq. 10

s 1 T - | AF+>\.S+KS)~F+‘P) ( 13)
and
S5 ¥ - KS}"F (14)

The antitrasform to the time domain of eq. 8 is

Qo(t) = .g‘%fl-_. exp (slt) + Y‘;;-g S2 exp (SQt) (15)
172 i

Taking into account egs. 13 and 14, eq. 15 becomes

A\, _
Q,O(‘b) '_:_‘( %F’:{'IKS* ‘f’ + -—}\—S}—-——%:_}_—?— exp [—t(?«.F+?~.S+‘~}’)J_ exp(-KskFt)

(16)



14, Appendix 6: Caleulation of the point-avdilability with any type of failure-

and:repair-probability-density-distribuﬁ;ons

A.6.1

A 6.2

Iniroduction
Thé point-availability "A" of the plant (and likewise for a sub-
system or a unit) is defined as the probability that the plast
: . B . i "
(and likewise, the subsystem and the unit) is up at time "t":

A(t) = B {plant is up at "t" % (1)

In the following treatment we shall suppose that all the failures
are repairable which, is equivalent to say that no "absorbing state"

exists.

Calculation of the Availability "A"

The availability "A(t)" is given by the following expression

e

- * 4‘}
-111 1 - f (s) {
A(t) = L s 1 -1 % (s)w™(s) ? (1)
where
me ¥ (st = Laplace transform of f£(t)
"e(e)" = failure-probability-density-distribution
"wig(s)" = Laplace transform of w(t)
"wo(t)" = repair-probability-density-distribution
gt = complex variable in the Laplace-domain
"L_l" = antitransformation to the time domain

"#"  indicates Laplace transformation

We introduce also the failure probability cumulative distribution

"F'(t) given by

t
P(t) = ~{'f(t))dt (2)

Now we shall show how to obtain eq. 1. The availability A can be cal-
culated by summing the probabilities "P{:E?g of all the mutually
fo¥



exclusive events "En" so defined

P Z the plant has failed "n" times

P {E 7.
n n §
and been repaired "n" times % (3)

We get

(*)

[+%5) {’
A= X PiE
n=o n

(e~

We can write the following expressions for the various P { n:g

P {the plant has never failed unti,lt}— = 1- f f£(t)dt (5)
o

piE {
0.5

p{s ¢

P {fhe plant has failed at "t ", has

' and has not

been repaired at"t2
'Y 1" " "y —
failed between "t," and "t } =

% ~
{fE-_vF»(Jt-tz)lw (t,-%, )E (t,)dt,dt,

o<t 1<t 2( %

(6)

it

The ILaplace transforms of egqs. 5 and 6 ave

MR I "
nd _w _ ‘
a P%{El } = L——i—— = .f?%.il.i f%%(s) W;‘f(s) (8)‘

By an iterated application of the convolution theorem for Laplace transforms,

we get for the Laplace-transform of P{E %defined in (3)

- % \
¥ g =
PXpl 1.1 . f<s>w<s>.l ©)
Hr
Substituting P -_LEn}into eq. (4) we get
K N=gp * 1 ¥ ¢ 1
A = T P {Eﬁ: - 1 £ (s)] £ (s)w (s) (10)
n=o -
Eg. 10 can be written as follows:
(11)

3K e
= 1 _1-f
Al =5 1—fﬁ=i<:§w*(€)
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and finally antitransforming

A(t) = 'L'”l{-;-

¥
1-f e
1%%3“#‘(5) }

(12)

A 6.3 Calculation of the asymptotic availability A ee

For tf950"A(t)h approaches a limit "Aes" which is largely used for many

practical cases.: It is given by

lim A(t) = Aes = ;i’\_r
£ on
where
"Moo = asymptotic availability
Ty "o average failure rate

i tt)" =

average repalir rate

From eq. 1 para A 6.2 we get for t~> &o

K
-l [ 1-f ]
o b {s(l_fxw =3 }’ =

1im A =
t a0

We have

lim £~
S~ 0

it
H
|.J
=
=y
—
ct
g
o
c}.
Il
ot

and

t
* lim _j’
t-2 e 0

lim w
S~ 0

i

(1)
lim rl—f%
859 0
- - (2)
1lim ¥ ¥
s--%c»tl_f w A]
(3)
(&)

Egs. 3 and 4 indicate that de 1°HOpital’s rule has to be used to evaluate

the limit of eq. 2. We have

*
. ar™® /ds
tim A = at¥ds +

t-> oo

lim

$30

dw™/ds

(5)



We have
) * . & 1

lim af /ds = - lim ftﬁ({b&dt =~ = (6)

sy . - t >s00” Y
and

. ey . 2 1

lim dw /ds = - lim ftw(t)dt = = (7)

t>e00

Putting 6 and 7 into 5, we get

Aao:tii;naA = ‘quv (8)

A 6.4 Calculation of the instantaneous failure rate "}%“

We call instantaneous failure rate, ";%",the quantity defined

P {fhe plant is up at "t" and fails before "t+dt"z (1)
P { the plant is up at "t"f}

We shall calculate ")%" as function of the failure-probability-density-
distribution, "f(t)", and of the repair-probability-density-distribution
"w(t)". The denominator of eq. 1 is the point availability"A" given by
eq.l of para. A 6.1.

We have to calculate the numerator of eq. 1, that is the prcbability of
event "E" so defined

P {E} = P {the plant is up at "t" and fails before "t+dt"}. (2)

To do this, we sum all the probabilities "P{;ﬁn},of the following mutual-
ly exclusive events

P {:En:§ = P {%he plant has failed n-times and has been
. repaired n-times before "t" and fails again
before " t+dt"} ’ (3)
where n= o, 1, 2, .....

With a procedure similar to that developed in para A 6.2, we can calculate

the probability of the event "En" defined by eq. 3

. - X‘ v
P {En}= at et {]_;-f%(S)W%(S)Jn& { r S)j} *)

- i
- H
1 -
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where the asterisk "¥" denotes the Laplace transform; and L) indicates
antitrasformation to the time domain.
We add all terms given by eq. L +o get P {E}

P (E) = dtL'l{[ __Ll] n—? 1-f (s)w (s] } (5)

Finaliy we get

O

Puttirig eq: p of para A 1.1 (the availability‘"iAf'j ahd eq. 6 into equa-
tion 1, we get v
()
)(  LT\TIEE(S) wN(s) )

£ L-l 1 1-f¥(s)
s 1-f*(s)w*(s

A 6.5 Calculation of the instantaneous repair rate ");"

We call instantaneous repair rate the quantity "X ", so defined

)/ . dt = P §‘ the plant is down at "t" and is repaired before"t+dt"}
W - P {the plant is down at "t"}

(1)
We shall calculate ")g" as function of the failure-probability-density-
distribution, "f£(t)" and of the repair-probability-density-distribution
"w(t)". The denominator of eq. 1 is equal to "1-A" (where "A" is the

availability, given by eq. 1 of para. A 6.1)-
The numerator of eq. 1 is the probasbility of the event "EV
P{E}= P {the plant is down at "t" and is repaired
before "t+dt" | (2)

P‘{E} will be obtained by summation of all the probabilities of the

mutually exclusive events "En" defined as follows:

{ z P {the plant has failed n-times and has been repaired
(n-1) times before "t" and is repaired again before
" t+dt"} (3)

wheren =1, 2, 3 c.oeveevnn
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With procedure similar to that developed in para. A 6.2 and A 6.4, we get

P {3&: at 1L gf%(s yu(s) [ £ (e )W%(s):tn } (%)

We add all terms givenlty eq. 4 and we get

P{E} = dtL-l{E‘%(S )W%(S-)J r:.gl [fﬁi-(s)wa%(s)] n} = .

S S —
s [f@lw (s) (5)

1-t%(s )w¥(s)

Taking into account eg. 5 and eq. 1 of para. A 6.2, eq.l becomes

¢, | % ”
X = L7t ‘[gé% W{s;%%ls}z ' (6)
w l_L"l !_]_- l—f;k‘LS)
1S 1-B(s)w#(s)

A 6.6 Calculation of the asymtotic values of " )%" and " Xw"

From eq. 8 of para A 6.4 we get

My,
Fid

4

0 P~

1i ‘

1lim Xf = si,mol:s T-£( ?;r!(s) ]

-ty oe 1im 1 1-T%(s o~ (1)
, ~ };S 1-f (s)w*(s)J

S0

The limit at the denominator of eq. 1 has already been calculated in

para A 6.3. We have

*
1 1-£7(s) s
Sl,l_‘;‘o s l—f“"‘(:)w*(s) T Yy (2)
where
o= — (3)
(twr(t)dt
(¢]
and
VY = —_—T o (%)

_[‘:f(t)dt
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For the numerator we have to appl& the rule of &eéﬁHsbital. We héve

) ';3? f"'-‘?ﬂiaj%@ )
s ds
(5)
kPUttihg eds. 5 and 2 into eq. 1, we get finally
lim X = ¥ (6)

t->e0 f

With analogous procedure it is possible to verify that

A ¢ (7)

t - w

A 6.7 Conclusions

The conclusions, which we can draw at the end of this appendix, are

very geheral and very important. If we have a plant (or a subsystem

or a unit) with failure and repair probability density distributions res-
pectively £(t) and w(t), the asymptotic values of the point availability
"A", of the failure rate ">g" and of the repair rate"}%" are the follow-

ing
%1-1: A = heos Y.TV (1)
inm X = y (2)
t->00 T
X Y :
Where

Y - 1 (4)




and
L am R |
Ve et (5)
tr(t)dt
5
For the unavailability U we géﬁ from eq. 1
» L N 5
U = l1l-h oo = = smium 6,\
Ty (

This means that, for long periods of time (t ->oo ), any system (plant-
or subsystem or unit) behaves as if it has a failure and repair proba-
bility density distributions boéh exponential with failure and repair

rates given respectively Lty eqs; 4 and 5.

This property of the asymptotic behaviour of the systems allows us
to extend many -results obtained with exponential distributions to

cases where the distributions afe not exponential.
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15. Appendix 7: Calculation of the average failure rate of a functional subsystem

for different strategies

A 7.1 Functional subsystem consisting of two units one working and the other in

stand-by - Ho preventive maintenance

This case has been called “strategy 2" in para. 5.4. If we eall with "A" and
"B" the two units, the functional subsystem "F" can be in one of the below

listed states

State 0" "A" in operation and "3" in stand~by or

A" in stand-by and "B" in operation

State 1"  YA" in operation and "B" in repair or

"B in operation and "A" in repair

State "2" Both unit failed and subsystem therefore also failed.

The subsystem start with a unit "A" in operation and the other "B" in stand-by
(State "O"). If "A" fails, it is automatically switched off, while "B" is auto-
matically switched into operation (State 1). The failed unit A" is repaired
and, when the repair is completed, will be connected as stand-by unit {(State 0).
The subsystem will fail if the working unit fails before the repair of the other
is completed (State 2).

The reliability "RF" of the subsystem "F" will be obtained by summing the following

probabilities "Pi" of the below listed mutually exclusive events

o
[

P {A is not failed at "t" } (1)

P. = P{A is failed at "tl" and B is not failed at "t" } (2)

0 < tj <t

P2 = P}{% is failed at “tl”; A is repaired before B fails;}
(3)

B fails at "tz"; A is not failed at "t”

-t

<
0 < t! < t2 t

)
i

i PAIA is failed at "t,"; A is repaired before B fails
l.,,.u B fails at "t,”; A is not failed at "t" (%)

3 < < 0.°.°< r <
0 t1 t2 t1 t
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We indicate with h (t) and g (t) respectively the failure and repair probability
density distr butions of each of the two units. The two cumulative distributions
will be

t
HF(t) =j ho(t)dt )
A
and &
Gp(t) =j; gpltdde (6)
We can write
t
P o= 1- }Z hth =1 - HF(t) 7
¢ r
Pl ='£ hF(tl) L]-HF(t—tl)]dt] (8)

t
PZ =£] hF(tl) [hF(tz"tI)G(tz-tl )J []—H_F(t-tz)] dt]dtz (9)

The Laplace transforms of eqs. 7, 8 and 9 are the following

h (s)
p¥ =l (10}
(o] s 8
ho ( 3
* (1 _ *
P1 S hF(s) (i
*
* /1 _.Eg * *
P, -(g = Jhp(hGp) (12)

where

s = complex variable of the Laplace domain
"%" indicates Laplace transform

* _— .
Loocking at egs. 10, 11 and 12, one can easily derive for Pi the following

expression
*
ho\ 1§ -
X 7 i-]
p"f = (_l. - = h: g_(h’f‘c""')j a3

The Laplace transform of the reliability RF can then be easily calculated
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w©

*

RF= 2 Pi=—;-- —h +hF(I-h)
i=1 L (hFF

iy, n
}\F

*

The average failure rate of subsystem "F" is given by

1 nE

AF = o i ) *
' lim
jo Rt 0 Re

From eq. 14 we have

* i_h; h;
1im R, = lim 1+
s»0 - s+ ° l—{hFG)
How we have
% t
lim h'F = lim hth = }
s5%0 £t Jo

Tzking into account eq. 17, eq. 16 becomfes

%
* 1 I=hg
lim R'F = }1 + 5 1im 3
S0 1~1im(h._G) | s=o
FF
s>0
Avplying the theorem of de I'HSpital, we get
1-hy dhy, t |
1lim = = = 1lim P =limfthth=?—
s->0 §>0 to Yo ;

A, = E
R !
1-1im(h GF,)
8>0

Let us consider the particular case in which hF'(:t:) is exponential
hF(t) = o exp(—oFt)

Teking into zccount eq. 21, we can write

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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* o]
(hFGF) = J{ g expE-t(cE+s)] GF(t)dt (22)
o
and
lim (b G )¥ = Jr o, exp{-o,t)G.(t)dt =
FF o Z Iy
50 0

[exp(-th)GF(t)]z + f exp(-OFt)gF(t)dt =
w,o

J[ exp(-o,t)g.(t)dt (23)
o a X

Taking into account eq. 23, eg. 20 becomes in this particular case

o

AF = 7 (24)

9]

oo}
1 —.]( exP(—cﬁt)gF(t)dt
o k2

If gF(t) too is exponential

gp(t) = 1, exn(-ugt) (25)

we have

F
j exp(-ot)g (t)dt = u j exp[~t(optu)]dt = o (26)
o T o N FF

Taking into account eg. 26, eq. 24 becomes

o
‘T T ey (27)
Since uF/cF is usually very large, we get from eq. 27
o2 |
AF = ;;- (28)

It is very interesting to notice that eq. 28 holds approximately also in the
case in which g.(t) is not exponential. In this case "u_." is defined as average
by ki

repair rate

My = —— (29)
[t g?(t)dt

“0

k]
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We have, developing exp(foFt) in a Taylor series

It

[ ) .o o [ 3
] e : N Y 2 2
Io exp( OFt)gF(t)dt 1=0g j; t gF(t)dt + o3 f_o t gF(t)dt + ... (30)

If we stop the series at the first term, we get from eq. 30

j.o eXp(-oEt)gF(t)”dt ] -— (3n

Putting 31 in eq. 24, wve get

a.
¥
A =

R T 32

and, for “w/GF very large,

= E (33)

A 7.2 Functional subsystem consisting of two units, one working and the other

in stand~by. Preventive maintenance.

This case has been called strategy 3 in para. 5.4.

1)

Eq. 24 of para. A 7.1 is approximately valid where "o_" is the average failure

rate defined by eq. ! of para, 2.

Eq. 33 of para. A 7.1 can also be used, where "u." is the average repair rate

defined by eq. 29 of para. A 7.1.

A 7.3 Functional subsystem consisting of "n."” units: "kF" of these units are

F
working and the other nF-kw are in stand-by (Strategies 4 and 5 of para. 5.4

If one of the working units fails, it is automatically switched off, while the

- 113 4
first of the nF-kF

stand-by units is at the same time automatically switched
into operation. The failed unit is repaired, and then connected as last of the
stand=by units. If a second unit fails, the second of the stand~by units is

switched into operation, and so on,

The subsystem fails if nF—k?+l units are failed. The subsystem can be at time
"t" in one of the below listed states (fig. 26).
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Number of Humber of Humber of
State working stand-by failed Comments
units units ; units
o kF nE-kF Q
1 kF nF-kF- 1 1
2 kg nF-kF-Z 2
i ko -k i i
nF-—kF- i kE‘ 1 nF-kF- i
Ay kg ‘g . ° npkp
nFﬂkF+1 < kF-I 0 an-kF+l Subsystem failed

We shall suppose that the failure and repair probability density distributions

are both exponential

hy op exp(—th) (1)
and

gp = Up exp(-ugt) )
with oF and UF both constant.

We indicate with Qi(t) the probability that the subsystem "F" is in state "i".

We can write the following "n_~k_+2" equations
FF -

dq
o= - \

3t kpopQ, * upQ (3

aq,

ar = XpOpQ, T (kpoptup)Q) +ugg, (%)

dq,

-

dt = FpopQ-y T (poptupd Qg )

- e L o e ° ° ° ° °
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dO‘nE%.-kF : .
dt 5980,k -1 * (kFGF+uF)QnE—kF ()
dQn?-kF+l o :
a - kFGF n -k &)
Since
nF-kF+l |
EoQ =1 (8)
i=o
only "nF—kF+1" of the "nF-kF+2" equations are independent.
The associated initial conditions are
QOCO) =1 (9)
and
Qi(Q) = 0 (i=192300ac9nF—kF+l) {10)

Taking into account the initial conditions 9 and 10, the Laplace transforms of

eqs. 3 to 7 are

* ¥
-1 = ’(kFoF+S)OO + 1gQ, (an
* * * 12)
O = kpopQ, —(kpoptupts)Qy + uph, ¢
* * *
0 = kpopQy_ = (kpoptug*s)Qy + ugly,, (13)
0=k%ko Q* + (ko +tu_+ )F* (14)
g W R 6 s i W
* E3
0=%0.0 . =5 » (15)
PPk QnF fep+l

where

s = complex variable of the Laplace domain

"s" indicates Laplace transform
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The Laplace transform of the reliability "EF“ of subsystem “F" is given by

% 1 % .
L (16)
RE s, g kF+1
Taking into account eq. 15, eq. !6 becomas
*
1 = ko, & _
x F»F L kF s
Now we have
A »
% | vI;(nF—kF+I)
sk, =TT (18)
FF

where
A = determinant of the coefficients of the first "nF-kF+l“ equations

(eq. 15 excluded)

= $ 1, $3 2
Al;(nn-kw+l) determinant complementary to the element 21 -k +1) °

(Ist line and “n_~k_+1"th column) of the determinant "A".
T T

The determinant A, having "nw—kF+l" lines and nF?kF+i columns, is written below
(eq. 19).

-(kFoF+s) Hp 2 T o 0 0
kFGF ~(kF0F+uF+s) Hp o o o o o a s o s} 0
0 kFGF _(kFGF+uF+S)°'°° ¢ 0 0
0 0 kFOF © o & s o & © © 5 5 o s s o o e 3 a s o 8 o
A = E ° ° ° - ° - ° ° s ° ° ° . ° ° ° ° ° ° {29)
0 0 0 o v e v o oo kpop ~(kpoptuts)  ug
8] 0 0 ¢ . 606 o 0. O kch -(kFcr+uF+s,

Taking into account eq. 18, eq. 17 becomes

B Bp% Atk e
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LTI .
On the other hand "R_." is also given by
Pe)

n =k +1]
% ST *
vs f % (21)
i=o
By solving the system of eqs. 11 to 14, we get
A
* i1l
N = (- e
2; = D A (22)

where “A" is the determinant defined by eq. 19 and "A

li“ is the determinant
complementary to the element "a

li“ (1st line and "i"th column) of A.

Putting 22 in 21, we obtain

.~k *+1
EM L i
z (-1 A
A
By comparing egs. 21 and 20, we get
A - kFUF Alg(nm-ku+l)- n*-kF+l .
— = ¥ (-1)" A, (24)
. 11
s i=1

By extracting the determinant A

];(nF-&F+l) from A (eq. 19), one obtains

(n~k_+1) (n,~k.)
_ F T e
Al;(nq-kF+1) = (-1 (kFUF) (25)
Putting 25 in 24 for s=0, one gets
n =k, +i (n,.~k.+1)
PR e 2 FF
], = D (k0 (26)
The average failure rate ”AF“ of subsystem "'F" is given by
}\?? = uol = 1 (27)
j Rt lim R
() §20

Taking into account eqs. 23 and 26, we pet
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(ap7ks)

T agkotl (ko0p)
& =y = =D Nk _+1
P FF

1 i m "
-1) [Ali] E: -nt [Ali}
1 850 i=} s=0

By extracting the determinants “A

(28}

[ B~ |

i

¥ from A (eq. 19) we obtain for s=o

1i
n -k _+1-i n.~k _+i-1i
FF (i~1) ¥TE

= {- 3

[AI i_l =0 (kpog) (kpop) +
n_~k ~i (n~k, -1i) (n, ~k_+1-1) |

F T F T

+ (RFGF) By + ,,,+(kFoF)uF +uF : (29)

Taking into account eq. 29, eq. 28 becomes

kFcF
A, = (30)
N inF-kFﬂ-i
5 13—
i=1 kpop)
In the particular case kF=1 (only one unit working), ea. 30 becomes
o
A = £ I&1h)

- by (nF-i)
T i —
i=1 Op

Since uFIGF is usually very large, we can have the two followlng approximate
expressions derived from egs. 30 and 31

n_~k_+1
F'F
(kFGE)

N (2

and for kF=I

For analogy with what we have found for the case of two units in para. A 7.1,

4

eqs. 32 and 33 should be valid also in the case in which "o." is an average

failure distribution given by eq. 1 of para. 2 (with any type of failure distri-
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bution), and p is.given by

= - ‘ (34)

L <«
f t g (t)dt
o +

with g (t) being also not essentially exponential.
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16. Appendix 8: Calculation of the eXpected numbet of non preventive replacements

(or repairs) cdrried out in one maintenance period of a unit

belonging to a functional subsystem.

In this appendix we want to calculate the expected number ”xF" of non preventive
teplacements (or repairs) carried out in one maintenance period “OF" of a unit

belonging to a functional subsystem (eq. 7 of para. 5.7).
We indicate with hF(t) the failure probability density distribution of a umit.

We indicate with Pi(t) the probability that "i” units have failed (and therefore

replaced) before time "t" and that the "i+1" unit is working.

e have
Ft
P, = 1~j h_(t)dt (n
o T
rt
P, = jo hF(t])D—HF(t-tl)]dtl (2)
0 < t1 <t
£ ort,
"2 =-[c» j@ np(t)) bp(eyme,) [1-Hp(e-t,y) Jat de,  (3)
0 < 1;1 < t2 < t
where

rt
EF(t) = jo hF(t)dt 4)

The Laplace transforms of eqs. 1, 2 and 3 are

. h_(s)
?-X - _1_ __F (5)
o s s
= ¥
(sq
* i & *
= e - {a) {6
L ) s .}hF‘S’ (6)
hi(s) | 2
* |1 _ ‘__ *
g [hﬁ.(s):{ )

where "' indicates Laplace transform, and "s” is the complex variable of the

Laplace domain.
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Looking at the eqs. 5, 6 and 7, we can easily derive the following equation

P?=[—é—-h25):“}ﬂ()] (%)

Adtitransforming eq. 8 to the time domain, we get

i f @;(s)]i ) {h;(s}]m ©)
z. s )

Fd

-1 . . .
where L indicates antitransformation to the time domain.

The expected number "XF(t)" of failed units at time "t" is given by

o © h (S)
x(t) = I iP = I L § [ng(s)] --—[h()]iﬂ} ‘{ (10)

. i R

i=o i=o i h (s)
Eq. 10 can be written as follows

t [ 5]
xp(t) =f L | ——)dt an
o 1l-hF(s)

For t= @F’ we get finally

0 %
F -(s)
X =‘J( LTI MEE———— dt (12)
o]

l—h;(s)
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17. Appendix 9: Calculation of the expected number of non preventive replacements

(or repairs) carried out in one maintenance period of a umit

belonging to a safety subsystem.

We indicate with hé(t) and hg(t) the two failure probability density distri~

butions respectively for failure type "a" and type "b".

The two modified failure probability distributions, which take into account the
"

on-off-cycling due to the checks with checking periods "Ts » are respectively
(eqs. 3 and 4 of Appendix 2)

-y

8! 5!
1+;—§>h§ £(1+ ;—Sé) 1)
S S
and '] ~ " :
1+E§ n' le(1+ -8—5) ’ 2)
TS S Ta

where "t" is still the real time and Sé and Gg are two constants.

Taking into account eqs. ! and 2, the total failure probability density distri-
bution E(t,rs) will be

apay faane
e

" ™
- aé 6é t(I+GS/TS) i
h(t,7g) = {1+ == jhg pe{1+ — /{11~ h's'(t)dt +
S g/ o
b

=

- ]

g -

5" ' 5" . t(]+6é/TS)‘
+ [1+ 2 e Jef1e 2 - hi(t)de (3)
T S T S
S S ’ o

=3

Taking into account eq. 3, with procedure similar to that developed in Appendix 8,
we get the expected number "xs" of units failed in one maintenance period "GS"
{eq. 12 of para. 5.7)

% -1 5:(5,1 )
Xg = L % dt (4)
o it -h (S,TS)

where

L.-l indicates antitransformation to the time domain

"s" indicates Laplace transformation

"s" is the complex variable of the Laplace domain.
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