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Abstract

In thisreport, alongitudinal model of a thermal two-component plasmais considered. A
compact description to solve numerically the resulting coupled inhomogeneous model
system is developed. The numerical techniques applied are based on high resolution
shock-capturing schemes for the hydrodynamic part which have been developed for
the numerical solution of nonlinear hyperbolic conservation laws, recently. A new
explicit numerical method is proposed to calculate the electric field which couples the
different plasma components. Here, the comprehensive information available from the
flux calculation of the high resolution upwind schemes is used. Furthermore, a new
tracking method will be briefly reviewed which plays an important role in handling the
problem of a plasma expanding into a vacuum. Numerical results for three examples
are presented which may be considered as proofs of principle for the applicability and

efficiency of the explicit numerical methods in plasma simulation.

Aspekte zur Modellierung eines thermischen Zwei-Komponenten Plasmas
und seiner Behandlung mit expliziten numerischen Methoden

Uberblick

In diesem Bericht wird ein longitudinales Modell eines thermischen Zwei-Flissig-
keitsplasmas betrachtet und unter Verwendung numerischer Methoden untersucht.
Eine gestraffte Zusammenfassung der zugrunde gelegten numerischen Methoden soll
eine Vorstellung davon geben, wie das resultierende inhomogene Modellsystem gelost
wurde. Die verwendeten Approximationstechniken sind als ”high resolution shock-
capturing ” Schemata bekannt und wurden zur numerischen Losung von nichtlinearen
Erhaltungsgleichungen entwickelt. Desweiteren wird eine Methode dargelegt, wie das
elektrische Feld, welches die verschiedenen Plasmakomponenten koppelt, auf explizi-
tem Wege aus der vorhandenen Information der Fluflberechnung gewonnen werden
kann. Um das Problem der Plasmaexpansion ins Vakuum sauber behandeln zu konnen,
wird weiterhin eine neue, vor kurzem vorgeschlagene Tracking-Methode beschrieben
und angewandt. Numerische Resultate, die wir anhand dreier Testbeispiele erhielten,
iiberzeugen uns von der Verwendbarkeit und Effizienz der expliziten Methoden im

Bereich der Plasmasimulation.
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I. Introduction

Providing high power densities in matter necessary for inertial confinement fusion, is
a challenging problem for pure science as well as for technology. With respect to this
basic research problem, great progressin generating high-power ion beams have been
made during the last two decades [1]. For this purpose the pulsed power line KALIF
[2] is available at the Nuclear Research Center in Karlsruhe (KfK). Optional, the
high power KALIF puls can be feeded into different ion diodes, developed at the KfK
[3,4, 5], where it is converted into an intense ion beam. Modern plasma generation
techniques provide an excellent tool to produce a uniform plasma layer in front of
the ion diode electrodes, yielding an ion beam power of approximately 1 TW [5]. In
order to increase this ion beam power with further facilities like the KALIF-HELIA
extension, it is necessary to reduce the observed microscopic divergence. The origin
of this divergence is traced back to diode effects [5] like instabilities, occuring in the
electrode plasmas or/and in the dilute plasma region inside the diode gap. Therefore,
of first priority should be the understanding of the mechanisms leading to the observed

microscopic divergence.

To get a deeper insight into the fundamental physical phenomena occuring inside the
ion diodes, and hence, a better interpretation of the experimental results, extensive
numerical simulations have been performed. For that purpose the two-dimensional
time-independent particle-in-cell code BFCPIC is used, which is an extension of
the usual PIC-codes to boundary-fitted coordinates [6,7]. Although, this code is an
excellent tool for the optimization of the design of technical relevant diodes [8] and the
resulting focussing properties, there remains an inconsistency between the measured
and predicted ion current densities [5]. This discrepancy may be attributed to the
fact that in BFCPIC several physical phenomena are disregarded.

One challenging problem in this context is the adequate temporal modelling of the
neutral plasmasin the vicinity of the cathode and anode. These plasma layers, covering
the emitting electrodes, appear in an approximately spontaneous manner after the
ion source is switched on. Little is known about the behavior of these plasma layers,
which are in principle the input boundary values for BFCPIC-calculations. In this
paper we propose a model for the mathematical description of the temporal evolution

of plasma layers and develop a numerical method for these equations.

This paper is organized as follows. In chapter II we list the equations of the conside-
red longitudinal model of a thermal two-component plasma. This model should be
appropriate to give insight into the complex behavior of the plasma layers in front of

the emitting electrodes of the ion diodes. Subsequently, in chapter III we describe the




numerical techniques applied, necessary for the investigation of the plasma model in
mind. Our approach is based on the so-called Godunov-type metheds, which are are
explicit schemes in conservation form. Within these schemes the approximation of
the fluxes between adjacent grid zones are determined by solving Riemann problems
approximately. Using the information obtained by the flux calculation we receive an
explicit numerical scheme to calculate the electric field, which is originally determined
by the Poisson equation. This is a new approach in this context. The limit when one
of the initial states of the general Riemann problem tends to vacuum is called the
»vacuum Riemann problem”. Iis solution is used for the construction of a tracking
method for a plasma vacuum boundary, proposed by Munz, recently [9]. This tracking
method plays an important role, if we consider the problem of a plasma expanding into
a vacuum, underlying an Eulerian frame of reference as the computational domain. In
chapter IV we present some results for three test problems which show the quality and
the properties of the methods applied. Finally, in chapter V we give a brief summary

of the results and a short outlook of the activities planned in future.




II. Basic Macroscopic Equations of a Thermal Two-Component Plasma

The most general description of a plasma is based on the well known principles of
statistical mechanics. Broadly spoken, this means that oneisinterested in the temporal
evolution of the distribution function f,(x,v,?) in the phase space for each plasma
component o (o = electrons,ions ). It is a well known fact that the resulting equation
posses a non-closed character which reflects the hierachy problem being an inherent
difficulty in statistical mechanics ( see e.g. [10] ). Applying approximation methods,
for example the weak coupling approximation, and omitting binary collisions of the
particles, leads finally to the non-linear Vlasov equation. This collisionless kinetic
equation, coupled to the full set of Maxwell equations form a basic system of equations
which is a comprehensive mathematical model for many problems in plasma physics.
Because in this paper we are interested in the the macroscopic description rather
than in the microscopic description of a plasma, we have to calculate the moments
of the local distribution function f,. This means, that the local densities of interest
Qa(x,1) are expressed as averages in velocity space evaluated with the distribution

function fg:

1
no(x,1)

Qu(x,1) =< Q(v) >= / dvQ(v)ful, v,1) (2.10)

where the number density n,(x,t) of the species o (=electrons,ions) is given by

na(, 1) = f dv fa(x, v, 1). (2.10)

For a detailed discussion in defining the local densities as well as evaluating the
moments of the local distribution function f, we refer to the literature [10 — 13].
Starting from the Vlasov equation and using the definitions (2.1), we finally obtain

the macroscopic equations of a thermal plasma ([10 — 14])

Oing + 8j (navaj) =0 (2.20,)

1 y iy o
3t <navai) + 6_;’ [navai'vaj + — (Poﬁ” + H;’Z)} = g_na (gl + 6ilmvc(le) (Z'Zb)
m

a My

~ - pa 1 11 qoz
0iéq + 0; [(ea + m_a>vaj + — (haj + va,'Ho{)] = ;n—anavaj £, (2.2¢)
expressing the conservation of density, momentum, and energy, respectively. Here, g,
and m, denotes the charge and mass of the species o. The symmetric total pressure

tensor P¥ is decomposed into the scalar pressure p, times the unit tensor 6/ and




the traceless tensor H:;] Furtermore, v, is the velocity and h, stands for the heat

flux vector of the particles of species a. The total energy density é, is given by

Na€a

(2.2d)

éa = —z—na Vg‘ +
where €, denotes the internal energy. The electric and magnetic field, denoted here
as £ and B, are obtained by the full set of Maxwell equations. In the usual SI-unit
system 1t 1s given by

1
€j10; B = Zz‘atgi + poJi, (2.3a)
€ijx0;Er = —0:B;, (2.3b)
0,6 =L, | (2.3¢)
€g :
8,8, = 0. . (2.3d)

For the equations of a thermal plasma (2.2) as well as for the Maxwell equations
we make use of the usual sum convention, which means, that we sum over all latin
indices appearing doubly. The symbol €;;; stands for the total antisymmetric tensor.
Furthermore, we use the obvious abbreviations 9; = g? and 0; = %j.

The charge density p and the electric current density J, known as the source terms

of the Maxwell equations, are obtained from

P= dana, (2.3¢)
o

J = annava' (23f)

Because we have to sum over all & in equation (2.3¢) and (2.3f), the Maxwell equations
couple the different components of the thermal plasma, described by (2.2).

For sake of simplicity, we suppose that the local distribution function f,(x,v,?) of
the different species « is close to a Maxwellian. Therefore, the heat flux h, and
the traceless pressure tensor II, will be neglected in the following considerations.
Obviously, the equations of the thermal plasma (2.2) and the Maxwell equations (2.3)
do not form a closed system. To overcome this incompletess, we have to specify an

equation of state
Pa = Pa(Pay €a), (2.4)

which relates the pressure to the density and the internal energy.
The equations (2.2) to (2.4) set up the general macroscopic model of a thermal
two-componet plasma which should be the starting point in getting a simpler model,

called in the following the longitudinal model of a thermal two-component




plasma. ,

The physical situation in mind can be summarized in the following manner. We
consider a plasma for which the plasma parameter N, ( = %’r)\“}’)no, Ap 1is the Debye
length, ng is the characteristic density) is very large compared to one (weak coupling).
This means, that the importance of the Coulomb interaction is negligible compared
to the thermal energy. Obviously, the condition N, > 1 can be reached in two
ways. For a given density, the condition is satisfied for sufficient high temperatures, or
alternatively, for a given temperature, it holds for sufficiently low density. Because the
ratio of collision frequency between electrons and ions ( v.; ) to the plasma frequency
( wpo ) is approximately the inverse of the plasma parameter, each component of
the plasma lives for a long time in a quasi equilibrium at different temperatures, in
general (see e.g. [10] ). Consequently, the plasma regarded here will be ireated as a
mixture of two independent perfect gases.

For the further considerations, we restrict ourselves to one dimension in space (x
coordinate). Additional, the magnetic field B should be zero, and from the remaining
vector quantities occuring in (2.2) we consider only the x component. With regard
to the numerical methods, discussed in the next chapter, we rewrite the equations

(2.2) for our purpose into the compact conservation form [15]:
Oy + 8,f(u,) = q(uy). (2.5a)

Here, u, denotes the vector of the conserved variables of each plasma component «,
and is given by
T
u, = (Na,Ma,ea) , (2.5b)

where the calligraphic M stands for the momentaum M, = N,V,,;. The vector
functions f(u,) and q(uy), usually called the Euler flux in in x direction and the

vector of the source terms, respectively, are defined as

I, T
f(ua) = (NC!VQ:IH Navazaz + _M_’ NaVawHa) y (250)
T
a(10) = (0, SuNa By, SuNaVio ) (2.5d)

In the longitudinal case considered, the equation which couple the two plasma com-

ponents is given by the Poisson equation

0By =Y SaMoNy, (2.6)

only where S, is the abbreviation for the expression Qp%;.

Because of the general nature of the problems, considered here, dimensionless quantities




are introduced in the model equations (2.5) and (2.6). The characteristic length of
the problem is Ag. The dimensionless velocity in x direction V,,, particle mass M,
and particle charge Q, are obtained from the corresponding quantities in (2.2) by
normalizing them to vy, mp and ep, respectively. The time is measured in units of
to = Ag/vo . Furthermore, with the characteristic density ng and temperature Tp and
combinations of these two quantities ( po = noTo; Eo = 4/ 1‘{%&, €p electric permittivity
of vacuum), the dimensionless density N,, the pressure Il,, and electric field in x

direction E, are easily defined. The dimensionless plasma frequency 2, = wpotp = :\’%

2 .
( w?y = £22 ) is a measure of space charge effects.
P €EgMmo

For a perfect gas the equation of state has the simple form

2
N, = =N, €, (2.70,)

J
where €, is the dimensionless internal energy. The degree of freedom f of a perfect
gas 1s related to the ratio of specific heat capacities via y = I—ft?- Then we find for

the dimensionless total energy e, and the enthalpy H, the following expressions

1 I,
€y = ENQVCIZ:B + g—F, (2.7b)
1 Moy 1
Ho‘ = —N_'(ea + F) = §Vazm + g—cfa’ (27C)

respectively, where C,, denotes the dimensionless velocity of sound, defined as

1 o,
Cro = ’/”MjaNa' (2.7d)

The equations (2.5), (2.6) and (2.7) set up the one dimensional mathematical model

of a thermal two-component plasma where collisions are excluded. This simple model
cannot be solved analytically in general. Therefore, we need appropriate methods
for calculating the numerical solution of the model equations (2.5)-(2.7) to get a

comprehensive insight into the complex behavior of a thermal neutral plasma.




III. Numerical Framework

In this chapter we shall be concerned with the methods for solving the longitudinal
model of a thermal two-component plasma (2.5), (2.6) numerically. Therefore, we
consider in the first section briefly the numerical techniques applied for ireating
the nonlinear inhomogeneous system of conservation laws (2.5a). Afterwards, we
introduce an explicit numerical approach for solving a modified Poisson equation
which corresponds to (2.6). Some general remarks of treating numerically the problem

of a plasma expanding into a real vacuum will be presented in the next section.

A. Numerical solution of the inhomogeneous conservation system

Among the various methods proposed in the literature to solve numerically the system
of nonlinear conservation laws (2.5a), the so-called high resolution shock-capturing
schemes are chosen, which have been developed recently (see e.g. [16] ). Especially, these
methods are developed for the numerical solution of nonlinear hyperbolic conservation
laws and, furthermore, play an important role in compressible hydrodynamics.
Constructing those numerical schemes, the information of the local wave propagation
structure of the problem is obtained by solving the Riemann problem (RP). The RP
is the initial value problem for the homogeneous conservation laws (2.5a) (neglecting
here the rhs of (2.5a)) with piecewise constant initial data having a single discontinuity
atz =0 ‘

u; z <0
11(:13,0) = {ur’, z>0" (3.1)

The key problem in developing efficient numerical methods based on the RP, is to
find a good approximate solution of the RP.

The idea of an approximation scheme for the nonlinear conservation laws using the
RP solution is due to Godunov [17]. He supposed that the approximate solution at
a time ¢ = {,, is constant within a grid cell (see figure 3.1). To elude an interaction
between the solutions of the local RP, occuring at each grid zone interface, he further

suppose that
At | < 1
~— |®maz S
Az -2

holds, where a4, denotes the maximum velocity of the propagating waves. Afterwards,

Godunov determined the exact solution of the RP at each grid zone interface, having

T = Zit1/2
v=v| ————;ul,u’, |,
t—1,

the form




and averaged these solutions over the interval I; = [z;, ©;41] in oder to get a piecewise
constant approximate solution at time ¢ = ¢, ;. Often, it is troublesome or even
impossible to get an exact solution of the RP. And obviously, because of the final
averaging processin the Godunov scheme, only small amount of the entire information

provided by the exact solution is used for the further iterations.

jel

X1 Xie1/1 Xie3/2

Figure 3.1: Piecewise constant approximate solution

Therefore, we make use of an approximate solution of the RP which has been proposed
by Harten, Lax and van Leer (HLL) [18]. The basic idea of the HLL-method is to
replace the intermediate states of the general RP by an averaged one (see figure 3.2).
The approximate Riemann solution of the HLL-method has the form

- uy, F<a
w(-t—;ul,u,) u,, aq < i<a,, (3.2)
u,, z>a,

where g, a, denotes the minimum and maximum propagation velocity, respectively.
Algorithms where the exact solution of the RP is replaced by an approximate one,
are the so-called Godunov-type schemes. It can be shown [16,19] that Godunov-type




schemes are explicit schemes in conservation form, represented by

n+1 n At

ai = Uayy T ’\(gz,i+1/2 - gZ,iq/z)’ A= Az’ (33)

u

Here, g, = go(ui, u,) denotes the numerical flux, which is determined by the appro-
ximate RP solution and i1s an appropriate approximation of the Euler flux f given by

equation (2.5¢).

tA

x=a;t x=a,t

[

<~
>

Figure 3.2: Approximate Riemann solver for the HLL-method

Especially, for the HLL-method the numerical flux is obtained form

1 _
gngLL)(ul,ur) = [aj’f(uz) —a; f(uw,) +a; af (v, — uz)] , (3.4a)

a, ;

where a; and a; is the abbreviation for
a; = MIN(0, a;) a} = MAX(0,aq,), (3.4b)

respectively.
The approximation techniques, briefly described above are only accurate to the first




order in time. The extension to second order accuracy can be done in a straightforward
mannner, applying the MUSCL (Monotonic Upwind Schemes for Conservation Laws)
approach proposed by van Leer ( see e.g. [20] ). A detailed description and discussion
of the properties of the second order extension can also be found in [19].

The general advantage of the numerical methods under consideration is twofold.
Calculating the numerical flux g, between adjacent grid cells during one time step,
the direction of nonlinear wave propagation is directly incorporated into the solu-
tion scheme. Hence, they sharply resolve discontinuities without generating spurious
oscillations. In smooth parts of the flow the approximation is second order accurate
in space and time.

Interested finally in the numerical solution of the inhomogeneous system of conser-
vation equations (2.5a), we apply a splitting method described by Marchuk [21].
That means for our purpose, that we have to solve in a first step the homogeneous
conservation laws with the methods described above. After this transport step, we
consider the influence of the source terms q(u,) (2.5d). Therefore, we have to solve
the system of ordinary differential equations

%ua = gq(ugy). (3.5)
With the initial condition u,g, provided by the solution of the homogeneous system,
the differential equation (3.5) can be solved numerically with standard methods (see
e.g. [22]). But before we can evaluate the solution of the last equation, we need the
electric field which is determined by equation (2.6). How to solve this equation is the

subject of the next section.

B. Modified Poisson equation and its numerical solution with explicit methods

In the longitudinal model of a thermal two-component plasma considered, the Poisson
equation (2.6) couples the different components of the plasma. Instead of solving this
elliptic equation with the usual methods proposed in literature [23], we want to make
use of the comprehensive information available from the explicit numerical schemes
described above. Additionally, we should have the possibility to include in further
considerations a time-dependent external potential, extending the present model to
a more realistic model for the electrodes of the ion diodes.

For that purpose, we first rewrite the explicit conservation scheme (3.3) in the following

manner

At

Nol = Nai = MGoiyn =~ Gaympn)y A= Az’

(3.6)

10




which is the starting point for the further discussion. In the scalar equation (3.6) N7 ;
and G, ;4 /2 denotes the density and the corresponding numerical flux, respectively.
Obviously, (3.6) represent the first column of the vector equation (3.3). Using central

finite differences, the Poisson equation (2.6) at the time level ¢ = ¢, is given by
n X2 1
Brft - B = Aa ) SaMaz (N2, + N2, (3.7)

where Az is the distance of the spatial grid points, which is located equidistantely for
sake of simplicity. Inserting (3.6) into (3.7) and assuming that the Poisson equation
holds at each time step, we obtain after some manipulations

FEL - FPt =0 (3.8a)

where F is given by the expression
n 13 A n n

Because equation (3.8a) represeﬁts a perfect finite difference in space, the electric
field is given by (3.8b) except for a constant C™ which may be time-dependent, but
independent of position. Adding this constant, the electric field at the time level

t = tp4+1 has the form
EMtt = EF — AtAT +C™ (3.9a)

where the current density A7, obtained from the relation
n 1/ .
A= Z SaMag( aiti/z T Ga,i—l/z), (3.90)

is expressed as an average of the numerical fluxes Gz.i+1/2 and GZ,;‘—1/2' Using these
fluxes which actually advance the density N, ; in time (see equation (3.6)), guarantee
that the charge will be conserved. This means, that an integral form of the Poisson
equation is satisfied, and equation (3.9a), having the appearance of Ampére’s law, is
an appropriate numerical approximation for calculating the electric field, originally

determined by equation (2.6).

In the following, we want to outline a way how to determine the, in general, time-
dependent constant C™. Obviously, the necessary condition ( €;38;E; = 0 ) for
expressing the electric field as a gradient of a potential ¢ is fulfilled in our model,
resulting in the equation

-2 — B (3.100)

11




Integrating the last equation over the intervall [0, L}, we obtain

L
V() =~ [8(5,0) = 40,0)] = [ doB(o,), (3100

“where V(¢) denotes the time-dependent external voltage. Approximating the integra-
tion in (3.10b) numerically by the extended trapezoidal rule (see e.g. [24])

L | N-1
/dwf(w) ~ %ﬂ [f(fcl/z) + f(mN+1/2) + Az Z f(@ry1/2) == Az Z Fry1/2)
o k=1

the corresponding discretized version of (3.10b) reads as

ki3 n T t 73
—V*=- [¢N+1/2 - ¢1/z] = Az Zk Ek+1/2 (3.10c)

where we used the symbolic abbreviated notation Az E;’c for the integration. To
obtain now an equation for the unknown constant C™ we multiply equation (3.9a)
by —Az and sum over k from 1 to N. Making furthermore explict use of equation
(3.10c) we find finally for C™ the expression

o — _%(Vn+1 )+ ——Am Z Al or/ae (3.11)

After the excursion in computing the position independent but time-dependent con-
stant C™, we are able to calculate the electric field E?“ at the new time levelt =1, ;4.
For that purpose we only refer to quantities available at the time level ¢ = ¢,, with
exception of the external potential, which should cause no difficulties because the
temporal step size At is always known.

A remaining problem in solving equation (3.9) is to specify the boundary values.
However, this problem could be resolved in a simple manner, if we consider for example

periodic boundary conditions for the density N7, which reads as

n . pm
O_Na,N

n . n
N N+1 ™~ Na,l’

oty

and are true for all times . The applicability of equation (3.9) will be demonstrated
in the next chapter where we will consider well known problems without an external

circuit (C™ = 0) as examples.

With regard to further applications of the proposed explicit electric field solver (3.9),
especially in the field of ion diode physics, we close this section with a remark which

12




may be helpfull for investigations in the near future. Inserting (3.11) into equation
(3.9a) and carry out some rearrangements, we obtain the so-called Ampére-type
equation in the discrete form
1 11 1 t
+1 _ 1

E(E}‘ - E}‘) FAY = —-j_;-ﬂ(v'“r - V") +AeY Ay, (312)
which plays an important role in the context of the current-voltage relation in a
time-dependent diode [25] . Equation (3.12) states that the total current density (lhs
0f(3.12)) in a diode is not only given by the temporal changing of the external voltage
but, additionally, by the line-integrated current.

C. Review of the tracking method for the plasma flow into vacuum

Preliminary, to motivate the subject of the following discussion, we will introduce
a physical example which should be kept in mind for the further considerations.
Therefore, we suppose that a plasma layer is generated in front of the electrode A
of a diode. The electrode is situated at the left side of the computational domain
and the initial plasma profile has an extension up to z = zy. For positions larger
than zo there should be vacuum. This idealized situation may be characterized in

the conserved variables as

1,0,1) for z<z
Noz aVaz a)z v 2 0 3.13
( »NaVow, e {(0,0,0) for z>zg (3.13)

which is obvious very similar to (3.1). The special additional assumptions made in
(3.13) consists in the fact that the initial velocity for ¢ < g is zero and the pressure
is equal to one. Interested now in the temporal evolution of the initial data (3.13),
we have to solve in general the model system (2.5), (2.6) with the numerical methods
descriebed in section III.A and III.B. To simplify the problem for the moment, we
restrict ourselve to a simpler model, namely, we assume that the electric field vanishes
and thus we are left with the homogeneous conservation laws described by (2.5a)
neglecting the rhs of (2.5a). Obviously, the situation under consideration corresponds
to a single-fluid plasma, expanding into vaccum.

The arising numerical problems for this example are the same as for the expansion of a
gas flow into vaccum. In the context of gas dynamics it is usual to apply the numerical
methods mentioned in section A (see e.g. [16,19] )to solve the Euler equations, which

are equivalent to the homogeneous equation (2.5a).

13




The main problem in solving numerically the Euler equations with the initial data
(3.13) can be summarized in the following manner. If the homogeneous conservation
laws (2.5a) are formulated in an Eulerian frame of reference, which is fixed in space, the
computational domain contains the plasma region, a plasma vacuum boundary and a
vacuum region. Because the Euler equations are based on the continuum assumption
( which means that f, is a smooth function in z, see chapter I), they are no longer valid
in the vacuum and a numerical approximation of these equations will fail. That means
the problem (2.5a) with initial data (3.13) is not a real initial value problem. It is a
free boundary value problem and its numerical solution becomes very complicated.
A common procedure is to replace the vacuum region by a plasma of low density
and pressure, assuming that the flow into this quasi vacuum is quite similar to the
flow into real vacuum and to solve the problem as initial value problem. Since the
densities of the quasi vacuum are very low, the numerical method still produces
severe difficulties. This is due to the fact that near the plasma vacuum interface the
dominant energy mode becomes kinetic. Usually, as it is pointed out in section IIL.A,
the numerical approximation of the homogeneous conservation laws is performed
in the conserved variables density, momentum and total energy (see (2.5b)). To
obtain the internal energy, which is the key quantity for computing pressure and
temperature, we subtract the kinetic energy from the total energy. In low density
regions any small rounding or truncation error may result in negative internal energy
and, consequehtly, the numerical approximation breaks down. Replacing simply a
negativ internal energy value by a small positive one, violates the conservation laws
and may generate nonlinear instabilities. Recently, a sophisticated method which
avoids the difficulties mentioned above, was proposed by Munz [9]. The essential
feature of this tracking method is that the plasma vacuum interface in the Eulerian
frame of reference is monitored in time. Several aspects of this method, necessary to

assess the results presented in chapter IV, should be outlined in the following.

An important initial-value problem for the Euler equations (eq.(2.5a) without the rhs)
is the Riemann problem with piecewise constant initial data as defined in (3.1). The
general solution is given by a fixed point problem, and consists of four constant states
u;, u;, u; and u, (see figure 3.3), separated by elementary waves (see e.g. [26]). For our
purpose, we suppose that the right state is a shock wave (all variables jump according
the Rankine-Hugonoit condition) and the left state represents a rarefaction wave (a
continuous transition from the left to the right values). The intermediate states uy,
u, are separated by a contact discontinuity, where the density is discontinuous, while
the pressure and velocity is constant. From now, we want to consider the situation

where the right state u, coincide with the vacuum.
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The homogeneous conservation equations (2.5a) together with the initial data specified
by (3.13) form the so-called ”vacuum Riemann problem” (VRP) [9]. As outlined above
the VRP is no initial-value problem. It is a free boundary problem, because vacuum
is no solution of the Euler equations. But the solution of the VRP may be obtained
as a limit of the solution of the usual Riemann problem. The general structure of the

solution of the VRP can be understood if we compare figure 3.3 with 3.4.

, contact discontinuity
rarefaction wave /

Us
/ shock wave

/ 0,

X
Figure 3.3: Solution of a Riemann problem in (x,t)-diagram
I
rarefaction wave
X=(V|—C‘)f X:er
u, vacuum
X

Figure 3.4: Solution of a vacuum Riemann problem in (x,t)-diagram

15




The contact discontinuity, travelling with the local fluid velocity, set up the interface
between plasma and vacuum. Hence, the right state in figure 3.3 disappears. Because the
pressure has to be constant across the contact (namely zero), the contact discontinuity
also disappears in the sense that it coincides with the right boundary of the left wave.
Consequently, the left state is connected to the vacuum by only one elementary wave.
Since the Rankine-Hugonoit condition cannot be satisfied in this case, the elementary
wave has to be a rarefaction wave. This solution of the VRP can be calculated

analytically and is given in appendix A.

In the following considerations we briefly sketch out the numerical framework necessary
to overcome the serious problems connected with the plasma vacuum boundary inside
the computational domain. Therefore,'we assume that the appropriate numerical
method to solve the Euler equations is given by (3.3). Using the ideas of Munz [9], we
track numerically the plasma vacuum boundary in a first step to get an estimation of
the real movement of this interface. Using this information we determine in a second
step the numerical flux in the related plasma vacuum grid zone in such a way that
the plasma vacuum interface remains sharp.

We assume that the location of plasma vacuum boundary (X) at the time level ¢,
is situated in the i-th grid zone (see figure 3.5). The location of the plasma vacuum
interface at the time level ¢,, ;1 is obtained by solving the VRP. According appendix

A (omiting here the particle index &) the location of the interface is given by
Xt = XT + AtVR (3.14a)

with

Vv, =Vi+ Cr. (3.14b)

v—1
The left state w; required may be obtained by the formular

y=a<u®>+(1-aju®, (3.15a)
! (X" z ) (3.15b)
a=-— -z .
T v 2 1/2 b

where the knowledge of the location of the plasma vacuum boundary at the time level
tn 1s used, explicitly. The calculation of the left state u; as proposed by (3.15), can be
understood in the following way. Since we only use u? as the left state, waves generated
at ®;_1/, will interact with the VRP and can change its solution. To guarantee, that
these waves do not reach the plasma vacuum interface a constant left state (3.15),
must be introduced which is constant within an intervall length of Az . Because the

1-th grid intervall [azi_l/z, m,~+1/2] contains plasma as well as vacuum, we ought to
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use the over the intervall [az,'_l/z,Xﬂ redistributed integral value < u? > instead

of u?:
T
1 . -
<uf >=—ul = (N?,M?,é?) . (3.16a)
o

We use here the known location of the plasma vacuum boundary. It seems to be
favorable to calculate the right hand side of (3.15a) not in the conserved but in
the primitive variables N, V and II. The vector < w? > in the primitive variables,

corresponding to (3.16a) reads as
T
<wi >= (N:L)V:n»ﬁ?> ) (3‘166)

where we have to emphasize that the velocity is not obtained by its redistributed
integral value. Performing the calculation in the primitive variables ensures that II;
is a convex average of II” and II” ; and remains positive. Otherwise, the pressure II;
has to recalculated from the average of the conservative variables, which may lead in

low density regions to the numerical difficulties mentioned already above.

t t
XC+1 Xc+1
fn+1 1.ﬂ+1 /
vacuum vacuum
1-I'l fn
XC Xy
1 ! P 1 1 o
1 T T T
X . X.
Xi-112 Xis112 Xi-112 i+1/2

Figure 3.5: Tracking of plasma vacuum boundary within the Eulerian grid

Using the information of the tracking step (3.14) - (3.16) an approximation of the
plasma vacuum boundary at the time level £, is obtained. The second step make
full use of this information to calculate the numerical flux near the plasma vacuum

interface. Two different cases are to distinguish which are shown in figure 3.5.
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According the left picture in figure 3.5, the grid zone interface at ¢ = ;,/, belongs
to vacuum during the whole time step Af. Hence, the numerical flux must be zero.
What we call case 1 can be summarized as:
If

X <aih4),

then
git+1/2 = 0. (3.17)

The second case becomes evident from the right picture of figure 3.5. Here, the
plasma vacuum boundary moves across the grid zone interface during the time step
At. Clearly, the flux vector at @4/, for this cases becomes non zero. A good numerical
flux calculation should be obtained by using the fluxes of the exact VRP (see appendix
B). Incorporating the information of the tracking step, these fluxes should be taken
at 0y = ¢;11/3 — X, and averaged over the time step, afterwards. Suppose that the

plasma vacuum boundary intersect the vertical line z = z;/, at

st = %, (3.184)
Then the intersection of the left rarefaction fan boundary curve with @ = z;,/; is
given by
. : by
6tn+1 = Min (At, -I};—:a), (318b)

where we assume that V; — C} is always positive. If V; — C is negative, 6t} ; should
be equal to Af. Now we are able to résumé case 2 in the compact form:
H

X3t > 20

then

851

git1/2 = Zi-t / dif [u(éy,t)] + _A%(At - 6t;+1)f(uz), (3.19)
bt
where u(8y, t) is the exact solution of the VRP (see appendix A). The integrals (3.19)
can be determined analytically. This is shown in appendix B.
As it will be demonstrated in the next chapter, the numerical scheme (3.14) - (3.19)
seems to be suitable to handle the serious problem of a plasma vacuum interface

within an Fulerian frame of reference.

Closing this section, we want to make two further remarks. First, instead of calculating
the integrals occuring in (3.19), Munz proposed in [9] an extension of the HLL-method
tocalculate the flux g; 1/, which substantial reduce the computational effort. Secondly,
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he could further show that the numerical scheme (3.14) - (3.19) do not decrease the
entropy. This is an important result, which ensures us that the proposed numerical
method do not produce unphysical solutions at the vacuum transition.
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IV. Test problems and numerical results

A. The finite electron temperature model

In this section we will demonstrate that the calculation of the electric field according
the method proposed in IIL.B is a quite good approximation. Therefore, we consider
the finite electron temperature (FET) model which is well-known in the field of plasma
physics (see e.g. [27] and references therein). Starting from the longitudinal model of
a thermal plasma (2.5), (2.6) the basic equations of the FET model are obtained in
a simple manner.

Because the ion mass is much larger compared to the electron mass, the ions should
form a fixed, uniform background for the electron fluid. Without loss of generality,

we assume that
N,'(a!,t) =1

Vie(z,t) =0 (4.1a)
for all times. Assuming that the perfect electron gas posses only one degree of freedom

( f =1,v=3), the motion of the electron fluid is finally given by the dimensionless

model equations ( M. =1 )
DN,

- "‘Neamv.em
Dt
DV, 1
L =—-—§,1,+Q,E,
Dt N, i
DE,
= Ves

Dt r
I, = N2, (4.1b)

where I)Q{ denotes the convective derivative. As it is shown in appendix C, the FET
model (4.1) can be solved analytically in the small-amplitude limit. The result obtained
in this approximation scheme (see (C.8)) should be the reference solution for the

following where the parameter € is hold constant with value 21073,

To study the model system (4.1) numerically we apply the approximation methods
briefly reviewed in IIILA and III.B. A second order extension of the explicit scheme
in conservation form (3.3) according van Leer [20] is used. Thereby, the time step
size At is controlled in an adaptiv manner via the CFL-condition. The numerical flux

ait1/2 is calculated within the HLL-method and is obtained from (3.4). Because it
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is important to have a good estimation of the signal velocities ¢; and a,, we make
use of ideas proposed by Roe [28], leading finally to the so-called HLLE-method [19].

Within the extended HLL-method the velocities of the propagating waves are given
by
a; = MIN(V, — Gy, @1)
a, = MAX(V, + C,,as), (4.2a)

where we suppressed the particle index . The quatities @, and as are obtained by

diagonalizing the so-called the Roe matrix (see e.g. [16])
df
@) = A(a) = A
with
a=da(u,u,).

Using the flux vector (2.5¢) we find for the real eigenvalues of the Roe matrix the

result
aa=V-C, ay=V, a=V+0C. (4.2b)
Here, the crosslines indicate the so-called Roe mean values, which can be obtained

from the following relations:

VNIW—I_ VNT‘[I‘

V=T UNAUN,
]f_{: \/WI—HI+\/]—V—T—HT
VN + VN,
¢ =L, (4.20)

For more details about the interplay of Roe’s ideas and the HLL-method we refer to

[19] and the references given therein.

The time-dependent electric field, necessary to calculate the source term vector (2.5d)
and consequently to solve the equation (3.5), is determined from relation (3.9). Since
we assume that the plasma is not driven by an external voltage, the time-dependent

constant C” 1s set equal to zero.

The initial profiles for the numerical calculation at ¢ = 0 are generated according the

exact solution of model (4.1) in the small-amplitude limit ( see eqs. (C.8) in appendix

C) and are indicated as dotted lines in figure 4.1. Furthermore, the results of the

numerical calculation (open squares and circles) together with the exact solution
r ® 3x

(solid lines) are shown in figure 4.1 for different times (¢t = £, %, 5,7 ). We can

ascertain that the numerical solution cover the exact one in an excellent manner.
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Figure 4.1: Comparison between the exact (solid lines) eleciron density, electron

velocity and electric field and the numerical solution (open squares

and circles) for different times.

22




Especially, we want to emphasize that the electric field E,(z,1), calculated numerically
according (3.9), agree with the exact result in a nearly perfect way. Consequently, we
can conclude from figure 4.1 that the method proposed in section IIL.B to calculate
the electric field is a very good and effective approximation. Thereby, we only use
the information available from the fluxes Boit1)2 which actually advance the vector
uy ; of the conserved variables in time.

With regard to further applications, especially, to combine a plasma code (like this
one used here) with a particle-in-cell code (like BFCPIC) it is necessary to specify
the interface between these two codes.

A straightforward method to handle this problem is to solve the ordinary equations

of motion
d X, _v
a ~*
vy
— =A 4.4
dt FF (4.4)

for a so-called macro particle, accelarated in the flux field of the plasma. The phase
space coordinates (X,’:, an) of the k-th macro particle at the time ¢ = ¢,, should be

the appropriate initial values for a subsequent PIC run.

The integration of the Newton equations (4.4) for the k-th macro particle can be
carried out numerically in a simple manner. Therefore, we determine in a first step

the grid zone where the k-th particle is located at time ¢,

iy = INT (%) (4.50)

Here 2o denotes the left corner of the equidistant computational domain. Afterwards,

we compute the weights associated with the k-th macro particle according

1
wy = E(ﬂ’iwl - Xz?)
n 1 n
Wy = E(Xk d iE,‘k>. (4:5b)

The accelaration App of the k-th particle due to the flux field can be calculated,
since we know the numerical solution of the FET model (4.1) for the times ¢,,_; and
t,. I it is given, App can be calculated from

1 T rn—1\
App = E(V _V ) (4.5¢)

with

n—1 _  nyn-—1 nyrn-—1
14 ‘“w1Va,ik +w2Va,ik+1
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n __ _ , nYyn nysn
14 "wIVa,ik T Wy Voip41e

Obviously, the velocity of the macro particle at the new time level ¢, is given by
Vit = Vi + AtApr, (4.6a)

while the new position can be obtained from

X = X7+ %f (vt +vir). (4.6b)
The dynamical behavior of an ensemble of 900 macro particles is shown in figure 4.2
and 4.3, where each of them obey the equations (4.6). The flux field in which the
particles are accelarated is obtained from the numerical solution of the model system
(4.1) for different initial velocity profiles. The initial profiles for the density and the
electric field are the same in both calculations and are given as dotted lines in figure

4.1.

Figure 4.2 corresponds to the small-amplitude approximation where € is equal to
21073 (see appendix C). Besides, the initial distribution of the macro particles in
phase space at t = 0, two further snapshots of the temporal evolution in phase space
are seen. Due to the fact that the small-amplitude solution vary only a small amount in
absolute scale (see figure 4.1), the phase space contour of the macro particle ensemble
change its shape regular and smooth.

Howevef, the situation changes dramatically since we consider the large-amplitude
solution of (4.1), where ¢ is fixed to 0.2. This case can not treated analytically (see
appendix C). The numerical results of our method are depicted in figure 4.3. The initial
phase space coordinates of the macro particles are the same as already illustrated in
the first picture of figure 4.2, As it is expected, the phase space contours which are
shown in figure 4.3 for three different times reflect the distinct nonlinear behavior,
inherent in the large-amplitude solution for systems like (4.1).

To complete the description of the figures 4.2 and 4.3, we have to explain the meaning

of the drawn solid lines. In both figures these lines corresponds to the boundary curves
1
V_(ey1) = 1 [3Veol,) — Moo,

and

Vilo,0) = 5 [2Veulo1) + Ne(o,1)],

which are responsible for the temporal evolution of the distribution function
fe(z, Vez, 1), necessary for the kinetic description of an incompressible thermal electron

fluid as it is discussed in appendix C.

24




t = 0.000
Q.5
%]
T oo T
>
-0.5
-10 T T T T T
0.30 0.35 0.40 Q.45 0.50 0.55 Q.60 0.65 Q.70
X_ps
1.0
t = 6,283
0.5
8
{ 0.0+
>
-0.5
-1.0 T T T T T T T
0.30 0.35 0.40 0.45 0.50 0.58 0.80 0.65 0.70
X_ps
1.0
t =12.566
0.5
&
[ 0.0
>
-0.5
-10 i I v T T 1
0.20 035 0.40 0.45 0.50 0.55 0.65 0.65 0.70

X_ps

Figure 4.2: Phase space snapshots for different times of 900 macro particles,

calculated in the small-amplitude approximation.
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B. Plasma expansion into vacuum

In this section we shall be concerned with the adiabatic expansion of a plasma
into vacuum. Therefore, we have to solve the longitudinal model of a thermal two-
component plasma (2.5), (2.6) with the numerical methods described in section III.
The initial profiles of the conserved variables are initialized according (3.13), where
f = 3 and zg is fixed equal to 50. The numerical calculations are performed on a grid
with 200 equidistant grid zones covering a computational region from 0 to 200. The

time step size At is controlled in an adaptive manner according the condition

where o is hold fix to 0.4 and @, is the maximum velocity of the propagating waves.
Using the scheme in conservation form (3.3), the approximation of the flow within
the plasma region is obtained from the HLL-method. A good estimation of the signal
velocities q;, a,, necessary to determine the HLL-flux (3.4), should be given by the
relations (4.2). To be consistent with the tracking algorithm (see IIL.C), which is in
the form (3.14)-(3.16) accurate to the first order in space and time only, here we

restrict ourselves to the original first order upwind scheme.

Asafirst test problem, we consider the homogeneous conservation laws (2.5) established
by setting €, equal to zero. Figure 4.4a shows the numerical result of the HLL-method
combined with the tracking algorithm (3.14), (3.15) and the numerical flux calculation
(3.17)-(3.19) near the plasma vacuum boundary. The results of the density, momentum,
total energy and velocity are depicted for two different times. The numerical values
are indicated by open squares ({ = 5) and circles (¢ = 10), while the exact solution is
plotted by a dashed (f = 5) and a solid (¢ = 10) line. Additionally, the dotted lines
indicate the initial profiles of density and energy; for the momentum and velocity
these lines coincide with the x-axis because they are zero. As it is represented by figure
4.4a, the agreement of the approximation with the exact solution is quite good. Since
the numerical method applied is accurate to first order only, numerical dissipation is
introduced resulting in a strong damping, which is clearly visible at the left boundary
of the rarefaction fan.

This numerical damping is strongly reduced, if we use a second order extension of
the HLL-scheme, as it is displayed in figure 4.4b. Here, we perform an additional
slope calculation in the primitive variables (see e.g. [16]), which is switched off ten

grid zones before the plasma vacuum boundary is reached.
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Munz remarked in [9] that the approximation of the location of the plasma vacuum
boundary is much more sensitive than the approximation of the conservative variables.
The reason for this is that the sound velocity of the left state is used for the evaluation
of the propagation velocity V.* of the plasma vacuum boundary (see (3.14b)). Usually

the sound velocity is calculated according the relation C,, = 4/ IJQH“Q, resulting in
a much larger value of the sound velocity than the exact solution. This is due to the
fact that in the vacuum limit the density and pressure as well as the quotient %f:
tends to zero which is no longer valid in the numerical approximation. The quotient
%ﬁﬂ near the vacuum is strongly influenced by the approximation errors, when II,
and N, tends to zero. A closer inspection of figure 4.4 shows that the numerical
approximation of the total energy (and pressure, not shown here) slightly exceeds
the line of the exact values near the vacuum transition, while those of the density
are found to be on that line. Hence, the sound velocity does not tend to zero but to
a finite value (in our problem to 0.7) and, consequently the propagation velocity V.
of the plasma vacuum boundary is larger than the exact one.

Considering the additional information that the waves expanding into vacuum are
isentropic, we can approximate the full set of homogeneous conservation laws (2.5) by
the corresponding isentropic equations. This means that the full set (2.5) reduces to

two equations near the plasma vacuum boundary and the relation for the isentropic

Y y—1
C,a=1/——N;’ .
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Figure 4.5: Location of plasma vacuum boundary as a function of time.

29




Using this relation for the determination of the sound velocity C; and the calculation
of the velocity V* of the plasma vacuum boundary, the evaluation of the limit %{:
can be circumvented, which results in a better approximation of the exact solution.
The numerical result of the temporal evolution of the plasma vacuum boundary is
displayed in figure 4.5 (open circles) in comparison with the exact solution (solid line).
Asit is seen, the use of the isentropic sound velocity leads to a slightly underestimation
of the plasma vacuum location for a wide range in time. After approximately 9 time

units the approximated plasma vacuum boundary come up with the exact one.
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As well for the location (3.14) as for the flux calculation (3.19) at the plasma vacuum
boundary it is necessary to have an appropriate approximation of the left state u;. To
avoid that waves generated at @;_;/; do not reach the plasma vacuum interface, we
introduce in III.C a constant left state according (3.15), where the right boundary of
the interval length Az coincide with the vacuum location X7 . As we already mention

in ITI.C, it is favorable to evaluate the left state in the primitive variables according

-1
w=a<w!>+(1-0a)| V2, |,

n
i—1

where < w? > is given by (3.16b). That this choice of the left state is a reasonable

approximation is demonstrated once again in the second picture of figure 4.6, where

the numerical result for the velocity (open squares and circles) is compared with

the exact one (dashed and solid lines) for two different times. The same quantity is

depicted in the first picture of figure 4.6 but {or a different choice of the left state,

namely ' ‘
uy=a<w>.

It is obvious from figure 4.6 that this estimation of the left state leads to an insufficient
approximation of the exact solutions, especially, in the vicinity of the plasma vacuum

boundary.

The most interesfing and challenging problem in this context is to consider the
adiabatic expansion of two-component plasma (consisting of electrons and ions) into
vacuum. Therefore, we have to solve numerically the inhomogeneous conservation
laws (2.5a) for the electron and ion component of the plasma, respectively, which are
coupled via the electric field, calculated from the Poisson equation (2.6). This should
be the item of the second test problem, where all numerical techniques discussed in
chapter III are required. Especially, the applicability of the explicit calculation of the
electric field according (3.9) will be tested once again. Since the plasma expansion
into vacuum should not be influenced by an external voltage, the time-dependent
constant C™ is neglected.

Performing the numerical simulation the two components of the thermal plasma
are initialized in the following manner. The initial profile of the negative charged
(Qe = —1) electron fluid with mass M, = 1 is given by

1.0,0.0,1.5 for z < 50
(Ne(mio)’ Me(a:,O),ee(:n,O)) = {gU.0,0.0,0.0; for z> 50

where we assume that f =3 and the electron pressure II.(z,0) is equal to one. The
profiles of the positive charged (Q; = 1) ion fluid with the mass M; = 100 are
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density solving the inhomogeneous conservation laws. The electric filed
within the plasma is depicted as open triangles. Additionally, the exact

single fluid solution (solid lines) is shown as a reference solution.
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initialized according to

1.0,0.0,0.15 for z < 50
(2, 0), Mi(e,0),e(2,0)) = {Eo.o, T

Here, we consider that the ion pressure is II;(z,0) = 10. Furthermore, for the first
test calculations the dimensionless plasma frequency 2,, which plays the role of a
coupling parameter for the plasma components, is choosen equal to 10.

Since the mass ratio between electrons and ions is small (0.01), we expect that the
thermal two-component plasma considered behaves very similar as a single fluid plasma
(obeying quasineutrality) expanding into vacuum. Hence, an appropriate reference
solution should be obtained, if we solve the single fluid equations of a plasma according

to appendix A. For that purpose, we have to fix the sound velocity (see A.2a) equal

C = \/%(n + II,~) - 0.428,

to accommodate the initial values specified above.

In figure 4.7 the electron (open squares) and ion (open circles) density is depicted for
three different times (corresponding to 63, 135, 285 circles in time), obtained from the
numerical solution of thermal two-component plasma model (2.5), (2.6). Additionally,
the dashed lines indicate the initial profiles of densitiy, while the solid lines represent
the exact solution of the single fluid plasma model. We can ascertain from figure
4.7 that the calculated electron as well as the ion density are in good agreement
with the exact single fluid density. A quantitative measure for the quasineutrality,
observed in the most plasmas, may be the electric field within the plasma, which

to

is plotted in figure 4.7 as open triangles connected by a dotted line. Besides, small
wiggles occuring at early times, the electric field increases at the vicinity of the plasma
vacuum interface. This reflects the fact that at the delicate numerical region (namely,
the plasma vacuum boundary), the less mobility of the ions compared to the electrons
plays an important role. We expect that, if we increase the coupling parameter €,
the electric field tends to zero, resulting also in a more perfect quasineutral plasma
at the plasma vacuum boundary. This will be the item of investigations, planned in

the near future.
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V. Summary and Outlook

As we have seen for three test problems, the high resolution upwind schemes combined
with the tracking method and the proposed numerical flux calculation near the
plasma vacuum boundary is an accurate and efficient tool to solve numerically the
longitudinal model of a thermal two-component plasma. The numerical strategy
applied is completed by using an explicit scheme to calculate the electric field which
is a new approach in this context. The applicability of this approach is demonstrated
with the aid of two examples. The results obtained are very encouraging and further
investigations will be carried out to include an external voltage to get a more realistic

model of the time-dependent behavior of ion diodes.

In near future, the one-dimensional time-dependent model will be extended to two
space dimension. Solving this model numerica.lly, we can refer to extensive experience
made with the two-dimensional time-dependent hydrodynamic code HYDSOL [29]
which use similar numerical methods as described in chapter III. In particular, it has
been shown that the explicit second order Godunov-typ schemes could be vectorized

in a very eftective manner.
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Appendix A:

Exact solution of the homogeneous conservation equations at a vacuum boundary

After some straightforward algebra, the homogeneous conservation equations - ne-

glecting here the source term vector g(u,) on the rhs of equation (2.5a) - can be

written as DN
% = —Ng0y Vs Al
D (A.1a)
DV, 1
L= a,11, A1b
Dt M,N, ( )
DIl D (1
- M,0,Vy, =0 —|==1]=0 Al
Dt 7 < D (NZ) (4.1c)
where the convective derivative is given by
D
— = O + Voz 0s. A.ld
Di s + ( )

In the following we omit the index «, and put the velocity in x direction equal to
U = Vuz. Furthermore, we have to specify the initial data for which the equation
(A.1) should be solved. Therefore, we suppose that there exist undisturbed values Ny,
U; and II; left from a point o = zo. At the right side of this point, we imagine that
there is vacuum. It is convenient at this stage to introduce the so-called self similar

transformation
T — &g

Cit
where C; denotes the velocity of sound at the regime left from the point & = zg. It

is easy to show that the derivatives occuring in (A.1) can be expressed as

£= (A.2q)

1
8y = —8 A2
ci | (A.2b)
b= 2o (A.2¢)
D 1,U
Z (- 2
Dt t(c, 6)65 (4.2d)

where we make explicit use of the transformation (A.2a). From equation (A.lc) it is

obvious that the scalar pressure is a function of the density only

1(¢) = I, (%@)7 (A.3a)
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According to equation (2.7d) the velocity of sound has the form

o) - (M2) " (a1

where Cj is related to the initial values of pressure and density via

o
Cl - —MN . (A3C)

Together with equations (A.2b), (A.2c) and (A.3a), we are left with a system of
differential equations in £ for the density N({) and the velocity U(£). After a simple

integration we obtain the following expression for the velocity

_ Y — 1 201
U(g) - :;':’-__I (VUG,; + N — 16) (A‘l-a)

and for the density

2

N(é) - <7+ 1) Cl’y_zT (%ac Cl£> (A4:b)

where the so-called vacuum velocity V,,. is given by

2C :
-uac=U - i A4
|4 z+7_1 (A-4c)

According the initial conditions for N;, U; and II;, it is obvious that the inequality

20,
U—C <Cé<U + —’1 (4.4d)
Fy —

define the range where the variable £ holds.
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Appendix B:

Analytical solution of the integrals occuring in (3.19)

We shall be concerned in this appendix with the analytical determination of the
integrals occuring in (3.19). Changing the integration variable according the self-

similar transformation

6y
= —= B.1
£= 22, (B.10)
the integrals in (3.19) can be rewritten to the form
5 G "
Y
16 &) = 2 [ ST0u(e). (B2
&1
The boundaries of the integration are defined as
) )
b= Y Y (B.1c)

Ciétt &= Coe

The vector of the fluxes

fz(h@»h@»ﬁeﬂT

is obtained from the exact solution of the VRP. According appendix A the components

of the flux vector are given by

f1(§) = N(OU(£)

= ¥ NG (e =€) (6mes + v€) (5:20)

F2€) = NV () + 3-11(6)
) v 2
= av+2NlCIZ (éma,:v _ 5) (£maw + VE) (BZb)
+a vt L (é.maa: - £>V+2

M
(6 = v + L2210

ey
=§aH*an@mm—a)(&Mm+u03 . (B2

4+ 132004328 (bran =€) (e +2)
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where we use the abbreviation

Viae
6‘"10.:!! - CI
2
vV = '_y———_l (B.Zd)
_r-1
oy 41

Obviously, the formal structure of the flux vector components f; can be summarized

in the following manner

4 7
$(E) = (Emaa =€) (bmas +) -
Therefore, we only have to evaluate the integral

€2
T61,60) = [ at g5 (6max —€)" (6man + )" (B.3a)
€1

which can be done in an elementary way if the exponents o, 4 € Np. This is surely
true, if we consider a perfect gas, where v can take the values v = {1,2,3,5,6}.
Expanding the factors in (B.3a) into binominal power series and performing several

rearrangements, we are left with the expression

o ;1.+k . §2
et =355 ik (7) (1) [aeem, (man

k=0m=k ¢

where ( ) denotes the usual binominal coeflicient. Splitting up the summation occuring
in (B.3b) and performing the integration, we finally obtain the longish, but very simple

result for the exact integration of (B.3a)

— gotp i_ l)
J(£Ia£2) fm,a.:n <£1 _{2

+ g (o) ()

e R

+i£;',$5 "‘:Lm ;(m” ) Z(p-m+1)—o] (-
m=2

. o ptk 1)k ym— L o o
+k§;;;kmzz( L ()(m,ik>(z Logrt).

(B.3¢)
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Appendix C:

The finite electron pressure model

Rewriting the inhomogeneous conservation laws (2.5a) in a form convenient for the

following considerations we are left with

DN,
o=~ NabuVeo (C.1a)
DYV, 1
2 == - C.1b
Dt MyN, Oalla + Sa B ( )
D (1L, s

—_ — = = o C.l
D1 (Ng) 0 & o= N, (C.1c)
0By =Y SaMuN, (C.1d)

where the convective derivative is given by equation (A.1d). Furthermore, we assume
that the v = 3 adiabatic pressure law (C.1c) holds which means that the degree of
freedom of the perfect gasis f = 1. _

A special class of models in plé.sma physics assume, that the ions form a fixed, uniform
background (see e.g. [27]). In other words this means that, if the ion mass M; goes
to infinity, the ion pressure (1%:— — 0 ) as well as the electric field (—1%; — 0) in the
ion equation can be neglected. With the additional assumption that the density and
velocity is equal to one and zero, respectively, the system (C.1) for the ions has a

simple form

N,-(:c,t) =1
Vio(z,t) = 0, (C.2)

which holds for all times. The resulting motion of the electron fluid is finally obtained

from the model equations

DN, :
= —-N.0,V., (C.3q)
Dt
DY, 1
L =——9, 0 E, - (C.3b
Dt N, L+ 2,8 (C:35)
DE,
D = QpVeu (C.3c)
I, = N2, (C.3d)
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where 2, = wyotp denotes the dimensionsless plasma frequency. Furthermore, we
take into account that the dimensionless electron charge Q. = —1 and the mass of
the electrons M, = 1. Introducing the transformation into Lagrangean coordinates

T=1
(=z— [ dTV.(¢,T), (C.4)
[

the model equations of the thermal electron fluid (C.3) can be written in the following

form (see e.g. [27])
1

Ne(¢,7) = p (C.5a)
1+ dea(Ve:v(C’T)

0 .
HE(C, T) = -Ng(Ca 'T) (C.Sb)
6(Ew(€, 7') = vaea;(c, 7') (C.5c)
OVia () + V(G ) = 33c{ RACISLY } (C54)

O0cVer((, T
, [1+{dT<V (¢ )]

where we assumed that the initial density profile of the electrons satisfy the condition
N.(¢,0) =1. (C.5¢)

Obviously, equation (C.5d) is not tractable analytically without some additional
approximations. In the small-amplitude analysis, the linearized version of (C.5d) is
given by

VNG m) + QVEN ¢ 7) = 3VE (¢, ) (C.6a)

where we put V.,((,7) equal to
Veo((,7) = V(G 7),  O<e<l (C.6b)
Assuming that the initial acceleration of the electron fluid is equal zero
07 Ver (¢, T)|r=0 = 0, (C.7a)
and interested within this context in nonlinear periodic solutions of (C.5) with the

initial condition

VE(¢,7) = sing, (C.7b)
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we finally obtain the solution of the approximated model system:

Vez({,7) = €sin  cos B (C.8a)
ey

E,((7)= 5 sin ( sin B (C.8b)
Ne(y) = T (c:80)

e _1+§cosCsin,B'r |
He(C, T) = NS(C, T): (C'8d)

where the modified frequency 3 is given by the expression

B =4/Q2+3. (C.8e)

The physical importance of the thermal electron model (C.3) arise from the fact, that
the macroscopic equations (C.3) are equivalent to the single-water-bag model in the
kinetic description of the electron fluid ( see [27] and references therein). To recognize
the close relation between the microscopic and macroscopic describtion, we suppose
that the initial distribution function of the electrons f.(z,V,t) ( V = V., ) is given
by (see figure C.1)

A = const. >0 V_(z,0) <V < Vy(,0)
. V.0) = ) ) +\% .
fe(2,V,0) {0 otherwise

The temporal evolution of f. is given by the Vlasov-Maxwell equation, which reads

as

Bufe +V0ufe — By f. =0 (C.9q)
0,8, =, (1- N.), (C.9b)

describing the incompressible motion of the electron fluid in phase space. Furthermore,
we suppose that the boundary curves V_ and V, evolves temporally in such a manner

that at time ¢ the distribution function is given by

fe(m, V,t) — {A = const. >'0, V_ (:c,t) <V < V+(£B,t) ) (010)
0 otherwise

As a consequence of taking the appropriate moments of the Vlasov equation (C.9a),

the boundary curves V_(z,t) and V,(z,t) are related to the density, velocity and

pressure. Assuming that V_(z,t) and Vy(z,t) are single-valued functions of z, we

find that the local densities of interest can be expressed as
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s

Figure C.1: Phase space of the electrons at t=0.

[e o]

N.(z,t) = /dee(a:,V,t) =4 (Vi(e,0) - V-(a,1)) (C.11a)
Vo) = oy [ VAV = 3 (Vaert) + (et)  (Cam
.(z,t) = M. / VY = Voo, ) el V,8) = 22 (Valo,t) = V(1))

) (C.11c)
However, the heat flux of the electrons, defined as

M,

he,,(a:,t) = 2e /dv [V - Vem(:l:,t)]3 fe(m’v’t)’

1s identically zero.
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