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Abstract

It is shown that the variation in critical radius upon substitution
of a new compositon in a central zone of a reactor can be approximated
by a three-parameter equation, one of the parameters being ABr/Br, the
relative difference of the radial bucklings in the two reactor zones. A
comparison with multigroup calculations shows the validity of the
equations derived. 1todifications are introduced which make them applicable
for a considerable range of difference in the nuclear parameters of the two
compositions. It is also shown that the presence of a reflector does not
greatly interfere with the method. Finally an evaluation is given of three
substitution experiments which were performed on the critical facilities

SNEAK and MASURCA.



INTRODUCTION

The method of progressive substitution serves to determine physics
parameters of reactor compositions built into the central zone of a zoned
critical experiment. In the past it has been used extensively to measure
material bucklings in thermal lattices (see for example ref. 1 to 3). It
is the aim of the present work to provide a simple but physically meaning-
ful model for the interpretation of progressive substitution experiments
in fast criticals. The parameters asked for are the material buckling ard
the critical radius of a reactor with a core consisting entirely of the

composition under investigation.

The substitution experiment starts with a core consisting entirely
of a reference compostion (composition 2) which must be available in
sufficient quantity to build the whole core, and should have nuclear
characteristics not too different from the compostion under investigation
(composition 1). Starting from the core center composition 2 is re-
placed stepwise by composition 1 until the central zone has reached its
maximum size. After each step the change in reactivity or in critical

radius is measured.

From these data one seeks to derive sufficient information to de-

termine the parameters of interest.

In the practical cases which will be discussed the experiment was
performed in cylindrical geometry: the central zone extended axially throughout
a cylindrical reference core and its size was increased stepwise in radial

direction.

In deriving a method of interpretation special attention was given to
the effect of spectral mismatch between the two regionms, the presence df

a radial reflector and larger differences in the material bucklings.



CALCULATIONAL METHODS

One-Group Perturbation Theory

This approach makes use of the conventional formalism of perturbation
theory. The differences in the nuclear parameters of the two compositions
as well as the perturbation of the flux upon introduction of the central
zone are assumed to be small, so that second order terms are negligible.
Also the spectral interaction at the boundary of the two zones is neglected.
Under these conditions the change in reactivity when the central zone is

substituted can be written as
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where A (v-1)Zg-Z,-DB

S and St are the real and adjoint sources respectively
Vo is the total volume of the reactor and

Vi is the volume of the central zonme.

In many instances it is more expedient to work with the change in
critical radius (Ar.) rather than with the reactivity change Ak/k. The change

in radius compensating for a reactivity change Ak/k is approximately given by

D4B2 Ak
——— [¢¢*av = (2)
V{ ss¥av v, k
br Ak 1 ‘[,ss*dv 2. 405
or —==- ——~————-—9————— where r,= —§;—— is the core radius plus (3)
° k ZDB J¢¢ dV reflector savings.

o
Using Eq. 1, 3 and the general neutron balance equation
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one finally gets
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From Eq. 4 follows

—_ABr = l (..AA - _A_I?.) (6)
B 2 A D
r
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Under the assumption that the fundamental distribution of the fluxes is

known with sufficient accuracy Eq. 5 could be used to determine AB,/B,

and AD/D from the changes in critical radius found after the steps in a
substitution experiment, and to extrapolate the critical radius to the

case of complete substitution,where the core consists entirely of the composition

under investigation.

However, in most substitution experiments with fast cores the dif-
ference in the neutron spectra of the two zones causes significant reactivity
effects at the zone boundary, so that the change in reactivity or critical
radius is not described well by the above formalism even if the difference
in material bucklings in the two zones is small. It is therefore necessary
to use a more detailed analysis which includes the neutron spectrum and its

spatial dependence.

The Overlapping-Group Method

In order to make the analysis as representative as possible of the true
spectra while still working with a small number of groups Storrer and
“haumont (ref. 4) introduced the concept of overlapping groups. In their
description the neutron flux at each point of the reactor is synthesized of
two components having the equilibrium spectra of the two compositions. To
give a basis for further discussions the basic equations of Storrer and

Chaumont will be briefly recapitulated:
The space~ and energy-dependent flux is assumed to be given by
PEx) = 8, @ E + 5, @ ® ®)

where %G(E) and\Pz(E) represent the equilibrium spectra for the inner and
outer zone and gl(r) and gz(r) are space-dependent functions yet to be

determined.



Inserting the flux as given by Eq. 8 into the general diffusion
equation and integrating over all energy while weighting with the
equilibrium adjoint o either of the two compositions yields the two over-

lapping—group equation for the flux in zone i:

D1)i281 () + D0 y308y(0) + A y:gy (£) + Ag g8 () = 0 &)

D(Zl)iAgl(r) + D(Zz)iAgz(r) + A(zl)igl(r) + A(22)ig2(r) =0 (10)
with
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where the first term in the square bracket of Eq. 12 represents the loss
by collision and lateral leakage and the second both the slowing-down source

and the fission source.

For each zone i equations 9 and lo yield two sets of eigenfunction and

eigenvalue.

The first is the eigenfunction

bp; = £5 ()P (B (13)
and eigenvalue
A . A . A .
_p2 o Gi)i _ T(A2)i _ (2D
Ep; =B = = (14)
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where fi(r) is the fundamental mode distribution for zone i (in the cylindrical
core zero order Bessel function) and Bi is the correponding radial buckling.

The second solution is given by

A
(b, &) @, @ - 2L (£))in zone 1
1 2 A(”)l I 1
¢ . = (15)
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h, (r) (Y, (E) - (E))in zone 2
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with the eigenvalue
Det. (A)
R N i (16)
i 2
B, Det. (D)
i i

where the hi(r) are the solutions of the equation



th, () = uf h, (r) (17)

(in the cylindrical case: zero order hyperbolic Bessel functions)

and

Deti(A) = (18)

Aaniteaitaniteni

Deti(D) = (19)
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The physical meaning of these results is that the flux in each zone
consists of one component having the equilibrium spectrum for the respective

composition and spatially the fundamental mode distribution and of a second
component determined by the difference of the equilibrium spectra and a
spatial distribution decreasing away from the zone boundary with a relaxation

constant ui .

The total flux in each zone may be written as

03 = X dp; * X004 (20)

where the X, and ii are constants yet to be determined.

The above formalism which was derived up to this point by Storrer and
Chaumont (ref. 4) gives the possiblity to find the change in critical radius

or in reactivity upon introduction of a central zone by different approaches.

A direct continuation of the theory is the evaluation of the change in
critical radius by solving the criticality determinant. For this purpose the
reactor is approximated by a bare two zone core. The fundamental and tran-
sient eigenfunctions f and h are then definitely determined by the boundary

conditions at the core edge and center (zero flux and derivative , respectively).

In order to simplify calculations these eigenfunctions will now be re-

written in the form

Fi(pi) F (B;xr ) = £(r) 21

h(x) (22)

The radial derivatives then become
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- 1oy Bl e LA 23)
dhi(r) dH(bi) _ .

and —— = u; ——— = L H! () (24)

dr 1 dpi



the derivative with respect to p being denoted by a prime. The mathematical

form of the functions F and H are shown for different geometry in Table I,

At the zone boundary the overlapping group theory requires continuity
in the flux and in the energy integrated current, weighted by either of the
two equilibrium adjoint spectra. This requirement leads to the following

set of equations in the coefficients X

A
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When the reactor is critical the determinant (DET) of this set of equations
disappears. When the reactor is near critical the change Ar. which is

necessary to bring about criticality is given by

DET
g = - DET (26)
*e ~ " dDET/ar,

(the core radius r, entering into DET through the eigenfunctions F and H).

Using the original core radius for calculating the right side of Eq.
26, one obtains for Ar, the change in critical radius brought about by

substituting the central zone.

Evaluating the determinant one finds that it can be written in the

form

)

The a1 and Ezi are the values of B;r and uy T respectively, at the zone
boundary. The underlined expressions are zero (Eq. 14)
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Forming of this expression the derivative with respect to r  one notes
s ¥ -
that the expressions (Fl(pzn)F2(022) Fl(pzl)Fz(pzz)), b, ¢ and d are

sufficiently small so that the derivative is essentially given by

dDET _ d 1 - !
. - 2ax, Fi1Pa)Faleyy) = Fi(eyPF;(0p))) 28)

.o ) - ¥
For equal Bl and B2 the expression (Fl(pzl)Fz(pzz) Fl(pz])F2(pzz))
disappears. Therefore we find by differentiation with respect to Bl

' - 1 = " ! '
(F1Co,)Fy(p,0)-F (0, )F5 (0, ,))=0Br (FY(p IF, (0 ,)-F (o IF,(0,,) (29)
Using the general differential equation

F' (o) + Bgl F' (p) + F(p) = O (30)

(n=1 plane geometry ; n=2 cylinder ; n=3 sphere)

and the boundary condition
FZ(po) =0 p_ = B,r Gn

one can show that with good approximation

d
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The results for Arc then becomes

~ 1 P22.n-1 | AB " g '
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+dF{ (o, IF(p,,)) |} 33)

where a, b, ¢, and d are the factors appearing in the four terms of Eq. 27.



Eq. 33 gives the change in critical radius in four terms in different
combinations of the fundamental eigenfunctions. It can be easily shown

that the coefficients b/a, c/a, and d/a which still contain the transient
functions are essentially constant except when the central zone radius is very
small or very large. Thus, in principle Eq. 33 can be used directly for the
evaluation of substitution experiments. However, the physical meaning of

the expression becomes more evident if it is rewritten, making some further

simplifications:

We will allow the indices 1 and 2 to be dropped and assume the same
parameter (eigenfunction, eigenvalue, diffusion constant) to apply for both
compositions where this does not introduce serious error (as in the case when

differences are involved). We define

o _Paniapz | 2ea1 62 (34)
D Pann P 22)2

One then gets for a and b
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a-B( wDet; OYH; (p_)H, (o ,)+u, Det, (DK, (0,08, (022» (35)
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We may now rewrite Eq. 33 in the form
- 1 AB . n_, _n.'2 n-1 '
or ; F_,z( S 7 (0 F" (0 )F(p )0 F “(p )+o, Flp )F'(p,))
2 po po
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+ o071 8 F(pz)F'(pz>} +Q 37)

where the differences in the Fl ard F2 functions have been neglected and

all terms not containing AB/B or AD/D explicitly were included in the rest
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term Q.

Using Eq. 30 it is easy to show that

[o]
1 -_ z -
OUF" (0, )F (0, )-g"F 20 )40l T (0 )F (o) = -2f 6" '¥ (p)do (38)
n-1 "2 el 2 12
o, FIF'(p)) = -[ o7 T EE-F “(0))dp (39)
' poo
and 0" 'F 200 = 2 [ MM (o)ap (4o)
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Our final equation for the change in critical radius therefore becomes

P o

r Z b4
AB -1.2 AD -1,.2 2
br- = 5 = {- 3 o" Iy (p)do - 55 fpn F~()-F “(p))dp
¢ ° 1.2 o )
[ o TFS(p)dp
(o]
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pz R F2
+ ( 111 UZDetl (D)Detz (D) lRZ (pZ)

28D° (Det, (@)1, R +Det, (D) u,R,)
+ (uiBZR]~uzBiR2)Deti(D)Detz(D)F(pz)F'(pz) (41)

-— - - |2
5% CanPen2PeniPan? CaniPen2PaniPent ¢}

Hl
i
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1

with R, =
i

The first two terms of Eq. 41 correspond exactly to the perturbation
formula (Eq. 7). The other terms are different from O only if the spectra
in the two medii are not the same and they are proportional to the surface
of the zone interface. They may therefore be interpreted as interface terms
caused by the interaction of different spectra at the zone boundary. In
practical applications it is generally sufficient to consider the contribution

. 2 N
proportional to F (pz), omitting the last two terms because

>> |1y ByR ~uyBy Ry | : 42)
Hi¥a >> B,B
172
This leaves us with an equation in three terms which is physically inter-—

pretable and well suited for the evaluation of substitution experiments.
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For easier comparison with results below Eq. 41 may be rewritten,using
Eq. 14 and 16, as:

r P °, - .
e =3 > A_gf o™ Fz(o)dp-é%f o™ 1 (0)-F 2 (p))dp
o n-1_2 0 o
[° F™(p)dp
o
n-1
Dz B DetlA 2 BZ .
Det () Y2 él R,F7(p,) + — ™ R,F(p )F'(p,)
et (D)
B s Aaniten2tani® ) (A A A, . A, )
- _iRF(p IF'G )> (11)17(22)2 (21); Q22" D12 a2 e
"1 A“Det, A
2
xF'Z(ozEl (41a)

As the derivation of Eq. 41 and 41a is rather complicated and the
influence of the various approximations is not easy to estimate it will be
helpful to look at another mathematical approach before describing practical

applications.,

Calculation of br Using an Overlapping-Group Perturbation Formalism

We know from perturbation theory that a reactivity change is given

exactly by the equation

o>

I Z
”~N
-
[}
N

k- [ssav

Yo
where the real fluxes and source are given for the perturbed case while the

adjoint quantities are forthe original reactor. In first order perturbation
calculations the unperturbed fluxes are being used throughout. Avoiding this
.approximation we will now use the information provided by the overlapping
group theory to include the perturbation of the real fluxes into the

consideration.
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The perturbed flux in the central zone is given by

(12)1
=F E H 4
6, = F o (E) + a@?z( v Y, ®)] B G (44)
o being an unknown coefficient. (This expression is equivalent to Eq. 2o,

the coefficient of the fundamental component can be set equal to one with-

out loss of generality.
The unperturbed adjoint flux is
+ +
Before using these fluxes to calculate Ak/k it is convenient to rewrite

Eq. 43 in the form

+ + +
‘}; ¢°(MP—M°) (6, +86)dV \fr ¢ P4 AV + é b M, 84aV
l =1 ! (46)
k + +
[ s’s_av [ s’s_av
v o P v op
(o]

Ak _

where Mp and mo are the perturbed and the unperturbed diffusion operator.
The term containing M06¢ disappeared because of the relationship

[ ¢4 0V =0 (47)

Vi

. + .
The first term f ¢0P¢odV corresponds to normal perturbation theory and does
not need 1 further evaluation. For calculating the second term we

set 8¢ equal to the transient term and find

[ o"u 60av = of F. (o )0 @M [P, &) - “aniy H, (5,)aV
Vl P ‘{l 2 2?2 p?Z (ll)l\Pl

A

[,
= “(2)1) (12)1)
= “\fli{ en1™en1 . JF (0y)H, (5y)- “132[’)(22)1 @1 A(“)lj

1

F3(op)H] (b, )paV @

Using Eq. 30 and the corresponding equation for the transient functions

H'G) + 21w ()G = 0 | - 49)
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one can calculate the volume integrals

r v /o - by '
Z -l - M (0, )T (0 p) "Byl (0, )T (0 0) ey
[ r F,(p,)H, (p,)dr = (50)
227711 2 2 z
o y, + B
1 2
r - -
z - - wH, (p, JF (o _,)+B,Hi(p_,)F, (p ) -
and f " lF'(p YE! (5, )dr = 1711277222 21 zl" 2V 2 i 1 (51)
2727711 2 2 z
o v, + B
1 2
Introducing these expressions in Eq. 48 and eliminating the diffusion
coefficients by using Eq. 14 and 16 we get
I Det, (A) rZ" _
- ¢ M 8¢dV = o Hi(o_,)F,(p_,) (52)
27 V] P A(ll)l ) 1Yz1772 22

The remaining task now is to calculate o, the coefficient of the transient.
A direct calculation from the system of linear equations (Eq. 25) re-
presenting the boundary conditions in the overlapping group formalism leads

to complicated results which so far could not be evaluated meaningfully.

An alternative approach which certainly is a rather crude approximation
is to disregard the difference of the eigenvalue and the fundamental dis-
tributions for the two compositions and to postulate continuity of values
and derivatives of the overlapping group fluxes at the zone boundary in the
following form

F(pz) = aHl(pZ) + a'Hz(pz)

(53)
' = ' b
BF'(p,) = ouH;(p ) + auli; (o )

o being the transient coefficient in the outer zone. This yields the result

Fo,)H3 (0 )= = F' (0 )H, (o )
o = (54)
Hl(pz)Hé(pz)—Hi(pz)HZ(pz)

and therefore

2
Detl(A) rn_l (RIRZF (pz)
z

R, + R

B
+ =
2 1 H

R, + R

R.F(p )F'(p.)
1 z z ) (55)
2 1

1 J + 1
—_ i M 6¢dV o —
Zﬂqv P H A(ll)l
Collecting all contributions and rewriting the result in terms of change in

critical radius one finds
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Yo AB Pz n-1_2 AD 2 .1 o 1
br, =< -5 [ 0" Fe)p - 55 [ o7 T (FT()-F “(p))dp
° n-1_2 ° ©
f o7 TFo()do
[o]
=l pet, (a)
-z B lRrF ) + ERFGIF () (56)
2(R1+R2) AZ n 172 z TR | z 2z

(the influence of the perturbation on the normalization integral was neglected)

We see that this expression is almost identical with the first four terms
Detl(D)

EEE;TET in the denominator of the interface

in Eq. 4la (except for the factor

terms). The fifth term (which approximately would compensate the fourth one)
and the last term do not appear. As only the first three terms give significant
contributions this discrepancy is of little practical importance although the

investigation of its origin might be quite interesting.

It should further be noted that the difference in the fundamental flux
distribution for the two zones as well as the changes in the normalization
integral were neglected in the evaluation. Similar simplifications were
made in deriving Eq. 4la. The terms going beyond first order perturbation
theory in both expressions therefore represent only the effect of spectral
overlap, while the overall flux distribution is still considered to be

essentially unchanged.

Summary of the Results from Overlapping Group Calculations

The two approaches used to find the change in critical radius upon

introduction of a central zone yield expressions of the form

P p
r AB z V4
° -1.2 D -1,.2 12
b = - =5 [ oV )ao- 3 0" (® (0)-F “(o))dp
[o}
© n-1.2 ro ©
[ o7 TF (p)dp
[o]
n—1
R,R,p Det, A
172 B 1
2(R;+R,) L'}
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where contributions which are considerably smaller than the three terms
given have been omitted. Eq. 57 is the basis for all practical applications

to be discussed in this report.

In evaluating a substitution experiment one fits the expression to
measured data with ABr/Br’ AD/D and B/uDet.yA/A2 being the parameters to be
adjusted. (In general it leads to better results to calculate AD/D from
multigroup data and to use it as a fixed parameter.) The change in the
critical radius for complete substitution may be found directly from AB_
or by extrapolating the measured data using Eq. 57 with the fitted parameters.
A more detailed discussion of practical applications will be found further

below.

The Influence of the Reflector

So far expressions for the change in critical radius upon introduction
of the central zone have been derived for bare reactors only. A reflector which

is present in most practical cases introduces a third zone into the problem.

In the first order perturbation formalism only the normalization
integral is affected by the reflector. The same conclusion may be drawn for
the expression derived from the overlapping group formalism, as long as the
central zone is small enough so that the spatial dependence of the spectra

near the zone boundary is the same as in a bare core.

As the central zone approaches the core blanket boundary the spectral
interaction of all three reactor zones makes an analysis very difficult. This
does not affect the buckling determination which usually can be done at
smaller zone radii but it introduces an uncertainty of about 0.5 cm when in
a reflected reactor the critical radius is extrapolated to the case of
complete substitution. One may try to avoid this difficulty in the following
way: For a number of zone radii r, one makes multigroup calculations of the
change in critical radius Arc for both the reflected and unreflected case.
Assuming that the differences between the Arc for the reflected and bare
reactor are calculated correctly (even though their absolute values may be
wrong) one now subtracts these differences from the measured Arc which are
thereby supposedly corrected to correspond to the bare core and can be extra-

polated to the case of complete substitution without difficulty. After the
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extrapolation the calculated differences between the reflected and bare case
are added again to the substitution curve, yielding the final result. This
method was used quite successfully for predicting the final critical radius
in the French substitution experiment MASURCA 1B » 1A'. It presupposes, how-—
ever, that the spectral interaction between the reflector and both core
zones is correctly given by the multigroup calculations, which is certainly

not always the case.

In many instances it is convenient to calculate the change in critical
radius for complete substitution (Aorc) from the ABr found by the fit. For
the bare reactor one has approximately

ABr
Ar == o0 (58)

In order to study the reflected case one has to look at the in-
dividual terms of Eq. 57. For complete substitution the transient term must
be dropped as there remains no boundary between the two core zones. The
... Pz o . . e s
terms with f ol lFz(p)dp will be essentially the same for complete substitution
o
in the bare and reflected case. A significant difference in Ax, 8 caused

only by the diffusion term. It is

p
o] _ ' [o] -
B, (bare) - A r (refl.) = |22 | S zd;/ 0" PP ap| r (bare) (59)
(po-BrRS o

where RS stands for reflector savings.

To a good approximation we can then write

=1 _'2
AD BrRS"g F o) AD
A r.(bare) - Ar (refl.) = — ¥ r (bare) = — RS (60)
o-c ocC 2D 1/2 oo 2( ) o D
(172)eg ¥ “ (o,
AB
or Aorc(refl.) = —ro(bare) _§£ - RS é% ' 61)
T

Eq. 60 is equivalent with the well known result of one-group diffusion theory
that the reflector savings 1is proportional to the diffusion coefficient of
the core material. The difference of spectral interaction between the
blanket and either core composition is still not taken in account and the
uncertainty of about 0.5 cm quoted above for the evaluation of a direct fit

still remains. Similar as in the case of direct extrapolation a correction
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may be found by comparing multigroup calculations for the reflected and the

unreflected case.

NUMERICAL EXPERIMENTS

In order to test the validity of the results derived by overlapping
group theory a large number of multigroup calculations were performed on
a test case of substitution of plutonium for uranium fuel. The composition
for the core and blanket zones for this test were chosen according to

preliminary data then available for SNEAK 3A-2 and 3B-2 (ref. 8 and 9). The
atomic densities are shown in Table 2. The substitution is performed in cylindri-

cal geometry, the unperturbed critical radius is 57.85 cm (bare) or 44.05 cm
(reflected).

Direct Calculations

The first numerical experiment was the calculation of the change in
critical radius as a function of the central zone radius for the unreflected
model reactor 1) directly by multigroup diffusion theory and 2) by the over-
lapping group formalism using Eq. 33 (with Fl(p)=F2(p)=Jo((Bl+Bz)r/2) and
Eq. 41. The nuclear parameters in these equations (D;p,BR) were derived
from multigroup constants and the fluxes found by the multigroup calculations.
The radios Rj = [H!/H;| were set equal to unity in order to see if such a
simplification was possible.

The results are shown in Fig. 1 and 2. We see that the overlapping group
results give a good approximation to the multigroup data and that the
simplificationsmade in going from Eq. 33 to Eq. 41 had no significant effect.
Further we see that all terms beyond the third, that is, the interface terms
proportional to F(pz)F'(pz) and to F'(pi) only yield very small corrections.
This confirms that, as stated in Eq. 57, the change in critical radius can
be described essentially by three terms: A buckling and a diffusion con-
tribution corresponding to the result of first order perturbation theory and
in addition an interface term proportional to the square of the flux at the

zone boundary.
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Fitting of Core Parameters

The results of multigroup calculations were used not only to test the
validity of the expressions derived by overlapping group theory but also
to test the possibility of deriving differences in buckling and critical

radii from the shape of the substitution curve.

The multigroup calculations give the cfitical radius as a function of
the central zone radius. To this function, Eq. 57 was fitted by the least
squares method in the same way as this is done in the evaluation of an
actual experiment. The resulting values for ABrﬂ%zmd Aorc(extrapolated) are
compared to the corresponding values found by multigroup calculations for

the case of complete substitution.

In the cylindrical geometry of our test case we have
2
n

z Py o
o (0)dp = [ 03Z(eMp=5E (320 + T (o) (62)
(o]

(o B T

YA - ' pz -
P @ (o) - F 2(0))dp = -;—f o™ I(Ji(p)-Jf(o))dpf— 50,3 3, (63)
[o]

3 i
2 2z

Q% T

Y T
o _ 0 _ 3.086
o T 2.405 T 7B (64)
© n-1_2 2 r
[ o "F (p)dp [ 03 (p)de
[s] (o]

For the direct calculations described above the ratios R! and R2 were set
equal to unity. However, during the work on fitting procedures it was found
that deviations between multigroup data and fit curve can be decreased by
factor of lo if
equal to unity, this should not have any significant effect, except possibly

for very large zone radii.)

Thus we get

R1R2 1 1
= ——— = . (65)
R, +R, L Hl(oz) 1+(@ Guyr ) /T, (ur )
Hll &)

Using relations 62-65 the fitting equation becomes



_19_

2,2 2 Py Ji(pz)
Ar = x.p (I (0 )+I7(0 )) + x0T (p )T, (p ) +x — — (66)
c 1"z o'z 1YWz 2"z 02z 1Yz 3 1+(1 (G /1. ()
o'z 1P,
ABr
with ——= = =-0.648 B x
B rl
r
AD .
and 5 = 0.648 BrXZ
DetlA/A2
The quantity X3 = --g—gzg—i—-serves here as a fitting parameter only and is

of no further practical interest.

In Tables 3 and 4 results of the fitting procedure are shown for the
test case described above. The multigroup calculations giving the change in
critical radius as a function of the central zone radius were performed for
the reflected and the unreflected reactor. In the reflected case the
resulting ABr/Br was decreased by 2.57 in order to account approximately
for the smaller normalization integral. All calculations were performed

with AD/D (or x2) as a variable and as a fixed quantity.

Fits were made including an increasing number of steps, starting
with the first four. The results are always given in the line corresponding

to the last step included.

The results with AD/D as a free parameter show rather large scatter
while when AD/D is fixed we get very good data for the buckling and the
critical radius in the unreflected case as well as for the buckling in the

reflected case, as long the central zone boundary does not approach the blanket.

Aorc for complete substitution in the reflected case was calculated by
extrapolation to the core-blanket boundary and also using Eq. 60 with very
similar results. It is generally found 0.5 cm smaller than the multigroup
value. As stated above, this is caused by different spectral interaction be -
tween the blanket and the two core zones which is not taken in account by

the method.
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Extension of the Method to Large Buckling Differences

The equationSused above were derived under the assumption that the
two core medii have about the same material buckling. It is, naturally,
of considerable interest, whether an expression similar to Eq. 57 can be
used for the evaluation of a substitution experiment when the difference
in the bucklings is larger. An attempt was made to modify Eq. 57 so as
to describe such a case more realisticly and the result was tested on model

cases with a ABr/Br of -10% and —-30%.

A mathematical treatment of the overlapping group theory which is valid
for large buckling differences would certainly be very involved. Eq. 57

therefore was modified using some physical considerations.

We have seen, when deriving Eq. 57 from the perturbation formalism that

it represents essentially a reactivity balance.

Considering the integrals in the first two terms as weighting integrals
it becomes clear that the situation is described more correctly if Q:is
redefined by basing its value on the actual critical radius after each
substitution step:

r

Pom =" P22 T 37 (67)
(o] C

As above, r, is the critical radius for a bare core of the original composition.

When the sum on the right hand side of Eq. 57 actually describes a
reactivity difference, then it must be proportional to the difference in
(l/rz) rather than to Arc. An expression which fulfilles this demand but
becomes equal to Arc for small AB is

A(r)=-r;[l-——__l_——] (68)

m e 2 r2 (r;+ArA)2
Lo o ¢’ J
This will be used on the left side of Eq. 57 instead of Arc.

Finally, we know that the equation must also be satisfied for the case
of complete substitution of a bare core where only the first term remains,

while all others disappear.

In order to yield an identity in this casel&qlﬁ,must be replaced by

mo = ¢ ri 1 1
) 7 2 (69)
T r
o 1
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r, being the bare critical radius after complete substitutionm.

(Amo(rc))/r0 takes the place of —A%/&,as a fitting parameter. The two

quantities are related to each other by

AB r -r
T

=0 LR l}-Z(Amo(rc)/ro) 7o)

T A () Pom
o mo ¢ n-1_2
Am(rc) =3 = f o F(p e -
fo a-1.2 (o] o]
o F (p)do
o
P n—1
zm R,R,p B DetA
AD -1 ' 172 2
-2 T e )T P —2E L P )t a1
o 2(R;+Ry) u A z

In order to test Eq. 71 the original test case was modified by decreasing

the Pu-concentration in the central zone first to i3.5x102° (Modification 1),
then to 12.ox102° atoms/cm? (Modification 2). Changes in critical radii as
found by multigroup calculations were fitted to Eq. 71, and the values for
ABr/Br and the extrapolated critical radius were deduced from fits for
different numbers of steps. The calculations were done for the reflected case

only and AD/D was used as a fixed parameter.

The results are given in Tables 5 and 6. Again we note that the
dependence on the number of steps included is only very slight as long as the
central zone radius does not become to large. The agreement with the values
found by direct multigroup calculations is quite good, the buckling of the

central zone as deduced from the fit having accuracy of about 27 even in

}

PR ne o - - U DU,
vdalueos

a PR Y - UL, 1. R F- B SN [PV I £
1iE HUSL uUluLavoullLdDle Cdde. UL d Slililidl yudlliiy L

are the or the
extrapolated critical radius. Of course, the result of two numerical
experiments do not provide a definite proof for the general validity of the
method. However, they give a strong indication that substitution may be
used successfully even if the differences in the material bucklings of the

two zones are large.
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EXPERIMENTS ON CRITICAL FACILITIES

The Substitution Experiment MASURCA 1B - 1A'

This experiment was particularly suitable for a test of the progressive
substitution method since it was continued until the central zone boundary
reached the blanket, that is, until the original composition was completely

replaced by the new one.

MASURCA 1B was a uranium graphite core with a depleted uranium reflector
(see Table 2). It was replaced by the plutonium graphite composition of
MASURCA 1A' in successive radial steps starting at the center of the assembly.
The radius of the original core was about 33.2 cm. An evaluation of the
experiment was performed after the substituted zone had reached a radius of

r, = 20.716 cm.

In Table 7, the first three lines show the information (ref. 5) received
on changes in critical radius up to this point. Evaluations were made
using these data directly or correcting them for the presence of a reflector
using the results of multigroup calculations, as described above: Line 4 - 7
of Table 7 show the results of multigroup calculations for a bare and a
reflected system, the calculated difference Arc(refl.) - Arc(bare) and the

measured data corrected by these values.

The data were then fitted to Eq. 66 using two types of least square
procedures. In the first method (which was also used in the numerical

experiments) the expression

2

)

X (Arc,calc. Arc,meas.
n

was minimized (direct fit). The integer n refers to the individual steps.

The second method takes in account that the quantity which is measured
actually is the difference in critical radius between one step and the next.

Therefore one minimizes the expression

2
! [(Arc,n Arc,n—l)calc (Arc,n Arc,n-l)measJ
n

(difference method.)
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The calculations were performed both with AD/D as a free parameter and
with a fixed value of AD/D = 0.0193 which was derived from multigroup
calculations. Also found by multigroup calculations was the value used for

the decay constant of the spectral perturbation My = o0.167.

When reflector-corrected measured data were used for the fit the
extrapolated radius for complete substitution was found from the curve
after reintroducing the influence of the reflector by adding to the curve the

multigroup data for Arc(reflected) - Arc(bare).

The results for the direct and the difference method of fitting were
practically the same so that it will suffice to present the data as found

by the difference method. These are given in Table 8 and in Fig. 3 and 4.

Also shown is the final result which was found as the experiment was
continued to complete substitution. When the reflector correction were

applied and AD/D was treated as a fixed parameter the extrapolated critical

radius was consistently very close to the correct value. When AD/D was
treated as a free parameter the data found from the first few steps are grossly
erroneous, only after the sixths step is included the correct result is

approximated.

The data found without reflector correction give a very similar
result for ABr/Br,\however, the extrapolated critical radius is in error by

about 0.5 cm,

The evaluation of the MASURCA experiment was performed with data which
were provided as the substitution proceeded. A reevaluation of the data after
the experiment was completed gave small changes in the critical radii (see
Fig. 3 and 4). Using these new data in a final analysis one will probably
find somewhat reduced errors when AD/D is used as a free parameter while
otherwise it appears that the results will remain essentially unchanged.

In their own evaluation the MASURCA group reached results very similar to
those quoted above (ref. 6 and 7).

Experiments on SNEAK

Two substitution experiments were performed in the course of the work
on the assemblies SNEAK-3A and 3B which were simulations of steam-cooled
fast reactors (the hydrogen being introduced in the form of polyethylen
foils) with uranium fuel only and a central plutonium fuelled zone,

respectively. (For compositions, see Table 2.)
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The first substitution consisted of the stepwise introduction of the
plutonium zone in the uranium core of SNEAK-3A-2. As in the MASURCA-ex-
periment, the plutonium zone extended axially through the whole core.

The radius was increased in lo substitution steps. The final zone radius was
29.91 cm, which is close to 2/3 of the total core radius of 44.9 cm. Only

very small changes in critical radius were observed during the experiments.

The evaluation was performed with AD/D as a fixed and as a free
parameter. The only reflector correction applied was to decrease the
resulting differences in bucklings and diffusion constants by 2.57 in order
to take in account the influence of the reflector on the normalization
integral. The method of reducing the measured data to the bare case, using
a series of multigroup calculations was not applied here, because the amount
of calculations necessary seemed to be quite large for a rather uncertain
improvement. (A correction of this type included in a previous report of
the experiment (ref. lo) was of preliminary nature and based on the com—
positions of the test core.) In the light of the good agreement in the
MASURCA case between the evaluation which was reflector corrected by
multigroup calculations and the measured critical radius after complete
substitution one might reconsider the above standpoint. However, the total
effect of the correction (v0.5 cm in Arc corresponding to 0.37 in Ak) is

not large enough to be of great practical importance.

A small correction to the measured points was taking in account the
influence of the irregular core boundary on the interface term. This effect
was calculated from the value of the interface term taken from a preliminary
evaluation and the ratio between an estimated effective interface area and

the interface area for a circular zone periphery.

The results of the evaluation are given in Table 9 and in Fig. 5 and 6.
k
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steps are included in the evaluation.

The second substitution experiment performed in SNEAK consisted of
introducing a central zone with modified structural materials (simulating
Inconel) into the core of SNEAK-3B-2. The substitution was performed in 5

steps with a final radius of 20.59 cm. Since SNEAK-3B-2 already has two
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core zones (with plutonium and uranium fuel) the actual core configuration
becomes quite complicated and is not covered by the theory as presented
above. However, it was assumed, that as long as the substituted '"Inconel
zone does not approach the outer boundaries of the Pu-fuelled core zone

(at r=29.9 cm), a two-zone treatment will describe the problem sufficiently
well. The original core was assumed to consist entirely of the Pu-
composition and to have the corresponding radial buckling. The values for
Aorc(extrapolated) and ABr resulting from the evaluation therefore are to
be intepreted with respect to the pure plutonium core. The results as given
in the second part of Table 9 and in Fig. 7 and 8 appear to be of the same
quality as those found for the other experiments discussed above. Not
apparent from the figures and tables is the fact that their was practically
no interface effect found in the evaluation of the Inconel substitution. This
indicates that the interface effect found for the other experiments was due

mostly to the interaction of the different fuel materials.

CONCLUSIONS

The results found in this report show that the effect of progressive
substitution in a central zone is quite well described by three—-term
expressions such as Eq. 57 or for large differences in the bucklings of the
two zones Eq. 71. Eq. 57 contains the first order perturbation terms plus
a contribution due to the spectral overlap at the zone-interface. In addition
to this Eq. 71 takes in account the effect of the change in the fundamental
flux distribution and the normalization integral, as estimated by physical
considerations. The evaluation of numerical and actual experiments with cores
of 30 to 50 cm radius showed that it is possible to measure changes in
radial bucklings with an accuracy in the order of 10_3 Br for very similar
bucklings and of 2xlo-2 Br for large buckling differences. For the extra-
polatioﬁ of the critical radius their remained an uncertainty of about lo—2 r,
due to the unknown spectral effect of the reflector. A reflector correction
using multigroup calculations yielded very good results in the one case of
the MASURCA 1B -+ 1A' substitution but the general validity of this method
has yet to be proved.

In any case, it appears that the accuracies reached are sufficient to
make the method an interesting tool for the evaluation of zoned critical

experiments.,
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Iable 1:

FLUX DISTRIBUTION FUNCTIONS FOR DIFFERENT GEOMETRIESa)

Plane Geometry Cylinder Sphere
Zone 1 Zone 2 Zone 1 Zone 2 Zone 1 Zone 2
) g | 3G | Tl T (o) 2 | P oo e
F(p cos p sin (p_-p J (p J (p,)-Y (p e
1 o "2 o1 027 o2 Yo(po) P Py
J (o)) cos p, sin p cos (p _-p,) sin (p_-p,)
. o 1 1 2 o 2
F(p) | -sin o) | —cos (o =py) | =J;(0)) | =3, (0,)+Y, () 5y 5 -— -
oPo °y Py 2 Py
_ _ o _ _ I (o) | sinhp, sinh(p_~p,)
H(p) coshp sinh(p_-p,) I (py) {-I (p,)+K (p,) = = —_—
1 o "2 o1 02/ "o "2 Ko(po) 5, v,
_ _ - . _ _ _ IO(SO) coshSl sinhal cosh(ao-gz) sinh(p -p2)
H'(p) | sinho, | -cosh(p _=p,) | I,(p;) |=I;(py)K (p,) —= - R T =2
K (o) CH °] 0y Py
a)

By is defined as Bzro, where r, is the outer radius of the bare reactor




Table 2: CORE COMPOSITIONS (102 Atoms/cm>)

Isotope | Test Core MASURCA SNEAK

U-Zone | Pu~Zone | Blanket| Assy.I1B | Assy.l1A'| Blanket | Assy.3A2 | Assy.3B2| Inconel | Blanket

Pu-Zone Zone

Pu239 14.52 16.97 14.76 14.76
Pu2bo 1.3 1.56 1:33 1.33
Pu24l 0.13 0.15 o.11 o.ll
Pu242 0.006 0.02 0.06 0.06
U235 20.22 0.35 1.54 25.20 0.125 1.76 20.31 0.56 0.56 1.625
10238 8l1.06| 86.4 399.3 58.06 55.48 418.98 81.04 81.86 81.86 | 399.414
Al 128.9 129.0 129.10 125.6 127.4
c 8.6 8.6 o.14 | 564.7 564.7 9.32 9.73 9.56 o.14
Co o.19 0.14 -
Cr 36.7 34.1 11.9 10.45 12.28 lo.45 34.53 33.72 17.41 11.8
Fe 123.3 124.0 4bo.1 38.92 48.94 38.92 121.85 119.7 61.99 39.55
H 16.4 16.4 17.92 18.49 18.49
Mg 0.37 0.64 1.31 1.33
Mn 1.94 2.23 1.47 0.87
Ni 19.0 18.8 lo.2 8.77 6.04 17.10 18.54 17.55 95.00 9.84
0 144.8 145.0 145,29 122.2 122.2
Si 1.88 0.46 1.88 2.54 1.79 0.46
Ti 0.55 0.20 o.40 0.38
Mo 0.39 0.29 8.85 0.19
Nb 0.05

a)‘]?he: Pu239 concentration in the test core was reduced to 13.5x102° in Modification 1

and 12.0xlo

in Modification 2




Table 3: RESULTS OF PARAMETER FIT TO TEST CASE (BARE REACTOR)

Results of Fit after this Step
Step r, Arc AD/D free parameter {AD/D fixed parameter (0.0026)
Multi- ABr ABr
group) Br(Z) Aorc(extrap.) —E;(Z) Aorc(extrap.)
1 3.07 | -0.015
2 9.21| -0.022
3 14.06| o0.05]
4 20.59 0.289 -6.05 3.50 -2.80 1.62
5 25.49 0.513 -2.34 1.35 -2.74 1.59
6 31.3 0.809 ~-2.55 1.47 -2.72 1.57
7 35.0 1.036 -3.28 1.%0 -2.80 1.62
8 4o.0 1.257 -2.99 1.73 -2.82 1.63
Multigroup results -2.74 1.628 -2.74 1.628

Table 4: RESULTS OF PARAMETER FIT TO TEST CASE (REFLECTED REACTOR)

Results of Fit after this Step

Step r, Arc AD/D free parameter AD/D fixed parameter (0.0026)
ABr ABr
Br(z) Aorc Aorc Br(z) Aorc Aorc
) (extrap.)! Eq.60 (extrap.) | Eq.60
1 3.07 | -0.016
2 9.21 | ~0.024
3 | l4.06 ! o0.062 _
4 20.59 0.303 -3.07 1.64 1.65| -2.82 1.58 1.59
5 25.49 0.555 -3.29 1.70 1.71 ] -2.85 1.60 1.61
6 31.3 0.911 -3.78 1.83 1.81} -2.96 1.65 1.67
7

35.0 1.168 | -4.10 1.92 1.87 | -3.09 1.71 1.75

Multigroup results | -2.74 2.18 ~2.74 2.18




Table 5: RESULTS OF PARAMETER FIT TO TEST CASE, MODIFICATION 1
(CPu9=l.35x102°) Reflected Reactor, AD/D fixed parameter (0.0062)
Step| T, Ar Results of Fit after this Step
Amo(rc) ABr
Ar
ro Br o c
extrapolated
1 3.17 0.027
2 9.21 0.373
3 14.06 0962
4 | 20.59 2.088 o.1114 0.1184 7.68
5 | 25.49 3.084 o.1120 o.1191 7.73
6 | 31.3 4,327 0.1133 0.1206 7.84
7 | 35.0 5.114 0.1151 0.1226 7.99
8 4o.0 6.132 o0.1160 0.1236 8.07
9 | 45.0 7.081 0.1175 0.1254 8.20
Multigroup results o.1210 8.42
Table 6: RESULTS OF PARAMETER FIT TO TEST CASE, MODIFICATION 2
(CPu9=l.2x102°) Reflected Reactor, AD/D fixed parameter (o.0l117)
Step r, Arc Results of Fit after this Step
Amo(rc) ABr
Ar
ro Br oc
extrapolated
1 3.17 0.090
o2 9.21 0.953
3 14.06 2.258 -
4 | 20.59 4.639 0.2319 0.2678 2l.0
5 | 25.49 6.723 0.2321 0.2680 21.02
6 | 31.3 9.368 0.2350 0.2720 21.45
7 | 35.0 11.112 0.2372 0.2750 21.78
8 | 4o0.0 13.449 0.2401 0.279%0 22.55
9 | 45.0 15.691 0.2422 0.2819 22.55
lo | 55.0 19.804 0.2457 0.2868 23.1o0
Multigroup results 0.2893 23.92




Table 7: DATA USED FOR THE EVALUATION OF THE MASURCA SUBSTITUTION EXPERIMENT
Substitution Step Nr. 2 3 4 5 6 §
Radius of central - 0 | 5.98/10.78|11.96(15.82(17.941|20.716|25.0 |30.0 |37.4% 48,92
Pu-Zone
Critical Radius 33.18[33.20(33.41|33.46 |33.66 |33.796 | 34.027
(measured) }
A:c(measured) - 0.02| 0.23}| 0.28] 0.48} 0.62 0.85

- Arc(refl.) - o.lo} 0.42| 0.53| 0.96} 1.22 1.60 | 2.22{ 2.97| 4.18} -
g -

&

3 SArc(bare) - o.lo} 0.41] 0.53} 0.93} 1.18 1.53 | 2.08} 2.66] 3.33| 3.80
5w

Y 2 pifference

4 -

5 (refl.-bare) o.0l| o.0l| 0.03| 0.05 0.07 o.l14} 0.31| 0.85
Arc(measured) - 0.02! 0.22| 0.27| 0.45| 0.57 0.78

(with reflector

correction)
a)

b)

complete Pu—core for reflected case (calculated)

complete Pu~Core for unreflected case (calculated)

Table 8: RESULTS OF MASURCA SUBSTITUTION EXPERIMENT
Steps Used! with reflector correction {without reflector correction
ABr/Br AD/D Arc AB/Br AD/D Arc

{(extrap.) (extrap.)

1 -4 -0.04062| TR 2.26 -0.04533] 9 1.73

1-5 -0.04079| K3 2.22 -0.04475| .5 1.70

1 -6 -0.0429%0 ) 2.35 -0.04805 b 1.83

I - 4 +0.,2254 | ~0.6347 | -1.65 +0.2214 | ~0.6360 |-1.80

1 -5 +0.07422| -0.2710 0.16 | +0.06482| -0.2592 [-0.03

-~ 6 -0.04417 | +0.02232 2.38 ~0.05211| +0.03045| 1.92

Measured r, after complete substitution = 2.323 cm




Table 9: RESULTS OF SNEAK SUBSTITUTION EXPERIMENTS

Result of Fit after this Step

Experiment | Step r, Arc AD/D free parameter AD/D fixed parameter+)
AB { a8
r AD b o
B D Bt | 7B BT
. r r
1 3.07 | —o0.0l7 |
~ f 2 6.86 | —0.068
m 3
T B 3 9.21 | ~0.138 o.o0ll1l {~-1,26
]
g =t 4 | 14.06! -0.188{~0.6877 | 1.515 | 20.0 | -0.0210 | 0.53
-
WA 5 | 18.67 | —0.26 | 0.0233 | —0.0454| -0.79 | —0.0174 | 0.34
to 6 | 23.17 | -0.315| 0.0194 | =0.0365| =0.70 | —0.0151 | 0.2l
3 7 | 25.49 | -0.366| 0.0327 | —0.0687 | -1.01 | —0.0129 | o0.08
(32}
% .g 8 25.86{ -0.366| 0.0314 | —0.0655{ —0.98 | —0.0124 0.05
,&jg 9 | 29.60| -0.326 |~0.0097 | 0.0397| o.0l1| -0.0131 | 0.09
w
lo 29.91 | -0.322 |~0.0133 0.0488 o.lo| —0.0133 0.095
Lo
o 1 3.07 | o0.031
+ O
S g 2 6.86| o0.152
[0 BLus.
ﬁ i 3 9.21| o0.260] 0.3873 | =0.9176(-10.5 | -0.0055 | 1.26
2 /
%% 4 15.35| o0.680|~-0.1950 | 0.3332] 7.0 | -0.0173 1.87
% 5 | 20.59 1.099 {~0.0093 | —0.0905 1.63| —0.0166 | 1.84

. 0.0502 (U-Pu)
=.0,0733 (Inconel)
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