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Abstract

Effects of the density-dependence of the a=-particle -
bound nucleon effective interaction on single-folding
models of inelastic a-particle scattering are studied,
in particular in view of corrections of the isoscalar
transition rates extracted by implicit folding proce-~
dures. The l-dependent correction. factors Cl are cal-

culated and tabulated for applications.

DIE DICHTEABHANGIGKEIT DER ALPHA-NUKLEON KRAFT UND ISOSKALARE
UBERGANGSRATEN

Die Auswirkung der Dichteabhdngigkeit der effektiven Wechsel-
wirkung zwischen oa-=Teilchen und Kernnukleonen auf Einfach-
Faltungsmodelle der unelastischen oa-Teilchenstreuung werden
untersucht, insbesondere im Hinblick auf Korrekturen zu den
isoskalaren Ubergangsraten, die durch implizierte Faltungs-
modell-Verfahren gewonnen werden. Die l-abhidngigen Korrek-
turfaktoren Cl werden berechnet und im Anhang tabelliert.




Introduction

The procedures currently used [1] for extracting isoscalar multi-
pole transition rates from inelastic a-particle scattering e.gq.
are implicitly or explicitly based on the assumption that the
(real) form factor Uif(ra) (coupling potential) can be under-
stood as the result of a folding of the transition density

Pig = <i|&(¥-%') |£> with an effective a-particle-bound nucleon
interaction Vg?f (%, ?a). Explicit folding model approaches
require a rather detailed specification of Vggf which can be
hardly done free from any arbitrariness, and the results derived
may be affected by the particular choice of the effective inter-
action. This difficulty is avoided by implicit folding proce-
dures, recently worked out in detail [2-4]. In a first step of
the analysis of the measured cross sections the coupling poten=-
tials have been determined on a conventional optical-model basis,
in some cases rather accurately by using flexible parametriza-
tions of Uif (thus minimizing constraints in the radial shapes)
and including multiple excitation by coupled-channel calcula-
tions [2,4]. In a further step the transition moments and transi-
tion radii calculated for the resulting potentials are trans-
lated into corresponding quantities of the nuclear density
distributions by use of simple mathematical properties [5,6]
(known as Satchler’s theorem [6]) for the radial moments of
folding integrals. The basic relation between the multipole
moments e.g. of the potential q?m and of the nucleon distri-

bution qgm is given by

u
q P

= .
u J

p

with Ju and Jp being the volume integrals of the distributions

(1.1)

uE) = fo@) VOR () aF (1.2)

and p(f), respectively. It is mathematically correct as long

as the function Vggf is central and independent from op.




A density independent effective interaction, however, is only

a first approximation. Refined analyses of a-particle scat-=
tering have revealed the importance of density dependence,

in particular when probing deeper into the4nucleus with energies
above 100 MeV. Quite recently Srivastava [10] has extended the
concept of an implicit folding model analysis to a double
folding basis and considered the consequences of the density
dependence of the nucleon-nucleon interaction. The values of
the deduced transition rates appear to be considerably affected,
in particular for higher multipolarity transitions. In the
present paper we consider the problem from the point of view of
a single folding approach with a density dependent effective
interaction VaNf (;a,?,p) and study the limits and corrections

ef
of the procedure proposed in ref. 2-4.

2. Basic considerations

We introduce the density dependence of the effective a-bound-
nucleon interaction by a saturation factor g(p), writing

aN

Vefs

(—Eal_r)-lp) = VO (ii_f_.i-’ I) ° g(p) (2.1)

aN o

Several alternative analytical forms for g(p) are proposed
(see ref. 11), and even the question which local density
(the density to be used in 2.1)is not answered in a unique

"way (see ref. 9). Following previous studies [11] we use
here

glo) = [ 1 -4 0273 @) 1 (2.2)

with the assumption that the saturation of the effective inter-
action is due to the nucleon density at the site of the bound-
nucleon interacting with the a-particle (positioned at ga)' In
the context of explicit folding model studies of elastic a-par-
ticle scattering it has been argued [9] that this kind of local
density (suggested by the relatively short range of Veff) is not
so well justified and that there are also contributions from the
nucleon density p(r&) at the site of the projectile. We think,




however, that such refinements have only small influence on
the integral quantities (radial moments) we are extracting

by the implicit procedures [4-6].

ggf (2.1) into the folding formula (1.2) and

separating the density independent part of Vg?f leads to

Introducing V

some kind of "effective density"

2/3

o' () = o(¥)[1-y p°/° (¥)] (2.3)

for which effective moments qi;, volume integrals J . etc.
can be defined, replacing qim and Jp in the above théorem
(egq. 1.1). The volume integrals and ms radii of p(r) and
p'(r) are related [12] by

Jp, = A - v K (2.4a)
and
<r2>p, =‘<r2>p + [ (YK/A)/ (1=-yK/RA)] [<r2>p - <x*>. 1 (2.4Db)
where
K= 0°/3 (%) aF (2.40)
and <rt> = frt p3/3(F) at / x (2.44)

For density-independent interactions (y = 0) Jp, and <r2>p,
reduce, of course, to Jp and <r2>p. But also in the case of
a homogeneous density distribution, the density dependence of
the effective interaction can be absorbed by renormalization
factor of the density-independent strength, so that the re-

lations
J.=A «J (2.5)
and
<r:> = <r?> 4 <r?>_ , ' (2.6)
P v

known from the density independent folding model, are again

valid. Since the density in the nuclear interior is very




similar for all nuclei, an implicit folding model analysis

of elastic a-particle scattering, using the relation
Apn' AA'

A<E? > = A<r2>p

u (2.7)

is well able to provide nuclear matter radii differences for
neighboring nuclei [13]. Introducing the "defect moments"

Moo= ety 023 () at (2.8)

we extend the considerations to the multipole moments by

p’ p
Im . 9Gn - Y Mlm

J - A - R
pl Y

(2.9)

Similarily the transition radius of the multipole transition 1

is
2 2
Rg, (1) = R{_(1,p7) +

2
tr (21+3) <r >V

1
3
In order to get some feeling about the corrections, tab. 1
presents some numerical values for the relevant gquantities,
calculated for a (permanently) deformed Fermi distribution

p(r) = p  / [1 + exp ((r-c)/a) I
with cl(r) = cy (1 + B2 Y20 + B4 Y40)
and adopting the parameter values for the 56Fe nucleus [14]
= 56 B, = 0.24
o = 3.98 fm B4 = 0,03
= 0.53 fm
p p 2
iy 920 940 K <rt oy Ms0 M40
-l
[£m] [£r0? ] [fm*]  [fm ] [£m? ] [£m°] [£m?]
3.70 63.7 241.7 12.7 10.5 12.9 42.6
Tab. 1 Integral quantities of interest for a typical

Fermi distribution

(in this case, the comments correspond to intrinsic multipole

moments) .




3. Reduced transition moments of a Fermi distribution

Numerical calculations of the corrections of the theorem (1.1)
due to the density dependence require a specification of the
radial shape ofvp(§) and a deformation prescription since

we are discussing integral properties, it is reasonable to
expect that the results are practically independent of the
form of the density distribution as long as this form is
leptodermous. In ref. 12 the relevant quantities K, <r2>X

for a (spherical) Fermi distribution (k= 1)

plry = o  [1 + exp ((r-c)/a) 1°° (3.1)

are given in terms of ¢ = a/c. In first order in e the relation

(2.6) is improved by

6
2 = 2 2 = @ ° ° ® .
<k?> = <r > <XP> 4 g e oA« Ay (3.2a)
with
a =y 902/3 /(1 -y p02/3) | (3.2b)
A1 (- 5/3) = 0.759 (see ref. 12)

showing that the correction is linear in c and a.

Here we extend the calculations to the multipole transition
moments of a deformed Fermi distribution with an angular

dependent half-way radius

(£) ) (3.3)

c =c_ (1 + Za

(o) Im Ylm

The reduced transition density, written in the form of a

higher order (t) vibrational model, is

©) () <xfjel® 1> (3.4)

pl(r) = Pl

%
t
with <Il|Q{t)||I’> the reduced matrix elements ("deformation
parameters") of the transition operators (built by the alm)’

and t
(t) _ _1 ct ) (3.5)

° 8 t

We are interested in the reduced transition moments which are
rather directly related to the reduced transition probabili-

ties. We have to calculate

qi'= Joi (r)‘rl+2 dr = a; -~ ¥ My (3.6)




Introducing the

moments of the derivative expressions
up to t = 2 for

(3.5)
distributions of the type (3.1) with « = 1
and k = 5/3,
(k) = jiﬂiﬁl 1+24 (3.7a)
yqy (k) = ¢ T r r .7a
2
c 2 (x)
o ) 1+2
z (k) = —— | ap > dr (3.7b)
€o
we write
7
aj =

‘<Il|Ql(1)|[I’>-yl(1)+<I||Ql(2)||I'>.zl(1)

- Yp02/3 (<I]|Ql(1)l|I'>-yl(5/3)+<I[IQl(2’||I'>-zl(5/3))) (3.8a)
Following ref. 15 yl(K) and Zl(K) can be expanded in power
series in ¢ = a/c. We adopt following definitions:
<xffo, B [xr>/2
I = § 2) (3.9a)
<I||Ql )[lI’> + (L+2)/2 <I||Ql x>
Ho(c) =1+ 3 (_1;n+1 (1+2)L 2 ()P (1= 1) (3.9b)
1\ = neG (I-n+1) 1 “n+1 1 ’
r =0t @) Ay, (0 et
with [15] A, (1)=0, A, (1) = 12/6, BA,(1)=0 etc.
A1(5/3)=0.759, A2(5/3)=1.517, A3(5/3)=1.301 etc.
1
With these definitions the moment qi can be written
a?’ = pc l+3{<I||Q”)||I'>+-1-(1+2)<I||Q(2)||I'>
1 o 0o 1 2 1 (3.8b)
2/2 : )
ctHy (k=1) = v o 27 gy (k=5/3))

The volume integral of the effective density (eg.2.4a) can

calculated [12] by a function F(e)-(1—Yp02/3)

= J J
p'/ P
F(e) = 1 + B1 £+ B2 €2 + B3 e3 ¥ e
B1 =‘3A1(5/3)a B, = [w2—6A2 (5/3) la
B =

3 =2 - [38,(5/3) - A,(5/3)n° la (3.9¢)




Using the expansions Hy (x) and F(e) we modify eq. 1.1

qu qp
1 _ 1

_J - _J'_ ° Cl (3910)
u p

with the correction function

2/3 Hl(K=5/3)

T R e NI ERs

)) (3.11)

Cl reduces to 1 , if y = o (density independent) or ¢ = o
(homogenous distribution with sharp edge). To first order in
deformation (t=1) and second order in ¢

C; = 1 + (L-1)-A

1 (k=5/3) a-e

1
2 ‘
¢ (-1 ag?[(Tz - A, (k=5/3)) (1+4)-3a% (k=5/3)a | (3.12)

which is independent from the "deformation"

Using this expression in Fig.1, Cl is plotted for o = 1.34

(Y = 1.9 £n° and p_ = 0.165 £m °) with e = 0.54/(1.12 al/3) en.

{ ——— 1St order in€
up to2"dorder

1.0 L} L ¥ L R v L LB Ll L e
0 200 40 60 80 100 120 140 160 180 200

Mass number A

Fig. 1 Correction of the normalized multipole moments of a
deformed Fermi distribution due to density dependence




It is interesting to note that the second order tries to
cancel the effect.

4, Discussion

Implicit folding model procedures [1-5] have considerably improved
the reliability of the results extracted from experimental data
and have replaced the crude procedure previously used[16] .However
there are only few results with realistic error estimates, and
some results suffer on constraints or on the neglect of multiple
excitation in the primary (extended) optical model analysis. It
has been observed [1], that the extracted moments tend to have
slightly larger values when compared to different studies. For
light nuclei, in particular for N = % nuclei, we have to expect
that the isoscalar rates do not differ from electromagnetic

rates. In fact most of the published results, especially for
higher multipolarities, are improved in this sense by the Cl
correction. Remaining discrepancies may be ascribed to other
reasons, e.g. the limits of a first order DWBA when applied for
hexadecapole transitions. It should be also emphasized that the
results may be influenced by the constraints due to the particular
choice of the functional form for the radial shape of the transi-
tion potentials, increasingly with higher multipolarities. There
are only few studies [2,4] which minimize this influence. Similarly,
the correction function Cy is expected to become less accurate for
larger l-values as the tails of the transition densities are not
very well approximated by derivatives of a Fermi distribution.

Due to this fact, that an accurate calculation of the corrections
requires a good knowledge of the densities, the implicit folding

procedures loose somehow their primary elegance.

Tab. 2 Intrinsic multipole moments of 56Fe

o’ p o! o fold fold elec
0 20 Q0 Q40 230 Q40 920
[efm*] [efm?] [efm"] [efm*] [efm? ] [efm"] [efm? ]

12545 114+4 +615+100 +469+75 +100+4 +500+90 98+2




Table 2 presents a particular example of values of quadrupole
and hexadecapole moments as found by 104 MeV a-particle scatter-
ing and resulting from different types of analysis. The QE; are
the values derived by the implicit folding procedure in ref. 1,
Qio are values corrected by the Cl factor showing improved
agreement with electromagnetic result. The values Q{gld result
from an explicit folding model analysis [1] using a density-
independent Gaussian effective interaction. This interaction,
empirically found, describes very well the differential cross
sections in the diffraction region, but fails for the backward
angles due to the lack of saturation. In fact, it does not re-
produce the phenomenologically found volume integral Iy of the
real interaction. Approximately Ju/Jv ~ A (1—Yp02/3) * 0.5 « A
is found. In contrast a density-dependent interaction as given
by Friedman et al.[17] e.g. is able to resolve this discrépancy

and reproduces the correct value of Ju within few percent.

In view of this inconsistency it is somwehat surprising that
the rates and moments extracted by the explicit folding proce-
dure with the density-independent interaction rather well agree
with electromagnetic results (see also ref. 18). This is a
consequence of the increased importance of the nuclear surface
in inelastic scattering. In fact the density independent effec-
tive interaction applied in refs. 1 and 18 has been adjusted

by elastic forward scattering on 40Ca, thus effectively aver-
aging over the density dependence in the sensitive region. Ob-
viously, such an adequately adjusted interaction is working
well in the transition region and provides results consistent
with electromagnetic values, even if its saturation proper-
ties are wrong. Considering the density-dependent effec-

tive interaction of the type as given in ref. 17, the situation
seems to be just reversed. Forcing Veff by the factor g(p)

(eg. 2.2) to give the correct saturation leads to a too strong
interaction at the surface (where g(p) is small) as compared to
the sucessfull density independent form of Vegr (Jvdensity d'/Jg
>1 for r>co). This possible deficiency of g(p) affects mainly
the inelastic transition potentials, and indeed somewhat strange

results (reduced rates) are found when applying density-dependent




- 10 =

effective interactions of the type (eq. 2.1) in inelastic folding
model analyses. [19] Most recently [9] even .in elastic scattering
some inadequacy of the form factor g(p) (eq.2.2) has been ob-

served.

This uncertainty in the correct form of g(p) may also influence
the correction factor Cl' This remark includes some warning

about the significance of differences of the neutron and proton
components of the deformation as quoted in ref. 5 e.g. We conclude
that comparative studies of electromagnetic and hadronic transi-
tion rates are of interest not only with respect of their nuclear
structure information, but also by revealing details of the

density dependence of the nucleus-nucleus interaction.

The authors would like to thank Dr. N.K. Ganguly and
Dr. J. Albifiski for encouraging discussions.
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Appendix

We present numerical results based on a density distribution

pg « £(k) with

f(k) = 1/[1+exp ((r-c)/al” :
e, =1.115 a3 _9.53 « a7/3 £
a = 0.57 '

K 1 and ¢ = 5/3.

Choosing

Ig

6,1 ) 1

‘Bi <lloo|Io> /V 2

<o||Ql(1)|[I>

il

<ol o, ¥ |1>

with Bl = 1

same quantitigs of interest and the correction factor Cy =
(qp,/Jp,)/(qp/A) are tabulated for 1 = 2,3,4,5, in addition to
the radial moments y (k) and z(x). We note that the tabulated
values result from numerical integration of the revelant ex-
pressions and allow to check the numerical precision of the
algebraic approximations introduced in sect. 3. Tab. A 1

shows the error range for A € [20, 206] of the approximations
represented by

‘ yl(algebr.) - yl(exact.)

by, = yl(exact) - 100

e.g.. ACl refers to the error when Cy is calculated by (3.12)

up to high orders in €.

1 by, (1) | by, (5/3) azy (1) Az, (5/3) 'Acl

2 {[0.01,1.66] |[0.22,0.42]1[0.07,2.68] |[0.25,0.47] |{[0.53,2.35]
3 ([0.01,3.21] |(0.27,0.51] {[0.09,4.65] |[0.33,0.47] [[0.51,2.07]

4 ([0.01,6.00] |[0.32,0.48][[0.11,7.77}) [[0.40,0.41] |[0.51,1.84]

5 [0.015,10.58]|[0.37,0.48] |[[0.12,12.81] |{[0.47,0.58] | [0.52,1.64]

Tab. A 1 Range of errors in percent for A& [20,206] when
using the power series expansions of sect. 3.




Tab. A2

Central density and normalized multipole

moments (Bl = 1)

Nucleus CIN qg/A qg/A qZ/A qg/A
- fm_3 fm2 fm3 fm4 fm5
10 NE 20 0.1505 2.5246 10.1649 43.637 198.79
12 . MG 24 0.1525 2.8290 11.8463 52.772 249,27
14 SI 28 0.1541 3.1119 13.4722 61.902 301.20
16 s 32 0.1554 3.3781 15.0563 71.052 354,51
18 A 40 0.1574 3.8737 18.1424 89.569 465,94
20 ca 42 0.1578 3.9913 18.9006 94,249 494.77 |
22 TI 48 0.1589 4.3326 21.1556 108.470 584.08 )
24 CR 52 0.1595 4,5516 22,6447 118,098 645,87 |
26 FE 56 0.1600 4,7644 24,1217 127.816 709.18
28 NI 60 0.1605 4.9719 25,5908 137.653 774.26
30 ZN 66 0.1612 5.2742 27,7822 152.632 875.21
32 GE 72 0.1618 5.5669 29.9585 167.846 979.78
34 SE 76 0.1621 5.7573 31.4024 178.119 1051.49
38 SR 88 0.1630 6.3088 35.7090 209.578 1276.46
40 zZR 920 0.1631 6.3981 36.4236 214.911 1315.35
42 MO 96 0.1634 6.6620 38.5619 231.057 1434.32
44 RU 100 0.1637 6.8348 39.9841 241,948 1515.61
46 PD 106 0.1640 7.0896 42,1118 258,459 1640.36




Tab. A 2 (contd.)
o} p p p
Nucleus Py q2/A _ q3/A q4/A q5/A 7
- fm—3 fm2 fm3 fm4 fm5
48 CD 110 0.1642 7.2568 43,5275 269.586 1725.44
50 SN 116 0.1644 7.5037 45,6461 286.443 1855.76
52 TE 124 - 0.1648 7.8267 48.4641 309,238 2034.71
56 BA 136 0.1652 8.,2972 52,6722 344.074 2313.83
60 ND 144 0.1654 8.6033 55,4778 367,713 2506.90
62 SM 148 0.1655 8.7542 56.8759 379.655 2605.52
78 PT 194 0.1666 10.4014 72.8693 522,413 3834.80
80 HG 200 0.1667 10.6059 74,9458 541,728 4007.63
82 PB 206 0.1668 10.8084 77.0206 561,194 4183.25

— L —




A

20
26
28
32
69
62
48
52
56
60

66

72
76
88
90
96
100
106
110

124

136
1446
148
196
200

206
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.6T78962g402
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Tab. A 5

Correction quantities

NUCLEUS K/A 3./ c, Cy c, Cg
- fm—z - - - - -
10 NE 20 0.172 0.674 1.078 1.151 1.213 1.266
12 MG 24 0.178 0.661 1.081 1.155 1.221 1.278
14 SI 28 0.184 0.650 1.082 1.158 1.226 1.285
16 S 32 0.189 0.641 1.082 1.159 1.229 1.291
18 A 40 0.197 0.626 1.083 1.160 1.232 1.297 l
20 Ca 42 0.198 0.623 1.083 1.160 1.232 1.298 T
22 TI 48 0.203 0.614 1.082 1.160 1.233 1.299
24 CR 52 0.206 0.609 1.082 1.160 1.233 1.300
26 FE 56 0.208 0.605 1.081 1. 159 1.232 1.300
28 NI 60 0,210 0.601 1.081 1.158 1,232 1.300
30 ZN 66 0.213 0.595 1.080 1.157 1.231 1.300
32 GE 72 0.216 0.590 1.080 1.156 1.229 1.299
34 SE 76 0.218 0,587 1.079 1.156 1.229 1.298
38 SR 88 0.222 0.579 1.078 1,153 1.226 1.295
40 2R 90 0.222 0,577 1.078 1.153 1.225 1.295
42 MO 96 0.224 0.574 1.077 1.152 1.224 1.293
44 RU 100 0.225 0.572 1.077 1.151 1.223 1.292
46 PD 106 0.227 - 0.569 1.076 1.150 1.222 1.291




Table A 5 (contd.)
NUCLEUS K/A /A c, cy C, Cg
- fm--2 - - - - -

48 CD 110 0.228 0.567 1.076 1.149 1.221 1.290
50 SN 116 0.229 0.564 1.075 1.148 1.219 1.288
52 TE 124« 0.231 0.561 1.074 1.148 1.217 1.286
56 BA 136 0.234 0.556 1.073 1.145 1.215 1.283
60 ND 144 0.235 0.553 1.073 1.144 1.213 1.281
62 SM 148 0.236 0.552 1.072 1.143 1.212 1.280
78 PT 194 0.242 0.540 1.069 1.137 1.203 1.269
80 HG 200 0.243 ©.538 1.069 1.137 1.203 1.269
82 PB 206 0.244 0.537 1.068 1.136 1.202 1.268




