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Abstract

A systematic study of the optimization of a helix accelera

tor enables a better understanding of discrepancies in the li

terature and provides a new way of chosing the helix parameters.

The losses in the helix are calculated in a more consistent

manner from the sheath model. A high shunt impedance over a

large range of particle momenta with comperatively few frequency

jumps can be achieved. A helix accelerator seems to be useful

for nucleon energies up to 200 MeV. Anormal as weIL as super

conducting helix is considered. The results are applicable to
--- --- - -- - -- --- -- -_ ...._---- ----

the acceleration of protons and heavy ions.

1. Introduction

The helix accelerator has been extensively studied some time

aga 1-4). The interest has recently been renewed since such an

accelerator seems to be advantageous for the acceleration of

heavy ions 5), nut also for protons 6). It seems that a helical

structure is also specially suited for a superconducting acceler

ator. In all these cases, the use of lew frequencies is favour-

able, although for different reasons. The main advantage of a

helix lies in the fact that for a given wave length the diame

ter a is rouch smaller than for a cavity structure. Its main

disadvantage sterns from the decrease of the shunt impedance
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with increasing particle momentum. Hence a helical accelerator

was thought to be useful for proton energies up to 50 MeV only.

However, the considerations presented here indicate that even

energies of several hundred MeV could profitably be. obtained

with a helix.

In this paper only the unshielded helix will be treated, i.e.

no outer conducting tube will be taken into account. It will be

assumed that the radius of this tube is somewhat larger than

a + r
o

where r o is the characteristic radius of the field +} .

This condition can be realized in practice as will be shown

later. In this case the losses in the shielding tube are small

.anddo nOt.· effect 1:ne ·öpEifuTzat.röh procedure esserrt.:tally.

Also the losses in the supports of the helix are neglected.

If the accelerator is operated in the standing wave mode the

supports can be placed at current nodes in which way the losses

can be kept small. The correction factors due to the shield and

the supports have been calculated 2,5} and can easily be applied

to the expressions given here.

It will be assumed that the focussing elements do not restriet

the diameter of the accelerating structure. This implies that

most of the focussing elements have to be placed between the

accelerating tanks. This can be done without destroying the sta

bility of the particle motion 7}. For a superconducting helix

intertankfocussing is imperative anyway.

2. General Relations

2 8}
The helix has been treated theoretically by several authors '

and equations for the fields have been derived as a function of

the geometrical parameters of the helix. These calculations are

+}
Because of the exponential character of the Bessel functions

Ko and K
l

the field has dropped to about l/e at r = r o•
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performed for a sheath helix which consists of a cylindrical

surface with infinite conductivity in a helical direction. It

can be realized by one or several metal ribbons or tubes wound

with radius ~and pitch s (see fig. 1). In the ideal case there

is no space between the metal ribbons. The number of strips or

helices does not enter into the calculation and its choice

leaves some freedome for technical considerations.

For an optimum design the shunt impedance

zs

E 2
z=

N---I..

(1)

which relates Ez the accelerating field and NL the power loss

per unit length, has to be made as high as possible. Zs deter

mines the essential part of the cost, i.e. the rf cost for a

normal accelerator and the refrigeration cast for a supercon

ducting accelerator.

The power loss is given by

(2)

where I is the total current ~n the helix and R.is the resistance

of the helix per unit length. The current is related to the mag-

f · Ld b 11 ' . m -';- d-';- -t;l: f" dnetic ae y Maxwe s equat.Lon 'f H s = J 1'". I ~ t a s assume

that the metal ribbon is very thin one obtaines for the integra

tion path (1) in fig. 1

(Hi - Ha) s COslj; = I coslj;z z

or for the integration path (2) in fig. 1

[(Ei - Ha) coslj; - (Hi - Ha) sinlj;] . 2n a sinlj; = Iz z rp rp
;

(3a)

(3b)
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Eque (3a) and (3b) are equivalent, of course, but they will

both be used. Hi and Ha are the magnetic fields at the inside

and outside of the helix, respectively.

The field components which are of interest here are given
by 8)

Ei
I Z a r

= 0 K (-) I (-)z 2n k
2 0 o r

0
r o r o 0

Hi I a r
= cotglji "i (-) I (-) (4)z 02'!r r r J:.:e--0 -0

R
i I a r

= K (-) 11
(-)'f 2n 0r o r o
r

0

with k o = 2n/Ao where Ao is the vacuum wave length.

The fields at the outside of the helix are obtained by ex

changing the Bessel functions K and I.

The characteristic radius r is the inverse of the radial
o

propagation constant y = l/r • 1t is related to the geometrical
o

parameters of the helix by the dispersion relation which follows

from the boundary conditions. It can be put into the form

r I (~;:>, K ( 'V;:> , 1 1 I?

I.
0 \ f-' 0 ' T -, I -, -

(ko/)' ) cotglj; =

J11 (va) K1 (ya)

with cotglji = 2n als

(5)
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In order to accelerate particles the phase velocity v must

be equal to the particle velocity. For v one finds

v
= (6 )

or

(k /y) = ß y = pc/E = Po p p 0

2 -1/2where y = (1 - ß ) and p and Eo are particle momentum and
p p

ze.st; -ener-%,-,-respee-t-i-ve-l-y-..--- - -

(7)

With (7) the arguement of the Bessel functions can be written

x = ya =
k a

o

pc/E
o

2'l1' a 1
(8)

3. Power loss and shunt impedance

All the relations given so far are rigorous for a sheath helix

with infinite conductivity. In order to compute the losses

Johnson 2) considered a helix consisting of one cylindrical wire

with diameter d. Since per unit length one has s turns the re

sistance per unit length is given by

R = Rs <p

nd cos'f
(9)

R
S

is the surface resistance and <p is a form factor taking into

account the uneven current distribution around the circumference

of the wire. It was shown 2) that for practical purposes

<p • s/d ~ 4. (10)
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Combining equ , (1), (2), (3a), (4) and (9) one finds the

shunt impedanee

Z
5 =

d

<Ps
eos1/! (11)

It.is a1ways assumed that the partie1es are e10se to the axis

and henee r = 0 and I (0) = 1.
o

In eontrast to the approximation (9) which has been intro-

different procedure will be adopted here. 1t seems more con

sistant with the sheath helix model to compute the power 10ss

per unit 1ength according to

1
R

S
IHI 2 x (surface areal (12)

instead of equ. (2) where I is connected to the helix fie1ds

but R is derived for a wire. From (12), (4), (3b) and (1) one
obtaines +)

Z 2 1. (x) K (x) K~ (x)
z 0 2 J." 0" . .J.= cos 1/!

[1
0

2
(x )

2 2
Ko

2 (x) ]s 1Ta Rs Io(X) K1 (x) + 11 (x)
(13 )

A comparison of (11) and (13) revea1s that the two expressions

are equiva1ent if the form factor is interpreted in the fo11ow-

ing way

d cos1/! I-I K1 + 11 K1 2

f with f
- 0 o- (14)= -- . =

I.2K 2 2 2
<ps 1T + 11 Ko 1 0

+)If the meta1 ribbons do not fi11 the who1e width s a factor bis
shou1d be added to the right side of equation (13) where b is
the circumference of the ribbon.
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If f ~ 1 the approximation (d/~s) ~ 1/4 is quite reasonab1e

since cos~ is not much sma11er than 1 for low partic1e ve1oci

ties. Johnson's optimization lead to va1ues of x ~ 0,4 and in

this range 5' ~ 1,2. Hence the approximation (10) seems to be

justified. '

However, as will be shown here a helix with x ~ 1 is more

favourab1e and x up to 2 may occur in a practica1 acce1erator.

In this case the approximation (10) is no longer good since

) = 1,55 at x = 1 and f = 1,9 at x = 2.

The consequences for the optimization will be discussed be1ow.

4. Optimization of the shunt impedance

The shunt impedance Z depends on the partic1e momentum p,s
the rf wave 1ength A and the helix dimensions a and s (see

o
fig. 1). To optimize Zs for a given momentum p one has there-

fore three parameters to p1ay with. This makes the optimization

somewhat cornp1icated and the two procedures pub1ished 2,5)thus

far seem to disagree. In order to solvethis discrepancy a syste

matic treatment will be given here. As a resu1t a third way of

chosing the parameters will be shown to be the most favourab1e

one.

The 3 parameters A , a and s are not independent. Since theo -
phase velocity has to be rnatched to the partic1e velocity the

dispersion relation must be fu11fi11ed. With (7) we can put (5)

into the form

p . (Sa)

where p = pc/E is the norma1ized momentum.o

Hence on1y 2 parameters can be chosen independently. As will

be shown one more relation is obtained by the optimization proce

dure and consequent1y one is 1eft with on1y one parameter to

choose. This choice will be main1y determined by technica1 re

quirements.
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It turns out that the optimization leads to different results

depending on which parameter has been selected as independent.

We shall discuss now all three possibilities and shall compare

them afterwards considering the achievable shunt impedance,

feasability and practicability.

4.1. Optimization for normal conductors

In this section we shall consider a helix at room temperature.

Furthermore it will be assumed that the particle momenta are small

(pc/E < 0.2) which irnplies that COS$ ~ 1. Corrections which have
o -- -

t:Q!?§i:ll~E!!E';!<:l~Q:t" h!9!!~:t"!UE'ITlE';!I'l"l:~ will be considered in 4.3., but;

they do not change the whole procedure essentially.

For normal conductors the surface resistance is given by

(15)

where Z = 137 n and cr is the conductivity. Since a helix couldo
easily be silverplated the conductivity of silver a = 6x107 (nrn ) - 1

will be used in the following. If (15) is inserted into (11) or

(13) one finds

d COS$
Z = z \I z Ao ohr (x2 I 11<oKl/

1
0

)
s 0 J 0

$S a

or
2

I1KoKl\ I 'J.
COS $

'J. = Z Ao
,,/Tr

I o(I0

2K
l

x ..-s 0 V -0 "', .. :.:: I 2K ~)a". + 1 0

(16)

(17)

where the Bessel functions have the arguement X as defined by (8).

These expressions are inconvenient since they contain the 3 para

meters Ao' ~ and x explicitely. Using (5a) and (8) one can eli

minate one and write Zs in such a way that it containes only x

and one of a, Ao and s,respectively. The optimization is carried
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out for x whereas A , a or s are considered as free parameter.o -
This leads to the following three cases:

Case I. free parameter: Ao

K 1
p

"'\0 XP V 1\0

(18)

d
with K = costjJ

4>s

This is deduced from equ. (16). If equ. (17) is to be used
- - _._ .. _---

-

instead one has to replace K and F by K; and pi respectively

[I 2K 2 + I 2K 2J -1
- 0 1 1 0

This will be refered to as the "dashed version".

Case 11. free parameter: a

K 1
Zs = ZoV 2 Z (J P

0 VF· \IXa

Por K and P the same app1ies as under case I

Case 111. free parameter: s

(19)

zs
=.., \ / A_ '7 ~

Wo V -." "o V

K 1

»: (20)

Again K and F are the same as for equ. (18). We sha11 discuss

now these three cases.
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Case I offers the most straight-forward procedure. If A
o

is

chosen Z assumes the highest value if the function n = x-lp(x)
s_l 0

or 0~ = x pI (x) has a maximum. These functions are displayed

in fig. 2. The max Lma are reached for x :;:; 0.4 and x .•-: 0.55,m m
respectively. The accelerator can be designed in such a way

that Zs hast its maximum value for all momenta. This requires

that 2n a/A = x .p. Hence vlith p and A given a is uniquely
o m 0-

deterrnined and from (Sa) also s can be computed. This is

essentially the procedure suggested by Johnson 2) (without the

dashed version, however).

If P in~~~~s~sa~nd s must also increase (see equ. (8) and

(Sa». If a has become too large to be practical a jump to a

lower Ao is necessary. A disadvantage of case I is that Zs de

creases with l/p. This can partly be compensated by the jurnp to

a lower ~ . An advantage of this case can be seen in the fact
o

that a increases only proportional to p and therefore comparative-

1y few frequency jumps are necessary.

To i11ustratethis behaviour numerical values are inserted into

equ. (18) and one obtaines

or (dashed version)

All the considerations for these two alternatives are quite

similar except that the estimate of the losses as given in this

paper (dashed version) leads to higher Zs' Reality may lie in

between the two equ. (18a). In order to be conservative only the

lower value will be used in the following examples.

In fig. 3 the shunt impedance is displayed as function of p

for three different wave lengths which were chosen arbitrarily.

In the lower part a and s are shown as calculated with x = 0.4.- m
This implies r = a/x = (2,5a) and hence the outer shield ofo m
the helix has to have a rather large radius of about 4aa If a

helix radius a .~•.. 6 cm is still considered to be tolerable a wave
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length A = 10 rn could be used up to P = 0,1 (E = 5 MeV). Ao
change to A

O
= 3 rn brings ~ down to 2 crn whereas Zs jumps to

90 Mn/rn (see arrows in fig. 3). The next change of A would beo
necessary at about p ',0,3 (E c(:: 40 MeV). In this way Zs stays

above 30 Mn/rn for proton energies up to 70 MeV and it is still

20 MD/rn at 200 MeV. Such a helix accelerator cornpares favour

ably with an Alvarez structure which has a maximum Z of abouts
40 Mn/rn around p = 0,15 and with an iris structure with a typi-

cal Zs ~ 20 Mn/rn at high energies. With cornparable shunt irnpe

dances the much simpler structure speaks in favour of the helix.

Of course, it should be noted that the shunt impedance for

-- -the--he-li-x-app-l-ie-s-- -te-'E-he---e-ra-ve-l-l-ing--wave-mode';;---Por-a-'standing--

wave operation it is smaller by a factor of two. Since the more

pessimistic alternative of (18a) has been used piactical values

of Zs for the standing wave mode should be close to the values

given in fig. 3.

In case II the helix radius ~ is considered as independent

parameter. This case has not been considered so far in the li

terature. However, it seems to be the most interesting one mainly

because the helix diameter is dictated by the particle dynamics.

According to equ. (19) the function n
l

= x-l/2p(x) has to be

ootimized which gives x .~. O,G (or 0,8) (see fig. 4). However,
m

since

a and

tical

aare

xm = (2n a/Aop) one would have to change A
O

continously if

xm are kept fixed and p increases. Since this is not prac

one cannot stay at the maximum Z if p increases. If A ands - 0

kept constant x will vary. Inspection of fig. 2 shows that

the optima are rather -flat and therefore a change of x by a

factor 2 can be tolerated without sacrificing too much. This

implies however, that the optimization shou1d be carried out for

the variable p rather than (a/Ao). Por this purpose we write

equ , (19).
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K\F \jem \/A o
Zs = Z \j2 Z cr

Va a

O F = 80 - [- F(x) (l9a)
0 0 a a

~..-
or for the dashed version Z = 107\ a

m \j :0 F'(x)
s

From fig. 2 we gather that F(x) has the maximum at xm = 0,9

(xm = 1,0 for F I
) . Depending on the final energy of the acceler

ator one chooses now a momentum p for which Z should be maxi-m s
mum. Very crudely p will be half the design momentum. Then one

m
has (2n a/A ) = x p and from this the ratio a/A is fixed. Theo m m 0

-on-lv-paramete-r--eha-t--is--:ke-f-t-is--a-,.-Aeee1:CG-i-R<§j---'&0 -(-J.9a)--a-·-s·nQu-ld-bc-._. - - - =

made as small as possible in order to obtain a high shunt impe-

dance. But the beam diameter will limit a to about 5 cm at in

jection and to 1 to 2 cm at high energies. The pitch s has to be

changed such to fullfill the dispersion relation and s increases

approximately proportional to p (see fig. 4).

If with increasing p the variable x has run approximately

through the range 1.5 to 0.5 one gets too far away from the

optimum of Zs' Then it is advisable to choose a different Pm

which results in a jump of a/A o and hence also of A
O

' From (19a)

it follows that Zs will decrease as 1/ VP. This can partially be

compensated by decreasing ~.

For the purpose of illustration Z , A /a and s/a are displayeds 0
in fig. 4 as functions of p.

Since x can be allowed to change approximately by a factor of2

Pm has also been chosen in steps of 2. As explained the maxima

decrease proportional to l/Vp for fixed~. An almost constant Zs

over the whole range of p can be obtained if ~ 1s twice as large

for the first section of the accelerator which also meets the

requirements of beam acceptance. It shou1d further be noted that



- 13 -

x ~ IIp and hence the maxima are wider than in case 111 where
... -2x ~ P

In fig. 4 the dashed version of Zs is also shown. If mUltiplied

by 1/2 these curves agree almost with the undashed version. Hence

the general remarks made for case I apply here also but the shunt

impedance is almost twice as high.

A practical example corresponding to case 11 will be discussed

in sect~on 5.

In case III the pitch of the helix is considered as independent

.. .pazame.t.ez.,.. Kle-in ~l_-i.l"l-'t;["eauGeä--'tfli-s-wayef-ept-irniz-at-ion-sin-ce~-he-

considered the maximum field strength between helix turns (and

hence the distance between turns) as the critical quantity.

Equ. (20) has the gratifying feature that Zs does not depend on

p and hence in principle Z could be kept constant for all p. For
. s -1/2 114

th~s purpose the function n2 = x F(x) (I1K1/IoKo) must be

kept at its maximum at x = 0,7 (or x = 0,85 for the dashedm m
version). With sand xm given a and Ao can be calculated using the

dispersion relation. One finds that approximately a ~ IIp and

Ao ~ p-2. Since a continuous change of A
o

is not p;actical one

has a similar situation as in case II. Instead of keeping x
m

fixed it is more realistic to choose a fixed A and allow x to
o

vary over a certain range around x • If a certain momentum p~ ism J.LL

chosen for which Zs should have a maximum the ratio Ao/s follows

from the dispersion relation (5a). With A beeing fixed a has to
o -

be adjusted such that the dispersion relation i5 fullfilled for

all p.

A disadvantage of this procedure is that x ~ alp ~ p-2 with

the consequence that the acceptable range of x-values is run

through very qUickly. This implies that more frequency jumps are

necessary as in case II.
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Inserting numbers into (20) one obtaines

Z 500 -1/2
n2(x) Mn/rn= (s/ern)s

(20a)

or

Zs = 636 (s/cm)-1/2 n'2(x) !-in/rn for the dashed version

For various values of p which were chosen arbitrarily Z ,rn s
Ao/s and als are shown in fig. 5. As one notices the height of

the maxima is the same for different Pm. However, als has to

cieG-I"ea-se---oI"ap-iGl.-ly- ....L- a nd s-i.n c e t h e - be a rn- -s i z e -pu t s --a. l o-we r __ ~imit_._

to a one will have to increase s which in turn reduces the

shunt impedanee. Hence in practice also ease III yields a shunt

impedance whieh decreases with increasing p.

Cornparison of the three cases

We have considered the cases in which alternatively A , a
o -

or s is considered as independent parameterwhereas the other

two are deterrnined by optimizing ZSll In order to assess

these three possibilities additional criteria have to be called

upon.

Frorn the experimental point of view the initial and final fre

quency should differ as little as possible since each frequency

jQmp has the result that sorne rf waves are not filled with par

ticles. This irnplies a reduced rnicro-duty cycle.

+)In practice it will be difficult to construct a helix with

rapidly varying ~. The eurve for a shown in fig. S could be

approximated by a step function ST. In order to fullfill the

dispersion relation s roust also be varied. This results in a

rather cornplicated structure.
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The pitch of the helix s should not be mueh smaller than about

1 cm since the helix wire with eooling needs a diameter of about

0.5 cm leaving a gap of 0.5 cm for the maximum electric field.

However, a helix with 2 or even more strands could be envisaged

for which the total electrie field would be distributed over

several gaps.

Clearly the helix radius a is restricted to a certain range of

values. Its smalles size is determined by the beam dynamies. A

value of a 6 cm at injection and a 2 cm or even smaller at

high energies seems to be acceptable. The radius of the outer

helix shield is essentially determined by r • Since the charac-o
.. te.ri-s-t-iG .raQ-ius r o =- ·a-fx.i-sproporti-on-al···· to .~. ,t-rrehe-l-IX- r adrus:

must not be too large.

With these criteria one obtaines the following comparison of

the three cases:

Ca se I: The available rf power sources restriet the choice of

A very little. Hence there is no need to make A the inde-
o 0

pendent variable. zs ~ l/p drops rather fast. On the other

hand ~ inereases only linearly with p and therefore only

few frequency jumps will be necessary.

Case III: Inspecting the figures 3, 4 and 5 one notices that

s is sufficiently large except at very low p. Henee the need

to choose s as independent variable will oecure only in

acceptional cases at extremely low injection energies. Case III

is in certain respects the extrem of case I. Here the maximum

values of Zs are independent of p (see fig. 5) whereas in

case I Zs ~ l/p. On the other hand the maxima of fig. 5 are

quite narrow which implies many frequency jumps.

Case II: This case is intermediate between land III. Zs ~ l/Vp

drops less than in case land the maxima of fig. 4 are wider

than those of fig. 5. Hence fewer frequency jumps are

neeessary. Besides that it seems that the helix diameter is
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indeed the critical size since it determines the beam

acceptance. Indirectly the outside diameter of the struc

ture is also proportional to a since r = a/x • As x is
- 0 m m

largest for case 11 a comparatively small shield diameter

is required. The fact that a is constant for a whole

accelerator section and that s changes almost linearly

with p contribute to the sirnplicity of the design. In

conclusion it seems that case 11 which has not been con

sidered so far in the literature should be prefered to

case land 111.

Because of the small geometrical dimensions and the simplicity

of the structure a helix accelerator seems to be of special in

terest for the application of superconductivity. If superfluid

helium1is used it seems that the cooling is particularly easy 7).

The small dimensions have the additional advantage that a helix

fabricated of niobium can be easily baked out in available fur

naces.

In the case of a superconductor the surface resistance can be

written

0,3 m. Cl
. ,
( ! (21 )

with an arbitrary normalization at a wave 1ength of 0.3 ffi.

R depends exponentially on the temperature and may assume
o

values between 10-6 and 10-9 n. Our main interest concerns the

frequency dependence. Experimentally the exponent Cl = 1.8 was

found 9) whereas theoretically a value close to 2 is expected.

For simp1icity we shall use the theoretical value in the follo

wing discussion.
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If the expression for R is inserted into the equations (18),s
(19) and (20) one finds

case I Z ZN
Ao

no(x)=s A

P

A
case II Zs = ZN/2 71 . a(~)2 F(x) (22 )

a

A
case III Z = ZN s (~) 3/2 n2(x)s s

--2- ----

Z ...':::71 K

with ZN
0=

R 0,9
0

Since the dependence on the variable x is exactly the same

as for a helix at room temperature all the arguements given in

section 4.~ are here also valid. The only difference is that

Zs depends now in a different way on the independent variable.

For case I Zs is shown in fig. 6a. The longer wave lengths

give larger values of Zs and hence one should try to stay at

the lowest possible frequency for as high values of p as possible.

However, since the lower part of fig. 3 is here also valid one

notices that a increases with P and hence a frequency jump will

be necessary around P = 0.15. Unfortunately such a jump to a

to an increase.

For case II Zs is displayed in fig. 6bi as one notices the

maximum value of Zs is reduced by a factor of 4 if Pm is doubled.

This is because Zs ~ (A o/a)2 and 271 a/A o = xmPm• Hence at first
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glanceone should think it advisable to position the maximum of

Zs just somewhat above the injection momentum and then use the

same frequency all the way up to the highest momentum. Since a

can be kept constant no difficulties should arise. However, if

p is increased, x becomes smaller and hence the characteristic

radius r o = a/x rises in proportion. Since the diameter of the

helix shield is determined by r a frequency jump will beo
necessary if r o has become too big. This frequency jump which

might be required around p = 0.15 is again accompanied by a

sudden reduction of Zs.

Fig. 6b shows clearly that p and hence the frequency should be
m

cnOsenc'fs-low as P01:H31Dle· an:d ö!1:em1.gtrt ask whereth-e l-inritis.

If P is made small s/a also becomes small « 0.2). Too smallm
values of s could be avoided to a certain extent by chosing ~

sufficiently large. A more serious limitation is again caused by

r o• If Pm is taken too low then r o increases rapidly (see fig. 6b)

and the radial dimension of the structure becomes too large.

In case 111 a change from a Zs-curve belonging to a certain

Pm to a curve corresponding to 2 Pm results in even a larger re-

duction of Zs. Since (Ao/s) ~ pm- 2 (Se:
3fi

g• 5) and Zs ~ (A o/s)3/2
according to equ. (22) one has Z ~ P • Hence a frequency jumps m
leads to very small Zs-values. On the other hand, without such a

jump the helix radius becomes too small (see fig. 5). Therefore

this case is of little interest for a superconducting helix.

In conclusion it may be stated that for a superconducting

helical accelerator case 11 is also to be prefered mainly because

of the same reasons as given in 4.1. In general a superconducting

helix seems to be less adaquate to go to high energies. This is

because the dimensions of the helix require a jump at a proton

energy between 8 and 30 MeV and a second jump might become

necessary at higher energies. However, although the shunt impedance

determines the cost of the refrigerator its importance should not

be overemphasized. Because of technological problems in preparing
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the superconducting surfaces R can vary by factors of 5 or even
o

more. Hence the small geometrical size and the simple construc-

tion may become the main arguements in favour of the helix. If

some reduction of Zs is accepted a helical accelerator could be

interesting for energies up to several 100 MeV.

4.3. OEtimization for large particle momenta

In section 4.1 and 4.2 it was assumed that cos is nearly

constant. This approximation holds only for small particle mo

menta. It will be shown now that apart from a reduction of Zs

~he-~ene-r-a-~-optim-i-zat:tonproc-edure-rema-.tn-s unchangett if Ehe

variation of cos~ is taken into account.

Prom the dispersion relation (5) one immediately derives

2cos ljJ=
1

(23)

cos2~ as a function of x is shown in fig. 7. As one notices

cos2~ is close to unity for p < 0.1 and has only a very weak

dependence on x in the range 0.5 ~ x ~ 1 where the optima have

been found. Hence the values x at which Z has a maximum remainm s
practically unchanged even if p is larger than 0.1. The only

correction that has to be applied to the results given in 4.1

and 4.2 is that at high energies Zs is somewhat reduced. Around

100 MeV this reduction amcunts to about 20 %.

5. Examples

A complete optimization of an accelerator would have to in

clude the cost of the accelerating structure and the building.

This would be beyond the scope of this paper. The final choice

of parameters will also depend rather critically on the final

energy. In the case of a proton accelerator for several 100 MeV
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most care will have to be given to the high energy part since it

covers most of the length of the accelerator. For a heavy ion

accelerator with an energy of about 10 MeVjnucleon the optimi

zation at low p values is relevant.

The parameters given in the following tables should therefore

only be considered as illustrative examples of the procedure

outlined in the previous sections. All examples are basedon

case 11.

In table 1 two examples for a helix at room temperatur are

shown. In both cases an injection energy of 750 keV has been

assumea:-·For-Ene ShlÜ1:t·· Impeaance~-vaTue Ef-är-e-gl:v-en-Tn-Ene-to:ble

corresponding to the initial maximum and final value for this

particular section.

Example 1 shows a possible version of a 300 MeV proton lineac.

The helix diameter is reduced by a factor of 2 goin from the

first to the second section. This is suitable from the point of

beam acceptance and provides that Z has about the same values
for these two sections. If the injection energy could be in-

creased to 3 MeV the first section could be omitted. At 35 MeV

{p 0.28} it seems possible to jurnp immediately to the Pm = 0.4

curve if ~ is reduced again. The shunt impedance obtained is

still rather high. Alternatively a could be left the same

(n~~bers in brackets). If the 3. section is omitted this

example refers also to a 35 HeV accelerator.

Example 2 illustrates a possible 70 MeV accelerater. Fer the

first section a = 4.3 cm was chosen again. If one jurnps to the

Pm = 0.2 curve at 8 MeV {p = 0.13} the final energy can be reached

with 2 sections as shown in table 1. Alternatively an interme

diate section for P = 0.1 could be introduced. It seems, how-m
ever, that the resulting increase of the mean shunt impedance

does not justify the complication of two frequency changes.
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In table 2 examples for a superconducting helix are

presented. Again an injection energy of 750 keV was assumed.

For a higher injection energy P should be increased corres-
m

pondingly. Fig. 6b shows that as far as Zs is concerned there

is no reason to go to a higher frequency. The only limitation

is given by the cross section of the structure. If it is assurned

rather arbitrarily that a + r should not exceed 30 cm then a
o

jurnp around P = 0.13 is necessary. Example 1 implies a transi-

tion to the Pm = 0.1 curve and a second transition to the '

Pm = 0.2 curve around 30 MeV. However, if some shunt impedance

is sacrificed one can go directly to P = 0.2. This is shownrn
in example 2. Example 3 corresponds to exarnple 2 except that

-t.l"1e-he-l-i-x---d-i-ame-t.e-r--has--been-r-ed-tle~d-.-·-'f'h-i-s--g-±ves-a-rower··-s-hurrt---

impedance but a smaller structure. Of course, section 1 of

exarnple 2 could be combined with section 2 of example 3. This

would result in a bigger frequency jurnp with a correspondingly

lower duty cycle unless special provisious are foresee. Since

no frequency jump is necessary above 30 MeV the accelerator

could be terminated at any other energy below 200 MeV without

changing the choice of the parameters. This might turn out as

an advantage if such an accelerator is constructed in steps.
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Tab1e 1

Helix at room temperatur

1. section

Energy (protons)

a

s

Examp1e 1

0.75 to 3 MeV

0,05

4,3 cm

6 m (~50 MHz)

46-53-46 Ml1/m

0,9 to 1,5 cm

Examp1e 2

0.75 to 811eV

0,05

4,3 cm

6 m (50 101Hz)

46-53-30 Hl1/m

0,9 to 2,2 cm

2. section

Energy 3 to 35 MeV

..... 0,1Pm

a 2,15 cm

Ao 1,5 m (~200 MHz)

Zs 46-53-31 Ml1/m

s 0,95 to 2,15 cm

3. section

8 to 70 MeV

0,2

2,15 cm

75 (~ 400 MHz)

30-38-28 Ml1/m

1,6 to 3,5 cm

Energy

a

s

35 to 300 MeV

0,4

1,07 cm (2,15 cm)

19 cm ~ 1,e; GHz
(38 cm ~ 800 MHz)

30-38-30 Mn/rn
(21-27-21 ~ll1/m)

1,5 to 2,5 cm



Tab1e 2

1. section

Examp1e 1

Superconducting helix

Examp1e 2 Examp1e 3

-----tO-m- ~- -3e- -rtHz-· - - --le-m-~-3-e--HHz--- ·5---m-~-6e-HH-z---

Energy (protons)

a

'I
"0

2. section

0,75 to 8 MeV

0,05

7,2 cm

7 to 22 cm

1,3 - 1,6 -0,8

0,75 to 8 HeV

0,05

7,2 cm

7 to 22 cm

1,3 - 1,G - 0,8

0, 75 to 8 HeV

0,05

3,6 cm

3,5 to 11 cm

0,65 - 0,84 - 0,4

Energy

a

3. section

Energy

a

Ao

8 to 30 MeV 8 to 200 MeV 8 to 200 MeV

0,1 0,2 0,2

7,2 cm 7,2 crn 3,6 cm

5 ~ 60 HHz 2,5 ... 120 HHz 1,25 ~ 240 MHzm m - m

11 to 22 cm 5 .1 to 22 cm 2,7 to 11 cm,--;;

36 - 22 7,2 - 8,6 - 7,2 3,6 - 4,3 - 3,6

30 to 200 MeV

0,2

7,2 cm

2,5 m ~ 120 MHz

11 to 22 cm

8,3 - 7,2



Captions to figures

Fig. 1

Fig. 2

Fig. 3

Fig. 4

Dimensions of a sheath helix

The functions no' nl and n2 versus the variable

x = (2n a/Aop). The functions n~, ni and n2 are

obtained by replacing F by F I
•

Case I (A independent variable). Shunt impedance
o

Zs' helix radius a and pitch s as function of par-

ticle momentum p = pc/E • Frequency jumps shouldo
·----apprOXLTp~ateIy-occur--at-tne-p- values- indic-.ite-cr·I;y

arrows.

Case 11 (a independent variable). Shunt impedance

Zs va, Ao/a and s/a as function of p. The two sets

of curves for Z correspond to the two equationss
(19a). Dashed curves belong to the "dashed version",

they are reduced by 1/2. The arrows correspond to

the frequency jumps between the sections of the

exarnples of table 1.

variable}. Shunt impedance

function of p. The arrows

Fig. 5 Case 111 (s independent

Z 15, A /s and als as
S 0

indicate possible transitions from one section to

Fig. 6

Fig. 7

the next.

Thc normalized shunt impedance Z for a supercon
S

ducting helix accelerator.

Fig. 6a) refers to case I. Three arbitrary wave lengths

are chosen as parameters.

Fig. 6b) refers to case 11. The ratio ro/a is also

shown. The arrow indicates a possible transition.

2The function cos w as given by equ. (23) versus

x = (2n a/A p) with ß as parameter.o· ...





Fig.1



N .....
d d

x

o
o

N

&.0.....

N
o 0_ Cf)O-

lL.



<; -- ----
60

40

80

20 ---
pc/Eo

0.1 0.2 0.3 0.4

a
~=10m-71

S
cm cm

.u:;. ~I'\
IJ .: ]// i

J U

10 / 20/
/ 3m,/'

/ ,.....,"
»> 105 / ---.......:: -- _:.1m------

0.1 0.2 0.3 pc/Eo 0.4

Fig.3

iOO

Zs \
MQ

\ Case Im
140 \

\
120 \



Mn 100

rn~cm

80

20

Ccse n

...

<, ..>;:_._°'0..:-4 --=:...--
--------~---- --

s
Cl

20

pc/Eo

0'.1

0,:"".1

1
---.----,-0.2 -,-----,---

"Pm=O.05__, AO
Cl

-

I

Fig.4



Pm=O.05 0.1 0.2

30

Caseill
20

4

5

2

3

a
5

6

1

pc/Eo
i ...

04
i

03
I

02
I

01. . .
tI

770
\. Pm=0.05 AQ

1 5
'=,...

\ 0.1

\
~\
5 \

~
~

J\- "' " I'-'--......,-

ft--"'- 0.2
----.------rt:".---- .------0.4

50

150

200

100

250

0.1 0.2

Fig.5
0.3 pcfE 0 0.4



ccse I sc

al
40

50

20

30

10

<, -----1m (300MHz)

0.1 0.2 0.3 pc/Eo 0.4-

trok-..?1L Pm=O.05
Case rr SCZN a/cm a

200
Pm=O.05 b) 4

/
/

150 / 3

I ,

100

1
/

~2/ ...-- 0.7
/ ..--

/ ..--
50 1

0.1 0.2 0.3 pe IEo 0.4

Fig.6



cos
2

'"

0.5 (130 MeV)

-.1.Ql10 GeV)

A

p=o- -
0.1 (5MeV)

'------.,-------

------------------ 1.0 (400 MeV)

0.4

0.6

0.8

0.2

1.0~ .

0.2
x

~ ---T'---- i I i ...

'11.4 16 1.8 2.0

Fig.7




