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Abstract 

The programme LAKU models the behaviour of gaseous fission products in 

reactor fuel under steady state and transient conditions, including molten 

fuel. A presentation of the full model is given, starting with gas 

behaviour in the grains and on grain faces and including the treatment of 

release from porosity. The results of some recent calculations are 

presented. 

Modellierung des Spaltgasverhaltens unter stationären und transienten 

Bedingungen mit dem Karlsruher Code LAKU 

Zusammenfassung 

Das Programm LAKU modelliert das Verhalten gasförmiger Spaltprodukte im 

Reaktorbrennstoff unter stationären und transienten Bedingungen unter 

Einbeziehung eines Modells für geschmolzenen Brennstoff. Das gesamt,e 

Modell wird vorgestellt, beginnend mit dem Gasverhalten in Körnern und auf 

Kornoberflächen bis zur Behandlung der Freisetzung aus der Porosität. Am 

Schluß werden die Ergebnisse von kürzlich durchgeführten Rechnungen 

präsentiert. 
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1. Introduction 

Reactor fuel pin behaviour under steady state and transient conditions is 

in part determined by the behaviour of the gaseaus fission products. Those 

retained in the fuel matrix contribute to fuel swelling and roay, under 

transient conditions, determine time and mode of pin failure and fuel move­

ment. Gases released from the matrix influence internal pin pressure and 

fuel-cladding gap conductance. Therefore, considerable effort is being put 

into modeling all aspects of fission gas behaviour. 

The Karlsruhe code for treating these probleros, LAKU, is the result of 

improving and extending an older code, LANGZEIT/KURZZEIT /1/. The changes 

are so numerous that a complete documentation of the new code is in order. 

However, a detailed presentation of all models contributing to the code 

would be far too extensive, resulting only in a repetition of older publi­

cations. Therefore, as far as possible, no deductions of formulas will be 

presented, referring the reader to the corresponding literature instead. 

Concerning the amount of detail modeled, LAKU must be counted aroong the 

more sophisticated codes. Nevertheless, it contains one important simplifi­

cation: Instead of dividing the bubbles into groups according to size, as 

do the most detailed codes (e.g. /3/), only one group with an average 

bubble radius is used. This simplification leads to considerably reduced 

computer tiroes and roakes the code suitable for insertion into roore coropre­

hensive prograros such as pin behaviour roodels. In this respect, LAKU is 

coroparable to a nurober of detailed roodels eroploying the saroe approxiroation 

(e.g. /4,5/). 

Two versions of LAKU are available. The stand-alone version is the roore 

coroprehensive one - though roodeling of a few effects is lacking to date -

and thus the slower and costlier. By eroploying a nurober of siroplications 

and approxiroations, a fast version has been developed, which is suitable 

for coupling to a pin behaviour roodel such as URANUS /2/. This report 

deals with the full version, leaving the docuroentation of the coupled code 

URANUS-LAKU to a separate publication. 

The next chapter will briefly present the two equations of state for the 

fissio~ gases in cavities, which are currently realized in LAKU. Then, 
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three chapters are devoted to rnodeling the gas behaviour in the grains, on 

grain faces, and in the fabricated and sintering porosity under the assurnp­

tion, that the grains can be idealized as spherical. An extra chapter 

summarizes the changes to be rnade to the forrnulas, when this assurnption is 

dropped for growing grains, an option that has been introduced recently. A 

chapter on the gas rnodel for rnolten fuel finishes the presentation of 

theory. The last chapter deals with the material constants ernployed by the 

code, and presents the results of a few calculations. 
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2. Equation of State 

The equation of state for the fission gas in bubbles and cavities is 

common to many parts of the programme and is therefore put at the 

beginning of the model description. Two equations of state are realized in 

LAKU. The normal option is the reduced Van-der-Waals equation: 

~ RT 
n 

b 
n 

R 

T 

r 

w 

y 

p 

(arJ - ~ w) ( 2ysin~ +p+p ) 
n r ex 

gas content of bubble in moles 

universal gas constant 

temperature 

bubble radius 

Van-der-Waals constant 

surface tension of fuel 

contact angle of grain boundary bubble 

local hydrostatic pressure 

excess pressure in bubble. p = 0 for equilibrium bubble. 
ex 

(2.1) 

This form of (2.1) is suitable for spherical bubbles as well as the lenti­

cular bubbles occurring on grain faces (see Fig. 1). For the two different 

bubble geometries: 

spherical lenticular 

sin~ 
TI 

sin 50° sin -2 
(2.2) 

4rr 2rr (1-cosp)(2+cos~) 
3 3 sin~(1+cos~) 

Optionally, (2.1) may be replaced by an improved equation of state, which 

is more correct for the high gas densities and pressures occurring in the 

small intragranular bubbles. It reads /6/ 
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E_ RT 1+y+y2-y3 
n (1-y)3 

ar 3 ( 2 y s in 1jJ +p+p ) 
r ex 

(2.3) 

d (3.80119- .177822 ln 
23

i.
2 

)•10-8 d [cm], T [KJ 

L Avogadro's number 

For low pressures, this equation reduces to the reduced Van-der-Waals 

equation /6/. 

In LAKU, the equation of state has to be solved for either of the three 

variables b, p , or r. Calculation of p (b,r) and b(p ,r) is straight-
ex ex ex 

forward for (2.1); the iterative scheme used for the derivation of 

r(p ,b) from (2.1) has been described in /1/. When (2.2) is employed, 
ex 

only p (b,r) can be quickly calculated. For the calculation of b(p ,r) ex ex 
and r(p ,b) from (2.2), the same kind of iteration (Newton-Raphson) is ex 
used as for (2.1); the first guesses are, for b(p ,r), the solution of 

ex . 
the Van-der-Waals equation, and for r(p ,b), the same guess as tha't used ex · 
for the Van-der-Waals equation /1/. Normally, very few iterations are 

needed for convergence. 

The kind of equation of state used direc tly aff ec ts the running times of 

the code, since it is referred to in the innermost part of the iterations. 

Obviously, (2.2) is the more elaborate formula. It is seldom used in prac­

tice, since its effects on overall gas behaviour are small, but computer 

times go up by about 50 % as compared to the reduced Van-der-Waals 

equation. 
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3. Intragranular Gas 

The models describing the behaviour of fission gases in the grains until 

they are released to the grain surface are slightly different depending on 

whether steady state or transient conditions are to be modeled. Under 

stationary conditions, restructuring plays an important role; this can be 

neglected in modeling transients, for which intragranular bubble migration 

is the dominant mechanism. Starting from atomic gas being formed in the 

fuel matrix, the following processes are included: 

A. Formation and destruction of intragranular bubbles during irradiation. 

B. Precipitation of gas into intragranular bubbles. The resolved fission 

gas diffuses in the fuel matrix and at higher temperatures tends to 

collect in bubbles, as is known from experimental evidence. As an 

important simplification, the model assumes all bubbles to be of equal 

size and to contain an equal amount of gas. Under steady state condi­

tions, the bubbles are assumed to have their equilibrium volume, an 

assumption that has to be abandoned for the transient part. 

C. Resolution of gas from bubbles. Interaction of bubble gas with energe­

tic fission products causes it to be redissolved in the fuel matrix. 

D. Diffusion of resolved gas to the surface of the grain. 

E. Migration of gas bubbles to the surface of the grain. The gas bubbles 

areimmobile at temperatures up to 1500°C /7/, but beyond that start 

to move in a temperature gradient. Modeling this process is very 

important under transient conditions, but is included in a simplified 

way in the stationary part of LAKU too, since it contributes to gas 

release at higher irradiation temperatures. 

F. Coalescence of migrating bubbles. 

G. Time dependent bubble volume equilibration by vacancy diffusion 

(including vacancy depletion) and high temperature creep enhancement. 

Since inst,antaneous volume equilibration is assumed for irradiation 

conditions, this process is treated under transient conditions only. 
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H. Sweeping processes. Fission gases are swept from the grains by grain 

boundaries moving due to grain growth, and by pores moving through the 

material up a temperature gradient. At high irradiation temperatures, 

these processes may contribute significantly to gas release /8,9/. 

They are not included in the transient part, but sweeping of the 

resolved gas by the moving intragranular bubbles is. 

The grains in the unrestructured fuel are idealized as spherical. Origi­

nally, this assumption was used for the growing grains, too. As has been 

stated in the introduction already, spherical grains will be assumed 

throughout this chapter, since formulas tend to become unnecessarily com­

plicated for the elongated grain model. The changes introduced by this 

model will be summarized in chapter 6. All grains contained in one radial 

subzone of a pin section are assumed to have the same diameter. 

The equations governing the processes listed above will now be presented 

for each process separately. In the end, they will be joined tagether to 

form the complete set of equations for the intragranular gas under 

stationary or transient conditions. The gas components are denoted as 

c intragranular resolved gas ~oles/cm 3] 

b 

g 

intragranular bubble gas 

gas released from grains 

[moles/cm 3
] 

[moles/cm 3J 

A. Formation and loss of bubbles 

This process is currently treated by postulating a fixed number of 

uniformly distributed possible bubble sites and then explicitly modeling 

the processes leading to bubble formation at these sites, and to losses. 

Bubble formation is assumed to take place, if one gas atom that already 

resides at such a site is joined by a second one before diffusing away. 

Thus 

. 
(n -n) 4~c1 4~D r cL (3.1) n . . 

form 0 g 0 

n number density 
0 

of bubble sites 

n number density of existing bubbles 

~ molecular volume 
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D intragranular diffusion coefficient of atomic gas 
g 

r radius of site 
0 

In (3.1), the first term on the right hand side is the number of sites 

available for the formation of new bubbles; the second is the probability 

for one gas atom to reside at the site; the third one is the probability 

per unit time for a second gas atom to be precipitated to the site, and is 

derived from the precipitation term in subsection B (see 3.6). For the 

derivation of the second term, the site has been assumed to have a volume 

of 40., and from this assumption: 

( 3. 2) 

Bubble losses occur by resolution, sweeping processes, and bubble migra­

tion and coalescence: 

n1 = -( ll-+f +21rnr 2 v+8rrnDbr) n oss (3.3) 

Tl resolution constant 

f relative intragranular bubble losses (per unit time) by sweeping and 

bubble migration (see 3.34) (steady state part only) 

v intragranular bubble velocity 

Db bubble diffusion coefficient 

The last two terms in ( 3. 3) describe the reduction in bubble number 

density due to coalescence caused by both hiased and random migration (see 

subsection F). 

From (3.1) - (3.3): 

n + • 
form nloss 

. 
n (n -n)WD c 2 -Vn 

0 g 
( 3. 4) 

V n+f+2n(O)r 2v 

Here, n(O) has been substituted for n in the coalescence term in order to 

get rid of the nonlinearity in (3.3). This can be done, since (3.4) is 
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solved for comparatively short time intervals, and then updated. The 

solution of (3.4) is 

n(t) n(O)exp(-(WD c 2+V)t) + n 
g 0 

WD c 2 

g 
WD c 2+V 

g 
• (1-exp(-(WD c 2 +V)t)) 

g 
(3.5) 

In LAKU, the total irradiation interval is divided up into subintervals, 

for which the differential equations describing the evolution of the gas 

components (b,c) are integrated numerically. (3.5) is evaluated before 

each subinterval, the evolution of the bubble number is linearized and fed 

to the integration routine. This procedure is faster than including (3.4) 

among the differential equations, and sufficiently accurate. 

At low temperatures, n(t) gradually approaches n , which should thus be 
0 

chosen to represent measured bubble densities. At higher temperatures, 

most of the gas tends to precipitate into already existing bubbles, and 

thus bubble densities remain considerably lower than n ; this is in accord-
o 

ance with post irradiation examination results, which indicate grains to 

be essentially denuded of bubbles at higher temperatures (e.g. /8/). 

The equation for transient bubble number density is given at the end of 

this chapter. 

B. Precipitation 

This process is described by the diffusion equation. The bubbles are 

assumed to be uniformly distributed through the grain volume (under 

transient conditions: the part of the grain, that has not been swept clean 

of bubbles by bubble migration). Each bubble can then be assigned an equal 

share of solid material surrounding it, which contains an equal amount of 

resolved gas. If this volume is idealized as a sphere, the gas diffusion 

equation can be easily solved, employing the proper boundary conditions 

/10/. From the solution, the rate of gas precipitating into bubbles 

resul ts as 

• 
b 

prec 4nD nrc 
g 

(3.6) 
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c. Resolution 

This process results from the interaction of the energetic fission pro­

ducts with the gas bubbles. It is alternately described as a single gas 

atom being reinjected into the fuel matrix after colliding with a fission 

fragment /11/; or as a whole bubble being destroyed in the wake of a 

fission product crossing it /12/. Since a resolution parameter has tobe 

postulated for either model, and since this parameter is not known very 

well at .present, a simple description is employed in LAKU: 

• 
b 
resol -nb 

This equation corresponds to the second model, but is valid for the first 

model, too, in the case of small bubbles. 

D. Diffusion of atomic gas to the surface of the grain 

Like precipitation into bubbles, this process is governed by atomic gas 

diffusion and, if the grain is idealized as a sphere, the diffusion equa­

tion describing it is the same; only boundary conditions and dimensions 

are different. The important difference is the dimension.. For a bubble 

density of 1016 /cm 3 , the radius of the sphere surrounding the bubble is 
-6 about 3·10 cm, whereas typical grain radii A.re t~vo orders of magnitude 

bigger. The analytic solution of the diffusion equation for the prec ipita­

tion problern can be truncated to the first term, since higher modes die 

out quickly. This cannot be done for the grain boundary release problern at 

least at low temperatures, for which the relaxation constant is typically 

of the order of years. Thus, any approximate solution must be carefully 

tested as to whether it is able to describe all possible situations, espe­

cially changing reactor operating conditions. A numerical solution /13/ is 

well suited to the problem, but somewhat too cumbersome for a code like 

LAKU. Therefore, an analytic approximationwas developed /14/, which 

employs an estimate of the instantaueaus time constant for the actual gas 

concentration approaching the asymptotic one: 



c ( t) 
as 

dc ( t) 
dt 

dT(t) 
dt 

= _,_S -:-:< t=-'")_a 7"
2 

("-:-t..,:_) 
lSD (t) 

g 

( 
S(t)a 2 (t) ) 

tu(t,T) lSDg(t) - c(t) 

D (t) 
g 

a grain radius 

S gas production rate [moles/cm 3 •s] 
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(3. 8) 

( 3. 9) 

exp(-n 2 TI 2 T) ) 

-1 

When (3.8) is combined with the equations describing precipitation, resolu­

tion, and sweeping, S has tobe replaced by an effective value, which is 

corrected for the gains and losses due to these effects. w(t,T) is the 

instantaneous relaxation constant which contains, f or low values of T, the' 

contributions of the higher spatial modes - the n > 1 -terms in the t1vo 

series. For increasing T, these terms vanish. T is normally continuously 

integrated even af ter temperatu re changes, bu t may be reset to zero, if an 

abrupt change to considerably lower temperatures occurs. Then, the asympto­

tic concentration has tobe built np from a practically zero value. This 

si~uation is identical to a fresh start an.-1 must thns be simulated with a 

period w containing all higher modes, i.e. corresponding to the T=n-condi-

t ions. 

E. Bubble migration 

This process plays a dominant role under transient conditions, but is only 

of moderate importance under irradiation conditions, and then only for 

high temperatures. It is thus treated in very different ways in the t1vo 

parts of the program. The f ormalism f or the transient part will be pre­

sented first, since the stationary treatment is essentially a gross simpli­

fication of the transient one. 
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Under transient conditions, the bubbles can migrate under the influence of 

a temperature gradient due to surface diffusion of the matrix atoms. For 

surface diffusion /15/: 

nr 2 A. 2 

f(r) 1 r < A./n 

sin 2(A./2r) r > A./n 

Db intragranular bubble diffusion coefficient 

D surface diffusion coefficient s 
A. mean jump distance of surface atom 

The resulting bubble velocity is /15/ 

8~l/ 3rf(r)Q VT D 
s s s 

A.2kT2 

2~ 1 /3Q VT D 
s s s 

rkT 2 
A. 

for r >>-
7T 

Q
8 

surface diffusion heat of transport 

VT thermal gradient at bubble surface 
s 

VT "" 3 VT s 2 

VT bulk thermal gradient 

k Boltzmann's constant 

(3.10) 

(3.11) 

(3.12) 

The fraction of bubbles removed from the grain by this biased migration is 

calculated with Gruber's formalism (/15/; see Fig. 2): 
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F s (3 s2 ) 
b = l;'; 4a 2 s < 2a 

1 s > 2a 

s distance travelled by bubbles till transient time t, 

t 
S = J V ( t I )d t I 

0 

(3.13) 

When bubbles start to become mobile, random migration contributes somewhat 

to bubble release. The fraction of bubbles released by this mechanism is 

approximately /15/: 

F 
r 

t D ( t I )d t I 

J b 
'b 2 0 a 

(3.14) 

The total release fraction is calculated approximately from (3.13), (3.14) 

/15/: 

F 

F 

F 

F 
r 

1 

F fraction of intragranular bubbles released to grain surface 

(3.15) 

In the transient part of LAKU, the differential equations for precipita­

tion, resolution, and bubble coalescence are integrated, as if the bubble 

field would not move relative to the grain. The bubble nurober density has 

thus the value for the region not yet denuded of bubbles by migration. 

( 3.15) is applied af ter the integration of the differential equations to 

determine the fraction of bubbles remaining in the grain. The situation is 

somewhat different for steady state conditions. 
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Under irradiation conditions, only the innermost pin zones may reach 

temperatures high enough for bubble migration to play a significant role. 

In addition, bubbles may be faceted under equilibrium conditions and there­

fore move more slowly through the solid than under transient conditions. 

Using a steady state bubble diffusion coefficient based on measurements 

and some fitting of data /3/, the bubble velocity under these conditions 

may again be calculated from (3.11). When deducing the steady state gas 

release from this mechanism, the formatipn of new bubbles inside the grain 

must be taken into account. Therefore, the pic ture used for the deri vation 

of (3.13), Fig. 2, is not appropriate, since the area denuded of bubbles 

by migration is filled up by ne\vly formed ones. If the bubbles are assumed 

to be uniformly distributed through the grain, the fraction released in a 

small time interval L'.t is: 

vl'.t 
s=O 

3 vl'.t --4a 

Random migration is neglected, because its contribution can be shown to be 

negligible at all temperatures. The decrease of bubble number density and 

intragranular bubble gas due to steady state bubble migration is deduced 

from this: 

K 

L'.F 
L'.t 

3v 
4a 

K.E. 
a 

for steady state hubble ~iffusion. 

(3.16) 

( 3.16) is part of the steady state differential equations for intragranu­

lar gas and the equations governing the changes of intragranular bubble 

number densities (see 3.A and 3.H). 
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F. Bubble coalescence 

Apart from gas release, bubble movement entails bubble coalescence. For 

two groups of bubbles with radii r
1

, r
2

, velocities v
1

, v
2

, number densi­

ties n 1, n 2, and diffusion coefficients Dbl' Db 2 ' the number of 

coalescences occurring in time interval 6t is /15/: 

Biased migration: 

(3.17) 

Random migration: 

(3.18) 

For the one-bubble-group representation nsed by LAKU, ( 3.17) and (3.18) 

have to be approximated by 

(3.19) 

(3.20) 

The correction factors c
1 

and c
2 

have been introduced to ac.count for the 

effect of the actual size distribntion. For transient conditions, using 

(3.10) and (3.11), one gets for the decrease of btthble number density due 

to random and biased mig rat ion: 

• n 
CO 

480,41 \ (r)n 2 D
8

C
2 

Pr 

The correction factors are taken form the 1vork of Ostensen /5/, 1vho 

analyzed bubble size distribntions: 

C 1 pr 1 = -2 (1.61 - 2.49 ) 
3pr+4Y 

1.6 

(3.21) 

( 3. 22) 
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In the steady state part, the decrease in bubble number density due to 

coalescence is accounted for in the last two terms of (3.3), which can be 

easily deduced from (3.19) and (3.20). Since the analysis by Ostensen does 

not apply for the steady state case with continuous bubble recreation, c
1 

and c2 are omitted; their values are near 1 anyway, as is obvious from 

(3.22). Randernmigration is accounted for, but its contribution to 

coalescence rates is very small. 

G. Bubble volume equilibration 

Bubble coalescence and increasing temperatures are the cause of bubble 

overpressure, which is relieved by creep processes. Under steady state con­

ditions, instantaneous volume equilibration may be assumed for the small 

intragranular bubbles, but for transients, the creep processes are often 

slower than the pressure buildup. Therefore, the transient change of 

bubble radius has to be explicitly modeled in LAKU. Its four contributions 

are due to coalescence, precipitation and sweeping of atomic gas, and two 

creep processes 

. 
r • r (3.23) 

CO 

• r follows from the assumption, that total bubble volume is conserved 
co 

upon coalescence: 

. 
r 

CO 

. 
r n 
3 n 

(3.24) 

Gas precipitated into the bubble or swept up during bubble migration is 

assumed to be associated with one vacancy. From (3.6) and (3.33): 

• r 
pr 

(3.25) 

Creep processes are caused by vacancy diffusion and, at higher tempera­

tures, dislocation climb and glide. As is done in many codes, the first 

process is modeled explicitly in LAKU, including the effects of vacancy 

depletion. The secend process is incorporated via the measured stress­

strain relations. 

According to Greenwood et al. /18/, and Matthews and Wood /42/ 



D Qp r 
u ex z 
rkT r -r 

z 

1 
2 a ,----:::-

1 + 3 v1rnr 
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D self diffusion coefficient of heavy species in grain 
u 

2r mean distance between bubbles 
z 

r 
z 

+-3-
47Tn 

High temperature creep is assumed to be given by a relation 

€ = Jffi C exp(-H/kT) 
e e 

E: 0 
e' e 

effective strain and stress 

m, K, H experimentally determined parameters 

(3.26) 

(3.27) 

Following the analysis of Ronchi /9/ for stress relaxation in the subcell 

surrounding a small bubble, the growth in bubble radius results are 

• c 
rc 2 = r 2 exp(-H/kT) 

2m Pex 

[ 

3 ] m 
(3.28) 

n •. Sweeping processes 

There are various mechanisms resulting in the entrainment af intragranular 

gas - resolved and/ar in bubbles - and enhancing release to the grain sur­

face. Same rnechanisrns can be estimated ta contribute anly insignificantly 

under both steady state and transient conditions. The three pracesses 

currently modeled by LAKU are operative anly in either the steady state ar 

the transient part. They are: 

Grain baundary sweeping. Intragranular bubbles and resalved intragranular 

gas are swept up by the grain boundaries migrating due to grain growth 

pracesses /9/. Currently, LAKU emplays a grain grawth law /20/ tagether 

with a maxirnurn canditian an the grain radius /21/: 
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a 
4 + S*t 

0 

a grain radius of fabricated fuel 
0 

a 1-a4 experimentally determined parameters 

(3.29) 

Then, the sweeping effect on intragranular gas content and bubble number 

density is /9/: 

• 
b 

. 
c 

b gb c 

. 
n 

gb n 
gb 

3S(l-P) 

4a 4 

P fuel porosity (fabricated/restructured) 

( 3. 30) 

These terms occur only in the steady state equations. Under transient con­

ditions the time is assumed to be too short for any appreciable grain 

growth. 

Sweeping due to pore motion. Bigger pores may start to move through the 

fuel matrix in a temperature gradient due to a vaporization-recondensation 

effect, trapping the resolved gas and small fission gas bubbles they en­

counter. At higher temperatures, this effect can be demonstrated to contri­

bute significantly to intragranular gas release. The related equations are 

• 
b 
b 

=~ 
c ps 

n 
=-

n 
ps ps 

- n 0 v 
p p p 

n number density of pores 
p 

0 sweeping cross section of the pore 
p 

v pore velocity 
p 

(3.31) 

The pore velocity due to the vaporization-recondensation effect is given 

by /22/ 

V 
p 

lSSGp H ll'Tr ff 
s s pe (3.32) 
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ps equilibrium vapour pressure of fuel 

H vaporization energy of fuel 
s 

r effeetive pore radius peff 
cr eollision eross seetion of fuel vapour phase 

m atomie number of pore gas 
g 

mf moleeular number of fuel 

(3.32) eontains a number of approximations. Therefore, r ff is used as 
p,e 

ealibration parameter for obtaining the measured pore veloeitles shown by 

Niehals /22/. Of eourse, r ff and cr should be representative of the 
pe p 

dimensions of the elongated pores observed in the equiaxed grain region. 

Again, times are assumed to be too short under transient eonditions for a 

signifieant eontribution of this effeet. 

Sweeping by intragranular bubbles. When the intragranular bubbles them­

selves start to move, they trap all resolved gas in their path. This 

effeet ean be negleeted under irradiation eonditions, sinee equilibrium 

bubbles beeome mobile at high temperatures only, for whieh praetieally no 

resolved gas is left in the matrix. The situation is different in a tran­

sient, when bubbles from the unrestruetured zone may start to move, before 

all resolved gas has been preeipitated into them. Their sweeping effeet is 

( see ( 3. 11)): 

(3.33) 

This eompletes the intragranular equations. They will now be summarized 

separately for the steady state and transient case. 

Under steady state conditions, consecutive irradiation intervals may be 

defined which may. differ in gas production rate ß, temperature T, and 

internal pin pressure p . = p; p may be a linear function of time in the 
p1n 

interval. Each interval is internally divided into a number of subinter-

vals, which grow in length. At the start of the calculations for a sub­

interval, the number density of intragranular bubbles at the end of the 
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subinterval is extrapolated via (3.5) from the conditions at the start of 

the subinterval, and then linearized. Then, the following differential 

equations are integrated with a Runge-Kutta-method (see (3.6), (3.7), 

(3.8), (3.16), (3.30), and (3.31), and replacing· ß in (3.8) by an effec-

tive ß corrected for gains and losses due to precipitation, resolution and 

sweeping ): 

. 
b 47TD nrc - ( n+f )b 

g 

• c [ (ß- 4nDgnro+nb - (f - K ~ )c) 1 ;~g - c] w(t,T) 

f K ~ + 38(1-P) + n 0 V 

a 4a4 p p p 

8ince, by definition 

/ß(t)dt = c+b+g 

the rate of gas release is 

• g 
• 

ß - ~ - b 

(3.34) 

This has to be divided up into gas going into grain faces, which are adja­

cent to another grain, and gas released to the porosity. For the gas re­

leased via atomic diffusion and intragranular bubble migration, the frac­

tion P is assumed to go directly into the porosity. The gas swept up by 

pore migration is totally released to the porosity, the gas swept by grain 

growth is added to the grain face gas. Thus 

• (g - (f K~ )(c+b))(1-P) + 38 ( 1-P) (c+b) 
a 4a4 

( ~ - ( f - K ~ ) ( c +b ) ) P + n 0 V ( c +b ) 
a p p p 

ggb gas released to the grain faces (adjacent to another grain) 

gp gas released to the porosity (fabricated or restructured) 

(3.35) links the intragranular equations to those given in the next 

chapter for the grain faces. 

( 3. 35) 
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Under transient conditions, different time intervals may be defined with 

temperatures, production rate and pin internal pressure varying linearly 

with time. The local hydrostatic pressure is now the result of the calcula­

tion of porosity pressurization (see chapter 5). Again, the interval is 

subdivided and the following set of equations is integrated (see (3.6), 

(3.7), (3.8), (3.21), (3.23), and (3.33)): 

• c 

• 
b = 

[ (S + (nb-4nD nrc-cnrrr 2 v)(l-F)) L- c] w(t,-r) g 15D 
g 

(4nD nrc+cnnr 2v-nb)(l-F) 
g 

D 
~ =~ 

2 
a 

• r 

(3.36) 

In this case, must be integrated numerically, whereas under steady state 

conditions, i.e. piecewise constant temperatures, an analytic expression 

can be used. The equation for gas precipitation-resolution is approximate­

ly corrected for the effect of partial bubble release by multiplying by 

1-F. A swelling correction /15/ is inserted in the coalescence term. 

Bubble number losses due to resolution are neglected for the short time 

spans associated with a transient. 

For the (1-F)-correction, the F-value at the start of the subinterval is 

employed. After integrating the system (3.36), the value of Fis updated. 

The intragranular fission gas driven swelling is calculated from 

(3. 37) 

with F = 0 for the steady state case. Solid fission product swelling is 

not computed by LAKp. 
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4. Gas on Grain Faces 

The treatment of gas on grain faces is in many ways similar to the one of 

intragranular gas, since many physical processes are the same. The same 

notation is used as far as possible with an asterisk denoting grain face 

quantities. 

The geometrical model assumptions used for the grain face gas are based on 

experimental evidence and are similar to the ones used by other code 

authors /e.g. 3/. Grainface bubbles are assumed tobe lenticular (Fig. 1) 

with contact angle ljJ, unif ormly spaced and of equal size. When the f rac­

tion B of the grain face is covered by bubbles, bubble interlinkage is 
m 

assumed to occur, venting the bubble gas to the grain edges and the poro-

sity. The bubble radius r* used in the equations is the one associated 

with the grain surface covered by the bubble and is coupled to the radius 

of bubble surface curvature (see Fig. 1) by 

radius of curvature r* 
sinljJ 

the bubble volume is ar* 3 

r* radius of grain face bubble 

(see (2.2)) 

The grain face bubble density n* used in the following equations is a sur­

face density. Assuming that only the fraction 1-P of the grain surface is 

adjacent to another grain, the grain face bubble density per unit volume 

is related to the one per unit surf ace by 

n* 
vol 

F 
vol 

n* vol 
n* 

F 
vol 

F n* vol 

3 2ä (1-p)2 

grain face bubble number density per unit volume 

grain f ace bubble number density per unit surf ace 

ratio of grain face area to volume 

(4.1) 

The grain is assumed to have 12 neighbours with which it shares a surface. 

This surface is idealized as a plane circle with radius 
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a* radius of grain f ace 

Using this geometrical picture, the following processes are modeled 

(compare chapter 3): 

A. Formation of grain face bubbles 

B. Precipitation of resolved gas into grain face bubbles 

c. Resolution of grain face bubble gas 

D. Diffusion of resolved gas to the grain edges 

E. Migration of grain face bubbles to grain edges 

F. Coalescence of migrating bubbles 

(4.2) 

G. Time dependent bubble volume equilibration. As for intragranular 

bubbles, this process is treated under transient conditions only, 

since grain face bubbles are assumed to have equilibrium volume under 

irradiation conditions. 

H. Sweeping processes 

I. Gas release by interconnection 

In the following equations, the gas components will be denoted as in the 

intragranular case: 

c* resolved gas in the grain faces [moles/cm~ 

b* grain face bubble gas [moles/cm 3] 

g* gas released from grain faces [moles/cm 3] 

A. Formation and loss of bubbles 

Under irradiation conditions, grain face bubbles are assumed to originate 

from intragranular bubbles released to the grain surface, and to be lost 

by resolution and migration to the edges. Losses by resolution are 

reduced, when the bubble radius exceeds the radius of the darnage zone of a 

fission spike, which can be imagined as a long cylinder /23/. Then, the 

equation describing bubble number gains and losses is 
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-n* (n- Min( 1, ( 
rf) 2 T* - ) + K* - + n*r*v*) 
r* a 

+ (Kr + 2§..._) 1-B n(l-P) 
a 4 4 F 1 a vo 

rf radius of darnage zone of fission spike 

v* velocity of grain face bubble 

B fraction of surface covered by grain face bubbles 

(4.3) 

In (4.3), the first term describes losses by resolution, release by bubble 

migration, and coalescence due to bubble migration (see (4.13), (4.15)). 

The second term contains gains by intragranular bubble migration and by 

grain boundary sweeping. (4.3) is treated in the same way as the respec­

tive equation for intragranular bubbles, i.e. is linearized and solved 

analytically for a time subinterval; a linear interpolation of the 

resultant number density at the beginning and end of the subinterval is 

then used in the integration of the equations f or the gas components. The 

bubble number density is kept constant after interlinkage has been 

achieved. 

In the transient part of the program, the equation for the bubble number 

density is integrated together with the other equations for grain face gas 

behaviour. It will be treated in section 4.E. 

B. Precipitation 

Under stationary conditions, gas is mainly released to the surface via 

atomic diffusion; of this gas, the fraction B goes directly into the grain 

face bubbles, whereas the rest diffuses in the face and eventually may 

reach the bubbles, too. Diffusion is assumed not to lead back into the 

interior of the grain, since the gas diffusion coefficient of the grain 

face is much bigger than the intragranular one /24/. Therefore, the 

geometry used to describe the precipitation process is two-dimensional, 

with the bubble represented by a flat circle, that is surrounded by a 

circular cell of its share of grain face area. The solution of the gas 

diffusion equation for this geometry, with the proper boundary conditions 
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and taking into account that near bubble interlinkage the cell radius is 

not much bigger than the bubble radius, is 

. 
b* 

prec 41TD*n*F c* 
g B 

1-B 
B-1-lnB 

D* grain face diffusion coefficient of atomic gas 
g 

C. Resolution 

Resolution is described, analogaus to (3.7), by 

• 
b* -nb* 

(4.4) 

(4.5) 

The gas undergoing resolution is added fully to the resolved grain face 

gas, since the gas atoms are not scattered back very far into the lattice 

and thus have a high probability of diffusing back to the grain surface. 

Whereas in (4. 3), the bubble number lasses due to resolution are reduced 

for big bubbles, this is not clone in (4.5) for the gas contained in such 

bubbles. The underlying assumption is, that bigger bubbles have a greater 

probability of being only partly destroyed, whereas the resolution proba­

bility for the individual bubble gas atom is independent of bubble volume. 

D. Diffusion of atomic gas to grain edges 

As in the case of precipitation, this process is treated analogaus to the 

intragranular case in two-dimensional circular geometry (see (3.8), 

(3.9)): 

c* ß*(t) a*2(t) 
as 8D*(t) 

dc*(t) 
dt 

d '* ( t) 
dt 

g 

w*(t,<*) ( ß*(t)a*2(t)- c*(t)) 
8D~(t) 

D*(t) 
g 

a* 2 (t) 

(4.6) 

( 4. 7) 
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D*( t) 

g 
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( 
~ 1 2 ) ( ~ 1 2 ) -

1 
~ --- exp(-x. T*) L --- exp(-x. T*) 

i=1 X 
2 

l i=1 X 4 l 
i i 

ß* effective grain face gas source term 

x. zeros of zero'th order Bessel functions 
l 

Again as in the intragranular case, T* is integrated continuously, but may 

be reset to zero, if temperatures are considerably reduced during irradia-

tion. 

E. Bubble migration 

Contrary to intragranular bubble migration, this process is not very 

important for both stationary and transient grain face gas release, since 

release by interconnection or atomic diffusion is more effective under 

most conditions. Nevertheless, .it has to be modeled, since grain f ace 

bubble overpressure is influenced by it, and this is an important para­

meter for fuel failure criteria. 

The bubble diffusion coefficient due to surface diffusion is, for lenticu-

lar bubbles /15,1/: 

D* 
b 

D~ diffusion coefficient of grain face buhbles 

Here, the bubbles are assumed to he much bigger than the mean jump 

(4.8) 

distance of surface atoms, which was accounted for in the corresponding 

intragranular equations (3.10). Fora mean angle of rr/4 between tempera­

ture gradient and grain surface, the hubble velocity is 

v* 
ar* 3 

=-rz-
Q VT Dbsinrr/4 

s s 

1/3 
4TrQ Q llT D sinrr/4 

s s s 
( 1+coslJ!)ur*kT 2 

(4.9) 
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The fraction of bubbles removed to the grain edges by biased migration is 

given by a formula corresponding to (3.13) 1for two-dimensional geometry 

I 1/: 

F*(s*) =- arcs1n --- + ---2 ( . s* s* 
'IT 2a* 2a* 

1 

F* fraction of bubbles released to grain edges 

s* migration distance of grain face bubbles, 

t 

s* = J v*(t')dt' 
0 

s < 2a* 

( 4. 10) 

s > 2a* 

(4.10) would be sufficient, if the surface area voided by migration were 

not replenished by bubbles released from the interior of the grain. Thus, 

an approximately uniform distribution of bubbles is kept up a long time 

during the release process. Therefore, instead of using the cumulative F* 

from (4.10), a correction containing 

IIF* = F*(L'ls*) 

L'lt 
h.s* J v*(t' )dt' 

0 

(4.11) 

is applied to b* and g* after each time interval of a transient. The error 

introduced by this approximation, which always employs the initial value 

of F*, is not very big, since most gas release from grain face bubbles is 

by bubble interconnection. The technique used for the transient is thus as 

follows: The differential equations for the grain face gas are formulated 

excluding release by migration, but including coalescence and sweeping 

caused by migration, and solved first for ~t. Then, the following 

correction is applied to the results: 



n* 
korr 

b* 
korr 

n* (1-L'>F*) 

b* (1-&*) 

gk* = g*+b*L\F* orr 
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(4.12) 

Conditions are similar for steady state simulation; therefore the initial 

value of the differential release fraction is employed as in the intra­

granular case (see (3.16)): 

dF* "' dF* I v* = 2v* 
dt ds* na* 

s*=O 

(b*) (~*) 
b* migr = n* migr 

r''' -K* (4.13) 
a 

K* 

F. Bubble coalescence 

Coalescence is calculated in the saroe way as for intragranular bubbles, 

taking into account the plane geometry. Instead of ( 3.17), the nurober of 

coalescences in a time interval 6t f or two classes of bubbles with radii 

rt, r~, velocities vt, v~, and number densities ny, n~ is no\v given by 

(4.14) 

This is approxiroated, for one bubble group, by 

~* 
CO 

n*2 
- -

2
- 4r*v*c

3 
(4.15) 

with the correction factor c
3 

accounting for the effect of the actual size 

distribution. c
3 

= 0,5 is currently used /17,1/. (4.15) turns up in the 

transient equations for the bubble nurober density as well as in the equa­

tion for steady state bubble nurober growth (4.3). 
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G. Bubble volume equilibration 

Under irradiation conditions, grain face bubbles are assumed to have their 

equilibrium volume. In transients, there are five contributions to the 

change of bubble volume 

r* + r* + r* co pr re + r* + ~* + ~* cl c2 c3 
(4.16) 

which are due to, respectively: Coalescence, precipitation of atomic gas, 

release of intragranular bubbles, and three creep processes. The first 

term is given by (see (3.24)): 

r* 
CO 

~* r* CO = ----
3 n* 

(4.17) 

For the second and third term, the treatment of intragranular bubbles 

arriving on the grai.n face must be presented first. OE course, a fraction 

of the released bubbles c.oalesc.es directly with the grain fac.e hubbles. 

The program chooses between two options for the treatment of the rest: 

Option 1: If the grain face bubble volume is more than a factor 8 bigger 

than the volume of the released bubbles, the gas c.ontent of the 

released bubbles is added to the resolved grain face gas. 

Option 2: Otherwise, the two bubble populations are averaged. 

Possibly, an explicit treatment of the two populations should be realized 

in the long run. 

If the first option is used, the volume associated with the released 

intragranular bubbles would be lost, if it was not explicitly accounted 

for. Therefore, instead of attributing one vacancy to each resolved gas 

atom a "virtual" volume is assigned to it. At the start of the transient 

(4.18) 
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~ . virtual volume assigned to gas atom resolved in grain surface v1r 
during transient 

The virtual volume is updated for each time step ~t in the following way: 

Total amount of gas released from the grain in ~t, by atomic diffusion and 

gas bubble migration: 

g(t+~t)-g(t)+b(t+~t)F(t+~t)-b(t)F(t) 

Mean nurober of gas atoms contained in the released bubbles: 

L 
na = 2 (b(t+~t)/n(t+~t) - b(t)/n(t)) 

Mean volume per gas atom released to the grain face: 

-
V ( 

3~n 

-4na (g(t+~t)-g(t) + 

+ ~ (r 3 (t+~t)+r 3 (t))(b(t+~t)F(t+~t)-b(t)F(t))) 

Updated value of ~ . : 
v1r 

~ i (t+M) = (c*(t)~ . (t) + -2
1 (n(t)+n(t+6t))b*(t)&~+ v r v1r 

+ gtot(l-B*)ö(~)V)/(c*(t) + t (n(t)+n(t+6t))b*(t)~t + 

+ g (1-B*)ö(~))-l tot 

- 3g4~ r = V-
3a 

ö(~) 1 for option 1 

0 f or option 2 

(4.19) 

(4.20) 

(4.21) 

(4.22) 
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The term containing n accounts for the gas redissolved in ~t. r2 • is 
v1r 

always updated before the differential equations for grain face gas are 

solved for the time interval 6t. With the ac tual value of r2 • : 
V1t' 

r2 • L 
(4nD*n*F c*+2c*n*r*v*) Vlr 

B 3aF n*r*2 
vol 

The effect of bubble sweeping (see 4.H) is included in (4.23). 

The third term in (4.16) is 

r* re 
V(l+(B*-l)o(0)) 

3an*r* 2 

g (1-P)L 
tot 

~t F l vo 

(4.23) 

(4.23) 

Creep processes are again subdivided into creep caused by vacancy diffu­

sion (~~~ + ~~ 2 ) and high temperature dislocatlnn climb and glide (~~ 3 ). 
The first term is modeled explicitly; intragranular and grain face vacancy 

diffusion are separated. The grain face vacancy diffusion is given by /25/ 

~* 
cl 

D* o*rt4np* F 
u ex B 

3ar* 2 kT 

D* self diffusion coefficient nf heavy species in grain face 
u 

o* 'width of grain face 

p* excess pressure in grain face hubble 
X 

(4.24) 

The contribution of intragranular v,qeanc ies is calcu1 ated approximately in 

plane geometry, assuming that vacanc.ies flow to the surface of the grain 

face bubble from the interior of the 3r1lin only from half the mean 

distance to the next intragranular bubble. From geometric considerations, 

the mean distance 2X can be estimated as 

2X =~--
3+aS1fr 

Using the sA.me kind of analysis as Greem.;rood et al. /18/ f or plane 

geometry, one arrives at 

(4.25) 
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(4.26) 

High temperature creep is modeled analagous to the intragranular case. The 

ratio of total volume to total grain f ace bubble volume is 

1+81 
--:-:--:--- + 1 
ar* 3 n*F vol 

---3 
"' (r*/r*) z 

Then, similar to (3.28) 

~* 
c3 

c 
r* 2 exp(-H/kT) 

H. Sweeping processes 

( 4. 27) 

Only sweeping of resolved gas by the migrating grain face bubbles must be 

modeled, and its effect is small. Under irradiation conditions, bubbles 

are either small and immobile - at low temperatures - or the resolved gas 

concentration is negligible because of the enhanced atomic gas diffuison 

in grain faces - at high temperatures. For transient conditions, if the 

fuel is heated very rapidly, the bubbles may become mobile before all gas 

has been precipitated. For these reasons, the eff ec t is modeled only in 

the transient part. The contribution is 

• 
bbs 2r*v*n*c* 

1/3 
8TI~ 0 VT D sinTI/4 

's s s 
(l+cos1)!)akT 2 n*c* (4.28) 

I. Interconnection 

It is assumed to take place when the area covered by grain face bubbles 

exceeds a critical value B • Under irradiation conditions, the number of max 



- 32 -

bubbles and their radius are kept constant after reaching this condition, 

i.e. all gas arriving at the face after interconnection is directly trans­

ferred to the edges. In the transient part, bubbles are allowed to con­

tinue growing, and the nurober of bubbles is reduced to conserve B , i.e. 
max 

bubbles are transferred to the edges: 

B 
n* _ max 
korr ---2 

'Tfr* 

b* 
korr b* 

B max 
2 'Tfn*r* 

B 
g * + b * ( 1 _ max ) 

1fn*r*2 

B 
max maxirnurn fraction of surface covered by grain face bubbles 

(4.29) 

This correction is applied after calculating losses due to migration (see 

(4.12)). 

The equations for grain Eace gas will now be summarized separately for the 

steady state and transient part. In both parts, the same time subintervals 

are used for the evaluation of the intragranular and grain face gas equa­

tions; the changes of all gas components are calculated f or one subinter­

val before proceeding to the next. This is clone in the steady state part 

by direc tly integrating all equations together; in the transient part, the 

intragranular equations are integrated first, then the release frorn the 

interior of the grain is evaluated and fed as a source terrn to the grain 

face equations, which are integrated separately. 

The steady state part starts with the evaluation of the changing grain 

face bubble nurober by using an analytic approximation to the solution of 

(4.3). The result is linearized for the subinterval and used for the 

numerical integration of the steady state grain face gas equations (see 

( 4. 4) , ( 4. 5) , ( 4. 6), and ( 4. 13)): 



c* 

f* 

g B+4TID*n*F c*-(n+ f*)b* gb g B 

ru~ (l-B)-4TID*n*F c*+nb*) L gb g B 

r* K* 
a 
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( 4. 30) 

The transient part for the grain face gas starts with the evaluation of 

the source terms and related quantities, eq.s (4.19) - (4.22), and, for 

subinterval length öt 

(4.31) 

qg transient rate of gas arriving at grain face 

q
0 

transient rate of bubbles arriving at grain Eace (per unit area) 

The choice is made between option 1 and 2 for treatment of the released 

intragranular bubbles. The equations to be integrated are then (see (4.4) 

- ( 4 • 7) ' u~ . 1 5 ) , ( 4 • 1 6 ) , a nd ( 4 • 2 8 ) ) : 

[ 
a* z .] 

(qg ( 1-B*) 6(~ )+nb*-4TID*n*Fßc'~-2r*v*n*c*) SD~ - c* _ w* ( t, T*) 

• 
b* 4TID*n*F c*+2r*v*n*c*+q (1+(B*·-l)o(~))-nb* B g 

D* 
~* = _g_ 

a*2 

• r* n* q (1-B*)(1-o(~)) - K* 
n a 

~* + ~* + r* + ~* + ~* + ~* co pr re c 1 c 2 c 3 

(4.32) 

As in the intragranular case, T* must be integrated numerically in the 

transient part only, and bubble number losses due to resolution are 

neglected. 
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The contribution of grain face gas to fission gas driven swelling is given 

by 

n* ar* 3 + c*Ln . vol v1r 
(4.33) 
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5. Gas in Porosity 

The gas released from the grain faces goes to the grain edges - a small 

fraction of it goes directly into the fabricated porosity -, where it 

eventually forms tunnels interlinking the porosity and leading to the 

release of porosity and grain edge gas to ambient. In principle, the f orma­

tion and interlinkage of grain edge bubbles could be treated with a model 

similar to the intragranular. and grain face models. This possibility was 

rejected as too cumbersome for the small amount of gas involved. Instead, 

a simple model was devised for treating the growth of the fabricated poro­

sity and the formation of interlinking tunnels together. Its few para­

meters are chosen to fit results to existing measurements. 

The model assumes that there is one fabricated pore per fuel grain, which 

is idealized as a sphere. The initial number of pores and their initial 

radius are determined by as fabricated fuel porosity and grain radius: 

n (0) 
p 

1-P 

r** (0) 3j_P_ 
eff = ao 1-P 

n number density of pores 
p 

(5.1) 

r** eff ec ti ve pore radius ( including tu nnel volume) of closed pores 
eff 

The pores are assumed to contain, initially, fill gas at room temperature . 
and pressure, the amount of whic h is determined f rom the equation of state 

(2.1) or (2.3). Depending on the porosity of the fresh fuel, a fraction of 

the fabricated pores may already be "open", i .e. be linked to the ambient 

by a network of tunnels. During irradiation or a transient, the remaininz 

"closed" pores will gradually transform into open ones due to the forma­

tion of additional tunnel length. The tunnels are assumed to be cylindri­

cal with a cone-like opening into the pore and a cone-shaped tip (see Fig. 

3). For fresh fuel, rudimentary tunnels are assumed to sit on the surface 

of the pore. Six tunnels are assumed to originate from each pore and to 

occupy, at the beginning, the fraction s of the effective pore volume 

given by r:;f(O). The radius of the pore without tunnels is 



r**(O) r** (0) 3/l=E 
eff 
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r** radius of closed pore (without tunnels) 

E fraction of pore volume in unirradiated fuel going into tunnel 

formation 

(5.2) 

Time dependent pore and tunnel growth is caused by creep and by the volume 

associated with released intragranular and grain boundary gas and gas 

bubbles. The treatment of growth is somewhat different in the steady state 

or transient case, since restructuring has to be taken into account during 

irradiation; creep is treated in both cases, but omitting the high tempera­

ture component in the steady state case. Only the open pores are assumed 

to be affected by restructuring, and only the closed ones by creep. 

The growth of closed porosity is presented first. With released gas and 

the associated volume being equally divided among the closed and open 

pores 

r** 3 ( t+t.t) 
eff 

(5.3) 

oV volume associated with gas released in time step 6t to grain edges 

and pores - per cubic cm of fuel 

oV goes mainly into tunnel formation, since most gas release is to the 

edges and not directly into the pores; only a fraction corresponding to 

the porosity of the closed pores 

F = n (t) ~ r** 3 (t) 
p p 3 

is added to the pore volume: 

r**(t+6t) r**(t) 3/l+oV (5.4) 

Contrary to intragranular and grain faces bubbles, which under stationary 

conditions are assumed to have their equilibrium volume, the growth of 

closed porosity due to creep is treated explicitly for steady state as 

well as transient conditions; this is due to the bigger dimensions of the 
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pores, which result in lower excess pressures and thus bigger time con­

stants for growth. Creep due to vacancy migration in grain faces and in 

the interior of the grain is treated using a weighted uranium self diffu­

sion coefficient 

3 
w "'2 r**(t) 

(5.5) 

Deff wD* + (1-w)D 
u u u 

with the weight factor \v derived frorn geornetric considerations for pores 

and tunnels. The growth of the effective pore radins in time interval 6t 

is then approximated by (see (3.26)): 

8.r** 
eff ,c 1 

Def f S]p** 
u ex 8.t 

r~[f kT 

p** excess pressure in closed pore ex 

(5.6) 

In the transient part, the effect of high temperature ~reep is added (see 

(3.28)): 

8.r** 
eff ,c 2 

r** ~ exp(-H/kT) 
eff 2 

2r** mean distance between two closed pores 
z 

The grmvth of the effective pore radins due to crPep is thus 

8.r** = 8.r** + 8.r** 
eff eff ,c 1 eff ,c 2 

r** (t+M) eff r** ( t) + M** eff eff 

( 5. 7) 

(5.8) 

and assuming that the relative volume increase is the same for pore and 

tnnnels: 

r**(t+M) r**(t)(1+8.r** /r** ) 
ef f eff 

(5.9) 
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From r** and r** the volume of each of the six tunnels starting at the 
eff ' 

pore resul ts as 

and from ~V and the geometry assumed for the tunnel (Fig. 3), the length 

of the tunnel is calculated as 

X 
c 

X 
c 

X 
c 

r 
c 

if X < XC 
c c 

1-sinl)J 
r** 

sinl)J 

c c 3 n•tg 2 l)J 
x + (~V - (x ) )/nr 2 

c c 3 c 

otherwise 

length of tu nnel attached to closed 

radius of tunnel attached to closed 

Hin(r**/5, 
-5 r .75•10 cm) 

c 

(5.10) 

p<)re 

pore, 

Next, the treatment of the npen pores is presented. Under steady state 

conditions, they are assumed to he affected by restnt<'.tttdng. \Vith one 

pore per (growing) grain, including the closed pores, the time dependent 

number of open pores is 

1-P(t) 
4n 
- a 3 (t) 
3 

n (t) 
p 

(if, as may happen early on dnriog restructuring, 

one pore per grain are admitted; then, n~(t) = 0, 
p 

number density of closed pores 

number density of open pores 

c n ( t ) > n ( t) , more 
p p 

n (t) = nc(t)) 
p p 

and their effective radius i.s gi.ven by the time dependent porosity 

than 



r**(t) 
p 

P(t) 

r** effective radius of open pores 
p 
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(5.11) 

(5.11) ensures that fission gas driven swelling caused by the pores goes 

to zero when all pores are open under steady state conditions. 

No steady state creep driven by excess pressure occurs for the open pores, 

since they can vent. The gas volume released to them during irradiation is 

assumed to be lost to restructuring, and thus is not accounted for in 

(5.11), but its effect in elongating the tunnels attached to the open 

pores is taken into account. The tunnel length of the first pores to open 

is 

X 
c 

length of tunnels attached to open pores 

The elongation of these tunnels in time step 6t is 

r 0 radius of tunnel attached to open pore, 

r 0 = Min(r~*/5,7.5-5cm) 

(5.12) 

The last terrn in (5.12) accounts for the shortening of tunnels caused hy 

pore migration. 

Restructuring is omitted in the transient part, and theref ore the open 

porosity may swell and tunnels grow f aster. Creep due to excess pressu re 

is neglected, since the pressures built-up due to noninstantaneous gas 

release from the open porosity are generally lo~.;r. With these approxima­

tions, the growth of the effective radius of open pores and of their 

tunnels during transients is given by 



r** 3 (t+L'lt) 
p 

~xr/J = 
ov 
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The average tunnel length for closed and open pores is then 

-
X 

x average tunnel length 

(5.13) 

(5.14) 

(5.15) 

These tunnels stretch along the edges of the grain faces. The total length 

of the edges per pore is, for the geometry with 12 grain faces used in the 

foregoing chapter 

Xt 12na(l;P)3/2 

with the fraction 1-P of the edges assumed to border directly on pores. OC 

this length, the fraction Ft is covered by tunnels: 

x ( 3 ) 3/2 
2na 1-P 

Every two tunnels from neighbouring pores make np one channel linking the 

pores. Among the six channels originating from one pore, three must be 

considered as ingoing and three as outgoing links. The nurober of open out­

goiqs links is assumed to be 

L 
p 

JF = 3x (_3_\ 3/2 
t 2 a \ 1-P } 

L average nurober of links per pore 
p 

(5.16) 

Similar to other approaches to the release problern /3,9/ the results of 

percolation analysis are now used to derive the fraction of open pores 

from L • According to Maschke et al. /16/, all pores are interlinkecl, when 
p 

L reaches the value 1.569. In reality, interlinkage will occur gradually 
p 

when L approaches and exceeds this critical value, due to the statistical 
p 
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variations of the material parameters. The interlinkage fraction is there­

f ore given by the f ollowing integral /9/ 

00 

F = - 1
- J exp(-(u-1 ) 2/2o 2 )du 

p /zno 1.569 p 
(5.17) 

F f rac tion of open pores p 

where the variation o of L can be evaluated from experimental histograms 
p 

of pore and grain size and fractional porosity. Since x depends on these 

parameters in a very complicated way, a simplified approach is taken. 

Neglecting the smaller influence of pore size and porosity distribution, 

and the variation in x, (5.16) leads to 

o o 1 
a p 

o relative variation of grain size a 

as a first estimate for o. This formula leads to a broadening distribution 

for growing L , which is not quite realistic, since for L approaching the p p 
limiting value of 3 (i.e. all channels open), the distribution should 

narrow. To achieve this, the modified formula 

0 = 0 L ( 1-L I 3) 
a p p 

(5.18) 

is used, which ensures a total opening of pores at maximum tunnel length. 

From F , the number of open pores results as 
p 

n~(t) = n (t)F (t) 
p p 

1-P(t) 
4TI 
- a 3 (t) 
3 

F (t) 
p 

(5.19) 

For a given number of pores opening in time step L'lt, the average tunnel 

length of open pores must be corrected: 

n~ 
p 

xcorr (t+M) 
~ 

(5.20) 

= (xd(t+L'It)nd(t)+x (t+L'It)L'In~)/n~(t+L'It) 
VJ VJ c p p 
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For the transient part, the effective radius of the open pores must be 

adjusted, too: 

(5.21) 

The quantity of gas residing in closed and open pores and released to 

ambient is 

Min(n0(t)v (T,p,r**),g +g*-g ) 
p g p p c 

(5.22) 

gc gas in closed porosity 

g0 gas in open porosity 

gr gas released to ambient 

V gas released to one pore p 
V gas content of one open pore, as determined hy equat ion of state 
g 

Swelling due to pore expansion is given hy 

(5.23) 

s3 porosity swelling 

The gas in the open pores is free to vent to the central cavity, the fuel­

cladding gap and the fission gas plenum. This process is assumed to be 

instantaneous under irradiation conditions, with only a small fraction of 

gas determined by the equation of state and the effective radius of the 

open pores remaining in the fuel. This is also the starting condition for 

transients except experiments, which entail cooling and cutting of the 

fuel; for this case, the open pores are assumed to he totally vented and 

refilled with fill gas at the starting conditions of the experiment. 

Gas release from the open pores cannot be expected to be instantaneous for 

all transient conditions, especially for short duration transients and/or 
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low fuel permeability. A model for calculating the resulting pressure 

buildup in the open porosity has been devised by Hofmann and Meek /19/. 

Their formalism was extended to accommodate the surface tension in the 

pores and a non-equidistant mesh, and then coupled to LAKU. Its main 

restriction is, at present, the assumption of an intact fuel pellet, 

excluding the treatment of cracked fuel. 

Assuming circumferential symmetry, neglecting axial gradients, and with 

some further simplifications as specified by Hofmann and Meek, the equa­

tions for the conservation of mass and momentum are 

dp + 1 d ( ) Q 1 
p at x 1fi pxu 

(5.24) 

p density of gas in open pores 

x radial coordinate 

u superficial (Darcy) velocity 

Q' source of gas released to pores [g/cm 3 s] 

K permeability 

~ viscosity of inert gas 

By combining these two equations and using the simplified equation of 

state 

p + 11__ 
r** 

p 

p! T 
A 

A atomic weight of gas [g/mole] 

one can eliminate p and u to arri ve at a single equation f or the space 

dependent gas pressure in the open pores: 

iE. Cl ( ) p+2Y /r** ~ + RTQ + .2_ + p 
Clt Clt r** T Clt E 

p 

+.!_~ 
E:r Clr 

( rK(p+2y/r**) 

~T 
~) Clr (5.25) 
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Q source of gas released to pores [moles/cm 3 s] 

The boundary conditions are 

outer boundary r 
a 

cladding intact and in contact with fuel: 

dp I ar r=r 
a 

0 

otherwise: 

p(t,r ) 
a 

Pa gas 

p ( t) a . 

pressure 

inner boundary r. 
~ 

without central 

ap I 
ar r=O 

0 

in 

void 

with central void 

p(t,r.) 
~ 

gap 

(r. 0) 
~ 

P1 gas pressure in centrRl void 

(5.26a) 

(5.26b) 

(5.26c) 

(5.26d) 

P ls input, whereas p. is calculated internally from the quantity of gas 
a ~ 

f lowing to the central void and the temperature of the fuel araund the 

void. No axial effects on p, are taken into account, since the LAKU model 
]_ 

is for one cross section of a pin only; on the other hand, p, never 
1 

reaches the very high values by which LAKU-results would be significantly 

inf luenced. 
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Initial conditions are 

p(r,O) = p (0) 
a 

( 5. 27) 

The numerical procedure used to solve (5.25) - (5.27) is the one of 

Hofmann and Meek, i.e. the equations are discretized in space and time and 

integrated with a method that can be varied between explicit and fully 

implicit. It was found that a semi-implicit procedure worked well. A 

maximum spatial step length is employed, which often is smaller than some 

of the radial zones used for calculating the evolution of intragranular 

and grain boundary gas. Therefore, a finer spatial mesh is used for this 

part of the program; this mesh is automatically determined at the start of 

a transient. Averaged pressures are transferred to the coarser mesh of the 

other program parts. Time step lengths are decoupled for both program 

parts, too. For a given "macro" step, first all equations save the ones 

for pressure buildup in the open pores are solved using suitable "micro" 

time steps, and with an extrapolated value for pore pressures. This 

results in the time dependent source of gas released to the open pores, 

which is fed to the pressure buildup part. This part then solves for the 

same macro step, using its own optimum micro step lengths. If necessary, 

an iteration is carried out between the two program parts to achieve 

convergence on the pressures. 
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6. Modeling Elongated Grains 

For simplicity, all formulas in chapters 3 - 5 are given for spherical 

grains but, as was stated in the introduction already, the formation of 

elongated grains in the hotter parts of the pin is taken into account. It 

was decided to model this effect, when difficulties were encountered 

trying to fit the code parameters to measured gas release data in the 

temperature range araund 1500°C. The introduction of the model success­

fully relieved these difficulties. Since gas retention at higher tempera­

tures is fairly low, some approximations in deriving the formulas are in 

order. 

The f abricated grain is, as bef ore, ideal ized as a sphere, but now growth 

in the radial direction is assumed to be more pronounced than in the other 

two directions. The geometric representation of this effect is achieved by 

splitting the grain in two half-spheres and inserting a cylinder (Fig. 4). 

Growth in the axial and azimuthal direc tion is assumed to he half of what 

it would be for spherical growth; gro1vth in the radial direction is aug­

mented, using the condition that the resulting grain volume is identical 

to the one f or spherical gro1vth. The radius of the two half -spheres and 

the height of the inserted cylinder result from this as 

a +a 
0 

ae -2-

h = 
4
3 

a ((a/a ) 3 - 1) 
e e 

( 6. 1) 

The ratio of the long and short grain axes is, for very large grains 

(a » a ) 
e o 

a 
e 

a +h/2 
e 

1 17 I 3 

This is representative of the geometry observed in the hotter zones of 

pins (e.g. /8/). 

Due to the condition for growth, the grain volume remains unchanged, but 

the grain surface is augmented: 
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(6.2) 

0 = ~ a 2 (1+2(a/a ) 3) 
3 e e 

For large grains, the augmentation is a little less than 50 %. 

The geometry of the grain faces has to be changed as well to accommodate 

the new model. Among the 12 faces 6 are assumed to remain circular - those 

situated at the ends of the elongated grain - with a radius given by (see 

(4.2)): 

(6.3a) 

The other 6 are assumed to occupy the length of the grain and are repre­

sented by half-circles with rectangles of height h* inserted in-between. 

h* results from (6.2) and (6.3a), assuming the fraction 1-P of the surface 

is pore surface: 

h* - 2 ~ a* ((a/a ) 3 - 1) -3 e e ( 6. 3b) 

The change in grain geometry entails the following changes in formulas: 

A. Intragranular gas 

Here all formulas describing diffusion and migration out of the grain are 

to be altered. For diffusion processes, 1/a 2 has tobe replaced by an • effective value, that is approximately calculated as the mean value of 

1/a 2 for the three different axes. Thus, 1/a 2 in (3.8), (3.9), (3.34), and 

(3.36) is to be replaced by 

1/a2 = _2_ + ____ 3 ___ _ (6.4) 
3a 2 a 2(1+2(a/a )3) 2 

e e e 

The temperature gradient and thus the biased migration of intragranular 

gas bubbles is assumed to be in the direction of the long axis of the 

grain. Employing a picture similar to Fig. 2 for the elongated grain, one 

arrives at the following formula replacing (3.13) for bubble release 

during transients: 



a s 
3 e 
48:3 

a3 - a 3 + s-h (Ja 2 -
e 4 e 

1 

(s-h) 2 ) 

4 
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s < h 

h < s < h+2a 
e 

s > h+2a 
e 

(6.5) 

From (6.5), the effect of bubble migration under irradiation conditions is 

deduced as 

(~) migr ( ~) migr 

ra 2 

- K _.!:___ 
a3 

(6.6) 

(6.6) mJst replace (3.16) and he inserted instead of Kr/a in (3.34) -

(3.36) and (4.3). 

Since the grain volume is unaffected by the c.hange in geometry, the grain 

boundary sweeping terms which depend on volumetric changes remain 

unaltered. 

B. Gas on grain faces 

As the surface to volume ratio is different for spherical and elongated 

grains, the factor relating grain face buhble densities per unit volume 

and unit area, F 1 from (4.1), is tobe replaced by (see (6.2)) 
vo 

F 
vol (l-p)2 ±- (1 +t (ae/a)3) 

e 
( 6. 7) 

Again 1/a* 2 occurring· in the formulas for atomic gas diffusion out of the 

grain face areas has to be replaced by a suitably averaged value. By assum­

ing the resolved gas to have the same density on small and big grain faces 

- which is not quite correct, but does not introduce a big error, since 

the gas component involved is small, - one has 
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1/a* 2 = 1 [6+(4(a/ae)'-1)* 4a* 2 (1+2(a/a ) 3 ) e e 

* ( 1 + 1 )] (1 +~ ((a/a ) 3 -1)) 2 
3 e 

(6.8) 

(6.8) is to be inserted in (4.6), (4.7), (4.30), and (4.32). 

For treatment of intergranular bubble migration, a constant bubble density 

on all surface areas is assumed. The bubble velocity on the small surface 

areas is assumed tobe half the one on the big areas, which are parallel 

to the temperature gradient. Then sinn/4 has to be replaced by 

8(a/a ) 3 +1 
sinn /4 ~ e 

4(2(a/a ) 3+1) 
e 

(6.9) 

in (4.9) and (4.28). 

The fraction of bubbles released to the grain edges by bubble migration is 

calculated separately for small and large surface areas and then weighted: 

F* = l(arcsin ~ + s* j1 - s*
2 

) 
s TI 4a* 4a* 16a* 2 

e e e 

F* 
s 1 

F* 6s* 1 
e = na* -:-4""7(-a-,/-a--....)-=-3---:-1 

e e 

F* 
e 

1 + .§. 

s-h* s-h* 
arcsin 2a*- + 2a* 

e e 

_ ( s-h*) z 
l 2 .J.. Cl" 

e 

F* 
e 

F* 

1T 

1 

4(a/a ) 3 -1 
e 

(4(a/a ) 3 -1)F*+3F* 
e e s 

2(2(a/a ) 3+1) 
e 

s* < 4a* 
e 

s* > 4a* 
e 

s* < h* 

h* < s* < h*+2a* 
e 

s* > h*+2a* 
e 

(6.10) 
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F* F* release fraction for bubbles on small, large areas s' e 
s* migration distance on large areas 

From this, the effect of steady state bubble migration results as 

( ~*) n* migr ( b~;) 9 r* 
= b* =- K* 4sinn/4(2(a/a ) 3+1) a 

migr e e 
(6.11) 

(6.11) replaces (4.13) and must be inserted in (4.3), (4.30), and (4.32). 

The last change in formulas for the grain face gas concerns the mean 

distance between grain face bubbles and intragranular bubbles needed for 

calculating creep by vacancy diffusion from the ·interi.or of the grain. 

Here, a in (4.25) is replaced by a : 
e 

2X 
4a 

e 

This is correct for spherical grains and a good approximation for 

(6.12) 

elong ated ones, where the majority of grain f ace bubbles sit on the long 

sides of the grain and thus have a dlstance 2a instead of 2a from the 
e 

next surface across the grai.n. 

C. Gas in porosity 

The ciifferent grain geometry only aHects the total length of grain edges 

per ß rain, which is nov7 

( l-P) 3/2 X = 4na -
3
- ( 2+(a/ a ) 3) 

t e . e 

and with this, (5.16) becomes 

L 
p 

9x (-3-) 3/2 
2na 1-P 

e 

1 
2+(a/a ) 3 

e 
(6.13) 
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7. Gas in Malten Fuel 

The model for gas behaviour in malten fuel has not been changed appre­

ciably from the one reported earlier /1/ and needs updating especially in 

two respects: Modeling of the gradual transition from solid to liquid 

phase - currently, the fuel is assumed to be malten as soon as the solidus 

is reached; and a more realistic model for coalescence between large and 

small bubbles, taking into account the diversion of the fluid f low arou nd 

large bubbles /26/. 

As it stands now, the model for molten fuel assumes, that three groups of 

bubbles exist upon melting: The former intragranular and grain face 

bubbles, and those formed from gas residing in the open and closed pores. 

These bubbles are assumed to reach instantly their equilibrium volume -

given by the surface tension of the fluid - and their equilibrium rise 

velocity caused by buoyancy. The time constant for reaching the equili­

brium has been previously estimated to be negligibly small /1/ for both 

processes. Before starting the calculation, bubble sizes in the three 

groups are checked; if the radii of any two groups differ by less than a 

factor 2, the groups are collapsed into one. 

The following processes are modeled: 

A. Precipitation and resolution of resolved gas. 

B. Biased bubble migration, leading to coalescence and release, caused by 

buoyancy. 

C. Random bubble movement due to Brownian motion, causing bubble 

coalescence /26/. 

One bubble group is fully characterized by its gas contents and nurober 

density; for !/, groups, there are thus 2!/, differential equations to be 

solved. Release is excluded from these equations and treated at higger 

time intervals. If bubbles pertaining to the same group coalesce, the 

product bubble is assumed to remain in the group; if the coalescing 

bubbles belang to different groups, the product is assumed to remain in 

the group of larger bubbles. If the groups are ordered according to size, 

starting with the smallest bubbles, the equations for group i read: 



. 
n. 

]_ 

n. 
]_ 

bi 

G .. 
lJ 

Pi 

R. 
]_ 

A. 

9-

L 
j=i 

G •• 
lJ 
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nurober density af graup i in malten fuel 

gas in bubble graup i in malten fuel 

caalescence rate far bubbles af graup i with thase af graup j 

precipitatian inta graup i bubbles 

resalutian fram graup i bubbles 

Precipitatian and resalutian 

(7 .1) 

The twa terms Pi and R
1 

fram (7.1) are given by (see (3.6) and (3.7)): 

P. 
]_ 

R-
4nD n.r.c g 1 1 

r. equilibriurn radius af bubble group l 
1 

DR- diffusian coefficient af atamic gas in mnlten fuel 
g 
R-e gas resalved in malten fuel 

t 9-

c L ß ( t ' ) d t '+c +c * +b +b * +b 
p 

L 
i= l 

b. ( t) 
1 

0 

b gas in open and closed ~lrosity at onset of melting. 
p 

( 7. 2) 

(7.3) 

The integral in (7. 3) is ta he taken over the time interval starting at 

the anset of melting; c, c*, b, and b* are the intragranular and grain 

face gas cancentrations at onset of melting. 

Therma1 resalutian is not being taken inta account so far in (7.2). 
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B. Biased migration by buoyancy 

Assuming Stokes' law holds, the bubble velocity caused by buoyancy.is 

given by 

v. 
1 

2r 2 
. a 
1 g 
9\i 

vi velocity of bubbles in group i 

ag acceleration of gravity 

\! kinematic viscosity of mol ten fuel 

(7.4) 

From this and (3.17), (3.19), assuming the correction factor for bubble 

radius distribution equals unity, one derives 

b 
G .. 

11 

a 
41T ___ß_ 4 2 
-
9 

r. n. 
\) 1 1 

a 
b = 21T .....8. 2 2 2 

G
1
.J. 9 \! (r.+r.) (r. -r. )n.n. 

1 J J 1 1 J 

(7.5) 

-3 If either the bubbles in one group grow very big (r > 8·10 cm), or the 

void fraction grows big, (7.4), i.e. Stokes' law, does not hold any mqre. 

In addition, (3.17) and (3.19) do not take into account the divergence of 

flow araund large bubbles. So far, no effort has been made to insert more 

realistic equations for these cases. 

C. Random migration due to Brownian motion 

The bubble diffusion coefficient due to Brownian motion is given by /27/: 

kT (7. 6) 

p~ density of malten fuel 
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With (7.6), (3.18), (3.20), and again a correction factor of unity for the 

influence of bubble size distribution, the contribution of random bubble 

migration is 

r 4 kT 2 
G --n 
ii 3 vp i 

2 kT ( 1 1 ) -3 \Jp ( r. +r . ) - + - n. n. 
1 J r. r. 1 J 

1 J 

The total coalescence rate in (7.1) is 

G,. 
lJ 

(7.7) 

(7.8) 

The integration of (7 .1) is perf ormed with the tec hnique employed bef ore 

the onset of melting. User defined time intervals are given with fuel 

temperature, gas production rate, and internal pressure of the pin varying 

linearly. These intervals are divided into subintervals that are automati­

cally reduced in length with gro1ving buhble velocity. Equations (7 .1) are 

integrated for one snbinterval with the Runge-Kutta-method employed for 

the intragranular and grain face equcttions; afterwards the release frac­

tion is calculated with, simply 

s. 
1 

F 
i 

t 

f V (t 1 )dt 1 

0 i 

1 

s. < d 
1 -

s. > d 
1 -

s. migrRtion distance in group i 
1 

F1 release fraction of hubbles in group i 

d mean migration distance till release 

(7.9) 

lvhere t is the time since onset of melting. d is to be supplied by the 

user. Swelling is given hy 



4n 
3 

~ 

I 
i=1 

3 n.r. (1-F.) 
1 1 1 

Sm swelling of molten fuel 
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(7.10) 

The calculation is finished when swelling exceeds 100 %, or when the 

bubbles are fully released. In the first case, continuation of the calcula­

tion is meaningless, since most assumptions, on which the above equations 

are based, break down. 
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8. Material Constants and Code Verification; Conclusions 

For the material constants employed by LAKU measured values are used as 

far as possible, but many of them are not accurately known. In addition, 

since the LAKU-model employs a nurober of approximations, and since some 

physical processes, e.g. the release mechanism for intragranular gas dur­

ing transients are at present controversial, some adjustment of parameters 

to fit measurements of gas release and swelling is indispensable. Neverthe­

less, care has been taken to remain within the limits of measured values. 

The set of material constants currently employed by LAKU is summarized in 

Table 1. Though they are quite numerous, only a few are important for fit­

ting, since results depend only weakly on many. The most sensitive para­

meters are 

- for the irradiation part: Intragranular atomic gas diffusion coefficient 

and resolution constant; 

- for the transient part: Bubble surface diffusion coefficient. 

Many of the parameters listed in Table 1 are default values that may be 

replaced by the user. However, the calculations to be presented in the 

following have all been made with this set of constants. They were derived 

by analyzing, for the irradiation part, the results of numerous gas 

release measurements performed by Zimmermann /28/. Comparisons of his meas­

urements and recalculations with LAKU are shown in Fig. 5 for probes with 

uniform temperatures, and in Fig. 6 for pin sections characterized by a 

mean temperature. The transient part has not had to be refitted recently; 

though a nurober of experiments under transient conditions have been per­

formed recently, the current value of the surface diffusion coefficient is 

based on a recalculation of a summary of out-of-pile experiments performed 

early on by Randklev and Hinman /29/. A comparison of their results and 

LA~U recalculations, employing the newest version of LAKU, is shown in 

Fig. 7. 

Recently, the code has been used to analyze some experiments of the older 

and newer FD-series performed by Sandia Laboratories; the results have 

been reported elsewhere /43/. There will be further analyses of out-of-
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pile and in-pile experiments in the near future, which may entail some 

slight variations of parameters to achieve optimum results for all cases 

considered. Bigger changes of modeling are not planned at present, but 

some smaller changes may be warranted. Some of them were mentioned in the 

text already: 

Modeling of the different kinds of grain face bubbles under transient 

conditions (original lenticular and released spherical bubbles). 

Improved model for release from open pores under transient conditions 

accounting f or the presence of macroscopic cracks. 

Release of gas by formation of microcracks under thermal shock condi­

tions. 

Modeling of the gradual transition from solid to liquid state. 

Improved model for coalescence between large and small bubbles in 

mol ten fuel. 

LAKU is, even without these improvements, a very comprehensive code that 

models all processes related to steady state and transient fission gas 

behaviour. At present, the discussion on the mechanism of transient gas 

release from the grains remains unresolved. In this respect, LAKU is among 

the great majority of codes, that assume nn enhanced gas bubble migration 

mechanism as opposed to the thermal resolution mechanism modeled in the 

SINGAR-code /44/. If this latter mechanism is supported hy experimental 

findings, the model in LAKU would have to be changed aecordingly. In addi­

tion, the model for gas behaviour in molten fuel needs some more refine­

ment. Apart from this, no major changes or additions are foreseen for the 

model. 

Future work will concentrate on the formulation of simplif i.ed models suit­

able for insertion into bigger code systems. As has been mentioned in the 

introduction, a first step in this direction has been made already with 

the development of the coupled code URANUS-LAKU /17/. The version of LAKU 

used for this retains the modeling described here with only a few simplifi­

cations and some additional numerical approximations. Numerical results 

differ by a few percent at the most from those of the stand-alone versio~; 

computer times are about a factor 3 lower, i.e~ are of the order of 10 -

20 seconds for one cross section of a pin for a full irradiation + 
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transient simulation on an IBM 3033. This is still a little high, but 

nearly adequate for coupling with a stand-alone pin behaviour code like 

URANUS, but it is clearly not sufficient for insertion into a whole-core 

accident code modeling a big number of pins. Thus, a greatly simplified 

version remains to be developed. 
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Table of Symbols 

a 

a* 

a 
g 

a 
0 

B 

B 
max 

blb* 

clc* 

DbiD~ 

D ID* g g 

D9, 
g 

D. 
1 

D 
s 

D ID* u u 

FIF* 

F. 
1 

F 
p 

F 
vol 

f 

glg* 

radius of grain 

radius of grain f ace 

acceleration of gravity 

grain radius of fabricated fuel 

fraction of surface covered by grain face bubbles 

maximum value of B 

gas in intragranular I grain f ace bubbles 

gas in bubble group i in molten fuel 

parameter in high-temperature stress-strain relation 

resolved intragranular I grain face gas 

intragranular I grain face bubble diffusion coefficient 

intragranular I grain face diffusion coefficient of atomic gas 

diffusion coefficient of atomic gas in liquid fuel 

bubble diffusion coefficient due to Brownian motion in molten 
fuel, for bubble group i 

surf ace diffusion coeff icient 

self diffusion coefficient of heavy species in grain I on grain 
f ace 

fraction of bubbles released from grain I grain face 

factor describing bubble radius dependence of grain face 
precipitation 

release fraction of bubble group i in molten fuel 

fraction of open pores 

ratio of grain face area to volume 

intragranular relative loss rates due to sweeping and bubble 
migration (steady state) 

gas released from grains I grain faces 

intragranular gas released to grain faces I porosity 



H 

H 
s 

k 

L 

L 
p 

m 

m 
g 

nln* 

n. 
1 

n 
p 

Cl 0 n n 
p p 

n 
0 

p 

p 

Q 

rir* 

r** 

r** eff 

r Ir c 0 

r** p 
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parameter in high temperature stress-strain relation 

vaporization energy of fuel 

Boltzmann's constant 

Avogadro's number 

average number of links per pore 

parameter in high temperature stress-strain relation 

molecular number of fuel 

atomic number of gas 

number density in intragranular I grain face bubbles ·(per unit 
volume I surface area) 

number density of bubble group i in molten fuel 

number density of pores 

number of closed I open pores 

number density of intragranular bubble sites 

fuel porosity (fabricated and restructured) 

local hydrostatic pressure 

excess pressure in intragranular bubbles I grain face bubbles I 
closed pores 

equilibrium vapour pressure of fuel 

source of gas released to open pores 

surface diffusion heat of transport 

universal gas constant 

radius of intragranular I grain face bubbles 

radius of closed pore without tunnels 

effective radius of closed pore 

radius of cylindrical tunnel attached to closed I open pore 

radius of darnage zone of fission spike 

radius of bubbles in group i in molten fuel 

effective radius of open porosity 
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r Ir* cell radius for intragranular bubbles I grain face bubbles I z z 
Ir** closed pores z 

s11s21s3 intragranular I grain face I porosity swelling 

sls* 

s. 
1 

T 

VT 

VT 
s 

t 

u 

viv* 

V 
p 

w 

X 

X 

x lx 
c 0 

ßl ß* 

y 

E 

T) 

K 

swelling of molten fuel 

migration distance of intragranular I grain face bubbles during 
transient 

migration distance of bubbles in group i in molten fuel 

temperature 

bulk thermal gradient 

thermal gradient at bubble su rf ace 

time into irradiation or transient or melting 

superficial (Darcy) velocity 

intragranular I grain face bubble velocity 

velocity of bubbles in group i in molten fuel 

pore velocity 

Van-der-Waals constant 

radial coordinate 

average tu nnel leng th 

tunnel length for closed I open pl)re 

geometrical f ac tor f or calculat ing; the volume oF lenticular 
bubbles 

gas production rate I grain face gas source term 

surface tension of fuel 

width of grain face 

fraction of pore volume in unirradiated fuel going into tunnel 
f ormation 

resolution constant 

permeahility 

mean jump distance of surface atom 

viscosity of inert gases 



\) 

p 

a 

~ . v1r 
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kinematic viscosity of molten fuel 

density of gas in open pores 

density of molten fuel 

collision cross section of fuel vapour phase 

contact angle of grain face bubble 

molecular volume 

virtual volume assigned to gas atom resolved in grain face during 
transient 
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Appendix 

Input description 

The input is unformatted and will be listed with the following notation: 

Kx: start new card; Sx: logical decision or branch. Variables, whose names 

start with I-N are integer, all others are real. 

Sl for a restart run Kl5, otherwise K2 

K2 

K3 

K4 

TITLE 

NPRINT 

NZONE 

NT IME 

NVARY 

A 

p 

(R(I),I=l, 

NZONE+l) 

problern identification, up to 8 alpha-numerical 

charac ters 

0: no output 

1: short output 

2: long output 

number of radial nodes (< 20) 

number of irradiation time intervals 

0: default values for material constants 

>0: number of material constants to be changed from 

def ault value 

>0: as f abricated grain diameter [cm J 
0.: 2a = 9·10-4 

>0: as fabricated porosity 

0.: p = .1 

radii of nodes [cm] 

SS for each irradiation time interval K6 - KlO, then Sll 

K6 

K7 

K8 

TS 

PO 

PT 

(T(I),I=l, 

NZONE+l) 

(BETA( I), I= 

1 ,NZONE) 

length of interval [d] 

initial pressure [g/cms 2 ] 

final pressure [g/ cms 2 J 
temperatures at radial zone boundaries [c] 

fission gas creation rate [mole/cm 3 s] 

S9 if NVARY > 0, insert NVARY cards KlO after K8 for the first time 

step; otherwise proceed to SS 

KlO IND 

VALUE 

index of constant to be changed 

new value of constant 
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The following values of IND are possible: 

IND=1 

=2 

=3 

=4 

=5 

=6 

=7 

=8 

=9 

=10 

=11 

=12 

=13 

=14 

Type of EOS. Normally, the reduced Van-der-Waals EOS is 

used (VALUE=1.). With VALUE=2., the hard-sphere EOS is 

utilized. 

w [o], contact angle of grain face bubbles 

GA1 l 
GA2 J 

surface tension y [g/s 2J: 
y = GA1+GA2•T [K] 

DSSH} surf ace diff usion coeff icient D 
8 

DSSE [cm 2 /s]: 

QS 

BMAX 

FACT 

D =DSSH•exp( -DSSE/T [K]) 
s 

intragranular diffusion coefficient 

for ato~ic gas D [cm 2 /s]: 
g 

D =DHM exp(-DHR/T[K] )+DIRR•ß[mole/cm 3 s] 
g 

surface diffusion heat of transport Q
8 

[gcm 2 /s 2J 
maximum fraction of grain face covered by bubbles 

factor for calculating grain face diffusion 

coefficient for atomic gas, f* 

ETO: resolution constant [s - 1]: 

n = ETO•ß[mole/cm 3 s] /2.9•10-ll 

ENBO: number density of intragranular bubble sites 

The def ault va.lues are 1 isted in Tah le I 

Sll for creation of a restart Eile K12, otherwise Sl3 

Kl2 'FILE' constant 

813 for calculation of transient continue with K14, for new irradiation 

calcu1ation K2, for end of calculation, K2LI 

K14 'TRANS I 

K15 NEXPER 

NITHAX 

NRAND 

NTIME 

DRMAX 

D 

TMELT 

PO 

constant 

1: cooling and cutting hefore transient 

0: otherwise 

maximum mtmber of pressure iterations 

0: fuel in contact with claddj ng 

1: otherwise 

number of time i. ntervals f or transient 

maximum radial step length for pressure calculation 

(::; .OS) [cm] 

migration distance in mol ten fuel ti 11 release [cm] 

fuel melt temperature [c] 
initial pressure [g/cms 2] 



K16 (XKAP(I), 

I=l ,NZONE) 

K17 ( TO (I), I= 1, 

NZONE+l) 

K18 (BETAO(I), 

I=l ,NZONE) 
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fuel permeability [!::m 2 J 

initial temperatures at radial zone boundaries [c] 

initial fission gas creation rate [mole/cm 3 ~ 

S19 for each time interval K20 - K22, then S23 

K20 DTT 

N 

Pl 

K21 (Tl(I),I=l, 

NZONE+l) 

K22 (BETAl(I), 

I=l ,NZONE) 

length of interval [s] 

number of sub-intervals f or output (_:: 1) 

pressure at end of interval [g/cms 2] 

temperatures at radial zone houndaries for end of 

interval [ c] 
fission gas creation rate at end of interval 

[mo le/ cm 3 s] 

S23 for new calculation K2, otherwise K24 

K24 I END' constant. 

Control cards 

One control card for unit number 20 is needed in case the restart option 

is used. A dataset containing the FORTRAN-listing of the programme is kept 

on disk; for information on the ne,vest version, pleAse contact the author. 

Input example 

A simple test example is listed below. The cross section of the pin is 

subdivided into two zones. Standard grain sizes, porosities, and material 

constants are employed. One ')0 day irradiation interval is followed by a 

6s transient leading to melting. The results of the irradiation calcula­

tion are reserved for calculating further transients. 

'TESTCASE' 

2 2 1 0 o. 
o. .18751 .25 

so. 5.+6 5.+6 

n. 



2550. 1350. 

2*2. 77-11 

'FILE' 

'TRANS' 

1 4 1 

6.67-15 

3*1640. 

2*0. 

5. 5 

2 

1.-13 

2.+6 

2840. 2640. 

2*0. 

1. .2 2.+6 

3*2940. 

2*0. 

'END' 
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825. 

.06 .5 2840. 2.+6 

2440. 



Table 1: Haterial constants employed in LAKU 

Constant 

a(t) radius of grain: growth formula 

B maximum fraction of grain face max covered by bubbles 

D intragranular diffusion coeff icient g 
f or atomic gas 

D* = f*D grain face diffusion coefficient g g 
for atomic gas 

D surface diffusion coefficient 
s 

D self diffusion coefficient of u 
heavy species in grain 

D* self diffusion coefficient of u 
heavy species in grain face 

--- - -- -------- --L__ 

Numerical value 

4 4 [] -4 a = a
0 

+t s •1.075·10 

I •exp( -46548/T [K]) 

a ~ .1115 exp(-7620/T[K]) 

.8 

.03 exp(-45280/T[K}) 

-5 G 3 J +2.6•10 ß mole/cm s 

f* = 100 

5. 7 •105 exp( -54400/T [K]) 

2 exp( -55600/T [KJ) 

.1262 exp ( -35470/T [K]) 

4 cm 

2 cm /s 

2 
cm /s 

cm2Js 

2 cm /s 

Literature 

/20,21/ 

/30/ 

/31/ 

/32/ 

/33/ 

---

-.1 
N 



Table 1 continued (1) 

Constant 

Db steady state bubble diffusion 
coeff icient 

H vaporization energy of fuel 
s 

mf molecular number of fuel 

m atomic number of gas 
g 

n number density of intragranular 
0 bubble sites 

--

PS equilihrium vapor pressure of fuel 

·--

Numerical value 

3•10-19 
exp( -45000IT [KJ) 

2 r 

1 n- 11 

27n 

137 

1016 

5. 943• 1014 exp( -72034IT[K]) 

2 cm ls 

gcm21s2 

-3 cm 

g/cms 

Literature 

131 

137 I 

1381 

/381 

137 I 

I 
I 

I 

-....1 
w 



Table 1 continued (2) 

Constant Numerical value 

. 
= a3• 5 ·8.84 ·10-9 

C, high temperature creep law E: 
e e 

exp( -150966/T tK]) H, 

m (T > 2700) 
. 4 •5-1 43 10- 30 
e: = a • • • • 

e 
exp( -66425/T [K]) 
(T < 2700) 

( a [g/cms]) 

Qs surface diffusion heat of transport 6.95•10-12 

rf radius of darnage zone of fission 5•10-7 

spike 

w Van-der-Waals constant 49.26 

y surf ace tension of fuel 1527.-. 3457T [KJ 

0 width of gain face 5 ·10-8 

I 
I 

I 

-1 s 

2 2 gcm /s 

cm 

3 cm /mole 

g/s 2 

cm 

Literature 

/34/ 

/15/ 

/23/ 

/31/ 

/40/ 

/35/ 

-...! 
+:-



Table 1 continued (3) 

Constant 

E: fraction of pore volume in 
unirradiated fuel going into 
tunnel formation 

n resolution constant 

A. mean jump distanc:e of surface atom 

-

11 viscosity of inert ,2;ases 

----

V kinematic viscosity of molten fuel 

--

p.Q_ density of molten fuel 

CJ col1ision cross section of fuel 
vapour phase 

1j; contact angle of grain face buhble 

Q molecular volume 
--- ------- ---- -

Numerical value 

• 15 

-4 
fi·lO •(ß l!nole/cm\] 

/2.Q•Jn-11) 

·--
1.12•10 -6 

• 0001 B ( T [ K] /300. '. l/Z 

. no 51 

R.8 

3.R5•10-lS 

50° 

4.08•10- 23 

--------------------

-1 
s 

cm 

g/cms 

2 f cm , s 

g/cm 3 

2 
cm 

cm3 

L__~_ -

Literature 

/41/ 

--
/15/ 

/lQ/ 

/37/ 

/37/ 

/39/ 

/36/ 

/38/ 
- - - --· ---------

-....J 
V1 
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grain face 

Fig.1: Grainface bubble ( p = radius of curvature) 
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""-, I ........... ___ ! ___ / 

I 
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1-- s 

Fig.2: Illustration of gas release by bubble migration. 
Right circle: grain with radius a; left circle: 
virtual position of bubbles after traveling distan­
ce s ;shaded area: fraction of unreleased bubbles 
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Fig. 3: Model geometry of pore and tunnel 
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h 

0 = 0 0 

. ( Oe = Oo 

h = 0 ) 

a = 1, 5o o 

(Oe= 1,250 0 

h = 1,21 0 0 ) 

o = 2o 0 

( 0 e = 1, 50 0 

h = 2,74 0 0 ) 

.. 

.. 

Fig. 4 : Geometrie model for evolution of elongated grains 
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