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Stress intensity factors and weight functions for cracks in front of notches
Abstract

The knowledge of stress intensity factors for cracks at notch roots is important for the fracture
mechanical treatment of real components. Stress intensity factor solutions are available only for
special notches and externally applied loads. For the treatment of more complex loadings as
thermal stresses near the notch root the weight function is needed in addition.

In the first part of this report weight functions for cracks in front of internal notches are derived
from stress intensity factor solutions under external ioading available in the literature. The se-
cond part deals with cracks in front of edge notches. Limit cases of stress intensity factors are
derived which aliow to estimate stress intensity factors for cracks in front of internal elliptical
notches with arbitrary aspect ratio of the ellipse and for external notches.

Spannungsintensititsfaktoren und Gewichtsfunktionen fiir Risse an Kerben
Kurzfassung

Die Kenntnis der Spannungsintensitatsfakioren fiir Risse an Kerben hat groBe Bedeutung flr die
bruchmechanische Behandlung realer Bauteile. Spannungsintensitatsfaktoren sind flir einige
Kerbtypen bei duBerer Belastung verfligbar. Fir die Bewertung komplexerer Spannungen, z.B.
thermische Spannungen vor der Kerbe, ist die Kenntnis der bruchmechanischen Gewichtsfunk-
tion erforderlich.

Im ersten Teil des Berichts wird die Gewichtsfunktion filr den RiB an einer elliptischen Innenker-
be aus Spannungsintensitatsfaktoren aus der Literatur berechnet. Der zweite Teil befaBt sich mit
der einseitigen AuBenkerbe. Losungen einfacher Grenzfille werden angegeben und es wird eine
Interpolationsmethode vorgestellt, die es gestattet, beliebige dazwischenliegende Falle zu be-
handeln,




Contents

1. Introduction . . . . . ... 1

2, Internal notches . . . . . . . . . . 3

2.1 Stresses at elliptical notches . . . . . . . . . .. 3
2.1.1 Stresses at elliptical notches in infinite bodies . . . .. . ... ... ... ... ... .. 3
2.14.2 An appropriate set-up for notch stresses in finite bodies . . . ... .. .. ... ... .. 5
2.1.3 Comparison with results from the literature . . . .. ... ... ... .. . ... ... . 6
2.2 Stress intensity factors for small cracks at the root of internal notches . . . ... ... . . 8
2.3 Procedure for determination of the weight function . . .. . ... ... ... .. ... ..., g
2.4 ResUls . . . . 10
2.5 Limit cases for stress intensity factors . . . . . . .. ... L 11
2.6 Limit cases for the weight function . . . . .. . ... . ... ... .. 13
3. External notches . . . . . . ... ... .. ... ... R 17

3.1 The rectangular notch . . . . . .. . 19
3.2 The circular notch . . . . . . e 21
3.3 Stress intensity factors for slender external notches . . . . . .. ... . . ... ... ... .. 23
3.3.1 Stresses in front of a slender edge notch . . . . . ... ... ... .. . L 24
3.3.2 Stress intensity factors . . . . . .. 25
3.4 Limit cases for stress intensity factors of cracks in front of external notches . ... .. .. 26
3.5 Weight function for cracks in front of external notches . . . . . ... ... ... ..., ... 29
351 Limitcases . . . . e 30
3.5.2 Weight function for slender notches . . . . . . . . . ... .. ... o 30

Contents i




4. References

5. Appendix

5.1 Stresses in front of elliptical internal notches

5.2 Weight function for the edge-cracked plate




1. Introduction

Under externally applied loads notches are enhancing stress. Therefore, cracks emanating from
the notch root are of special interest in general fracture mechanics. Stress intensity factor sol-
utions are available in the literature for externally applied tensile and bending loads [1]-[6]. In
many cases, the stress in front of a notch is not caused by external forces. Such cases are for
example:

= Crack surfaces directly loaded by internal pressure (pipes, vessels),
¢ cracks influenced by thermal stresses near the noich root,
e cracks in coarse-grained ceramics with crack-surface interaction.

The weight function method is an appropriate procedure for the computation of related stress
intensity factors under such special loadings.

In the first part of this report weight functions for cracks in front of internal notches are derived
from stress intensity factor solutions under external loading available in the literature. The sec-
ond part deals with cracks in front of edge notches. The stress intensity factors under external
load as well as under constant surface loading are determined with the Boundary-Collocation
Method (BCM).

Limit cases of stress intensity factors will be derived which represent the behaviour of cracks in
front of internal notches if the cracks are very long and very short compared with the notch-root
radius. Based on these limit cases, an interpolation procedure is described which allows to esti-
mate stress intensity factors for cracks in front of internal elliptical notches with arbitrary aspect
ratio of the ellipse.

Estimation procedures on the basis of limit cases will also be presented for external notches.
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2. Internal notches

2.1 Stresses at elliptical notches

2.1.1 Stresses at elliptical notches in infinite bodies

The stresses in front of internal notches are available only in cases with simple geometries and
mechanics. This is true for ellipticai notches in infinite bodies, where the problem has been
solved by Muskelishvili ([7]) yielding the complex stress functions which satisfy the biharmonic
differential equation and the boundary conditions.

60

e T L e 1

Figure 1. . Elliptical notch in an infinite body under remote tensile stresses oy.
Taking into account that any solution of the biharmonic equation can be expressed by two ana-
Iytic functions of the complex variable z, the stresses in rectangular coordinates can be written

as

oyt ox=2[9'(2) + ¢'(2)] = 4Re[¢'(2)] )

oy — oy + 2y, =2[Z¢"(2) + ¥'(2)] (2)
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Figure 2, . Approximative stresses in front of a circular notch, compared with FE-results (circles: Armen et
al. [10]) and experimental results (squares: Howland [11]).

The determination of the stresses is outlined in more detail in the Appendix. The following con-
siderations will be restricted to the special case of stress distribution along the extended half-
axis of the ellipse. The stress distribution at an elliptical notch under uniaxial remote tensile
stress oy resuits as ([8],[9])

2

o b(a—b

(a = byt = p? 4 ——2x] a—op 2B 3)
0 1<2—82+b2 k*—a"+b
2
b(a—»b

L R B - = 8 “

0 k2 — a4 b* k*—a +b

with k =x + a. o, is the stress component perpendicular to the half-axis a and o, is the compo-
nent in direction of the half-axis a, (fig.1). The notch root radius is given by

2
p=b"la )
The maximum stress at x =a is

oy maxlo0=2valp +1 (6)

In case of a notch with constant internal pressure p < 0 one obtains (see Appendix)




Figure 3. . A small crack in front of an internal notch.

/14(1 + mz) -+ /12m(m2 —-b6m+ 1)+ 2m®

o, =—p p<0
/ (7~ my
X+ a X+ a 2 )
A =5¥a ij( b+a > -m
alp —1
b=Jar . m=2e =1
Jalp +1
with the maximum stress
C”y,max/‘pl'_’z alp —1 (8)

In the special case of a circular notch (m = 0) with constant internal pressure it results from
eq.(7) '

S — )
x/p +1)°

2.1.2 An appropriate set-up for notch stresses in finite bodies

In order to extend the analytical solutions obtained for elliptical notches in infinite bodies we will
use the similarity between narrow ellipses and cracks. Therefore, the notch siresses are trans-
ferred from the solution of the infinite body to the finite one by the ratio of the corresponding
stress intensity factors according to

o/oo=( %alW oo —1> p K 4 caw) (10)

%0 ajW —oo

where the subscripts a/W — oo are the solutions for the infinite body whilst the quantities for the
finite body do not have subscripts. The correction term C(a/W) is introduced to ensure the equi-
librium of stresses.

The equilibrium condition can be expressed by

2. Internal notches 5
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Figure 4. . Stress intensity factors for small cracks at a notch root (Newman [1]).
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yieding the function C(a/W) as

w

w K 1 %ajW —oo
_ - 12
¢ W—a-l_Ka/W_,Oo ! W—af %o o (12)

a

Several relations are normally used to describe the ratio K/K,w ... The simplest one is given by

K/Ka/w_,oo= sec(%—%—) (13)

2.1.3 Comparison with results from the literature

In order to compare the approximate stress distributions with results available, the circular notch
in a finite body is considered. In the literature FE-calculations are reported by Armen et al. [10]
and experiments were performed by Howland [11] (both references are quoted by Kujawski [5]).
Figure 2 shows these results together with eq.(10) (solid line). The agreement is very good al-
though the circular notch is very different from the case of a slender notch.
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Figure 5. . Comparison of siress intensity factors for afp>1; symbols. a/p=16 (squares: Newman [1]; cir-
cles: Nisitani and Isida, [137); curves: solid line a/p — oo, dashed line eq.(15) (Lukas and Klesnil,

[12]).
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Figure 6. . Stress intensity factors for small cracks in front of elliptical notches normalised to the "long-
crack” solution K*.
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Figure 7. . Normalised weight function for cracks in front of an internal elliptical notch: h’ = hi/n?[2 for
alp=16; solid lines: limit cases for edge-crack in a plate and internal crack in an infinite body.

2.2 Stress intensity factors for small cracks at the root of
internal notches

A notch in an infinite body is shown in fig.3a. lis length is 2a and the notch radius is p. A small
one-dimensional crack of length ¢ is placed at the notch root. The infinite body is loaded by a
tensile stress ay. In order to allow analytical calculations to be made, the notch is replaced by a
slender ellipse of the same length and the same radius p (fig.3b).

The stress intensity factor of the crack/notch-configuration may be written as

Ki=oo(1+2/alp ) F/nt (14)

The geometric function F can be concluded from results of Newman [5] obtained with the Bound-
ary Collocation method. In [1] stress intensity factors for cracks at the root of elliptical notches
in an infinite body are given for values a/p =1/16,1/4,1,4, and 16. These data were also used in
Schijve’s [4] analysis.

The resulting geometric function is plotted in fig.4. It should be noted that for small values of £/p
the geometric function F is only dependent on #/p and nearly independent of the ratio a/p.

In fig.5 the results of Newman for the narrowest ellipse (a/p =16) are compared with results
calculated by Nisitani and Isida [13] which were obtained for the same value a/p by parabolic
interpolation of tabulated data (represented in [14]). The agreement is excellent. The solid line
describes the solution for a/p — oo given in (Nisitani and Isida [13]). There is obviously no signif-
icant deviation from the data resulting for a/p = 16. The additionally drawn dashed curve repres-
ents the guess of Lukas and Kiesnil [12] which does not contain a/p:

Fo 11215 (15)

J1+45¢0p

Their formula is in good agreement with the solution for a/p — oo of Nisitani and Isida.




If we normalise the stress intensity factors described by eq.(14) to the stress intensity factors for
long cracks K* = oo /n(ap + ¢) , we observe the well-known behaviour of an “overshooting” of

short-crack stress intensity factors over the long-crack values (fig.6).

2.3 Procedure for determination of the weight function

The weight function method developed by Bueckner [15] is an important procedure for the deter-
mination of stress intensity factors in case of complex stress distributions. For any given siress
distribution o(x) in the uncracked component the stress intensity factor K; resulis in

£
K = fo hix, £Yo(x) dx | {16)

where h is the weight function. As shown by Rice [16], the weight function can be derived from
CODs of a reference load case (subscript r) and the related reference stress intensity factor

hix, £) = %{——a@[—v,(x, 0 (17)
r

The modulus H is equal to the Young’s modulus E for plane stress and E/(1 — v?) for plane strain,
where v is the Poisson ratio. Equation (17) has often been used as the basis for determination of
approximate weight functions. The crack-opening displacements can be expressed by a powet-
series representation

(18)

> >n+1/2

v= Y c(1-%

n=20

with the coefficients C, dependent on the relative geometry. In order to determine the unknown
coefficients of eq.(18), a number of conditions can be applied:

1. The crack-tip field is related to the stress intensity factor by (Petroski and Achenbach [17])

112 K,
wix- 0= (%) - Je—x (19)
2. The energy-balance condition requires ([17])
¢ y
J KiPdt' =H f o (X, (X, £)dx (20)
o 0
3. As has been shown in ([18; [19]) for an edge crack, the second and third derivatives must
vanish;
2 3
___6\;___ , ——6‘:/3:0 , forx=0 21
Ox ox

This holds also for a crack perpendicular to a hole.
4. In order to fulfill the requirement of symmetry with respect to the center of the hole

(x = — a), we can additionally introduce the condition

v=0 for x=-—a (22)
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it may be recommended to use (20) for £<a, p and (21) for £»a, p. In the intermediate range
both conditions can be applied with variable weight.

This procedure and its modifications are well established in the literature and successfully ap-
plied in numerous investigations.

2.4 Results

In order to determine the weight function for the crack/notch-problem, the numerical results of
Newman [1] and Nisitani and Isida [13] for a/p < 1 were chosen as the reference stress intensity
factor and the stress distribution, eq.(3), as the reference stress o,. The weight function data
resulting with the procedure described before are shown in fig.7 for the case afp=16 and se-
veral ratios #/p. In addition, the two limit cases of an edge-crack in a plate (¢//p — 0) - using the
solution derived in [20] - and an internal crack through the thickness of an infinite body
(£]p = oo) are entered in fig.7. In case of a symmetrical crack/notch configuration (cracks at
both sides of the notch) which has been considered in [1] and [13], the well-known formula for
the weight function of a symmetrically loaded crack can be rewritten as

mterack ™ Jee+a) \V  £—x V 2a+¢+x

In Tables Table 1-3 the weight function is given in the representation

2 9(x/£.alp)

AN

which lends itself easily to interpolation. From a practical point of view, it is recommended to
perform the interpolation with respect to the inverse parameter p/a or \/p/a .

Weight functions for cracks in front of elliptical internal notches were determined with
eqs.(18)-Glg. (23) The results are expressed by the function g(x/¢, #/p) according to eq.(24) and
given in the following tables:

h (24)

tlp | xj£=0| 02 0.4 0.6 0.8 0.9 1.0
00 | 1.835 | 1.630 | 1.442 | 1.271 | 1.122 | 1.060 | 1.000
0.1 1630 | 1.478 | 1.324 | 1.188 | 1.082 | 1.038 | 1.000
02 | 1506 | 1.383 | 1.255 | 1.144 | 1.060 | 1.028 | 1.000
03 | 1418 | 1.319 | 1.212 | 1.119 | 1.048 | 1.022 | 1.000
04 | 1.359 | 1.276 | 1.187 | 1.106 | 1.041 | 1.020 | 1.000
06 | 1.294 | 1.227 | 1159 | 1.080 | 1.034 | 1.015 | 1.000
08 | 1.252 | 1.200 | 1.141 | 1.080 | 1.029 | 1.015 | 1.000
1.0 | 1228 | 1180 | 1.128 | 1.072 | 1.026 | 1.013 | 1.000

Table 1. Normalised weight function. g(x/Z, Z/p) for ajp = 1.
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llp | xj¢=0| 02 0.4 0.6 0.8 0.9 1.0
00 | 1.835 | 1630 | 1.442 | 1.271 | 1.122 | 1.060 | 1.000
01 | 1622 | 1.473 | 1.319 | 1.185 | 1.080 | 1.037 | 1.000
02 | 1492 | 1.374 | 1.247 | 1.137 | 1.056 | 1.026 | 1.000
03 | 1.406 | 1.304 | 1.198 | 1.107 | 1.042 | 1.018 | 1.000
04 | 1345 | 1.254 | 1.165 | 1.089 | 1.034 | 1.014 | 1.000
06 | 1270 | 1195 | 1.128 | 1.069 | 1.026 | 1.011 | 1.000
08 | 1.217 | 1.165 { 1.108 | 1.057 | 1.020 | 1.008 | 1.000
10 | 1477 | 1.147 | 1.094 | 1.050 | 1.017 | 1.007 | 1.000

Table 2. Normalised weight function. g(x/Z, £]p) for afp = 4.

£lp x{£=0{( 0.2 0.4 0.6 0.8 0.9 1.0

0.0 1.835 1.630 | 1.442 | 1271 | 1122 | 1.060 | 1.000
0.1 1.593 1.449 | 1.302 | 1473 | 1.075 | 1.034 | 1.000
0.2 1.470 1.351 | 1.229 | 1125 | 1.050 | 1.022 | 1.000
0.3 1.393 1.290 | 1184 | 1.096 | 1035 | 1.015 | 1.000
0.4 1.338 1.247 | 1153 | 1.076 | 1.026 | 1.010 | 1.000
0.6 1.259 1.186 | 1.111 | 1051 | 1.014 | 1.005 | 1.000
0.8 1.202 1.147 | 1.083 | 1.036 | 1.008 | 1.002 | 1.000
1.0 1.161 1122 | 1.065 | 1.028 | 1.005 | 1.000 { 1.000

Table 3. Normalised weight function. g(x/Z, £/p) for a/p = 16.

2.5 Limit cases for stress intensity factors

Two limit cases for the stress intensity factor of small cracks in front of an elliptical notch can be
identified (fig.8). The lower limit is given by an internal crack of total length 2(¢ + a) which is
loaded by the stress distribution ¢ (eq.(3)) over the length Z. The limit stress intensity factor K®
is

£
4
KD = L hint crack @ AX (25)

where hipcacr 1S given by eq.(23). For small cracks (£<p) the situation of an edge crack is ap-
proached yielding the stress intensity factor K@

£
K @ _ J;) hedge crack © dx (26)

with the weight function hegeecrack fOr an edge crack in a semi-infinite plate. Weight function sol-
utions are given in the Appendix.

2. Internal notches 11
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Figure 8. . Definition of the limit cases for stress intensity factors for a crack in front of an internal ellip-
tical notch: KM < K < K@,

Figure 9 shows the limit cases K and K@ together with Newman’s results for ajp =1 and fig.10
illustrates an intercomparison for a/p = 16. The agreement between numerical data and the limit
case K@ is very good for #/p > 1.5. Therefore, the limit case K is appropriate to represent the
stress intensity factors for £/p >1.5. This asymptotic agreement gives rise to an interpolation
formula

K=oK® 4+ (1—a)k® @7)
The interpolation factor « is plotted in fig.11 for a/p = 1 and a/p = 16 as a function of £/p.
In order to characterise the notch-crack configuration we introduce a “view angle” o as illus-

trated in fig.12. The crack-tip “sees” the notch under the total angle 2w. The angle w resuits
from simple geometrical considerations and is given as the solution of the implicit equation

2
a a £ a _
btanwltbtanw—<1+—é~>\ﬂ+<btanw) :}+1-—0 (28)

in fig.13 the interpolation factor « is plotted versus w. The resulting dependency can be approxi-
mated by the simple expression

o~ sin"%w (29)

which is introduced in fig.13 as solid line.
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Figure 9. . Comparison of limit case solutions with numerical data of Newman [1] for a/p = 1.

2.6 Limit cases for the weight function

The comparison of the weight function data of fig.7 with the two limit cases gives rise to an in-
terpolation factor f defined by

h=pn® + - pn" (30)

where h® is the weight function for an edge crack {see Appendix) and h® is the value for an
internal crack according to €q.(23). It becomes obvious from fig.7 that - in contrast to the in- |
terpolation factor o for stress intensity factors - f must also depend on x/Z. If we ignore this fact

F
1.00 a/o =16
0.50}-

g KU)

L
OR—— g ey

Figure 10. . Comparison of limit case solutions with numerical data of Newman [1] for a/p = 16.
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Figure 11. . Interpolation factor o defined by eq.(27) calculated on the basis of Newmans results,
and substitute « for f, we obtain the predicted weight functions as represented in fig.14. The

comparison between the weight function of fig.7 and the interpolations of fig.14 shows that maxi-
mum deviations of about 3% occur. This accuracy is sufficient for most practical cases.

Figure 12. . Definition of the “view angle” w.
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Figure 13. . Interpolation factor o as a function of the view angle w.

Figure 14. . Normalised weight function for cracks in front of an internal elliptical notch: A’ = h/=f[2 for
afp=16; solid lines: limit cases h™, h®: broken lines: interpolated with eq.(30) (8 = «).

2.

Internal notches
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3. External notches

An external notch in a body is shown in fig.15. Its length is a, and the notch width is 2d. A small
one-dimensional crack of length ¢ is placed at the notch root. Such notch-crack configurations
are often used in fracture toughness testing of ceramic materials to approximate naturally sharp
cracks. During the saw procedure small cracks are generated at the notch root. The real geom-
etry of a saw-cut can be approximated by the two limit cases of a rectangular notch profile and a
circular notch.

Figure 15. . A notch in a specimen with a small crack at the notch tip.

Notches prepared with thick saw blades tend more to adopt a rectangular shape and thin saw
blades tend more to a circular shape. The two limit cases will be considered below. Calcu-
fations with the BCM were carried out with the geometric data a,/W=0.5 and H/W = 1. Figure 16
shows the location of the collocation points for the rectangular notch. Due to the symmetry with
respect to y =0, only the upper half of the specimen is considered. The Boundary Collocation
procedure may be explained for the special case of the rectangular crack. The computation of
stress intensity factors can be reduced to the determination of the stress distribution at the crack
tip which is fully known if we succeed in determining the Airy stress function ®. The stress com-
ponents can be represented in polar coordinates - with the pole at the crack tip - expressed as

_toe 1 Fo
°r=T Tor 2 o2

3. External notches 17




Figure 16. . Geometric data of the edge-notched specimen and distribution of the collocation points.

*D (31

The Airy stress function results as a solution of the bipotential equation
AAD =0 (32)

The symmetrical pait of the solution of eq.(32) - satisfying the condition of crack faces free of
stress - is given in a series representation as

n+3/2
O, = Zr"“/%n[ cos(n + 3/2)p — _nT#zf cos(n — 1/2)(/)]
n=0
+ Z Pt QA,T[ cos(n + 2)e —cos ne | (33)
n=0

where the first sum accounts for singular stress distribution and the second for the regular por-
tion. For practical application of eq.(33), the infinite series must be truncated after the Nth term

for which an adequate value must be chosen ([21]).
Then the still unknown coefficients are determined by fitting the siresses (or the siress function)

to the boundary conditions.

18
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Figure 17. ( /V?tre(;sss)intensity factor for cracks at the tip of a rectangular notch under tensile load
ap/W = 0.5).

3.1 The rectangular notch

The first practical example to be cited here ist the plate under tensile load. In this example the
stresses at the border are

ox=0  forall perpendicularlines, ty,=7,,=0  forthe whole contour (34)

og for y=H
(35)

g

Y 0 for y=d

The boundary conditions for the stresses given by eq.(34) and (35) can be rewritten with refer-
ence to equivalent boundary conditions, which are applicable to the stress function ®,. The
boundary conditions are

0,

X lye—q=0 Oyly__,=0 (36)
o X2 aQ
—bw—sly:H:O (D3|y=,_,=ao(—2—+ax+—2—) (37)
0D 1 2
Tx“'|X=W_a=O'OW (’DS,X=W—~a=—2_60W (38)

For a selected number of N+1 collocation points a system of equations of type ((40) -(42)) with
2(N+1) unknowns results whose solution allows alt 2(N+1) coefficients of eq.{(33) to be deter-
mined. The expenditure in terms of computation can be reduced by selection of a rather large
number of edge points and by solving subsequently the then overdetermined system of
equations using the least squares of deviations. This gives a set of "best” coefficients. For the

3. External notches 19
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Figure 18. .  Stress intensity factor for cracks at the tip of a rectangular notch under bending load
(30/W=0,5).

sake of simplicity, the stress o, can be chosen arbitrarily to be ao=1. The stress intensity factor
is given by the first coefficient of the series (33)

K, = 3./2r A, (39)

Figure 17 represents the resulting stress intensity factors for different values of the relative total
crack length a/W and relative notch width d/W in a normalised representation. The solid line is
the result for a crack of length a, + ¢ without notch obtained by the same Boundary Collocation
procedure.

In case of a bent plate the boundary conditions have to be modified along the contour lines y =H
and x=W —a

ay |y=H=O (40)
3 2 2 3 2 2
a a’x  ax X X a
ly—n=ocd =3y~ ~w "awt T T¥t (41)
o 1 2
axs [)<=W—a=0 cI)s|x—W~a='8—“70W (42)

In fig.18 the stress intensity factors for the bending load case are plotted in the same way as in
fig.17.  Finally, fig.19 shows the ratio of the stress intensity factor for the notch/crack-
configuration to the stress intensity factor K* - representing a crack of the same total length un-
der the same load

K¥=ona F (43)

(F = geometric function) - as a function of the ratio Z/d. The ratio of stress intensity factors at-
tains the value K,/K* =1 at about #/d=1. This is independent of the load case chosen.
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Figure 19. . Normalised stress intensity factors for cracks in front of a rectangular notch under tensile

load (open symbols) and bending load (solid symbols) (ag/W = 0.5).

3.2 The circular notch

In case of the circular notch root the boundary conditions along the circle are

a0,

—ab—lp=d=0 (44)

Qglyg=0 ,

P

where p is the radial coordinate with the origin in the centre of the circle.
The results for the circular notch are plotted in fig.20 (tension), fig.22 (bending) and in a normal-
ised representation in fig.21.

The following consequences are obvious:

e The stress intensity factor of the crack/notch configuration increases monotonically with
crack extension.

*  The stress intensity factor for the crack of length a; + £ is an upper limit for the crack at the
notch root. It is obvious that an “overshooting effect” as observed for cracks in front of inter-
nal elliptical notches (fig.6) can hardly be detected for the investigated geometries.

e For cracks with a length greater than the notch radius (£ > d) the crack/notch configuration
can be replaced by a crack of total length ag + 7.

*  For a semi-circular notch root the short-crack solution equals the long-crack solution earlier
than for a rectangular notch.
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Figure 20. .  Stress intensity factor for cracks at the tip of a semi-circular notch under tensile load
(ao/W = 0.5).
circular notch
8- ~ tension —
~ /A
>
~ g
o ©
5 D a d/W=0.05
Q 4- o 0.1
X 4 " o 0.2
! 3156
2 l'a
I
T
0 1 ] I
.90 .60 70
a/W
Figure 21, .  Stress intensity factor for cracks at the tip of a semi-circular notch under bending load
(ao/W = 0.5). :

The stress intensity factors for the circular notch (fig.21) can be expressed by
KIK* ~ tanh(3./¢d ) (45)

for a,/W=0.5 and 0.05 < d/W < 0.2. This dependency is entered in fig.23 as a solid curve.

Similar calculations as shown in detail in figs.20-23 for a,/W=0.5 were performed also for
ap/W=0.30 and 0.70. The final results are represented in fig.24. The results obtained for the rela-
tively wide notches investigated by BCM can be fitted as in eq.(45) by
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Figure 22. . Normalised stress intensity factors for cracks in front of a semi-circular notch under tensile

load (open symbols) and bending load (solid symbols) (ag/W = 0.5).
KIK* =tanh(y./¢]d ) (46)
with
3.7 for ag/W =103

y~ < 3.0 for  ag/W=05 (47

2.3 for ag/W =107

i.e. the value of y decreases with the relative width d/a, of the notch. A theoretical lower limit of
y for dfa, — 0 is y =2.243 which will be shown below.

3.3 Stress intensity factors for slender external notches

In case of very small cracks in front of a notch (¢/d — 0) the stress intensity factor is given by

K = 6ax1.1215/nf (48)

where o, is the maximum stress at the notch root. This maximum stress is available only for
special notch problems. One of them is the slender notch with dfa,<1.
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Figure 23. . Normalised stress intensity factors for cracks in front of a semi-circular notch (R = d).

3.3.1 Stresses in front of a slender edge notch

A simple possibility of determining the stresses in front of a slender notch is given by the proce-
dure proposed by Creager and Paris [22] according to which the stresses in front of a slender
notch of length a, and with the radius R can be derived from the stress intensity factor of a crack
with the same length. Those authors calculated the stress distribution for arbitrarily loaded

notches by use of the corresponding crack solution K(ay).

7
K/K e
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9)0 50 1.00 1.50
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Figure 24. . Normalised stress intensity factors for cracks in front of a semi-circular notch (R = d); solid
line: eq.(56), dotted line: eq.(58).
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aylyzo=j:_:’;(1+%) . z=1+2xR (49)

This relation describes fairly well the near-notch-tip behaviour of slender notches (R/a — 0).
Equation (49) is a good approximation of the stress field for £/d < 1. Additional terms for a high-
er order representation (which describes also the far stress field)

K(ag) < ¢, C 1-Ci—GC, >
o = 14— +—+———= (50)
y|y=0 TRz g 72 z°

can be obtained from the equilibrium conditions

w ooW  for tension
f o, dXx = (51)

a 0 for bending

and

w 0 for tension
(52)

W
ay<x————>dx=
J -3

where M, denotes the externally applied bending moment. For £ < d we can restrict the stress
analysis to eq.(48). The maximum stress (x = 0) then results

M,  for bending

led =
max \/;R_
3.3.2 Stress intensity factors
The stress intensity factor for £<R reads
K = 1.1215/2|R 2K(aq) (54)
Consequently, we obtain
KIK* =2.243./¢|R (55)

It is of importance that eq.(55) is independent of the type of the external load and is valid for
tension as well as for bending. Taking into consideration the long-crack behaviour (K/K* — 1 for
large #/W) one may assume for the total dependency

KIK* ~ tanh(2.243./¢|R) (56)

Equation (56) is additionally plotted in fig.24 as a solid line. Since in the special case of slender
notches the two limit stress intensity factors are known, namely KO/K* = 1 and K@/K* by eq.(55),
one can check the applicability of the interpolation formula, eq.(27), for external notches with cy-
lindrical notch root.

A simple geometrical consideration gives the “view angle”
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. d
w = arcsm< T+ 7 > (57)

The prediction resulting from egs.(27) and (29)

K 1 —2.243./¢/d
o _._ j -

K* (1+ ¢/d)?

is plotted in fig.24 as dotted line. It is evident that the “overshooting effect” predicted by the in-
terpolation procedure is in reality much less pronounced or even completely absent.

In this context, one should keep in mind that the stress distribution given by eq.(49) is only an
approximative one.

3.4 Limit cases for stress intensity factors of cracks in front of
external notches

Similar to the treatment applied for internal notches, also for external notches two limit stress
intensity factors can be identified as illustrated in fig.25.

N
=
=

(1
K)

N
A
N\
A

Figure 25. . Definition of the two limit stress intensity factors KM and K®,
In fig.25 K™ corresponds to the partially loaded edge crack of length a; + ¢ and K@ is the stress

intensity factor of an edge-crack of length ¢ in a body of reduced thickness W' (W' =W — a).
Both limit cases are shown in fig.26 in terms of the geomeiric function F defined by

F= (59)
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Figure 26, . Limit stress intensity factors KM and K@ for different notch depths.

For first rough estimations it may be recommended to describe the stress intensity factor by the
mean value of the limit case solutions resulting in deviations less than 10% for
£ =a-—ay>002W.

Figure 26 gives rise to introduction of an interpolation function « for edge notches, too. In order
to decide whether or not the interpolation factor « determined for internal notches, eq.(27), is
also appropriate under heavly deviating conditions, BCM-computations were performed for

¢ external notches with
e rectangular notch roots exposed to
e constant crack-surface loading.

N®

Figure 27. . Limit cases for the "view angle” w in case of a rectangular edge notch.
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Figure 28. . Geometric function for cracks in front of external rectangular notches; symbols: determined
with the Boundary Collocation Method, solid lines: limit cases; dotted and dash-dotted lines:
interpolation of the limit stress intensity factors using eq.(29) for two extremal view angles.

Figure 29 shows the geometric function F, defined by eq.(59), for a rectangular edge notch with
a/W=0.5 and d/W=0.2, The circles represent results obtained with the Boundary Collocation
Method. The solid lines correspond to the limit cases KM, K@ and the dotted line is calculated

5 LW
h — 0.050
200 0.025
151
o] U
s
%o éo .40 éo éo 1.00

Figure 29. . Limit cases of weight functions (h’ = h+/n£[2 ) for small cracks in front of an external notch
with ag/W = 0.5 (upper curves: h® |lower curves: h™),
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with the interpolation factor a according to eqs.(27) and (28). In section 2. the "view angle” w
was defined by the tangents from the crack tip to the ellipse of the notch. Since in the present
case no ellipse is considered but a rectangular notch, we can introduce two extremal estimates
for w. In fig.27 the angle between the corners of the notch root is the maximum possible value,
expressed as

DOmax = arctan( —g— ) (60)

A minimum view angle is defined by the notch root radius R =d of an elliptical notch of notch
width d and its value is given by

wmm=arcsin< dJC:Z ) 61)
The effective view angle is limited by
Omin < @ < Omay (62)

The results for the limit values wmin and wm. are also entered in fig.28. The agreement between
predicted and numerically computed data is sufficient. The deviations between prediction and
numetrically determined stress intensity factors is less than 2%.

3.5 Weight function for cracks in front of external notches

Figure 30. . Limit cases, interpolations and numerical weight functions for small cracks in front of an ex-
ternal notch (ao/W = 0.5, £/ W = 0.0025).
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3.51 Limit cases

Similar to the treatment of cracks in front of internal notches the limit cases of the weight func-
tions were also determined for cracks in front of external noiches. The lower limit case of the
weight function h® is identical with that of an edge crack of total lengtha=a¢+ ¢

1 X+a, Z+a
A = hedgé(ﬂ W (83)

The upper-limit case corresponds to an edge-crack of length ¢ in a body of reduced width
W=w-— dag

2 X Z
h()=hed96<7‘m> (64)

These two limit cases are plotted in fig.29 for a,/W=0.5 and £/W=0.1 and 0.2. In fig.29 also the
interpolated weight functions determined by

h=ah®+(1—ah® | «=sin"P) (65)

and w, defined by eq.(57), are entered.

3.5.2 Weight function for slender notches

In order to check the accuracy of the interpolation formula, the procedure of determination of the
weight function from stress intensity factors described by eqs.(18)- (21) was applied to cracks in
front of slender edge notches, too. For the stress intensity factor eq.(56) was used. In order to
apply egs.(18)- (21), the stress distribution in front of the notch root must be known. Also in this
analysis, the stresses given by eq.(49) were used.

Numerically obtained weight functions for #/R =0.25 and 0.5 are entered in fig.30 as symbols. The
comparison between the numerical data and the interpolations of the limit cases (broken lines)
shows maximum deviations of about 5%. These deviations should not be overrated since the
stress distribution applied is only an approximation.
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5. Appendix

5.1 Stresses in front of elliptical internal notches

The stress distribution in front of an elliptical internal notch (Fig.1) can be computed from the
complex potentials using the method of Muskelishvili [7]. The following considerations are re-
stricted to the special case of the stress distribution along the extended half-axis of the ellipse.
An elastical problem is completely solved if a function is found that satisfies the biharmonic dif-
ferential equation and the boundary conditions. Taking into account that any solution of the bi-
harmonic equation can be expressed by two analytic functions of the complex variable z, the
stresses in rectangular coordinates can be written as

o, + 0y =2[¢"(2)+ ¢'(2)] =4Re[o'(2)]
(66)

o, — oy +2ity, =2[Z¢"(2) + ¥'(2)]

tn order to determine the complex functions ¢, y, it is of advantage to use the conformal map-
ping technique by introducing a new complex variable { and a mapping function z = w({), which
for elliptical geometries is given by

2=a@) = r(c+12)

(67)
(r>0, 0<sm<1), {=21exp(id)

The boundary of the ellipse is described by |{] =1 and the half-axes are defined by
a=r1+m) ., b=r(1—m)
(68)
{->r=(@+b)/2, m=(a—Db)/(a+b)}

The stresses are now expressed as

3 ?'(©)
oy, + ax-—4Re[ o' ©) ]
L (69)
oy — ox + 2Ty, = 2[ —Cﬁ)—(@— o' O’ Q)] +

@'()

¥ ()
@'(6)

The stress functions for the elliptical internal notch under constant pressure p, were determined
by Muskhelishvili [7] as
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porm _ Por porm 1+ m¢?

(70)

In [7] the special case of a slot (m = 1) was treated. The solution for arbitrary ellipses can be
found by introducing eq.(70) into (69) with

{ = Aexp(if) = A(cos 8 +1i sin f) @)
and
w=r[(A+mji)ycosB + (1 —mji)i sinf]

@=r[(A+mji)cosd — (A —mli)i sinb]

o’ =r[1 —Lng—(cos 20 —i sin 20)] (72)
l .

Z>_’=r[1——”—;—(00526+i sin20)]
A

Especially for 8 =0 (i.e. the extension of the half-axis) one obtains:

4m
cy,+o,=p
you R 22 —m
73
opom — 17 22(2% + m) (73)
Cy— Oy — — 0 - AT oA
y— %x (/12 _ m)s
Adding the two equations (73) and subtracting them yields the stress components o, o,
,14(1 + m2) + AQm(m?‘ - 6m+ 1)+ 2m®
9 ="Po 2 3 (74)
(#*=m)
A4m? = 4m + 1) + 22m(m + 1)* — 2m® -
* (= mf
For the elliptical notch under uniaxial remote tension Muskhelishvili’s stress functions are
1 2—m
o) = oor(c + 252 )
(76)
2
1 1 (+m)(t=m) (
C = aor<€+ e m 2 m
With these potential functions one obtains
%g 6 4, 2
oy=—-—7———|24 + 1 (M —4m+ 1)
Y 2(/12 —m)3 [
(77)

+ A2(m® —m® = 5m + 3) + m(m® + 2m — 1)]
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90
g, = ——""¢@

X 2(,12 — m)3

(78)
[#(m® —2m — 3) + ®m(m® + m + 3) + 312 — m(m® + 2m + 1]
5.2 Weight function for the edge-cracked plate
A weight function for an edge-crack in a plate is [20]
b= e (R SR YN C- 0 I
JT=xla (1 —ajw)®
with the coefficients C,,
p=0 1 2 3 4
v=0 0.4980 2.4463 0.0700 1.3187 -3.067
1 0.54165 -5.0806 24.3447 | -32.7208 | 18.1214
2 -0.19277 2.55863 | -12.6415 18.763 -10.9860
Table 4. . Coefficients for eq.(79).
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