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COMPARISON OF CFS AND FS FOR MHD FLOW 

Vergleich von Kernströmungs-lösung und voller Lösung 

für MHD-Strömung 

Das selbstgekühlte Flüssigmetaii-Bian

ket ist eines der Konzepte für den Ein

satz in Fusions-Reaktoren. Die Prä

senz starker Magnetfelder beeinflußt 

die Wärmeabfuhr, den Massenstrom 

und den DruckabfalL Für den Nach

weis der Machbarkeif spezieller Blan

kets müssen daher diese grundlegen

den Komplexe untersucht werden. 

Detailierte Informationen liefert die 

Lösung des vollen Satzes der nichtli

nearen dreidimensionalen MHD-Giei

chungen. Weil dies bei nicht voll ein

gelaufener Strömung hohe Rechenzei

ten und großen Speicherplatzbedarf 

impliziert, ist eine alternative Lö

sungsmethode wünschenswert. Eine 

dieser Methoden nutzt die Tatsache, 

daß Reibungs- und Trägheitseinflüsse 

bei großen Hartmannzahlen M und ln

teraktionsparametern N vernachlässig

bar sind. Besondere Charakteristiken 

der resultierenden linearen Gleichun

gen erlauben den Einsatz zweidimen

sionaler Rechenprogramme, ohne da

bei die dreidimensionale Information 

zu verlieren. Um den Gültigkeitsbe

reich dieser "core flow solution" (CFS) 

bezüglich M und N zu bestimmen, 

werden die Ergebnisse mit der "full 

solution" (FS) für eine Strömung im 

Rechteckkanal bei variablem senk-

rechten Magnetfeld verglichen. Wäh

rend beide Verfahren stationäre Zu

stände annehmen und das induzierte 

Magnetfeld vernachlässigen, berück

sichtigt nur die FS Reibungs- und 

Trägheitsterme. 

Vergleiche werden für verschiedene M 

und N durchgeführt, wobei der Spei

cherplatz und somit die Maschen-Rey

noldszahl deren Kombination für die 

FS determinieren. Die Ergebnisse bei

der Verfahren für Geschwindigkeit, 

Potential und Druck zeigen akzeptable 

Übereinstimmungen, und die Kernge

schwindigkeiten differieren bei M ;::: 

200 um weniger als ein Prozent. Un

terschiede der Geschwindigkeitsprofile 

und Potentiale treten in Wandnähe auf, 

weil die CFS dort keine exakten Er

gebnisse liefern kann. Die FS errech

net dagegen das typische M-Profil für 

voll eingelaufene MHD-Strömung und 

eine gewöhnliche hydrodynamische 

Verteilung im Bereich kleiner Magnet

felder. Wegen der genauen Bestim

mung des Volumenstromes kann die 

CFS zur Vorhersage des Wärmetrans

portes herangezogen werden, wohin

gegen die FS auch bei Überlegungen 

zur Korrosion eingesetzt werden kann. 

Die Variation der hier realisierbaren 

Interaktionsparameter für FS, N ;::: 100 

Vergleich von Kernströmungs-Lösung und voller Lösung für MHD-Strömung 
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bei M =50 und N ;::::: 2000 bei M =300 

hat keinen Einfluß auf die Resultate. 

Die CFS ist erheblich schneller als die 

FS und beansprucht weniger Spei

cherplatz, wenn die Gleichungen auf 

zwei Dimensionen reduziert werden. 

Daher sollte dieses Verfahren, dort wo 

es anwendbar ist, den Vorzug erhal

ten. Weitere Vergleiche bei niedrige

rem N und komplexeren Geometrien, 

wie Umlenkungen und sprunghafte 

Querschnittsveränderungen, wären 

aufschlußreich, weil in diesen Fällen 

Reibung und Trägheit von größerem 

Einfluß sind. 

Vergleich von Kernströmungs-Lösung und voller Lösung für MHD-Strömung jj 
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Abstract 

The self cooled liquid metal blanket is 

a prime candidate for use in a fusion 

reactor. The presence of a magnetic 

field affects heat transfer, mass trans

fer and pressure drop. Therefore it 1s 

important to analyse general features 

of a blanket in order to assess the 

viability of a particular blanket. 

The most detailed informations can be 

obtained by solving the full set of 

three-dimensional nonlinear MHD 

equations, but for other than fully 

developed flow this can take extensive 

computertime and storage. lt is there

fore desirable to use an alternative 

method to predict the flow variables. 

One such method is based on the fact 

that viscous and inertial terms are 

negligible if the Hartmann number M 

and the interaction parameter N are 

high enough. Then certain character

istics of the resulting linear equations 

allow the use of a two-dimensional 

code without losing the three-dimen

sional information. ln order establish 

the range of M and N that the core flow 

solution (CFS) is valid, the results are 

compared to the full solution (FS) of a 

flow in a reetangular duct with a vary

ing perpendicular magnetic field. 8oth 

codes assume steady state conditions, 

and neglect the induced magnetic 

field. Only the FS includes inertial and 

viscous terms. 

Abstract 

Camparisans are made at a few differ

ent Hartmann numbers and interaction 

parameters. Computer storage and 

thereby the mesh Reynolds number 

determine the combination of M and N 

used in the FS code. The results show 

similar trends in velocities, potentials 

and pressures. The quantitative agree

ment is within acceptable error Iimits, 

and the calculated core flow velocities 

differ less than one percent for M ~ 

200. Differences in the velocity profile 

near the walls and in the potentials 

near the side walls are evident, 

because the CFS does not yield exact 

velocities in the boundary layers and 

neglects the jump of the potentials 

across the side layers. The FS calcu

lates the typical M-shaped profile for 

fully developed MHD flow and an ordi

nary hydrodynamic distributions whe

re the magnetic field is low. Since the 

CFS provides a good estimation of the 

volume flux it can be used to predict 

heat transfer, whereas the FS also can 

be used for corrosion analysis. All 

interaction parameters available for 

the FS, N ~ 100 for M=SO and N ~ 

2000 for M = 300, do not effect the 

results significantly. 

The CFS is much faster than the FS, 

and, if the equations are reduced to 

two dimensions, the numerical sol-

iii 
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ution takes much less computer stor

age. Therefore this method should be 

prefered when applicable. Further 

camparisans should be done at lower 

interaction parameters and in more 

Abstract 

complex geometries such as bends or 

abrupt expansions, where inertial fore

es and viscosity may ha:ve a greater 

effect. 

iv 



COMPAR/SON OF CFS AND FS FOR MHD FLOW 

Table of Contents 

1. lntroduction ................ 1 3.2 Core flow solution (CFS) .... 7 

2. The different sets of equations 2 4. Numerical results ........... 9 
2.1 Equations of the full solution 

(FS) ....................... 2 
5. Conclusions . . . . . . . . . . . . . . . 21 

2.2 Equations of the core flow sol-

ution (CFS) .................. 3 
Appendix A. Nomenclature . . . . . 22 

3. Algorithm .................. 5 

3.1 Full solution (FS) .......... 6 Literature .................. 23 

Table of Contents V 



COMPARISON OF CFS AND fS FOR MHD FLOW 

List of Illustrations 

Figure 1. Geometry of the duct . . 5 plot) .............. 14 

Figure 2. Results for M = 50, Figure 7. Potential in the y-z-

N = 2000, c = 0.07 10 plane at y = 0 and 

Figure 3. Results for M = 100, x=-7.5 ............ 15 

N = 2000, c = 0.07 11 Figure 8. Current in the x-z-plane 

Figure 4. Results for M = 300, at y=O ............ 16 

N = 2000, c = 0.07 12 Figure 9. Camparisan of the 

Figure 5. Oevelopment of velocity pressure gradient .... 17 

distribution for CFS (3-0 Figure 10. Camparisan of the core 

plot) .............. 13 velocity . .......... 18 

Figure 6. Oevelopment of velocity Figure 11. FS with M = 100, 

distribution for FS (3-0 c = 0.07, various N 20 

List of Illustrations vi 



COMPAR/SON OF CFS AND FS FOR MHD FLOW 

1. lntroduction 

The examination of the flow of a con

ducting fluid under the influence of a 

strong magnetic field is essential for 

the design of a self cooled liquid metal 

blanket. ln a fusion reactor, the self 

cooled blanket is responsible for both 

heat transfer and tritium breeding 

simplifying the blanket structure, which 

is one of the reasons that it is a prime 

candidate for use. ln order to deter

mine the feasibility of the liquid metal 

blankets, the velocity distribution and 

the pressure Iosses of the fluid must 

be predictable. To reach this goal, it is 

always desirable to have experimental 

and theoretical studies ( see for exam

ple I 2, 3, 4 I ). Because analytical 

methods such as asymptotic expan

sions are not always efficient or possi-

- 1 -

ble for all reactor relevant applica

tions, the theoretical analysis is done 

through development of numerical 

schemes. 

This paper compares two methods 

used to predict the three-dimensional 

magnetohydrodynamic ( MHD ) flow of 

a conducting fluid in a reetangular 

duct under the influence of a varying 

magnetic field. The main difference 

between them is, in general terms, that 

one of them neglects viscous and 

inertial effects to simplify the 

equations, and thereby obtains sol

utions much faster. As a consequence 

of these approximations, the range of 

application is restricted, and a check 

of the validity of the results is 

required. 
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2. The different sets of equations 

The two different models studied here, 

the full solution ( FS ) and the core flow 

solution ( CFS ), refer to different sets 

of equations. The FS is more general, 

but as a result much more program

ming effort, computational time and 

storage is required. Particularly 

because the storage of modern vector 

computers is still limited, it is desira

ble to use an easier alternative meth

od, such as the CFS, for predicting the 

flow variables. 

2.1 Equations of the ful/ 

solution (FS) 

Magnetic fields in fusion reactors are 

slowly varying, and the magnetic Rey

nolds number Rem, the ratio of 

induced to applied field, is smaiL As a 

result, the induced magnetic field is 

often negligible. The typical MHD flow 

in this case can be assumed induc

tionless, incompressible and isother

maL The isothermal approximation 

makes the buoyancy forces negligible 

and decouples the Navier-Stokes 

equation from the conservation of 

energy. Thereby the flow variables can 

be computed without solving the ener

gy equation simultaneously. Consider

ing all these approximations, the full 

set of dimensionless equations 

describing nonrelativistic MHD flow 

consists of the Navier-Stokes equation, 

Maxwell's equations, conservation of 

mass, conservation of electric charge 

and Ohm's law. They can be written in 

the operational form I 1 I : 

Navier-Stokes equation 

i {c\v + (v V)v} 

=- Vp + j x B +---;- .6v, 
M 

conservation of mass 

\] • V= Ü, 

conservation of electric charge 

[2.1 J 

[2.2] 

.6<P =V • (v x B) = B V x v, [2.3] 

Ohm's law 

j = - V<D +V X B, [2.4] 

where t, v, p, j, B, cD are the dimen

sionless time, velocity, pressure, cur

rent density, magnetic field and elec

tric potential, nondimensionalized by 

- 2 -
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0
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0
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0
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0

, B
0

, av
0

B
0

, 

respectively. B
0 

is the applied mag

netic field, a is a characteristic length 

( in this case the half width of the ree

tangular channel ), v
0 

the average 

velocity, CJ the fluid's conductivity and 

p
0 

the fluid's density. The Hartmann 

number M =aB
0

(alf}) 1fz gives the 

square root of the ratio of electromag

netic forces to viscous forces. Here I} 

is the viscosity of the fluid. 

N = aaB
0 

21(p
0

v
0

) is the interaction 

parameter, giving the ratio of electro

magnetic forces to inertial forces. 

The obligatory boundary conditions 

are the no-slip condition at each wall 

of the channel 

vlwall = 0, [2.5] 

and the thin wall approximation, as 

introduced by Shercliff I 7 I and later 

made more general by Walker I 8 1: 

Here c = a,)w/ aa is the wall conduc

tance ratio, giving the ratio of wall 

conductance to fluid conductance, CJw 

and fw bei ng the conductivity of the 

wall and its thickness. <\ is the normal 

derivative pointing into the wall and /:,1 

is the tangential part of the Laplacian 

operator. Applying the thin wall 

approximation, the flow through the 

- 3 -

channel can be simulated without 

solving Maxwell's equations in the 

wall. The Hartmann number, inter

action parameter and conductance 

ratio are the dimensionless numbers 

characteristic of MHD flow. Typical 

values for fusion blankets are 103 ~ M 

~ 104
, 102 ~ N ~ 104 and 1/103 < c ~ 

11102 I 10, 11 /. Because M and N are 

so large, inertial effects and friction 

are generally confined to thin layers 

with steep velocity gradients. Numer

ical simulation of these thin shear lay

ers is difficult, because they must be 

resolved properly. On the other hand, 

the greater part of the flow, i .e. the 

whole core, is determined by a domi

nafing Lorentz force j x Ba. These two 

aspects Iead to the CFS which calcu

lates the variables in the core and 

provides the non-negligible flow car

ried by the side layers. The exact 

description of the flow variables in the 

thin boundary layers is assumed to be 

of minor importance then, in order to 

find out the relevant characteristics 

and variables of the MHD core flow. 

2.2 Equations of the core 

f/ow solution (CFS) 

The idea of the CFS is to neglect the 

nonlinear inertial terms and the vis

cous effects which make the numerical 

scheme of the FS difficult. This is rea-



COMPARISON OF CFS AND FS FOR MHD FLOW 

sanable if N and M are high enough, 

as can be seen from equation [2.1]. 

Then only the Lorentz force balances 

the pressure gradient, and the gov

erning dimensionless equations, 

representing the core flow, read I 8 /: 

Navier-Stokes equation 

\7p = j X B, [2.7] 

conservation of mass 

\] • V= 0, [2.8] 

conservation of electric charge 

'V·j=O, [2.9] 

Ohm's law 

- 4 -

j =- '\lcp +V X 8. [2.1 0] 

Notice that neither the Hartmann num

ber nor the interaction parameter 

appear in this set of linear equations, 

but still the same number of variables 

is involved. Because the viscosity is 

assumed to be negligible, the no-slip 

condition at the duct's wall cannot be 

satisfied with this set of equations. The 

new boundary condition then requires 

the normal component of the velocity 

to vanish at each wall, 

[2.11 J 

The thin wall approximation of FS and 

CFS are the same: 

[2.12] 
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3. Algorithm 

A reetangular duct as shown in figure 

1 is examined. Although it is possible, 

the conductance ratio is not consid

ered to be variable in this example for 

means of simplicity. A constant value 

typical of a fusion reactor is chosen. 

Cartesian coordinates are used with x 

pointing in the main stream direction. 

The cross section of the square duct 

extends from -1 ~ y < 1 and -1 ~ z ~ 

y 

r 
z = -1 

y = + 1 

y = -1 

X= -15 

Figure 1. Geometry of the duct 

- 5 -

1, whereas the axial domain is -15 ~ x 

~ 15. A variable magnetic field 

[3.1 J 

is applied with the subscript indicating 

its direction. 

X 

z 
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3.1 Full solution (FS) 

The set of equations shown in chapter 

2.1 are evaluated with a vectorized 

version of the numerical method 

described in I 1 I. A staggered grid 

discretises the computational domain 

defining the scalars p and <P in the 

middle of the cell, and the flux vari

ables j and v in the middle of the sides. 

This grid generation is chosen to 

ensure mass and current conservation. 

A linear interpolation of the variables 

is employed to figure out values where 

they are not defined. Equidistant cen

tral differences with second order 

accuracy are applied. After an initial 

guess for the three velocity compo

nents, the governing equations are 

advanced torward in time until the 

steady-state solution is reached. A 

time splitting procedure is used for the 

time integration. The integration of the 

Navier-Stokes equation is performed 

by an ADI method. Two Poisson-type 

equations for electric potential and 

pressure, respectively, have to be 

solved each time step with a fast Pois

son solver. 

The storage available on the VP50 

computer in KfK Iimits the discretisa

tion to about 70 x 62 x 62 nodes in x-, 

y- and z-direction, respectively. The 

gradients of the velocity profile in the 

layers close to the wall increase at 

higher Hartmann numbers. ln a rec-

- 6 -

tangular duct the thickness of the side 

layers at the walls parallel to the mag

netic field lines is proportional M-%, 

the one of the Hartmann layers at the 

walls perpendicular to the magnetic 

field lines is proportional M-1
. Because 

velocity variations have to be resolved 

properly, there is a upper Iimit of the 

Hartmann number depending on the 

number of grid points and the magnet

ic field. Steeper gradients of B pro

duce steeper gradients of the velocity. 

For the variable magnetic field chosen 

here and the storage available on the 

VP50 the maximum of M is restricted 

to about 300. 

As shown for example in I 5 I, there is 

another restriction for numerical cal

culations with the FS. lf the relation for 

the mesh Reynolds number 

[3.2] 

is not satisfied, the validity of the sol

ution is not guaranteed. Here /::;.x is the 

dimensionless distance between two 

neighbouring grid points, and U is the 

local dimensionless velocity. This 

relation yields a minimum interaction 

parameter, due to the maximum num

ber of grid points determined by com

puter storage and the applied magnet

ic field. A faster variation of B 

enhances the local velocity U in the 

side layers. lf N is too low the calcu-
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lation can become . inconsistant and 

yields results alternating at every 

computational time step. The minimum 

interaction parameter for a magnetic 

field defined in equation [3.1] and a 

Hartmann number of 50 is about 100. 

For M =300 the minimum N increases 

to about 2000. 

The typical computational time for the 

FS depends on the number of nodes 

and the parameters chosen. With 34 x 

34 x 34 grid points the cpu-time for a 

Hartmann number of 50 and an inter

action parameter of 2000 is a few min

utes, rising to more than 15 hours for 

M = 300 with 62 x 62 x 62 grid points. 

This cpu-time can be reduced by a 

factor of five to ten if a "good" guess 

for the initial velocities is done. For 

example the results at a lower Hart

mann number can be taken as initial 

values for calculations with a higher 

Hartmann number. lf the applied mag

netic field and the interaction parame

ter is not changed, convergence is 

reached much faster then. 

3.2 Core flow solution (CFS) 

The set of equations shown in chapter 

2.2 can be solved in the present form 

with a three-dimensional computer 

code. The equations are linear and 

therefore easier to solve than the set 

of nonlinear equations of the FS. But 

- 7 -

MHD flows at high Hartmann numbers 

and interaction parameters have spe

cial characteristics that can be taken 

advantage of. The basic equations can 

be used to show that the pressure and 

the components of the current density 

perpendicular to the applied field do 

not vary along the magnetic field lines. 

The equations are integrated first 

along these lines analytically. Once 

this procedure is done, the equations 

can be solved on the two-dimensional 

surface numerically without losing the 

three-dimensional information of the 

entire domain I 2 /. After the variables 

are known on the surface, the addi

tional variables of the three-dimen

sional duct flow can be derived, 

because their variation along field 

lines is known. This reduces the com

putertime needed, the code complexi

ty and the storage required drastically, 

whereas the analytical preliminaries 

imply more effort. 

After an initial guess for the core flow 

velocity, SOR is employed to calculate 

the potential distribution in the fluid 

and the wall. As lang as the values for 

the potential do not vary along field 

lines in a prescribed manner, the 

velocities are adjusted and normal

ized, and the procedure is repeated. lf 

M-% :::::; c is not satisfied, then the cur

rent returning through the side layers 

parallel to the applied field is not neg

ligible, and is included in the analysis 

with respect to c and M I 2 I. ln this 
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case the variables in the core must be 

adjusted considering the higher vol

ume flux through the side layers. 

This method is valid only if a signif

icant portion of the magnetic field is 

perpendicular to the duct, particularly 

By = 0 is excluded. As mentioned 

above, the Hartmann number and 

interaction parameter need to be high. 

Moreover the geometry must be 

smooth, abrupt expansions or con

tractions require higher M and N for 

the solution to be valid. For any more 

complex geometry, like bends and 

smooth variation of the duct's cross 

- 8 -

section, the analytical integration 

along field lines becomes more and 

more expanded. Due to the fact that 

viscosity is neglected, the values of the 

velocities in the thin shear layers are 

not exact, and corrosion analysis is 

not possible with CFS. 

As a result of the algorithm both, the 

storage and the computational time 

needed, is not a real restriction com

pared to the FS. The typical cpu-time 

for the magnetic field [3.1 ], a reetan

gular duct and 90 x 30 grid points, is 

less than 10 minutes. 
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4. Numerical results 

One incisive restriction of the CFS is 

that high Hartmann numbers and 

interaction parameters are presumed. 

lt is important to know how high these 

numbers must be, in order to estimate 

the range of validity of this approxi

mate method. As an example a straight 

reetangular duct ( see figure 1 on page 

5 ) with a constant wall conductance 

ratio of c = 0.07 and an applied mag

netic field specified in [3.1] is investi

gated. The results of FS and CFS are 

compared at Hartmann numbers of 

M =50, 100, 200, 250, 300 and several 

interaction parameters. To find out the 

influence of M, being characteristic of 

the magnitude of viscous effects, the 

interaction parameter is kept constant 

at N = 2000 first. This value satisfies 

condition [3.2] for all the Hartmann 

numbers checked up here. ln the sec

ond part of the computations, flow 

variables with a constant Hartmann 

number and various interaction 

parameters are investigated. 

Figures 2 - 4 show curves of the 

dimensionless pressure ( dashes ), the 

velocity in x-direction ( chaindots ) and 

the electrical potential ( dots ) against 

the axial x-direction of the duct for FS 

and CFS. The applied magnetic field ( 

solid curve ) is plotted for reference. 

The values for p, <t:> and the velocity 

component in x-direction are given at 

- 9 -

the axis of the duct, at y = 0 and z = 0, 

and close to the middle of the side 

wall, at y=O and z=0.92. These are 

positions of the cross section where 

the variables differ very much. There 

is a slight difference between the cho

sen coordinates of the FS and the CFS 

( - 0.02 ), because the discretisation 

in the two numerical codes is not 

exactly the same. This has little effect 

on the comparison. 

The MHD flow in all the cases pre

sented here has three distinct regions. 

The first region, where By is constant 

at its maximum value of By = 1, the 

second where it slowly decreases, and 

a third with By down to its minimum 

value, being constant again. A mini

mum magnetic field of By = 0.05 is 

applied, because By = 0 is not allowed 

for the CFS. Area one and three have 

some similarities. The velocity ( chain

dots ) and the potential ( dots ) are 

constant in the x-direction there. Fig

ures 2- 4 pointout a constant pressure 

gradient in the axial direction for these 

two fully developed regions. The pres

sures in the middle and the side are 

exactly the same. The whole MHD flow 

is two-dimensional. 

Calculation with the FS-code from 

x=-10 to x=10 is sufficient then to 

save computer storage. 
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COMPAR/SON OF CFS AND FS FOR MHD FLOW 

One difference between the results of 

the two methods can be detected at 

the duct outlet at x > 5. For the CFS 

the pressure gradient vanishes when 

X = -0.00 
Dy= 1.0><10° 

t.5 

B 

p t.O I"'<C>=H:l'=<»l 
·C) 
o 0.6 
~ 
? 

'il.s.._ o.o 
x = -4.26 1.0 
Dy= 9.5><10-1 ~ 1 

t.5 

j'? t.O 
·C) 
o 0.6 
~ 

B 

j.O 

:;,...- o.o-
"' 0 t.O v.s.._ Q. x = -z.o5 1_0 

Dy= 6.0><10-1 ~ 1 
B --

'il o.O j.O 
x = -o.16 .S..1_0 
Dy= 5.0><10-1 ~ 1 

the magnetic field is nearly zero, 

whereas the FS still predicts a small 

pressure gradient, because this meth

od accounts for the viscous effects. 

X = 
Dy= 

X = 
By= 

X = 
By= 

1.6 

V t.O 
·C) 
o 0.6 
~ 
? 

n --
'O.s.._ Q.O j.O 

3.63 • 1.0 
9.7>< 10-· (. 1 

B 

'O.s.._ o.O j.O 
6.16 l.o 
5.7><10-· ~ 1 

B 

Figure 5. Development of velocity distribution for CFS (3-0 plot) 

M = 200, N = 2000, c = 0.07 

The inertial effects do not appear in the 

fully developed flow. There is no time

dependance under steady state condi

tions and no y- or z-cornponent of the 

velocity. Suprisingly, it seems as if the 

viscous pressure gradient is higher for 

a lower Hartmann number ( compare 

figure 2 and figure 4 for example ). But 
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COMPARISON OF CFS AND fS FOR MHD FLOW 

these are nondimensionalized num

bers, and for equal volume fluxes the 

pressure has to be multiplied by M2 for 

a comparison. Then it can be seen that 

the resulting pressure gradient is not 

higher for lower M. The velocities 

obtained from the CFS-code turn out to 

be the same in the middle of the duct 

X = -9.17 
By= 1.0~<101 

X = -0.50 
By= 6.11-<10-1 

X = 0.63 -· ~ By= 3.6~<10 

B 

B 

and at z = 0.93, as lang as B does not 

change. Figure 5 displays this result. 

Velocity distributions are presented for 

several cross sections along the duct 

axis. The magnitude of the magnetic 

field and the corresponding x-coordi

nate is given below each subplot. 

X : 

By= 

X = 2.63 
By= 1.5~<10_, 

X = 3.50 
By= 1.1~<10-• 

B 

B 

0 o.._ o. 
X = 9.17 " 1 Q 
By= 5.1H 10-· ~ • 1 

0 t.O 

Figure 6. Development of velocity distribution for FS (3-D plot) 

M = 200, N = 2000, c = 0.07 
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COMPARISON OF CFS AND fS FOR MHD FLOW 

Lorentz forces are uniform in the core 

as lang as By = 1 is constant. The 

CFS-code calculates the core variables 

only, and therefore yields a flat veloci

ty distribution in this regions. Figure 6 

shows the results for the FS. With 

By = 1 the typical M-shaped velocity 

profile of fully developed viscous MHD 

flow can be seen. The no-slip condition 

is satisfied at the walls, in cantrast to 

the CFS. 

LEGEND 
o = FS AT X=-7.50, Y=-0.02 
tJ. = CFS AT X=-7.42, Y=O.OO 

0 
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z 

Figure 7. Potential in the y-z-plane at y = 0 and x = -7.5 

fVl = 100, N = 2000, c = 0.07 

An ordina:y hydrodynamic profile 

results downstream for x > 3, where 

the magnetic tield is very low. Figures 

2- 4 again demonstrate the differences 

between the two solutions there. ln the 

FS the velocity changes from a higher 

value in the side layer at x < -3 to a 

lower one at x > 3, in accordance with 

the M-shape profile and the nearly 

hydrodynamic profile, repectively. 

Once more the CFS shows uniform 

velocities for x <-3 and x > 3. For high 

Hartmann numbers and interaction 

parameters these differences between 

the two solutions only accur at the 

boundary layers. As mentioned before, 

these layers are thin and decrease 

with M. A good estimation of the vol-
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COMPARJSON OF CFS AND FS FOR MHD FLOW 

ume flux in the side layers is possible 

with respect to the wall conductance 

ratio and the Hartmann number I 2 /. 

For these reasons the CFS cannot be 

taken for corrosion analysis, but yields 

good predictions of the heat transfer. 

The development of the potential in 

axial direction show a similar behavi

our for FS and CFS. As a symmetry 

condition it can be adjusted to zero in 

the axis of the duct, at z = 0. Potential 

differences between the middle and 

the side are reduced as the magnetic 

field decays. The potential difference 

at x < -5 where the flow is fully devel-

oped is about 17 percent higher for the 

FS at M =50, falling down to 9 percent 

at M = 300. This is due to the fact that 

the CFS does not include the calcu

lation of the potential jumps across the 

side layer. The potential distributions 

given in figures 2- 4 show the different 

results for these side layers, whereas 

the potential in the core of the duct 

show a very good agreement of both 

methods ( see figure 7 ). For higher 

Hartmann numbers a lower influence 

of the viscosity and a lower difference 

in the potentials is expected, and fig

ures 2 - 4 show this trend in the side 

layers. 
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Figure 8. Current in the x-z-plane at y = 0 

M =50, schematic 

Three-dimensional effects can be seen 

in region two, where the magnetic field 

slowly decreases. The lower down-

stream magnetic field induces lower 

potential differences between the side 

and the center of the duct. Due to the 
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resulting axial potential differences 

axial currents are induced. They are 

responsible for Lorentz forces, which 

have to be balanced by a pressure 

gradient. This results in a pressure 

difference seen in figures 2 - 4, where 

the pressure is higher close to the side 

wall in this 3-d region. Here FS and 

CFS have very similar results. More-

over these axial current must have a 

short circuit due to conservation of 

electric charge. This short circuit is in 

the x-z-plane ( see figure 8 ). The 

additional z-component of the current 

is higher in the core than close to the 

side walls. Subsequently there is a 

velocity jet in the side layers. 

LEGEND 
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Figure 9. Comparison of the pressure gradient 

Pressure gradient of FS and CFS in the entrance of the duct, where the 

magnetic field is constant (B = 1) 

Again FS and CFS show the same 

trend, but for the reasons mentioned 

above the magnitude of these jets is 

much higher in the FS. To satisfy con

servation of mass, the velocity must 

slow down in the middle of the duct. 

The whole flow is driven towards the 

side layers in the decreasing field. 

Figure 6 shows the effects in more 

detail for the FS. The flow has the 
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expected fully developed M-shape at x 

= -9.17, is driven to the side layers in 

the 3-d region and forms an ordinary 

hydrodynamic profile at x > 3. Figure 

6 indicates the additional volume flux 

through the sides in the varying field 

for the FS. 
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A = CORE FLOW SOLUTION 
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Figure 10. Comparison of the core velocity 

Core velocity of FS and CFS in the entrance of the duct, where the 

magnetic field is constant (B = 1) 

Camparisan of the axial pressure gra

dients in the fully developed region 

with By = ·1 provides another possibil

ity to check the quality of the calcu

lations. Fi;:~ure 9 demonstrates these 

pressure gradients for FS and CFS 

with Hartmann numbers between 50 

and 300 and an interaction parameter 

of 2000. The third curve in this plot 

shows the difference between the FS 

and CFS in percent. Viscous effects 

considered in the FS require a higher 

pressure difference between the inlet 

and outlet of the duct ensuring the 

same volume flux as the CFS. lt seems 

as if the pressure gradient decreases 

at higher Hartmann numbers. The rea

son for this is the dimensionless form 

the the pressure gradient. Of course 

the pressure Iosses are enhanced at 
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COMPARISON OF CFS AND fS FOR MHD FLOW 

higher M. On the other hand, the dif

ference between the FS and the CFS is 

reduced down at higher M, as 

expected, because viscosity becomes 

less and less important. For M > 100 

the agreement is within acceptable 

error Iimits. 

The core velocity is compared in ihe 

same region, too. Figure 10 illustrates 

this core velocity for the FS and CFS 

with Hartmann numbers between 50 

and 300 and N =~ 2000. Their difference 

in percent is also shown. The values 

obtained from the CFS match very weil 

to Walker's asymptodic solution valid 

for M-2 ~ c ~ JM I 8 I. 

This relation is not satisfied for Hart

mann numbers less than about 100, if 

the wall conductance ratio is c = 0.07. 

Then the the currents closing through 

the side layers are not negligible. The 

same result can be maintained from 

figure 10. For M ;?: 200 the agreement 

between FS and CFS is within one 

percent. Results for M s 100 show the 

expected difference, but even for M = 

50 the percentage is still less than 

nine. 

ln the three-dimensional region and at 

the transition from three- to two-di

mensional flow inertial effects might 

affect the redistribution of the flow. ln 

order to investigate this effect, several 

interaction parameters are combined 

with a constant Hartmann number of 

M = 100. Figure 11 when compared to 

figure 3 shows that there is no signif

icant difference between the flow vari-

ables at N = 200, N = 1000 and 

N == 2000. The same is true for any 

higher interaction parameter. 

Of course inertial effects will be 

important for sufficiently low inter

action parameters. This could be 

investigated using this FS-code only 

on computers with a !arger storage 

than available today, due to the lower 

Iimit on N required by the restriction 

on mesh Reynolds number. 

A more general influence of inertial 

terms can be detected in figures 2 - 4. 

ln the CFS the variation between 

velocities in the center and near the 

sidewalls starts slightly further 

upstream than in the FS. This is 

because the modell for the current 

returning through the side layers used 

in the CFS is not valid if the magnetic 

field changes. But for slowly varying 

fields it still yields acceptab!e results I 

2 I. 
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5. Conclusions 

The core flow solution and the full sol

ution are compared for a reetangular 

duct with a wall conductance ratio typ

ical for fusion reactor blankets under 

the influence of a variable transverse 

magnetic field. The difference of the 

calculated pressure gradient in the 

fully developed region is about 27 

percent for Hartmann number of 

M =50, decreasing to about 11.5 per

cent for M = 300. The potential distrib

utions calculated with the two methods 

agree very weil exept for the thin side 

layers. The core flow velocities show 

an even better agreement. Their differ

ence is negligible for M > 100, i.e. less 

than 1 percent. lt is reasonable to 

- 21 -

transfer these results to any straight 

duct with similar wall conductance 

ratio under constant or slowly varying 

fields. 

The mesh Reynolds number Iimits the 

lower values of the interaction param

eters N used in the calculations for the 

full solution. All the interaction param

eters parameters studied here, N > 
100 for M=50 and N > 2000 for 

M = 300, do not effect the resu lts sig

nificantly. Further camparisans should 

be done for lower interaction parame

ters and more complex geometries 

such as bends and sudden expan

sions, where inertial forces and/or vis

cosity might have a greater effect. 
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Appendix A. Nomenclature 

All nondimensionalized variables have a o as a subscript. The typical numbers set 

in parentheses are from I 10, 11 /. 

X, y, Z cartesian coordinates 

a half width of the (- 0.3m) 

wall thickness (- 0.001 m) 

8 magnetic field (3-5 tesla) 

M 

N interaction parameter (1 02-1 04
) 

magnetic Reynolds number (~1) 

c 

!] 

electric conductivity (afluid- 106 1/.Qm) 

p 

V Velocity ( average velocity -O.Sm/s) 

current density 

electric potential 

p pressure 

- 22 -
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