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Quasistatic Treatment of the Influence of Bandlimited

White Reactivity Noise on an Uncontrolled Critical

Point Reactor

Abstract

The quasistatic (or prompt jump) treatment has been used
to investigate the effect of bandlimited white reactivity
noise on the kinetic behaviour of an uncontrolled critical
point reactor. This treatment is valid for noise with a
corner frequency w, << B/l. Expressions for the first and
second moments of neutron and delayed neutron precursor
populations have been obtained on two levels of approxi-
mations. The possibility of linearising the equations is
discussed. In conformity with the results of the influence
of noise with w >> R/1, the mean square deviations
developed by the system are found to be linear in time and
of very small magnitude. This suggests that a critical
uncontrolled reactor could be considered as almost stationary
and ergodic.

Quasistatische Behandlung des Einflusses von band-

begrenztem weiBen Reaktivitdtsrauschen auf einen

ungeregelten kritischen Punktreaktor

Zusammenfassung

Die Auswirkung von bandbegrenztem weiBen Reaktivitdtsrauschen
auf das Zeitverhalten eines ungeregelten kritischen Punkt~-
reaktors wird in der quasistatischen N&herung untersucht.
Diese N&herung ist gliltig flr Rauschen mit einer Eckfrequenz
w, << B/1l. Die ersten und zweiten Momente der Verteilung von
Neutronen- und Vorldufer-Anzahlen wurden filir zwei Stufen der
Approximation ermittelt. Ferner wird die Moglichkeit der
Linearisierung der Gleichungen diskutiert. Die, in der Zeit
linearen, mittleren quadratischen Abweichungen des Systems
vom Ausgangszustand sind sehr klein. Dies stimmt mit fridheren
Ergebnissen iliber den EinfluB von Rauschen mit w >> R/1 voll
lUberein. Ein kritischer ungeregelter Reaktor kann somit als

nahezu stationdr und ergodisch behandelt werden.
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1. Introduction

The safe operation of a power reactor requires the
permanent availability of the safety channel as an
integral unit. This,.in turn, supports demands for
on-line testing of the various components of the

safety equipment, continuously, during normal operation.
Noise analysis techniques bear the potential of provi-
ding nondisturbing methods for monitoring the dynamic
behaviour of reactors operating at power. This was
pointed out by Thie /1/ and others at three conferences
/2-4/ on reactor noise. Fry /5/ demonstrated the potential
usefulness and the application of noise analysis for
diagnosing incipient failure of components in HFIR and
MSRE reactors. This illustrated, in special cases, the
way, the noise method could become useful for monitoring

power reactors to increase their availability and safety.

Recently Edelmann /6/ described two methods for in situ
testing of neutron and temperature instrumentation of
power reactors. In these methods, random excitations
present in a power reactor, are used as dynamic test
input to the integral signal channel. The information
about the integral signal channel is then obtained, from
the fluctuations of the available signals, using noise

analysis techniques.

Surveillance of power reactors, in general, relies largely
on checking the deviations of neutron detector or derived
signals from set values. For fixing tolerahce bands and
confidence levels, an adequate assessment of the influence
of inherent reactivity noise on the reactor is required.
As external controls are mostly intermittent and internal

feedback effects usually much slower than inherent reactivity
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noise phenomena, the critical reactor without a
controller is a starting point of more than mere
academic interest. Absence of control also yields
limiting values for the expected asymptotic devia-
tions of the reactor.

The problem of a white noise excited reactor has been
treated previously /7-10/, but no directly usable
information could be obtained from these results. In
a recent paper /11/, we Had investigated the dynamic
behaviour of such a critical system possessing an
additive reactivity noise, assumed to be band limited
whiﬁe, with a corner frequency W, greater than the
largest time constant 8/1 of the system. With reason-
ably assumed parametérs, characteristic for a reactor
system, it was shown that the mean square deviations
developed by the system are of very small magnitude
and, hence, the system could be treated as stationary
ergodic for further studies. This much desirable
result is, howeVer, to be confirmed for lower corner
frequencies of the reactivity noise, which, for an
equal noise amplitudé leads to a much stronger

(reactivity, neutron, precursor)-coupling.

The aim of the present anéiysis is,‘thefefore, to cal-
culate the moments of state variables of an uncontrolled
critical point reactor, which is perturbed by reactivity
noise with a corner frequency w, << /1, where B is the
total delayed neutron fraction and 1 the mean prompt
neutron life time. In contrast to the previously treated
opposite case (wc >> B/1), the mathematical analysis,
for the present case, could be developed in the quasi-

static (or prompt jump) approximation. For the sake of



clarity and simplicity only, a single group of delayed
neutrons is considered here. In order to check the
possibility of linearising the equations, we obtain
the expressions for the moments of state variables

in the following two cases

a) By linearising the equations as obtained

from the quasistatic approximation.

b) By solving the exact equations as obtained

from the quasistatic approximation.

It is found that the linearised equations give results,
which are correct over a wide range of observation times.
The mean square deviations of the system are again
found to be very low, confirming the previous result,
that the system could be treated as stationary ergodic
for further studies.

2. Theory

2.1 The System's Stochastic Equations

We consider a critical point reactor and consider only
one group of precursors. Neglecting feedback terms, the

" point reactor kinetic equations are

Te v = BB Ny 4 ce) (1)
d - B -
T c(t) = T N(t) XC(F» (2)



where
N(t) = neutron population,
C(t) = delayed neutron precursor population,
B = total delayed neutron fraction,
1 = prompt neutron life time,
A = average delayed neutron decay constant

and p(t) denotes the reactivity fluctuations present in
the system. We make the following assumptions about the
stochastic process p(t):

a) p(t) is a stationary Gaussian process with

Zero mean, i.e.

<p(t)> = o (3a)

b) the values of p(t) at two different times t and
t+T are exponentially correlated, i.e.

$rx (T) <p(t)p(t+T)

2 -w lTI

= <p“> e °© (3b)

!

where m;1 is the mean correlation time and <p2> denotes the
mean square amplitude of reactivity fluctuations. The

power spectral density function of reactivity noise is given
by the Fourier transform of ¢kk(r), i.e.



2 T .
o> 1 (4)

W 1+(w/mc)2 .

'$kk(w)

The value of this function depends largely on the ratio
m/wc. For w << wd,‘$kk(w) is constant, meaning that the
stochastic process has equal power in equal frequency
intervals up to the corner frequency W, For w > W the
power density drops very steeply towards zero. Such a
stochastic process is called band limited white noise. In
this analysis we assume w, << B/lf

2.2 Quasistatic Approximation

For the case W << B/1l, which is realistic for fast reactors,
we may assume that the neutrons are at all times in equili-
brium with the (precursor, reactivity)-state. With this
quasistatic (or prompt jump) approximation and for low
excitation amplitudes |p} << B, Egs. (1,2) can be trans-
formed to yield

N(t) = (A1/B) (1+p(t)/B) C(t) | (5)

C(t) = (A/B) p(t) C(t) (6)

Qxlﬂa
ot

As in these equations p(t) is a stochastic variable the
resulting N{(t), C(t) are also stochastic variables, for
which only the moments of their common probability
distribution can be derived.



2.3 Moments of Neutron and Precursor Populations

The moments of neutrdn and precursor numbers, N(t) and
C(t) respectively could either be found by first
linearising Eq. (6) or by solving it direectly. We shall
discuss both methods.

2.3.1 Linearisation

In this section we assume that the fluctuations in the
precursor population are small, so that Eq. (6) can be
linearised. This assumption of linearisation is justi-
fied from the results obtained by exactly solving Eq. (6).

The linearised Eg. (6) is written as

AC
fcw v 520 | (7)
where
Cy = Clo) N <C(t)> (8)

The solution of Eq. (7) is written, directly, as

u;
C(t) = Co[’é fo (u)dut+1 :] (9)
o

Taking the ensemble average and using Eq. (3a), Eq. (8) is
immediately confirmed.



For the neutron number, from Eq. (5), we get
N(#) '$$ (A1/8) [C(t)+(o(t)/6)cél | (10)
Taking the ensemble ave:age and using Egs. (3a) and (8)
<N(t)> = (Al/B)C, (1)

Starting from an initial equilibrium between neutron and

precursor populations, i.e.

\C, = (B/LINS = (B/L)N(o) (12)
we have <N(t)> = Ng (13)
From Eq. (9 ), we take the expressions for C(t) at two times

t.and s(t> s»0), multiply and take the ensemble average, to
obtain the following expression for the autocorrelation
function of the precursor number:

2 AZ ts
<C(s)c(t)> = cg | =5 f[<p(u) p(v)>dudv+1 (14)
B™ oo

Substituting for the reactivity autocorrelation function
from Eq. (3b)

2, 2 ts -w_|u-v|
<c(sic(t)> = c2 |82 ff e € dudv+1 (15)
8 0o



Defining x = u-v and y = u+v as new variables, a first
integration over y leads to

2, 2 - x 9 -~w X
<C(s)C(t)> = Cg LA—5%—3<T(t-x)e <™ + [(s-x)e ©
B o o
t-s ~w X
_ ] (tms=x)e dx) +1 (16)
o

After a second integration we, finally, obtain

-w_S -w_t
2 e c e
<C(s)C(t)> = Co D(2s + m + m
c c
-w_(t=-s)
e 1
- - — ) 4+ 1} (17)
W, Wq
A2< 2>
where D = ———%—— (18)
ch

Using Eg. (10), the autocorrelation function of the neutron
population can be written as

<N (s)N(t)>

2.2 Cc
= AB% [<C(S)C(t)> + -—(B:’-(<p(s)C(t)>
Cl
+<C(8) p (t)>)+ —3 <p<s)p<t>>} (19)
B



To evaluate the crucial term <p(s)C(t)>, we multiply"
Eq. (9) by p(s) and average. We obtain

AC

| | n
<p(s)c(t)> = —2 [<p(r)p(s)> dr
o]

Substituting from Eq. (3b) and evaluating the integral,
we get for s £t

2 -w_S -w_ (t-s) '
<p(s)C(t)> = co"—:)f—sl |:2—e € e € J (20)
c
Similarly, we have
2 -w_(t=-s) -w_t
<C(s)p(t)> = co 5%9§Z [:e ¢ -e ci} (21)
c

Substituting for varlous terms on the rlght hand side of
Eq. (19) and using Eq. (12) we obtain the following
expression for the autocorrelation function of the
neutron population

<N(s)N(t)>

_ 2 c c c -1
= NZ [D(Zs + o (e +e ) — e

20 =X 2 -w_(t=-s)
2, C© +1] (22)

c
+ wcA ) + 2
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Proceeding in the same way, the expressions for

cross-correlation functions are obtained. We have

r e—wct A—mc -wcs
NOCO’ D(2s + + o ©
L We c

<N(s)C(t)>

A+w -w_(t-s) 2w _—=A
o c e
- e + ) + 1} (23)
wck ch
and
r -w_S A-w -w t
<C(S)N(t)> = NC LD(ZS rle o4 2o
c - We
A~-w -w_(t-s)
- =" °© - ) + 1 } (24)
c c
At time s=t >> 1/wc, the second moments of N(t) and C{t)
can be reduced to the following simple form
2 2 ‘ ‘
«c?(v)> = c [2Dt+1] (25)
2 2 < 2>
<N“(t)> = N, [2D(t+1/>\) + —95— + 1 (26)
B

N(E)C()> = N_C [D(2t+1/A) +1 ] (27)



2.3.2 Exact Calculations

A direct integration of Eq. (6) yields

-t
c(t) = c, exp l-% fp(u)duJ (28)
@]
Hence,
,t
<C(t)> = C _<exp [E fp(u)du > ‘ (29)
ﬁ ° o .

The exponent in the above equation is a centred Gaussian
random variable. For such variables'x, a most useful

lemma is
1
<e¥> = e2 (30)

Equation (29), giving the expectation (or mean) value

for the precursor population then becomes

XZ tt
<C(t)> = C, exp| - [[<p(u)p(v)>dudv
28‘ (oTe) o

The double integral is evaluated in the same way as in
‘Eq. (14). We obtain

-w_t
C
<C(t)> = Cg expl:D(t + & w¢ p- %;) J : (31)

where D is the same as given by Eq. (18). Substitution
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of Eq. (28) in Eq. (5) yields the following expression

for the neutron population
kt
N(t) = No(1+p(t)/B)exp( g[p(u)du) (32)
o
Taking the ensemble average

<N (t)>

t t
No[<exp (%— (f)p(u)du)) + (Pé—t) exp(% (f)p(v)dv)>:| (33)

The first average on the‘right hand side has already been
evaluated. The method of evaluating the second average is
given in the appendix. After some algebra, we obtain

~w_ t
<N(t)> = NO[1+TQ(1‘G °)J,

exp [D(t+ew -1—-)} (34)

From Eq. (28), the expression for the autocorrelation
function of C(t) is obtained as

- t
<C(s)C(t)> = C02<§xp(% fp(u)du + % fp(u)dui} (35)
o Te)
Using lemma (30), we have
N ss
<C(s)C(t)> = exp [——5 ff(p(u)p(v»»dudv
‘ L 00

tt ts il
+ JI<pye(v)> dudv + 2 J i tw e (v auav ) |
(o10) (o]e)



The various integrals can be evaluated, yielding
for ogsgt

, -w S
<C(s)C(t)> = C02 exp [D (3s+t+%f( e °©
. c
—w g W lEs) .
c e 3
+ e )= - = )| (36)
- Yo Ye )J

The autocorrelation function of the neutron population
is obtained from Eqg. (32). We get

<N(sIN(t)> = N_? <{1+p(s)/8) (1+p(t)/B) -

xp |

The evaluation of various averages is given in the appendix.

(

™[>
Ot

s
p(u)du + Jp(u)du ] (37)
froran] >

The expression is, finally, evaluated as,

for ogsgt

| -Ww s -w _t
<N(s)N(t)> = N02[1+3-‘;-(2—e ¢ e ©)
2 -w_(t-s) 2 -w _(t-s)
+ L2 o C + 2o (2 e ¢
2 2
R by
-w_(2t-s) ~2w (t-s) -w_t -w_S
+ 2 e c -e ¢ -8e ¢ -2e c
‘mc(S+t) T .
+ 4 e + B)J- exp | D(3s+t
-W_S - _t =W (t-s)
+2.(e © +e ¢)-L e —i—)] (38)
W w w
c c c
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Proceeding the same way, the expressions for the

cross~correlation functions are obtained. We have

-1

, -w_s -~w_(t-s)
<N(s)C(t)> = Nocot1+%(3—2e € - e °© )-E‘
r 2 -w_S —wct
expl~D (3 s + t + o (e C 4+ e )
c
1 Twgle=s) 4 }
- u ¢ i (39)
e We )
~w_ .t -w_{t-s)
<C(s)N(t)> =" NOCO{ 1+2(1-22 ¢ +e °© -)J,
L
-w_S -w t
exp[D(3s+t+i—(e S +e ©)
‘C
1 -w_(t-s)_ 3 }
- — c - ———
. w, e : wc) (40)

At times s=t >> 1/mc, the moments of neutrons and precursors

are reduced to the following expressions:

aN(e)> = Ny (14 2yeP* (41)

«c(t)> = c_ &t (42)
2 -

<N (t)> = Noz[ 1+ 22 2B %U e?Pt (43)
B



2 _4Dt
e

<c?(t)> (44)

Il
0

_ oy 2D y _4Dt
<NC(t)> = N C, (1 + e , (45)

2.4 Normalised Centred Covariances for t >> 1/wc

The expressions for the normalised centred covariances of
neutrons and precursors can be easily obtained from their
expressions for the first and second moments. At time

t >> 1/mc they reduce to very simple forms for the linearised

case as well as for the exact calculations.

Case a Linearisation

<c?(t)> - <c(t)>?

Co
= 2Dt , (46)
2 2
_ SNT(t)> - <N(t)>
uNN(t,t) = ‘ 2 :
O.
=  2D(t+1/A) + {p2>/32 (47)
_ - <NC(t)> = <N{t)><C(t)>
e (t/t) = e

00

= D(2t + 1/X) (48)



Case b Exact Calculations

Mgy (Ert) = [? + 5?;3 +i% ( + XQi]e4Dt
B} l} + A_D]z 02Dt (49)
Moo (t ) = eiPt eth (50)
Mo (E,8) = [1 + f—D] ;‘mt -1+ ) 2Dt (51)
3. Discussion

Egs. (41) and (42) show an appérent exponential increase

in time in the expected values of neutron and precursor
populations. This increase suggests that the fluctuations

in reactivity act as a positive feedback to the system.
However, it is to be noted that the value of the exponent

in these equations is very small. For a quantitative estimate,
we take A = ,1/sec, assume a reactivity noise amplitude
<p%¥82 v 10_6 and the extremely low value of W, =) for the
corner frequency. This gives D % 10-7/sec. Hence even for

t = 1O5 secs (= 1 day), the exponent has a magnitude of ,01
only. Hence, the increase in the mean neutron and precursor
numbers, which isin fact due to nonlinearities, is negligibly
small.

From Eq. (41), it is also seen that in the limit of t + O,
<N(t) > does not approach the assumed initial value NS The
extra term ('D/A)No is due to the use of the quasistatic
approximation, which admits a discontinuity in the mean
neutron number at a point of discontinuity in the reactivity.



In Egs. (36), (38), (39) and (40) for the autocorrelation’
function, it is obvious that, because of the order of
magnitude for D, a Taylor's expansion of the exponential
could be truncated after the linear term, even for large
values of s and t (say 105 secs) . These expressions then
become practically linear in time, and if one neglects
the terms containing higher powers of D, they become
exactly equal to their corresponding expresSions obtained

for the linearised case.

It is noted, from Egs. (49) to (51), that, if we restrict
the expansion of exponentials to linear terms, the
asymptotic values for all the normalised centred covariances
of precursors and neutrons are almost equal, increasing
linearly in time according to the term 2Dt, D being defined
by Eq. (18). This value of D is exactly the same as that
previously found /11/ for the case of reactivity noise with
w, >> B/l. This, therefore, confirms that the deviations
developed by the system, due to inherent reactivity noise,
are of extremely low magnitude. Hence, the system may, with
a high degree of confidence, be approximated as stationary
ergodic, for evaluating the effect of all other noise sources
on the response of a reactor.

The main reasons for these low deviations, as discussed
earlier /11/, could be

a) the unproved assumption of a well defined initial stat%

b) the missing influence of other system parameters, which
should be included in a more realistic evaluation.



First hand assessments show that the effect (a) of initial
conditions on the drift of the system should be of greater
importance than the asymptotic effect of band limited
white reactivity noise. From the theory and application

of the inhour equation /12/, one can show that the asymp-
totic development of the neutron population is given by

N(t) = A e¥t
where A is a constant and

w=p/logei  lggg = ﬁsi/*i

Taking delayed neutron parameters of U-235 /13/ a typical
value for the effective neutron life time is

leff = 82 msec.

Assuming an initial reactivity p % 1073 8, we find that
wa -8 10 4/sec.

Hence even for short observationintervals of ta 10 secs,

the accumulated drift (¥ wt) is of the order of 10—3. This
is much larger than the previohsly investigated effect.

4, Conclusions

We have studied the response of a critical power reactor
to the inherent reactivity noise, assumed to be band limited
white. Since the corner frequency W of the noise is in
general much less than B8/1 in a power reactor, the analysis

has been developed in the quasistatic approximation.



Considering a single group of delayed neutrons explicit
expressions, for the exact time development of the first
and second moments of the neutron and precursor numbers,
have been derived. The validity of the linearised ’
equations is also discussed and found applicable in most
‘practical cases.

As a special application of the derived expressions, it
has been found that the normalised centred covariances

of neutrons and precursors increase linearly with time

at a very low rate. This rate is exactly equal to that

of the earlier inVestigated opposite case (for Wy >> B/1).
It is, therefore, confirmed that the mean square deviations
developed by a reactor system due to band limited white
reactivity noise are of very small order, and hence the
system could, with a high degree of confidence, be
approximated as stationary ergodic.
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Appendix

Eq. (37), term by term, is written as

<N(s)N(t)>
X, +X +X
1772 t 172
= NO2 [(e > o+ <~9é—L e >
X.+X X.+X 1
+<9é8) e 1 2> +<Q(S)Qsét) e 1 2>_l (A-1)
A t
where X, = 2 [p(u)du ‘ (A-2)
1 R 5
A
X, = % Zp(u)du (A-3)
X

1 and X2 are centred Gaussian random variables.

We first of all evaluate the average

C elelolt) 1My
B

Generalising a procedure used by Akcasu /10/, this average

can be written in the form

2 a 288 o oele) oo oy
9 18 2 1742
3a.,da <:e g >>
1 2 a1'a2=0

(A-4)
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Using lemma (30), the equation (A-4) is written as

2 2
o o
exp 1 (—l—<p2(s)> + _2_<02(t)> + <X
2 B2 B2 1

3% |

N 2
———— ' >
aa13a2 i

2 20,0

1%2
+ <X, 4 2<K K> + >—<p(s)p(t)>

B

2a1 2a 2a2

+ —§_<O(S)X1> + —§l<p(s)xz> + —§—<p(t)x1>

2a2 \E;
+ T<p(t)xz> /VJ

.0 =0

I

-
| <p(8)p(E)> + (<p(E)Xy> + <p(B)Xp> )

[\ 8]

B

1 2
—2-<(X1+X2) >
(<p(s)Xy> + <p(S)X2>;‘ e (A-5)

The second and third terms of the right hand side of

Eq. (A-1) can be evaluated by writing them in the form

and proceeding as above.

The first term is obtained directly using lemma (30).
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Evaluating the various terms, the following expression

for the autocorrelation function of the neutron popu-
lation is obtained:

<N(s)N(t)>

— 2
[

+ <p(t)X2>) + 17 <p(s)p(t)> +
R

wj—

(<p(S)X1> + <p(S)X2> + <p(t)X1>

82 (<D(t)x1> + <p(t)X2>) (<D(S)X1>

1 2
5 SRy HX) >
+ <p(s)X2>)‘J

. e (A-6)

Inserting the definitions (A-2),(A-3) into this expression

and evaluating various integrals, one obtains Eq. (38).





