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Abstract

Starting from a continuum-mechanical approach, this report gives a detailed
overview of the deduction of conservation equations for the analytical description of
two-phase flows by means of an adequate averaging process resulting in a two-fluid
model and a homogeneous mixture model. The mathematical process of averaging
leads to macroscopic formulations of stress terms and interfacial interaction terms.
These terms depend on microscopic variables and thus give some helpful insight into
the physical processes which have to be described by constitutive relations.

Uberblick iiber die mathematischen und physikalischen Grundlagen der
Modellierung von Zweiphasenstréomungen

Zusammenfassung

Ausgehend von einer kontinuumsmechanischen Betrachtungsweise wird in diesem
Bericht eine ausfiihrliche Darstellung der Herleitung der Erhaltungsgleichungen fiir
ein 2-Fluid-Modell sowie ein homogenes Mischungsmodell mit Hilfe eines geeigneten
Mittelungsprozesses zur analytischen Beschreibung von Zweiphasenstromungen
gegeben. Der mathematische Mittelungsproze8 fithrt auf makroskopische Formu-
lierungen der Spannungsterme und der Wechselwirkungsterme an den Phasengrenz-
flachen. Diese Terme sind von mikroskopischen Variablen abhingig und gestatten
somit einen hilfreichen Einblick in die physikalischen Zusammenhénge, die durch
konstitutive Modelle beschrieben werden miissen.
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Nomenclature

Remark:

Dimensionless quantities are denoted by (-). Dimensions are not given for symbols
used for different physical quantities.

a  generalized vector field, see eq. s (3.2.2.7) ff.

a, interfacial area per unit volume (m-1)
A  area (m?2)
¢  mean curvature of surface (m-2)
C  curvelength (m)
5: mean viscous dissipation of phase k, defined by eq. (4.3.5) (W/m2)

D, turbulent energy dissipation of phase k, defined by. eq. (4.7.4)  (W/m3)
turbulent entropy source of phase k, defined by eq. (4.7.8) (W/m3 K)
D turbulentenergy disspation of mixture, defined by eq. (6.1.1.4) (W/m3)
D*  turbulent entropy source in the mixture, defined by eq. (6.1.1.5) (W/m3 K)

D} auxialary definition of entropy source in the mixture, defined (W/m3 K)
by eq. (6.2.7.6)

e  total energy (J/kg)
€  unitvector (-)
¢  energy source at interfacial surface between phases (W/m2)
&'®  mean total energy of phase k, defined by eq. (4.1.8) (J/kg)

mean total energy associated to interfacial total energy flux (J/kg)
of phase k, defined by eq. (4.5.7)

auxiliary definition given by eq. (5.2.2.2) (J/kg)

E:"‘: , mean kinetic energy of phase k, defined by eq. (4.1.7) (J/kg)
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interfacial heat source of phase k, defined by eq. (4.6.6)
source density for quantity y (see eq. (2.1.1))
general function, defined by eq. (3.1.19)

weight function, see eq. (3.1.7)
general scalar function, see eq. (3.2.3.2)

gravity acceleration
enthalpy
mean enthalpy of phase k, defined by eq. (4.1.5)

mean enthalpy associated to interfacial enthalpy
flux of phase k, defined by eq. (4.5.4)

difference between mean enthalpy of phase k and mean
enthalpy of mixture, defined by eq. (6.1.2.3)

enthalpy of mixture, defined by eq. (6.1.2.10)
or alternatively by eq. (6.3.3.1a)

Identity tensor

diffusive flux (see eq. (2.1.1))

spatial coordinate

interfacial source of ¢ (see eq. (2.2.1))
momentum source at interface between phases

total momentum of both phases, defined by eq. (5.3.3)

momentum exchange of phase k per unit volume and time,

defined by eq. (4.6.2)

turbulent interfacial force of phase k per unit length,
defined by eq. (4.7.5)

interfacial force in phase k , defined by eq. (5.1.2.9)

unit vector normal to interface surface between phases

(W/m3)

(-)

(m/s2)
(J/’kg)

(J/kg)

J’kg)

(J/kg)

J’kg)

(-)

(m)

(N/m2)

(N/m3)

(N/m3)

(N/m3)
(N/m3)

(-)




number of elements in a set
thermodynamic pressure defined by (2.3.45)
mean normal stress of phase k, defined by eq. (4.3.3)

interfacial pressure of phase k per unit length,
defined by eq. (4.6.3)

alternative definition of interfacial pressure of phase k,

given by eq. (4.6.12)

pressure of mixture, defined by eq. (6.1.1.3)

heat flux

heat flux at interface

source of entropy at interface

mean energy flux of phase k, defined by eq. (4.3.6)
turbulent gnthalpy flux of phase k, defined by eq. (4.4.3)

mean turbulent internal energy flux of phase k,
defined by eq. (4.4.4)

mean turbulent kinetic energy flux of phase k,
defined by eq. (4.4.5)

mean turbulent total energy flux of phase k,
defined by eq. (4.4.6)

mean turbulent velocity-pressure correlation of phase k,
defined by eq. (4.4.8)

“turbulent velocity-pressure correlation of phase k,

defined by eq. (4.7.2)
turbulent shear work of phase k, defined by eq. (4.7.3)

total turbulent energy flux of phase k,
defined by eq. (4.9.1)

energy flux of mixture, defined by eq. (6.1.2.19)

(-)
(N/m2)
(N/m2)

(N/m3)

(N/m2)

(N/m2)
(W/m?2)
(W/m?2)
(W/m2 K)
(W/m2)
(W/m2)

(W/m2)

(W/m2)

(W/m?2)

(W/m2)

(W/m2)

(W/m2)

(W/m2)

(W/m2)
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turbulent enthalpy flux of mixture, defined by eq. (6.1.2.20)

auxiliary definition of energy flux of mixture, defined
by eq. (6.2.3.5)

auxiliary definition of enery flux of mixture, defined
by eq. (6.2.3.9)

auxiliary definition of energy flux of mixture, defined
by eq. (6.2.5.4)

auxiliary definition of enery flux of mixture, defined
by eq. (6.2.6.3)

mean turbulent internal energy flux of mixture,
implicitly defined by eq. (6.3.2.12)

specific heat source
mean energy source of phase k, defined by eq. (4.2.3)
energy source of mixture, defined by eq. (6.1.2.15)

radius of curvature
subspace

entropy

specific entropy generation rate, defined by eq. (2.3.38)
(remark that As is not the increment of s, but is used as a
symbol in itself)

mean entropy of phase k, defined by eq. (4.1.9)

mean entropy associated to interfacial entropy flux of phase k,
defined by eq. (4.5.8)

interfacial entropy source of phase k, defined by eq. (4.6.7)

entropy source due to temperature gradient,
defined by eq. (4.8.3)

(W/m?2)

(W/m2)

(W/m2)

(W/m?2)

(W/m2)

(W/m?2)
(W/kg)
(W/kg)
(W/m3)

(m)

(-)

(J/kg K)

(W/m3 K)

(W/m2)
(J/’kg K)

(J’kg K)

(W/m3K)

(W/m3K)
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entropy of mixture, definbey by eq. (6.1.2.11)

auxiliary definition of mixture entropy, given by eq. (6.2.7.3)

entropy source of mixture due to temperature gradient,
defined by eq. (6.2.7.5)

surface area
time
time
stress tensor

thermodynamic temperature, defined by (2.3.44)
time interval

mean temperature of phase k, defined by eq. (4.8.2)
mean stress tensor of phase k, defined by eq. (4.3.2)

mean Reynolds stress of phase k, defined by eq. (4.4.2)

alternative definition of mean Reynolds stress of phase k,

given by eq. (4.4.9)
total stress of mixture, defined by eq. (6.1.2.17)
Reynolds stress of mixture, defined by eq. (6.1.2.18)

auxiliary definition of total stress of mixture, given
by eq. (6.2.2.4)

internal energy
mean internal energy of phase k, defined by eq. (4.1.6)
turbulent kinetic energy of phase k, defined by eq. (4.7.1)

mean internal energy associated with internal energy
flux of phase k, defined by eq. (4.5.5)

(J/kg K)

(W/m3K)

(W/m3K)
(m?2)

(s)

(s)
(N/m2)

(K)
(s)

(K)
(N/m2)

(N/m2)

(N/m2)
(N/m2)
(N/m2)

(N/m2)

(J/kg)
(J/kg)

J’kg)

(J/kg)
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difference between mean internal energy of phase k (J/kg)
and mean internal energy of mixture, defined by eq. (6.1.2.2)

internal energy of mixture, defined by eq. (6.1.2.9) (J/kg)

turbulent kinetic energy of mixture, defined by eq. (6.1.2.16) (J/m3)

specific volume (m3/kg)
velocity vector (m/s)
mean velocity of phase k, defined by eq. 4.14) (m/s)
mean velocity associated to interfacial momentum flux

of phase k, defined by eq. (4.5.3) (m/s)
"phase velocity difference” or difference between mean (m/s)

velocity of phase k and mixture velocity, defined by eq. (6.1.2.1)
mixture velocity, defined by eq. (6.1.2.4) (m/s)

difference between turbulent fluctuation of phase
velocity and turbulent fluctuation of mixture velocity,
defined by eq. (6.1.3.7) (m/s)

auxiliary definition of mixture velocity, given by eq. (6.2.6.6) (m/s)

slip velocity or velocity difference between the phases,

defined by eq. (6.3.1.1) (m/s)
volume (m3)

interfacial work of phase k, defined by eq. (4.6.5) (W/m3)

turbulent interfacial work of phase k,
defined by eq. (4.7.6) (W/m3)

alternative defintion of turbulent interfacial work
of phase k, given by eq. (4.7.7) (W/m3)

interfacial work of mixture, defined by eq. (6.2.5.7) (W/m3)
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<f>

<f>,

<f>5

auxiliary definition of interfacial work of mixture, (W/m3)
given by eq. (6.2.6.4)

auxiliary definition of interfacial work of mixture, (W/m3)
given by eq. (6.2.6.7)

coordinate direction (m)
thermodynamic quality, defined by eq. (6.3.3.1b) (-)
coordinate direction (m)
= (x1, X2, X3) vector denoting spatial coordinates (m)
spatial coofdinat.e (m)
phase indicator function (-)
coordinate direction (m)
coordinate direction (m)

special symbols

mean value of function f

generalized definition of average, satisfying conditions (3.1.15)
through (3.1.18)

line average of function f, defined by eq. (3.1.4)
area average of function f, defined by eq. (3.1.3)
volume average of function f, defined by eq. (3.1.2)

ensemble average of function f, defined by eq. (3.1.5)
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Greek
volume fraction of phase k, defined by eq. (4.1.1)
mean mass production rate of phase k, defined by eq. (4.5.2)

dissipation, defined by (2.3.40)
Dirac delta function

unit vector

auxiliary definition of power density of both phases,
given by eq. (5.3.4)

density

mixture density, defined by eq. (6.1.1.2)

surface tension

mean ent‘ropy source of phase k, defined by eq. (4.2.4)
entropy source of mixture, defined by eq. (6.1.2.12)
time

shear stress

mean shear stress of phase k, defined by eq. (4.3.4)

mean entropy source due to shear stress, for phase k,
defined by eq. (4.3.8)

interfacial shear stress of phase k per unit length,
defined by eq. (4.6.4)

alternativ defintion of interfacial shear stress of phase k,
defined by eq. (4.6.13)

shear stress of mixture, defined by eq. (6.1.2.14)

test function, defined by eq. (3.2.1)

(-)
(kg/m3s)

(W/kg)

(-)

(W/m3)
(kg/m3)
(kg/m3)
(N/m)
(W/kg K)
(W/kgK)
(s)

(N/m2)

. (N/m2)

(N/m2 K)

(N/m3)

(N/m2)

(N/m2)




mean entropy flux of phase k, defined by eq. (4.3.7)
turbulent entropy flux of phase k, defined by eq. (4.4.7)
entropy flux of mixture, defined by eq. (6.1.2.21)

turbulent entropy flux of mixture, defined by eq. (6.1.2.22)

auxiliary definition of entropy flux of mixture,
given by eq. (6.2.7.10)

general physical quantity (see eq. (2.1.1))
element of a set Q of observations, (see eq. (3.1.6))

set of observations

Indices

ensemble

weighted average

interface
dummy index

general coordinate direction
dummy index

phase index
dummy index

kinetic

dummy index
mixture
element of a set
Reynolds
entropy

transpose

(W/m2 K)
(W/m2K)
(W/m2K)

(W/m2 K)

(W/m2 K)

(-)

(-)




1. Introduction

Multiphase flow phenomena involve a widespread domain of technical appli-
cations ranging from the safety analysis of reactor cores under hypothetical
accidents to pneumatic transport lines or optimization of combustion processes.
Since the basic book by R.B. Bird, W. Stewart and E.N. Lightfoot [4] on transport
phenomena has found wide distribution, the analytical treatment of the funda-
mental equations describing the conservation of mass, momentum and enthalpy
has become the basic tool for the investigation of these processes, leading to
computational codes which are in general less expensive to run than the operation
of demonstration plants.

In the more restricted domain of two-phase flow, a state of the art of the ongoing
research has been given in the well known monograph by M. Ishii [6] where the
fundamental theory of thermo-fluid dynamic problems is presented in a self-
consistent and mathematically rigorous treatment. In this monograph special
emphasis has been put on the rigorous formulation of time averaging processes
which, starting from the local instantaneous formulation of the conservation
equations, yield a system of macroscopic models for the practical treatment of
three-dimensional engineering systems.

A more recent reference text on the thermohydraulics of two-phase systems is the
van Karman Institute Book edited by J.M. Delhaye, M. Giot, M.L. Riethmuller [7],
which is particularly oriented towards nuclear engineering applications. Among
other significant results, it gives the conceptually important proof by

J.M. Delhaye of equivalence of space-time and time-space averaging procedures.
Thus the same composite-averaged equations can be obtained

i) by time-averaging the local conservation equations and then taking the space
~ averaging over a given domain, or

ii) by space-averaging over a given domain and then time-averaging.

The theoretical importance of this result is matched by the practical circum-
stances which make experimental results independent of the particular technique
used (sequence of time and space averaging) for recording mean-valued data.

Meanwhile, the theoretical effort of establishing the basic mathematical
description of the physical processes involved in two-phase flow has been further
refined. It does not concern only the derivation of macroscopic averaged equations,
but also the modelling of terms describing the details of transport processes of




mass, momentum andenthalpy between the phases, taking into account the
physical characteristics of the phase boundary. The mathematical formulation of
these terms is a particularly challenging task when turbulent exchange
phenomena must be accounted for, as it is customary for most technical problems.

A state of the art of this ongoing research has been presented recently in the
monograph by D.A. Drew and R.T. Wood [1]. This reference gives also a very
valuable overview of the constitutive equations used as a closure of the system of
fundamental equations describing two-phase flow systems and of the numerical
methods currently applied Ior their solutions in computer programmes.

Development of computer codes describing thermo-fluid dynamic problems in
LMFBRs bundles has been made at IRE during the past 15 to 20 years. The trend
has gone from one-dimensional heterogeneous flow description to three-dimen-
sional programmes based on a slip model or a separated-phases model. The latter
implies a detailed description of the physical phenomena underlying the exchange
processes between the phases.

This report aims at providing a theoretical basis for the mathematical description
of these physical processes, which should be both self-consistent and detailed
enough to be read currently without much additional analytical work needed.
This presentation of the subject relies heavily upon the basic work of reference [1],
but it is hoped that the more detailed analytical treatment presented here makes
this report a more readable reference as a background for practical applications.

Chapter 2 presents conservation eguations and jump conditions at the phase
boundary in the local (microscopic) formulation. The mathematical averaging
procedures are presented in chapter 3, where the general form of averaged
equations is derived. An original contribution, if any, with respect to the reference
[1], is the attempt of a systematic classification of physical quantities for either
phase made in chapter 4. This classification should help in getting physical
insight into the relevance of exchange terms between the phases, insight which
remains sometimes obscured if a mere mathematical definition, without physical
background, is used. In chapter 5 a detailed form of the averaged conservation
equations and jump conditions is derived for either phase both in the Eulerian and
in the Lagrangian formulation. Eventually, in chapter 6 the conservation
equations for the mixture are derived. They form the basis for a description of two-
phase flow based on a "slip-model” approach.




This report is intended to be the first part of a comprehensive documentation
consisting of three parts. Parts Il and II should deal with constitutive equations

and numerical methods, respectively.

2. Instantaneous local equations and jump conditions

2.1 General form of conservation equations

The canonical form of the equations for the flow of a pure compressible Newtonian
fluid (or for the flow within the region consisting entirely of one phase in a

multiphase mixture) is [1], [2], [3],

dpy)
%$_+v.mww_v.J-MEO [2.1.1]

where: p density, v velocity vector, y quantity conserved, J diffusive flux,
f source density for .

In case of specific entropy as conserved quantity the left-hand side of (2.1.1) is not-
negative,

We denote with brackets [ ] equations and formulas appearing for the first time in
the text.

\

2.2 General form of jump conditions at the interface between phases

With reference to the following sketch, the jump conditions at the phase interface

are
Interface
Phase 2
Phase 1
P W V= v)em = diem 4 oy, (Vo= v )emy —dyomy =m [2.2.1]
where: vi velocity vector of the interface, np unit normal outward directed,

m interfacial source of y.



Equation 2.2.1 can be written in compact form:

H (Pk@k v, = v,) - Jk)- n, ] =m [2.2.2]

The summation convention holds for the left hand side. The symbol [[ ]] denotes the
jump across the phase interface.

The several equations considered in the conservation form (2.1.1) and the respective
values of y, J, fand m are given in Table L.




Conservation Principle v J £ m
Mass 1 0 0 0
Momentum v T g me=oecn
Total Energy e=u + v¥2 T-v-q g-v+r e’ + qi
Mechanical Energy v2/2 T-v g-v-1p(T:Vv) e
Internal Energy u -q 1/9 (I -y V) +r Qi
Enthalpy ) 1/p(3p/ot + v + Vp .
h 1 + (0 V) + 1 4

Entropy s -g/T r/T gsi =0

o = surface tension [N/m]

¢ = mean curvature of the interface [1/m]

(1/R with radius R of curvature)

n = unitnormal pointing out of a concave curvature

ei® = surface energy source term at the interface [W/m2]

qi = distributed heating source at the interface [W/m?2]

qsi = source of entropy at the interface [W/(m2 K)]

r = specific heat source [W/kg]

Table I: Variables in Generic Conservation and Jump Equations




2.3 Detailed form of Conservation Equations

In this section the detailed form of the conservation equations [4] and of the jump

conditions is given. They are summarized in Table II.

A. Mass
P v v)=0 (2.3.1]

B. Momentum

d
Y Y. ovv =V-T+pg [2.3.2]

T is the symmetric stress tensor (T = Tt, ¢t denotes the transpose). It is convenient to write
the stress tensor in terms of pressure p and shear stresses . Thus,

T
xx xy xz

T=-pl+x ==p |0 1 0 Howe v, %l [2.3.3]
\ 0 01 T I %
N ) 2x  zy 2z

In rectangular coordinates (x = x;,y = x9, 2 = x3) we have for convective momentum
transport term

3 .
V-pvv=2; 81" Z%pvjuk6j8k=
i i J

[2.3.4]
d d
=z 2 Z ax—pvjvk 8,.], 6k=2 Z gpvivk 6k .
i ok % kEoi %
Hence for the components of the vector V - p v v we obtain
a d ad d
(V . pvv>l=(z g‘-p v ul>81=(a-x_ puvuy + 6?2 pu, v, + a;p Vg Ul) 61 [2.3.5a]
i % 1

d ] d d
(V -pvv>2=<Z ;pvi 02>82=(£— puv,+ ax—2 pu,v, + ;:;p v, v2> 62 [2.3.5b]

i | 1

ad 8 d d
(V . pvv>3=(z ;pvi va> 83=<:?_x: p vlv3+ ;x; p v, vy + ;;p U, v3>83 [2.3.5¢]
] ]




Furthermore, for the stress term we have

9 N
T = — 5 -3 D -
VI‘Z&,CS[.‘_;_BJ‘Sijk“

1 i J k

d — 0
=Y S S 2,5 8=3(S 2, )8,
i j ok i k ! i

Hence, the components of the vector V - T are
3 d 3 3
k=1 'I)lz(z I Tn) 8= (;x— Twt o T ;%)51 =0,
i ]

1 2 3
B _ P _(a ) _
(k=2)(V.D),= Z a:Tm 8,= a—x—lTl2+ax—2T22+ a—x—;}T32 8,=0,5,
I 1

3
(k=3)(V-T =( —T.)8=
T Za"i 9O\ 0%, 3

This can be written symbolically

=
rTu Tia T
v.T. <233 _
- T = <5x’ a—y“'£> T21T22T23—<0102 0, >
Tay Tyy Tas
with N
aTll 21 aTSl ap atxx atyx 2x
o, = + + = - — 4+ — 4+ +
1 ax 3y 0z ax ox ay
aT aT aT Jat
2 3
02 — 1 + 22 + 32= _ _£ + _xy + Yy zy
& dy az dy & 3y az
aT aT
d
03= 13+ 23+ 33=_£+ xz+ yz+ 2z
& ay &z oz 3y a2
C. Total Energy _
The detailed form of the conservation equation for the total energy

2
v

e=u+ —
2

(aT L 8 n _
w Tt 5 Tasgt Ty )83= 058,

[2.3.6]

[2.3.7a]

[2.3.7b]

[2.3.7¢]

[2.3.8]

[2.3.9]

[2.3.10]




with u internal energy [J/kg] and v2/2 kinetic energy is

i— Ip<u+2-l— 02)] +V. Ip(u+ % uz)v

[2.3.11]
=V-T-v)-V-q+ pg-v+pr
where q is the heat flux [W/m2] and r the specific heat source [W/kg].
One has
=ZZT 8, 81'2"1@ 8, =
i j &
[2.3.12]
22 Z Z TU k 1 jb=zzruujai
i &k i
Hence, in rectangular coordinates we obtain
3
V. (_'I_“V)=§ Txiﬁ‘ng %T}.kvkﬁ =
v [2.3.13]
_ 3 N 3
_Z Z Z 5;— e 8= z Z ;(Tik v,).
i J k i i k i
2
V-(T- v)= P T,v +T, vy+'I‘13 v, |+
3
+ p” [Tm v+ Toy v + Tyy v, ] + [2.3.14]
3 kE
+ oy T, v.+Ty 0;4-'1'& v, |.
Thus, using
T=-pl+ (2.3.3)
we obtain
_ ( ] ] ] 3 (
V- (T:-v=-~ a—xp vx+5;p vy+ ;p v, +; LR I;vay+ Ty v,
[2.3.15]




D. Mechanical Energy

We start to multiply the momentum equation (2.3.2) by v:
alpv)
v .

+V.e(pvy)|=v-(V-T)+v-pg. [2.3.16]

Rearrangement of the term within square brackets with help of the mass equation yields

a(pv) av a
—(—‘:t—+V~(pvv)=p-67+v ;‘;— + (pv - V)v+v(V:pv)

[2.3.17]
— e Xy v VIiv=p o
=Ry T RVITVERTD,
having used the continuity equation (2.3.1).
Thus, equation (2.3.16) yields
D
v'pD—‘:=v- V-TD+v-pg [2.3.18]
Using the identity
Duw _,,. 2 [2.3.19]
Dt D¢
one derives .
2(1 2>- V-T)+ [2.3.20]
thzu =v MD+v-pg. 3.
Using
5 (5)=el5 (52) v (39)
e | = —_— - Vi = =
th(zv Plal\zV)tY g’
2
_ 8 (! 2)_”_5"2 (_ >_
o (2p 2w TPV
(L p)st(vv) vav-v(} )=
= a 2 pv 2 pVv pv 3] =
_ 8 (1 2) .<l2 ) 2.3.21
—at<2pv +V S U PV [2.3.21]
and the identity
v-@:-D=V-(T-v)=(T:Vv) [2.3.22]

which holds for a symmetric tensor T (see proof below), we get the final equation of
mechanical energy:
3

(1 2) .(l 2>_ (T v) = (T: V : 2.3.23
at(zpv + Vv 2pvv = V.- (T-v)-(T:Vv) +(v-pg. [2.3.23]
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In rectangular coordinates, one has

vV_Zua > =88,
J k

T
X

=z 2

ox ox ax
av ov av

x 2

y. Yy = <p v v > |— = =
0y 2 gy dy oy

9z e a
or
av av av
veVv=< p =— 4+ v — + y =—
X Y 3 L
' & v v
v =L + 0 =2 + 0 =
* g Y ay z g
, v, av,
v — 4+ v — + v — >,
T Y ay z &
Proof of the identity
Ve (VT =V (T- V- (T:VV)
for a symmetric tensor T:
By (2.3.6)

II
~M

8
R

Hence, for the left side (LS) we have

— = “:ﬂ‘kj
LS=v-(V-T=>uv8-> > — 38
: ‘

{2.8.24]

[2.3.25]

[2.3.26]

(2.3.22)
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By (2.3.13) and (2.3.30), which is proved hereafter independently, one has, for the
right side (RS):

q.e.d.

E. Internal Energy

Subtracting the Mechanical Energy equation (2.3.23) from the Total Energy equation
(2.3.11) we get

bl bl - 23)- 3)-
Py p<u+2v\+V pu+2v vi- 3 pzv—v p—viv )=
[2.3.27]
=V-T-v)=V-q+ pg-v+opr -V (T-v+T:Vv) - pg v,
hence
%(pu)+ Vi(puv)= = V.- gq+T:Vv) + pr. [2.3.28]
With
E:—p_!_+£ (233)
we get
%(pu)+ Vi(puv)=-9V-q=p V-V +@:Vv+topr. [2.3.29]

In rectangular coordinates one has

_I:Vv=z TI.J.S‘.SJ.:EZI’aac
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ov av
=3 - - - 2
=3 }“_ zTijax. 5, = E Z Ty = [2.3.30]
TR | { J i J
av ov av
1 2 3
=X Ty X Ty t 2Ty T
J J J J J J
ov au, av1
=T, —+T, —+T, —+
11 12 13
aacl ax2 ax3
ov 602 dv
+ 7"21 'aT+T22 '67+T23 'a—x-+
1 2 3
ov 603 803
+ T, —+T, —+ T, —
31 32 33
axl axZ &3
Hence, using
T=-pl+x (2.3.3)
we have
avx avy avz
(T:VV)=-p(——— + =2 4 _>+
- ax ay 0z
ov ov oav
y z
+ 1 ( - ) + 7 ( —_ > +1 < ——-) +
Xz ax Yy a‘y 2z &
ov dv ov ov av ov
‘e (_x.+_y.)+t<_=+_z>+t(_z+_z> [2.3.31]
xy dy ax Z\ a ax Y2\ a9z dy
==-p (V-v)+ :Vv).
F. Enthalpy

With u = h - p/p, it follows from the internal energy equation (2.3.29)

8
P (p p) + I ph—p | v

hence

==V.q-pV- -+ @:VV)+pr, [2.3.32]

d )
" (ph)+ V-(ph v)=-;t—) +V.pv-V.q=p @ -v)+ (®:Vv)+pr. [2.3.33]
Using the identities

V-pv=p@-v+v-Yp [2.3.34]
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one derives

a—%(p\h)+v-(phv)=z—? +v-Vp —V.-q+ @:9¥v)+opr. [2.3.35]

With

%P fv-vp= 22 [2.3.36]

eq. (2.3.35) yields

i(ph)+V-(phv)z—‘7-q+2"-)-+ (x:Vv)+opr. [2.3.37]
at Dt .
G. Entropy

1) Entropy inequality

With y = s equation (2.1.1) yields the Clausius-Duhem entropy inequality

a (ps) (1) pr
" + V- (psv)+ V 7 )T =As=0. [2.3.38]

For reversible processes As = 0. Remark that As must not be considered as the increment
of s, but as a new symbol in itself. As (W/m3 K) has in fact different dimensions from

s (J/kg K). '

Using the operator identity (2.3.48) and the continuity equation (2.3.1) the previous
equation can be written in terms of the substantial derivative as 4

o Ds +v.(9.)_2_' = as = 0. [2.3.39]
D¢ T T

As can be expressed in terms of the dissipation § by letting

as= 2 5. [2.3.40]

Thus one derives from equation (2.3.39)

5 = 2 +ZV~<9->—r20. [2.3.41]
D¢ p T

If T is constant the Clausius-Duhem inequality reduces to the Clausius-Planck inequality

8=TE —l(pr—V-q)ZO. [2.3.42]
D¢ p

The dissipation 8 is thus the amount by which the entropy increase rate Ds/Dt, multiplied
by the absolute temperature, exceeds the heating (diffusion and intrinsic generation).
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In the following we want to derive an analytical expression of the term As, hence of the
dissipation 8. This can be obtained by combining the local internal energy equation
(2.3.28) with the Gibbs equation. Therefore the Gibbs equation is derived first. When the
term As is known analytically, an entropy equation can be derived as shown.

ii) Derivation of the Gibbs equation

Differentiation with respect to time of the thermodynamic fundamental relation
expressing the internal energy as function of the specific entropy and density,
u = u (s, p), yields

Du _ (i’.{) Ds (éﬁ) Do [2.3.43]
D¢ és /o, Dt ap /g Dt

Using the thermodynamic definitions of temperature and pressure

T o= ( ‘i‘i> [2.3.44]
as P
o (Y _ e ( ou 2.3.45
P <8v>3 P % )g [2.3.45]
(with v = 1/p = specific volume), equation (2.3.43) becomes:
Du _ p D5, De [2.3.46]
Dt Dt p2 Dt
Using D (1/p) = - Dp/p2one has the Gibbs equation (1st form)
Du—_p D DUR [2.3.47]
Dt Dt Dt
With the operator identity
D _ 32 ..y [2.3.48]
Dt ot
equation (2.3.47) becomes
-D—li'-T-l-)—s [i(ll)+v V(l>]
e b P lat? p
=T2£+£(a_9+v.vp) [2.3.49]
Dt p2 Nt
Ds p [ap
= o e - ° - V.
TDt+pZ at+‘7(pv) p ( v)
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Using the continuity equation for the continuum (2.3.1) one obtains a second form of the

Gibbs equation

Du Ds p
— = 7 = = ® . v). 2.3.50
D¢ Dt p v [ ]

iii) Derivation of the entropy equation

Let us recall the local internal energy equation

8 (pu

” + Ve(puv)= = V-q+ (T:Vv) + pr. (2.3.28)

(a) (b) (c)

Term (a) represents the internal energy input by heat conduction per unit volume and
time; term (b) represents both reversible and irreversible internal energy sources per unit
volume and time due to compression and viscous dissipation; term (c) represents an
intrinsic source of internal energy.

Using (2.3.1) and (2.3.48) equation (2.3.28) becomes

D
. thE = = V.q+T:Vv+opr. [2.3.51]

Expanding the stress term in pressure and shear stress components

T= —-pl+zx (2.3.3)
and using the identity
—pLiVv = -p @ (2.530)
equation (2.3.51) becomes
p-g-ti = -« Ve gq=p(MV-v) +3:Vv+ pr. [2.3.52]

Replacing DwDt by means of the Gibbs equation (2.3.50) one has

p T-g—:—f-(v-v)=—V-q-—p(V-v)+_t_:Vv+pr, [2.3.53]
P

hence the entropy equation in terms of the substantial time derivative

Ds 1 1 pr
—_ = - = (V. —_ -V — 2.3.54
P Dt T @+ p IV [ ]
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Using again the identity (2.3.48) and the continuity equation (2.3.1) one derives the
entropy equation in terms of th. = partial time derivative

8(93)+v.(psv)=-5,1— (V-q)+¥l(l:Vv)+£r. [2.3.55]
Using
loaw=v-(2)-a-v(}) 2.3.56]
T T T
one obtains:

as ,(g) L (l) 1
p” + V-(psw)+ V T )T =4 v T +’I' ©€:Vv. 12.3.57]

Comparing (2.3.57) with (2.3.38) one derives the required analytical expression for As:

As= q- V(%)*'IT’ @:Vv) = 0. [2.3.58]

Independently of As being zero or not one can write the entropy equation, which must
always be satisfied identically for reversible and irreversible processes, in the form:

3 : .3) LA (l) Leivy) =
at(ps)+V psv)+ V (T -7 -4 v T —T(E.Vv)—O. [2.3.59]

2.4 Detailed form of Jump Conditions

The jump conditions can easily be deduced from the generic equation (2.2.2) and from
Table I. The derived detailed forms are as follows:

i) Jump condition for mass

Lettingy = 1,J = 0 and m = 0 in eq. 2.2.2 one derives
“ g, v,=v,) - n ”=0 . [24.1]

(the subscript k is a summation indezx).

ii) Jump condition for momentum:

Lettingy = v,J = T and m = m"in eq. (2.2.2) one obtains

“ ["k "k“’k"’i’-!'.a}°"k ”=mi-' [2.4.2]




17

1ii) Jump condition for total energy

Lettingy = u + v¥/2andJ = T-v-qand m = ¢° + q,in eq. (2.2.2) one has

1
H lpk<”k+§ v:)(vk'vi)'(lk' Vi 9| my, ] =¢ tq [2.4.3]
iv) Jump condition for mechanical energy
Lettingy = v?/2andJ = T-v and m = ¢/ in eq. (2.2.2) one derives
o2
H [pk-ék_(vk-vi)_(-’l-‘k'vk) o= 2.4.4]
v) Jump condition for internal energy
Lettingy = uandJ = -qand m = q,in eq. (2.2.2) one has:
H [pk u, (Vk -V )+ q, | n, =q; [2.4.5]
vi) Jump condition for enthalpy
Lettingy = handJ = - qand m = g,in eq. (2.2.2) one has:
” [pk hy Vy=vi)taq, |-m, H:’qi [2.4.6]

vii) Jump condition for entropy

Letting y = sand J = - q/T and m = 0 in eq. (2.2.2) one derives the entropy jump

condition:

‘m ” =q,20. [2.4.7]

a,
H [pk sk(vk-vi)+-77
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GENERAL FORM
Conservation equation
XL vy -V I pf=0 (2.1.1)

Jomp conditions at phase interface

“ ["k“’k ("k‘vi)"’k] Ty H= m (2.2.2)

DETAILED FORM
Conservation equations
Conservation of mass
%ftz + V- v) =0 (2.3.1)
- Conservation of momentum
?+V'(pvv)=7-j_+ pg (2.3.2)
Conservation of total energy
A Y (pew) =V (T-vI—V-q4pg-v+opr (2.3.11)

Conservation of mechanical energy:

3(3- 2>+V(l 2>—v (T- v)-T:Vv+ 2
a \2 P’ S PV V)=V (T v-T:Vv+v-pg (23.24)

Conservation of internal energy:

3

5(pu)+ Vepuv) = =V-q-p(V- V) +1:Vv+ pr (2.3.29)
Conservation of specific enthalpy:

h D
G(L)+V-(phv)=-—7~q+—D—?+1:Vv+pr (2.3.37)

Table Il - Summary of local instantaneous equations
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Entropy inequality
R TE € ) - upvpy
T T
As = v(1>+-1—( Vv)z o0
P\ )t =Y
Entropy equation

a(ps) q pr (1) 1
— . 4+ Vo = e — A v B -V = 0
ot TV sy T~ T 9 T T( v)

Jump conditions:

mass
| nsneen o
momentum
“ [pkvk(vk'vi)‘zk}'“k ”sz
total energy
2
\ Uk 0
Py uk+? v,-v)-T,-v,+q, | n, =e, +q,
mechanical energy
2
Uk o
Pr3 W= V)T vy |=¢
internal energy
H [Pk u V= v)+ g -n ”= q;
enthalpy
H [Pk hy V= v,)+ q,|-n, ”= q;
entropy

q, |
H [pk s, v, — v, )+ Fl-nk ”:qsizo.

TABLE I, continued

(2.3.38)

(2.3.58)

(2.3.59)

(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)
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3. General form of averaged conservation equations and jump conditions

3.1 Classification of averaging procedures

Let us consider a given function of some independent variables, for instance time ¢ and
spatial coordinates x. According to which of the independent variables the definition
of average is applied, averaging procedures can be classified into three main classes,
namely Eulerian, Lagrangian and Boltzmann statistical averaging.

i) Eulerian averaging

Let f be a function of time ¢ and of the spatial coordinates x = (x), x2, x3). We define
the following averages:

Time average

- 1
= — [3.1.1]
f N L @, x) dt
Volume average
1
R Y [3.1.2]
Area average
1
<f>, = v IM f ¢, x)dA [3.1.3]
Line average
1
= — g,
<f>, e IACf(t,x)dC [3.1.4]
Statistical mean value or ensemble averaging
1 < [3.1.5]
re i 1.
ARSI A
e

In the case of time averaging, the time interval At must be carefully chosen, large
enough compared to the time scale of turbulent fluctuations, and small enough
compared to the scale of overall flow fluctuations for transient flow conditions. For
steady-state flow conditions, we may principally average for At — «

[i.e. ;’-> lim 5y, f(1)). In practice, however, the limit in the definitions of time and
ensemble averages are replaced by a finite time interval and a finite set of

functions f, respectively. The Eulerian time average represents the local viewpoint,
by holding the space coordinates fixed. For instance, if frepresents the concentration
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of particles (bubbles) transported by the fluid, frepresents its average, over the time
interval At, at a given space point.

The concept of ensemble averaging deserves some clarification as to how the set of
functions f,, are defined. The function f may be considered as a depending variable
undergoing (turbulent) fluctuations. Then f, can be defined as a time average of the
fluctuations with amplitudes lying in a given range. The arithmetic mean of these
samples f, gives the ensemble average. However, different definitions of the set {f;,}

are possible.

If fis also function of some parameter w, a generalization of the definition of discrete
averaging (3.1.5) to the continuous case is

fe = I fx 0)dm(w [3.1..6]
Q

where m (w) is the probability of obtaining the value (specimen) f(¢, x, ®) in the
continuous spectrum of possible values within the set Q of all observations.

Weighted space averages can be defined over a subspace AR (= AV, AA, AC) by

< f> g x)f (t,x)dR [3.1.7]

3 _]AR

where the weight function g (x) must satisfy the condition

]AR g @ dR=1. [3.1.8]

Note that with the change of variablet = t'-t (0 =t < T = At), dt = - dx, the
definition (3.1.1) can be written

t'
f = - 1 [ f(t =1, x)du [3.1.9]
T lp_r
Similarly, the definition
1 x+ AX 3 1 10
<f> = _A—X._L ftx)dx [3.1.10]

with the change of variable x = x'- x (0 = x = A X), dx = - dx, becomes

I T ' d [3.1.11]
<f> = - i x'—AXf(t,x—K K.
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ii) Lagrangian averaging

Let f be a function of time ¢ and of the generalized coordinates X = X (x, t). We
consider the following averages:

Time average

- 1 t+AL
f= — J f@ X)de; [3.1.12]
At ),

Statistical mean value or ensemble averaging
TN [3.1.13]
pd f’l ¢, X) . i

The Lagrangian time average represents the mean value of fin a fluid element
considered following its motion over the time interval At.

'iii) Boltzmann statistical averaging

Let ¢ = y (t, x, v) be a "density function” of time, space coordinates x and velocity v of
particles whose distribution is described and let f = f(t, x, v) be some property of these
particles. The Boltzmann statistical average is defined by

t, ) t’ ] d
;o ’f( xVwlhxviav (3.1.14]

Ilp ¢ x,vidv

In the following we consider the Eulerian volume average, unless otherwise specified.

The above defined averages, denoted in general by the symbol < >, satisfy the
following conditions

<f+g> = <f>+ <g> [3.1.15]
<<f>g>=<f> <g> [3.1.16]
< of > = 9 <f> [3.1.17]

ot at

<Vf> = V<f> [3.1.18]
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The last two relations are justified by the theorem of derivation under the integral
sign. This states that, given a function of the parameter y defined by

b
F@ = J f(x,y)dx, [3.1.19)

with the constant limits a, b, its derivative is

L d _ b o, y) _[b ' [3.1.20]
F'(y) = & F() —Ja " dx = afy (x,y)dx

Applying this theorem to the definition of mean value in the form (3.1.9)

t
fo=- 1 [ f(t—1)de [3.1.21]
T lip
yields
60 _ 1 r o-v) [3.1.22]
& T 7 at T

which is relation (3.1.17).

Similarly, taking the derivative of the function

- 1 (*
= - — -2 )dx [3.1.23]
f &) X L_Axf(t,x x')dx
yields
ifw _ 1 ] iflz-2) . _ I [3.1.24]
dx AX Ji_ax ox T oa

This holds for every coordinate direction, thus (3.1.18) is proved.

3.2 The phase indicator function X} as a generalized function

3.2.1 General properties of the generalized function X,

In the process of averaging the conservation equations of each phase over a control
volume difficulties arise because of the phase interfaces within the volume. To cope
with these difficulties a phase indicator function X} is defined with value 1 or 0
according to whether the point x considered lays within phase k or not:

0 x notin phase k

Xk(x,t)= )

X in phase k
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From a mathematical viewpoint the function X} is dealt with as a generalized
function (see ref. [5]) with the following properties with respect to its differentiation.
Let @ (x, 1) be a test function which vanishes at infinity (x - + wand ¢ - + »), and
otherwise arbitrary. Then the derivatives 6X}/at and 3X/dx; are defined by:

aX, (x, )] 3
JV JT Y ¢ (x,0) dxdt = - JV ITXk(x,t)a—;de,t) dx dt , [3.2.1]
[ ’ T w0 dn di = j un,aad’("”d.d;
v e ex wREREET]y TR T - [322]

If f (x, t) is a smooth function, except at the phase interface, then the products
f+(8X1/0;) and f- (0 X 1/8x;) are defined by:

an (x, 0 3

JV IT f Y D(x, ) de dt =~ JV ITX" (x, 9 37 [f@ (x,0 | dx dt , [3.2.3]
aX, (x, ) 3

JV IT f ij P(x,t) dx dt =— IV I'rxk (%, ) ;;; [fd) (x,t) | dx dt . [3.2.4]

According to the definition of X}, one has for any given function f(x, t)

] J X, & 0 fx 0dx dt = I J f(x,0) dx dt [3.2.5]
v it v, Ir
where V;, is the subset of V where X = 1.

3.2.2 Generalization of relation-V_/-r = Vf

By means of the phase indicator function X we derive first a generalization of the
relation (3.1.18), ¥f = V/, which holds enly in absence of phase interfaces (i.e. within
each phase). When both phases are present within a control volume, we define the
phase averages of a function f and of its gradient by:

f=X[f+Xf [3.2.2.1]

V=X Vf+ X, = X Vf + X,Vf [3.2.2.9]
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From the identity
- _ 3.2.2.3
V(ka>—Xka+fVXk-—Xka+fVXk [ ]
one derives, applying (3.1.18) to each phase
Y v — oY — 3.2.24
X, Vf = v(xk f) - VX, _v<xk f) - 7Vx, . [ ]
Hence, from (3.2.2.2) one obtains
vf =V<X1f) - [VX, + V(X2f) - fVX, =
[3.2.2.5]

=V(X1 f+ X2f> - (fvxl + fVX2>
7 -7 -l

where the jump f}; - f2; of the function f across the interface i statisfies the relation

aX, X,
fVXl+ fVX2 = ,’“ 5’_1_ f2i gr; (nlzn, n2=_n)
[3.2.2.6]
aXl ax2
= Lo | — = v .. )
gt an, o on Hf” X, (by definition)

Thus, the relation (3.2.2.5) with the definition (3.2.2.6) is a generalization of (3.1.18).

Similar relationships hold for a vector field. Let a be a vector defined in the region
occupied by both phases. We define the volume averages

a=2Xa+X,a [3.2.2.7]

V-a=X1V-a+X2V.a = X V-a+ X, V-a [3.2.2.8]
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From the identity
V(Xk-a>= X,V-ata VX, = X, V.a + & VX, [3.2.2.9]
one derives, applying (3.1.18) to each phase
XkV-a=V-Xka— a-vxX = v. Xka— a - VX, [3.2.2.10]
Hence, from (3.2.2.8)
Vea =V. Xla - a-VXl + V. Xza— xal-VX2
=v. (Xla + x2a> - (a VX +a -vx2> [3.2.2.11]
V-.a=V.a- {a”-VXk
with the definition of the jump condition
[3.2.2.12]

o, = [eovmenm).

3.2.3 Properties of the gradient VX of the phase function

We show next that the term fVX} is a measure of the surface average of the function f
over the phase interface, evaluated on the side of the phase k. Using (3.2.4) and (3.2.5)
one has

J J <D(x,t)fVXkdxdt =—J [ ka<¢(x,t)f>dxdt
v ir v Ir
[3.2.3.1]
= - ] [ V((l)(x,t)f) dxdt .
v, It
k
Applying the Gauss-Ostrogradskii theorem for the gradient of a scalar g
I Ve dv= [ ngds [3.2.3.2]
v S

where n is the outwardly directed unit vector,
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to the above integral yields:
[ [ ® x4 f VX, dedt = - { J ®x,0 f, n dSdt [3.2.3.3]
v ir s T
where f3; is the limiting value of fat the side of the interface occupied by phase k. In
particular for f = 1one has
l J ®(x,) VX, dxd! =—J J ®x,Hn dSdt = -[ [ ®(x,0n, dS dt [3.2.3.4]
vir sir sir
with nj directed outwards of phase k as shown in the sketch of section 2. VX}, is zero

everywhere, except at the interface. It therefore gives a measure of the area of the
interface, as justified by the surface integral in (3.2.3.4).

Moreover one has

VXk=(e S i el 4. i)x [3.2.3.5]
* ox Y ay z 4z k
ax ax X ax
VX,-n=— e .n+—e-n+— e.n=— [3.2.3.6]
& * y 2  z an

\

where ey, ey, e; are the unit vectorsin the x, y, z directions, respectively.
Because VX}, is directed along nj, we can write

VX, = n —-i = nk 8(x_.xi) [3.2.3.7]

where § is the Dirac delta function,

X} /38, isitself a scalar valued generalized function for which, similarly to (3.2.2), the

following holds
aX, (x,t)
’ J : d)(x,t)dxdt:_J J X, (x,¢) R0 xar
vViT an viT an
= - J J 2 D (x,t) dxdt [3.2.3.8]
v T on

=..J [ ® (x,t)n dSdt ,
s/t
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which yields again (3.2.3.4). Thus, it is justified to consider the mean value of dX;/on
over the interface as a measure of the area of the interface, and define

.5

a.
i

[~3]

n

[3.2.3.9]

with a; asthe average interfacial area per unit volume (m2/m3),

We remark furthermore that VX; = - VX9, hence from (3.2.3.7) we obtain

&Xl aX2
VX, =n, — = «-n, — =-VX
1 1 anl 2 an2 2
Letting
X _ X
—_ =g = —
anl t an2
it holds
V_X2 = ;'_.' n,

Let v; be the velocity of the phase interface. From

one derives

vi-ﬁ; +v,- VX, =0.

Multiplying (3.2.3.15) by py one has

T A VXl + Py Wy V¢ VX2 =0,
because

13.2.3.10]

[3.2.3.11}

[3.2.3.12]

[3.2.3.13]

[3.2.3.14]

[3.2.3.15]

[3.2.3.16]

p YV, Wk =P, W, v, 0 VX, (k=1,2). [3.2.8.17]
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3.2.4 Proof of the identity DX /Dt = 0

Applying the definitions of derivatives (3.2.1) and (3.2.4) and spreading the time
domain to infinity one has

DX, ax,
I=I I — @ (x,)) dxdt=[ J (—— +v VX ><I>(x,t)dxdt
v Ilpr Dt viIT g k

ey 0P &
= - X, x,) + dxdt
v it at dx

J

+w
= - J I [aq)(x") + OOV V) + v VDY | dxdt
® Vk at ¢ 1
[3.2.4.1]
+ o D® +o
= - J J x,0 dxdt - I ’ Cb(x,t)(v-v.)dxdt.
—o VvV Dt - Vk !
Because V - v; = 0'there remains
te [3.2.4.2]

=0

- D

|15 (], 2 woa)
I=- — ® (x,t)dx
- 0 Dt Vk

because of the hypothesis that @ (x, t) vanishes at infinity. Being the test function

dt = [J d(x,¢)dx
Vlc

® (x, t) otherwise arbitrary one has

e . [3.2.4.3]

3.3 General form of the averaged conservation equation for phase k

The average conservation equation for phase k is obtained formally by multiplying
each term of equation (2.1.1) by X, and taking the average over a control volume.
Thus one derives:
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a o —
anqu + V. kaxpv—V- X, d - X, of =

X, [3.3.1a)
plp—gt— + p\pv-VXk - J-VXk +

d
+ Xka—tpql + X&V-plpv - XkV-J— kaf.

The last four terms are identically zero because of equation (2.1.1). We have also
applied the relation V -a@ = V - a which holds within each phase. Multiplying equation

(3.2.4.3) by p y taking the average and substracting from the right side of equation
(3.3.1a) yields

0 ETae— -
;Xk py + V- katpv—V-XkJ- ka/=

aX

k X, [3.3.1b]
= pq"’a’;" +‘Pl]JV'VXk— J'VXk-plpT—pq;vi-Vsz
= pq:(v-—vi>-VXk - J-VXIc .
Thus equation (3.3.1a) becomes:
0 ———— c——
axkp\p +V-kalpv-V-XkJ—kaf=
[3.3.2]

B P o

which is the basic equation sought. Remark that while the sum of terms

?
5 AW + V- Gy -V-J-pf

is identically zero within each phase, the left hand side of equation (3.3.1b) is not zero
in general. In fact it equals the interfacial source of y due to two contributions:
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i) due to the phase change, if

an
p\y<v—vi>-VXk = pw(v—vi) . nk_an =0

ii) due to the diffusive flux - J - V X across the interface.

Writing equation (3.3.2) for both phases and summing one obtains

0 m——— F—
S X1 vV X pwy =V X d - X p f) +

A X oo 3.3.3
t o= Xy oWy TV Xy ppwyvy = Ve Xy dy = Xy ppfy = [3.3.3]

/ ] /
= [pl lpl (vl_vi>_Jl l ¢ VXl + [92 llJ2 kvz—-v‘.)— J2]' VX2 .

Equation (3.3.3) can also be obtained by means of the following alternative way. Let
us consider the average of each term of equation (2.1.1) taken over a volume
containing both phases, then apply equation (3.2.2.11) to each vector term:

a%‘ (pw) + V.(pyv) — V- J — pf =0 [3.3.4]

9 — —
(2tW) + V. (pyv) - {{plpv}}-VXk -V J + HJ} .vxk - pf =0. [3.3.5]
Applying the definitions of averages one has:
d
a ( 1P 9t X pz“’z) v (Xl P W, v +X, Pz“’z"z) -v <X1J1 + X2J2) -
[3.3.6]

- (%, ety + X 0y1y) = {[owv]]-vx, - {l]] vxe
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Using the definition (3.2.2.12) the right hand side (r.h.s.) becomes:

chor=[pun]] 75, - [Tl -

[3.3.7]
= <91‘p1 v, ‘7Xl T P W,y VX2> - (Jl . VX1+ J, e VX2> .
Recalling (3.2.3.16), equation (3.3.7) becomes
(r.hs) = [pl v, (vl - vi> - VX, +p, W, <v2- vl.)- VX2 - <Jl . VX1+ Jy - VX2) =
[3.3.8]

= (P11 ¥ (Vl“vi)“’ll' VX, + [92 Yy <v2_vi>— Jz]' VX,

and therefore we find that equation (3.3.6) coincides with equation (3.3.3).

3.4 General form of the averaged jump conditions

The averaged jump condition is obtained in its general form by multiplying equation
(2.2.2) by 0X/0n; and averaging. Thus one obtains:

aX, ax, [3.4.1]
(o vrci=v0-3,)-mat]] = o

or, using (3.2.3.7)
[[(pk ‘pk (Vk - Vi) - Jk). ka]l = (nk . ka>m . [3.4.2]

Remark on the physical significance and on the mathematical derivation of the jump
conditions (3.4.2).

Equation (3.4.2) allows for the actual calculation of the jump condition and shows its
physical meaning given by the expression at the right hand side according to the
values of m in Table I. The analytical derivation of section 3.3 shows - on the other
hand - how the jump conditions appear explicitly in the conservation equations when
these are subjected to the volume averaging process. This can be accomplished in
either of two ways:
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i) Multiplying each term of equation (2.1.1) by X} and averaging,

ii) Averaging equation (2.1.1) itself and applying the formulas (3.2.2.5) and (3.2.2.11).

Both approaches yield, as shown, equation (3.3.3).

Vf=V[ - Hf}}VXk =] - (fvxl + /vx2> (f scalar) ~ (3.2.2.5)
V-.a=V-.a - a}} VX, =V a - (a VX, +a - VX2) (a vector) (3.2.2.11)
ax
VX, = n, — =n_5 (x_x') (3.2.3.7)
an, k i
ax,  _ (3.2.3.9)
—— =aq. [(interfacial surfacearea)
an !
aX, Dx, (3.2.4.3)
— oy, s VY = e— =
at i kD¢

General form of volume averaged conservation equation for phase k:

5( kptp)+v. (kaq:v>—v. (ka>-(xk pf>= [pq, (v_vi>__J|,VXk (3.3.2)

General form of volume averaged jump condition

“(pk vy (v -v)-9,): VX,]] = (n, - vx,)m (3.4.2)

TABLE III - Summary of main formulas in Section 3
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4. Definition of averaged variables for phase k

Overview

Given a physical variable ¥ (or for J) (as a subcase ¥ =1) we define in this section
the following classes of averages:

Class a) - Mass weighted averages, definded by:

- X, pyw
P
‘pk T e -
a

x
kP

Class ag - Mass weighted averages, definded by:

Frp X, pf

k - Tx
APy

Class by - Phasic (or volume weighted) averages, defined by:

Class bg - Phasic (or volume weighted) averages of turbulent fluctuations, defined by:

. ;;Re__kavq’
k — —
ey

Class cj - Average source of y due to phase change, defined by:

Sw= p\p(v-—v‘.) . VX’l
Class cg - Average source of y due to diffusive flux J, defined by:
F = TVE, or F, = TIVE]
Class d - Further turbulent correlations
Class e - Miscellaneous definitions

Class f - Comprehensive definitions

A further class of mass flux weighted averages is defined in section 6.1.3.

4.1 Class a] - "Mass-weighied” averages of scalar or vecior ¥ in Table I

Let first
a,= X, [4.1.1]

be, by definition, the volume fraction of phase k.




For the given physical variable ¥, the mass weighted average is defined by

—qp_ k0¥ [4.1.2]
qjk I -y
QpPy
with the average density defined by
- X,p
py = 2 (kg/m®) [4.1.3]
(0]

k
Definition (4.1.3) is obtained by (4.1.2) setting y = 1. Superscripts x, p denote that the
average of y is taken over void fraction and density. Furthermore assuming for g the
values

2 b2

= {v,hu, —,e=u+ —,s
¥ 2 2

we obtain the definitions for the averages of:

Velocity (¥ = v)

_ X, pv
v ’;‘p‘— _k_x (m/s) [4.1.4]
QrPy
Enthalpy (¥ = h)
- X ph
RSP = =t Wike) [4.1.5]
a, P
Internal energy (¥ = u)
_ X pu
BB = = (k) [4.1.6]
a, P
Kinetic energy (¥ = v2/2)
X v2
= 1 P [4.1.7]
Ekir’:,k = E ==, (J/kg)
a, Py
Total energy (¥ =e=u + v2/2)
- X, pe
°kPZ
Entropy (¥ =s)
_ X, ps
2P= ——  UlkgK) [4.1.9]
Q
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From the definition e = u + v2/2 one has obviously

;:cl‘.:p= ;i.p + E:i:,k (J/kg) [4.1.10]

or
2
v

kae=kau +ka—2—

[4.1.11]

4.2 Class ag - "Mass weighted™ averages of scalar fin Table I

We apply the definition
rro_ 2k [4.2.1]
P
a, Py
for the following cases of practical interest:
work by gravity forces
- X, pg-v
(f=g- V) g- vyP = L (Wikg) [4.2.2]
ayPy
energy source
- X, pr
(f=n e =t g [4.2.3]
QpPy
entropy source
- X prT
(f=rT) orP = —=— . (WkgK) [4.2.4]
QP
43 Class b} -"Phasic” averages of vector (ortensor) J in Table 1
Let us apply the phasic average definition
e Xad [4.3.1]
Ly \
to the set of physical quantities:
J={ T=-pl4y -pLyT-v,—q-aT 5
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We obtain the following phasic averages:

Stress Tensor (J = T)

- X, I
T = L. (N/m?) [4.3.2]
a
k
Normal stress (J = - pl)
- X, pl
- 2; - 2 (N/m?) [4.3.3]
Qa
k
Shear stress (J = 1)
_ Xt
Ez — ______k;— (N/m2) [4.3.4]
a
k
Viscous dissipation (J =T -v)
X T-
Dro=- A= umd [4.3.5]
a
k
Energy flux (J = -q)
- X, a
- Q9 =- L Wimd) [4.3.6]
a
k
Entropy flux (J = - q/T)
_ X qT
-9 =- —= Wim® K) [4.3.7]
a
k
Entropy source due to shear stress (J = vT)
T
_ X, = . [4.3.8]
o= - (N'm”“K)

gk

4.4 Class bg - ”Phasic” averages of turbulent fluctuations of scalar (or vector)
W in Table I

Let us apply the phasic average definition

jRe _ Xk P vk ‘pk [4.4.1]
k ;h

to the set of physical quantities, representing turbulent fluctuations:

v92 v'2 ,
—_ ' . ' k o k (I
W, = | Vp hpu,, n e, = u, + 2 S )
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We obtain the following phasic averages:

Reynolds stress (‘Pk' = Vk')

—Re X, ov,v, ( J > [4.4.2]
Bt
Q k m
Turbulent enthalpy flux (‘Pk' = hk')
@mzﬁpuh (E) [4.4.3]
FT e ?
Turbulent internal energy flux (‘Pk' = uk')
Qe - PVt (E) [4.4.4]
k ;k m?
Turbulent kinetic energy flux (‘Pk' = vp '2/2)
T g
~ bin _ lepvkvk (K) [4.4.5]
T 2 a m?/
k
Turbulent total energy flux (‘Pk' = ek')
St _ X, pv, e, (_vg_> [4.4.6]
k ;k m?
Turbulent entropy flux (‘Pk' = sk')
_ X, pv,s, w [4.4.7]
he __ % ( ) A.
k a, m2 K
Turbulent velocity-pressure correlation (‘Pk' = p'/p)
* p'
. X, pv, ; w [4.4.8]
9 = = . ( "2 )
Gk m

Alternative definitions of Reynolds stresses can be introduced with reference to
different definitions (to be precised later) of turbulent velocity fluctuations, for
instance:

?Re Xlz PVim vkm

-k, mm km
Qg

m3

, = Re ( J ) [4.4.9]

where uke, _represents the turbulent kinetic energy (see also 4.7.1).
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Remark - Justification of definition (4.4.1)

Definition (4.4.1) is consistent with the definition of turbulent fluctuations as
differences between instantaneous and mean values. Let us introduce the definitions

o= w4y, [4.4.10]

v o= viP+v, [4.4.11]

into the mean value Xy py v:

X, pyv =ka<;:'p+ lplk )(;:’p+ v'k> =
[4.4.12]

— ~np Lxp ') e AR o np
=Xppw vyt X pwv, + Xpwptv, + X py vt

The third and fourth terms at the right side vanish because the mean values of
turbulent fluctuations are zero. Using (4.1.3) one has

- w:.p vz.p ;: p: + kaq,'k v'k [4.4.13]
= WPP YRP o of _ o F
A R S T S

where we set

consistently with (4.4.1).

In a further class we consider the averages of the sources of y due to phase change
(class ¢1) and due to the diffusive flux J (class cg). These are of interest for the
evaluation of the second member of equation (3.3.3).
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4.5 Class c] - Average source of y due to phase change

The average source of y due to phase change is defined by:

Sll»': (AverageSourceof q;) = qu(v— vl.) . VXk

By application of this definition to the set of physical quantities

2 2
=[lvhuie=u+v—s'
‘p ’ ’ ’ ’ 2 ’ 2 ’
one finds the following averages:
Mass generation rate

<w=l) T, = p(v—v‘.>-VXk

Interfacial momentum flux
(lP:V) Vi F;= pv(v—vi>~VXk

Interfacial enthalpy flux

(W=h> h—ﬁ}:= ph(v—v‘)-VXk

Interfacial internal energy flux

7
|
)
[
=
<
]
<
N
<
>
-

(v=u) -

Interfacial kinetic energy flux

T

x|

(e=2) 1
=3 2

Interfacial total energy flux
(lp:e) e—;. F: pe(v—vi)-VXk

Interfacial entropy flux

]
1
=
<
1)
]
<
|
<
~——
<3
>
-

<\p=s> 8, I'k = ps(v—vi>-VXk.

[4.5.1]

[4.5.2]

[4.5.3]

[4.5.4]

[4.5.5]

[4.5.6]

[4.5.7]

[4.5.8]
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4.6 Class c2- Average source of ¥ due to the molecular flux J

The average source of ¥ due to diffusive flux is defined by

F,= J-VX, or F, = J|VX]

Applying this definition to the set of physical quantities

one has the following averages:

[4.6.1]

Interfacial force per unit length (or momentum exchange per unit volume and time)

— N
<J=_'g) - M, = T-VX, (—3)
m
Interfacial pressure per unit length
&~ — N
J‘:_p_l_ - p“ =—'p‘l_’ vxk|="|pvxkl _E
m

Interfacial shear stress per unit length
- ——— N
<J=l‘.> ' i T L lvxkl ("—3'>
m
Interfacial work
— w
(Jz_'[-v) -Wlt =(_'l_‘»v>-VXk (——3—>
m
Interfacial heat source

(1=-a) -E =T ()

Interfacial entropy source

- w
<J=—q/T) -5, -3 . VX, . ( - )
T m°K

In the following we use the mathematical identities
aX

ax

k k

.1.°VX,.=Z > 8,88, > = => Z gsiaij 5, =
[ J J

l i

[4.6.2]

[4.6.3]

[4.6.4]

[4.6.5]

[4.6.6]

[4.6.7]




aX aX
=> > 8. 8, LI 5 — = vX, . [4.6.8]
TT e T
Consequently,
pl- VX, = p VX, [4.6.9]
p_l_- v=pvVv. [4.6.10]

We introduced in section 3.2.3 the concept of interfacial area density, defined by

aX

— k

2

G =X, =—tn =0 5(x-x) (%) [4.6.11]

where, in a two-phase mixture, X is a point on the interface between the phases, with
normal vektor n; directed towards phase k. Thus, 8 (x - xg) = dX/d, is different from
zero only on the interface and gives a measure of its area. Using (4.6.11) we redefine

the interfacial pressure and shear stress by

p, = = ==
Co— Ly LYX, N
3, = === >
a vX m

4.7 Class d - Further turbulent correlations

Turbulent kinetic energy

; _ XPY w
a9 = 2
m

Turbulent shear work

[4.6.12]

[4.6.13]

[4.7.1]

[4.7.2]

[4.7.3]
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Turbulent energy dissipation

= _ _ NV <1> [4.7.4]
k a—; m3
Turbulent interfacial force
- (N
M, = T -vx, F> [4.7.5)

Turbulent interfacial work

— . w
=W =L )V, )
m

= - <p'kil~v>- VX, + (L.. . v) - VX, [4.7.6]

= =P,V - VX, +(-‘4u" V)'vxk

The above definition of turbulent interfacial work 'W}"takes into account the
turbulent fluctuations of both pressure (p') and shear stresses (¢'). It is however
convenient to introduce another definition which takes into account the turbulent
fluctuations of pressure only:

-—\TVT,c = —p',u. (vi . VXk> + (l-v>-VX,c . [4.7.7]
A basic relationship between the interfacial force M}, (4.6.2) and the turbulent force
M}'(4.7.5) will be derived in the following (see equation 4.10.9).

Similarly, a relationship between the interfacial work W}, (equation 4.6.5) and its
turbulent counterpart Wy '(equation 4.7.7) is given by equation (4.11.8).

Turbulent entropy source

LV, [4.7.8]

4.8 Class e - Miscellaneous definitions

Furthermore, the following definitions are of interest in the following:
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Pressure time derivative:

ap* X aplat
P _ ( N ) [4.8.1]
at ak mzs
Temperature
X T
e = Lol (K> [4.8.2]
a, Py &°

Entropy source due to temperature gradient

Sy = X, q-V(-;—'> . ( id ) [4.8.3]

4.9 Class f- Comprehensive definitions

The total turbulent energy flux is defined by

“Re _ 7R 3 ki
q.°= q°+ af + q +q" =

v — "'"_."'.—' o 1

X p v, u X, pv X x-v 1 X, pv, v
- k -—f k + k_k _ k —k + _2_ k __k k . [4.901]
" 9 % %
(4.4.49) (4.7.2) (4.7.3) (4.4.5)
Turbulent internal Turbulent Turbulent Turbulent
energy flux pressure-velocity shear work kinetic energy
correlation flux
Using (4.4.8)and ph', = pu% + p' = pu’k + p-p, one derives:
va' R, va' u, va. U
A k Bk k kT k k k
Qs L=t - P Pt =9y ¢, [4.9.2]
% % %

because Xxpv', = 0.
Hence, from (4.9.1) we obtain

qfe = qff -+ q; + q:‘n . ( 2 ) [4.9,3]
m
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4.10 Relationship betweenﬁk (4.6.2) and ﬁ;’ (4.7.5) (instantaneous value and

turbulent fluctuation of interfacial forces)

- M, = T.vx, =<_p1 +1>'ka= -pl - VX, +1-VX, =
[4.10.1]
= -pVX, + 19X,
Let
p=p +p [4.10.2]
= o [4.10.3]
Introducing (4.10.2) and (4.10.3) into (4.10.1) one derives;
- M, = - (\;ﬂp')vx‘z + (E +i>-VXk
[4.10.4]
= - pF VX, - p VX, +f-vxk+l’-vxk
The first and third terms at the right side are computed by
b, VX, = p* VX, [4.10.5]
I, VX, = v VX, [4.10.6]
where pgi, T have been defined by (4.6.12), (4.6.13).
Using
T=-pl+1 [4.10.7]
T, VX, =-p1-VX, + 1 VX, = —-p VX, + 1 - VX,  [410.8]
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and introducing into (4.10.4) one derives

. VX, + T, -VX

= —p, Va, + 3, -Va, + T, -VX,,
hence
M, = p, Vo, — 3, Vo, + M, . [4.10.9]

4.11 Relationship between Wy (4.6.5) and Wy'(4.7.7) (Interfacial work and
turbulent interfacial work)

__v.f': = (l.v).vxh = (-p_]_-v)-VXk+ (_E_-v)-VXk =
[4.11.1]

= — pv: VXk + (_L_av)-‘i’X,c ,

having used the identity p1-v = p v. Adding and substracting v; in the first term at
the right side one obtaines

- W,c = - pv'.-VXk - p(v—v‘.).VXk+ (t-v)-VXk

[4.11.2]

Setting p = p* + p' in the first term at the right side, yields

- W, == ;;"i'vxg - P‘Vi'vx,, —p(v—vi)-VXk + <E-v>-vxk. [4.11.3]

From (4.10.5) and (4.10.6) we derive at the phase interface the following relationships:

;: (VL . VXJ = p* v - VX, [4.11.4]

- - [4.11.5]
P, (Vi-VXh> = pv-V%X .

4




Thus, replacing the first and second term at the right side, one has:

—W: = —;; (vi . VXk> - ;,; (v‘. . VXk>— p(v - vl.>- VXk + (_l;_- v>-VXk . [4.11.6]
Equations (3.2.4.3) and (4.1.1) yield

7 N axX oa
(v,.vx> I S N [4.11.7]
i k a(

Using this identity in the first term at the right side, and with the definition (4.7.7) of
W}, 'one has finally:

o,

w, = —-pkl.'—a;— + p(v—v‘)-VXk + W, .

[4.11.8]

The definitions of average variables introduced in section 4.1 through 4.9 are
summarized in Table IV and rearranged in Table V according to the physical quantity
the averages are associated to.
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Class a1 - Mass weighted averages:

2 2
= 1,v,hu — e=u - ,8
¥ 2’ 2
X —_—
x.p____’f_p_qj, IGEP pEP L EP pLP LGP 5P
v, — Pr Vi > M M Bk € 0 S
APy

Class ag - Further mass weighted averages:

f = [g-v,r,r/T}
x, p kaf z,p z,p x,p
fk =_-—I- [g'vk’ 'rk' vok' }
a, p
kTk

Class by - Phasic (or volume weighted) averages:

T
J = {_T..p_l,_t,_'ll- v, q, q/T.i}

S

1l

|| >
[\

k L

Q

z k mE % -z px % 4% oz
k {Ik»pk "Ek »D :qknq)k' }

Class bg - Phasic (or volume weighted) averages of turbulent fluctuations:

o 0'2 U'2 )
] _ {vc ho uo _i en _ ul + k so B_]
2 wk k’ k’ k’ 2 ’ k k H k’ p
—_— X v' ' —
_ JRe - kp k‘pk e ZARe ARe kin tot QRe pt
I 0— M- q kO q k? q E? R 4 T qk

TABLE IV: Summary of definitions of averaged variables for phase k
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Class c) - Average source of W due to phase change:

02 v
y = 1,v,huy—, e=u+ E’;s
—_——— — N H e —
Sw—_-pq; v-v |- VX, Foo Ve Dby Ty by rk'gvk; Ter i Tho S

Class co - Average source of W due to diffusive flux J:
J = l l: '—p—!+L —Piv."al" v, —-q, "q/T}

Fo=d- VX,

[y

Class e - Miscellaneous definitions:

—npa -
TR sy

%
or

Class f - Comprehensive definitions:

T e, 7, . F
0, = 9  + a4y + g+ q
R AR I ki
q,° = q° + q, + q,

TABLE IV - continued.
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Averaged values derived from

Density p (kg/m3):

=S _ %
P, = =
"
M, = plv—v)- VX
Total energy e (J/kg)
= kae
ek == _.;
Qp Py
tot  _ kavkek
qk - ;—
k
€y; r, = pe(v—vi)- VXk
Internal energy u (J/’kg)
il kau
o S —
G Py
ARe _ PVl
qk - ;—
k
u, r, = pu(vmv‘.)~VX
Kinetic energy v2/2 (J/kg)
2
Exop —_ _1. kav
kin,k — g =— T,
a Py

TABLE V - Rearrangement of Table IV with definitions of averaged variables

for phase k

(4.1.3)

(4.5.2)

(4.1.8)

(4.4.6)

(4.5.7)

(4.1.6)

(4.4.4)

(4.5.5)

(4.1.7)




Enthalpy

&

s (J/kg K)
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!
&
|
—~
=
~——

o= Lo ). VX (w )

. = = pvi(v—v): —

k 2 i k m3
RBP = kah (i)
N kg

a4, P
ARe X pvyhy (_W_)
k ak m2
— W
r, = ph(v—-v‘.)-VXk (—3)
m
R L (L)
L kg K
a, Py
;.; _ qu/T ( W )
k -a_; m2K
ok N X, P V)5, ( w )
kT a, 2 g
B m

— w

b = pS(V—V‘.)' vX < 3 )
m" K

- 4 W
s, = == vX ( >
k T k maK
. kav
voP = — mls
k P

4G P

TABLE V - continued

(4.4.5)

(4.5.6)

(4.1.5)

(4.4.3)

(4.5.4)

(4.1.9)

(4.3.7)

(4.4.7)

(4.5.8)

(4.6.7)

(4.1.4)




Heat flux
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kag v
k -
% Py
X pv'v
. PV Ve
T -
k
i X Vim Vim
ek, mm ;1:
v, T, = pv(v—vi)-VX
2
T 1 X, Py,
uk = '2' ——
x
% Py
Re _ ~ARe =p 3 kin
q, 9 * q + q + q
q (W/m2)
= _ X
q = =
Ok
E, = q - VX

Energy source r{(W/kg)

X
"x'p = kpr
k - 3
a, P
karﬂ‘

P _

[4 4 — P
k -z
e, P

TABLE V - continued

(kgl(

(4.2.2)

(4.4.2)

(4.4.9)

(4.5.3)

(4.7.1)

(4.9.1)

(4.3.6)

(4.6.6)

(4.8.3)

(4.2.3)

(4.2.4)




Temperature T (K)

kas
T-:vps P T — (K)
o 5 %
Stress tensor T (N/m2)
- X, T (N>
Ik = = —_2
Ok m
—_ Xk_'[-v
b, = —= (‘5)
Ok m
M, = -T-V (N>
p = — L VX, )
m
W, = d
k——(T’v)-VXk -3
m
M = -T.V (N>
p =~ Ty VX, T3
m
w %
Wk = =\ v 'VXk -—?
m
W, o= ' v v
P e ph. V‘. . Xk + (L'V)' VXk F

(4.8.2)

(4.3.2)

(4.3.5)

(4.6.2)

(4.6.5)

(4.7.5)

(4.7.6)

(4.7.7)

Relation between interfacial forces (instantaneous and turbulent fluctuations)

Relation between interfacial work

_ __ baq, —_

W, = - p, + pv—v) VX + W,

&)

TABLE V - continued

(4.10.9)

(4.11.8)
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Shear stress 1 (N/m2)
= . N (&
.Ek - e 2
Qk m
T
X L
= kT ( N
.t'-k = - 2 )
g a, m- K
= N
lki = _I'.IVXkl _3
m
Too ot (&)
—hi a vX m?
i k
A (%)
k Qk m3
_ an Vvk (W )
Ok m
X = .Vv
P k F : vk w
Dy = a. ( 3
a, m* K
Pressure  p(N/m?2)
= _ Al N
Py = a_ 9
k m
e e N
P, =|pl- VX, | =|pVX, | -
m
— By PVX, ( 1% )
p = om— = pre— -
ki a vX m2
i k
—p— 3 kavk E’_
qk - a—- 9
k m
ap’;e _ X aplat ( N )
a q mls

k
TABLE V - continued

(4.3.4)

(4.3.8)

(4.6.4)

(4.6.13)

(4.7.3)

(4.7.4)

(4.7.8)

(4.3.3)

(4.6.3)

(4.6.12)

(4.7.2)

(4.8.1)
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5. Detailed form of the averaged conservation equations and jump conditions

5.1 Eulerian form of averaged three-dimensional conservation equations

5.1.1 Continuity equation

We multiply the local instantaneous conservation equation for phase k by X} and
average. The procedure is the same for all conservation equations considered in this

chapter.

From the equation of conservation of mass, equation (2.3.1),we obtain

ap ST
Xk ” + Xk(V-pv) =0. [6.1.1.1]
Noting that
it A - p — 5.1.1.2
X at at Xyp)—p ot ' [ )
X, (Vopv) = V- (X, pv)—pv-VX,, [6.1.1.3]
recalling
' an
— + v.-VX =0 (3.2.4.3)
at i k

and using the rules (3.1.17) and (3.1.18), we obtain

ad g
= (X, p)+ Ve (X, pv)=plv-v)-VX, . . [5.1.1.4]

The terms .)ap;, Xppv and p (v -v;) -V X}, follow from definitions (4.1.3), (4.1.4) and
(4.5.2), respectively. Thus, we have

3 —_— J— —_—
= ( a, p’; > + V. (ak p: v;‘p > =T, . [6.1.1.5])
I't is a mass generation rate due to phase change processes at the interface

(evaporation and condensation).
5.1.2 Momentum equation

Considering equation (2.3.2) and following the same procedure as in section 5.1.1, we

obtain

apv)
Xk

+ X, (V-pvv) = X, (V-T) + X, pg . [5.1.2.1]
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We note the identities
B T Y % , [5.1.2.2]
X, (V-pw=V - (X, pv)—pvv VX, , [5.1.2.3]
X,vTH=v.-XDH-T-VX, . [56.1.2.4]

Before continuing to consider equation (5.1.2.1), we want to proof the validity of
(5.1.2.3) and (5.1.2.4):

For a symmetric tensor T one has
V-X,T=X,(-TD+T-VX,,
which can be proved als follows

d i
V‘Xk1=Z;6.~' szkTﬂaj 8 =
J

i 1
d
=Z Z ;;5‘.- X, T;8 8=
i J i

a
= = .1.2.4b}
X T 8..81— E[ E X T 61 = [5 b]
!

=3 ZZT”;}XI: 8, gﬂzz(Y T,.ixk>5i. [5.1.2.4d]
gt ‘ /
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From the last two expressions one derives:

a d
X,V-D+T-VX, =X, <S:I_Z — T‘.[>81+Z<§_ Ty o xk)s‘.
i ! i J J

_ 8 3 5.1.2.4
—Z(Zxk;Til>81+§‘l-(lei ax.Xk>61 [ el
l

i i i

The second member of (5.1.2.4d) is identical with the second member of (5.1.2.4b)

because T';; = T'j;. Hence one derives

X, (V- =V-X,T-T-VX,

which is equation (5.1.2.4).
If T = p v v, which is also a symmetric tensor, this identity becomes:

X, (Vopvv) =V (X, pvv)—pvv -V X, . (5.1.2.3)

\

Thus using again equation (3.2.4.3), we obtain from equation (5.1.2.1)

I — e
" (kav)+V-(kavv)=V- (XkI) + kag + pv(v-vi)-VXk— :I‘_-VXk .

Using the definitions
vV l'k = pv(v—vi)'VXk , (4.5.3)
a, T, = X,T, (4.3.2)
M, =-1-7X, (4.6.2)
and

a, P = Xup (4.1.3)




58

one derives:

§  ———— [ —_ —
(—3; (kav) + V. (kavv)=V- a, T

+°k

|
;M

g + Vi I'k +MK.

;M

[5.1.2.6]

Let us now consider the instantaneous velocity vector as sum of the mean value and of
the turbulent fluctuation

- 1
v=v? +v

ko (4.4.10)

The left side of (5.1.2.6) becomes:

a R R i
> X, p9) +V- X, pvv) =

_ o K
+ V [ka(vk +vk><vh +vk>
_8 X _x“‘, d X '

= L PV + " PV T

. = ip . R . =
+ V (kav: vy ) + V (kavk vk)+ 2v (kavk vk).

[6.1.2.7]

The second and fifth terms at the right hand side vanish because they are mean values
of turbulent fluctuations.

Using now again the definition

Py = X,p/a, (4.1.3)
and

- a, T =X, pv,v, , (4.4.2)

one derives from (5.1.2 6) the detailed form of the averaged momentum equation

)+

3 [ — — — g S —
- T SEP . LR e N P x e
Py (ak Py Yy )+V (“k P, V.UV, ) v °k<1k+l‘f

[5.1.2.8]

. — e —
+ kpkg+vki rk+Mk'

In order to separate shear stress from pressure forces as well as mean field effects from

local effects in this integral interfacial force ﬁ—k, we decompose it in the following way.
Because of
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T=-pl+r (2.3.3)

we Write

M, =- T-VX, = pl-.VX, - VX, (4.10.1)

=

= py Vak - Ly -Vak + M. (4.10.9)

My'= p'v 'VX k- v VX 1 1 is the interfacial force due to local pressure and shear stress
effects; pii qu and - rk, Vak are averaged interfacial pressure and shear stress
forces, respectively.

With respect to modelling interfacial forces through use of constitutive equations, it
will be useful to introduce the interfacial force Md, defined by

d _ s _
M, =M, -3, Va =
[5.1.2.9]
VX, - —Tik'VXk - X -Vak ,

which contains all interfacial interactions (e.g. vxscous drag, lift forces, virtual mass
forces etc.) except for the mean interfacial pressure, pk, Vak and the momentum
exchange term due to interfacial mass transfer vz Vpim l'k .

Therefore, from (4.10.9) one derives

— o= .
M, =p, Vo, + M. [5.1.2.10]

Thus, equation (5.1.2.8) becomes:
8 (= "% = - _x_p ETRAM —( mr . mRe
7 (ak P Vg >+V-(uk pk v, |= V- q, r+I )+

[5.1.2.11]

: d
Vet v, T, + p, Va, + M.

T oo, P ki

Eventually, using equation (2.3.3) T = - pl + rand the identities

V-(°k32)=gi-‘7°k +a, Vg,
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<
|
ey
Il
<
!
o2
k=, |
+
a
A
1l
1
<
—~
|
L=, |
N
-+
<
—~
= |
b=
S
i

we obtain
0 (— "% p EETEET
5;( kP vk'p)+v'<°k Py "kp"kp)‘
[5.1.2.12]
s v v e (BT ) g ser v (e - v M
In the above derivation we used . .
* [5.1.2.13]

v-p; =V-p:_I=Vp:.

5.1.3 Total energy equation

We multiply equation (2.3.11) by X}, and, after operations similar to those performed
for the equations of conservation of mass and momentum, obtain

3 \ 1 4 v 1 4
% ka u+§v + V. ka u+gv v

©) @
= p(u+é—02>(v-—vi>-vxk + V. IXJI-VH - (5.1.3.1)
® ®

- (_T-v)-VX,t - V-qu +q-VXk + kag'v+ kar .
® ® @

Now, we account for the effects of turbulence on the velocity, pressure and internal

energy fields by applying:

according to definitions (4.4.10) and (4.4.11).
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Then, with
v = viPeviP+ 2 viP . v'k + v'k . v'k [5.1.3.2]
and noting that
XppvPov, =0,
[5.1.3.3]
Xk p u; =0,

we write for term @ of equation (5.1.3.1)

Xk P (u + % u2>
By means of definitions (4.1.3) and (4.7.1) we have finally

] 1 4 d—= = 1/ 5
(ka<u+£v )] - a, p: u’P +-2-<ux’p)+u €

=3 X T"’+1X (T"’2+1X < ’ [5.1.3.4]
—at kp uk 2 kp vk 2 kp Uk . .Y

[5.1.3.5]

—— . — c— 2 — . , JR— .
= [ka(uzp+ ¥k>(v2'p+ vk> +V {ka— l(v;'p) +2v2'p-vk+<uk> v+, }
=V (ka;?v—z’;>+ v (kau;vk>+

1 [ = \2\ = 2\ e

+ Vv (ka—(v:’p)>v;'p + V. (ka—(vk))v"p +

— ‘ . 1 ] 2 ]
+ V. [ka<v’;’p- vk>]vk + V. <ka§ (Uk> >vk . [6.1.3.6]
Using the definitions
Py = X/, (4.1.3)
/\Re _ }_——._—,_/ P
A9 = HPY Ve ' % (4.4.4)
o = 2 ('2 ("_‘ (4.7.1)
uk_Eka vk)/uk pk>, .
- L= Xpevvla, (4.4.2)
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-~ 1 N2, —_—
"= 2 xe (4) v 5, (4.4.5)

term @ becomes after some rearrangements

_——— = 1=\ —=
v. Ika<u+% v2>v =V- a, p: viP ui’p+§<v:'p>+ u‘:e +
[5.1.3.7]
—_A —_ — _ = —
+V.a, qfe+V° a, q:'" - V. (uk_'[‘fe-vz'p).
With respect to the derivation of the Reynolds stress term
V- [ka(v:‘p . v;> v, = - V. (q g‘fe-v’;") [5.1.3.8]
we used the identity [4]
(v AL [5.1.3.9]
Because the tensor v,' v, 'is symmetric, we can write
( R R AR [5.1.3.10]
For term ® of the total energy equation (5.1.3.1) we write
1 ‘ 1
p(u+§ v2)<v—vl.>-VXlc = pu(v—vi)-VXk + p Evz(v—vi>-VXk [6.1.3.11]
and we obtain by means of definitions (4.5.5) and (4.5.6)
= 2 —up s el )T 1.3.12
plutg v \v=v, VX, = u, !'k+-2- v, T, = uy t 3 v r, - [56.1.3.12]
Term @ is decomposed as follows:
v. Xk (I-v) =V. Xk (2. v:oP ) + V. Xk (_’]_‘_ V;) . [5.1.3.13]

With definition (4.3.2) we have for the first term on the right hand-side of (5.1.3.13)

V'&ﬁ'%’%“(iﬁ'?)- [5.1.3.14]

For the second term on the right hand-side of (5.1.3.13) we use eq. (2.3.3) and obtain
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V. Xk(-l' v'k> =-V. Xk(pl° v'k) + V. Xk(.i. vlk) . [5.1.3.15]
With definitions (4.7.2) and (4.7.3) we write

v.(x,1. v)=-v.g @-v3 q [5.1.3.16)

and thus, term ® becomes

v -xk(_'_r- v> =V. (51‘,’: - v;"’)—v -a, @) -V-a, qf. [5.1.3.17]
For term ® we have by definition
W, =- (_1;- v) VX, . (4.6.5) |
According to definitions (4.3.6) and (4.6.6), the energy flux is
- — 4.3.6
q = X,a/q ( )
and the interfacial heat source is
T o= 4.6.6
Ek = q-° VXk . ( )
Thus, terms ® become
- v(Xa)+ TVE, == V-5 G+ . [5.1.3.18]

For terms @ and ® we find by means of definitions (4.1.3) and (4.2.3)

X, 06V = a, ol g- v,

Eventually we obtain the final averaged equation of conservation of total energy in
the following form:
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with
qfe = qfe+ q:m + q: + q; (491)
Proof of the identity:
(w-v)v=w-vv. [5.1.3.20]
Left side:
W v =Zi wi 61. . ZJ Uj 6-,:'- zi zjwiuj Sl_l:ziwi U‘
(w-wvlv = (Z, w, v’.> Zj v, 8' 321‘ (ziw‘. v, )vj Bj;
Right side:
w vv=zlwi 8[ EJ ?kujvkﬁj 8k=
= Zz ijkw v; v, §; 8, = Zi Zk“’; b Y 8, =
= Zk (Z' w; v, )vk 5& qged. .
5.1.4 Mechanical energy equation
Multiplying equation (2.3.23) by X} and averaging yields
3 (307) + n (5o -
kg 2P’ k 2 PVVY) T
[5.1.4.1]
=XkV- (_’l‘_v) - Xk (_’I_‘_:Vv) + (kag-v>
By means of the identities
9 (1 2)_9.( ! 2) 1.28%
%o (29" = \Kagee 2P a e [5.1.4.2]
(1o =v- (1, 30) - b o
X,V SPUV) = v XkEPU v) - =puviv P [6.1.4.3]
X, V- (.1_‘- V) =V- (X,,l-v) - (.’11- v) - VX, [5.1.4.4]

because of the relationship




x, (zovv) = x (zivve )+ x, (20vv) (5.1.4.5]

and with equation (3.2.4.3) we obtain
3 1 1
- (ngpv"z) +9- (szpv2v> = v-(xk_'_r_-v> +

ot

1 X
+ -Z-pv2 (v-—vi>- VX, - (_’I_‘v> VX, - Xk<_'[: v v*'p> - [5.1.4.6]

- Xk<_’[‘_:Vvk> + (X*pg-v> .

The left hand-side of equation (5.1.4.6) has been considered in the frame of the
deduction of the total energy equation, in equations (5.1.3.2) through (5.1.3.7), just
setting u = 0. Thus, we write

.o e, AP . n okin
-V °k<-—k vk)+V a, q, -

According to equation (5.1.3.17), the first term on the right hand-side of equation
(5.1.4.6)1is

V. (Xkl~v> =V. (g;_'l_‘: v;"’)—V- ;;<q£+qz> - (5.1.3.17)

Furthermore, we use the definitions

e 1
2T = Ep&(v_v‘.). VX, , (4.5.6)

w, = - ($-v>- VX, . (4.6.5)




66

For the fourth term on the right hand-side of equation (5.1.4.6), we can write by means

of definition (4.3.2) .
- Xé (T: v :z—i'-‘;

[5.1.4.8]

- __. x,p
)-—-— qu__'I_‘;:.VvJz .

With equation (2.3.3) and the definition of the turbulent energy dissipation Dy, (4.7.4),
we obtain for the fifth term on the right hand-side of equation (5.1.4.6) the following

form:
- x (zive) = x5 (v %) -5 B, . (5.1.4.9]
We used here the identity
pl:Vv=p({¥-.v). [6.1.4.10]
Thus we obtain
3 — < [—\ =& —— 1=\ =
Pl p:[-z- (v:’ )+ufe + V- aq pz V:’p [é'(v"p) + uf" =
_ = |( . TRe \. o=p Wn _ p_ T
=V.aq, (_’1‘; +1‘f‘)- Wwo-q"-q) - q |+ [6.1.4.11]
15 — — ==  — - - —_—
t 5 Y r,+ W, —a T Vv:p+kaiV-vk>—aka+akpig vp?

5.1.5 Internal energy equation

We subtract the mechanical energy equation (5.1.4.11) from the total energy equation
(5.1.3.19) to deduce the internal energy equation. Thus we obtain

8 oF =P [ERE TR I
a—t(akpkuk >+V-(ukpkvk u,” )=
_ — (G, T T AT .o O
= -V k(qk+qk>+ i 'x T E ta Dk+ [5.1.5.1]
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5.1.6 Enthalpy equation

Multiplying equation (2.3.35) by X} and averaging yields

F —_—
X, = b + X,V - (phv) =
[5.1.6.1]
ap )
:ng + Xk v-Vp - XkV-q + Xk(I.Vv> + kar .
With the identities
at X, ph ax
aph < k ) k
X = - ph— ,

- y ph— [5.1.6.2]
X,V-@phv)=V-Xphv-phv. VX, [6.1.6.3]
XV-q=V-X,q-q-VX,, [6.1.6.4]

together with equation
\ an
—_— + v. VX =0 (3.2.4.3)
at i k
and noting that
v, = vpP o+ v,

equation (5.1.6.1) becomes

3 = . o \[ 3 _ (
5 (kah) + V. <ka<hk + hk)<v,e tv, = ph v—v, -VXk+

apk apk. * N —x' f o —————————
+——>+ X, (vk’p+vk>-v<pk+pk>- V-X,q + [5.1.6.5]

. . x'p .
VXk+ X;,.I-V"k +XkI.Vvk

+ q + X, pr.
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By means of the definitions

et = Xyph a0y, (4.1.5)
A — —
q = X,phv, ! a,, (4.4.3)
hy Ty = ph(v—v) VX, (4.5.4)
a4 = X,a /., (4.3.6)
E, = VX
-9 ko (4.6.6)
Dk = Xk_!;_: v v, / a, (4.7.4)
gt = Xeprloa (4.2.3)
we obtain after some rearrangements
3 (-‘—‘;,‘,:3 e lrr iy 3l
a \%% P T Py M VR T
—_ (= A — _— ap: J— - [5.166]
=-V-a (qz +qfe)+ hy T, + 9, (-at—+ v‘l:'p-Vp:>+
+X<ﬁ Vo |+ E +aT Vv Pta D - X pV-v +a pt r=f
k\ g TV VRt o L VIV 0 Dy T PV, T Ty
5.1.7 Entropy inequality and entropy equation
i) Entropy inequality
We multiply equations (2.3.38) and (2.3.58) with Xy and average:
e ST B q pro o
Xk & (ps) + ka- (psv) + ka- ; _Xk F -—XkAs =20, [5.1.7.1]
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N X
1
Xk As = qu-V<;)+ ?k t:Vv)=0. [5.1.7.2]
Using the identities
x 2o = 2 X s il [5.1.7.3]
kg PUT g R PS T RE T
X, V.(psv)=V:. (X, psv)—psv VX, , (6.1.7.4]
q q q
Xk Vo; =V. <Xk F)—F VXk, [5.1.7.5]
and equation (3.2.4.3) we obtain
2 Eope) + V. |x (“’P+' VX, +V (X—q—
5 Xips p PS\ VY, Vo | —psiv-y, i Ay ) -
q pr
- 7 VK X, o = X s 20 [5.1.7.6]
and
AN X
- ! L I R 5.1.7.7
X, As = qu-V<;>+-7-‘- l_t_.(vkp+vk>]. [6.1.7.7]
Using in equation (5.1.7.6) sk = ZF" + sk and the definitions
7P =%t (a0 ), (4.1.6)
Re —_ L] ! -
b, = —Xps'v/a., (4.4.7)
i l'_k-= ps(v—v‘.)-VXk , (4.5.8)
¢, = - X, 9T /o, (4.3.7)
- q
5, = T VXk , (4.6.7)
ot = XT3 07). (4.2.4)

using in equation (5.1.7.7) the definitions




—_ 1
spp = X, @ V(;) , (4.8.3)
|1
— Xk =
¢ o= — (4.3.8)
=gk ak '
X
—_— Tk : 4.7.
Dsk = ?L.Vvk /Qk (4.7.8)
and letting
Ao = 5.1.7.8
Ask = Xk As [ ]

one derives the entropy inequality for phase k

o [ — —_— e —_ —
E(a" p: si’p>+ V-(ak p: s:"’ v"p>—s. N —vV.a <¢’+¢Re>—

[5.1.7.9]

with

M I A 4 E Par - [5.1.7.10]

ii) Entropy equation

The entropy equation can be derived directly combining (5.1.7.9) and (5.1.7.10) or
independently from the entropy equation for the continuum. The latter derivation is
shown in detail to illustrate how the analytical expression of Asy, , given by equation
(5.1.7.10), can be obtained independently of (5.1.7.7).

We multiply equation (2.3.55) by X} and average:

—_— X X
9 TV oo =k k(o er [5.1.7.11
xk5<ps)+xkv- (psv)-—-—T(V-q>+ . (_u_.vV>+ka ! ]
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With the identities
). ¢
a d k
= = — - — 5.1.7.3
X, 2 ®9 = = X, po)— ps— , ( )
XkV°(psv)=V-(kasv)—psV°VXk, (5‘174)
X X
tly.a)=v.[x & vl Vo (x LY. .1) 1
% (rea)-v (1 2)- 0 s(2)n(2)- 3o veone(d). wanam

and by means of equation (3.2.4.3) we obtain

% Xk ps + V. Xk ps(;:’—p +vk‘> = ps(v—v‘.>-VXk +
[6.1.7.13]
X e
L] 1
+ -T—" [i; (vvivp+ vk> _v-xk%+ % ’sz.’kaq"’(‘T') + X, prlT .
With the definitions
soP = X, ps/ (ak [ ) , (4.1.6)
% = —X psv /a
k k ko (4.4.7)
s, F;z ps(v—v‘.>-VXk , (4.5.8)
T
— X},=
F o= T (4.3.8)
—sk "a_ ’
k
— ( L), =
D, ={X,T:%v )le., (4.7.8)
¢, =-XaT /o, (4.3.7)
- q
a=l.vx, (4.6.7)

PR 1 .
= X, a V(F) , (4.8.3)




obP = kar/T/(a_k p;‘,), (4.2.4)

equation (5.1.7.5) becomes

[6.1.7.14]

Comparing (5.1.7.14) with (5.1.7.9) one derives again the analytical expression of Asy
as given by equation (5.1.7.10).

5.2 Langrangian form of averaged three-dimensional conservation equations

5.2.1 Momentum equation

We consider the left hand side of equation (5.1.2.8) and decompose it according to the

identity
Velvw) = v - Vw +w (V. v).

Thus, we obtain

0 (o ox oap a. o vRP &P
a_,(“k i Vi >+v'(°k e Vi Vi

[6.2.1.1]
da,py \ — — — = 6v:'p - —
- P ) T 5P | TP x __ Rk T AP, g P
—( po >vJt +<V a, P, V; >vk + a, p} v + a, py v} Vel
The continuity equation (5.1.1.5) combined with equation (5.2.1.1) yields
.a_ a _I- vx-p + v a _I vx»P vx.P —_
& P Vi R Pe Ve Vi
PR av‘t’p —
- - k — [5.2.1.2]
— X P x x x P P
= v, l'k + a, p, " + a, p, Vv, Vvlt =
%P
— Dk v,

—_ g% P -
= Vv, I'k+aph

with the substantial derivative of v *? given by




Dk v:.P av;'p
— + VZ,P ° v v;»p .

Dt at

Thus, we obtain the Langrangian form of the momentum equation:

— D v™P — — — —
- x k k _ - e il x z, P m— e
GWP T TV (.T: + T, >+ a, P, 8 +(V,u.—vk )rk+ M,, [5.21.3]

or, by means of equation (4.10.9),

— =
G Py

[5.2.1.4]

5.2.2 Total energy equation
The left hand side of equation (5.1.3.19) is written in the following form

F.] / —_ 7 e - '—; o
S \% P & )TV g R AR
[(5.2.2.1]

aq— px [ e — 0 e —
= k k o - X z, p k _ x
( > e, + (V ca, PV >

B a k
with the auxiliary definition

- 1
= P 4 = %P
e = u” + 2 (”k

[5.2.2.2]

SN——
[
xl

®

The continuity equation (5.1.1.5) combined with equation (5.2.2.1) yields the
Lagrangian form of the total energy equation (5.1.3.19)

~
2 — 5Dy —(=. %) 55 5 _ &
x —v. € ). vP _ g% . o
a Gt e 3 V9 (1‘; +T, > AR M Pl g
[5.2.2.3]

2\ T . W = 2, . oae x5 p
+<u >r +E+Wk+ukpk(gv:+r>.
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Equation (5.2.2.3) may be rearranged by the following procedure: In equation (4.11.8),
the interfacial work Wj has been defined by

aak

Wy= W, - p,

(4.11.8)

Y + p(v-—vi>' VXk

with the interfacial extra work W_k'deﬁned by equation (4.7.7).
Furthermore, noting that the specific enthalpy is h = u + p/p, we may write

ph(v—vi>-VXk = pu<v_vi>.vxk + p<v_vi).vxk [5.2.2.4]

hence, with definitions (4.5.4) and (4.5.5),

p(vov, ) vx, = B F -0 T [5.2.2.5]
Thus, we may replace equation (5.2.2.3) by the following form
el R SRl el ~R W r S
% P o TV (I L) v e e |
[56.2.2.6]
(p+ 2 2)F-5 1 +5 el O v B
+ hki+§vki re—& M, tE, +W, - "i—at_+ kpk(g-v: + r )

Drew and Wood [1] introduce an alternative form of equation (5.2.2.6) in the following
way. By means of the identity

2 1(5;)2]_1&
Dt [ 2 \'* T 2 Dt

l, ‘,xnp
Z,p
= y .
Dt

00 Ip
Ve " Vi

and the Lagrangian momentum equation (5.2.1.4), noting that

Y = ] (= \2 =
=Pt (v:.p> + ke (5.2.2.2)

we rearrange the left hand side of equation (5.2.2.6) to obtain

— D e D — — — D, v"?
-z k k= = "k z,p Re - x p LRI
r Py T a Py Dt(“b +”k>+“k Pr Vi Dt
— D —_— — —_— _—
I k P Re P, .o x e
= a, p D (uk + ou, ) + v’; [V a, (_’I_‘k + l‘f ) + [5.2.2.7]
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Thus, equation (5.2.2.6) yields

—_ D S N —_— —_— —
- z _k z,p Re xp - x e - x
a, P Dt<uk +uk>+vk [V-ak<1k+2f>+ak p, g8 +
i N vl I
+ (vk - v: ) r,+ p, Va, —x,.-Va, + M, ]-—
= veoa |[TF + 1R} v g = g 5.2.2.8
= V- oq (Tk + I ) Ve 9 -9 |t [ ]
— 1 7\ = o - -
+(hkz+5vk¢'>rk_ek .+ £, + W, -
o,  _ — _
K X x,p LAY
- Py = +oa, P (g v, tr >
Noting the tensor identity
T:VWw=V:(T-v)-v:-(V-T) (2.3.22)

and canceling the gravity terms, one obtains

— D —_— —_— — _—
- x _k x,p Re | _ x e \. x, p
a, p, D (uk +uk> = ak<lk+1‘f ).Vvk -

VP . Ve + v teva ) - v .M -
- Y Py Vo, + v (lki V“k) vy M,

[5.2.2.9]
= N o e =
x e X
-V uk<qk + q, >+ E + W, Poi + a, pp r, *
—_— ~/
+ | = VP v, — voP +h_+lv2—e_ T,
k ki~ Vi T g Yk k| Ck

Recalling the definition (5.2.2.2), the last term at the right side can be expanded as

follows:
~/
T R T B w P e
k ki k ki 9 ki k k

r, = [5.2.2.10]
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Introducing this expression into (5.2.2.9) one derives

— Dk — -
x x,p e —_
a, P, T (u + u > =

—_ —— 1 Ju—— — \ 2 _ — _
+ { g — uE? = uR [vzl N (U:.p> _ 2y . v ” — [5.2.2.11]

Using the identity
(h_k,. - u2’9>[_': - (;;; _ u;ﬂ’)ﬁ + P -v) VX, [5.2.2.12]

and (4.10.9), (4.11.8), equation (5.2.2.11) can be written in more compact form in
terms of My and Wy, (instead of My.', Wy):

—_— R 1 [~ 2 — T —
— yoeP Re | _ |2 x,p x,p [6.2.2.13]
+ {uk‘ u - u, +2[uki+(vk ) - 2v, v, }fk+
wo o v x,p — 2 Tp
+ Wk + E, - Mk v, + a, p, T,

5.2.3 Mechanical energy equation

For the left hand side of equation (5.1.4.10) we write by means of the continuity
equation (5.1.1.5)

LA el L TR
at kpkz k k

Il LY Gyl el B TR A EY T e
E Py (2 \ % k kPr Vi 9 \ Uk k

+ [5.2.3.1]
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Thus, we find for the Lagrangian form of the mechanical energy equation

kP D |2 \ % el T
_ o L mRe Y. onp kin  p v
=V aq (-'I-\:“Lﬁ) PO _qk_qk}+
[5.2.3.2]
1 5 1 /(5 R|=,
+l§ Uki—-é-(Uk )—uk rk+Wk-

5.2.4 Internal energy equation

The same procedure applied in section 5.2.3 leads to the following Lagrangian form of
the internal energy equation (5.1.5.1):

—_— — D —_(— A —_ )\ =
x 2 np _ . z Re T
G P o Y TV ak<qk+qk>+(uki “i ) p Tt
[5.2.4.1]
"R = D — xp - — x xp
+Ek+ka+ak1‘z Vvl = X, pV-v, +a, p rpf.

5.2.5 Enthalpy equation

The Lagrangian form of the enthalpy equation is deduced in the same way as before by
application of the continuity equation (5.1.1.5) to equation (5.1.6.6). We obtain

— —_ —_— D
R R N C R N R R
[5.2.5.1]
Dypy  — —— - ——
X, D +Ek+ak_1‘;:sz'p+aka—kaV vk+c1kp;‘2 r;:'p.
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5.2.6 Entropy inequality and entropy equation

i) Entropy inequality

D 5o o (o + oF T T Y
& Ph Dt 5=V q (‘bi +¢ke>‘<ski"s:p>rk" p— 9 P, 0,0 =85, =0[5261]
with
— Tz x, p . (5.1.7.10)
Ask—-sTk+ a, ¥, Vvk +aszk_0

ii) Entropy equation

For the Lagrangian form of the entropy equation, we obtain finally from (5.1.7.14)

_— — D — - _— o —_ —_ =\ —
x = xp x . N . x Re _ .y —
% Pr Dy Sk -0 B Vvt -a D, -V °k<¢k+¢k> (ski *k >rk
[5.2.6.2]
T Y
= 8 Tty m 9 B 0 =0

5.3 Averaged jump conditions

The general form of the averaged jump conditions is given by equation (3.4.2):

lplwl (vl_vz) - Jl] FVX) [92‘*’2 <V2‘V.'> - Jz] VX, =
(3.4.2)

(Index k is not summed on the right hand side. The corresponding values of yp, J; and
m are presented in Table I).
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Thus, we derive the following averaged jump conditions:

(i) Mass
M+ =0 (5.3.1]
with
To= p (v—v) VX, . (4.5.2)
(ii) Momentum
M, + M, + v, I+ v, I,=m (5.5.2]
with definitions
v, T, = 0, v, 0,—v) VX, (4.5.3)
M, = ' (4.6.2)
Mk - - Ek : VXk
and with
m = (nl VX1> m{ = (n2 vx2> m{ =
[6.3.3]
= (nk VXk> mf
(iii) Total energy
- . . L L o=
El M Wl +E2 + WZ +(ult+ -2- vlt)r1+
(5.3.4]
N S [ (N | FR
with the definitions
E, = q-VX, , (4.6.6)
(4.6.5)
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u,. Fk = pu(v-—v‘,)~VX
l v—zr—— v2(v-—v)-VX
2 % & T 5 P i £
(iv) Mechanical energy
ey — 1 5 = 1 7
W1+W2+§Uu Fl+§ vy,
(v) Internal energy
E + E. + u. T.+ u.

(vi) Enthalpy

With h = u + p/p, we rearrange equation (5.3.6) to obtain

E + E, + h“ l'1 + h2i fz— p (vl—v‘.)-VXl -

(vii) Entropy
We find
1 ¥ sty Tyt o8y Ty = (“1 ) VXI) i = ("2' VX2> 9y =B,
with the definitions
—_ _ 9_ )
Sk = T
Sy; I'k = ps (v=- vi)' VXk

Equation (5.3.8) yields a definition of As;.

(4.5.5)

(4.5.6)

[5.3.5]

[5.3.6]

[6.3.7]

[5.3.8]

(4.6.7)

(4.5.8)
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FEulerian form

Continuity equation

:’1(—-7 v (——x‘zs _ T
Z\% P ) TV 0 v )= 0 (5.1.1.5)

Momentum equation
(g v (T )y a (e )
k Pe EPe Ve Vi E\ =k Tk

at k
(5.1.2.8)

and

(6.1.2.12)

e e AT U S R W
=-aVp +V ak<3 +’1‘R>+ak pLET VvV, Fk+(pki—pk >Vak+Mk'

Total energy equation

3 [ — = 11—\ T —_— = 1 (=\ =
—_ x np 4 X, p Re X Xp o, | ,xp Re | _
at{uk Py | 4y +2<vk >+uk }+V a, p, Vv uy, +2(vk )+uk =
=voa |[T+18 ). v»° = g - g 5.1.3.19
Ve, (1‘:+1‘f) A 9 -9 | ( )
(o 4 s )T 4B +W, +a, p*g-vP +a p* P
BTy Yk ) e T k E P B0V k Pe Tk
Mechanical energy equation
3 — S|l (Y, ok — 5 e 1(7,;2'5_
2 % P E(vk +u, + V., p, v, 2 \ Y% tou | =
v, % 4 R ). o kin _ p 1
=V q (:I-‘Z +I§) Vi U —YG T G T
(5.1.4.11)
D T AW o T v x, (Vv )@ D +a ot g v
2 ki 'k e % =k Y Ve kP k R Ur T 0 Py BTV

TABLE VI - Summary of averaged conservation equations in detailed form
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Internal energy equation

9 __xT,p — T x.p_x—,_
5(% Py Uy )+V'(°kpk"k Y ]~

- — (AR, T . T LT
““V°°k<qk+qk)+ U, rk+Ek+ ka+ (5.1.5.1)
— % g o x xp

+ak1‘2 Vvk —kaV v, ta, g,
Enthalpy equation
i 21— _; ;l:‘; + V- (_l_ x 5P yBP )=
3 EPr EPe e Ve )T
Tz
— A\ — —  _ap —  — (5.1.6.6)
—_ X 'Re x x, p x
==~V ak<qk+qk>+hkz rk+ak(a,+vk Vpk>+

ap' 3 — [P e eomrn
_* ' B o a M . OehP o D ' o nt 5P
+Xk<at + v, Vpk>+Ek+akg‘z.Vvk +a, D, =X, pV-v, +a,p, ;"

Entropy inequality
_‘1 - x xp <—'_x P L E5P - — (T x Re
&(ak P, S >+V' a, p, sV, -5, I =-Vea (@ + &) -
(5.1.7.9)
- “x np _
- 5 a, p, 0" = AskZO
with
Ao = & PR x,p a
Asy T osp T Ly i Vvt ot oa Dy (5.1.7.10)
Entropy equation
O [ — "% “ap — x P &P\ % g omp
5<kpksk >+V <°k9k"; S’ )=y I Vvt -, Dy -
(5.1.7.14)

TABLE VI - continued
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Lagrangian form

Momentum equation

_ — D, VZ"’ —_— —
- x _ - x Re — x
a, p, D V. a, (!‘_k +T, >+ a, p, € +
(5.2.1.4)
— =\ = o J—
+ <vki -V > r, + p, Vo, -5, Vo, + M,
Total energy equation
a) With explicit term v2/2
—\2
— D (vx’p> —
— x _k 5p k Re | _
a, P, Y uy + 2 + u, =
ey — — — 2
-= . a e s P x - Re T __El_- -
=V aq <-'1-‘7e+If> A L +<hkz+2>rk_
| (5.2.2.6)
= ) —
) =) - s o 2%
%P e
- |uy” t P + U, r.+E, +W, - p, po
— "z “xp = "5 xp
+ a, p, 8 v, + a, P, Ty
b) Alternative form
b1) In terms of M'x and W'k
— 5 %= =
r _® z,p e | _
Y% P Dy <“k T ) =
_ T = e 5P — (% | Re
-—ak<’_l_‘:+'l‘f> VPV “k(qk+qk>+
(5.2.2.11)
— o _m), |7 (7Y Y
+{(k¢_uk’_ k>+5[vk¢‘+<vk’>_2vk¢ vy ”I’k+
. — 80, — .\ _—— — —_— —
P x, p x xp X, p x, p
+E +W, pkz( + v, Vuk>+ a, p, ry — M - viT 4wy (Ek Vak>

TABLE VI - continued
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b2) In terms of My, and Wy

—_— 1 | —= —\2
_ g %me _  Re - 2 x, p _ x, p
+ {uki u, u, +2 [Uki+(vk > 2V Yy
w_ " . B P — x xp
+ Wk + Ek - Mk v, + oa, p,

“F B HF) T
=V aq, (EJ“’I‘?)'%"’:M';E‘E N
did -] -] R -
- I v K (V) - & B e
Internal energy equation
SR T (@) (7 -F) A
e AT A

TABLE VI - continued

(5.2.2.13)

(5.2.3.2)

(5.2.4.1)
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Enthalpy equation
— — L . D -
— D —_ A — — _ k Pk
x np - R X Re _ REP
v P Y hk = -V ak<qk +4q, >+<hk¢' hk >fk+ak Y +
(5.2.5.1)
L S e e
+Xk D +Ek+ak3‘::Vvk +uka_kav.vk+akpk,.k
Entropy inequality
— 5D 55 v,—-§+ Re TP T 5 —7“;3_—)0
% Pepr % TV % Pyt o, )-8 =8 )Ty — 89, P, 0 =As =0 (526.1)
with
~ - = X L genp L T (5.1.7.10)
Ask = sp, t Q, lsk.Vvk +quak20

—_ — D — o — —_— —_ —_ =\ —
x 2 xp x P . x Re | o P -
% Pr D e T % Ty VP9, Dy -V a (‘bk + &, > (ski %k )rk
- — =5 o5 (5.2.6.2)
=8 —Sp— 9, pp oy = 0.

TABLE VI - continued
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6. Conservation equations for the mixture

Purpose of this section is to derive a system of governing equations for the fluid
mixture from the equations written for the two phases separately, which were
derived in the previous section. To this purpose it is necessary to define first the

physical quantities of interest for tie mixture.

6.1 Definition of averaged variables for the fluid mixture

We classify the definitions of averaged variables for the mixture in three classes,

as follows:

6.1.1 Class (i) - Volume weighted averages

These are simply defined by

— —_— 2

fw= o f1 %0y [ =2, K1

m
1

Applying this definition to the set of physical quantities

I A
f=1, pk’pk’Dk’Dsk]

one obtains:

Mixture density (f = p, *)

m
Mixture pressure (f = p, *)
_ = - = N
_ x x -
P,= a Pyt 8, p, (2>
m

3

—

—

N

|
TN
NE
N’

Turbulent entropy source in the mixture (f = ﬁsk)

D=3 D +a D w_
mm(1 2 s2 ¢

1 1
§ m3K

[6.1.1.1]

[6.1.1.2]

[6.1.1.3]

[6.1.1.4]

[6.1.1.5]
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6.1.2 Class (ii) - Mass weighted averages

The mean value of a phase velocity v,*? can be considered as sum of the mixture velocity
Vm (yet to be defined) and a (positive or negative) shift "\;k with respect to v,; hence

V= vEP — v . [6.1.2.1]

We call '\7k “phase velocity difference” with respect to the mean value of the mixture v,,.
Similarly we write for physical scalar quantities

w,= ubP —u [6.1.2.2]
hkz hz'p - hm etc. [6.1.2.3]

VT.P + 9 p; v;’p, [6.1.2.4]

P O R R
[6.1.2.5]
- (vt -v)e 5 (0 -9)
hence:
T"_1 'p_:lc v+ _2 p_; v, =0. [6.1.2.6]
Similarly, for any physical quantity f, one has:
o 0 ft e, 6 T =0 (6.1.2.7]
Definitions of mass weighted averages are given by the formula
fmzs_m(a—lp_f AT 72> [6.1.2.8]

applied to the set of physical quantities:

2 e e e s AR —
f= f—___ yEP IR pEIP  (HP EP _1_ voP . L uRe T TRe qx ARe * q)Re
k k ’ k ’ k 1 k ’ k H 2 ? _k H _k ) ’ k !
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For f = vone derives (6.1.2.4), and similarly:

Internal energy of mixture

5P Tx xp
(f— u""’) L = 4 Py uyt t a4y py Uy (i)
- k m k
P, g
Enthalpy of mixture
— x,p - Tz x,p
(f— h""’) P a Py kYT A ay py by (i)
- Tk m k
P g
Entropy of mixture
- -_x x,p - —? , P
(f‘ s""’) R B B T Ay Py 5 ( J )

Kinetic energy of mixture

Tp 2 2 — Tz P 2 — "z z,p 2
<f— (vk, > > v a, pj (uk' ) + a, py (vk’ ) ( J )
T2 2 2p kg

Shear stress of mixture

r x - x x

(_—x 9 P I T 9y Py I (i

f=3,) % = p 2

m
Energy source
— z,p - "z x,p

e 9y ey ey gy (_‘j’_

f_ rk rm - p 3

m m

Turbulent kinetic energy

[6.1.2.9]

[6.1.2.10]

[6.1.2.11]

[6.1.2.12]

[6.1.2,13]

[6.1.2.14]

(6.1.2.15]

[6.1.2.16]
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Stress term of mixture

_ a, pT TY + a, pf T
(f: Tr) poo LB 7 T P 2 (i> [6.1.2.17]
—k —_m pm m2
Reynolds stress of mixture
- _—x Re - -—x_ Re
a, p; T + p T
<f: TR"’> pRe - 1P - 2 Pr —2 <i> [6.1.2.18]
—k ——m pm m2
Energy flux of mixture
_ a. —p; q. + a, F o«
<f= q;> ¢ o= 0 T TP Py Ao (l".> [6.1.2.19]
m e, m?
Turbulent enthalpy flux of mixture
- —; ARe - —J:—/\\Re
(fzéfe) TV B W W B B <_W_> [6.1.2.20]
" P m?
Entropy flux of mixture
e ;l- pl q)’l: + —2 P; ; 2
(f= <1>;> ® = <W/m K) [6.1.2.21]
m pm
Turbulent entropy flux of mixture
a. ;; oBe 4+ o _pT @ Be
(f: @Rff) oRe - L 1 1 2 2 2 ( il > [6.1.2.22]
k m p m2K

m

Multiplying scalarly equation (6.1.2.4) by the gravitational acceleration g one has

o Vn €= B VTt T B Vi e (6.1.2.23
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6.1.3 Class (iii) - Combined definitions: volume weighted and mass flux

weighted averages

In the following we use, for a physical quantity F, the following definition of mass flux
weighted average:

L Xk pvF
F, = — [6.1.3.1]
G P V'

1st case

Let f denote a scalar or vector or tensor quantity. Using the deﬁmtlon (6.1.2.1) for the
phase velocities and (6.1.2.2) for a physical quantity Fp=Fn+ Fk one
has identically:

] = [6.1.3.2]

— — — s = - A
— X X x x x
—(alf + a >+<al p1+02p2)vam+v (a plF+u2 p2F2> +

The third and fourth terms of the right hand side are equal to zero, because of
(6.1.2.7) and (6.1.2.6), respectively. Using the previous definitions (6.1.1.1)
formally extended to any vector entity, and (6.1.1.2) for the mixture density,
we can write

2
S, X, f =f,=0 ff+a f, (6.1.1.1]
1

2
= X 5P % =
§k<XkPVF>—°1 p; vy F,+ a, p, vy F,=

[6.1.3.3]
b E T R T R
Hence, from the latter:
i e vl R v
Po Vo P =@y #p V7" Fytay py V" Fy—a,py v Fy—a, p, v, F,. [6.1.3.4]
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Summing (6.1.1.1) and (6.1.3.4) one derives the following definition

_ _ x T
Jm—fm+pm vam— 1 fl+ 2 2+
[6.1.3.5]
— x,p;:' — Tz xp"iv— '=_x“';'.' =_1—~F
ta PV 1 T A Py Yy 2o\ 94 Py Vit ay Py Vo Iy
Let us take for example fy = 0, Fx = vi*?. Equation (6.1.3.2) yields
2 . —
- x 5P 5P x s ~ o\
Zk a, P, V.,V —zk a, pk(v +vk><v +vk>—
1
=> P VYV +ta VN ta P Y vt VY
=L\ % Py Vs EPe Vi Vi B Pr Ve V™ %% P Vi Vi) -
Hence, using (6.1.2.7)
By Yy V= W B VP VP T 0 VPR
[6.1.3.6]
— T~ oA — Ty o~ o~
=\ PV vyt oy Py VY,

The left hand side represents a mean stress tensor for the mixture while the first
and second terms at the right side represent an equivalent definition of stress
tensor within each phase.

2nd case

The above definition holds formally also when the physical quantities involved

do not denote mean values but turbulent fluctuations. In this case (6.1.2.1) is replaced
by

Y. o=V —v_, [6.1.8.7]

and the definition of average becomes:

+ _ ' _ x _I
Jm_fm+ P Vin Fm_ 1 fl + 2 f2 +
[6.1.3.8]
—-—I— ' _F_‘_ —_: ’ —F-'— __I'v' F -—-_;IV s
toay py vy ot ey py vy Ky = ap pyVE = ay py Vol

with the identity (similar to (6.1.2.6))

a, p’l";' + a, p;'\\‘" =0. [6.1.3.9]
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3rd case

As a third case let us assume that, for both quantities involved (v and F), turbulent
fluctuations are considered, with

NV, =v-v (6.1.3.7)
F,o=F-¥F . {6.1.8.10]

Thus one has:
2

2 (ka tXyp v F ): L it e Ly X Fp o+ X0, Fy =
=k \

_ — I ————. x L] N' [ "4 4 ~l f ] gt ¥ _
=a, fi +a, f, + X p <Vm+ vl) (Fm+ Fl) + X, py (vm+ v2> (Fm +F2> =
[6.1.3.11]
— — = - _J.‘ ' } Py o ' J ~t "
= a f"l‘+a f2+X1plvam+X1plvll71+szzvam+X2p2v21'%2+

[ Are "~ . " Pt
+ v (lel F . + X, p, F2)+ Fm (lel v, + X, p, v2> .

The last two terms at the right side are equal to zero because (in analogy with
(6.1.2.6) and (6.1.2.7))

(Xl pl Vl + X2 p2 V'2> = -;; pi "\1'1 + _; p; "‘,,'.2 =0 [6.1.3.12]
(Xl Py f:1”1 + X, 0 fz) = :1 N f'.l + 0_2 Py 'I"gz =0. [6.1.3.13]
Defining
e o 2Pl [6.1.3.14]
k “k '
Fo = <X1 Pt Xy p2> v, F, [6.1.3.15]

one has from (6.1.3.11)
a, f’;+02f’2c + a, FRe 4 a0 FRe -

= f + Fﬁe.f. X p, vF O+ X p '{712 ii"2 = [6.1.3.16]
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=t R o e N E 4o 6 YRR,
with the assumption
X p ¥ F =a ot VI . [6.1.3.17]
Thus, from (6.1.3.16)

JB = f 4+ PR = Y+ a, fi+ a F¥ 4+ o FE-

[6.1.3.18]

Remark:

The definitions of volume weighted and mass flux weighted averages (6.1.3.5), (6.1.3.9),
(6.1.3.18) for the mixture imply an important consequence. The averages for the mixture
are not given by the sum of the contributions of the single phases. Instead, from this sum
two terms must be subtracted, which depend on the "phase velocity differences” of the

single phases.

6.2 Derivation of conservation equations for the mixture

In this section the conservation equations for the mixture are derived from the
averaged conservation equations for the single phases (obtained in section 5)
by adding the separate contributions of the two phases.

6.2.1 - Continuity equation

Using equation (5.1.1.5) for k = 1, 2, adding, and considering the jump condition
(5.3.1) one derives

a — Tz -— _— —_— T B —
s (@ mn ) ev (G d v e m v )= T e =0, (621
With the definitions (6.1.1.2) and (6.1.2.4) one obtains
s [6.2.1.2]

m
—a_t— + V'(pm vm)-O.
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6.2.2 - Momentum equation

1st Form

From equation (5.1.2.8) one derives, upon summation for both phases:

,P>+ V’ <alp:; v:»p v:tp_‘__ 02 p; v;»p v;,P >=

9 -z x,p — " x
5(“191"1 T APy Vo

o () g (m )|+ (56 + ma Jer (6221

=V-la \ L =2

+ My + v, T+ M, + v, T, .

Letting vz*? = v, + Vjin the divergence term at the left side of equation (6.2.2.1), using
the definitions of p,, (6.1.1.2), v, (6.1.2.4) and the jump condition (5.3.2) yields

;;;+a_;;vv+2v Q_;')T'\:’Iﬁ-a—bT://
1 5 2 Y2 ) m "m m\"1%1 " 2 F2 Y2

d
g(pmvm)+7-

[6.2.2.2]

Using equations (6.1.1.2) and (6.1.2.6) the previous equation can be written

9 - — [6.2.2.3]
(pm vm)+ V. PV Vi = V'_’_I_‘m+ pmg+ m ,
with
et Re ey Re — TMN~ = T 6.2.2.4]
T a (El +T, >+ a, (2‘_2 + T, >_(°1 py vV, vV, + a, py v2v2>. [
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2nd Form

An equivalent formulation can be obtained from equation (5.1.2.12) as follows:

[6.2.2.5]

—_ =\ = _ - —
+<p§i—pT>Val+<p;i—p;)Vaz+ 1 omy.

[6.2.2.6]

3rd or alternative form

In the following we call "alternative form” of the conservation equations the
expression obtained without expanding the divergence term at the left hand side.
This alternative form is most suitable to derive the conservation equations in terms
of slip velocity (see section 6.3). Starting again from equation (5.1.2.12) one obtains:
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[6.2.2.7]

2 a\e T 2 i \o T . md . md
+<pji—pT>Val+(p;j—p‘;>V02+Ml+ 9 *
This equation is more suitable to derive the momentum equation for the mixture in
terms of the slip velocity (vg] = v1*P - vo*P) as shown in section 6.3.

6.2.3 Total Energy equation

1st form

From equation (5.1.3.19) one derives

( )2

x‘p
v .
1 Re

a — "X x - Ty R
- P e, X X, p e
py a, 91["1 + 2 tug o, py fuytt 2 +ou +
x,p 2
— =z x,p X, p 1 xp2 Re — "z z,p xp 02’> Re
+V-{alplvl' uy +E<ul’ > +ul +oa,p, vy uy't + +u, =

[6.2.3.1]
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Introducing in the above equation

— . 1= — . 15 T
(uh.+é-vu>l"l+<u2i+-§vzl.>l‘2+ T E, + W+ W,

. — ,p ,p
P V' 8 ap py BrVvy T+ a;pp oV,
_ _—:c- x,p __x X, p
PuTm = 4 Py Ty T Gy 1y
Py = & p1 ey’ + a, p; uy®
Re _ — x _Re , ™ x Re
P Um 1 P ¥y T gy py Uy,
2= o () ao (v20)
PV 1 P 1 2 Pg 2 s
and using
z,p 2_ "')2_ ~ ~._ 2 o o 2
vy w + v, = (v +Vk) (vm+vk)—vm+ v v, TV,
one derives
a 1 4 Re
5<pm m+pm-2-v top, U, +
+ V. a ot + 5 AR B . S UL T
1 P v v Um uy 2 Um 2 Yy vm vy T ¥y
+;-_ v + ¥ u+rr/3'+lvz+l'52+v T+ ulBe
2 P2 \VYm T V2 2 T g lm T g T U a2 T ¥y
—v. 7 (pr Re \ mE Re _
\% a, <_Il +ll > <v +vl>+a2<$2 + T2 ) (v +v2>
- - ~— _Re Re -
—V-<01q1+02q2>—v (al q; + a,q, >+pmvm-g+ Py ™Tmt E-

(5.3.4)

(6.1.2.23)

(6.1.2.15)

(6.1.2.9)

(6.1.2.16)

(6.1.2.13)

[6.2.3.2]

[6.2.3.3]




98

Expanding the terms at the left side of the previous equation one derives:

9 1
= p (u + =0 +uRe>+
at m m 2 m m

'1

LY T T — —_—
m z x ™~ x 22 z 1 a2
+V-]p v (um+ 2 >+ vm(a1 Py ugt a, pg u2>+ vm(a’pl 2v,+(12‘p2 202)+

Re +v(-—’u 7+a—_;u B'>+ [6.2.3.4]
m m m 2

4
TN
2
©
—
<

-

s
-

+
o |
©

N M
<
-]

&
R
N
+
o~
R
©
-
B |
<
Ll -1
+
2
o |
NHI
R
B | =
TR
N

<+

The second, fifth and sixth terms at the left hand side within the brackets are
equal to zero because of (6.1.2.7) and (6.1.2.6).

Let us define:

—

), v - (i“ N .T_§‘*> ¥+ [6.2.3.5]
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Thus, one obtains:

—[p (u +~—-+uRe>+V pv(u +——"—'+uR”) +
1 = Tw2 T i — % = xw
+ vV l-z—vm<alplvl+(12 g Uy Jtu La plVvio + a, p,v,0, |+
[6.2.3.6]
— Ty Re - T~ Re _
+oa py vyu; toa,py v, U, =

).

)

AR SR S A | DY C R RN E R v

Alternative form

We start again from equation

d R
5{“191

— e x Re %,p ox Re x,p
=V a (_'I_‘_l +_Il ) vy + 02<I_2 + '1‘2 > vyl —
(6.2.3.1)
- X, =z — "Re — "Re
'<°1q1+°2q2>—(1q1 +°2q2)]+
- 1-—2— 1_1_ — 1 ) - E‘— - e —
+ull+—uh 1+ u2i+-2-021 2+ 1+2+ 1+ 2+
- "x Lg% P - "z % p - "y x,p - xp
toa py BVt aypy eVt oappy TNt Gy py Ty
Introducing in the above equation
(e LVF (s L) E 4 B4 B+ W+ W, (5.3.4)
e—<u1i+§uli>1"l+<u2i+§v2i)1‘2+l+2+ T Wy
pm vm . g = 01 pf g.vi'p + q2 p; g. v;‘p , (6.1.2.23)
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bra = BB R T 61219
_ Tz x,p — "z z,p
Py = G 8 Uy F 8y 0y Uy (6.1.2.9)
R i il 61216
—_ 2 — 2
_ T x %P - x P (6.1.2.13)
Pmlm = 4 P ("1 ) t Ay Py <”2 ) ’

and using

2 2
(vZ’p> = (vm + T)'k) = (vm+ ;’k) . (vm + '\\7’k> = vfn + vaﬁ'k +'i7: (6.2.3.2)

one derives:

[6.2.3.7]

- LT x — "R — "R
—\7-(0l q] +a, q; )—V-(al q,° + a, q,° )+ P,V &t p T +e.
Expanding the first term at the left side of the previous equation one derives:
ad 1 a
-—p(u +—-v2>+— (p uRe>+

2
+ a_psvoP [u”p-i-%(vx’p) +ule

v } N [6.2.3.8]
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The second, fifth and sixth terms at the left hand side within the bracket are
equal to zero because of (6.1.2.7) and (6.1.2.6).

Let us define:

- T - Tz - Re - Re

q’lc+a

ot
3
I
2o
oS
)

[6.2.3.9]

[6.2.3.10]

= [z Re — [ mx Re
4 (Il + I ) ta (-T-z + I3,

v

6.2.4 Mechanical energy equation

1st Form
From equation (5.1.4.10) one derives

3 [—ZF [ {3V, R
sla e [0) +

a? + a° ) N [6.2.4.1]
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vl _ (5 n 7 ""_x,x,p _—I_,I-P
+X2p<V v2> <01D1+ a, 2>+cxlplg V] +a, p, B°Vy .

Now, we use the definitions

Re _ 77 =« Re - oz Re
P Uy =Gy Py U+ Gy py Uy, (6.1.2.16)
g - p, v =¢g (“1 p:lc v‘;"’ + a, p; v;,p> ’ (6.1.2.23)
D = a D + a,D, , (6.1.1.4)
and the jump condition for mechanical energy
Frrale 1 =5 =— 1 75 = _ o _ (5.3.5)
W1+W2+§ vy l+§ Vo F2 = (nk-VXk>ei,(k—lor2).
Hence from equation (6.2.4.1) one derives
3 v?
3 Re _m
at (pmum TP > *
2 ~2
wv. oo (Im v N\, =T TR, — a~ TR
‘1o, P) V) ?+vmvl+2 + a pyv ou,;+ a pyvous o+
2 ~2
= we [ Im o Y2\ — Re , — =~ _Re
vp r— —— =
+a,p, v, (2 +vmv2+2)+ a, py v, u, + a, p, v, u, =
[6.2.4.2]

- V-(q’;i" +q" + qP+ ) +ql + q;)‘* (nk'vxk>e? -

— nx x,p x . % p v ey ) — .
_(112_1.Vv1 —(1222.Vv2 +X1p<V vl>+X2p<V v2> Dm+g P Vo
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Furthermore, we use the definition

= oGP X xp
PV =0 Py VY T 0y Py Yy (6.1.2.4)
and obtain
% p,u. +pm—2— + p vt
w2 2
— " o~ - xpvl - X, p - xpu2
,P ’ Jo—" * ’ -
+ Velapyvytv v, +a pivy > ta, py VU U, + a, py vV 2 +
Re - X Re — "% ~ "Re _
+ V (p umv>+V (“191v1“1+°2 2v2uZ>—

v, } N [6.2.4.3]

T, %p X, z,p v ey )= .
—-a,T) Vv —(12_’1_:2 : Vv, +X1p<V vl>+X2p<V v2> Dm+g Py Vin®

Alternative form

We start again from equation

(6.2.4.1)
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(T r s m ) e
+X2p(V v2> (al D1+°2 D2>+u1plg vyt ta,

Using the definitions

i ’

W W 1 1 =5 — o -
W1+ W2 + 5 u T E Vo F2 = (nk-VXk>e (k =10r2)

one derives

(6.1.2.16)

(6.1.2.23)

(6.1.1.4)

(5.3.5)

[6.2.4.4]
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6.2.5 Internal energy equation

1st Form

From equation (5.1.5.1) one derives, summing the contribution of both phases:

o [ — — _ _ _
— X X, p x X, p . x X P x, p X x,p X, p —
at(al py uy ta, py u >+V (01 [ u + a v uy >

==V o1 g Lot EpTEY T
[6.2.5.1]
N - - T x,p - —x z, P
+ 1D1+2D2+ l_Il.Vvl + 212 sz -
o ) — " np, T x _xp
—leV v, X2pV v, ta py T ta, p, 1y
With the usual procedure one derives
_3_( )4+ v — x ~ s - w Y~ _
py P Y, ey PY A\ VT Yy Nt e Fay v tv, lu +ou, =
- —_ e e = ] T — ] — —
- _ V. x \Re x A Re -2 - 2 [625,2]
==V ‘“1(q1+q1>+°2<q2+q2>+°' 1~ Wem g W T g e et

-—_;-. ~ — P ~N ] " ]
+D + a T .V(vm+ vl>+ a, T, .V(vm+v2>—X1pV vi-X,pV-v, + P T

Expanding the terms and rearranging one derives

3 - - -~ —
el . x x x x
P p,u)+V vmum<al py + a, p2>+ vm<al py U, ay P, 2>+

_ o = (. are R 6.2.5.3]
= -V al(1+l>+02<q2+ 2)+

- = = 1 57 — 1 57 — D

te-W W Ty— g vy Tt Dt
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- leV-vl —X2pV-v2 L

With the definition:
A s— R — — R, —— .-v —_av L)
4, = « (“1 +ﬁ\1e)+ a9 (“2 +326> +ay o1V U+ ay 0 VT [6.2.5.4]
we obtain:
alp u )
@m & P
mp—— V-(pmumvm)——V-qm+Bm+pmrm+
= = = 1 75— 1 =5 = {6.2.5.5]
+ E—Wl—Wz—E vy rl— E Vg, r2 +
— .=, TTUY 4 TT VY - '
+(al_'[1+a2_’l_‘2>.Vv +c1lII.Vvl+¢:12_’l_:2.sz—leV-vl—X2pV-v2 .

Using the identity I: Vv = V - v (see equation (2.3.31)) we have

= mx .o _ x )Y - T o rg. YL ox.gy [625.6
—13‘-1'VV1_“1(_ py i+ _l>.Vv1—— Py Vv ta 27:Vv, [ ]
and similarly for the second phase. Introducing into equation (6.2.5.5) and defining
- ' ' — ag.et T g [6.2.5.7]
Wm = —le(V-vl) - sz(V-v2> - a, py V-vl— a, Py V-v2
one obtains:
alp u )
= = (puv)——V +D P,
at
- - = 1 5 — 1 5 —
+ e—Wl— 2—5 vy; Fl— 5 Yy, I'2 -
[6.2.5.8]
— — x x
-a py Vv +a x:Vv —a2p2V v, +a, g Xyt VvV +
— X g - T .o
ta Vv +a, 1, Vv, + W
Using
W+ W, = =-<1 v> (VX + VX ) , (4.6.5)
p, = a pj + a, p , (6.1.1.2)
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one derives:

alp,u,.)
m m A -
—-a—t-——+V-(pmumvm)——V-qm+Dm+pmrm+e —pmV-vm+ Wm—

1 — 175 — [6.2.5.9]
- 5 vi. Fl— E Vy; f2 + (i-v)-(VX1 + VX2) +

Alternative form

Starting again from equation

N eIy — —
i P Y ) T LAp TP T
at( 1 Py Uyt 0y Py Uy >+V (“1 Py VY Ut oy py Vo Uy >

T T E +F 4+ (625.1)

one derives with the usual procedure

a J—
= . x xp xp x x,p 5np | —
at(pmu’")+ v (al py VYT ouytt oa, py VYT uy )

=-V. te-W, —W,—

= ("% AR\, =[x, ARe
“1(q1+q1)+°2(q2+q2>

_12_ ny %;22: r+ [625.10]

—_x' ad —_—x. Y ] [ ] [}
+D +a T .V(vm+vl>+ °2~$2'V(vm+ v2>-X1pV v, = X,pV-v, +p 1 .

Using the identity I: Vv = V. v (see equation (2.3.31)) we have

_;;l: :V'{”1=—1<—PT_I_+L§>:V:/’ = - _p’l‘Vo’\\;+(T_E’;:V'\71 (6.2.5.6)
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and similarly for the second phase. Introducing into equation (6.2.5.10) and defining

— ' ' — T gV T g (6.2.5.7)
Wm = -le<‘7'vl> - X2p<V'v2> - a, p| Vvvl- a, p, Vav2

one gbtains:

i [6.2.5.11]

Using

W+ W, =-@-v) (X, + VX,) , (4.6.5)

pm = ._1 p: + .-2 p; , (6.1.1.2)

one derives:

a(p'"u’") = x _xp . %P = " xp e\
————+\7-aplvl ult +oa, p, VU Uy =

+ Dm+ pmrm+F—pmV-vm + Wm -
[6.2.5.12]

_ A= (% AR\, — (% , ARe
==~V [01( l+ql>-’:-c12(q2+q2>

| —
- = W2 - =T +<T-v)-(VX +VX)+
2 s 1 2
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6.2.6 Enthalpy equation

From equation (5.1.6.6) one derives
0 (— =7 z,p = "% L 5p = "z ;1P oxp — T T Ep omp o
5(191"1 tay py Ry VLA ey AYT VYT ay ey Ry vy )
= vla (g + BB+ q, (qr + BB +h T, +h, T, +
= - G\ T4 2 \92 7 99 i1 2 ' 2
_dp;  _ dp, — —
X, p X xp X
+ a, Y + a, Py + oa, v Vp1+a2 v, Vp2 +
[6.2.6.1]
o, . \ ap, : — —
+ X1 (-gt— + vy Vp1> + X2 (— + v, Vp2> + El + E2 +
- x z,p - nx zZ,p — - 7
+ 0111 Vvl +c12LI‘_2 sz + 1D1+ 2D2—
v — ‘v T x %p LT % xp
- X p Vv XopyVovy +appy 1yt py
Now, we use the definitions
_ T x pme o, T xzpmp
poh, =a, pf h7P + ay pi AT, (6.1.2.10)
D = a D + a,D, , (6.1.1.4)
bt = BT 0 R (6.1215)
and the jump condition for total energy
- = = — (= 1 T \—= [— 1 FT\= - (5.3.4)
E1+W1+E2+W2+<u”+-?:vli)fl+(u2i+§ v2i>l'2—8
with
(4.6.5)

W+ W, = _(11-vl>.vx1 - (_’__I‘_Q-v2>-VX2

and obtain

— - ~ ~) — ~ ~
a, p) (hm+ h1>(vm+ vl>+ a, p, (hm+ h2><vm+ v2>

3
gz(pmhm)+ v.




_ép,, _ B,  _ ap _ P,
a, — a, - a + a, —
1 a¢ 1 g¢ 2 3 2 9
%P x,p ~ x,p x, p g [6.2.6.2]
+a, v; me+ a, v Vpl + a, v me+ a, v, Vp2+
op, \ ap , -
+ X, (-a—t-+vl-Vp1> + X, (—+v2-Vp2> + e
—_ 1 5\ —
+I_‘vl-VXl+_'IL-v2VX2—ul+—vh I'l—uzl-§-§v21 9 T
= mx 5np . T omr z,p
+°1-Il Vv +c|2T2 Vv2 +D-=X1p1V vlmX2p2V Vo v P, T
Furthermore, we introduce the definitions
/\ i —— — e
AN = * , ARe - x , ANRe - Y~ - 3~ [6.2.6.3]
qm"°1<q1+q1>+°2<q2+q2>+“191h1v1+ 2 Py By Vg
Toax (B x (220w
m= M\ PV V) &\ TV
[6.2.6.4]
~/ ~
ap — /9P
o | 2 np , g _2 e, yy
+al<6t+v1 Vpl>+c|2(at+v2 -Vp2 ,

and obtain, rearranging equation (6.2.6.2),

a
a_t(pmhm)+ v'(pmhmvm) =

ap
T r.r m PR PR A 8 B
m+h1ir1+h2ir2+at+<alv + a, Vv >me+

+;_(:1.+-u_3)r__(;.+1§2—.)r_+ 16.2.6.5]
i i 1 2
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. . —_x— x,p
+ (l-v)l-VX1+(l v)2 VX, +a, T Vvl +

e—— T 3 ~\
x X, P . _— .
+ a, 12 .Vv2 +Dm— lelV v, X2p2V v, +pmrm+W

m’

Finally, we define

o T NP PR
v.o= a, viP 4+ ey viP [6.2.6.6]
P A - -
W =W - XpV-v -X,p, Vv, , [6.2.6.7]
and use
X
—_— _—— p
L = h - — [6.2.6.8]
ki ki x ’
Py

thus obtaining the final form of the mixture enthalpy equation

d
g(pmhm)-’_v.(pmhmvm):

A m - A
=-V-q — + v «-Vp +e¢ +D +p r +W -
[6.2.6.9]
X x
-t=v,, - = I, -{-v, —= )T, +
2 'k * 1 2 % x 2
Py Py
S vv) . NI Ly eBP 4 o omE . x,p
+ (_'_r, v)1 vxl+(__1; v>2 VX, +a, T :Vv® + o T :Vv}
Alternative formulation
Starting again from equation (5.1.6.6) we obtain:
8 [ — = e -

2 x pxp X pEp . T opEe XD T opEe G np |
at(al py hiP + 0, py hy )+V(al py hYT VT + ay py BTV >
— A “x , ARe — [ "% | ARe T .1 r

=-v “1(q1+q1>+°2<q2+q2>+h1i 1P hy Ty
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—dp]  _ dpy; - _ —
xp x x,p x
+ a, Y a, at+1v1-Vpl+azv2 Vp, +
(6.2.6.1)
ap, . : ap. : — —
+ X (—t—+v1 Vpl) + X, (—+v2 Vp2> + E + E, +
— oz x,p —_ _x_ x,p - B U
+ alll Vvl +(12_’£2.Vv2 + 1D1+ 2D2—-
v — - = x xp ., x _xp
- X Vv XopyVovy Fappyp 1yt a0 1y
With the same definitions
_ = x z,p — "z x,p
p ok, =a o] RTP + o, pihYP (6.1.2.10)
D = a D + a,D, , (6.1.1.4)
p,r. = a, pb r*® 4 a i P (6.1.2.15)
and the jump condition for total energy
E +W + B+ W +lo + 22 V(o + L2 )\ =: (634
E1 +W1+ E2+W2+<u“+ E vy >F1+<u2i + 5 U, )l’2 =g
with
WL W = (4.6.5)
W+ W, = -<11"’1>‘VX1 - (ggov2>-vxz ,

but without expanding the divergence term at the left hand side, we obtain

d — X pxp Lp L o %
:3?(pmhm)+V-<alp1 hyP vt 4 e, py h

xp X p —
2 Va2 > =

e, g% ne | np . g~ , 16.2.6.10]
A Vp, + a, v Vp, + a, v, Vp, +




apl ' ap2 '
+ X1 <-5' +v1°Vpl> + X2 <—8-t- +V2-Vp2> +

- 1 5\ — 1 5 \—
+8+(I.’V>1‘VX1+(I.'V>2‘VX2-(”1i"'5Ul,-)rl—<u2,~+§ "2;‘) o t

x ., xp = . z,p ‘v — v,
+°1-Il .Vv1 +c12'_T_2.Vv2 +Dm—X1p1V v, X2p2\7 v, *+p

r .
m m

A _ apl ' ' apz ' '
Wm = Xl —at_ + v, Vpl + X2 - + O sz +
(6.2.6.4)
Y ap,
—— X, p P xp
+ a; ( Y + v Vp1> a, (az + v, sz) ,
we obtain, rearranging equation (6.2.6.10),
S h )4V |a pf hRP vRP 4 o AEP v | =
a Pm"m 1A MY 2 Py My Voo | T
_ - x , ARe = (% | ARe
==V °1<q1+q1 >+°2 <q2+q2> +
hoT. LT a_p’" LP 4 o gEP
t by, 1+h21 ry + Y +( VYt oo, vy >-me+
[6.2.6.11]
- - 1 =\ — - 1 5\ —
+ & - uh+§ v )Ty - u2+§ Uy, | T +
cv) VX - v = %P
+ <T v)l VX1 +<1‘_ v>2 VX2+<11 T1 Vvl +
+0—F Vvi?P + D X Vv X V-v, + r+§V\
2 =2 m~ 1P 1 2 Py 2 P Tm m
Finally using again
oS g yhP PORNE N
v. = a vi®+ a, v3P, (6.2.6.6)
A A :
W =W - XpVv —-X,pV-v,, (6.2.6.7)




u, =h, - : (6.2.6.8)

o]l

we obtain the alternative form of the mizture enthalpy equation

a T X g %P X,P - T xp op | =
-‘;t-(pmhm)+V-(alp1 k1 vt e+ oy P h2 vy =

= (75 AR\ T (5 AR
= . x x e
==Y ]“1(q1+q1 )+02 (({2+q2

- A 2.6.12
y -2 4+ % W L6 ]
7] m

__x.
+ (_I-v)l-VXl + <$-v>2-VX2 ta I7 @V

<
©
+
? |
]

. %, P
. Vv v,

6.2.7 Entropy inequality and entropy equation

i1st Form

i) Entropy inequality

From equation (5.1.7.9) one obtains

80 — — . — L — e
- LIPS x4 . TP 5P 5P o Ep )
at(al p, 877 t a, p, s, >+V (al py sy v+ oa, py 8T vV )

)+ 5 (o3 + o )|- 5

-—s.l'l—szil‘2-V-

5 (07 + o

1

_ 5 _16.2.7.1]
2

with (from equation (5.1.7.10))

o —_ﬂ__ - x
Asl+As2—sT1+sT2+ 1 X

. 1,p E %, p a D +a4 D 6.2.7.2
1.Vv1 +a2£82.Vv2 +ul D61+a2 Da2 = o 7.2)
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We use the following definitions in equation (6.2.7.1):

bt B 5
SO T R T
;;FI+§F—2+ 8_1-+—2 = 4s 20,

vEP =y + % (k=1,2),
As = A_s-l--{- _A_g,

thus obtaining

3 —_—
i . . x’
P p,s,) + V- s v)+V (al Py STV,

=0

- V. —-p o0 =As + As
m i

m m

\ —
o )+ & (@5 + oF)

& (o7 +

In this equation the contribution to entropy increase within the phases (Asp,) is separated

from the entropy increase at the phase interface (As;).

In equation (6.2.7.2) we use the definition

D¥ = a
m 1

B—+0D
8l

[
w
[

and the following new ones:

s = § +

1 1
Tm mt sy = Xa v(;) + Xa- V(F) '

D? = L7

m 1 =3l

sTm and D°_ are the mean entropy sources due to temperature gradient and shear stresses,

respectively. Thus equation (6.2.7.2) becomes:

As = s, + D® +D% =0,
m Tm m m

i1) Entropy equation

The entropy equation can be obtained combining (6.2.7.4) with (6.2.7.7) or from equation

(5.1.7.14) as follows:

(6.1.2.11)

(6.1.2.12)

(5.3.8)

(6.1.2.1)

[6.2.7.3]

[6.2.7.4]

(6.1.1.5)

[6.2.7.5]

[6.2.7.6]

[6.2.7.7]




-4 Iy 2 L2 1 st 2 Y2
[6.2.7.8]
Sz Re — (" x Re
- V. °1(¢1+¢1 >+a2< o T d)2>—
i TR
=Sy T =8y Tg— 8 = 85— 8p = Spp— 0 p] 0" = a, py, 0,7 =0.
Using again the definitions
- —;c— TB - 7 x,p
p, s, =a p; syP + a, py s3P, (6.1.2.11)
- T % _zp = "z 1o
P, 0, = o p] o7P + a, p; 03" (6.1.2.12)
sy T T8yt s, +s, = 4520, (5.3.8)
st —_ = —
D a, D, + a, D, , (6.1.1.5)
SETR 1 (k: 1,2) , (6.1.2.1)
m k
T T 1 1 (6.2.7.5)
Spm = Spp t Spg = X1q~V<-7-‘-) + X2q'V(-7:> ,
s x . x,p - X . x,p
D =a, x5 @ Vv? + o, ¥, @ VvpP, (6.2.7.6)

one derives from equation (6.2.7.8)

a v ————
— . . x,p LY x,p~ D5 15 -
3t P, 8,0t Velp 5, v )+ <°1 Py ST Vit 9y Py 8y v2> b,-D

= As. = 0. [6.2.7.9]

)+ (a3+ ofF

— —x R
-Vl <¢1+¢'1e
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With the definition (not to be confused with (6.1.2.21))

)_(— — oY .o o ;‘;E;;)[a.m.m]

e~ x Re
q’m—al(‘bl +o,

)+ o (0] + o

one derives:
d ~ 8 st — [62.711]
5(‘)"1 sm)+ v'(pmsm vm) -V .‘bm - Dm_ Dm T, T P O T Asi =0.

For irreversible processes the term As; (5.3.8) is positive. For both reversible and
irreversible processes we have therefore the entropy equation:

~d
a—at‘(pm sm)+ V-(pm s, vm)—V -¢m- Dfn_ D‘:: — Sy = P, O = As = 0. [6.2.7.12]

m 4

Alternative formulation

i) Entropy inequality

Starting again from equation (6.2.7.1), but without expanding the second term, one
obtains:

] — x _xp z,p _—x—x_,p %P
:3't'(pmsm)+\7-(alpl syt vyl + a, py 550 v -

)

with Asy, and As; given by (6.2.7.7) and (5.3.8), respectively, as before.

[6.2.7.13]

- V. - p o0 =As + As, =0
m 1

m m

a(er+ o™ o (o +oF

11) Entropy equation

The entropy equation can be obtained combining (6.2.7.13) with (6.2.7.7) and (5.3.8) or
again from equation (5.1.7.14) as follows:

9 (— =% x - -
2 P Y , x EP L P X mp G EP )
a,( 1 Py Sy Ay Py 5y >+V <°1 Py 817 VI T 0y Py Sy Vy )

— x X, p x xp n n_
=0 &,y 2 Vvt tay 3, 0 Vvt e Dy o+oay D,
(6.2.7.8)
Sx Re — [ x Re
+ V. al<¢l+ b, >+ 02< , T &, > +
s T 4 - T S - - . x _xp — T zxp
+shrl+32‘. 2+ l+ 2+ sTl+bT2+ a, p; o) +<12p2 oy -
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Using the definitions

p, s, =a, pi s"P + a, pi sPP (6.1.2.11)

- T R - x x,p
P, 0, = 9 pf o’lHJ + a, p; 0, , (6.1.2.12)

Sy Tyt Tyt s +s, = 8520, (5.3.8)

, _— — —
D , Dyt a, D, , (6.1.1.5)
=y 4 ¥, <k=1,2>, (6.1.2.1)
_, 1 1 (6.2.7.5)

Spp = Syt Spg = qu-V(-q-;) + X2q-V(;) ,
_ T Tz x, - ,

D’ =a, 3 VP o+, 3, 0 VP, (6.2.7.6)

one derives from equation (6.2.7.8)

a - x _xp x,p — x _xp x,p s st
gt‘(pmsm)+v'<alpl syt vyt a, p, s v u-DmmDmm

[6.2.7.14]

-V

= [z Re il ) Re _
a, (¢l+¢l >+ 02<¢2+ b, )]—sTm—pmam—AsiZO.

For irreversible processes the term As; (5.3.8) is positive. For both reversible and
irreversible processes we have therefore the entropy equation:

d ~ x _x%p _Xp PR SN A B )
a(pm s.) +V-<al Py SYT VYTt g, py sy VT ) -
[6.2.7.15]
— (" x Re — [ x Re S st _
-V al<¢l+¢l >+02<(1)2+ $, ) —Dm—Dm—sTm—pmom-Asi-O
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6.3 Conservation equation for the mixture in terms of slip velocity

6.3.1 General relationships

The conservation equations for the mixture in terms of the slip velocity vg; and of the
slip quantity fs;, defined by:

P~ PP, [6.3.1.1]
fg=1f, = Iy, | [6.3.1.2]

are often applied in computer codes and therefore of practical importance. In definition
(6.3.1.2) f is a tensor or vector or scalar physical quantity. We derive new conservation
equations in terms of these slip quantities by making use of two general relationships
which are first proved.

For every tensor or vector or scalar physical quantity ffor which the mass weighted
average definition

m

1 [ — — o —
fo = = (G h+5n ) (6.1.2.8)

holds, the following two identities also hold:

a, a, p] Py [ — [6.3.1.3]
( )"sz

m'm m p 2 1
a f + a F 1l —— (= =\ (+
Proof of identity (6.3.1.3)
Py fy vyt A ey 0y fy V3P o=




— —— _ —\2
P lay Pl ey py f2+(°29;> 2”
Adding and subtracting the terms

X,
+ vy

+ x x x, p
t oa, 0,9 p fy, V)
-+ Lreeir— x x [~ 5 p
T oo, ., p P S VY,

one derives:

e _
1 2 P2 1y Ve T
! — =V = xp —_—-— T T 1o
:;——(alpl> 1 Vi +(11112;:,\l P, [, vy -
m
— — x 7 x,p 1,p - = 5y i 7 %P
_°1°2plpzf1(vz -V >+“1 2 Py Py Sy VYTt
— T — ; L — N2 __
x x 5np I.O) I) z,p -
toa a, Py Py 2("2 vy +<“2 Py 2 Vo l
] | — = — [ — o
_ - x z z,p x x,p
T b 4G Py fl(“lplvl ta, Py V2>+
m
~ T o fl T T ' P xp
toa a P 92<f2_f1> (vz -V )+
- "z - x,p — x,p
oAy P fz(“lpx Vit T 9 Py Yy >’
Hence using
_ T 3 me — " x xnp
P Vi = Oy Py Vi T Gy Py Yy (6.1.2.4)
one obtains

1
P
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X X
Q a p p( e -—‘
1 2 1 2
=p f v + (fz_ fl)(‘/‘

m m
P

v p — v

S N
—

m

having used definition (6.1.2.8) at last.

Proof of identity (6.3.1.4)

+ x
t oa a py f

H

=]
—_

=
o

o
)

- |
o

one derives:

havinguseda; + ag = 1.

Using the two above identities we can reformulate the conservation equations for
the mixture in terms of the slip quantities (6.3.1.1) and (6.3.1.2).

We derive the new equations in two cases:

i) For two phases and two unmiscible components (see Section 6.3.2);
ii) For a single component with two phases in thermodynamic equilibrium,
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when the concept of thermodynamic equilibrium can be introduced
(see Section 6.3.3).

An example of case i) is a flow of air-water mixture (as far as the solubility of
air in water can be neglected); an example of case ii) is the flow of a boiling
liquid.

6.3.2 Mixture of two unmiscible components

The starting points for the equations derived in this section are the alternative forms
obtained in section 6.2,

i) Momentum equation

Let us recall the alternative form of the mixture equation

3 —— _—
—(p v )+ V. (al py viP VTPt a, py viyP v""’)-—-

X
1 1 g Py Vo Uy

e ([T % . % (= wRe , — JRe
_V<1£1+2£2>+V(0121 ta, T, )+pmg+
(6.2.2.7)
— T —_— = — e ., ™ g x
tovy, T+ vy, F2—(01Vp1+a2Vp2>+
= = - 5 T\ , wd ., ~d
+<pn_p1)vul+(p2¢_p2>v g + M+ M,
Using identities (6.3.1.3) and (6.3.1.4) we can write
- — 5 Tz
_— —_— Py P [6.3.2.1]
E I NN X . x5p _Xp _ 12 P P 0.4,
Py VT VYT T ay py vy vy = Vv T o VeV
m
o ta =y F— aale — )~ [6.3.2.2]
1 £ 222 T &y T 1 9 \ Py Py NL2 — 4 />

_— —_ 1 - — (77 “x
o TR 4 3 ;I;I;e :l'\Rne+ — a g <p;r - 9t >(l§e —_'I_‘.fe ) [6.3.2.3]

Introducing in equation (6.2.2.7) one derives

d a, a, o} 9}
o e, v, )T VelP, VvV, t Y VSIVSI):

m




| o f— = — ,
_ e . x x x x Re Re
=V iy, +Th +p ap 9 (91‘92){(-“-2_11>+<12 -I, )]}+pmg+

m
[6.3.2.4]
— =, = ~ Ty
+ v, Tt vy I‘2—<a1Vpl+02Vp2>+
< SVe=. (> S\o— . 7d, i
+(Pu_p1>v“1+(p2; pz)v2+ 1+ M,

ii) Total energy equation

Let us recall the alternative form

d vm Re
- |p + = +u +
m
+V @ pt vEP ux‘P+-1— v@P ) + uBe | 4+ q of vEP | yEP 4 ! v P 2+ ule |} =
1P1 v 1 T \Yy 1 2 P2 Vo 2 2\ Va2 2
(6.2.3.10)
_ ~ -
= -V qm+pmvm g+pmrm+c+
o Re ox Re
+ V. {01 (11_21 >+a2 <T2—T2 ) vm}
Using the identities
- -
— - - — P, P [6.3.2.5]
%P %P X xp L Ip_ 1 2 2 xp_  xp .
a; py Uy VYTt ay Py uyt vyt Ep u vt o Ug — Uy Vg
m
- 2 — 2 a, a, p. p 2 2
x x,p e, o % %P P _ 2 1 271 "2 %P xp
4 Py (Vl >v1 ta, Py (Vz ) Vo TPV Va Tt o Voo )T\ Y
’ m
[6.3.2.6]
a o p* p — .\ [63.2.7]
— "% " Re x,p — "% Re P Re 17271 "2 Re Re s
ap py Uy VYU Fay py uy VT Ep u v o Ug =y Vs
m
- = —_— ] — —(— =—\[— —
x mE o _ —_— oz T mx
a, T + a, TJ —_Im+ . a, (12<pl p2><_'l_‘2 ll), [6.3.2.8]
m
— - 1] — — (— — —
Re Re __ e - x x Re_ Re
o Iy + a9 Ty "-m+p % “2(91 _p2>(lz I > (6.3.2.3)
m

equation (6.2.3.10) becomes:
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a v?n Re Um Re
- |p_ lu_+ — +tu + V- ip u + — + u v +
2 2
Y (vx.p [6.3.2.9]

v L - — "7 x x,p 5np 4 2 _ 1 + uRe uRe v -

p \M1 % PP Ry m 2 2 2 1 | Vst :

m

~ -
=~V q, +tp, v, - g tp, r +e+

iii) Mechanical energy equation

Let us recall the alternative form

2
9 Re U’" \
a \Pntw T Pny )t

- x z,p 1 xp‘z Re
+a, py Vy [—<v2'>+u2

— 1 2
. z xp | xp Re
+ Vv {alpl v) [2(vl >+u1

2
= = [ Re — [z Re
_V.{ul<1";+;l‘_l>+az(_'l_‘2+l‘_2> "m}+
o (15 + TR ). = (715 4 TR ). (6.2.4.4)
+ Vv al(l‘:+ll>vl+az<12+lz>v2 -
| okin kin . P P 4ot o, oot . o _
-V (ql +q2 + q1+q2 +ql + q2>+ (nk VXk)ei
a —: x, p _I X, p
—-a, I Vvl —02T2 Vvyh +
Using the identities
= Thb ympy o 0F amp g 19 P Py (—— 5\ (6.3.2.5)
aQp Py Uy VYT F Ay py Uyt VY= U v o Ug = Uy Vg
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X x
—_ 2 — 2 2
a,p* (v’:'p viP 4+ q pt (v"p viP=p v v + 1 72 P Pa <v""’ —-(vx‘p :
121 1 1 2 Pa \ Va o 2 1
(6.3.2.6)
- — 1 — — —
Re Re _ e i x Re Re
a T + a, T, —1"': + " a, a, (pl - Py )(_12 -1 ), (6.3.2.3)
m
- - — 1] — — [— —\[— —
x x _ - x x x x
a, T] +a, T) =T + . a, a, (pl - p2>(l2 - T] ), (6.3.2.8)
m
one obtains
K: 2 »?2
Re _m 8 (=% 1 — 5 2
at (pmum+pm2>+at(lp12+°2p22>+
I 2 2
02 a a p.t pI vx|p> (v‘fvp>
+ V.p (u +—m—>v +V~{ P22 yme ymey - v}=
m m 2 pm 2 1 2 St
1 I J— o, o e e
— . e - x x x x Re Re .
=V {Im“LTR“Lp °1°2<pl“pz><12_11+~1-‘-2 _ll) vm}+
m
(T Re o (1= Re 6.3.2.10
+ Vv a, (l"l‘ + I ) v1+a2(T2+T2) v, [ ]

+ X1p<V-v1> + sz(V-v2> —Dm + g-p,V

m.

iv) Internal energy equation

Let us recall the alternative form

alp u ) o — —— _ — _
._(’;"t___"‘_+ v. (“1 pY vEP uTP 4+ q pf vx.pu,p>___
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_— T —_ = 1 — o [ pr— [P —
x xr _ — T o o
a, q; + a, q, —qm*—p a, “2("1 92)(q2 ql>, {6.32.11]
M
P — 1 e == [™F =\ {a ~
ARe \Re _ “Re —_— x x fie - Re
a, q;° + a, q,° =79 ° + 5 a, a, (pl - 2, >(q2 q, ), [6.3.2.12]
m

one derives

| o — — —_— —
_ Re 2 x x x Re ARe
==V [qm+qm +p “1“2(1_92>(q2"q1+q2 ql) +
m
+ Dm+ P, rm+ e —-pmV-vm +Wm - [6.3.2.13]

v) Enthalpy equation

Let us recall the alternative form

5 _ - ,
gz(pmhm)+‘7-(al P} h’{'p vi? + p h’pv‘p>=

= -V

— [T A — ([ AR
X (4 X (4
Ql<ql+ql)+02<q2+q2

apm

———+'\7-Vp+E+D +p r +
ot m m m m
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> i (6.2.6.12)

+ (l'V>1‘VX1 + (1-v>2-vx2 +a, TX 1 VvPP + a, TF : Vvd?P

Using identities

— — 1 — — J— — —
z x _ - x x _ oz
a q7 +a, @, =q_+ . a, c12<pl p2)<q2 ql), (6.3.2.11)
m
- /ARe _ARe _&Re 1 — — _x _x' ARe ARe
19 T 9y S, Yo g (e -y )\ -9 ), [6.3.2.14]
m
= S TER e, T R unh o 4 1% P F (s [63.215)
aQ Py Ay VYT e,y AT VT = vt o 2 ~ M Ve
m
a — —
DN TN o oE P 1 "2 ("% P [6.3.2.16]
Vp = O VT gy vy = v+ o Py = Py | Vg
m
one obtains
v
3 1 %2 Py Py .
— ° ® e ———— 1p_ I‘P
P e, h )+ V- h v )+ V [ ; (h hP v,
m

ap a, _— — - A
m 1 %2 . [6.3.2.17]
+ ——+wv - Vp + (pl—p2>vSl-me+c +D +p, r +W -
m
“ s
1 == pl — — p2 —
—-(— v2 -:—)r —(—vz —:>|'2+
2 1 x 1 2 2 x
Py Py

. . — r . x,p - oz . xp
+<_’[-V>I-VXl+<_'I_‘ v>2 VX, +a I7 : Vv}?" + a, T, : Vv
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vi) Entropy inequality and entropy equation

a) Entropy inequality

We start from the alternative form of the entropy inequality:

.___a(p"'s"’) T T gWP B T F PPy EP
Py + Ve la, py sy vyT o, py 57 vy )—
(6.2.7.13)
- —: Re - _-x_ Re -
-V. ul(¢l+¢l >+ 02<¢2+ b, >]—pm0m—Asm+As‘.20.
Using the identities
— — T
_ — J— Py Py [ [6.3.2.18]
X 5D AP X 4P LI _ L2 2 f xp  _xmp .
ay Py 8y VYt Ay Py sy vy =8, v, T o Sg =81 Vs
m
- . = =z _ 1 2 (TS T x  r [6.3.2.19]
a ¢ +a, ¢, =P + o (pl —p2>((1)2—-(l>1),
m
— “Re , — = Re _ nRe 1 2 (T Re Re [6.3.2.20]
a ®° +a ¢, =&+ . <pl —p2><¢2 -9 ),
m
one obtains:
a(p s ) a. a. px px —
m m . . 1 7271 72 x,p 2P
_at + Vv (pmsmvm)+V o (s2 -5 )vSl -
m
a, a, [— —\ f— — [6.3.2.21]
Re 1 "2 x x x x Re Re *
-Vele, +¢é "+ ) (pl—-p2><¢2—¢)l+¢2 -, ) -
m
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b) Entropy equation

Let us recall the alternative form

d - x _x,p x,p — x _xp x,p
g(pm s,) +V-(ul py s VYTt oa, py sy vy )~

(6.2.7.15)
-V ;_I-(E+¢fe > + 0_2 <;§+ ¢122e> - Dfn-D: = Sprm T I:)mcm-Asi =0.
Using again the identities (6.3.2.18) - (6.3.2.20) one obtains:
s 0—- - px pz
" p,s,)+ V-, s v )+ ¥V : 2p L2 (s’é“’—sl‘"’)vSl -
[6.3.2.22]

6.3.3 Mixture of two phases of a single component in thermodynamical

equilibrium

When two phases of a single component are considered, the thermodynamic quality of the

mixture can be defined by

h o=z k2P + (1 -x) k7P . [6.3.3.1a]
or
_ il [6.3.3.1b]
RpP — BDP

The relationship between volume fractions of the phases and the thermodynamic quality

is given by

[6.3.3.2]
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which yields also
L P 9 P [6.3.3.3]
ay Py + ay 0} Pn
— x
4 Py [6.3.3.4]
1-x = .
pm
Multiplying the last two equations member by member one derives:
a, Py 9 P [6.3.3.5]
—_— =x(1-x Pom
pm
and
a, a, p
L2 v (Q—x) =", (6.3.3.6]
P ] Py

Equations (6.3.3.5) and (6.3.3.6) are used to express the conservation equations for the
mixture in terms of the thermodynamic quality. The results are obtained straight-
forwardly from the equations of section (6.3.2) and are as follows:

1) Momentum equation

3 \
P e, v,)* Vv(pmvmvm txd=-x)p vgvy )z

p I S Js— J—
- . e m x x x x m Re Re
=V -£m+-1‘§1 +x (1 - x) 7“‘;(‘)1_92)(12_-‘-1 +X, -1, )
Py Py

+

[6.3.3.7]

- Al - N - _—x - X
tp,8+ v, I1 + v, P2_(°1Vpl+02Vp2>+

= _ 2\v = x Ve T 2 me e md
+ (ph.-— pl)Val+<p2i - p2>Va2+Ml+ M, .

i1) Total energy equation

]

at

v
+ V. lpm (um+ —2-"1 + uRe> v

O
p (u + — + uRe>
m m 2 m




X,
+ V Q ) %P u""+(v2 : +utPeu v, ( =
FUSHR, |ty Ty 5 T 9 2~y Vst
[6.3.3.8]
=-v. 9 + e o+
-~ qm+pm vm g—‘%'pmrm t
+v-{|T +T% + x (1 )p'" 0F — o (F—F+1‘R" TRe )| . ¢
am T am TEU Y == 1P =P J{2e 721 T2 T m [
Py Py
111) Mechanical energy equation
2 2
3 Re U_".’_ v < i)ﬂ
5 pmum + pm 2 + ) pm um+ 2 vnl +
X, p 2 p 2
» v
+ V- {x(Q —x) ubP LP o4 <V2 ) —<V1 ) v }—
Pm | %2 2 9 sy <
=v-{lT +Tf + 20 -2 Pn_ (57 % _p% 4 TR _qpRe J|.y L4
- —m T <m = \P1L 7P {2272 T2y T2 m
Py Py
[6.3.3.9]

+ X1p<‘7'v1) + sz(V-v2> - Dm t g p,V,"

iv) Internal energy equation

(1 -x) P (u;’p— u;“p)vSI

d
- (pmum) + V. (pmum vm) + V.

at

p pu— — —— R

AR m AR AR

- V- |lq, +q° +x(1-3) _x—_x_<p’{ —pé)(q;—qf +q,° - qle)]+
Py Py




132

+ Dm + Pro Tm + ¢ - p, V. v + Wm - [6.3.3.10]
V2 7Yz w4 (vx VX, ) +
=% T gt T P AL VE VA,

- _x / _—; ~
+ a; ¥ .(va+Vvl>+ a 32.<va+Vv>.

v) Enthalpy equation

xQ-x)p <h;’p—h’1"p>v31

d
—_— (pmhm)+ v. (pmhmvm)+ v.

at
p J— J— J— J—
AR m AR AR
-V |q + qm"+x(1-x)—.7—:—x_<p’,‘-p§>(q§—q; +'«32e—q,“’> +
Py Py
ap p _— —_
m m x x . [63311]
+ v +v - Vp + x (1 = %) == (pl - p2>vSI Vp +
Py Py
= "
- A 1 _2— pl — 1 '_2“ p2 —
+e+D +p r +W —| = v — = -\l=- v, -—= | +
m m m m 9 L * 1 2 2i x 2
Py Py
. . . . T xp — x,p
+ (_'I_‘ v>1 VX1 + (I v>2 VX2 + a, Il Vv1 + aq, 12 Vv2

vi) Entropy inequality and entropy equation

a) Entropy inequality

From the inequality (6.3.2.21) one obtains

a ————

at

' P (% = D _bF e e .
vl +of 4 xa-u _x_x(p;‘ -p;> ((I)z—tbl + oR _ @R )] - [6.3.3.12]
Py Py
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b) Entropy equation

From equation (6.3.2.22) one obtains

a
5 (pmsm)+ v (pmsmvm)+ v

x(1=-x)p (s;‘p—sf“))vSl

p — —_— —_— — e
- V. ¢m+ (Die +x( =2 _-—m_—(pf - pj;)((b;_(b" + pRe _(pRe) [6.3.3.13]

Pl P3

- D° - D% -5, - p o —-As = 0.
m m

Tm m m i
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Part A: Averages and further definitions

Volume weighted averages

f =3 fF+a,f: (6.1.1.1)
defined for the following set of physical quantities:
r={% %55,
yielding the set of averages
[p » . D, D" } (6.1.1.1)
m m m m
0 ¥ (6.1.2.1 D
f;’; = fm + fk Lok
@ o F+ a et f =0 (6.1.2.7)
Mass weighted averages
1 _— _
fmzp_(al p* f5P + a, pf f;.p> (6.1.2.8)
m

1 2 = — — — — — A
f= { vz'py u:,P, hz'p’ Sz'p, O;'p,'é' <vx’p> ’lx rx’p uferl‘tk’ 1\:2’ qI GRe q)x q)fe}’

yielding the set of averages:

TABLE VII - Summary of main equations obtained in section 6
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Volume and mass flux weighted averages

— x, pvF
koo Ioo%p
G Pr Vi
Jm=/m+pmvm11m=al/€;+ 2/‘;+
_- _ v _-
— x xp T — x xnpn _ | o - x
tap ey vyt Fptoa, pp vyt F <°1 LYy Fytoay py vy
Further definitions
- , - - =
Jm_fm+pnzvan1_al 1 + 2 2+
._..__x ' — -—_; N s _I-~'~ ——x.tvl
toa pp vy Fit+ o pzszz_(al Py vy Fita, oy v
oRe X v Fy
. = —
a,
FR ={x p + X v F
m 171 2p2 m m
Re __ “Re - = — = - e ™ yRe
I = [t F0 =0 1+°2/;+“1Ff+ o Fy -
_-; 1] L] m.—; 1) +
_(01 Py i Fy + 95 0 V2F2>
_ Re — [z Re - T e~ T 5
I.= 9 (-T-l+11 >+°2(12+T—2 )"(“1 Py Vi Vit 9y Py
___——x_ — Re - Re
q, =9 4; t aq, *+ o q +a q,

TABLE VII - continued.

(6.1.3.1)

(6.1.3.5)

(6.1.3.8)

(6.1.3.14)

(6.1.3.15)

(6.1.3.18)

(6.2.3.5)
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G-t may Al ap
N C T P AR E TR B A

o= (af +80)+ 5 (0 + A8 )+ 5 o7, 8,0 5 1 7,0
Wm=-—X1p<V vl>-xzp(v-v'z)_Zflp_’l‘v*"\11 02;_’2‘V v,
Bo-a (a+8r) 5 (3 +80)+ A A RV r n ¥

ap ap
A e np | gV — (2 np | p
+ 1<8t+vl VP1>+°2( + v sz
a0 o p X, p
vm = a, vl + a, v2
A A ;
W =W, - Xp Vv = Xp0,Vv
s _ x x, p — X, p
D o=qa x, Vv +a, t, Vv,

~ sl Re
® = >+a2(¢2+¢2

z

o Re
a, (‘I)l + @)

TABLE VII- continued.

(6.2.5.4)
g

<«

(6.2.3.9)

(6.2.5.7)

(6.2.6.3)

(6.2.6.4)

(6.2.6.6)
(6.2.6.7)
(6.2.7.6)

(6.2.7.5)

X ) (6.2.7.10)
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Part B: Summary of conservation equations for the mixture

Continuity equation

ap,. (6.2.1.2)
— + V-.(p v )=0
ot
Momentum equation
1st form
9 ) _ oy (6.2.2.3)
at (pmvm)_’_V (pmvmvm)‘v -’—I‘-m_‘_pmg+ m
2nd form
8 _ — TN~ — T o~
g (pmvm) + V-(pmvm v, )= — V-(al P, Vv, vl+ a, P, v2v2>+
_x— Re —I- Re
+ V. °1<-E-1 + T >+ a2<1;_2 + I, > +tp €%
(6.2.2.6)
- T - — e 1, o .x
+ vy, I‘l Ty 1‘2 _(01VP1+°2VP2>+
T T - "z x - o d o d
+<p1;‘p1>v“1+(1’2;"p2)v°2+ 1 My
3rd or alternative form
Z T EEY TN
(p v )+V (“1 p, VT vyt a, py v ‘v2 >
_ -y .= x Re , — mRe
=V < L&t 2_t_2>+\7-(c11'l‘l ta, T, )+p g +
(6.2.2.7)

TABLE VI1I - continued.
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Total energy equation

1st form

=-V.q +p v -g+op r + E+V-HE;<E’1‘ +_'I_‘fe>+a_2<_'1;; + 15

Alternative form

8 v
= |p (u + - +uRe> +
at may - m 2
+V.-la —x—vx,p ey | p%e +uRe + - x,p e 4 l x,p 2+ Re _
1M1V |4 1 1 GgPy Vg | Uy T 5\ Y2 “o -
(6.2.3.10)
=—-V.q +p v -g+p r + ¢+
ol ) Re or Re
+V-[ al<T1+Tl)+a2<T2+Iz>'vm}.
Mechanical energy equation
1st form
b2 b2
9 Re , ™\ .,y _m
> p, U, pm2 + p 2 v. |+
v 3
] = "2 10 ~ — 3 xp 1 — "% xp r~ — "% _xp 2 (6.2.4.3)
+V (qlp1 vitv v+ oa py vy 2 +a, py, VSTV Uyt o, Py Yy 2 >+

— (= Re e Re
a ('I"‘ + T >+a2(12 + T, )

v |
m

TABLE VII - continued.
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gl s Re ~ x Re
“1(1‘T + I )'Vl +°2(T—2 + T, ) Va

+ V.

] kin kin _7) p v —? . o _
-V (q1 tq, + aq+tq +ql+q2)+<nk ka>ei

x o, X, p X, X, p
I Vv —02_'1_‘_2.Vv2 +

+ X1p<V~vl> + X2p<V-v2) - Dm + 8P,V

Alternative form

at m " Tm
+v {'&;Evf»v |%(U’;-P>2+u’§e gt vie %(u;’vl)ﬁuge }:
= V. ;<E+Tf9)+a—2(i‘—;—+_’l_‘§e> vm}+
+ V.| a (fl_?l + Tf"> v, + a_z(i—;_ + Tge) , | - (6.2.4.4)

+ le(V-vl> + X2p<V-v2) -D_+g-p, Vv,

Internal energy equation

1st form
a(pmum) A -
P + V. (pmumvm): - V. q,, + Dm+ pmrm+ e — pmV tv, + Wm—

TABLE VII - continued.
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1 1 5 — (6.2.5.9)
'2’ vy rl— é‘ Vg r2 + (_'_I‘_'V)°<VXl + VX2> +

x . ~ - . ~
+ a I .(va+ Vv1)+ a, I, .(va+Vv2).

Alternative form

0 u _— —
M +V.la of voP umP 4 g pf vhP Y -
ot 1 P Yy 1 2 P

m + ¢ — P, V. v, + Wm — (6.2.5.12)

Enthalpy equation
1st form
=, hy) + Ve o, b v,) =
C A ap - AN
- .qm+ ot + Vm Vp,+ e +D +pm m+Wm—
z x
—_ p — —_ p —
o I I (6.2.6.9)
2 1 o 1 2 2 * 2
0] Py

v vl TOTF VR 4 o T Y oyEP
+<l v)l VX1+<1 v)z VX, ta, T) :Vvy" + T, Vv .

TABLE VI1I - continued.
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Alternative form

] paliae _
o : Py o ropnp oxp )
o (Pm hm) + Vv < a, Py hl v + a h2 v >

2 Py

—( AR — ([ x AR
=-V. al(q’{+qle>+az(q;+aze> +
ap - A (6.2.6.12)
+ — + 9 -Vp +e¢ +D +pr +W -
at m m m m m m
Tz x
1 _2 pl — 1 "2— p2 J—
-_ v, == )T - =V, -= r, +
2 'l * 1 2 2 * 2
£y Py
. . . . —__I- . x, p - —: . X, p
+<’_I‘_ v)1 VX1+<_'I_‘ v>2 VX, + o, TT : Vvl + a, T, Vvl
Entropy inequality
1st form

(6.2.7.4)
- V. (Tl-<q>’l:+ ¢f€>+ 2(¢;+¢ge) _pmomzASm-I-As,’ZO
with
As =s,, + D% +D% =o0. (6.2.7.7)
m Tm m m
Alternative form
F e -
o)+ v (G5 T g ) -
(6.2.7.13) .

- V.

5:(¢’f+¢f")+ﬂ_2(¢;+¢§”
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Entropy equation

1st form
Tm ~— mem _Asi =0

2, s)+Velp s v)-V-§ —D D% _s
at pmm pm mvm m— m m

Alternative form

P vx,p>_

- 7 P x,p — x _x
a, Py Sy VYT T Ay 0y 8y 2

d
a(pmsm) + V-(

)+ @ (o5+ o)

x Re
- V. 01 (¢l+d)l
s st -
- D —Dm—sTm-—pmon—Asi—O.

m

TABLE VII - continued.

(6.2.7.12)

(6.2.7.15)
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Conservations equations for the mixture in terms of slip velocity

Part C:
(Two phases, two components)

Momentum equation

8 v ( Gy G Py Py B
ot (p, v, + pmv vm+ p VSIVSI -
m
L —— (5 Z\[= = R R
=V-[c +Iff+;—alaz<pf—p2><l; t’l‘+T2e-—lle)+p g+
m
— = — T r L, Ty x
+ v, T+ vy, [‘2—(01Vp1+a2Vp2>+
+<—"— T V;+(T—E va, + M?+ md
Py = Py 1 2 2 2 1 2
Total energy equation
U2 02
0 m Re m Re
= Ip u + — tu + V. |p v + — + u v +
Ip2 Ip2
N i P N GNP I
o 1 % Py Py 2 1 5 T 9 g ~Uy Vst
m
f - -
=-V.-9q +p v -g+p, r. te+t
| = — f— —
e . x x x x Re - Re .
+ v {Im+—T-Rr;1 o %% P 92(22—_'1_‘_1+_T.2 _ll> Vm}‘
m

TABLE VII - continued.

1)2
a Re m
a (Pm”m +"m?>+
L — - 2 2
02 a px px (v;,()) (vJIC'P>
m 1 72 71 72 1P x,p
+Vep (u +—}v +V uy' ut + -
m p 2 1 2 2
m

(6.3.2.4)

(6.3.2.9)
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] — —— —— o ——
— e o x x x Re Re
_V.[’_I.‘m-’-l‘::-*-p °1°2(91_P2)(T2_11+12 "-'21) vm}+
m
= [ Re \ .o | — [mx Re | =~ (6.3.2.10)
+ Vv 01(1"1‘+T1>1+2<T2+T2>v2
kin kin _; __p - I o _
-V (ql +q, +4q7tq, fq + q2)+ (nk VXk>e‘
= nx xp yy x,p
—-a, _T_l Vvl - a, 15 sz +
+X1p(V-vl> +X2p(V v2> -D + g P Vim
Internal energy equation
— = " x
( ay 3 Py Py P 3
-—pmum)—ﬁ-V-(p v v )+ V uyt—uyt vy | =
pm
| — [ — —y\[—
— ARe e x x x x “Re “Re
==V lae,taq, T3 0102<p1—-p2><q2—q1+q2—q1> +
m
+ D +p r +e—-p V-v +W - (6.3.2.13)

- — :
Vg T + (T-v)-(VX1 + VX2> +

pd

7. ~ - . ~
+ oa L .(va+Vvl>+ a I_,Q.<va+Vv2>.

Enthalpy equation
- =" x
3 4 G Py Py (2
;t-(pmhm)+ Vel b, v )+ V-[ o (hz - hy >vSl
m

_ /'\\Re 1 — — T _x _x x A\Re ARe
==V lq +q] +;_°1°2 Py — P )\ 4y —a; T 49, —q
n

TABLE VII - continued.
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o (6.3.2.17)

m

)
|
©
N
S
<
22
<3
)
3
.+.
el
+
o
3
.|..
©
3
~
3
-+
=

Entropy inequality
alp s ) a, a, p* pf S— —
m m 1 72 F1 P2 X, p P
T+ v. (pmsmvm)+ v. p (sz -8 )vSl -
m

@ a4y f— —\ — — (6.3.2.21)
Re 1 "2 x x x x Re Re
-Vl +é 5+ (pl—p2>(¢2—¢l+¢2 -9 > -
m
-p =As + As. =0
m m l
Entropy equation
- =" x
] ap 99 Py Py
a (pmsm) + v (pmsmvm)+ v p s;,p—sf’p>vSl -
m
a, a e s — cen
R 1 2 x x x x Re Re (63222)
-V |® + @F° + ; <pl—p2>(d)2—(l>l+(i)2 -0 )]—
m
s st —
-Dm—Dm sTm—pmom—As‘—O

TABLE VII - continued.
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]
V.(pvv) =§_ Z — Py, 8, (2.3.4)
- 3
V.T=)> Z = Tu 8 (2.3.6)
k i i
T.v= Z 2 T, v; 8, (2.3.12)
i
ad
V. (- v)= 2 % — Ty % (2.3.13)
aT .
Ve@-D=V (T v (T:VV= D > v axtk (2.3.22)
ik
Tivy =Y ST ok o (2.3.30)
= - = YU ox,
i J
=-p (V-v)+ 3:Vv (2.3.31)
—pl:Vv ==p (V- V) from (2.3.31)
and (5.1.4.10)
V. pv =p (V-v)+ v: Vp (2.3.34)
1-vX, =vx, (4.6.8)
pLl - VX, = pVX, (4.6.9)
pl -v=pv (4.6.10)
X, Vepvv) =V- (X, pyv) —pvv - VX, (5.1.2.3)
V.pl =Vp (5.1.2.13)
X, vD=v. X DH-T: VX, (5.1.2.4)
wW-v)jv=w:-vv (5.1.3.20)-

TABLE VIII: Summary of vector and tensor relations
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