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Abstract

This report is concerned with the calculation of matrix elements of Slater-
determinant wave functions. These matrix elements are the basic input to

any calculation with the Generator Coordinate Method (GCM). The main empha-
sis lies upon the projection of angular momentum and parity. The projection
method is an analytical one making extensive use of Racah algebra and leads
to closed expressions of these matrix elements in terms of 3-j, 6-j and 9-j
symbols. It is shown that matrix elements of the kinetic energy operator may
be obtained in a simple way from those of the normalization. The spurious
contribution of the kinetic energy operator to the center-of-mass energy is

eliminated by projecting the linear momentum of the states.

ZUR BERECHNUNG VON MATRIXELEMENTEN VON VIELTEILCHENWELLENFUNKTIONEN IM
CLUSTER MODELL

Zusammenfassung

Das Ziel der Arbeit ist die Berechnung von Matrixelementen des Identi-
titsoperators, sowie der Operatoren der kinetischen Energie und der
Zweiteilchenwechselwirkung zwischen Vielteilchenwellenfunktionen.
Diese Matrixelemente sind die Eingabedaten fiir jede Rechnung mit der
Generator Koordinaten Methode. Das Hauptgewicht liegt dabei auf der
Projektion von Drehimpuls und Paritdt. Die Projektionsmethode ist eine
analytische, welche geschlossene Ausdriicke fiir diese Matrixelemente in
Termen von 3-j, 6-j und 9-j Symbolen liefert. Es wird gezeigt, daB sich
die Matrixelemente der kinetischen Energie in einfacher Weise auf die-
jenigen der Normierung zuriickfiihren lassen. Die Translationsinvarianz
der Zustinde wird durch Projektion auf guten linearen Impuls sicherge-

stellt,
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1. Introduction

The cluster Modell) of the nucleus has been fairly successful in
explaining many features of nuclear phenomena in the low energy region.
In most of these studiesz’B) the dominance of two-cluster structures is
assumed. Simple arguments based on the binding energies of clusters sug-
gest; however, that also three-cluster configurations might play an es~
sential role in providing a simple model for some light nuclei. Recently
the interplay of two— and three-cluster structures was studied in a cal-

4)

The aim of this report is to present in detail the method of cal-

culation’’ of some low-lying states in 7Li.
culating matrix elements of many body wave functions which are needed in
applications of the cluster model to systems where two- and three-cluster
structures are dominant, |

In sec. 2 we specify the generator coordinate (GC) wave function
for a system in which two- and three-cluster structures are dominant and
introduce multipole expansions with respect to certain generator coordi-
nates. In sec. 3 these wave functions are expressed in terms of another
set of coordinates (''channel coordinates') which lead to an identifica-
tion of the quantum numbers specifying the spherical tensors of sec., 2
with the quantum numbers of nuclear systems. Section 4 deals with the
handling of the spurious contribution of the kinetic energy operator to
matrix elements of Slater—-determinant wave functions, Section 5 contains
a collection of formulas for matrix elements of\31ater-determinant wave
functions which proved useful in numerical calculations. Some of these
formulas were already derived by D.M. Brink in his articles)»on the
o~particle model of light nuclei. In sections 6-8 the expansion of matrix
elements of a scalar spin-isospin independent operator O between two- and
three-center SM functions in terms of spherical tensors is worked out

using Racah algebra. In sec., 9 the method of projecting spin angular mo-

mentum is outlined and applied to the nucleus 'Li.

2. Specification of the Generator Coordinate Wave Function for Coupled

Two— and Three-=Cluster Structures

In order to describe a nucleus with N nucleons in which two- and

three-cluster configurations with mass numbers A(z), B(z) (A(2)+B(2) = N)




and A(3), B(B), C(3) (A(3)+B(3)+C(3) = N) are predominant, we take a set

of single~particle wave functions

34 expl- & (x-0)%1x. @2.1)

¥(x,8) = (B/mM)
The function (2.1) describes the motion of a single nucleon in a Is har-
monic oscillator orbit centered at the point s. The spin-isospin part of
the wave function is denoted by ¥, the quantity B is the oscillator para-

(2) 5@ 3

meter., We then construct products of A etc, single particle

functions (2.1) with oscillator orbits centered at s, (2), s (2), A(3) etc.
@) 5@ 3

(2)

C0,(2) ({5,(2)}, 5,(2)) = 7 Y (5;,8,(2)) (2.2)

i=1

which correspond to the clusters A

=g

where
{§A(2)} = (,}\{,1’ 52""‘" ,}SA(Z))'

From the functions (2.2) we form the two sets of antisymmetrized (A = anti-

symmetrizer) N-particle functions

(i) two-cluster functions

00,8 = [, (5], @), 5,2 D () @), 1Ty, 2230
where

8 = 5,-8,, AP @ Py -0 (2.42)
and

{x} = (51....§N),

(ii) three~cluster functions

0 (3)
I I\)({X} Rp» 8 )

= [2,(3) ({x},(3)5 §,3))¢5(3) ({x}5(3), §,(3))
(2.3b)
* 903 Ux}(3), 5,611,

where




8 = 5,05, 5, = 5,-Pg 3435 33/

3)

A5 3 Pg (HcPg 3 =0, @)

The symbol [ ]Iv means that the spins of all particles are coupled to

the total spin I and projection Vv on the Z axis, whereas the symbol L

stands for all intermediate spin quantum numbers which are necessary for
this coupling. We observe that both sets of functions (2.3a) and (2.3b)
form a spherical tensor of rank I in 'spin space.

It will prove useful later on to expand the two-cluster functions

(2.3a) in terms of spherical harmonics

. , # A
0P (ixd, o) = g Lo® g, mms) v, (s, (2.5a)
LM
In a similar way the three-cluster function (2.3b) can be written in a
bipolar basis6)
(3) _ 1 (3):
LILZLM
#* oo
* B (LlLZLMsl,sz) (2.5b)
where ‘
AN . N ~
B(L,L,LH§8,) = % (LIMI,LZMZILM)YL w G (B (2.6a)
171 272
MM,

For simplicity we suppressed all spin quantum numbers in eqs. (2.5a, 2.5b).

The bipolar harmonics (2.6a) enjoy the following properties

~ A
* A f % A A
stldsz B (LleLmﬁl, sz) B(L1 L,'L'M' sl,sz)
=68 _, 68 ., 68 8 (2.6b)
L L' LZL o LL' MM
B(L.L.IM-8,,-8.) = (-)"1*"2 B(L.L.IMS ,3.) (2.6¢)
172 1° °2 1727771072 ’

In order to study the tensor properties of the wave functions (2.5a)
and (2.5b) in coordinate space, we observe that a simultaneous rotation of
the basis of both the spatial coordinates 9] and the vectors gA(Z), gB(Z)

etc. specifying the positions of the corresponding harmonic oscillator



wells leave the wave functions unchanged. This is a consequence of the
fact that relative ls orbits only are involved. By virtue of eqs. (2.4a)
and (2.4b) it follows that the rotation of the basis of vectors gA(Z),
gB(Z) etc, may be replaced by a rotation of the basis of the generator
coordinates s, 8 and 8y

R @ R @ $P ), o = 6P gl 9 (2.72)

R@ R, @ 6P, 5, 8 = 60, 50 8, 270)
8128

where R(2) is a unitary rotation operator which rotates the basis through

Euler angles Q. If we insert the expansions (2.5) into eqs. (2.7) we find

R (06 ({x},z0s) = E ok, @8 (Lghpar's) (2.8a)
M'
(3): N\ L (3)
R (D¢ ({5},L1L2LMsls2) =) D 1y (DO ({leleLM s;8,) (2.8b)
M'

where

o=, (@) = (' |R(Q) | M)

M'M
is the usual rotation matrix.
The last two equations imply that both sets of wave functions ¢I Iv({X} LMs)
and ¢(3) ({x} L L LMs Sz) form a spherical tensor of rank L in %oordlnate

I.Iv i
space.lUpon coupllng the spin and coordinate tensors in ¢

(2) and ¢(3) we

may obtain wave functions which are eigenfunctions of the total angular

momentum

(2)({x} Ls, JM) = }:: (1v, LMIJM)¢§2%v({X} Lus) (2.9a)

¢(3)({x} L L,Ls 8,,IM) = }::(Iv LM|JM)¢§3;V({X} L,L,IMss,) (2.9b)

where M = V+M,

The properties of these tensors under the parity transformation b T ¥

may be derived from the relations

¢(2)({-§},§) = ¢(2)({§},-§) (2.10a)

and




¢(3)({-§};§],§2) = ¢(3)({5},-51;§2) - (2.10Db)

which follow from the fact that all particle coordinates occur in the
combination (x. —SA(Z))

Inserting the expansions (2,5) into eqs. (2.10), we obtain

0P ({-x},z5,00) = (-)%6 P ({x},1s,0m) | (2.11a)

L. +L

¢(3)({-§},L1L2Ls ,JM) = ()71 ¢(3)({§1L1L2Ls SZ,JM) (2.11b)

1
where we used YLM(—Q) = (—)LYLM(Q) together with eq. (2.6c).
Finally, a trial function of the GC type with fixed total angular momentum
and parity is constructed by superposing the functions (2.9)

e o]

Y({x}aum) = § dsf(z)(LsJM)¢(2)({x} LgyTM)
IiIL

o]

ds, s, £ (1,1, Ls JM)¢(3)({X} L L,Ls s, M) (2.12)

* 19927, 1

152 1%

IiILleL 5

where the parity relations (2,11) restrict the possible orbital angular

momenta

(= )"t - g (2.13a)

whereas the triangular rules in egs. (2;6a) and (2.9) imply

T - 1] <3< |1-1l (2.13b)
-1, <z s |u 1*L, | (2.13c)
T -] <3< |1+ 1] . (2.13d)

3. The Channel Representation of GC Wave Functions

In the last section wa expressed the N-particle wave functions of

the GC type in terms of the coordinates x; (i =1,.N) of all nucleons,




There is an alternative choice of coordinates which is convenient if we
want to use these wave functions in a scattering calculation. For brevity,
we shall call this set of coordinates the channel coordinates. Rewriting
the wave functions in terms of channel coordinates also leads to a simple
physical interpretation of the orbital angular momenta L,LI,L2 and L de—
fined in the last section. In addition, the spurious contribution of the
kinetic energy operator to the total center-of-mass energy is easily stu-

died in this representation,

We define channel coordinates as follows

(i) Ewo—cluster systems

Let R,(2) and RB(Z) denote the centers of mass of the clusters
NA ~
A(z) and B(Z)

RS
_1/2(2)
i=1 (3.1)
N
By = 1/5¢%)) x5, .
i=A(2)+1
We then define N-2 intrimsic coordinates,
2 B By® | e a@ony
Ei = for 1 = (3.2a)
~ - (2) _
35 BB(Z) (A7 +1) e (N=1)
The distance I between clusters A(z)and B(z) and their center—-of-mass

coordinate R are chosen as the remaining two coordinates

r
~

R, (2) - Ry(2) (3.2b)

R wPy, ) + 3Pg @)/, (3.2¢)

If we insert the N coordinates (3.2) into the two-cluster function (2.3a)

we obtain

(2)-

¢I.IV({§}’§) = (B/ﬁ)3/4N
1

exp (- %BNgz)

s (2).,(2) N ¢
] ()2, 'A“*’B 2
# [a {~ =3[ . L -
eXpL™ 7B E & N (r -8)71} = X JIiIV

i=1




where we used the abbreviations

A2y

(%3> _ :{::::: €D ana 1O :{: £®

1424y
Expanding eg. (3.3) in terms spherical harmonics we have

6D (i = (@m0

1,2
IIv exp ( _EBNR )

N !
, (2).(2) -
* [a expl- -;-BEE g P A S P

NG )
# 4T iL &———————-r s) Y (r)Y (S)
A

LM I Iv
M
whereiL .8 a modified spherical Bessel function.
A comparison with eq. (2.5a) gives l
2
D), sy = B/ N exp(- avRY)
N
‘ (2),(2)
; 1 N :
i=1
@@ | N
#imsi (B =—f—re) Y0 ) m X JI Iv (3.4)

which shtows that 1 is the orbital angular momentum related to the relative

motion of the clusters A(z) and B(z).

(ii) three-cluster systems

Let RA\B), RB(B) and R (3) be the centers of mass of the clusters

A(3) (3) C(B), respectlvely
(3)A(3)
BA(3) = 1/A E b9
- 1=l .
(3) A(3)5(3)
(3) = 1/8Y2)K~ (3.5)

By —

i=A(3)+1

BC(B) = l/C(s)
A(323(3)+1




When then define N-3 intrinsic coordinates

%, = R,(3) (1=1...3-
=05 - B for < i= @D @Dy  G-62)
55 - B | - APy, @

The remaining three coordinates are chosen in accordance with the usual de-~
finition of Jacobi coordinates of the three body system (compare with eq.

(2.4b)

Ly = R,(3) - Ry(3) (3.6b)
£, = B - g, 343Pp 307D+ (3.6¢)
B =P, 3 Pg 3)+cPp 3))/N (3.6d)

If we insert the N coordinates (3.6) in the three-cluster function (2.3b)

we obtain
(3) -

v N
= <s/ﬁ9/“N exp (- %BNRZ)[A exp{- %B[g 553)2
i=1

(3),(3) (3),,(3),~(3)
GATB 32, ey
A(3)+B(3) ~1 ~1 N ~2 &2
N
w7 X1 1y . (3.7)
i=1 i
where we used the abbreviations
43 | 433
3) __ (3) (3) _ (3)
RE Zfi BRI ) &
1=l i=A(3)+1
and
3) N~1
= - 3
R 28




Expanding eq. (3.7) in terms of bipolar harmonics (2.6a) we have

¢§3%v({X} sl,gz)
N
= (B/TT)3/4N exp (- BNR Y[a exp{_ _B[> £:§3)2
i=1
A3y <3> (3),, BN 77
(a4 70¢C g2
(3) (3) (3) , n(3),,(3)
. (AN 4B C
? (4ﬂ) i ( ) ( ) r]sl)le(B 5 rzsz)
N
# B(L LyIa? ), 8)) B (L Lymfs,8)) ;1% ]y IV

A comparison with eq. (2.5b) gives

(3)

I Iv({X}I1L LMs, s

5)

= (/M exp(- NP (A expl- BEE:: g2

i=1
A(3)5(3) (3),,(3),.(3)
' < 3, <3>( P e ()
A(3)5(3) (3) 2 (3),-(3)
% 55, (M) (B——(—-S——z—-)r s 1 (B(A B C s,
N
# B(LleLMA , T 23T, (3.8)

1 I Iv

Refering to the definition (2.6a) of the bipolar harmonics, we see that

L] and L2 are the orbital angular momenta related to the Jacobi coordinates
L and Los respectively., These two angular momenta are then coupled to the
total orbital angular momentum L. We conclude that the decomposition of the
N-particle functions ¢(2) and ¢(3) into spherical tensors with definite
angular momenta is especially useful if there is information available -
either from experiment or from theory - on angular momenta of the cluster

involved. In this way one may restrict the summation over angular momenta

in the ansatz (2.12) of the trial function to those which dominate in a




_.]O_..

specific  state. To illustrate this point, let us consider a three

4)

by . . . . . 2
cluster model of 7L1 assuming a clusterization into 4He,' H and neu-
tron., The ground state 3/2° and the first excited state 1/2_(0.48 MeV)

may be described in a L-S coupling scheme by L1 = 0 (relative motion be-

tween 4He and 2H), 2 = | (relative motion between the neutron and 6Li),
L =1 (total orb1ta1 _angular momentum) and I = 1/2 (spin of neutron),
I = 0 (spin of He), = (0,1) (spin of 2H), I =1/2 (total spin). The

exc1ted state 5/2 (7.46 MeV) may be characterized by the same set of or-
bital angular momentum quantum numbers while the spin quantum numbers are

In =1/2, I,=0, Id =1 and I = 3/2.

4. Projection of Eigenstates of the Total Linear Momentum

If a nuclear state is represented by a shell-model wave function
(or by a product of shell-model wave functions centered at different po-
sitions as in our case) the center of mass of the system is confined to a
small region in space (see eqs. (3.3) and (3.7)). As a consequence, the
center—-of-mass energy is not zero but has some finite positive value. We
therefore project this state onto the eigenspace of the operator of total

7)

linear momentum ’ by introducing the following linear combinations

(i) two-cluster functions

o2 (1x)K,8) = fd se'® £ 02 ((x)s,8) (4.1a)
where we used in eq. (2.3a) the relations

s = 8, (2)-5.(2),8 = W P)s, (2)+Bs (2))/ N

R T RANITRBYA0R RA 2B

instead of eq. (2.4a).

(ii) three-cluster functions

¢(3).({§}J,S,,§1,§,2) _ J dBS e 1K (3)({ }S,N],s ) (4.1b)
Again the mean position of the cluster centers

ENE)) (3) (3)
§=[A>78, (3)+B"7 8, (3)+C "5, (3)I/N




...]1_

is not fixed at the origin as in eq. (2.4b) but is used as generator
coordinate, The quadratic forms in the particle coordinates appearing
in the functions ¢(2) and ¢(3) may now be evaluated in terms the channel

coordinates and the generator coordines g, S and gl,gz,g . One then ob-

tains
N
2
% (5,8, (2)° +§ (5,785 (2)
i=a2) 41
- }:: €22 (g, ()-8, 21782 (7, (2)-5,(2))°
(2),(2)
}E::(a(z’)2+N<R i A2 (g (4.2)

and ‘

RE) REMNE .

) s, 00 ) RN (5,750 (3)

/ ~1ORA &1 ~B

1=] i=A(3)+1 i=A(3)+B(3)+1

N
=§:: (82481 (8, (378,943 (B (98,9 140 g (95,30

N
(3)5(3)

_; (3),2 2. A 2

—. (E;77) 4N (R-8) "+ RE ) (3) (£,-8p)

+ C(B)(A(3)+B(3))/N'(£2‘§2 2 (4.2b)

In both cases the dependence on the center-of-mass coordinate is through
2 . . . .
(R-8)“, leading to a factorization of the wave functions

b = o, . expl- £ NG9 (4.3)

int
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where qﬁnt is an intrinsic wave function depending only on the relative
coordinates of the nucleons. Using eqs. (4.1) and (4.3) we may then write

for the scalar product of two many body wave funcitons with linear momen-

tum K and K'
<pR) [d'(R")>
= 28 &k >/ K (4.4)
* <(g = 0)[9' (8" = 0)>

In order to eliminate the spurious contribution to the energy
when calculating matrix elements of the Hamiltonian between shell-model
wave functions, we calculate matrix elements of the kinetic energy opera-
tor of the center-of-mass motion Toy = ~ hzﬂéMbR, where M = Nm is the to-
tal mass of the nucleus (m is the nucleon mass) between wave functions

(4.1). Using the separation (4.3) of the wave functions, we obtain
<G| H [9'(K')>

- I s a3s" exp [i(K+$'-K-8)]

# J d3R exp [~ %BN(B_§)2]<¢int| H-TCM

2
+ '
M AR '¢ int

> exp [~ %BN(B-g')ZJ

We notice that (H—TCM) is independent of the center-of-mass coordinate R.

The integration over R may then be carried out easily.

<p(K) | H |p(K")>

I

J d3S d3S' exp [i(E'g'—§'S)]

2

S e i

th

BN 2
<¢int| H-TCM_‘ 4m [-3+ 2 (§7§') ]|¢'int>

*

. 2
(2n)353(1§—g') (%%)3 K /(BN)

(continued next page)
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ChK)
* <¢int‘H TCM M |¢ int>
- (2m 5 (KK )(47r)3/2 -K /(BN)
# <p(S = O)IH—TCM mK) lo' (5 = 0)>
- (26> (gx" ><““)3/2 A5
BN
# <p(g = 0) [n- S0 (“K’ 475" = 0)> (4.5)

In the sequel we shall use the wave functions (2.9) wifh a fixed center
of clusters (§ = O)instead of the functions (4.1) with a fixed center-
of-mass momentum K. In calculating matrix elements between wave functions
(2.9) we must not forget, however, to subtract the spurious contribution

to the center-of-mass energy BBhZK&ml

In this section we derive explicit formulas for matrix elements of
the kinetic energy operator and the two-body interaction operator between
Slater-determinant wave functions. The derivation here is based on the
work by D.M. BrinkS). Our first objective is to show that once the overlap
of two Slater determinants is known it is trivial to calculate matrix ele-
ments of the kinetic energy operator. In the remainder of this section we
calculate matrix elements of a spin-isospin independent two-body interac—'

tion and derive some useful symmetry relations for them.

(i) Normalization

Let wl...wN and w']...w'N be two sets of single particle functions. Let

@O and @'O be products of N single particle functions
N ‘ N
o = m bo(x) , @' = m P (x)) (5.1a)

The corresponding antisymmetrized Slater-determinant wave functions are de-

fined by

= /1 ay ., @' = /N1 ae' (5.1b)




_]4_

with the antisymmetrization operator A satisfying

, P .
A@(x]...xN) = EE‘E: e(aB"'C)Q(XQ’XB"'XC)‘ (5.1¢)
P
where the symbol X, comprises spatial and spin coordinates of particle
i. The sum in eq. (5.lc) goes over all N! permutations of the particle
coordinates, and e€(oB...7) is the signature of the permutation which

transforms {1,2...n} into {d,B...C). Thus

<®|®'> = <@ |ad' >N!
(o] (o]

Z <y (D) Yy () @B DV (D' (). 9! (N>
p

det {<\pi]1p'J;>} ; (5.2a)

For later reference we quote also the results when we expand the deter-

minant in (5.2a) into cofactors of one or two rows

N
sy o t
<o|o'> E <wi|w Cin (5.2b)
k=1
and
N
Sy o } ' '
<®I® > <wi|w k><l‘bj !w 1>Cijk1 (S~2C)
K,1=1
k 1

with the cofactors

c, = (A (5.3a)
. i<j, k<1

Ciapg = 2 (=) L1FItkl Aoy if > > (5.3b)
1] J isi,kzl

The minors Ai (Aijkl) are defined as the determinants of the normalization

k
matrix <wi[w'k> when the i-th column and the k-th -row (the I-th and j-th

columns and the k-th and l-th rows) are left out.
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(ii) Kinetic Energy

The kinetic energy operator is T =‘§ t, where t, = ~h2ﬂ2ﬁﬂiz acts onlyon
the spatial coordinates of nucleoni, i=1
N ,
<o|T|®'> = > <t,d |ad' >N! (5.4)
i‘o )
i=1
The wave function ti®o is obtained from @O by replacing wi by tiwi. If

We use the single particle functions (2.1) then

A ‘
<1pi|1p'j> = <Xi|X'j> expl- -S— ('gi—g’ J) ] (5.5)
2 2.2
. .3ga  w%e? « \
<t [V = T+ S gl <> (5.6)

The modified determinants in eq. (5.4) may be evaluated using the cofactor

expansion (5.2b)

N
'S — '
<®|T|o'> g <t [0.> ¢y
i,3=1
together with the relation
N
C..B) <y, |v'.> = & det {<y, |v'.>} (5.7)
ij dg i'7 j dg i’ g 1
i, j=1
2 2,2
- v _ (3BET(N-1)  HTRT d .
<o|T Tyl 8> = L dB]<<I>|d>> (5.8)

The proof of the relation (5.7) requires the expansion theorem of deter-
minants, Let D(BR) = det‘{aij(B)} where the matrix elements aij depend on
the parameter B.

Then for ¢ infinitesimally small

D(B+e) = det {a,(B) + eg%aij<e) }

2y (Bt a () ay (B gzay; (8. wapy(B)
N ‘
= - + €

: |
gy (B) gy (). cagy(®)

g (B)ernen apn (B i=
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Using the cofactOr expansion (5.2b) yields the desired result

D'(B)

= [D(B+e) - D(B)]
.da,,(B)

= 1]

, }:-—Tﬂ;-—-cij<e>

i3

(iii) Two-Body Interaction

The spin-isospin independent interaction is V = %n ' Vij where Vij acts
only on the spatial coordinates % and §j of iF]

the nucleons i and j. Let ©(x) denote the spatial part of Yy, then

> =L
<p|v]e'> = 5 <Vij®o|A®é> N!
it]
1 ; 3 3 o
5 }g: e(aB...2) Jd x]...d xﬁp ](§1)<X1(1)"'
i

i aB...C

PR ) X M [V 500 G [ (1> [0 G [x, (0>

1 3 3
0 d xid xj Vij % e(aB.. . T)
i;j

aB..C

¥

<y lw><u, [vg>. . REALHETPENETY

*

1 3% 3%, v.. det' { b1y (5.9)
2 1 3 1]
i%]

The matrix b(lJ) has elements identical to those of the normalization
matrix except for the i-th and j-th row. The elements of the i-th row

read

<Xi‘xl'<>p-)]‘f(')‘(‘l)©1'(('}‘{'i) , k= 1..,.N
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and similarly for the j-th row. Expanding det'{b(lj)} in terms of the

matrix elements of the i-th and j-th row

get{pt)y o g Dot X0 G0y Gsp)
k¥l

# @?(zj)wi(gj)cijkl (5.10)

where the generalized cofactors are defined in eq. (5.3b). By means of

eq. (5.10) we obtain from eq. (5.9)

@ivles =) agharaghg | Py
TETRET
£} 3 . ¥* 1 ]

If we compare this equation with the expression (5.2¢) of the normaliza-
tion matrix element we realize that all relations with respect to spin-
isospin quantum numbers of <®|®'> remain true for matrix elements <d|v|er>
of a spin—isospin independent two-body interaction V. In sec. 9 when
dealing with the projection of spin angular momentum, we shall make use

of this property. Equation (5.11) may be simplified by noting the symmetry

relations
Cikr T 7 G T T Gk
Ciskr = © ik

with follow from eq. (5.3b)

1

< 'S = = .
2[v|e 7 Visk1 Gk
TR

1\ =

-1 , . 5,12
7/ Vil Cijkl (5.12)

T<3,K<1
where
= o (5.13)

= - - + V.,
Viik: = Viger T Viikn T Visme T Vi
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3 3
= < LS 1 3 3
Vg T 91 <xj!x1>fd x, &% G % )

VoV (2091 (x5 (5.14)

Suppose the two-body interaction V]2 can be approximated by a sum of

Gaussians
%k 2 x
V12 = V(§1_§2) = }:Vkexp[- -E(gl—gz) ](l—mk+mkP12) (5.15)
k .
where P12 is the space exchange operator, then the two-body matrix ele-

ments of the direct interaction are

Vi = X g |X1>(0¢+B 32 pl- é(gfs)(sl s)
- 55me)) - FGeymap) M (ayme) D)
) '&%6)3/ZQXPE'8(353) (25878478 “
w <y [, vy > (5.16)

while those of the space-exchange interaction V" are

X _ . R .3/2
Vis = <X1‘Xk><xj|xi (578

* exp {- 8(a+6)(~1 81784 8
- [(s 78 ') +(s —sk) ]} (5.17)

where the single particle functions are thbse of eq. (2.1).

6. Expansion of Matrix Eleéments of a Scalar Spin-Isospin Independent

‘Operator O between Two-Center Shell Model (SM) Functions into Spherical

Tensors
Owing to the simple structure (5.5) of the single-particle over-

laps, the overlap of two two—center SM functions has the general form
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}: exp[ B(u s +uaé’ )+Bw@§-s ]

2{}5 expl - B(J@22+d 2)]4f§:iL(ewﬁés')YLM(Q)YﬁM(§>
LM | |

The overlap of the spherical tensors defined in eq. (2.5a) has the form
1 |
<@ sy 6P wmrsy> = 6,6 <0P ws)[oP (Lsy>  (6.1a)
LL" MM
with
, . .
<@ 15y 6P (151> = ) vPexpl- B(u@§2+6@E 2)]4wss'iL(sw@£s') (6.1b)
i
which is diagonal in L and M and independent of M, as expected,

To calculate matrix elements of the kinetic-energy operator T,

we use eq. (5.8)

®(2)(Ls)|T -T, |®(2)(Ls y>

)}: v exp[~ B(u s +$ s' )]4Wss

{030N-1)421-28 (0P 2Dy Z)JiL(ewﬁLs'>

*

+ ZBwﬁgs'iL+l( @%s )} o (6.2)

where the relation
] ' — (] :
ZlL(Z) = ZlL+](Z)+L1L(Z)

was used.

Matrix elements of the two-body intgragtion (5.15) have the same

structure (6.1) as those of the normalization.
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7. Expansion of Matrix Elements of a Scalar Spin-Isospin Independent

Operator O between Two- and Three-Center SM Functions into Spherical

‘Tensors

The overlap of a two- and a three-center SM function has the

structure
@ (g) [0 (g1,51)>

= X \si)exp[-B(u(i)sz+u(ll,)s 124 (1) 2)+B( (11,)~ 84 w(zl,)s SZ)J

E: expl- B(u@§2+u(1) 2, (1) 2)](4W)

LL,

)

#{ Y () (S)Y ('S\')Y* EN}
ZMM LM, LzMz Ly LMy 2

# iLi(Bwﬁa%s;)iLz(nga%s'

The term in curly brackets may be simplified by expanding the product of
the first two spherical harmonics into a series of spherical harmonics
and by coupling the last two spherical harmonics to bipolar harmonics,

eq. (2.6a)

AAA
L.L,L|{L, L, L{| L L2 L

THE M, vam |0 0 O M} M, M
#(L M LM, |200') B¥(L L, LM 81,8))
17127272
Ea AN
L.L,[L, L, L
=le 1 72 ()Y()B*(L .A.)
Yam O 0O O

LM

In the derivation of the last equation .we used the unitarity of the Clebsch
. : A
Gordan coefficients. The symbol Ll L2 Ll is the 3-j symbol, and L = y2L-1.

M, M, M
Thus 1 772
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<®(2)(LMS)|®(3)(L LIL'M's},8))>

=6, S <®(2)(Ls)|®(3)(L LiTs!,s1)>
where

<) (1g )|¢(3)(L LyZs!,s))

Y Deploptn D@ ornd o2

]

w m> st sri, (B DesDi, (Bulss))
1 2
ey bt Bl (oF BNCAY
0 -

1 |
Parity conservation is contained in gl 82 0 which 1s zero unless L{+Lé+L=

even, oOr
L! +L'
(-) = (-)'1

The calculation of matrix elements of the kinetic energy operator is again

based on eq. (5.8)

<®(2)(Ls)lT -T, |®(3>(L L)Lsis!)

= j{:: @ )exp{ B[u s +u1, s' +u(lg 2

@ Pasia iy, (BulDas)iy, (Bog)ss))
2

*

%*

lp0ien) 6 2,002,012y W8 gy

[(BW( )ss )1 (Bw( )ss )1 (Bw

-+

|
Ly

2
o (Briss1E Ly

-+

(Bwé,)ss')lL,(Bw ss;)iLé+1

&
>

ﬁ Li Lé L (_)L ‘ : ” _ 7.2)

In the matrix element of the two-body interaction (5.15) there are also

terms ~ s in the exponential functions,i.e.

1, !
1'%
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<¢(2)(§)|v|¢(3)(§i,§é)s

= zz:}(i)exp{—B[u(i)s2+uf%)si2+u§%)sézj}
i

# exp{B[wf})g-gi+w§%)gogé+wf%%,§;~§é]}
. 3 . . . T y
= j{:};(l)exp{ }(4W)<2 111(Bwf})ss;)112(Bw§})ssé)113(BWQEAS;S§)
i 111213mlm2m3
'{r; *1 . I . ] }
# 1Y (8)Y (sHy (8)y (shHy (s1)y (shH (7.3)
1]m1 11m1 1 12m2 12m2 2 13T3 1 13m3 2
{

Upon coupling of spherical harmonics in the indicated way we obtain for the

term in curly brackets

{ ) = (4~n)"3/2 ) -w(21]+1)(212+1)(213+1)/;:£'£'
LMLTMLIMY

1717272

( Y r A
. 1, 1, L 1,1, L] ¥ (8)
\ml m2 M ‘O 0O O
( v Y ) #* At
IR B RS YL{M{(SI)
m, m, Ma 0 0 0
)3 J \ J
%’12 1, L) ) ’12 1, Lg’ ¥ B (-)"3
. M52
m,~m, M! O 0 O
N 2 3 2 / \ g
- l\l\ A LK O |
(4 3/2> | (21,+1) (21,#1) 21+ D12 LILY () 1752
T gt [EViEE
LHL ML M LIMY
( -y 7 Y )
) 1, 1, L 1, 1, L 1, 1, L)
0 0 O 0 0 O 0 0 O
L 4 \ / N 7
( N\ or ) ¢ 1)
NIRRT 1, 1, L] 1, 1, L}
4 — 1
km] m2 M J m] m3 MIJ m2 m3 Mzi
L 5o Y (=)™ v (3) B*@ILInMEY,8Y)
#* 1 72 LM 172 172
M‘ M'_Ml
12 ]

The summation over magnetic quantum numbers in the quantity contained in the

6)

square brackets is carried out in terms of 9-j symbols




L 1]
1 1
m m,maM, M,
] \ 1] \J
) L1, L0z L L 1,
——r M m, m,)||-#'"M M}||M! m
mlmszM]M2 1 172 n 1 73
) 1
% (—)11+13+L1(—)12+13+L2
1 1
- (23+1) L' AL >\13 13 (_)m3+M
— /’ -
Xum3 ME U MU m3 m3
. \ 1 ]
w (I Lyt | LA L
. ]
L] 13 1]
|
Ly 131,
1
= |20 1oyttt Lo
-M' 0O M "3 L; 1
Lé 1

L

on S ) mEy O

$

% 1] 12 L
1 1
Ly L1 13
where
tion
1- 1 1L =18
Z(—) “‘[ }
m -m O
m .
From eqs. (7.3),
.1] 12L _JL 1]1
1 | g
Ly Iy 13 13 Ly L]

we get

_23_

1,41+l 4L+ 41 +LT+1+1

1 72 73

Lo

r L!L!

2

1

1 72 72 71

(7.4) and the symmetry relation

3

LI
|1

1
L

L

(7.4)

we used eqs., (3.7.9) and (6.4.14) of ref.(8)together with the rela-

(7.5)
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<P (o) |v]e® (51,5005

) vWeapt 164m>?) illilzilg'E"' @11 (21,0 (21501
i

T
111213 LMLle

it

eyt (L 1 o) (1 1L n) (1 L. L
# M2 1 72 1 73 M1flt2 T3 M2
000 olloo ollo o o
L! Lé L .
# (8) B (81,8 (7.6)
1, 1, 1, Yo LiLILAM 172

If we introduce the expansions (2.5a) and (2.5b) of the many-body wave
functions in terms of spherical and bipolar harmonics into this equation
then

®(2)(LM )[V]®(3)(L LjLMs|s))> S ®(2)(Ls)|V[®(3)(L L)Ls s,)>

LL M
where

<®(2)(Ls)|V|®(3)(L{L§lesz)>

= E:&(i)exb{~5[u(l)“2+uf%>s] é%)s 1} C4m) /

*) iy (B2 se}iy (Buy) e AERCHRITE

Liipls

N"

1 ~o 1 +L'
2 (211+1)(212+1)(213+ )LILZ( )1

' | 1Tt
# 11 12 L 1] 13 L] 12 13 {Ll L2 L (7.7)
1

0O 0 o0j]l0 0 O 0 0 O A l1 13’

Parity conservation follows from the CG—coefficients)i.e.

11 + 12 + L = even
1] + 13 + L; = even
12 + 13 + Lé = even

L! +L‘

which imply (-) = (=)"1
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8. Expansion of Matrix Elements of a Scalar Spin—Isospin Indpendent

The overlap of two three-cluster functions containing only ls
single-particle orbits reads

<«0(® (81589) 03 (51,80

~1 '3

= E: v(i)exp{—B[ufi)(s%+s;2)+u§%)(s§+séz)]
T .

(G BN ¢ 1 NS ¢ BRS¢ B
BLw 1181 81V 2181 " 85%W) 1187 8] 4W)018, " 851}

=+

I}

ji: v(i)exb{—B[ufi)(s?+s{2)+u§i)(s§+séz)]}
i

@) (1)

; | . ' .
* (4m) > , lll(Bwll'slSi)llz(swl2'8185)113(BW§T?SZSi
1]...14 m]...m4
* 1y (BW§§232355{Y¥ (SYy o GPY] | EPYy ()
4 1™ 1™ 2™ 2™
+Y®  (8.)Y (BN (8.)Y (8')} (8.1)
l3m3 2 13m3 1 14m4 2 14m4 2

As in the previous cases, we proceed by coupling the spherical harmonics

to obtain for the expression in curly brackets

- A AGA A A A
{ } = (4w 2 12 . 12v oo | L Iy
1 [ b v 2 IR
LM L,M, 1 M2
TatT Tt
LiM{LIMS

( Y[ ) '
11 12 L1 13 14 L2 13 14 L2 l] 13 L]

1
0O 0 O m3 m4 M2 O 0 O m, m3 M1

\ N 4

( N[ 1 ( 1)
1] 13 L1 12 14 L2 l2 14 L2

1
0.0 O \mz m, MZ, 0.0 O

(continued next page)
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% Y (8Y (§2)Y*.M.(§i)y*.M.(§é)

LM LMy 27 LM Loty
_ ——————— An AngA A A A
= (4m) 2 TR 2 W A O e B
ettty | D2
LM, LWL 1
I EVA RS EVE ] ¥
LIMILIMIL '
1 ]
1 1 o) [ 1y 1) (1, 1t
o 0 olloo olloo o

Tyt \AY 4l fpx ¥ o o
# (L]MI,LZMZILM)(LIM LMy |2'M') B(L L,IMS|,8,)

r
11,1, (13 1, L,
my my My jmy om, M,

# B¥(LILiL'M'818))

\

[ 1)
N l] 13 Ll ]2 14 L2
4

m, m, M' (8.2)

Again the summation over magnetic quantum numbers in the quantity contained

in the square brackets is carried out in terms of 9-j symbols
— [ ' '
; coq- } R R Y R R B B R e B R RV B
1) 1]
Mymy mg | |\My mymy | mg Myomy pim My m,
., m, 4

e ool

L, L LlL
1 1
- }:(2L+1) Ly LL L Ly Ly 1, L} 1,
\ %
M My MM M My Mol 1y g
4L T2 T2

T Y= (].V=T.! .
=Y =y Bl TR (g o (L@, i L { T (8.3)
1717272 1 22
LM
Inserting eqs. (8.2) and (8.3) into eq. (8.1) we are left with

@@ (5,8, 10% (51,800

= }:%(i)exﬁ{mﬁfugi)(s?+s;2)+u§i)(s§+séz)]}(éﬂ)2

i

% > . i (Bw(izs s]')i1 (Bwfi)

1
RS R ) 215189

1 ] .
11121314L1L2L1L2LM

(continued next page)
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, (1) ' (1) A A MR AAN

# 113(8W2]'8281)114(Bw22,5252)11...14L1L2L]L2
( 1) '
. 1l 12 Ll‘ 13 14 L, 11 13 L] 12 14 L)
0.0 O {(flo.0 O1]|0o.0 O ) 0 0 O

(L,-L,)-(Li-L})
(=)*"1 "2 1 72 N
; >B(L]L2LM§1,32)

* 17! [IEAS |
# B (LleLmﬁl,sz)

From eq. (2.5b) we conclude that
(3); (3) fr vt apratat >
<d (L1L2LMslsz)l® (L1L2L M s|8 2)

- (3) (3) '
= 8,18, <® (L‘LZLSISZ)|® (LjLjLs]s))>

where

(3) (3) fpryrratar
<P (L]Lstlsz)I@ (LiL)Ls}s))>

(i) (i), 2 ,2.. @) 2, ,2 2
= 1 \i —_ ] 1
515,8185) Vv exp{ B[u1 (sl+s1 )+u2 (sz+s2 Y1} (4m)
T
} T e ani e sryin (i)
3 1 t '
i) Bwypisyspiy (Buyyisysy)iy (Bwyyysysy)
TT1.1, | 2 3
1421374
] A AA A A AN
* 1 (Bwézzszsé)lf...12L1L2LiLé L1y Lyl ftg 1, Iy
4 o0 o0ojJlo oo
1111, ) (B2 oL
o 132 e 2| T
0.0 ollo.o O 371 "1y
1
1, Ly 1y

Again parity conservation follows from CG-coefficients, i.e.

1] + 12 +‘L] = even
13 + 14 + L2 = even
1] + 13 + Li = even
12 + 14 + Lé = even

(8.4)
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thus
(- ) 2 = (- )L +L

Matrix elements of the kinetic energy operator are calculated using eq.(5.8)

®(3)(L L,IMs,s,) |T- -1, |®(3)(L LyL'M's]s3)>

= 6LL,6MM,<®(3)(L1L2LS )[T T, |¢(3)(L L)Ls|s))
where
®(3)(L L,Ls, )IT T, I¢(3)(L L)Ls|s))>
= SISZSISZ ziy(i)exp{~8[ufi)(s?+siz)+u§i)(s§+séz)]} (4v)2
i
2
* E [ 34 ﬁéN“l) -ﬁzg fu(l)(s +b )+u<l)(s )]
11121314

478 CL .
+ o (1,41, +1_+1 )]1 i, 1, 1
2m 1 72 73 74 11 12 13 14
(1) . L (1) . ,
Bw 18, s')1 i, 1, i, +(Bw,51s8,.8%)i, i i 1
[ 11 11+1 12 13 14 12'7172 11 12+1 }3 14

* <Bwéiiszsi)illi12i13+1114+(8W§§% 8p)ip

‘/\/\/\/\ 1 1
* L L,LILS L1y Lplilg I Lol 2y I3 By, 14 1y
00 ojlo oojlooojloo o

1710151

2020272
{1 1727374

two—-body interaction (5.15) also contain terms ~ g;'gé and 8189 in the

exponentials, i.e.

<@(3)(51,22)|v|@(3)(b1,s')>

j{: (l)exp{ BLu(l)s?+u(l)s§-+u§,)si +u§f)s2 1

i

(1) (1) v, (D) 1) -
HBLwy 8 TS 08 By, 18, 8 TVg0180° 8
(1) (i) 1,
PR EIEHE AL (8.6)
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Coupling
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j{: (i )exp{ B[u(l) 2 (1) 2

(4m® >

i (Bw
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ol m,..m

1

1
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(1)

tupys)

(?25 s')l

1

(1) (Bw

s 32)1

V) o BV«

3%

Ayl
Y1, m, 520%1

2?2 t2 2
(

4% 4"

sy

(Bw( i)

(i )

AT

82)

§é)

1}

slsz)l

2

3

of spherical harmonics in the indicated way gives

= (4m) % (21 +1), (21 +1)L ...L

1
l

(

12 1
0 0
\

(21#1) 000 (21 +1) (2L 41D

Ll...L

8
Ml"°M8

\
L
0

YL M

(continued next page)
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( ( \ [ ( 3 A m
M ETEEVIRTS R TR PIRTTN § LR Ls] 1 15 b YLSMS(SI)( )5
m; m, M, J0° 0 J M) -mg Mg 0 ) \
( . N \ [ ( 3 A
. 13 1 L2b 13 14 L2 L2 15 L6 L2 15 L6 YL6M6(s2)
Lmé m, MZJ 00 JLMé mg M6 0 0 ©
( Y (- AN ¢ 3 3 8
o |11 13 Eal|ly 13 Bgily 1o Lyfilg 1o Ly L7M7( ) ()"
m; my M ) |0° 0 JMy -m M J{0 O O]
( \r N7 \ (- Y it At
o 112 T4 Lol Yo 14 Lyl (Ts L6 Tgl[ls 16 Ls YL8M8(s2)
my m, M,J0° 0 0 }{M, m MgJ{O O ) '

Upon coupling the spherical harmonics in the indicated way to bipolar har-

we obtain

S

L,...L, LML'M'

monics,

|

13L

OOO

}

- '
+M L7 L8+M

)

8
My My
r \ T Yr 3
o (11 T2 TRy 15 Lol 13 1, Lyl By 15 Ly
o 0 ojlooojlooolooo
\ N7 3 _
o (T3 e 15) 1y 1, 1) [Ty 16 Tg 22'(—)L5 L
0 o oflo o ojlo o o]
¢ 7 V(1 N
#0011 Lol B 13 Y400 ts By Lyt Ty 1oy
My omy my )My myomyjimg My omyjim, M, m,
Y[ 3 3
. L, 15 Lg) (L, 1y L) [Ls L E (_)m5+m6
Ml-m5 5) M2 m5 M6/ M5 M6—MJ
( N v [
. (L3 16 1) [Ty 1g Tg) [T, g 2
f— — [
kM3 m6M7* \M4 m6 MBJ M7 M8 M)
3H# ’\"\I
# B(LoLIMS,8,) B¥(L Lol n'818)

"~ ~
(21,41) 0. (2141 (2L +1) L (2L, DL L

(8.7)

8

Summing over magnetic quantum numbers in the term in square brackets gives

b

L L
L.LL

L
1

— .

5:(2L+1)(

ml...m LM

and

MM,

Il

’ 2
1<ty
L,

Ly
Lyt




‘{Ll 1, LS{LZ 15 Lg) Ly L Ly [Ls Lg E
M M M_M_m My Tmg Mg My mg Mg) Uy MM, Mg Mg M
1727565
\r
Lo Ly L {15 L, Lz]_ [L6 L LS] (L L L
MWW o s s M s M M) (M -M M) (M, MM
| Y ( N1 a1 m
=) (2)+1) [15A I L] LSLLg -) °
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~ 1. foz1) |!521s
=1_(-) 5 L6 L L5
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AA 15+L+M 5 Y 15}
=SS 1572 ) Lg L5J>
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where we used eq. (7.5).
Similarly
L 1 Y[ a 3
3 1g L] (L, 1g Lg|{Ly Lg & {LL3L4
= —M !
WM, M3 T My) My Mg Mg) Uy Mg 7D U M M)
( Y( Y[ P 3 3
= 16L7L3 16L8L4 Lo L L7 (L4LL3
TATATA I M, My \mg Mg M, ) (Mg -M' M, ) (M, M My
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1,0 1
~on le+l+m’ o0 L3 L6
= Sy Sy L6/2" ) "8 71
; '
L, L' L,
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From eqs. (8.6)...(8.9) we obtain

m
](-)5

m
’J -)°

(8.9)
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Using the relation (6.4.14) of ref.(8)

e 0 e

b+c+e+f
c f a\ = <<d o f}

dfhb
we get

<®( )(51,32)|V|®(3)(s],s')>

=,§£}(i)exp{ }(4W)2 E ‘ il ...il
T 1 6

1,..1 .M
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1 8

A A ]—""1
* (2L (21 1) (241D 000 (21, 41) LgeoiLg (5)
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Upon comparing this equation with the expansion (2.5b)
<<I>(3)(L L,LMs s )|V|<I>(3)(L LiL'M's]s))>

3 3
= 8, 8y <@ @ Lozs 5,0 V)0 (LiLyzs sy

where

®(3)(L L,Ls, )|V[¢(3)(L LyLs{s})>

= (s]szsisé)}i%(i)exp{—B[ufi)s%+u§i)s§+u§%) I é})s' ]}(4ﬂ)2
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Again parity conservation is contained in the CG—coefficients)i.e.

11 + 12 +.A] = even
13 + 14 + Az = even
11 + 13 + X{ = even
12 + 14 + Ké = even
Al + 15 + L, = even
Xz + 15 + L, = even
X{ + 16 + L; = even
Xé 1 Lé = even

thus (-)71 72 = (=71 "2

9, Projection of Spin Angular Momentum

One way to project spin angular momentum from Slater—determinant
wave functions is to start from their representation in terms of creation

operators

N
|o> = 7 a  |oO> (9.1)

where we left out all quantum numbers except the spin direction Vi of part-

. . + : .
icle i, The two operators a and a form a spherical tensor operator

+ -]/2'+
—1/2% 1/2

-+
1/2

of rank 1/2, The product a is a scalar operator, i.e. is rotation-

ally invariant.

Indeed, from the fact that a+_1/2 and a+]/2 anticommute we observe that

az a_$ is an odd function of V. Upon rotating the basis of the spinors, we
have

*

+ o+ =1
Rav”a_vR

X /2 )2 v+
z Tov Po-v % %t
(e]e}
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1/2 1/2 1){1/2 1/2 1 .
= (2I+1) G O' p \) -V p‘ Dpp' aO ao'
oc'Ipp
= (-yLearery /2 V2 T) (172 1/2 T | 1%+ +
! v|PPTC O

As this has to be an odd function of V, we conclude (—)I = even, i.e.
I =0 and

+ o+ -] + o+
= 9.2
R a, a_vR a, a_ ( )

. o . . , 4
To be specific, we consider the case of 7L1 which was treated ) as ‘a super-

position of a two- and a three-cluster wave function
7.
| 'Li> = |a-t> + |a-d-n> . (9.3)

In the two-cluster wave function |®(2)> = |o-t>, the only unpaired spin is
that of the neutron in the triton, whereas in the case of the three-cluster
functions ‘®(3)> = |a—d—n> we have three unpaired spins: The spins of proton
and neutron in the deuteron cluster which are coupled to the spin Id of the
deuteron, and the spin of the extra neutron n.

Upon coupling the spins of the deuteron and that of the neutron we form a

spherical tensor in spin space of rank I

(3) _
@Id Iv = (1/2vpd,1/2vnd|1dvd)(1dvd,1/2vn|Iv)

vpdvndvnvd

(3)
# @
vpdvndvn (9.4)

In the following we consider separately the overlaps between shell model

wave functions with one or/and two unpaired spins.
(i) matrix elements between SM functions with one and two unpaired spins

<¢(2)v |o|®(3)l>

T,Iv (9.5)
= (2) (3)!
= (I/Zde,1/2vnd|Idvd)(Idvd,l/ZvnlIV)<® ¢ |o|®v v v
t pd nd'n

vpdvndvnvd
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1
An explicit calculation of the normalization matrix element <¢<2)|®(3)

AY) TI\)
leads to the following relation which due to eqs. (5.8) and t d

(5.11) is true for any spin-isospin independent operator O

Q(i)!ol®(3) >
t vpd nd n
= 5 (2) (3)! (9.6)
=8y v B8y ay28y —1/278y —iy28y 17210 lo]e'?7>
t'pd 'nd n nd n

where the matrix element on the r.h.,s. is spin independent.

Using this relation in eq. (9.5) we find

v
TdI

= § [(1/2v, 1/2 1/2|1dvd)(1dvd, 1/2-1/2]1v)
\)d )
- - (2) (3)
(1729, 1/2-1/2|1v) (Tvy, 1/2 1/2)1V)] <0 lo]® 8,y

i 21d+1 1/2
- } “() ) (v, 1/2vn\1/2v)

vdvn

/
(2) (3)
* (Tvg, 1/2v [Tv)<e " [ole>77>8

21 +1 1/2 .
- - d (2) (3!
= - ta—L 611/26vtv<® loje"7> (9.7a)
In the special case where the spin of the deuteron Id=1 we have
(2) (3) Y ryre (2) (3)"
<d |o|® Id“‘ =328, avtv<® loje*"7 > (9.7b)

(ii1) matrix elements between SM functions with two unpaired spins

From eq. (9.4) we obtain

<@ |o|®
V !
IdI IdI Y

= é L /2v 12y T ) (T vy /29, [TV)

vpdvndvnvd

1 ¥
vpdvndv v}

(continued next page)
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1 : \ 1 Ty 1] 1] . 1 ]
# (1/2vpd,1/2vnd|1dvd)(Idvd,l/ZvHII v')

]
% <¢é3)v . |o|®é?)v, o (9.8)
pd nd'n pd nd  n

Again the structure of the matrix element in eq. (9.8) may be obtained

from an explicit calculation of the normalization matrix element

/
<®63)v vl@é?)v, yr> using eqs. (5.8) and (5.11)
pd’'ndn “pd’ nd'mw
(3) 3/
<d l0l® 11 oyt
vpanan Vpanan

=4 s 8 8civ 1708y
vpd vpd vndJ/Z vn1/2 vndl/Z vn1/2

4

J<©£3)|o|®(3)'>

§ + o

v -1/26v —1/26v' —1/26v'-1/2
nd n nd n

<+

08y 1728y ~1/28y1 172%1-1/2
nd n nd n

(3) 3)'
o, loe,”/ >

<4

Sy —1728y 1/28yr 1728y 1/21¢
nd n nd n

+

LS, 1728, -1728y0 -1/28u11/2
nd n nd n

(3) (3)!
+ 80 178y 17280 1728, -1723%0, 2" [ol@2) >) (9.9)
nd n nd n
and
@100 = «0PodD "> + @ o]eD "> (9.10)

where the signs in the matrix elements refer to the spin directions of
the two neutrons, e.g.
(3) §

(3) 3! 3)
< - |O|® > = <¢ = = |O|@ vV o=1/2 yt=—1/2
+ + vpdvnd~l/2 v 1/2 vpdvnd 1/ v /

Inserting eqs. (9.9) and (9.10) into eq. (9.8) we may carry out the sum-

mation over spin directions
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E) 3"
ole 77,
IdI\)I IiT'v

.é {[(1/2vpd,1/2j1/2|1dv&)(1dvd,1/2 1/2]1v)

Vpa¥aVd
(I/Zv 1/2 1/2]Tv i) (Tyv),1/2 1/2]1'v")
(1/2v 1/2 1/2|T v ) (T v d,l/2—1/2|Iv)

’(1/2vpd;1/2—1/2|1 VP (Iivis1/2- r/2|1'v’ )]<¢(3>|o|@(3)
[(1/2vpd,1/2 1/2|Idvd)(1dvd,1/2—1/2|1v)
(1/2v d,1/2 1/2|Id DTy, 1/2- 1721w
(1/2vpd,1/2—1/2|1dvd)<1dvd1/2 1/2|1v)
(1/2vpd,1/2»1/2|1&v&)(1dv' 1/2 1/3]1'v! )]<¢(3)|o|®(3)
[(1/2vpd,1/2 1/2|Idvd)(Idvd,1/2w1/2|IV)

(1/2v 2 1/2-1/2] T v i) (Tivy, 172 1/2]1'v")

d d’

(1/2vpd,1/2—1/2!Idvd)(1dvd,1/2 1/2]1v)
(3) (3)°
(1/2vpd,1/2 1/211 V(I 1/2- 1/2|1'v")1<e, " [o]e 7" >}

- (1/2vpd,1/2u|Idvd)(Idvd,1/20IIv)
[]
VoaVqVaho

(I/Zde,l/2u|Iévé)(Id 1/20[1 v')<®(3)|0|®(3)

mﬁ[(l]Zv J1/2 1/2]1 1/2-1/2]1Vv)

VoaVaVdr

(I/vad,1/2"1/2|Iévé)(lévé;l/2 1/2]1'v")

g TgVee

(1/2vpd,1/2—1/2{1 2@V d,l/z‘l/zlzv)

(continued next page)
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# (1/2vpa,1/2 1/2]Iévé)(lévé,l/Z—l/le'v')
- (/24,172 1/2|T v ) (Tgvys1/2-1/2|1v)
" (1/2vpd;1/2 /2] T} (1391, 1/2-1/2] 19"

- (1/2Vpd;1/2—1/2|Idvd)(1dvd,1/2 1/2|1v)

Tty (11! Tyt (3) (3)'
# (1/2vpd,1/2—1/2|1dvd)(1dvd,1/2 1/2]1'v")1<e,” o]e ]’ >

= § (i)lo‘®(3)'>

1, Iéi (T 0451720 TONT gVl /20| TV )<, N
\)dO'

- 5 [(1/2—1/2,1dvd|1/2vpd)(1/2-1/2,1dvd|1v)

VoadVaVd?
* (1/2 1/2,1 | 1/2v_)(1/2 1/2,T'4 1)
avd pd davd

+ (172 172, 9411720 5) (172 1/2,T4v4]1V)

dl
#* (1/2—1/2,Iévé|1/2vpd)(1/2—1/2,Iév&|1‘v')
+ (1/2—1/2,1dvd|1/2vpd)(1/2—1/2,1dvd|1v)

# (1/2—1/2,IévélI/Zdej(l/2—1/2,Iévé|1'v')

+ (1/2 1/2,1dvd11/2vpd)(1/2 1/2,1dvd|1v)

« (1/2 1/2,T}v} 1/2vpd)(1/z 1/2,Iévéll'v')]

21 ,+1 /21'+1 T,+1/2-T  1'+1/2-1' .
./ d / = o @@ oje"s

(3) 3!
<P 0%
IdIvI | Id,I'v'

_ (3) (3)"
= Glélavsll'dvv‘<®++ lole,” >
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/(21 41y 2T 172 E ‘(1/2u,1dvd|1/2vpd)
\)\)\) .

#*

(1/20,T v, IV) (1/2u", 1} vd|1/2v d)(1/2u Tyl v

I.+1/2-1  T'+1/2-1" .
# (=) ¢ )¢ @3 |olf D

= s @3 o6’

8§ {6

] 1 1

I v IdId
I,+1!

I,I/Z 1/2¢/ 21 +1 o/ 21+ () d d<¢(3)|0|¢(3) >} (9.11a)

o)

In the special case where Id=l

@3 ]o0lel3) >

3 H
= 8114 vv'{<®(3)|01®(3) >=8. 1/2 3/2 <¢£_)|o|¢f+) >} (9.11D)

10, Discussion

In sections 7 und 8 we derived formulas for matrix elements between
SM functions which describe two- or three-cluster structures. When three-
cluster structures are involved, some of these formulas contain sums over
modified spherical Bessel functions il(x) where the order 1 runs from zero
to infinity. Using the WKB approximation one can derive the following
asymptotic expansion of the modified spherical Bessel functions

2 =1/4

L2575 e t-(e1/2) i E(1+1/2))-17)

X

il(x) :-%; L1+(
which holds in the limit (1+1/2)2 >>x2u
Roughly speaking, i1 vanishes exponentially with increasing ordér4§, S0
that the sum over 1 converges rapidly. In a practical calculation ’ it
turned out that 1ﬁéx=3'is usually sufficient to get an accuracy of 10
in the overlaps.

In this report the method of angular momentum projection was re-

stricted twofold:
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(1) Only those SM functions were considered which are constructed from

9

nucleons occupying ls orbits., In a present study”’ the projection method
is extended to cope with situations where the wave functions contain also

nucleons in Ip orbits.,

(ii) The calculation of matrix elements was restricted to spin-isospin
independent scalar operators O. In nuclei or clusters with open shells it
might be necessary to take also more complicated interactions like tensor
and spin-orbit interaction into account. The spherical representation of
cluster wave functions is especially suitedg) to deal with these operators
which have a simple structure when expressed in terms of spherical temsor

8)

operators ‘.

I am indebted to Dr. F. Dickmann, R. Krivec, Prof. M.V. Mihailovic

and Dr. M,A. Nagarajan for helpful discussions.
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