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Convective - diffusive transport in laminar MHD flows

Abstract

The two questions of main interest for the design of a fusion blanket are whether the
heat transfer to the coolant is high enough that the temperature of the plasma facing
wall does not exceed a critical value and whether the corrosion rate is below a certain
limit. Both processes are governed by convective- diffusive transport mechanisms. A
numerical code for the 3D -solution of these equations in the laminar flow regime is
discussed. It is assumed that the flow is fully developed when entering the heated section
of a blanket element. The interaction of the strong magnetic field with the electrically
conducting fluid is taken into account by an asymptotic analysis valid for fully deve-
loped MHD flows in ducts with arbitrary shape of cross section. Heat transfer conditions
are discussed for circular pipes and square ducts. The influence of the main parameters
on wall temperature is analyzed in detail and summarized by an empirical correlation.
As an example for an extended use of the heat transfer code the full numerical solution
of fully developed MHD flows in circular and rectangular ducts is presented.




Konvektiv- diffusiver Transport in laminaren
MHD Strémungen

Zusammenfassung

Bei der Auslegung eines Fusionsblankets sind die wichtigen Fragen zu kldren, ob die
Wirmeiibertragung an das Kiihlmedium ausreicht, damit die Temperatur der
plasmanahen Wand einen kritischen Wert nicht iibersteigt, und ob die Korrosionsraten
unterhalb eines gewissen Grenzwertes bleiben. Beide Prozesse werden durch Gleichungen
fir konvektiv- diffusive Transportvorginge beschrieben. Es wird ein numerisches
Rechenverfahren zur Bestimmung von dreidimensionalen Losungen dieser Gleichungen
im Bereich laminarer Strémungen vorgestellt. Dabei wird vorausgesetzt, dafl die
Stromung beim Eintritt in den beheizten Teil des Blankets bereits voll ausgebildet ist.
Die Wechselwirkung des starken Magnetfeldes mit dem elektrisch leitenden Fluid wird
durch eine asymptotische Rechnung beriicksichtigt, die fir voll ausgebildete MHD
Stromungen in Kandlen mit beliebigen Querschnitten gilt. Berechnungen zur
Wirmeiibertragung werden fir Kreisrohre und fir Kandle mit quadratischem
Querschnitt durchgefithrt. Der Einflul der wichtigsten Parameter wird in einer
empirischen Korrelation zusammengefafit. Als Beispiel fiir eine erweiterte Anwendung
des Wirmeiibertragungs— Programms wird die vollnumerische Losung fir ausgebildete
MHD Stréomungen in Kreisrohren und Rechteckkandlen vorgestellt.
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1 Introduction

Heat transfer in magneto-hydrodynamic (MHD) flows plays an important role for
the design of a liquid -metal cooled fusion blanket. The extremely high fusion heat flux
may require enormous velocities in the vicinity of the plasma facing first wall even if the
liquid metal provides excellent heat conduction.

Liquid metals are considered as cooling media for application in a fusion reactor due
to their high heat conductivity. Their use, however, may cause corrosion problems.
Corrosion at the surface of ferritic structure materials is dominated by a diffusive process
at the fluid -wall interface (Borgstedt & Rohrig 1991) and further by convective diffusive
transport in the liquid metal. The transport of thermal energy and of mass of a dissolved
corrosion component are governed by the same equations and discussed, if possible,
simultaneously in this report.

Another problem which has to be considered is the interaction of the electrically
conducting fluid and the strong magnetic field confining the fusion plasma. MHD effects
usually lead to higher pressure drop compared to hydrodynamic flows. The electro-
magnetic forces acting upon the moving fluid have a strong influence on the flow distri-
bution in the cross section of a cooling channel. This may have unfavorable consequences
on heat transfer in electrically insulating circular pipes, but also favorable effects at the
heated side wall of electrically conducting rectangular ducts.

Heat and mass transfer in MHD flows has been analyzed in the past by several
authors. In their textbook on 'Heat and Mass Transfer in MHD Flows’ Blums, Mikhailov
& Ozols (1987) present the governing equations and give a summary of previous works.
A completely numerical approach for calculating 3D -MHD flows is outlined by Kunugi,
Tillack & Abdou 1991 or by Kim & Abdou 1989. They present results for the fluid
velocity in 2D - flows in infinitely long channels and in 3D -bend flow or 3D -flows in a
fringing magnetic field. They concentrate their discussion of results mainly on the MHD
flow variables and only minor on heat transfer conditions. Ying, Lavine & Tillack 1989
derive an analytical solution for the heat transfer across the side layer of a Hunt-type
MHD flow with conducting Hartmann walls and insulating side walls. They show also
results for special heat transfer problems in other fully developed MHD flows in
rectangular ducts obtained on the basis of a numerical analysis (more detailed results are
presented by Ying & Tillack 1991). Hua & Picologlou 1989 present an integral approach
for heat transfer calculations in high velocity side layers. Comparisons with results
obtained by numerical calculations show excellent agreement in the considered range of
parameters.




In circular ducts fully developed heat transfer conditions have been analyzed
analytically by Gardner 1967 for constant wall -normal heat flux. A similar problem has
been investigated experimentally by Gotovskiy & Firsova 1992. Their main result is that
heat transfer is improved if a transverse magnetic field is applied to the heated section of
an electrically conducting pipe, especially at Peclet numbers Pe<03 when fully
developed thermal conditions are established within the heated test section. At the end
of the section the ratio of the Nusselt number for MHD flow Nug,s and for
hydrodynamic flow Nug,-yis close to the value Nug,sy/Nug,-=11/6, which results from
fully developed heat transfer in circular bulk flow (MHD flow in conducting pipes is of
bulk type) Nup,; =8 and for hydrodynamic flow Nug,=48/11.

This report treats the heat transfer problem for rectangular channels and for circular
pipes with MHD velocity profiles which were assumed to be fully developed when the
fluid enters the heated section of the blanket. The MHD flow problem is solved by an
asymptotic analysis similar to Chang & Lundgren 1961 or Walker 1981 for ducts with
arbitrary cross sections or for rectangular ducts, respectively. The governing equations
for heat transfer are solved numerically by finite differences using an ADI method for the
two coordinates in the plane of the cross section during successive increase of the axial
position. For fusion typical consideration the heat flux is assumed to be perpendicular to
the applied strong magnetic field, but also other interesting cases are discussed.

Finally an extended use of the developed numerical code is discussed for other
problems which are governed by equations of heat conduction type. As an example the
full numerical solution of MHD flows in conducting or non-conducting ducts of
rectangular and of circular cross section is obtained just by using the heat transfer code.




2 Fully developed MHD flows
2.1 Equations and boundary conditions

MHD flows in strong magnetic fields show fully developed flow structures at rela-
tively short distances upstream and downstream of three— dimensional disturbances
(except in insulating circular pipes). Since these distances are in general much shorter
than the developing length of convective— diffusive boundary layers (at high Peclet
numbers; see later), fully developed MHD flow is assumed in the following analysis.

The equations governing fully developed MHD flow read in their non-dimensional
form:

o2V + jxB =Vp, (2.1a)
7 =-V¢ +vxB, (2.1b)
Viw=0, (2.1c)
V-j=0, (2.1d)

where the magnetic field #, the fluid velocity v, the electric current density 7, the
electric potential ¢ and the pressure p are normalized by By —the magnitude of the
applied strong magnetic field—, v, —the average fluid velocity—, ov,By, voB,l and
ovoBy?L, respectively. H2 gives the ratio of electromagnetic effects to viscous effects,
where M=ByL+fo/pv is the Hartmann number and L is a characteristic dimension of the
cross section. The electric conductivity o of the fluid and its kinematic viscosity v are
assumed to be constant.
The boundary conditions at channel walls are the no-slip condition

v=20, (2.1e)

and a condition for the current component normal to the walls. This can be the con-
dition for thin conducting walls (Walker 1981) or for insulating walls

J.'":Vw'(cvw(bw) or j'm=0, (2.1f,9)
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respectively. @, is the potential at the wall and c=0,¢/cL is the wall conductance ratio;
oy, U are the conductivity and the thickness of the wall, V,, is the gradient in the plane
tangential to the wall; -7-mis the current entering the wall from the fluid.

In fully developed flow the velocity vector has only one non-zero component % in
the flow (the z-) direction. There is no variation of the mechanical or electrical flow
variables with 2 and current component 7, vanishes. Currents close their circuit in the
same cross section and the only non-zero component of pressure gradient d,p is constant
everywhere.

The vector of the magnetic induction B=(B,, #,, 0) consists of two components.
The component #,=1 is given by the applied strong field, while the component B, des-
cribes the field, which is induced by currents j, and 7, in the cross section due to
Ampere's law VxB=Ryj. Ry=poav, is the magnetic Reynolds number, where 4 is the
magnetic permeability. Since there is no interaction between the induced field #, and the
fluid moving in the z-direction it is not necessary to know about B, in detail.

At high Hartmann numbers the flow exhibits a core where the pressure gradient is
mainly balanced by the electromagnetic force. Viscous effects are confined to thin
boundary layers near channel walls. They are called Hartmann layers if there is a signifi-
cant normal component of the applied magnetic field at the wall. Their thickness is
O(H-1). All flow variables may be expressed in terms of an solution for inviscid flow,
describing the main flow in the core and in terms of boundary layer contributions
accounting for viscous effects and satisfying the no-slip condition (2. Ze).

2.2 MHD flows in ducts of arbitrary symmetric cross section
The equations governing fully developed MHD flow in the core and in the Hartmann
layers can be considered without any reference to the shape of the duct’s cross section.

For large Hartmann numbers (#=103-10% for fusion applications) the equations
(2.1a-d) reduce to

Oxpc = =350 = 08¢ - uc, (2.2a,b)

J'Y,C:“ y¢C:0: (2.26,(1)

in the core and additional contributions in the Hartmann layer




annué'utS:o) (226)
ps=0, ¢s=10 . (2.2f,9)

n=H(y-h) is the stretched boundary layer coordinate and y=th(z) gives the y--
position of the duct wall at any value of z. It represents the shape of an arbitrary, but
symmetric duct. The core velocity uc=uc('z) is a function of z, only.

The total velocity u=uc+u; is

u=uc(z)[1—eM(y-h)] (2.2h)

(see for example Moreau 1990, p.125).
Conservation of charge at any position z, may be expressed by

h
S Gdy - coig,= 0. (2.21i)

The integral gives the total current inside the fluid. The second term represents currents
inside the channel wall. See figure 2.1. Since there is no variation of potential across the
Hartmann layer (2.2g), (according to the approximation at high Hartmann numbers)
the wall potential is equal to the potential of the core, ¢,=¢c. t is the coordinate tan-
gential to the duct wall. The derivative with respect to the tangential direction can be
replaced by a derivative with respect to the z-direction.

20

Figure 2.1 Geometry of an arbitrary symmetric duct

11
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After integration equation (2. 27 ) reads

1 c .
‘h5z¢c+’wc(h—7—)——————5z¢c:0. (Z.ZJ)
1/1+Z327H2

A relation between the core velocity and the constant pressure gradient is obtained
by eliminating d,¢¢from (2.2b) and (2.27).

” (z)-—t?xpc b TH(OR]7 (2.2k)
¢ 1{[ ‘/1+237H9

This equation shows some interesting limiting cases:

o The core velocity does not vary with z and is equal to the negative pressure
gradient if the channel walls are perfect conductors (c—m ).

o The core velocity is proportional to the channel height 4 ('z) if walls are insulating
(c=0). The velocity profile is directly given by the channel geometry only.

o  If the Hartmann number is very high (#>>4/1+(8,h]?) the flow exhibits regions
of extremely high velocities if a part of the duct wall becomes almost parallel to the
applied magnetic field (d,A—>o ). Flows in ducts with walls exactly aligned with the
field can not be calculated by equation (2.2k). However, if the parallel walls are
slightly deformed the above equation holds for the velocity in the core and accounts
precisely for the volume flux carried by high-velocity layer. (In this case the
additional volume flux in parallel layers, {,, is already covered and has not to be
calculated separately as shown in equation (2.21) below.)

Equation (‘2. 2k) was already derived by Chang & Lundgren (1961). Their calcu-
lation was based on relations between the induced magnetic field and the velocity, while
the present analysis uses relations between velocity and potential.

A normalization of the total volume flux

Zmax Zmax
Jth ~4) we(z) dz + 4y = [h da (2.21)
Zmin Zmin

determines finally the pressure gradient dyp. g, is the volume flux carried by layers




parallel to the magnetic field. Such layers appear at walls exactly parallel to the magne-
tic field (for example in rectangular ducts where they are called the side layers).

2.3 Velocity distribution and pressure drop in circular pipes

MHD flows in ducts with circular cross section are considered first, because they are
widely used in technical applications. An analytical solution for MHD flows in circular
ducts is given by Gold 1962. A detailed asymptotic analysis (Roberts 1967) shows that
near the two singular points, where the magnetic field lines are tangential to the duct
wall, another type of boundary layer appears (the Roberts layers). Their thickness is
O(H- 2/3) and the extension in magnetic field direction is O(H- 1/3). Since these layers are
restricted to very narrow regions and do not carry an O(1) volume flux ({§,=0) they are
unimportant for the flow outside and not considered in the following analysis.

The above introduced theory for flows in arbitrary geometries can be used to calcu-
late the flow structure in the whole duct. The circular cross section is defined by

h =41-22. (2.8a)

As 2= 1, 8,h tends to infinity, A tends to zero and uc reaches a finite limit. The region,
where the magnetic field is parallel to duct walls is restricted to two singular points in a
cross section.

Equation (2. 2k ) reduces to

uo(z) = - dp £ L. (2.3b)
C
i

The pressure drop is found by equation (2.21) to be
inw

=71
h-1/H +1
S .

axp 3 (2.36)

where the integral can be evaluated to

13
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1 -
_jl(...)dz=g~ﬂ52—1+%%[7r—2ﬂc +—j—arctani{—§—l] , (2.3d)

with a=4/7-17c2.

The influence of the wall conductance ratio on pressure gradient is shown in figure
2.2a. For a highly conducting wall (c>>H- ) the pressure drop tends to the asymptotic
value of d,p=-c/(1+c) for all Hartmann numbers. If the duct wall is a poor conductor
(c<<H-1) the pressure gradient tends to d,p=-37/8H as given by Gold 1962.

Velocity profiles obtained by (2.3b) are shown in figure 2.2b for a Hartmann
number #=1000 and several values of the wall conductance ratio c.

Fully developed velocity profiles obtained by a numerical solution of full induction-
less MHD equations in circular pipe geometry is shown in figure 6.2.

10 E
]
N
10" E
i
@ 107 3
I
.
10_3"3
. e
10™ L L. —5 I g g prm T
10° 10° 107 10° 10° 10" 10° 107 107 10° 100 10°
| C
Figure 2.2a MHD -Pressure drop in a circular pipe‘for different Hartmann numbers

as a function of the wall conductance ratio.




Figure 2.2b
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c=0.01 c=0.1

MHD-velocity profiles in a circular pipe for different wall conductance
ratios at a Hartmann number #=1000.
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2.4 Velocity distribution and pressure drop in rectangular ducts

The considered rectangular geometry is bounded by two walls perpendicular to the
applied field at y=+1, (h=2+1) called the Hartmann walls, and by two walls parallel to
the field at 2=+b, called the side walls (see figure 2.3).

T
7
H
C — Core
5 1
L_w+ - 2 S — Side Layer
S ¢ C H — Hartmann Layer
H

Figure 2.3 Geometry of a rectangular duct.

For strong magnetic fields (#>>1) the analysis described in §2.2 holds for the flow
in the core and in Hartmann layers. Near the side walls the basic equations may be

reduced to a single equation for the additional side layer contribution ¢s to the poten-
tial .

Oyybs = Occecds - (2.4a)
C=H(b-z) or (=\/H(b+z) is the stretched side layer coordinate at the walls z=b and

z=-b, respectively. The solution of (2. 4a) in form of Fourier series reads (see Walker
1981)

Ps = Ze-diC[ Ay cosa;( + Agl,-sina,-(;J cosBiy , (2.4b)

i=1

with 8; = {w(2i-1) and «; = IF;.




If the conductance ratio of the side walls cg is high enough (’ cs»/ll_% ) current
passes the side layer unchanged in z-direction (7,=7,c, 7.s=0). The additional side
layer contribution ug to the velocity is then obtained by the use of (2.1b) and

(2.4b).
[10]
Ug = Ze_a"c[ B icosa;( + Bz,isina;(] cosfBiy - (2.4c)
i=1

The coefficients 4;; are calculated via boundary condition (2.1f) at (=0 in the
form of

[1))]
Jac = ~0xp = CsigéizAz,iCOSﬂiy (2.4d)
as
i 2 0
Ay = (-1)' gy 752 (2. 4e)

The coefficients B,; are obtained from the non—slip condition (2.1e) at (=0 1in
form of

[¢1)
us = -Uc =i§131,i005ﬂiy , (2.4f)
as

D= (-1) g uc. (2-49)
The coefficients #,; are determined due to Ohms’s law -/Hd;gs+us=0 (¥ “t ) as

32,,' = "Bl,i + 2\/”0’,';41,,' . (2.4/?:)

The additional volume flux condition carried by the parallel layers in the upper half
of the channel is

1 @ ®
l/p=2ffus(y,4)dcdy=—20—,§f ZB% (2.41)
0 0 i =1

17
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Figure 2.4 MHD -velocity profiles in a square duct for different ratios cs/c at a

Hartmann number #=1000.




The pressure gradient calculated by equation (2. 21 ) reads

(axp)H
Op = . (2.4k)
1 - (0xp)r ég

€ is given by e=X2/8;4=1/3 and (0,p)r=-(c+1/H)/(c+1)/(1-1/H) is the pressure
gradient in Hartmann flow (6—w).

Figure 2.4 shows some velocity profiles of well known MHD-flows in a square
channel for different values of the side wall conductance ratio ¢g. The conductivity of the
Hartmann walls is ¢=0. 7 and the Hartmann number is #=1000. For any conductivity
of the side walls the flow in the whole core shows a uniform velocity profile with thin
boundary layers at Hartmann walls. For highly conducting side walls the flow shows
only weakly higher velocities near the side walls, but still the overall character of the
flow is of slug flow type. If csis decreased the core is still of slug type. In the side layers,
however, high velocity jets appear which can carry a significant amount of the total
volume flux. The reason for this velocity overshoot is a kind of electromagnetic pumping
in the side layers. The energy is taken form the core which acts as a generator.

It is obvious that velocity distributions as shown in figure 2.4 should have significant
influence on heat and mass transfer conditions at channel walls. The thickness of the
Hartmann layers, which is of the order H-1is for fusion applications (#=104+ 105) in
general much thinner than convective- diffusive boundary layers. The transport of heat
and mass near the Hartmann walls is therefore expected to be equivalent to that in
theoretical slug flow. The high velocity jets in the side layers (u:O(ﬂ% ) ), however,
should lead to improved transfer compared to flow of slug type. If the conductivity of all
walls is very poor (i.e. c=cg< dl_%) equation (‘2.4a) does not hold. It can be shown by
detailed analysis (see for example Moreau 1990 page 141) that for such conditions the
overshoot in the side layer velocities disappears. Transfer conditions for heat and mass
at the side walls are reduced at least to those in slug flow.

19
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3 Convective— diffusive Transport
3.1 Transport Equations

Stationary convective— diffusive transport of scalar properties like heat or the mass
of dissolvable components may be described by the equation for non-dimensional
temperature I'=(7T*-T,")/AT* (’* denotes here the physical property, the index ’j
stands for reference case)

PeT(v~V)T:V2T+4I (8.1a)
or for the scaled mass concentration €=(C*-C,")/AC"of a solute
Pec(v-V)0=Y'¢+5. (3.1b)

AT*and A C*are characteristic scales for temperature and mass concentration.

The thermal and solutal diffusivities x and 2 are assumed to be constant. They are
used to form the Peclet numbers Per=v,L /k and Pec=v,L/D, respectively.

The source term § describes the effect of volumetric heating due to dissipation,
Joule’s heating by electric currents, nuclear radiation, or chemical reaction.

S represents source or sink terms for the mass of a solved species, arising for example
from chemical reaction.

For fully developed flows equation . fa and &. 1b can be written as
wd T =V'T+ 4, (3.1c)
wdeC=N0+8, (3.1d)

where ¢ is the axial coordinate scaled not only by the characteristic dimension Z of the
cross section, but in addition by the Peclet numbers Per and Peg, respectively. This
normalization accounts for the difference in characteristic time scales for diffusion
7«=L?/ and for convection 7,=L/u. In the same time as a property is transported in
the cross section by diffusion over a length Z this property is transported by advection in
the z-direction over a distance X=1-Pe. This scales provide the basis for a unique
solution of the general transport problem for all Peclet numbers. For ¢>>1 the heat and
mass transfer is fully developed, whereas for ¢ << the solution of 8.c or 3. 1d is of
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boundary layer type.

3.2 Boundary conditions

As thermal boundary condition at thin walls of thickness ¢ the temperature T, at
the outer wall surface is related to the temperature 7 at the fluid -wall interface and to
the normal gradient component of the fluid temperature at the wall by the equation

Bi(T-T,) + 8,T=0. (3.2a)

The Biot number Bi=),L/At describes the relative thermal conductivity of the wall in
the normal direction. A,/A is the ratio of thermal conductivity of the wall and the fluid.
If Bi—o the wall is a perfect heat conductor and the fluid temperature at the wall
becomes equal to the given temperature outside. If Bi—0 the wall is thermally
insulated. '
For a given surface heat flux ¢ the thermal boundary condition reads

q=-0,T. (3.2b)

There are several relevant temperature scales depending on the considered problem.
The scales are AT*=Ty ax-T'niny AT'=q'maxl/A, or AT'=§%sL%/A, if either the
distribution of wall temperature, of surface heat flux, or volumetric heating is the mainly
determining mechanism of heat input.

As solutal boundary condition it is supposed that for corrosion or deposition
processes at channel walls the transferred mass flux s*is proportional to the under or
super saturation to some power m.

st =K(C*-C*)". (3.3a)
" denotes the saturation concentration which may depend strongly on the actual

temperature 7. Since the mass flux has to equal the diffusive flux at the wall the final
non -dimensional condition reads

m ]
(U—Ce) +—D—aa,,6':0 P (3.3())
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with the Damkohler number Da=AC*" KL /D. Da represents the ratio of diffusion time
7p=L2/D and a characteristic time scale for chemical surface reaction 7x=L/KA(Cm™ !
(Brauer 1971, p.439). The mass transfer from the fluid to the wall (or opposite) is
limited by diffusion if Da—w or by surface reaction as Da— 0.

3.3 Numerical solution

Equations J. Ic or 3. Id permit tractable analytical solutions only for special cases
of the boundary conditions (see for example Gardner 1967, who calculates heat transfer
in fully developed MHD pipe flow with constant wall heat flux). Numerical methods lead
to fast and accurate results with acceptable effort in the case when entrance effects at
the inlet to a heated section or non -uniform wall temperature or wall heat flux have to
be taken into account. Therefore a numerical approach is used to solve the general
transport equation. Analytical results are used to verify the used numerical scheme.

The equation J. ¢ can be replaced by the more general equation

U0:T = AydyyT + B0, T + A¢d¢¢T + Bed:T + CT +D (3.4a)
with boundary conditions

0T =b,0,T +cT +d at 1 = Yuin a0d NPpax (3.4b)
and
0T =b¢d; T +cT +d at { = Cpin a0d Crax (3.4c)

which may be used to describe convective— diffusive heat transport in any locally
orthogonal zn(-coordinate system. All coefficients in equations J.4a-c are arbitrary
functions. Equation J.4a approximates the transport equation &.Ic only if the
diffusive axial heat flux .7 is negligible compared with the convective one «7. This is
approximately the case for high Peclet numbers or for extremely long channels compared
to the characteristic cross section dimension.
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With the coordinates 7=y , (=z and the coefficients

A,=1, B,=0,
A,=1, B,=0, (3.5a)
C =0, D=¢

the equation 3. 4a describes suitably the transport in rectangular geometries.
For n=r, (=yp and

Ar=1 ) Brz",r“.I—’
Ay=25, By=0 , (3.5b)
¢c=0, D=¢,

the transport in a circular pipe can be easily modeled.

Equation 3.4a also permits calculations with higher resolution near the channel
walls if other types of non-linearly stretched coordinates are introduced. This may be
useful for calculations with very high values of Pe (£<<1), when the temperature or
concentration show extremely thin boundary layers.

The equidistant grid used for numerical calculations is shown in figure 3.1. Values of
unknown scalar properties are placed in the center of each corresponding control volume.
An ADI scheme is used for integration in the £ -direction to ensure numerical stability of
the solution and to avoid restrictions on the step width A¢. The discrete approximation
of equation §. 4 reads for one step

Uﬁi—ﬁj’bﬁ: (3.6a)

A, - 2751c + If,;; +B, nH?&nTH (3.6b)

A, fo(+ - fzﬁ% t Zf]._(;_l_Bc Iﬁ.(+2&(7i.(- + (8.6c)
+

CM+D (3.6d)

2
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The upper indices ¢ or ¢ + denotes the position ¢ or ¢+A¢ in axial direction, respectively.
The lower indices specify the coordinates in the cross section. For example T,,,eG:
T(€,n,(+A¢). In the procéeding next step the upper index ¢+ in term (8.6b),
representing the implicit part of the scheme, is changed in ¢, describing an explicit term,
and vice versa in term (3. 6c).

The value of the unknown function 7 at the boundary is not defined by the discrete
grid. In the equations for the general boundary conditions this value is estimated as an
average value of the fictive and the first physical value lying half a grid spacing outside
and inside the computational domain. The normal derivative is estimated directly at the
border as a central difference between fictive and physical values.

The above described procedure for calculating the fluid temperature may also be
used for determining the concentration field of a solved component if 7 is replaced by (.
The boundary condition for higher order reactions (m>1) &.3b needs some
modifications. For this reason the reaction term is expanded into Taylor series.

(€-C,)" = (c-c'e)"’|5 , m(c-ce)’"'llgaf(c-oe)Ag . (3.6¢)

This leads finally to the boundary condition

1 | 1 1
*-*(0—6'6) E+A§5€(U—Ue)+ o ———(9,,6':0, (3.5f)
m | m(¢-¢,)" ") D2

which is covered by the general formulation 8. 4b and 3. 4 c.
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Figure 3.1 Numerical grid.
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4 Heat transfer conditions in circular pipes

The most important duct geometry for technical applications is the circular pipe.
The discussion of heat transfer in MHD duct flow is started with fully developed con-
ditions for different surface heat fluxes. The first one is the constant wall-normal heat
flux g=-e,. The second one is the more relevant case for applications in poloidal fusion
blankets with a constant planar heat flux from the plasma towards the wall, g=-e,.
Three -dimensional solutions for the second type of heat flux are considered at the
entrance of the cold fluid to a heated section.

4.1 Fully developed heat transfer into a circular pipe at constant heat flux (g=-e,)

At first, results for fully developed heat transfer into circular pipes (¢>>1) are
discussed. The flow distribution u (7, ¢) is obtained from the asymptotic result (2. 2h
and 2. 3b). The heat flux ¢*“at the channel wall is assumed to be constant and used for
temperature scale A7*=qg‘L/A. Analytical solutions to this problems for a wide range of
the Hartmann number have been obtained by Gardner 1967. In the following chapter his
results are compared with numerically obtained results for code verification.

v j

Figure 4.1 Constant wall-normal heat flux q=-e, into a circular pipe
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The fully developed axial temperature gradient is independent of the flow structure
and given by

0cT = 0Ty = 2, (4.1)

where the 7}, is the bulk mixing-cup temperature defined as the average convective heat
flux over the cross section 4.

Tu(€) =4[ u- Tdd. (4.2)

The Nusselt number

‘Nu;Tw?Tm (4'3)

characterizes the heat transfer conditions at the channel walls and is a direct measure for
the temperature gradient at the wall in terms of the mean temperature 7, and the local
wall temperature 7,. For special velocity profiles like the bulk flow #=1 or the hydro-
dynamic case u=2(1-r2) the Nusselt number is given analytically as Nu=8 and
Nu=48/11 , respectively. These values are used to check the accuracy of the numerical
method. Figure 4.2a and 4.2b show the relative deviations of the numerically obtained
solutions from the exact ones for different numbers of grid points n, and n,. The relative
numerical error is reduced by two decades if the grid size is reduced by one. This reflects
the second order accuracy of the used numerical scheme. The fast convergence towards
the analytical solution for the Nusselt number ensures that the equation has been imple-
mented correctly in the directions of 7 (here ) and ¢ (here ¢ ). A check for the axial
temperature gradient ensures correct discretization in the £ -direction.

Gardner presents solutions for the Nusselt number at the duct wall of an electrically
insulating pipe in a magnetic field. In a strong field the velocity profile is not axisym-
metric. The velocity gradient at. the channel wall depends strongly on the angle ¢, which
results in variable heat transfer conditions along the duct’s perimeter. A comparison of
Nu(p) (results obtained by Gardner, see figure 4.3a) with the numerical solution for
H=100 and H=1000 (figure 4.3b) is shown in figure 4.3. The numerical solution, in
which the asymptotic velocity profile (2.8b) is used shows good agreement with
Gardner’s analytical results. For lower values of the Hartmann number the asymptotic
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approach does not lead to an accurate solution for velocity near =909 since the
Hartmann layer assumption, that viscous layers are much thinner than the core dimen-
sion, fails to account for viscous effect properly.

For a given wall heat flux the property of primer interest is the wall temperature. It
should not exceed a certain value, which is limited by the wall material. High tem-
perature gradients in the structure may cause unacceptable material stress. For these
reasons the Nusselt number as characteristic measure for heat transfer is dropped and
further discussions of results are restricted to the wall temperature 7T,,.

The results obtained by Gardner are valid for MHD flows in insulating pipes only.
However, for fusion applications also pipes with thin electrically conducting walls are
considered. Results for fully developed heat transfer conditions with constant radial heat
flux g,=-1 are shown in figure 4.4 for a high Hartmann number #=1000 and a variety
of wall conductance ratios (‘¢=0+1). For high values of ¢ (¢>>H-1) the flow is of slug
type. The difference between the local wall temperature 7, (y) and T does almost not
depend on the circumferential coordinate . The value of 7T,-T,=0.25 corresponds
directly to the Nusselt number Nu=8 of a bulk flow. For the fusion relevant value
c=0. 01 most of the flow is still carried by a core with constant velocity (remember the
velocity distribution in figure 2.2b). Only in very narrow regions near p=0 or = there
is a small reduction of velocity. The influence of this decreased velocity on heat transfer
gives a distinct variation of the wall temperature 7, (¢ ). The largest variations in wall
temperature are found for electrically insulating pipes with values of AT, pux=0. 13.

20 9.0

High Hartmonn aumbar SOWHON .

. Low Hortmann number solution

8.0

7.0
Z =
8.0 -
5.0 -
. M22 )
W b
fig 4.3 4.0 T T fig. 4.3
& 5o “O o0 T o | -a0 | o0 000 | 800  —300 00
Z 4
Figure 4.3 Comparison of analytically (fig 4.3a Gardner 1967) and numerically

(fig. 4.3b) obtained results for Nu for fully developed heat transfer

conditions.
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Figure 4.4 Difference between wall temperature and mean temperature of an

MHD flow in a circular pipe heated by constant wall-normal heat flux.
The thermal conditions are fully developed; #=1000.

4.2 TFully developed heat transfer into a circular pipe at constant heat flux (g=-e¢,)

For fusion applications a more relevant case is the cooling pipe, which is exposed not
to a rotationally symmetric thermal radiation field n- g(p)=gu=const. as described
before, but, to a planar radiative heat flux g=-e,. The wall normal component is deter-

mined as g,=-cosy for the part of the wall which faces the plasma (-{w<p<ir) and
¢n=0 for the rest (see figure 4.6a).
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Figure 4.5 Constant planar heat flux g=-e, into a circular pipe

The change in convective transport with axial length is determined by the heat
input over the channel wall. The fully developed axial temperature gradient for a heat
flux g(p) is given by

agfmzﬁ-fq,,db; (4-4)

where [ g,db is the integrated normal heat flux along the border of the cross section 4.
For the special heat flux considered in this chapter the axial temperature gradient is

0Ty =2 . (4.5)




Figure 4.6
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Calculated wall temperatures for a hydrodynamic case (#=0) and for fusion rele-
vant MHD flows (magnetic field is perpendicular to the direction of heat flux ¢=0,
H=1000, c=0+1) are shown in figure 4.6b. The non-symmetric heating due to the
planar heat flux leads to much higher temperature differences in the cross section com-
pared to the case with constant wall heat flux, even if the total heat input per unit
length is smaller by a factor of 1 /7. AT, max~1 for all considered flow types. It is interes-
ting to notice that the influence of the magnetic field on heat transfer conditions is very
poor. It leads only to a shift in the temperature range of about -0. 07 The MHD - heat
transfer conditions in insulating pipes are very close to those in hydrodynamic flows
because the velocity profile shows similar distribution in the direction of the main heat
flux compared to the hydrodynamic case. However, even a slug flow velocity profile
which is achieved for electrically well conducting walls (¢>>#-1) at high Hartmann
numbers can not improve the equalization of the cross sectional wall temperature.

To complete these considerations the magnetic field is turned by 90°in exactly the
direction of the heat flux. For such conditions the high velocity gradients of MHD flows
in electrically insulating channels coincide with positions where the heat flux is highest.
The heat transfer is comparable to bulk flow conditions. The highest wall temperature
is reduced by AT=0. 068 (see figure 4.7).

0.8
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0.0

-02-

—04 T T

-3.14 15 000 157 3.14
2
Figure 4.7 Difference between wall temperature and mean temperature of an MHD flow
in an electrically insulated circular pipe. The thermal conditions are fully
developed; #=1000. The constant thermal heat flux is either aligned with
the magnetic field (B || y=0) or perpendicular to it (B L p=0).
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4.3 Three-dimensional effects at the entrance of a heated section

In the previous paragraphs the fully developed heat transfer conditions in circular
pipe flow have been discussed in detail. In technical applications, however, fully deve-
loped conditions are reached after some developing length behind the entrance of a
heated section.

Figure 4.8 shows the transition of some interesting properties form entrance con-
ditions to fully developed conditions as a function of the axial coordinate ¢ for a hydro-
dynamic flow with constant heat input ¢,=-1 at the channel wall. It shows the mean
temperature 7, the wall temperature 7, and the difference 7,-T, Fully developed
conditions as described before (9;7,=2, 1,,-Tn=11/24) are almost reached at £{=0. 3.
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Figure 4.8 Wall- and mean temperature and their difference, developing with
axial length £ . The wall-normal heat flux is constant; H=0.
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For a blanket relevant heat flux ¢,=-cosp and MHD flow in an electrically insula-
- ting pipe (#=1000, BLq) the developing length is approximately three times longer.
This can be seen from figure 4.9. Fully developed heat transfer (9¢7T,=2/7) is reached
at £=1. For real applications the Peclet number can be much larger than the total
channel length Z,,, (€<<1) so that heat transfer in the whole blanket element happens
within the transition zone. The heat transfer is of boundary layer type along the heated
part of the wall for very small values of £ (see figure 4.10). This thermal boundary layer
grows continuously towards the duct center with increasing £. At £=0. 1 the half of the
duct is affected by the thermal disturbance. If £=1 fully developed conditions are
approximately reached. The isotherms become almost straight equally spaced lines near
z=1, corresponding to the constant heat flux g=-e,.

The most important question for fusion blanket applications is, weather the
maximum wall temperature at the end of a heated section is within acceptable limits, or
in other words, what Peclet number is necessary to ensure wall temperatures below the
limit. If the highest tolerable wall temperature T\, sy is known the relation shown in
figure 4.9 can be used to determine §£.,, and finally the required Peclet number
Perec) Tax/ € max- Pereq determines the characteristic velocity and MHD pressure drop.
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Figure 4.9 Highest wall- and mean temperature and their difference, developing
with axial length ¢ . The heat flux is planar and constant; #=1000.
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5 Heat transfer conditions in rectangular ducts

The other widely used duct geometry for technical applications is the duct with
rectangular cross section. As in the previous paragraph fully developed conditions are
discussed first for two different cases of heat flux. The first one is the constant wall -
normal heat flux g,=-1. The effect of a constant planar heat flux g=-e, entering the
cooling duct of a poloidal fusion blanket is discussed for fully developed and three-
dimensional heat transfer conditions.

5.1 Fully developed heat transfer into a rectangular duct
at constant heat flux (¢,=-1)

MHD flows in rectangular ducts have been described in paragraph 2.4. The steep
velocity gradients at channel walls should lead to favorable heat transfer. Thin jets along
the side walls exist for several combinations of the wall conductance ratios ¢ and c¢g of
the Hartmann walls and side walls. They can carry a significant amount of the total flow
rate. These jets exhibit very high velocities compared to that in the flat core, which
occupies the rest of the cross section (remember the velocity profiles shown in figure
2.3).

@

t=-1

T

Figure 5.1 Constant wall-normal heat flux q,=-1 into a square duct
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Consider a rectangular duct exposed to a constant wall-normal heat flux g,=-1.
The effect of such heating on wall temperature for fully established conditions is shown
in figure 5.2 for several characteristic MHD velocity profiles. This figure shows the
variation of the wall temperature along a wall-tangential coordinate as indicated in
figure 5.1 for different ratios cs/c. Even if the flow is of slug type (this is the case for
cs/c>>1) there are large variations in the wall temperature A7y, yax=0. 4 9. Heat trans-
fer at Hartmann walls and side walls is approximately the same. Differences would be
only possible if the solution for temperature would be of boundary layer type with a
thermal layer much thicker than the Hartmann layer &7>>68z ~H#- 1 but much thinner
than the side layer 6r<<és el However, in a fully developed thermal field this is

never the case. The large variations of 7, can be explained by the heat input to a fluid

,,"l/' \:‘\ / / Cs/Cu=100 \“'\‘
00~ / i \\ [ Cs/Cu=10 \Y
- \ R Cs/Cu= 1 \ )
—0.19 ,/ '\ ,/ —-— Cs/Cu=05 ‘\
L/ S .
—-02 T T T T T 1 |
-4.0 -3.0 —2.0 -1.0 0.0 1.0 20 3.0 4.0
t
Figure 5.2 Difference between wall temperature and mean temperature of an

MHD flow in a square duct heated by constant wall-normal heat flux.

The thermal conditions are fully developed; #=1000.
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lement at the corners. This heat input happens from two sides simultaneously whereas
the diffusive transfer into the bulk of the flow is restricted to one direction only (the
'radial’ one) with exchange area much smaller than the area of heating at the walls. Near
the center of each Hartmann or side wall this unpleasant heat transfer situation does not
exist and wall temperatures are moderate. The situation at the side wall may be im-
proved further for the jet flow, when cg/c<<1. An increase in the jet flow rate leads to a
decrease in the core velocity and consequently to higher wall temperatures at the
Hartmann walls. For a ratio cs/c=0. 5 the maximal temperature difference in the cross
section is about ATy, nay=0. 77.

5.2 Fully developed heat transfer into a rectangular duct by constant heat flux (‘g=-e;)

For a fusion typical heat flux g=-e, at the plasma facing side wall of a rectangular
poloidal cooling channel the distribution of wall temperature becomes similar to those in
a circular duct exposed to the same heat flux. The maximal difference in wall tempera-
ture A7, nx=0. 97 is higher, even if the total heat input is only one quarter of that
discussed in the previous case where all walls have been heated (see figure 5.4). The
influence of the velocity profile on heat transfer is only minor. There is no significant
qualitative change in wall temperature if there is a high velocity jet at the heated side or
not. The main effect is a total shift -0. 77 in wall temperature to lower values if cg/c
varies from 700 to 0.5. The temperatures at the heated side wall and (surprisingly
also) at the adiabatic side wall are slightly deformed. The expected enormous improve-
ment in heat transfer by the high velocity jets near a heated side wall can not be found
in a laminar thermally fully developed problem.

YA

t=f fo—

t=-1

Figure 5.3 Constant planar heat flux q,=-e, into a square duct
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Figure 5.4 Difference between wall temperature and mean temperature of an

MHD flow in a square duct heated by constant planar heat flux
gn=-e€, The thermal conditions are fully developed; #=1000.

5.3 Three-dimensional effects at the entrance of a heated section

Figure 5.5b shows the variation of the wall temperature Ty, (y=0,2=1) and
Ty(y=0,2=-1) of the heated and adiabatic side wall, respectively, as a function of ¢.
Results are shown for a slug-flow velocity profile u=1 and for a velocity field typical for
MHD flows.

The temperature field is of boundary layer type near z=1 for small values of ¢.
Thermal disturbances do not extend over the whole cross section. For the case of a slug
flow velocity profile the wall temperature grows continuously proportional to £/2. For
§€=0(1) thermal disturbances have reached the opposite side wall. Fully developed
thermal conditions (7T, ~ £ ) are established for larger ¢.
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Figure 5.5 Variation of wall temperature at the symmetry plane y=0 with axial length
(fig. 5.5b) for bulk flow u=1 and for a typical MHD flow as shown in fig. 5.5a.
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For the MHD velocity profile (#=1000, cs=c=0.1) as shown in figure 5.5a the
heat transfer conditions are changed. For small values of ¢, when the temperature field
is of boundary layer type the heat transfer is governed by two different regimes. The
wall temperature first is dominated by T, ~ £1/3 corresponding to heat transfer condi-
tions into a fluid with a linearly with the wall distance increasing velocity profile. This
regime is the dominant one until the thermal disturbance has reached the position of the
velocity peak. The second regime acts upon heat transfer during the spread of tempera-
ture through the rest of the cross section. The dependence in this region is 7, ~ £9/7
Fully developed conditions establish after the disturbance in temperature has reached

“the other side wall.

The maximum allowable dimensionless wall temperature for the extremely high
fusion heat flux is of the order 70-2+10- % This implies that fully developed conditions
for heat transfer are not reached within the total length of a blanket element. To restrict
the following discussion of three-dimensional heat transfer to fusion blanket conditions
the wall temperature is shown as a function of the axial coordinate £ only in the relevant
range.

The dimension of the computational domain normal to the heated side wall was
chosen much larger than the extension of thermal boundary layers. This was done by
using a step wise thinner computational domain in subsequent numerical calculations for
the same problem, while the temperatures at the border to the bulk of fluid were
checked, to ensure that thermal disturbances have not reached these points. Because the
wall normal temperature gradient is much larger than the tangential one in extremely
thin boundary layers the numerical resolution in the wall normal direction was chosen
much higher (for example 400 grid points) than in tangential direction (40 points) to
account for these effect. The step width A¢ in axial direction was continuously decreased
as £&—» 0. This leads to a very good resolution at the entrance of the heated section.

The influence of the velocity profile at the heated side wall on the heat transfer can
be seen from figure 5.6. This figure shows the temperature 7, at the fluid wall interface
in the middle of the heated side wall (at y=0, z=1 in figure 5.6a) and at the corner (at
y=1, z=1in figure 5.6b) as a function of the axial developing length ¢ for several ratios

cs/c.
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Figure 5.6 Variation of the temperature of the heated side wall z=-1 at the

symmetry  plane y=0 (fig. 5.6a) and at the corner y=1 (fig. 5.6b)
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fig. 5.7a

fig. 5.7b

Variation of the temperature of the heated side wall z=-1 at the
symmetry  plane y=0 (fig. 5.7a) and at the corner y=1 (fig. 5.7b)
with axial length for bulk flow w=1 and for MHD flows at ¢;/c=1 for

several Hartmann numbers.
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If there is no jet along the heated side wall (cg/c>>1) the wall temperature at y=0 is
higher than at the corner y=1. For values of ¢5/c< when pronounced side wall jets
occur the convective transport is extremely improved, especially near y=0. This leads to
an opposite tendency as for large cg/c. Now the heat transfer is improved near the
symmetry plane and the wall temperature is decreased by more than 60%. Near the
corner, however, the heat transfer improvement by the jet is only negligible. The corner
temperature is approximately independent of ¢s/c. Figures 5.6a and 5.6b show that for
cs/c<1 or for cs/c>10 the critical (hottest) point in the blanket is either near the
corner or near the center of the side wall, respectively.

The influence of the wall conductance ratio cg on wall temperature at y=0, z=11is
shown in detail in figure 5.8a. The flow rate in the side layers given by equation 2. 42
vanishes as c¢g —m. For this case the heat transfer is worst. For smaller cg/c a signifi-
cant amount of fluid is carried in a thin high velocity jet along the heated wall. This
leads to an improved heat transfer with 7, ~ (‘¢s/c)/*for cg/c<10.

The influence of the Hartmann number on heat transfer along the heated wall can be
seen in figure 5.7. The characteristic dependence along the axial coordinate remains
unchanged as the Hartmann number varies from #=250 to #=2000. Higher values of #
lead to thinner jets along the heated wall ( Sl ). The fact that for conducting side
walls (cs>>H i ) the flow rates in these jets are independent of # leads consequently to
velocities u=0 ( i ) which improve the heat transfer. The wall temperature at the center
of the side wall is reduced as T, ~ ¥- /3 while the temperature at the corner is decreased
only about 7, ~ H#-2/%as shown in figure 5.8b.

As overall result of this chapter two formulas are proposed to calculate the wall
temperature at the corner (‘y=1) and at the center of the heated, electrically conducting
(cs>>H77 ) side wall at 2=1.

Ty(y=1,2=1) = 1.2 *- ¢ for ¢MF<s-10-% (5.1)

14 -1/3 _1/3 10-3
Ty(y=0,2=1) = 2(cs/c) " i " ¢ for csﬁcizg' (5.2)

These formulas should provide sufficient information for accurate calculations of wall
temperature within, and at least for good estimations beyond the specified application
limits. Finally the designer of a fusion blanket should remember that the wall tempera-
tures given by equations 5.7 and 5. 2 are the temperatures at the fluid wall interface.
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The highest temperature is at the outer wall surface. It can be calculated by the use of
the thermal boundary condition &. 2a, b as

7+ L (5.3)

Ty Bi1

surface —
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6 Other possible applications of the heat transfer code

The numerical code for heat and mass transfer calculations can be applied to any
problem with governing equations similar to the general problem 3. 4a-c. Even coupled
two -dimensional elliptic problems can be treated when ¢ is used as iteration parameter.
The solution is reached in the limit £é~—w. As an example for extended use of the code
the numerical solution of a fully developed MHD flow is presented in this chapter.

Fully developed MHD flows are governed by coupled elliptic equations for the
velocity component % and for the component of induced magnetic field b (see for
example Moreau 1990, p131).

Vo + Ho,b = -1, (6.1a)
Vb + Moyu =0 (6.1b)
with boundary conditions
v=0, (6.1c)
b+cdsb=0. (6.1d)

2
V'=8,,+d,, is the two-dimensional Laplacian in the plane of the cross section. If new
variables v,=u+b and v. =u-b are introduced the equations 6. 1a, b decouple.

V21/+ + Mo, = -1, (6.2a)

2

Vv, -Hov. =-1. (6.2b)

Both equations are of the type of a heat transport equation and can be treated by the

previously described numerical code. The coupling between both variables is shifted to
the boundary conditions.

Vv, +tcOwy =telw. , (6.2¢c)

V. +icdw. =tchw, . (6.2d)
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They decouple only for insulating channels (¢=0).
After these equations have been solved the velocity an induced field are
reconstructed.

1 1
v=5(vi+v.), b=g(vi-v.). (6.3a,b)

For numerical calculations in rectangular ducts it is sufficient to restrict the
computational domain to the region of the parallel layers since all variables do not
change with 2z outside these layers. Results for the variables v, and ». and for the
velocity component u are shown for different parameters in figures 6.1.

For calculations in circular ducts the Laplacian is given by V2=c?,, +1/18, +1/120,,
and the derivative in the y-direction by d,=-sing/rd, -cospd, .(see for example Gold
1962). Numerically obtained results for fully developed MHD pipe flows are shown in
figure 6.2 for several parameters.

Numerical calculations for MHD flows using velocity » and the electric potential ¢
as variables suffer from poor convergence at very low wall conductance ratios c<<Z. If in
the above introduced formulation ¢ tends to zero the two problems of determining v,

and v. decouple, convergence becomes independent of ¢ and even better then for
c=0(1).
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