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ABSTRACT

A method for projecting angular momentum in two-cluster systems
with intrinsic orbital angular momentum is presented. The
method is an analytical one making use of Racah algebra and ex-
ploiting tensor properties of two-cluster shell model wave
functions. As an application, reduced matrix elements of
spin-isospin independent scalar operators and of the electric
charge multipole operator are calculated in the case where

one of the clusters in the two-cluster wave function may carry

an intrinsic orbital angular momentum.

ZUR BERECHNUNG VON MATRIXELEMENTEN VON VIELTEILCHENWELLEN-
FUNKTIONEN IM CLUSTER MODELL.
IT. CLUSTER MIT INNEREM BAHNDREHIMPULS

ZUSAMMENFASSUNG

Die vorliegende Arbeit befaBit sich mit der Drehimpulsprojek-
tion in Zwei-Cluster-Systemen, wobel die einzelnen Cluster
einen nicht=verschwindenden inneren Bahndrehimpuls besitzen
kdbnnen. Die Methode beruht auf einer Analyse der Tensorstruk-
tur von Vielteilchenwellenfunktionen und deren Matrixelementen
und macht ausfiihrlichen Gebrauch von der Racah Algebra.

Als Anwendung werden reduzierte Matrixelemente von skalaren
Operatoren, sowie dem elektrischen Ladungsmultipoloperator

zwischen Zwei-Cluster Wellenfunktionen berechnet.
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1. INTRODUCTION

The Generator Coordinate Method (GCM) has been used
as the basis for approximate calculations both of bound and
scattering states ) in light nuclei. In most of these studies
it is assumed that the dominant cluster structure of the nuclear

system consists of (i) a few "simple" clusters, as in the

alpha-particle modelz) or in three-cluster models of 6Li3),
7Li4) and 8Bes), (ii) two "complicated" clusters with nucleons

in 1s and 1p orbits3’6).

One of the major problems in treating three-cluster systems
or clusters with p-waves is the handling of angular momentum
projection7).
angular momentum projection for two- and three-cluster

In a previous report8), an analytical method of

systems when the clusters carry no intrinsic orbital angular
momentum and the operators involved are spin-isospin independent

scalars was developed.

In continuation of this work, we extend this projection
method to cases of two-cluster systems when one of the clusters
carries an intrinsic orbital angular momentum and include
also spherical tensor operators such as the electric charge

multipole operator. As an application of this method, we studyg)

3) of 6Li which includes nucleons in 1p~wave

a two-cluster model
orbits. The aim of this report is to provide the necessary

formulas concerning the projection of angular momentum.

In sec. 2 we study two—-center SM functions and their
matrix elements in the context of irreducible spherical tensors.
Section 3 deals with the calculation of reduced matrix elements
of a scalar spin-isospin independent operator between many body
SM functions with intrinsic orbital angular momentum.

This analysis is extended in sec. 4 to the electric charge
multipole operator. S8ection 5 contains the application of these
results to a cluster model of 6Li and provides formulas for

the elastic and inelastic charge form factors, the rms radius

and the ground state radiative width B(E2, 17 - 3+). In




...1a_

sec. 6 we discuss very briefly some practical aspects of
the projection of linear momentum of the center-of-mass

motion and of angular momentum.
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2. EXPANSION OF TWO-CENTER SHELL MODEL (SM) WAVE
FUNCTIONS INTO SPHERICAL TENSORS

2.1 Tensor Properties of Two=-Center. SM Functions

In the two-center shell model, the N-particle wave func-
tion (N=A+B) is of the forms) '

Py (Lxy Lwg)
= Z:: <QAWMA/QBfW% \QWW)

W Wg

* :“;l; @A@K%QAWA SA\) C[:)aﬁvyf‘?»an'ug S3 >? Iv (2.1)
S = 94 - Sa

AGa+ BRy = o

Lxt = Oxye x0)

{55/:\ = O x4

i L,}\g = <VXA‘*‘)"' 5lw )

The functions ¢A(¢B) are A(B)-particle Slater determinant
wave functions centered at the position §A(§B)' The symbol [ ]Iv
means that the spins of all N particles are coupled to the

total spin I and its projection v along the Z axis.
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The quaatum numbers QA(QB) and mA(mB) refer to the intrinsic
orbital angular momentum of the cluster A(B). Upon coupling
M, and gpmy into f£m, we obtain the total intrinsic orbital
angular momentum of the system. The operator.ftantisymmetrizes

all particle coordinates.

In order to study the tensor properties of the functions
(2.17) in coordinate space, we use an expansion in terms of

spherical harmonics

* A
4)({513 g ) = /—\{ % CPGQSL LMRoa) Yy (A) (2.2)

and investigate the behaviour of ¢({¥}LM2ms) under transforma-
tions. Because various operations (for instance, reflection)
cannot be carried out directly on a physical system but

only on a coordinate frame, we limit ourselves to the "passive"”
interpretation of transformations. We mean the change in descrip-
tion which the system undergoes when the coordinate frame

is changed while the system remains fixed (redescription). In

the case of rotation, we interprete this to mean a redescrip-

‘ . . 10
tion which changes the functions (2.2) in the following way )

’Rfi (<2) p%A(Q> QEB(D_) ép(%}\s]\] Qw’/\‘?)

= Ry (o) Ry () PILxYlms)

=2 D (o) by les)
Na

(2.3)

where RX(Q) is the unitary rotation operator which rotates

the basis of the vectors {ﬁ} through Euler angles © and




:Divm(,q) = <Qw'\Q(Q>E«QW> -4

10)

is the usual rotation matrix. Upon inserting the expansion

(2.2) into eq. (2.3) we find (see Appendix A)

Ry () PLixt LoLla)
:4} Dl ) DLy LLLa's)

(2.5)
where we introduced the wave function in the coupled
representation

b (Ixy LLLAA)
(2.6)

= 7 (LM e | 20) (4265 LM Lomas)

We conclude that the set of many body functions (2.6) with
M= - ’ ...Jﬁ form a spherical tensor of rankcé in the space

of the gpatial coordinates {§}.

The properties of this tensor under the parity transforma-

tion {x} » - {x} may be derived from the relation
X X

(2.7)

DL XY bms) = () DU b =4 )

which follows from the fact that all spatial coordinates occur

8)

in the combination (¥1_§A)2 and (ﬁinﬁB)z except for those

particles occupying a % # 0 orbit. The latter ones contribute
the overall phase (~)Z in eg. (2.7).

Inserting the expansion (2.2) into eq. (2.7), we obtain

PEryLMlms) = (*)LM‘CJ)(‘LZ?} LM Lo ) (2.8a)




and
bi-xy LLLMA) = (’>L+Q¢('&Z‘,5 LL{MA) (2.8b)

Upon coupling the spin and coordinate tensors in ¢Iv({§}
Ly £ Ms), we may obtain wave functions which are eigenfunctions

of the total angular momentum

<¢I(gggLQx:M4A>
- %{Iv‘»fvl)«)_\lbfi} ctl_v (AxYLLLM A)

(2.9)

where M = v +<ﬂu‘The wave functions of the GC type with
fixed total angular momentum and parity are constructed by

superposing the functions (2.9),

P(LxY M)

o0 (2.10)

=2 b fr (e 3m) (g Lo M)

where the parity relations (2.8) restrict the possible
orbital angular momenta

2
(_>L+

N

LB

2.2 Expansion of Matrix Elements of a Scalar Spin-Isospin
Independent Operator O between Two-Center SM Functions

into Spherical Tensors

In the sequel, we consider separately the cases where
the wave functions entering the matrix elements possess a
(non) vanishing intrinsic orbital angular momentum. In addition

we assume that the operator O has even parity.
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(1) Both wave functions carry no intrinsic orbital

angular momentum:

In accordance with eq. (2.2), we expand the many body

wave functions into spherical harmonics and obtain

SOIC RN IED)
= /() T <bleasd| O UERAD Yau (h Yyl (B0

= 1/ (an) % Cﬂ)&)w (mj,(/ 8 i) Yen (A Yoy A1) ("
w (Do @'(%6)) (2.11)
= Vo) Z B2 0 A4) <pe) | Ol blocsdd

The functions

B0 2, LMARY) = 2o (G lawin | L) Y, GA) Yoy, (3
A

11)@ The reduced matrix

are bipolar spherical harmonics
elements <¢(bs) ||0||¢*(Ks')> are defined in

accordance with ref. 10).

The dexrivationof eq. (2.11) rests on the fact that
$(EMs) is a spherical tensor of rank & as expressed by
eg. (2.5). We conclude that the matrix element <¢(§)|0|¢K§')>
is a scalar in the space of the generator coordinates 8 and g'.

{ii) the ket vector carries an intrinsic orbital angular

momentums




(P ] O] (Em's 5D
= \/(/g/s') ZfM:L'M‘.<d><£JAA>‘ O I¢CHH’Q‘W'AI>> >/°M (/&) 71_‘:' (R

I

Viaa)y & <Druad| o] (Ll eu's"

Lt LM !
Ny <a_' o Ly, L !
&val/kos-) >/L‘M‘ (/&) M "m'»,{,{')"t' (—-) (2.12)

From the discussion in conjunction with eq. (2.6) it is
clear that only terms with L =L and M. = M' contribute
to the sum in eq. (2.12). Thus

<Py o] b (em'4" 2
L+ M £ ®
e T WS 8

¢ <D0 I (LD Vou A Ving

¥ L ﬁ/’)* Lt
k<JA, M- Sy

~ Vamy 2 <DEOIOTG (')

f (O DT B (gL 44D

(2.13)

where E' = V2£'f1.

Eguation (2.13) expresses the fact that the matrix elements
<¢(§)|O‘¢ (2'm's'")> form a spherical tensor of rank ' in

the space of the generator coordinates s and ﬁ"
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This implies that the dependence of the unprojected matrix

elements on the magnetic quantum number m' is given by

(Dt OTd(Um's))

:Qak'm'( ) X (scalar function of s and
independent of m') " (2.14)

2w

where the argument of the solid spherical harmonilic function

. . .
?f&'m' is either g or s'.

(iii) both the ket and the bra vector caryy an

intrinsic orbital angular momentums

<CI)(QW/:3)\ %) ‘ ¢((Qlwlé‘)>
= V/(an) " b (Letan)| O] (L mla))

L UM e
*OJ@deﬁﬂ)(UMLQw;iﬁgv“%ﬂ(éijfggp
= /(sa) 2 ChlLaem ol (LLew)d

Lo Um ey
(5 ) t," L) VYo, ¢y

(@.1%)

Parity conservation (eq. (2.8 b)) restricts the summation

over L and L' to L + L' + & + &' = even.

The tensor property (2.5) of the many body wave functions
restricts the summation to «f = &' and M = W'. Upon recoupling
the angular momenta, this equation may be expressed in

terms of 6-7j symbols 1




P ()] O D' (R 40D )
= /(s D (b (LeLa) O (L' A>T L

Ll UL

*{L L/:ﬁb(L l_/' &’)Q_)£+L+L/+w
SN BN R

A A ! !
* Vi (A) Y (A1) < Lotk }

g - | M v
ERVION O (L) &
(o) T Ch(Leesd] O] PLea)
Lo o LA+t o
oo et B (LU AR

* ( {-AMJ Q}/vn‘) Gﬁ'uk'>

Using the orthogonality of the CG-coefficients, we obtain
from this equation the result

7 ()| O] b (U gD ) (Lo, Ul | £ A1)
T (L) 101D (Leka)> &

- \/OM() LU
[ R I RIS Y
<L ;&,} (-) ( AX)

(2.16)

where M' = -m+m'.

This equation shows that the expression on the lefthand
side is the M'~-th component of a spherical tensor of rank&@'

in the space of the generator coordinates s and 8'. Consequently,

there are five different ways in which the unprojected matrix
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elements may depend on the magnetic guantum numbers m and m':

@ (PO (gD

= g 8

L 1 1) o
LY % ( scalar function of 8 and 8 in

dependent of m and 1 } (2.17a)

(b) <¢)(ng)] O | cp‘(.f%'fm'/jg‘5>

S
:4¥ ¢%>%&'m“( } % {(scalaxr function of J and ﬁ' independent
( of m and m')

where the argqument of the solid spherical harmonics is

either g or g'.
ny ny

3. CALCULATION OF REDUCED MATRIX ELEMENTS OF A SCALAR
SPIN-ISOSPIN INDEFENDENT OPERATOR O BETWEEN TWO-CENTER
SM FUNCTIONS WITH INTRINSIC ORBITAL ANGULAR MOMENTUM

The development in the remaining sections of this paper
is tailored to the treatment of a simplified version of a

6 9;12)r the

two-cluster model” 3) of "Li. In our calculation

wave function of 6Li is taken as a linear superposition of
the clusterizatiéns 4He--zH and SHewp. The nuclei 4He, ZH and
5He are described by their lowest shell model configurations
(1s)4, '(1s)2 and (1s) (1p) centered at the positions of the
respective potential wells. Consequently, the cluster ( He)
carries a nonvanishing intrinsic orbital angular momentum

(2=1).

The general idea of calculating reduced matrix
elements or - alternatively = carry out angular momentum pro-
jection is to parametrize the unprojected matrix elements in
accordance with their tensor properties studied in the last
section and to expand them in terms of spherical tensors.
In this paper we are concerned only with spin independent
interactions. This leads to the simplification that we have to

consider only spherical tensors in the spatial coordinates.




3.1 Reduced Matrix Elements <g=0||0||2'=0>

This case has been treated earliers), and we include it
for completeness only. The unprojected overlap may be para-

metrized in the form

CICRIRIRICRY)

— . : s {4)

=Z 0w [~ (WO +Ua2) + T a ) (3.1a)
1

while the reduced matrix element is given by

<L O Il (LxHD
=L Zaw oo [—(S(u“’/s’w U L) ]
£ ATAasl v (RAr©AAY (3.10)

The operator O stands for the identity and the scalar spin-—

isospin independent part of the two-nucleon interaction. Of

. . i i
course, the corresponding coefficients v(l), u( ) etc. are

different for the two operators. Matrix elements of the kinetic
energy operator, however, may be expressed in terms of the

: . . 8
coefficients belonging to the identity operator )

Cp (La) ) T—:V'TQH RONQRNP)
- 5L (58) 2 g Fp 0 )

p

e aman] {[Z(N-‘) Lol - QP(QA(’D/&L'\'U\U)/&&)J

* d,_((éw(i)/i/o) +. Q(S’N"U)/SA%LM ((&UU)/MQ’b

(3.2)




3.2 Reduced Matrix Elements <2 =0]|0]||2'=1>

In terms of our model of 6Li, this means that we want

to calculate matrix elements of the type <o-d, §|O|5He—p,
Tm's'> where g = £, 8g and s = 85 - § The magnetic quantum
number m' refers to the p-wave of %ﬁe neutron in "He. In

ref. 12)it is shown that the unprojected overlap may be para-

metrized in the following way

P10 P(m'ah
= 2 Y (o) p [ o (M U 42) 4 o 2]
Y ) e o () s 03
(3.3)

where again, O is the unit operator or the central part of the two-
body interaction. We notice that the parametrization (3.3)
is in agreement with eq. (2.14). Let us consider the two terms

in eq. (3.3) separately
(1) {cp4)) O\‘-Cb(\/w'/g'))
-Z «ﬁ“’”;;.mmw ) e [ (U4 U Oar2) 4ot o]
T A iy g 0 %0
" 4Wg_ou e (Ppartaan) Vo, (A) ym(/&')
- Z I RA x| - R (U AT U '2')—}%—! ‘bv( (wa‘) AY)
hah Yooy 4V (LTS )
=- %—-VNJ(_V* W\"[“@(“( A *MU)AQ)—) Jam (3.4)
b2 e i 0 (4 1)
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Upon comparing eqgs. (2.13) and (3.4) we have

<bles) | Of d(Liead
= (e T o L (wes w8 | J4m
a A /
* L (pan a4 UL <§ c\; 2‘)
(3.8)

)
Parity conservation is contained in the 3-j symbol (g é'g)
which is zero unless £ + L' + 1 = even, or

£ L' (3.6)

(=) = - ()

4 (PO P Ums))
= T Y () op Lp (e 4 arty 0]
=B a2 2 Yo R) svx\o[ B (U5PAT 4 U am)])

% 4T Eﬁ ’uu ((BWS)/MQ yL‘H' DAY

= TEr 2 e [ (AT A AT
) ((myc')/s/s ) (- ) 7»&1&(’5>Vw(4)

L'MAL
t1d o o 2o 5 E)

= = p s z_«r‘“’wM [ (74" e | e
*Zmu(@w?_ /&A'> T B (U1 A/s') (é ‘l‘, g)

L&
(3.7)
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Equating the coefficients of B(® L'im'ss') in eqs. (2.13)

and (3.7), we obtain

(2O || L’\Ve,«‘)\)& |
““(A/M)ﬁiA;mev @yc[\(%(M()? QHU)'%>3JZT-

‘ L (3.8)
%%Ln((Bu‘L/&A')(——) TL@& <”§ 5 o>

Parity conservation is expressed by the same relation (3.6)
as in the previous case. Adding egs. {(3.5) and (3.8), we obtain-
the final expression of the reduced matrix element of the

operator O.

Dl o 1 (L1eadd
= L0 Zon e Lo (et %) [y )

+ oA Z.,’UEG)M’FE-(&CL{S U A ) (e )
cafa (f UL (LT

O O ©
(3.9)

In order to calculate reduced matrix elements of the kinetic

energy operator we use the formula 12)

(Pl T-Tem | D'
- {(’%f{%)[&(r\)-\) +%] +("-Z_?%z) %{“(3" 3 <DIDD 5.10)

where n is the total number of p=wave single particle orbits
in ¢ and ¢'. The Slater determinant wave functions ¢ and ¢' are

restricted to those which are composed of harmonic oscillator single
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particle wave functions with the same oscillator parameter 8.

Combining egs. (3.9) and (3.10), we find

DU | T-Tem | b (L1240
= (i (ot Z2m e T (u4 048]
0 [V 74+ £/ = /2 (w048 + /0820 ] v (parfen)
+ Va Ol antv,  (panPaant
lEA TR e [ (us s uf ey
e D0 7a s /2= pla (wa+ g an) ] 1) (R es)
+ Y. /Lrlc«')(g/g/s'qjuﬂ ((s@;“/m')B )

#(Anr){am (-)*??_’i (i L ‘>

O O 0 (3.11)

(i) (i)

where the coefficients u Y etc. refer to the

normlization overlap.
3.3 Reduced Matrix Elements <=1]||0||2'=1>

In this subsection, we shall carry out angular momentum
projection in the matrix elements <5He—p, 1m§|0|5He—p, Tm's>
where, again, m and m' refer to the p wave of the neutron in
SHe. We use the parametrization derived in ref. 12)which is,
of course, in agreement with the tensor properties of these

matrix elements expressed by egs. (2.17).
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(Plma)] O] P Uwm's))

__ng 4Lq)«(‘ MP[CD(M At u“)/gz> +(”.>/Lr 3
Né\w (J(‘s/\)“gw(dfw)z_v MHF@(\ e ,,L> (&M‘ )fi 0
e () o (F2) 20 wfwmm ) ausly g1
«E;‘ WMME)\WCWM)Z_% WH g‘é(ma + Ul ‘L+(w;"’/s 4
+4?}‘W<J_(%A)Kz}twr<\m/s')2_1f Ux [(S(u(‘)/&ru g 2 (waA ”’3'3

As in the previous case, we proceed by calculating the reduced Cg\Q]

?A 2

{

matrix elements separately for the five different terms in
eq. (3.12), starting from eq. (2.16).

Ny <¢<\w4>\@ D'l &30 )" (e ot | 1)
2_4)' wyo[ (E(u“)/s A 0AR) 4 GW(\)N 4]
-xZ_(—) (Ve e, hon | o)

YU LW’(‘)WF[~(3(M(\)AZ w4 ‘WJ
% QWZ—’LL(GMU)/&A ) Vin (4) 7L_h (4) ="

- 611' l Z_’V' WPL (1(,“(\) 7. M\'(’\')/&M)’_\)

rav 2_ 1,._((54,5-\ AA\) B(\_LOO/AA;\A') (-)* {
L

(3.13)

A comparison with eq. (2.15) shows that the only nonvanishing

reduced matrix elements are those with L=L' and £ =0, i.e.

Ve L(dD(L\M)\O\\@ (L1LA! )>¢5\L | {;8( )*
_ L__’V'(q)Q/X‘O[ (S(’MC‘) l(t) Q,)') 4“'\L (‘(wal)A/&)(_ L
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From the orthogonality relatlon 0) of the 6-3j symbols

;(Qe-v\)(l]@—k\)iiﬁ_zswf; i’.;‘,ﬁ = g\-f»ﬂr

A
it follows that <¢(L1&s) | |O]|¢" (L1RX s')> (= )i'/ab is

proportional to the 6-3j symbol {11¢'} = (= )L+1+¢'/(%L)

Therefore

<h L2 O $'( u\aa/w)
(o Z g [ ()]
* 4T m,_((s/wlc')/x/s') &y L
B 7 (U 01 (1w'g! D, (—)M(l—m\\w\eﬂ,'ﬂ')
- (oo & np Lt i) < s )
* Z yx:i (;Q%w(/g') —) (\—\MJ\’\M’lKJA‘)

~ [rn Z_ﬁr“cux‘o[ ﬁ(mm ,a))
SN G
* (=) - (\—w lm'}bﬁ'vu‘)

(’oxM‘Zﬂf Q/Y\‘QL (%(/\/\ a4l '93

¥ L vy (pantan) tedr LU (! £ L)(\ £ L’)

L LU O 0 0 0 0 0©
ool [ A A iﬂﬂi L. \ ii
B(LUL WL A =) SL , ?J
L 2! (3.15)

where in the last step we used eq. (B.1).




If we compare this expression with eg. (2.16) we obtain
ChlLigm o & (Liead
= (o) 2 oncp [P (uat o %] 5 (e an)
{ H
R N G A

RIS ‘)\ Ol (1wa",
S A .
= (boa 20 wep e (g U4+ iy 4 ) AL 4D )
Upon inserting this expression into eq. (2.15) we have

) <P L.\JiM(Ol[C{)(LuM'D@i

L UM UL |
! | A ¥ |
(5 S5 e ) VB Ve @)
=ﬁ@M97}%‘vm[ﬁ@N) Uy )] 4T
¥* %’h((’awgmm) 7\%(4)7»(%)7\& 03')7;\/1‘(4"/)

~,

% 171

=5 O \ ;
=Z (3 MA‘)ZL/% )QJX\F) L—-IE /L(%)/g - ug) vza)]
L U 2 A
A, A AL A L )Y <\ A L>
Ao\ 1 gt
EXNLL L ‘{‘ L 5o o

)
(e ZO 2 )y

where in the last step we used eqg. (B.2). Thus
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Cop(Lizadfold'(L la"ws‘>>3
AP T o [ (W )] T (o)

150l g L N7 (1 x L\l AL
2 IZALLLK’ S,l t vﬁ) <0 0 O>(O 0 O> (3.17)
| (iv)zl<¢<lw§v))O]q)'(lwné/[>>4 C—)M‘(\"W\, | taa! lbﬁ'JA‘)

:(2%"2—’* U {F(WM "Am'tﬂ

R ()
% QT d v ((g/qu AN .)

£ Y (A) Y (4) VL':' (4) Y (8
/ | A
J‘<-l | oL, )(_)uu-%w‘;&

M Al =N

= (Y Z%‘-” Lo [~f>(ﬂ/\§“)/a" U4 ]
X 2_ ’bL. (({w‘:‘)/&/sl) /l\ZT_ALI (“);ﬁ}

Lo/

/ ! ' P
" K &L )( L% L) B(LL'iUA'/EA‘) (3.18)
0 0o o/lo o o

where eq. (B.3) was used. Equating the coefficients of B(LL'(;C,'M‘;;')
in egs. (2.16) and (3.18), we obtain
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Using the orthogonality of the 6-3j symbols we find

ChrLiea)h o NP (Lres

"’L' (&W{:‘)/S )

£

= (44') oA* ZJ)' Q/xr:»[ (‘D((u(" ‘\f‘h)/s'*)

LS AuA AN AR CooL\ L L
o TPULRE (LS LY AL

/

_ (4A>[‘547'Z'0\ UXPL G(@(‘)Al l(\) &)]
*iquwi‘)/mn) /fl"LAL'oC (L ! °<'>(L | £>(3.19)

0o O O O 06 0o

V) @lmp)lo Plimay, (-
x (I — L' | v’f’J&‘)
= Pa/&'l Z—_/U“m MP[—(E(’MS%" (4) '2'}] ain
L (A AAD) Y (A) Vs (A1) Vi, (A)

LHwmwm! ,
\ ) Qﬁ' \M‘+m4 /\'
* >/LM (’S‘) (—% ) —JU> =) L
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= P Z ﬂr( ) X p [- [‘owg A A ”“ﬂ A (Pl An)

A A o2y L 2L B 7,11 AA
LU ()L S B (LU W A4
(3.20)
where eq. (B.4) was used.
Comparing this equation with eq. (2.16) gives
L L. £/ L
Z < (Liga) Mold'ties &4 7y e
' | Vol
— : ' ad L 1 & YyLL L
=<4’S‘)(7=A'Q’L.q"s“wt°[ Tt )A\zLLI<o 0 0)(0 0 0
and thus
ChLieaold (e,
= (AA) (’m'b Z_«r“)kaoﬂ(s U 'ﬂ)ﬁ (’sw("/s/s)
L L' 121 1 A}_(LL»&< \ v&)
A R KUt G
o Q) ' ’ \
= (44) (—’a/&’z L,v_;) MP[‘FQH';)AL*(M‘SE )An,}_\) ’LL((%W(,")’SA‘)
A A A L l éﬁ LJ \ af (3.
SRR (o 0 oxo 0 0 (3.21)
If we add the egs. (3.14), (3.16), (3.17), (3.19) and (3.21), we

obtain the complete reduced matrix element
<h(Liga)] o] dp‘(\_’\oe/s\b
- (/AA‘)%' S 2 pr[ (%(’u Vg A"/}]qw*\;L(@M(‘%A')
2

(continued next page)
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+ [baal 2} ’Uﬂi‘l) Uxi \} {Z«(Q\S)AZ + Uf%“")j /L:Wf (‘(mxﬁ"f«m )

*$J(QL+\)(Q_L’+‘) <L l aﬁ,>< Ll

O 0 o/\N0 0 o

+ an vy wxpo [~ (b (S AT 4 'y A) ]

i (L1, Uwr) o
\

) R (e AA’) BN +1) \J@L«% 1‘)@;;‘%\/)
A = o (L= jU-1)

TR <L1%><L'!%
*illmﬁ o0 0/\L0 0 0
+ [((?;AL)Z; Ty o [m(%(m(\;)/@ + u'f?/&‘@)] Ly (1 w\g)/fs/&')
== () i : . ;
HMBEAY) L U orp [(?5 (g 4> 4 1,{(;3»&.'%)] 1 ((W;‘g,a;)"}

s laead (00 e

(3.21)

where O stands for the identity or the operator of the central

two-body interaction.

Reduced matrix elements of the kinetic-energy operator

are obtained from those of the normalization using eq. {(3.10).

CPLiza)) T-Tew 1 DL 124D

= a8 Y op [ (ul st 4 6 ] 4T
ST+ U - (o (w8 0] £ (arsn)

+ \/Q\FQ/L\T.U)AA' o ((B/N_]U)A/SQ?)

(continued next page)
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4. CALCULATION OF REDUCED MATRIX ELEMENTS OF THE ELECTRIC
CHARGE MULTIPOLE OPERATOR M(CXipq)

4.1 Some General Considerations

13)

We summarize some standard formulas of the theory of

electron nucleus scattering. In Born approximation the charge

form factor is given by

Futl = 2T (37, O (Q@\lwcxﬁ)i 190

where

(4.2)

MCCg) = e 4a(an) Yo o9y
is the electric charge multipole operator with

N
3
) :%Q 8<?§,‘T’> (4.3)
+he ) Y
being nuclear charge density operator. For later convenience,

we rewrite egs. (4.2) and (4.3) in the following form

(4.4)

™M (‘ka) = (4?(*)" gol% O(g)yw(ﬁ)

(4\.5)

ji

N
O 7 e, wxio (g, r
(9 g—:, i e (g
The sum over )\ in eq. (4.1) is restricted by the parity conser-

vation

'Tr;c = . ("‘) (4.6)
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We consider two corrections to the charge form factor (4.1):
(i) The finite size of the nucleons is taken into account by

multiplying all multipole operators by the appropriate
nucleon form factor. The charge form factor of the proton

may be approximated by 14)
2a2 2 2
f(q) = exp(- ng%- ) ag = 0.43 fm

(ii) If shell model wave functions are used for the nucleon
wave functions, their lack of translational invariance
due to the assumption of fixed potential wells has to be
remedied by projecting the total linear momentum of the
system. If the oscillator parameters B of the wells in a
multi-cluster wave function are the same, the center-of-
mass degree of freedom in the wave function can be factored
out as a Gaussian function. Projection of linear momentum
may then be accounted for by multiplying the matrix elements
of each multipole operator by the factor14)
2
glq) = exp (43

Thus the corrected charge form factor reads

“ﬁa(q)%w = Ee;@p ‘WPH}((@\W - a,i‘) _:\ (4-7)

Studying the long wavelength limit (g+0), one may
extract further information from the charge form factor (4.1).

(i) Elastic scattering (Jf=Ji=J):

The multipole expansion for the total charge form factor

(4.1) is given by

\qagq(ﬂ7\l

_ 2 i (J+1)(2T+3) A2 L. (4.8)
“)F“(‘P\ *(\30%1 S(:LT) —=I)Q\F°"(q)} o
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where Fco(q) is the electric monopole form factor and Fcz(q)

is the electrie quadrupole form factor and ¢ is the electric
2 13)

quadrupole moment. For q+0,[FCO(q}| may be expanded as

AGE Y et 2
A <r“~( > q £ o >
“F_ = r‘ = "ﬂ_‘“’—"’w T - o
[Feolq)] L. - T T (4.9)
where <r2> is the mean-square radiuvs. In ref. 12)it is shown
how the g-dependence of the reduced matrix elements and hence
the charge form factor may be obtained analytically for a

2
two~cluster model. <r”> may then be obtained from the monopole

charge form factor

dz
CAC12

(r?) = -3 }F'CGC"))qgo (4.10)

(ii) Inelastic scattering (Ji+Jj}z

In the long wavelength limit (g0}, the multipole componsnt A
of the inelastic charge form factor is identical14) to the

reduced matrix element of an electric A-pole transition

B(EAN;—»’@)ﬂ:o(QU;»rn)m‘[(Q\)‘C;”;)HrK“J,F I MCCWW P3¢>lz (4.11)

The charge multipole operators {(4.2) do not act on the spins
of the system. Thus, in the LS coupling scheme, we may express
the reduced matrix elements by those of orbital angular momentum

eigenstates only10)

LT | M| LTI
i l" A A S
= (~) ++T +7 +%3%UJ éiji'€3?<i$“M<Ck?}nic>

(4.12)
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In sections 4.2 - 4.5 we shall calculate the reduced matrix
elements <£{|{M(Cxq)|L{ > with wave functions of a two-cluster

model of 6Ll starting from analytical expre551ons 2) for

matrix elements of the operator O, eg. (4.5). For the sake

of easy reference, we list them below

CICRIRICHTED)
Z?—’““’ ocp L
ﬂ (- Pm + P‘h)/g) - 612/(4&)] (4.13a)

(\)A'L . ul(«)/gg) + P)”(\')/S '/Sl >

CICPIRSICRAR (L))
= () T 006 [—(W“’
+ (’%/LS"(\)/S /ﬁ +lC[ (—~ 613'(\)/3 > qz/(%(&}‘\) (4.13b)

O UL

<D (Ima)| O(ﬂ)’ﬂng'D
%lw N(TS/S> Z,U,c»\) QJXP[ (5<,u(«) (2
+ (Sfu‘(“ 4oat g (P4 e p) - TG4y )

(4.13c)

'ULA

b (Imgd] 09| P (1m'sD
o S 2 aap [ (w4 00

%—rgAAr(Hfé‘ii|_+ Qﬁ' (_$§\b$ +‘$§({4)) qs/c BQ

The notation used in eqs. (4.13) is the same as in egs.
(1) (i)

(3.3) and (3.12). Of course, the coefficients v

different for each of the matrix elements.

(4.13d)

(3.1a),

etc. are
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4.2 Reduced Matrix Elements <i=o||M(C)rq) ||2'=0>

We introduce the decomposition (2.2)

Plixya) = 5 2 By LMA) Vv, )

where ¢({%} ILMs) form a spherical tensor of rank L in the

coordinate space. Thus we may use the Wigner-Eckart theorem

(e Mg [ Hgd)
= 1/GAAY T Vi ) Vi () < (e M ()| b(Um'40)

(o
- /@) T8 V@Yol @y @ (G, =)
+ (L)) M(axqﬂ\ct(u'm»
= /) Z Z -4 ECLLA/A,AA')
* <¢(L4>ll M <a»3>u<t><u/g>> (4.10)

The lefthand side of this equation may be evaluated using
egs. (4.4), (4.5) and (4.13a)

(P L)) Mereq) | D& oxp (474p)

= <4Tf*)"‘ Sl \/Ar‘(%) Zo vV exp B (D 4 4/ t4%)
PR gl + g (-pM + PR

= (awin)’ Z«r‘”w\o[ A (U ') Y am®
X G%C 1° 3 o (- qp‘”/w %k(qﬁ("}/&') mc_((zsw“’/mQ

(continued next page)
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£ 7 Vo) Ve B) Vau (A Yeg (B9
*f>§

N gd% 7>,«(‘A1> YQx(é) Yk@(g\j)

The integral over the three Y(&) in this equation may be ex-

pressed in terms of 3-j symbols10) and is equal to

A
A N
EN o O
=N S VAN
The summation over the magnetic quantum numbers o, B8 and y is
then easily carried out (see eq. (B.1)) with the result that

(Pl HOp [ () exp(q74p)
=JE;§ﬁNNaPE§WW&+MW&ﬂ

« Zr 4o (997 uCqE %) e (as o)

AN L’,
capeliet e (e ()

O o o
/
!
L ir C L >\ L_ / A A
* < B(LLM’V&A‘) (4.15)

6 o o ko a
If we insert this equation into eq. (4.14) and equate the
coefficients of B(LL'Apuss'), we find

<PCLadf ML) | dLland
o a7 (a0 7 o LR ) -/

(continued next page)
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=T D) \ A g

Tz P e (gE) et R TS

Catbed /N a VL a C><L A C> LA L%
A &Ooo/\()oo o O O o o \(4.16)

Z’?

The conservation of parity (4.6), is contained in the three

3-4 symbols, i.e. A + L + L' = even.

4.3 Reduced Matrix Elements <2=0||M(Cx q)|]e'=1>

We use the expansions (2.2) and (2.5)
P XY 1ams)
— ¥ A
= s %ﬁ DAY Lt a) Yy (K)

p L+t o+ M
= 4l (=) ( o .,i> Dy LILdA) Y 1, (R)

LML A

4
i

where the set of functions ¢({%}L1 £ Ms) form a spherical tensor

of rank IZ in the coordinate space.

Thus we may use again the Wigner-Eckart theorem in calculating

matrix elements

SOICIRT (Q%}M‘) \Ct) ((wlé')>

= 1/Can) §LM| \vej Vi (A Yo B EL (=)
# Lb(Lmad| M ()] FINETROM

_ Y’A?~L+>\+\+-§ + &

“‘/W'?T:Uztmi*( ) {L

< [P /+>P(LL.¥¢A/>'><¢(L&>\M(CM1 \|<i>(‘-"“')>

\\uwm b

Cetadt /L1 2
M m =AM

(4.17)
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where eq. (B.Gf was used. On the left we use eqs. (4.4),
(4.5) and (4.13b) and obtain

(] M(Copg) | b (lan'h) exp(q748)

Y A 4 A = (v)
= (awd?) T pa 1dq Yo () Y ) 5 .
. V) ()
" Q'XF[‘PD('U(\)/;' + ’IA'U)/SU‘> (&w(‘/g A +\3r (—\o(/: ~+ N):)

i

(awa™)™ JW Z 't oxcto L= (U4 U 1) ]

)’ I 3, -9 4 (qpay Te (par A
“(‘« 7 YA Yok (A Veq (%) 7*,@ (A") 7% (A1)
508 Yo ) Yaeli) Yip )

Again, the sum over the magnetic quantum nubmers o,B8 and y may

be carried out (see eq. (B.5)).

(o] M Opg) [ b (imishy <xp (9740)

= Jpa Z 7 exp LR (P8 4 s ]
4

: QN 1,y DA
N q:cm 1a(qP™) 4 (qp 4) ILC(M( Y

(continued next page)
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. AzAzAzi}” 1_1,’ ; (_)L+L-+%+\+d> ca o+ b+ X
>< a ¢ d‘><-%— ¢ L' | d L N L' 4

0O 0O 0 o 0 o/ 0 0 0 v ¢ o A

4“/‘*":‘ f¢>E(LL’g¢ (4.18)

Comparing egs. (4.17) and (4.18), we obtain for the reduced
matrix elements the set of equations

Z GlameroieaDf {5 T

= (AAD) J_{ZA 2—_ ") exp [_(,a (U AT 4 U"")/s‘l) _ Cfl/f%(éj

€0 G @E) fu (gpt e (Bartun) 2R3 L

I G [ Bl | =)

0 0 0o
<\ Lo(> N Uod TN OHJ
*No o o {(‘. a ﬁrSﬁ\ L .F

r—>

AA
l@ A

(4.19)

Using the orthogonality relation (see Appendix C) we solve

eqd. (4.19) for the reduced matrix element with the result that

CPLLml| M(ehgd | d(Lieand
= (M') Ips Z-rtexp L= (w4 1/0%12) — g% |

alrcdl }w(QPM/b) } (q '("/g') ’\;c((éw(\.)/&AQ

A A A A

L‘+O( it' +lr>\
PleptT e Ny e

0t
AN
(2 R | S [ [

O 0 0 0

L' oL \_'ifs
*le a -@»3 i},L_ N Y

(4.20)
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Again, the conservation of parity is contained in the product
of four 3-j symbols, i.e., L+L'+ A +1 = even.
4.4 Reduced Matrix Elements <2=1]|M(CArq)||2'=0>

Proceeding in a similar way as in the previous cases, we

obtain

(D(Tamag )] M(Ckm)}cb (%))
= /(anr) E VL_M(A) %_H«(A)ot (- )HI‘M

*<"L4"\”'—§L>(i i ><¢<‘va4>\\\4(€%¢1) C@(L'Nf)

= YV(aa) Z—_ﬁj—_"aﬁ(ﬁwic }<(w“md,>>

«B(LULGAR) (b(L1£)] M(erq) I p(La))

(4.21)

where eq. (B.7) was used. The lefthand side is evaluated using
eqs. (4.4), (4.5), (4.13¢c) and (B.8)

CP U M(rng) b4 exp(97/4p)
S B A T exp A W) (am™

(continued next page)
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= \J—.;;D/S’ Z’\)v('\') &XP {_(S(,u(\')/&')_ + Ml(‘,)/g"z’)—:)
x

¥ “0‘ ( (‘I)A‘) > lr( '(\.)/&') 4‘C ( w(;)/g/g‘
Z@-—co( LUt } CHO /() CHQ ‘1 )

A A A A AN A A 0x+%-+i_l+{lk'4 RPN

L L‘.ﬁ » (=) v

A 2 A 2
*03 St

(4.22)

If compare the coefficients of B(LL'f¢§§') in egs. (4.21)
and (4.22) we find that
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T ChlLia Mccx@\\cb(u/;'))
A A L
NS AN ; 3

= QM)WA ?_’U”M\o\: B (A
2oy B (4P uCqpte) e (partian)

! '
aaoaa o dadrl cas ke ()aﬁr>
%’LA'L“LALLI‘€>\ . N A

(
*<Z‘ e ey

xoLod LU o
%{cfra.%ﬁt, %Jr (4.2

It is easy to solve the set of equations (4.23) for the

7

U“UAP) _ qVA@F)

desired reduced matrix element (see Appendix C)

<dp<Vu LAY | M CQ(P | & (a0
(M‘)J[’»A Lﬂr”%\o[ R (W Ut ) - q*/4p)
agrw{ g (ﬂ g (Ci F(') W) A (@w“/m)

A g arA oA A0 Lo bt A

¢ RPEFTLVEN ) 4

*)%ﬁr><o\c\_>ﬁrc.o?>
<ooo 0 o 0 0O o O

#ol‘l L’{L\&’S A L o d
ooo) L' N o Y

(4.24)
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4.5 Reduced Matrix Elements <2=1||M(Ciq)||s2'=1>

Upon expanding the unprojected matrix element, we find

{Umad| M(ehpg) [ (1m'eD)
= V(an) D Yiu A Yok (4 227 (=)

LML’M'&JMW\ Y 2 N &
Lo L/

¥ (M m—vu>(w ' —JL'><-JL 'Y

¢ (hlurzadliMiere | & (L12uhd

The sum over the magnetic quantum numbers in this equation
may be carried out (see eq. (B.9)) with the result that’

Ll +¢ +

(P Cmag 3] M(CHg) D (1m'g'2)

\ > el
= l C —)
/(441) Tz e

S Wi-w‘ml){ A ﬁ B(Liep Ay

L'+ e+l +w'+Y

e £
 Co(Les) | M(Q)\C]) ‘[¢(u1£44,>>

If we use the orthogonality relation of the 3-j symbols and
the property that the 9-=j symbol is invariant under reflection

about either diagonal, we find

(W‘Z <—)l+fVV\' <o{ (| ><¢(\{W‘Q)lM(Q)‘("“))\q}('%lé'))
- Ny R A
D) Lo £ 5T (0 15)

(continued next page)
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c oA AV  (4.25)

# {hLaal M) [ (Lr1e'a) D
On the lefthand side of this equation we use the property that

the matrix elemént vanishes unless m=m' and is independent
of m(cf. eq. (4.13d)). The summation over M may then be carried

out to give

(b (ima 1] M{Chug) D (1m's) T 8y
=(am)’ 9 &{0 7 1) oxp [P (w0 + U ar) C‘L/Q({j
¥ ) }W (CHO(‘)/S) 3$(C;IF(€)A‘> /\‘C(GNU)AA,‘)

b LU/

A, A D Vovas A A r a ﬁ>
C L 1 < o

~
~

L' (-)

(4.26)

where we used eq. (4.15). The orthogonality relation of the
9-j symbols, eq. (6.4.6) of ref. 10) shows that the dependence
on £ and L' of the reduced matrix element in eg. (4.25) must

be given by the 9-j symbol
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T Y Lax+d+ ¢ LU LN DZDZ'
KLY g =W ’&t f;"?] L
A0 A ‘

Indeed, it is easy to see that

Cb(Liea) 1 (Crq) b (L1e'a)
= (aay) Jur Z_® exp | -RuAE e uet) - q74R )
¢ Z'_KE gk(ﬂﬁc”/é) 3+CﬂF‘(“)4') e (Rarthaa)

AALa A Lad/ex a1 a4+ b +A
S TN & IR
X a #XLQ c>wer 3 L’>
o 0 0 o O 0 (\ 0 0 0

RN L& L
22! P (4.27)

G

is the solution of eqgs. (4.25) and (4.26).
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5. APPLICATION TO A CLUSTER MODEL OF 6Li

The model 12)
6

excited state of "Li. In a LS-coupling scheme, we assign the

is designed to describe the ground and first

following quantum numbers to these two states:

L =0, I
x =-2, I

ground state

i
—
-
o
il
—
-
=
I
+

1]
—
~

J =3, 1=+ first excited state

where & , I and J are the orbital, spin and total angular

momentum, respectively .
5.1 Elastic Charge Form Factor and RMS Radius

For d& =c£f = ﬂi = 0, the only term which contributes to the
elastic charge form factor (4.1) is that with A = O. In this case,

the reduced matrix element (4.12) is given by

€T Mo |£TT, L, |

=J3 e M(CO?H\‘ﬁZ(.o\

and we obtain from egs. (4.1) and (4.7)

\”ﬁz(q)\ ;
- Jar/3 I<°@\\M(C0q>J{of><=\%»<\oL%<\/(bN—@\3)] (5.1)

12) is independent

Due to the fact that the Model Hamiltonian
of the spin, the GC functions (2.10) to be used in the

reduced matrix elements iq eq. (5.1) simplify
P LYy RM)
o)
= 2_ lda #(Lﬁvf/s) Cb({m L!LJULA) (5.2)
LL o

The calculation of the elastic charge form factor is thus
reduced to the determination of the GC amplitude f(LLLs) by
solving the correspondingHill-Wheeler equation 9)and the evalua~-
tion of the reduced matrix elements (4.16), (4.20), (4.24)

and (4.27).
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According to eq. (4.10), we may obtain the rms radius

from the monopole charge form factor
dt .
<¢z> = -7 6\ \TQOCCP (5.3a)

Feotp| = /s (4™
*KTI | Mcoq) | 3> exp [F(Vn -a2)]
- Jan/3 (ad+1) [<ail\MCcoﬁw[»&)wHQ—(\/@M—aF)
= Jarn/3 (22+1) \/2[ > Caa V.O(A'-‘\[(Lﬁrﬁa>‘p(\_ U4

LULL! 3
¢ ChlLeda) | M(cog) | (L' ea) ]

*[Luw éou g)ol/: (Lega) L (L'e'enr)

« <b(Leea)] cb(u'm'b]_
X QXP(:%}O/BN _a‘i}]

<}

(5.3b)

From the development in sections 4.2 - 4.5 it is clear that

+QP }]g

/ - \ A 5 NINTC
= 8aq ?’ N()Dr\') + 0 >+ kPHA) —f—(\O‘()A')L}-dM%PQPC Y44
(5.%)

Substitution of eq. (5.4) into egs. (4.16), (4.20), (4.24)

we have to evaluate the following expression

(-3) o{ﬂz{é (3 433 (ﬁPw )QNF[ 3—(

and (4.27) gives the corresponding expressions which are needed
in eq. (5.3) to calculate the rms radius.

|
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5.2 1Inelastic Charge Form Factor and Radiative Width

The inelastic charge form factor for the transition from
the ground to the first excited state (1+ - 3+) in 6Li is given
by the term A = 2 in eq. (4.1)

l'am@(qs\l
= L[ g mn Tyor T3 M| Kemo T Tee)
X Q)(\O [_. %(‘/ﬁ)‘\) QF>—J (5.5)

with the reduced matrix element
[(=2 Tp=1 T =3 '\\M(cacp\\ 2o=0 To=1 9y =D
= 7/g‘ 1(92( =2 M(QO\O‘ A =o>l°"

Vs [ 2 olA Sow F(Lege) L)

LL/Raf

« (PLegya) | M (CQ‘i o (p‘t'igé')>3z

[ {a fool L(Laeea) D (Le't:)

LL'2Q U o
« Ch(reea) | b (Leleadn] (5.6)

In order to calculate the ground state radiative width

B(E2, 17 - 3+), we use eq. (4.11). According to the foregoing

treatment, we have to evaluate




-l D=

| : : : (1) »oa b
L ﬂ'>(QA+\>!‘. 4a(qpa) te (P A')(o 0 o>

4=>0

§ (o n+ 1))
Ak gaa) (k4N

FCEONCDN G

(5.7)

If we combine egs. (4.11), (4.16), (4.20), (4.24), (4.27)
(5.10) and (5.11), we obtain the final expression for the radiative

width B(E2, 17 — 37).

6. DISCUSSION

The basic input to the projection method developed in
this report are the formulas (3.1 a), (3.3), (3.12) and (4.13)
of the unprojected many body matrix elements. The general struc-
ture of these expresssions may be derived analytically starting
from single particle matrix elements and using various cofactor
expansions for matrix elements of Slater determinant wave
functions. This is corroborated by an independent study of

the tensor properties of these matrix elements.

The specific information on the physical system of

interest is contained in the numerical coefficients uj(l), vgi)
wgl) etc. The determination of these coefficients,

using the algebraic computer code Reduce II is treated in
ref. 12)
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In this report, we did not dwell on the  projection
of the total linear momentum of the system. If we assume
that the oscillator parameters B8 of all the single particle
orbits involved are the same, the spurious contribution to
matrix elements of the kinetic energy operator and the electric

charge multipole'operator may easily be eliminated8’13z
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APPENDIX A

In order to derive eq. (2.4), we need the following iden-
tity

- A L *
R;<QJ 1:<A> ==%%iDMMJ51>>1H‘GDJ (A. 1)

which may be proved by rewriting the lefthand side,

R (-m1) Yion (4) (=)
o L A M
=2 D) Vi (4 ()

Ml
_ > Lflf->Qm'(4>(*)M
Ml ,_MM'

" }
= Zi. I>L '(Sl) >1H»(A> (—)M
M

, M -m

L A

*®
t < (4)
i>P1Pw ( ) >/L*“

If we insert the expansion (2.2) into eq. (2.3) and multiply
1

by R; (R), we £ind for the lefthand side

: *-

Lna = Y Y () Ryl R Likeus)
SR L+

and for the righthand side

v = T Ve Do sy QXYL ) Ryt Y 6
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Upon comparing the coefficients of YEM,(Q) on both sides of

this equation we obtain eq. (2.4).
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APPENDIX B
In this appendix we show how some products of spherical

harmonics of different arguments and Clebsch-Gordan coefficients

may be summed over their magnetic quantum numbers in a closed

form in terms of 3-j and 6-j Symbols11)
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(continued next page)
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where we used eq. (B.3) and the symmetry relation
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APPENDIX C

We give a derivation of eqg. (4.20): If we multiply
eqg. (4.19) by <% % {1 ?t‘é} and sum over f we may exploit
on the lefthand side the orthogonality (eq. (6.2.10) of
ref. 10)of the 6-3j symbols and obtain the reduced matrix element
<¢(Ls) | |M(Crq) | |¢'(L'1L s)>. On the righthand side, the sum
over £ may be carried out with the help of the sum rule

(eg. (6.2.11) of ref. 10)) of the 6-j symbols. Indeed, from
N R A N L‘mj _(Lg
F ffju_‘x 4(?)& A\ {L%d

we find eq. (4.20).

(C.1)

The proof of eq. (4.24) is similar. Multiplying eq. (4.23)
by (-')ge L, £ {l, ? ‘%} and summing over f gives on the
lefthand side the reduced matrix element <¢(1L& s)||M(Crq)||¢ (L's)>.

On the righthand side we use again the sum rule (C.1),




