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Abstract. The noise in the neutron detector signal from a reactor with an external control loop is theoretically investigated.
Delayed neutrons are included. A practical formula for the noise power spectral density contains 4 contributions: (1) White
detector noise, (2) noise from an external reactivity perturbation, (3) noise of the same origin (i. e. branching processes) as that
observed in zero-power experiments, (4) noise produced in the control loop by the neutron detection process. A rigorous stochastic
treatment shows, that this formula is a very good approximation, when the neutron population is high and its fluctuations are

sufficiently small.

1. Introduction

The output of a neutron detector in a reactor at
steady state is the sum of its mean value and statisti-
cal fluctuations. The analysis of this noise, by different
experimental, theoretically related methods, is an
established technique for obtaining or supporting in-
formation on the reactor’s dynamic performance [1, 2].

The frequency analysis of the current from a
neutron-sensitive ionization chamber determines the
power spectral density of the noise contained in the
detector signal. This technique has been treated
quite early in respect to zero-power reactors [3—5]
and is convenient for power reactors, when the rate
of neutron detections becomes very high.

* Work performed within the association in the field of

fast reactors between the European Atomic Energy Commu-
nity and Gesellschaft fiir Kernforschung m. b. H. Karlsruhe.

Apart from a trivial contribution, i. e. white de-
tector noise, the noise in the neutron detector signal
reflects the fluctuations in the neutron population.

In a reactor at full power the neutron population
fluctuates primarily because of the statistical modu-
lation of the reactivity, by random variations of the
coolant inlet temperature or wvelocity, formation of
bubbles in the coolant ete. These effects constitute an
external, autonomous reactivity perturbation gg (),
which drives the reactor with its external and internal
feedback loops.

The other extreme is a subcritical reactor with a
spontaneous fission neutron source. In such zero-
power assemblies reactivity perturbations are quite
unimportant. The neutron fluctuations are, then, due
only to the suberitical neutron multiplication being a
stochastic branching process.
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So far, only this second case has got a satisfactory
theoretical treatment, although obviously the effects
observed in zero-power experiments should be present
to some extent also in reactors at any power-level.
However, it seems unrealistic to aim at a stochastic
treatment of a reactor and retain all complications of
space- and energy-dependence, external and infernal
feedbacks, mechanisms perturbing the reactivity ete.

We investigate here the power spectral density
(PSD) of the neutron detector signal obtained from
an externally perturbed point reactor with a single
external control loop. The results will be directly
applicable for long-time low-power experiments with
a reactor under automatic control. The frequency
characteristics of the control loop shall be quite general,
and delayed neutrons are duly considered.

In section 3a practical formula
(3.11) is developed and discussed. In  perturbation
the rest of the paper an attempt is

This covers a broad class of functions
J
gty = a;eri* for £=0. (2.6)
=1

Obviously, the neutron population depends linearly
on the input reactivity perturbation,

SN—N—N,—N, [ b0yt — $)dd  (2.T)

with A(t)=0 for ¢<0. For the Fourier transform
H (w) of k(i) one confirms easily

Hy (o)

H(w)= 1+ G(w) Hy(w)

(2.8)
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2. Reactor Model, Definitions feedback

We consider a reactor with a control
loop (Fig. 1); g, signifies a reactivity
perturbation (input), g, is the control
reactivity (feedback); then g=g,—

_is the net reactivity. Let N (f) be the neutron popu- _

lation at time £ and N, a constant demand value, and
assume

|N (@) —N,| <N, and |o@®)|<1,  (2.1)

as usual. In a deterministic model N (¢) is a linear
function of the net reactivity,

SN =N(t)—N,=N, [ hy(@)oi—)dd. (22)

ko (£), which is zero for ¢ <C0, has a Fourier transform
H,(w), i.e. the frequency response function of the
reactor without feedback. With /=prompt neutron
generation time, f;, and A; =fraction and time con-
stant of the k-th delayed neutron group, this is
known to be

H,(w) (1_2 f’ﬂ“" )/(zwl—[—z f’““" ) (2.3)

Let the feedback reactivity be a linear function of
ON/N,,

olt)= [g) TP as. @4

The controller response function g(f), which is zero
for £ < 0, is assumed to have a Fourier transform G(w),

J .
G(w) = Z iwaip., (Re p; < 0). (2.5)
j=1 =

Fig. 1. Scheme of the reactor with external control loop and PSD measuring

equipment

With (2.4) and. (2.68) g,(f) can be regarded as a sum of

partial feedback reactivities g;,
o]

>+ [ (N (e—8) — 1) a9
; (2.9)

= ), 0;(8).

Qe (t) =

A ?ML.

Each partial term obeys a differential equation

d N .
2o =g ﬁ_()ﬂo?@,(t), j=1,...,J. (2.10)

Part of the control loop is the neutron detector, e. g. a
boron-lined ionization chamber. Let B (f) be the neutron
detection rate (pulses/second) and Ry==WNy/(») its
constant average; W,=detector sensitivity (pulses/
fission), ¥ =mean number of fission neutrons per
fission. Then

-d'-Z; 0; () = %’; R(t)—a;+p;o;(t).  (2.10a)

a;/ R, is seen to be the average increase of this partial
feedback reactivity per detected neutron.

3. Heuristic Development

We will now derive non-rigorously and briefly an
expressmn for the PSD (=power spectral density)
of the noise in the signal of a detector outside the
control loop, i. e. the Fourier transform S(w) of the
autocorrelation function Ry, (t) of the detector signal,

=2 8 () :_“ZRH(T)Q_MTCZT. (3.1)




78 H. Borewarpt: Neutron Noise in a Reactor with an External Control Loop

The terms S,(w) of the sum are related to different
sources. This absorption detector has a sensitivity W,
(pulses/fission) and detects neutrons at an average
pulse rate B, =W, F with F=Ny/(y]) =mean fission
rate. The autocorrelation function will be defined as

'[/1712 N02

2B A
. fT(N<t+z)—’No)(N<t>—No)dt (3-2)

9T -Ng

By (7) =W, Fryd(7) +

=T

If an autocorrelation experiment processes analog
signals, the first, singular term of R,(7) yields a
contribution proportional to the mean square of the
detector pulse amplitude. All other contributions are
proportional to the square of the mean amplitude.
This is taken into account by the factor 7 [5]. Let
the probability density of the pulse amplitudes & be
wy (£) and let the mean amplitude be (&) =1. Then

Py = (8 = [y (§)BdE=1, (3.3)
0

We require, that the reactivity perturbation g,(f) has
a time average g, =0, and define its PSD by

[} T
. . i tydi
R)(w):fe—szh_)%o %@&dr, (3.4)
— ’ -7

In a first approximation the reactor (with its control
loop) depends deterministically on g, (¢). We then may
insert (2.7) into (3.2), perform the Fourier transforma-
tion according to (3.1) and get

8, (w) =W, Fr,, - (3.5)
8, () = W2 F?| H () |2 Py (). (3.6)

In unperturbed, stationary, suberitical assemblies the
dominating source of neutron fluctuations are all
branching reactions, especially the fissions [6]. This
source of noise is expected also in the reactor con-
sidered. On a heuristical basis, we want to treat it as
an additional equivalent reactivity perturbation with
a white spectrum I (w)=const. The appropriate
normalization can then be determined by an extra-
polation to high frequencies , when G{w)~0,
H (w) ~ Hy(w) and the theory of zeropower correlation
experiments [6] is again applicable. Thus, the analog
of (3.6) becomes

Sy@) =W P XUV | H ). 3.7)
Any spurious detector signal E,(¢) in the control loop
generates feedback reactivity according to (2.4). One
can easgily verify that a spurious control detector
signal with a PSD R (w) generates spurious feedback
reactivity g, with a PSD

E (o) = G() |2 By () (WoF)?. (3.8)
According to (3.6) this contributes to S(w) a term
8y (@) = (W/Wol- | H (@) |*-| G (@) [*- By (w). (3.9)

The detector signal in the control loop carries, besides
the desired information on the actual neutron popu-

lation, white noise with a spectral density Wy Fr,,
cf. (3 5)_ The factor To = 1isthe analogof r,, ¢f. (4.11a)

(3. actor the analog of r, , cf. (4.11a).

Nukleonik

When all other sources of noise in the control loop
(e. g. spurious detector pulses, electronic noise) can
be neglected, we have

R,,(0) =W,Fr, (3.10)

in (3.9). With this assumption we can collect the
terms §; to S, and obtain

S(w) =W Fr,+ W2F

v—1) 11)

| H (@) 2| FB @) + 22

, 3.
+ |G @]

Before starting to develop the same formula by
stochastic methods, we want to point out some of its
salient features, which should be observable in
reactors with typical control loops and with reactivity
perturbations mostly in the lower frequency region.
The white noise term §;, which alone is ~W, and
which would not be present in a two-detector cross
correlation experiment [6], is not considered in this
connection.

1. At high power F, the term 8, dominates for
medium frequencies. At high frequencies, when the
PSD P, (w) of the reactivity perturbation is attenuated,
the term S; may become important.

2. At very low power F the term S; dominates for
medium and high frequencies, when G'(w) ~ 0.

3. At low power and for very low frequencies the
term S, cannot be neglected, especially when the sen-
sitivity W, of the detector in the control loop is low.

4. Stochastic Formulation

- —Fo-get simple-equations; -we- restriet this-detailed -~

exposition to a case with one group of delayed neutrons
and the simplest controller response function

a
G(w):m; gt)=a-e?* for t=0. (4.1)
The mathematical treatment presented for this case
can easily be adapted to the general model assumed
in the previous sections.

Let n, ¢, g; be the number of neutrons, number of
precursors and the feedback reactivity at time 7. As
far as nuclear processes are concerned, during an
infinitesimal interval (¢, ¢--d¢) the following alter-
natives must be considered:

1. No process occurs.

2. One precursor decays.

3. One neutron is captured or leaks out, but it is
not detected by the control detector.

4. One neutron is captured in the control detector,
and thus contributes to the feedback reactivity.

5. One neutron produces fission and generates m
prompt neutron plus O or 1 neutron precursor.

These alternatives have known probabilities. In
addition, the feedback reactivity g, will shift according
to (2.10a) by an amount

Aoy =—adt+bods. (4.2)

As we want to neglect in this investigation any addi-
tional (electronical or mechanical) noise in the control
loop, this shift is a deterministic contribution.

Let p(n, ¢, o;, {)d g, be the probability at time £ for

the numbers n, ¢ and a feedback reactivity in an




11. Bd., Heft 2, 1968

interval (g;, g, +dp,), normalized by

> > [pmee.bHde=1.
n=0¢=0 —o0

The arguments given above lead directly to a balance
Eq. (4.5), in which

o =0, (1 +bdt) —adt;
is used as a substitution on the L. h.s.
pln,c,0 t+dt)ydo =p(n,c,o,)dg,+dido;
: [; (re+ 2w, o) +Ale+1)

(4.3)

do’ =dg,(1+bdt) (4.4)

cpn—Lct1,..) 4 n_H (l—P_@_%ﬁ)
W(n—f—l)
p(”+1,0; . fwo (45)

<n+1 cgl——— t)d§+ Z ﬂ_—

(B 400 —0) @ [(1 —pv)p
+Bfyp(n+1l—m,c—1, )]}

(n+1—m,e,...)

In most r.h.s. terms the arguments g,, ¢ have been
omitted. g, is the time-dependent reactivity pertur-
bation, W,/v the probability for neutron decay by
capture in the control detector. w,(&) gives for this
detector the distribution of relative pulse amplitudes.

F,=1/v; at any time the probability for a neutron
decay by fission is

= (A-G)
—_ \ U

=
]

~

P (7 — Y (1=l _—7 Yl -
£ T80 — QY =\ T G — 01)/¥-
G, is the probability for m prompt fission neutrons, f»
the average number of precursors per fission. In (4.5)
we assume a) that not more than one precursor is
formed in a fission, and b) that prompt fission neutrons
and precursors are generated independently. This
assumption is reasonable and without significant in-
fluence on the final results.

We transform (4.5) by introducing the generating
function f=/f(u,v,z,1),

v,z =3 Suree [ deop(n,cg,i)de. (4.7)
n=0 ¢=0 —oco
If we substitute (4.4),
¢a? —¢%(1 —jzo bdt+izadt4--) (4.8)
on the 1.h.s. of (4.5), this part transforms to
. 0
Lbh.s.=f(u,v, 2, t +dt) —bdtiz—— f(u,v, 2,1
10% i ) (4.9)
+adtixf(u,v,2,t) 4
The r.h.s. of (4.5) transforms to
dt 0 %
r.h.s. =f—}-7[— I qiw—u) 2L
ot W 9f 1 &
+(1“P v ) +m oxou
(4.9a)

2 [ ey (552 £

_{‘(P.f‘i“%})w ﬁ%uﬂ)) al ]

1
%»w(ﬁv’u’v) yi dxdw |’
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Herein we use as an abbreviation

(1 —{—ﬁv(v—l)) ioqmu"”ml

+v(1—p)(w—1)+pv{v —1) ++*(D /5
(=122 1) (0 —1) 4

1#(5”:%?7) =

with the parameter D=»(y» —1)}»2~0.8 [7]. Terms
of order 5% have been dropped. When we combine (4.9)
and (4.9a) we use the expansion (4.10) and a Taylor
expansion of the exponential function. This introduces
the normalization integrals

Fua@yde— foy@®Ede—1,  (@11)
0 0

}owo(f)fzd&:rog {(4.11a)
0

for the pulse amplitudes of the control detector. We
thus obtain

:%f(u,v,x,t):—iaxf—}—ibxjf—-{—l(u—l)(?—f

af 1 of tax  rea?a?
—Av—1) gt z’?ul (RO IR3 )
+(Qo(1—l3)—ﬂ) —1)+,3(1 +00) (v—1)
+(1+eo) +oo)2f(u—1) 412)
-(v—1)+~-~}—%afgu [(1—ﬁ)<u—1)+ﬂw-1>
+vw—4ﬁ) 1)2 =+ pru—H -1+

This partial differential equation is the consistent
generalization of the deterministic reactor dynamics
equations, including a linear reactivity feedback term.

5. Necessary Approximations fo (4.12)

From its definition (4.7) we see that the generating
function f(u,v,z,t) yields the expected numbers of
neutrons and precursors, NV (f) and C(f) respectively,
the expected feedback reactivity g,(¢) and higher order
moments as first or higher order derivatives at
u=v=1, x=0.

(=2 (1,1,0) =N (), (5.1)
(0 (t>=§7{(1,1,0,t)=0(t>, (5.12)
o> (B = % (1,L,0,) =g,(t),  (5.1b)
{oymy (t) = (1 1,0,%) ete. (5.1c)

From the first order derivatives of (4.12) we get an
interesting form of the reactor dynamics equations,

_8)— 1— '
ﬁg &L{M N_—~Z—E<an>—i—lo, (5.2)
%:MN_~§<91%>_AO, (5.2a)
doe W,N N N
d@ = —a-+bg,+ aﬂ}’go —a( o +bg,.(5.2b)
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The last of these equations is identical with (2.10).
But (5.2), (5.2a) correspond to familiar forms of the
reactor kinetics equations only, if we may approximate

Cony (B) Lo (1) -<n> () =0, ()- N (5). (5.3)

In general, only with high neutron populations N this
is a good approximation. For g,=0 one can obtain
exact equations for the stationary solutions N, C, p,
etc. From (5.2) to (5.2b) one easily gets in this case,
without external reactivity perturbation,

AC=BNI, {gymy=0,

_ (5.4)
a(§ —N))/N, +b3,=0.
But the relations N =N, or g, =0 do not follow from
(6.2b) and, as higher order equations show, they are
only approximately valid for N;>>1. The crucial term
in (4.12) is the second order derivative 2f/0uoz,
because it puts higher order moments as source terms
into differential equations, that should yield lower
order moments, e. g. {g,#)> in (5.2}, (5.2a). To over-
come this difficulty we have to introduce approxi-
mations. Our first two assumptions are:

1. The control loop restricts the deviation of the
actual numbers » of neutrons from the constant
demand N, to small amplitudes (this depends, of
course, on the right choice of the control loop para-
meters). Thus, we put

p(n,c,0,,t) =0 wunless |n—Nj|<N,. (5.5)

2. The demand value N, is sufficiently high, so
tna‘c we may apprommate 1n rcunor terms oi (4 M)
p(n,c,0,t) wpln—1,c¢,0,,1) (5. 6)
for |n — Ny|<N,. Because of (5.5) this holds, then,
for all n.
From (5.5) and (5.6) we get approximately

o«
827‘ SRR #n—1,¢ f t0:%
—_— = nu” 1y 10,6 n,C,04,8)d
Jude 7;0 ;0 J %1 P( (%] %1
0o [o o]
~ Z Z Nyw 10 figleiglxp(n—l,c,gl,t)dgl 6.7
n=0 ¢=0 o
N9
——N()%(u,v,x,t)

With this substitution and some reordering of terms
(4.12) yields a simplified equation

2 =T 5ol =H) —B) =1 +5 (1 +0)

-(v—1) +malll\7o]+l%[(u*1) —(—1)]

(5.8)
— 3 0 —p) @ —1)+H 1) —izblN,]
_ma]‘—l—%(u—l)z—l—zpz(u——l)(v_l)_%xszm
v, =, (u,v, 2,1) ete. have the meaning
o= 2220 [(1+ 2L —N2L], (58a)
”’2“@[“ 0 féi] (5.8b)
Vo= g o = NG b (5.8¢)

2W,Ng ou
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From the first order derivatives of (5.8) at u=v =1,
x =0, we now get instead of (5.2), (5.2a)

iN 01— —B
I i A

a0 _ pl+ey)

w= 1 V-
(5.2b) is left unchanged. Thus, the approximation (5.7)
leads to neutron kinetics Eqs. (5.9), (5.9a), which are
linearized in respect to the treatment of the feedback
reactivity.

Equations which determine the second order
moments (n(n—1)5, (ncd, (ng,>, <ce—1)>, <co>,
{p%y may be similarly generated as the appropriate
second order derivatives of (5.8) at u—=v=1, z=0.
Such equations now cannot contain higher order
moments as source terms. Thus, in principle, moments
of any order can be successively computed from (5.8).

Practical considerations favour the inclusion of
some more approximations:

3. To make the linearization of the reactor kinetics
equations possible, we demand

el N, —ic. (5.9a)

| ol ea]s oo <1 (5.10)
In analogy to (5.7) we then get
& 9 ol (5.11)

4. We are content with apprommate solutions that
yield first and second order moments, which are
correct within the previously stated approximations.
Then we may drop all higher order terms of (5.8) and
approximate the minor terms y,, v,, v, by

1+ 50 —Nogos ¥ Do, (512)
%(u—l)%ﬂ’i;—”l%(u—l)w, (5.13)

pa(u—1) (0 —1) mfy o (u—1) (0 — 1), (5.13a)

roa?vl 2

(5.13b)

Including all these approximations into (5.8), we get
its final form,

s +p0—1+

zxal]

+l%[(u—1)_(”_l) —% ié;];:
Ja-pu—1+pw—1- ] o
+ 3 1ol =B w—1) + g (0 —1) — L2
+&fﬂ(u—1>2+ﬂv(u—l>(”“”_%

In this final stage we get a set of approximate,
linearized reactor dynamics equations, the last of
which is again identical with (5.2b) and (2.10).

'/
%=—§N+w (1 o8=D (0,00,
aC
2Py —ac—- ;ﬁ(ec—eo), (5.15)
doc

a
2 =, N tbe—a
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Note. The step from (4.12) to (5.8), involving the
approximation (5.7), was mecessary to make the
mathematical treatment feasible. The next step from
(5.8) to (5.14) is com)em'ent as it leads to simpler
expressions. In any traigh
procedures can check the lmponance of the negleetlons
made after (5.8).

6. Mathematical Background

We will now formulate a few simple lemmas, which
apply to equations of type (5.14), (5.15) in general.

Assume a M-row square matrix (,,,) with real,
constant elements. In our special case, M =3 and the
@y, are the matrix elements of (5.15)

a1 =—pll, — (1 =B/,

a1 =p/l, gy = —BNy/l,
ag; =a[N,, @33 =>b.

@ =24, 3=

Qg9 — _;L, (61)
3,=0,

All eigenvalues «, of the matrix (a,,) shall have

negative real parts
Real part o, <0 m=1,..., M. (6.1a)

Otherwise the reactor with its control loop would not
be stable. We will define a set of Green’s functions
P (8), for m, n=1, ..., M, by putting

M
t):Zamihm(t) for t=0,

bpn () =0 for 1<0,h,,(0)=

Opmn =Kronecker’s symbol. These Green’s functions
are sums of exponentials _ _ _ _ _ _

(6.2)

mni

M
P (£) = 3 Chpie® for £=0,  (6.2a)
i=1

which decay to zero for {— oo in view of (6.1a).

Lemma 1. When the source functions b, (f) are
bounded and otherwise wellbehaved, functions

(t)—Z f

i=1 —o0

i (8 — ) b; () dd (6.3)
exist for m =1, ..., M. The integrals converge for
Green’s functions of type (6.2a). These functions are
solutions of

d
%d = Z

For a proof, one has simply to insert (6.3), (6.2)
into (6.4).

(There are other solutions to (6.4) but, as one can
easily show, only the solutions (6.3) are bounded for
all times ¢.)

Lemma 2. If for t' =t and m=1,..., M

di(0) +bu (). (6.4)

dt’ Z i (8) +by () (6.5)
are valid, then
%y (£ 4 7)
4 % (6.6)
:_gl {hmo;(»’f) xi(t)—f—tf (E+T—3)b; (D) dP
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For a proof, substitute {"=¢-+ 7 and insert (6.6)
and (6.2) into (6.5). For =0 one gets the correct
initial values x,,(f).

As a special case, with 5, =0, and as a useful

corollary we obtain
Lemma 3. For all {,7=0 the Green’s functions
defined by (6.2) obey the relations

M
h’mn (t4+7)= _élhmi(‘r) hzn(t) . (6.7)

Lemma 4. Let ¢, (t) be elements of a symmetric
M-row matrix (c,,,),
Com = m,n=1,..., M. (6.8)

When the ¢, () are bounded and otherwise well-
behaved, we can define functions

M oo
k=1 —o0

These functions are elements of a M-row symmetric
matrix (g,,,) «

Coms

G (¢ p(t =) e ()dD. (6.9)

m,n=1,...,M (6.10)

Imn = Jnm s

and they are solutions of

d
dt gmn Z (amygjn+ 7gym)+cmn(t)' (611)
Proof. a) The symmetry (6.10) follows from an

interchange of the summation indices ¢, £ in (6.9) and
the symmetry (6.8).
_b) Exploiting (6.2) one obtains from (6.9)

M

Za’mjgjn
j=1
v ) (6.12)
= 2 [ hualt—9) it — B (@),
iE=1_Y
u
Z Uy i9im
- t P (6.12&)
= Z fhmi(t'_'ﬁ)Ehnk(t_ﬁ)cki(ﬁ)dﬁ
Bi=1 _g

But, as ¢;; =c¢;;, we get further from (6.2)

D) ey (9)dD

d
E Imn = f hmz k(t
(6.13)

M

= Z 6mi6nkcik(t)+z amygjn+ ygym)

1,k=1 j=

This yields directly (6.11).

Lemma 5. Let y be a M-component vector and
f(y,?) a function, which obeys
M

of _ ot
W — m,;:l QB Ym 6Z/n
M
+ D) b+
m=1

with parameters a,,,, b, (f), ¢,, () as stated previously.
A constant boundary value is

;.n

mm

Cnn Ym Yn
1

m,

0. =1 (6 149\
FATE)

Ixa < .i=xx
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One solution of this problem is

M
> Jmn () Y Y| (6.15)

f(y.t)

=exp

Z () Y, +

m,

with the functions d,,(f) and g,,(f) as given by (6.3)
and (6.9) respectively.
Proof. a) The boundary value (6.14a) is obvious.

b) The ansatz (6.15) reduces the problem (6.14) to
the verification of

Z Ao Yo+ Z gmnymyn] Z G Yo
m,n=1 1
+ Z buy Yn, T+ Z ( Uy Ym Z Zgnj?/j (6.16)
m=1 myn=1 j=1
+cmnymyn)-

Use of the symmetry g,; =g, has been made. From
(6.16) all linear terms in g, cancel on account of (6.4).
All second order terms in ¥, y, cancel as well, as can
be seen after reordering the term

Z 2“mn Z D Ym Y

myn=
M
=m7—1am7 Z g_mymyn+ 72 n§ Z IimYnYm (6.16a)
M
= 2 Yu¥ Z “magm+ wiGim) -
m,n=1 j=1

Thus on account of (6.4) and (6.11), the relation (6.16)

becornes an identity.

The signifieance of this result- becomes obvious;
when one compares (6.14) and (5
these relations are equivalent, as we may in (5.14)

substitute

h=u—1, Ys==iz. (6.17)

The boundary condition (6.14a) applies as the usual
normalization of a probability generating function,
cf. (4.3), (4.7).

The matrix elements a,, are given in (6.1). For the
source functions b,,(¢) we obtain from (5.14)

b GO0 =D |y wONh

y2=v_1’

—a. (6.18)

Comparing (5.15) and (6.4), we see that under these
conditions the functions d,,(f) are components,

dt)=N(), da®)=0(), ds(t)=g.(t), (6.19)

of one solution of the reactor dynamics Egs. (5.15).
Actually, it is the only solution without transients
and that is bounded for all times ¢.

In our special case, the matrix elements c,, are
constants,

(D—28)v N, Bv N,
0112——5?‘*0‘: 012=021=Tlo .
roa®vl (6.20)
C13 = Cqg = Cag = Cg1 =C35 =0, 033—W

As a consequence, also the matrix elements g,,,,, which
are defined by (6.9), must be constant. To perform
the integration of (6.9), one has first to obtain by
some numerical method the Green’s functions #,,, (¢)
from (6.2).
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Thus, we can solve (5.14) and obtain a generating
function of type (6.15). This function applies to a
controlled reactor, which responds to a reactivity
perturbation go{f) and is stationary otherwise. All

anitial 4n nts must have decaved thoav haove
initial transients must have aecayeca, as uvaly nave

been intentionally excluded during the derivation of
this solution.

From this generating function we can, then,
compute first and second order moments of such
quantities as the numbers of neutrons and precursors,
n and ¢, or the feedback reactivity o,. We should, of
course, not completely forget the approximations
implicit in (5.14).

7. Correlation Function for the Detector Signal
For the signal of the independent detector, which
is outside the control loop, we want to use now a more
concise definition of the autocorrelation function, viz.

Ry, (v) =W, Fr d(z) .
WENE fim N@N*@E+)dt 59 (7.1)
+ g fm, [ SO ke,

-7

Herein N (f) is the expected number of neutrons at
time £, i. e. the usual solution of (5.15) or (2.7). N* (¢ + 1)
is the expected number of neutrons at time (f+4171)
provided that one neutron was detected (this applies
for 7>>0) at time . When we compare (7.1) with the
Eqg. (3.2), we see that the necessary refinement is now
the distinction between N*(f 4+ 7) and N (¢ +1).

To compute N*(f+7) for >0 we define
p*(n, ¢, g, t -+7) =probability density for the set of
values (n, ¢, g,) at time (f + ) affer one detector puise

atHvinas # WHEEh #hia nrababilitys dan @5 ora wasr oty
aU TG v, Vyiva uiiS Prooavinvy Gelisity wo Iay Set bLJ:J

a corresponding generating function f*(u, v, z, {4+ 17)
similar to (4.7). It can be developed as follows:

1. At time ¢ the probability for detecting a neutron
is proportional to the actual neutron population #.

2. An absorbing detector reduces for each pulse
the number of neutrons by one unit.

3. An independent detector leaves other para-
meters unchanged.

Thus in the limit 7 —0
p¥(n—1,c,0.,8) ~n-p(n,cp0;,t). (7.2)

For the corresponding generating function this means

F(u,v, x,t)N% fla,v,2,8). (7.2a)

The necessary normalization f*(1,1,0,{+7)=1 then
yields the initial value for v~ 0

of
=L (7.3)

With the substituted variables (6.17) and with (5.1)
this reads also

*y,t) = (y, /

Eq. (5.14) or the eqmvalent (6.14) is valid also for
this generating function (7 =0):

P, 2,0) = 2L u,0,2,0/-20 (1,1,0,1).

L= 2L @.ome. 139

%(?J:H—T) Zikzl“ik?/za—;c(y,t—i-f)

u u (7.4)
+ Zbi(t‘["”)yi'l'.b [ CinYiYe *(y,t+7).

Y=




11. Bd., Heft 2, 1968

f* is distinguished from f, as given by (6.15), only by
the restriction 7 =0 in (7.4) and the specified initial
value (7.3a).

From now on, all derivatives shall have the argu-
ment y =0. Then (74) gives fori=1,..., M

T = 3 a2 byl 75
8y¢61( +T)—7;1“ika—yk( F1)+bi(t+7). (7.5)

Therefore Lemma 2 is applicable. Especially, for ¢ =1

(7.6)
=7; [ m(r) o (t)+fk1,c t+7— ﬁ)bk(ﬂ)dﬁ}
On account of (7.3a) this leads to
of o ot
ER 0 3?/1 - Z 8y1 oy )
o (7.7)

M
+ kglf—;m f Iy (6 +7— )b (9)d9.

Hrom (6.15) we obtain (at y =01!)

o2f
0%, 0y,

()= (t) (t) +2¢:0).  (7.8)
An equation of type (7.6) holds also for 8f/dy,, so that
(7.7) and (7.8) combine to give

(t) (t +7) = -(0)- (t —I—T)

—!—2 Z. 15O Py (7).

At y =0, the derivatives define the expected numbers
of neutrons N (f) and N*{t 4 7), so that

N(t)-N*(t+7)

_N@®.§ _ (7.92)

M
(t + T) + 2m2=1.‘71m(t) hlm(T)

For ¢,,, () we may substitute (6.9) and apply Lemma 3,

M

mél ‘hlm (T) glm(t\
=ka 1h1m(r)f By i (6 — ) g, (6 — ) 037, (9)dD (7.10)
= 2, Thilt—0husletr—0)cu®)a9

In our case the ¢;;, as given by (6.20), are constant, so
that finally for >0

N@#)-N*t+1)=N@)-N({t-+1)

* 2i jif“?_ioh”(ﬁ)klk @ +7)dd. (7.11)

For negative 7, the initial pulse of a delayed coinci-
dence is at time (f -+ 71), the final pulse at time . This
means, that for 7 < 0 the integrand of (7.1) is

N(t+f)'N*(t)—N(t+T)~ @)

+2 Cﬂcfklz 0+7)k1k( )dﬁ'

Lo k=1 —

(7.11a)

(7.9)
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But, as the ¢;; are symmetric, (7.11) is identical with
(7.11a) and may be inserted into (7.1) for any 7.

N(f) and N(¢-+7) are expectation values, given
by (2.7), and R, =W NyJ(»!). From (7.1) we then
obtain a final expression

R, (t)=W,Fr d(z) 4 WEF? fdﬁ fdﬁlmﬁn%o
T p - -
'f%k(ﬁ)h(ﬁ')@o(t+T—ﬂ)go(t—ﬁ') (7.12)

M [e9)
25 I
kZ=1 N:yl; ‘/ 14 0)h1k 19'+T)d19

+W2F

,

8. Bvaluation of the PSD

From the definition (3.1) of the PSD, as the Fourier
transform of (7.12), we see that we have to deal with
4 contributions:

1. White detector noise from the first term of
(7.12). This is obviously 8, (w) as given by (3.5).

2. Noise caused by the reactivity perturbation g,.
Fourier transforming the second term of (7.12) yields
S, (w) as given by (3.6) and (3.4).

3. Noise from branching processes S, (w), connected
with ¢,; and ¢, =c¢,; of the last term.

4. Noise originating in the reactivity feedback
loop 8,(w), connected with ¢z5. — All other coefficients
¢;; are zero, cf. (6.20).

From the last term of (7.12) we get

with H,,(w)=TFourier transform of #%,,(t). The
H, (w) may be expressed in terms of H (w). From the
kinetics Eqs. (5.15) follows that H (w), defined by (2.7),

. obeys in our case (2.8) with ¢ (w) from (4.1) and

H"(w):(l o lﬁ—ﬁc:w>/(ml+ Zﬁi?w)

From (6.2) we can derive that the functions H,,(w)
obey for m, n==1, ..., M equations

(8.2)

twH,,

Z Oy il (0) + 052 » (8.3)

with the @, ; from (6.1) and §,,,, =Kronecker’s symbol.
By elementary algebra one gets

7
Hy (@)= H@), Hy0) =000 3.4
1= Z—[—iw
AMH
Hyy(0) = i B0~ 50 (8.4a)

Atio *
Thus the contribution from branching processes, i. e.
fissions, according to (8.1) and (6.20) becomes

. 2¢q4 4,542
Su(o) = WRT | B (o) | 5725 + 37 | (8.5)
=WEFD|H(w)[*A4 ()
with D =»(y —1)/»2 and
A(w):wwl. (8.5a)

2w l—p)
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But with D~0.8 [7] and f<<1072 A(w) is almost
constant and equal to 1. In this approximation S;(w)
as given by (3.7) is confirmed.

The remaining term of (8.1) with c,; yields directly
S, (w) as given by (3.9) and (3.10).

9. Concluding Remarks
So far the expression (3.11) has been confirmed
kere for one special case. The general development of
the stochastic treatment with 6 groups of delayed
neutrons and a controller response function (2.5), (2.6)
with J terms has also been carried out. The general
procedure is to introduce vectors

>l p=[o o> esls (9.1)
specifying the numbers of precursors and the actual
values of all partial feedback reactivities g; defined
by (2.9), (2.10).

The corresponding probability density p(n,e,p,?)
is then used to define a generating function f(u,v,®,f)

c=lc,.

Nukleonik

similar to (4.7) with the vectors » and x related to ¢
and p. The subsequent development becomes very
similar to that presented above and leads, with the
approximations of section 5, to a confirmation of

/e 1N £

(3.11) for the general case.
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