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Abstract

A modif col ion

s

s for a

ious

agroup critical

The critical parameters

of slabs are displayed and

lished values.

auf die

Dr::ler)-l~eut:r()nent:r~an",nf"'\""+-Nleichung

Anwendung einer modifizierten Kol

eindimensionale E

Zusammenfassung

Eine modifizierte Kol ionsmethode zur Lösung der
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monoenergetischen

geometrie herange?f"'\NOn. Die sse

für Platten-

Parameter und für den Vektorf werden mit Resu anderer
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1. INTRODUCTION

te(:j'rC>dif

lvedcan

The neutron transport

equation in seven

blems of any general

Since these numerical ions are extreme a

variety of methods, e. g. res ls

(MWR) /1-3/, has been deveÄu~cu

the costs of computation.

with to reduce

s, one of

The collocation

and integro

solving non-

The MWR uni fies a number of

which is the collocation technique 4-6

method is applicable to d

differential equations. It can be used

• The collocation method usually

approximation, gives

results. Because of its sim

ional costs the

a first order

linear problems too /7,

considered to be a

very often surpris

plicity and signif

collocation is

sics the co locat

g

advantage.

has been rarely

em. Thus

In reactor

approximation of a more

bal representation of the

ion theory

reactor kinetics

d

the

ications can be found ma

or in

used.

/9,1

equations /11-1 /.
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a

is

• For that

is introduced

In the present

to the neutron

modification of the

The Boltzmann equation is used in

stant cross-section /1

the con-

s er

cality problem is • The reason such an

idealized geometry was because its simplic , the

possibility of finding a variety of results for compari

son purposes and that benCfuTtark values /16/ obtained by

the method of singular eigenfunctions /17/ exist.



To derive method can

start a linear

f x :=

A(X" ... Xn ) denotes a dif

the x~s are the
.1

dependent variable and f(x"... i

source term. The solution 1 is annroximated by

a combination of linear known base trial

functions ~i(x1' ..• ) and unknown ients ci' which

do not depend on the x!s. The
.1

<P. (x 1 , .•. x ) should
.1 n

satisfy given

The ansatz

conditions assoc with Eq. (1).

N

wN (x 1 ,···
= I i$

i=

is inserted into ( ) thus ng a es

(2 )

R depen-

dent on the x.s and the
.1

N
Ic (x , .. '" $

) $ x
i

= R(X
1

, c

,..",,",rricient c ..
.1

) - =

3



To compute the c;s one mul
).

ies 3

weighting functions s the re t over

the domain Q under considerat

where k::::: • .N

= I r.sdQ
Q

As an approximation an 1 vani ng residual

the weighted integral of the reS~YUa,~

zero:

is set equal to

( 5)

k ::::: 1. .. N

These equations def

boundary problem (1).

the MWR the linear

Now the collocation me will be For this case

one chooses the Dirac delta ans for we /9,19,20/.

Inserting (6) into 5 makes

Q (

residual R vani

( 6 )

at

collocation points 1 •



Increas the number N of

tfl. and
~

ints s

more more ints

approaches zero

After out

ficients are a a ebraic

equations:

N'(" _, k
l..C.Atx 1 ,···. ).
).

f := 0 (7)

= • 1& .. N

Obvious , the number s is

with the number trial

Now, by a sI fication the we function Gk

one can ints x without increasing

the number of test Restrict simpli-

city on two x := y := == y.)
J

the modified f as

M

I
j=

is now a li

(y-y

inat

(8)

With this we

M
I 0

j==
~

) Ci ( = 9



N M
L I c

i=1 j =1
) - f ::

::

For a rectangular me

that one simultaneous

in

sets a sum

s

to

zero at points with issa

cases, which will be d ssed satis-

factorily. Nevertheless one must ion effects

within the linear combinat res

Naturally no restrict modi

collocation technique to e or initial

blems. For solving the one dimens ion

the coordinate x is identified with iable and

the coordinate y with the u = cos 8. As

one is rnainly intere d tr

neutron flux, the

tion of j.l.

it s are d

A critical quest ion for co ion me is to

distribute the col space.

In the literature it is to distribute thern

on an equidistant 5 6 Bas of the

collocation is ng than ion

procedure. One knows ion



working with equ istant s

errors in

Also the s

problems /22-31/ es

collocation s. U

/24,29/ the Gauss base ints 9 of

other orthogonal HUHU.CLLS is ls

we refer to the literature. The ition of collocation

points can also be derived from the d of least

squares. The col~u~c.~.Lvu ints coincide with the mesh

for integration. +o,....".··:::>+-ion +n'~"las /32/ will

again lead to a nonequ is ibution of points.

Utilizing tr ic tri rnn~rions 24/ a good distri-

bution seems to be

TI: • N ( 11)

The position s will 0 S l..l..'UU4 inf

by the physical structure the

case of a contro rod ires a

placing at channel,

otherwise no

ava ab

the rod ld be



The modified

dimensional s

The thickness D =

path. working wi

/15/ and assuming

i given in

the constant

density ~(x,~) sati s the

c= "2
+1
f
-1

IJ = s EJ

( , 2)

with the boundary or in is

at the center of the slab):

1 3)

c denotes the mean

1s regarded as

medium.

of is

With the

the form:



M N

I I c. j.l.

j=1 i= :1 J

+1c
! ifl i- "2 -1

The linear combinat f

synthesized mult icative of

specifical tailored From

symmetry considerations it

an even function.

To obtain a relation between

1 must be

ities c and

D, the slabthickness or a has to in-

corporated in the tes Thi

using a relationsh between

/33,34/.

achieved by

diffusion lenght L

For the space

functions exponenti

a tr ic trial

exp!~e~;slons been chosen to

satisfy the lar

tions are con the ideas and

Natelson 35-37.

To define the

functions r =

circles e li ar

-1(r,8 = cos j.l. depends on some

other a b o the eIl s

can be i



These parameters a and b are axes

takes into account the of 11 f

the center of the eIl

right.

is shif on to

For the calculations a is set I to one.

dependence of the rad

by an odd and an even

vector r on u = cos e is g

1-",...,",,'1- ion.

r =:: ( 1 5)

A 2 ~r =:: U(IJ,b,e:J Eb + l7(lJ,b,e:) b

A A
Using the functions G(IJ,b,e:) and U(IJ,b,e:) as

functions for the approximation one must i

meters band E and thus one can control the shape of the

angular trial function.

A parameter study revealed ion with

these functions was not sati because one is

forced to make an exact s choice axis for

each specific s thickness. It more desi-

rable to cover a s enJ.CKnesses with

value for parameter b rec:nt=>r'rive

trial functions have AllU'U. .... J.. i incor-

porating the slab

approximation.

.......... '--""-u<::::o::>s, to achieve a more insens tive"



The denominator of

a correct factor

\.l2n 1)

yie ng new

For construct the tri

on space and angle . The set

-+
vector <p.

The diagonal ements a matrix contain the space-

dependent 1-nn,-.''t- ions 1 zero ).

This matrix S is mult

the angular functions

a r sent

( 17)

Choosing e. N := e ements:



-+Vektor X can be written as:

-+T + 1 + 1X = (G (lJ ,b, e: 'L,n) U (jJ ,b, €'L n) , n) )

with 1

u :>

+ 1
G (lJ,b,e:'L,n) =

0 u < 0

( 19)

lJ
U :> 0

1+ 2 (' 2 d). 2n, 1. 2n
+ 1 lJ D - I TlJ \-}

L
U (lJ ,b, e:'L,n) =

0 u < 0

1 - 1The functions G (lJ,b,e:'L,n) and U (lJ,b,e:'L n) have the same

form as G+ and U+ but vanish for jJ :> o.

The parameters y in Eq. 18 and n in Eq. 19 have been set

equal to one. For the base calculations e: is equal zero.



In this seetion the numerieal the erit sl

problem with i scatter 1 be

have been obtained on the is e

data are eompared with

blem (BENCHMARK ) /16/ and those other i-

mate methods. Eaeh method is an abbrev

given in curved parentheses. N will the

order of the corresponding

the various slab

are given in the

ion

loeation

The critical va lues c as a

thieknesses D for the

eolumn COLL-1.

For comparison special attention has been given the values

s as

/42 to a sin

also be obtained

equa

transfor-

- ( ), DP
N

- (DP
N

) /15,

39/ starts

ion ing the

s eARL), Kiesewetter

it as the FT-

ass

flux in a series

/40/ uses a Wiener

method (FT) • This Fourier trans

Casels (CASE) /41 s

gular I ion. The

by solution of a lar

tion k

obtained from S~au~aL

34,38/ and

from the

mation (FLT) to the zmann

results ean also be obtained



33 •

on

are

ion u

/44 . R•.

statist

as jN

can be

collision method /43/ us

analytical method is

tional point of view

Values from a variat4V"O'~

/34/. An angular synthesis

critical slabs is

/45/ expands the angu variable in

in the orthogonal, complete, binary set sh

functions, wal (n,~), called WN approximation ( ). The

slab problem is also attacked more recent methods

as invariant imbedding /46=48/, (IMBED), f te

element method /49, (EN). ison may be

made with the CN-method (CN) / / and the degenerate kernel

technique (DKT) /52/. s Mitis (MITIS)

/53/ and the analytical approaches by Kschwendt /54/ and

Certaine /55/ are • For more ls refer to the

authors.

eunnnais the various resultsIn Table I, 11, 111 and IV a

is presented ei g critical c

the results

"'" 2.00 is

is

s

course

critica s

c is

versa.

approachles 1.0. In F

given and the corresponolnq

computing D or

problem of a f

c asymptot ...................

Tab. I and 111, IV are

approximated

benchmark

d

D "'" .62

methods. The

can readi

ion

seen



- 15 -

the slabtha

ives the

The SN-method

nn~~vimation one can

condi

small

of the

Comparing the results one

criticality problem the PN

strongest deviation from the exac

appears to be superior. For the

also see the influence of the

tion and that the Marshak cond ion

N. Under this conditions also the

results with Yvon's method (DPN) can be seen. Excellent

results can also be obtained with Asaoka's multiple colli

sion method, with invariant finally with the

CN- and degenerate kernel technique. If one analyzes the

values obtained from collocation one can find good agree-

ment with the benchmark values.

value a value COLL-2 is given

itionally to the COLL-1

circles are used

for the approximation. Of course the result of COLL-2 is

worse, as one expects the angular tr function to be

more pronounced in direction lei to the slab surface.

Finally the angular neutron distribution ~(x,~) is pre

sented in Figs. 2 - 4. For a qualitative comparison of the

angular fluxes one can use the resu given by Mitis /53/,

Kiesewetter /40/, Bowden /42/, Asaoka 3 and Kaper /16/.



D

BENCHMARK COLL-1 DRT D

6.600527 1.05 1. 1.0 1 052663

4.226619 1. 10 1.099999 1. 100001 1.1 725

2.578759 1. 20 1.200027 1. 6 1.228184

1.473207 1. 40 1. 8 1. 4 1.488541

1.023926 1. 60 1. 1 1. 5999 4 1.7 96

0.777563 1. 80 1.800104 1. 1 2. 1105

0.622042 2.00 2.000346 2. 55 2.387177

Table I: The Crit icat Factor c as a

Function Cr Slab Thickness D

(D is the Correspond Crit Slab Thickness

for the c s of the Benchmark Problem)



c

0
N=5 1MBEDN=7BENCHMARK COLL-1 CARL

lL" jf) FT

2.0000 1.27710182 1.277126 1.22710 1.2771086 1.2771033 1.277
1.0000 1.61537852 1.615391 1.61538 1.6153850 1.6153800 1.6155 1. 61 54 1. 615
o. 1. 688472 1.68788 1.6880 1.6879
0.8000 1.776814 1.77707 1.7772 1.7771
0.7000 1.885921 1.88955 1.8897 1.8895
o. 2.037943 2.03598 2.0360 2.0360
o. 2.235212 2.23501 2.2350160 2.2350120 2.2344 2.2351
0 2.5218 2.52253 2.5202 2.522
0 2.978997 2.97868 2.9716 2.9788
o. 3.832976 3.83031
0.1000 6.103402 6.11704

Table 11: The Critical Multiplication Factor c as a Function of the Critical

Slab Thickness 0



c I DP1 I DP3 I 52 I 54 I I 3 16

1.331010912 11. 11.3446 11. 338 11.330 11.330 11.4524 11.3494 11.3404 11. 3388
.600527544 .807 6. 6.6131 6.6146 6.608 6.594 6.600 6.7436 6.6156 6.6064 6.6046

19332 4.457 4. 4.2427 .2420 4.234 4.212 4.226 4.3968 4.2396 <I. 2310 .2292
.578758857 2.825 2. 2.6040 2.5970 2.5378 2.554 2.5786 2.7792 2.5898 2.5824

1. 8754511

1,,473207 I L Hil L 1.5153 1.5002 1.4854 1.4458 ,,4734 1.6910 1.4870 1.
L 1.0767 1,,0598 1.0404 1.0054 1.0238 1..2394 1.0446 .0276
O. 8364 0.8202 0.7984 0.7696 0.7768 0,,9848 0.8048 0.7818 1 7786

622041960 10.907 0.82410. 6841 0.6696 0.6468 0.6232 0.6204 0.8 94 0.6524

The Critical Slab Thickness D as a Functlon of c, the Critical Multiplication Factor



D

CASE FLT BOWc 1.Iterat. W4 W8 1'1 16 MITISO-Iterat. VARI C E8
W2 N=10 N=400

1.01 16.6590 16.6590
I

16.690 16.65908 16.65904

1.02 11.3368 10.1138 hO.0310 h1.2562 1.3124

1.05 6.6069 6.0410 6.4526 6.5632 6.5912 6.60f;9 6.60058 6.60054

1.10 4.2266 4.2265 4.2329 4.22483 3.9988 4.1528 4.2074 4.2218 4.240 4.2328 4.22668 4.22662

1. 20 2.5796 2.5786 2.5850 2.57821 2.5780 2.5534 2.5712 2.5768 2.5850 2.57888 2.57876

.30 1.8776 1.8749 I 1.87535 1.780 1.87564 .875 6
I

1. 40 .4568 1.4723 1.4810 1.47321 1 .4920 1.4838 1.4728 1.4730 1.48 0 1.47344 322

1.60 1.0303 1.0228 1. 0335 1.02383 1.0770 1 .0508 1.0266 1.0244 1.022 1 .0335 1.0242 .02394

1.80 0.7963 0.7853 0.7885 0.77736 0.8404 0.8154 0.7826 0.7784 0.7885 0.77788 0.77756

2.00 0.7527 0.6397 0.6340 0.62188 0.7854 0.6668 0.6294 0.6232 0.621 0.6340 0.62238 0.62206

Table IV: The Critical Slab Thickness D as a Function of c, the Critical Multinlication Factor

'"
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