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Stress intensity factors and weight functions for one-dimensional cracks 

Abstract 

Stress intensity factors and weight functions are technical tools for all scientists and 
engineers concerned with problems in linear-elastic fracture mechanics. Salutions for a 
wide field of applications are provided in a number of handbooks. ln recent years the 
authors have developed several solutions to special fracture-mechanical problems. This 
report is a compilation containing mainly solutions which are not available world-wide. 
First methods will be described which allow to determine stress intensity factors and 
weight functions for ans-dimensional cracks. The second part contains solutions to 
cracks exposed to mode-1 loadings as weil as to mode-11 and mixed-mode loadings. 

Spannungsintensitätsfaktoren und Gewichtsfunktionen für eindimensionale Risse 

Kurzfassung 

Spannungsintensitätsfaktoren und Gewichtsfunktionen sind wichtige bruchmechanische 
Größen, die die Behandlung des Versagens von Komponenten im Bereich der linear
elastischen Bruchmechanik ermöglichen. ln einer Reihe von Handbüchern sind 
Spannungsintensitätsfaktoren für einen breiten Anwendungsbereich angegeben. ln den 
letzten Jahren haben die Autoren zusätzlich Lösungen für Gewichtsfunktionen zu spez
iellen bruchmechanischen Problemen erarbeitet. Sie sind in diesem Bericht zusammen
gestellt. Im ersten Teil werden Methoden zur Ermittlung der Gewichtsfunktion für eindi
mensionale Risse beschrieben. Der zweite Teil enthält Lösungen für Mode-l, Mode-ll 
sowie "M ixed-Mode"-Belastu ngen. 
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1. Stress intensity factors and weight functions 

1.1 Stress intensity factors 

ln fig.1 a simple geometry, plate of width W and thickness B with an external crack of length a, is 
considered. Three characteristic loading modes Iead to high stresses near the crack tip: 

Mode 1: Tensile stress perpendicular to the crack face. 
Mode II: Shear stress in direction of the crack. 
Mode 111: Out of plane shear stress. 

~a---1 
I 

t--X--+ 

~ w 

2L 

Figure 1. Plate with a through-the-thickness crack. Definition of geometric data. 

The stresses near the crack tip for all loading modes can be described as 

(1.1.1) 

where r and q> are polar coordinates (see fig.2) and f is the angular function. K is the stress 
intensity factor. For the different loading modes the designations K1, K11, and Kw are used. The 
stress intensity factor can be written as 
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Figure 2. Stresses in front of a crack. Geometrie data. 

(1.1.2) 

u:. -r:r and -rt are characteristical stresses in the component, e.g. the outer fiber stress in a 
bending bar or the notch root stress in a notched component. Y1, Y11 and Y111 are functions of the 
ratio of the crack length to the specimens width. The functions Y(a/W) depend on the geometry 
of the component, on the geometry and location of the crack, and on the stress distribution in the 
uncracked component. 
ln some cases it is useful to apply the Ioad F instead of a characteristic stress. Then K1 can be 
written as 

(1.1.3) 

The crack-size dependence is fully described by the function Y*. For through-the-thickness 
cracks in plates of thickness B the stress intensity factor can be written as 

(1.1.4) 

ln the following sections the index I for Y or Y* and the index I for u* are omitted for mode-1 
loading. 

A great number of methods have been developed for the determination of stress intensity fac
tors: 

• 

• 
• 

• 

method of complex stress function [1], 
method of conform mapping [2], 
extrapolation of stress concentration factors of notched components to vanishing radius [3], 
method of asymptotic interpolation [ 4], 
integral transformation method [5], 
weight function method [6] [7], 
finite element method (FEM) [8], 
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boundary element method (SEM), 
• boundary collocation method (BCM) [9], [10]. 

This Iist is not complete. The weight function method will be described in detail. The references 
given above are in most cases the first publications of the method. 

1.2 Mode-l weight functions 

Most of the methods mentioned before require separate calculation of the stress intensity factor 
for each stress distribution and each crack length. The weight function method developed by 
Bueckner [6] simpllfies the determination of stress intensity factors considerably. A weight func
tion exists for any crack problern specified by the geometry of the component and a crack type. lf 
this function is known, the stress intensity factor can be obtained by simply multiplying this func
tion by the stress distribution and integrating it along the crack length. 
ln this section plane problems will be treated, with the crack size characterised by one parame
ter a. These problems are applicable to all components with through-the-thickness cracks. 
An external crack in a component is considered. The distribution of the stress perpendicular to 
the crack area in the uncracked component along the location of the crack is Gy(x). The stress 
intensity factor for this stress distribution is given by 

K1 = 1a Gy(x)h(x,a) dx (1.2.1) 

The Integration has to be performed along the crack length from x = 0 at the surface until x = a. 
The weight function h(x,a) depends only on the geometry of the component. 
For internal cracks (s. Fig.3) the origin of the x-axis is located at the center of the crack. The 
crack length is usually specified as 2a and the Integration has to be performed between 
-a < x < a. For an internal crack in an infinite body - in reality a small crack in a large plate - an 
analytical form of the weight function exists (for point A) 

/1( a +x ) 1
1
2 

h(x,a) = '\J na a -X (1.2.2) 

This function is shown in Fig.4. The dimension of the weight function is (/engt~l2• Therefore, it 
is convenient to plot weight functions in a dimensionless form as hja or h-JW versus xfa. lt 
can be seen that if x approaches the crack tip, h increases to infinity. Therefore, stresses near 
the crack tip strongly influence the stress intensity factor. 
Rice [7] has shown that the weight function can be obtained from the crack opening displace
ment v,(x,a) of any arbitrarily chosen loading and the corresponding stress intensity factor K,,(a) 
according to 

E' o 
h(x,a) = K,,(a) oa v,(x,a) (1.2.3) 

with E' = E for plane stress and E' = E/(1 - v2) for plane strain. The chosen Ioad case - the refer
ence Ioad case - is denoted by an Index r. K1, is the stress intensity factor for the reference 
stress distribution a,(x) and dependent on the crack length. v, is the corresponding displacement 
of the crack borders in y-direction. lt is convenient to use a, = a0 = const. as a reference stress 
distribution. For the determination of the weight function according to eq.(1.2.3) it is necessary to 
know for one Ioad case K,,(a) and v,(x,a). ln many cases K1,(a) is known and v,(x,a) is unknown. ln 
the reverse situation K1, can be obtained from crack opening displacement. Combining eqs.(1.2.1) 
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Figure 3. Interna! crack in a plate under tensile loading. 

and (1.2.3) and replacing the arbitrary stress distribution u(x) by the reference stress distribution 
- and therefore K, by K1, - Ieads to 

2 Ja ov,(x,a) 
Kir= E' o ur oa dx (1.2.4) 

For constant reference stress u, = u0 eq.(1.2.4) is simplified to read 

6 

h' 
4 

-1.00 -.50 

Figure 4. Weight function for an internal crack in an infinite body. h' = hJä". 
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a 
2 I ov,.(x.a) 

Ktr = E' CTo 0 aa dx (1.2.5) 

Equation (1.2.1) or (1.2.5) is only correct if the external Ioad leading to the stress distribution u(x) 
in the uncracked component does not change due to the presence of the crack. lf the total dis
placement of the component is restricted, the external forces applied may be reduced. 
The weight function h(x',a) can be interpreted as the Green's function for a stress intensity factor 
problem. This means that the weight function is identical to the stress intensity factor caused by 
a pair of normal forces with P = 1 acting at the point x'. 
lf we express the single forces P in terms of the Dirac delta function by a stress distribution 
(thickness of specimen B = 1) 

u(x) = P b(x - x') (1.2.6) 

and introduce this in eq.(1.2.1), we obtain 

K1 = P Joa h(x,a) b(x- x') dx = P h(x', a) (1.2.7) 

and for the unit force 

K1 = h(x', a) (1.2.8) 
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2. Approximate methods for the determination of 
weight functions for one-dimensional cracks 

2.1 Approximate weight functions for a component with an 
external crack 

2.1.1 Crack opening displacements 

The determination of the reference crack opening displacement is based on a method first devel
oped by Petroski and Achenbach [17]. The displacement is calculated from the reference stress 
intensity factor and several geometric conditions. The procedure is shown for the external crack 
in a plate of finite width. 
Dimensionless quantities 

a 
a=-

W 
X 

• p=a 

are used. The crack opening displacement near the crack tip is given by the relation [18] 

The complete crack opening displacement is related to VN and expressed as 

or 

00 00 

(2.1.1) 

(2.1.2) 

(2.1.3) 

v,.(x,a)= LAv(1-p)11 +1
/
2 =AoLCy(1-p)11 +1

/
2 with C11 =A11/A0 (2.1.4) 

11=0 11=0 

and 

(2.1.5) 
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2.1.2 Weight functions based on single reference loading cases 

The weight function follows from eqs.(1.2.3) and (2.1.4) 

h(X a) = {8 ~ C [(1 + ..!!:._ !t{_ + ....!!:_ dCv )(1- )v +1/2 
1 -v na ~ V y d(i. c d(i. p 

V= 0 V 
(2.1.6) 

or if we replace the factors p by the identity p = 1 - (1 - p) 

00 

/2'\;"'[ (i. dY h(x,a) = \/ na '-' (3- 2v)Cv _1 + (2v +1)Cv + 2 y d(i. Cv -1 + 

v=O (2.1. 7) 

Cv = 0 for v < 0 

The coefficients C, can be determined applying different conditions. One condition follows from 
the integration of eq.(1.2.4) 

i
a 

8 

K1~ da' = E'f u, v,.(x,a)dx 
0 0 

(2.1.8) 

This equation can be called the energy balance condition or the condition of self-consistence. 
Taking into account eqs.(2.1.4) and (2.1.5) Ieads to 

(2.1.9) 

with 

1 
1 J v+ 1/2 lv =--:;;- u,.(p)(1- p) dp 

u, 0 
(2.1.10) 

For the special case of u,(p) = uo = const. there is 

(2.1.11) 

For three terms eq.(2.1.9) is 

c~0> + 2. c~0> + 2. C~0> = 2. Oo((i.)- 2. 
7 9 2 3 

(2.1.12) 

The upper index at the coefficients refers to the loading case for which the crack opening dis
placement field is determined. 
As a second reference Ioad a linear stress distribution may be used 
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Then 

and for three terms 

* X a(x) = a -w 

I = 4a 
v (2v +3)(2v +5) 

c(1)+~C(1)+~C(1)= 35 Q ( )-]_ 
1 9 2 99 3 4a 1 a 3 

where 01(a) is calculated according to eq.(2.1.9) with Y = Y1. 
lf the linear stress distribution is caused by bending of a plate the stress distribution is 

a(x) = a*(1-2 ~) 

Then 

I = - 2--2a 4 
v 2v +3 (2v +3)(2v + 5) 

and for three terms 

where Qb(a) is calculated according to eq.(2.1.9) with Y = Yb. 
For a quadratic stress distribution 

a(x) = a*( ~ ) 
2 

there is 

16i 
I = 
v (2v +3)(2v + 5)(2v +7) 

and for three terms 

c<2> + 2._ c(2> + ~ c<2> = ~ o ( ) -3 1 11 2 143 3 2 2 a 16a 

(2.1.13) 

(2.1.14) 

(2.1.15) 

(2.1.16) 

(2.1.17) 

(2.1.18) 

(2.1.19) 

(2.1.20) 

(2.1.21) 

For components with an external crack a further condition [19] is the vanishing curvature of the 
crack-opening profile at the surface: 

(2.1.22) 

leading to 
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00 

L (v +1/2)(v -1/2)Cv = 0 (2.1.23) 
v=O 

For three terms there is 

(2.1.24) 

More conditions, leading to more coefficients are given in [20]. The simplest one is the require
ment that also the third derivative of the crack opening profile must vanish at the surface, i.e. 

(2.1.25) 

This relation Ieads to 

00 

I (v +1/2)(v -1/2)(v -3/2)Cv = 0 (2.1.26) 
v=O 

and for three terms: 

(2.1.27) 

lf one available reference Ioad case is combined with the condition leading to eq.(2.1.24), the 
coefficients can be obtained from the following relations: 

• a) Reference Ioad: constant stress and eq.(2.1.24). 

(0) _1.§._ - (0) - _]_ - _]_ c1 - 12 Oo 2 • c2 - 15 12 Oo (2.1.28) 

dC~o) 35 [ ( 2 Y'o ) c;;;- Yo l --=- Oo ---- +.yn:/8-drx 12 rx Y o rx 
(2.1.29) 

dC~O) 7 [ ( 2 Y' o ) c;;;- Y o l --=-- Oo ---- +.yn:/8-
drx 12 rx Y o rx 

(2.1.30) 

• b) Reference Ioad: linear stress- eq.(2.1.12)- and eq.(2.1.24) 

c
1
<1> = 315 01 _ .!._ 

32 (X 3 (2.1.31) 

(2.1.32) 

(2.1.33) 

9 



···············~··············· 

~)( ....... 
I 
I 

t r~2a1 
)(A ! XM Xe 

I 

.------2W------~ 
I 

···············;··············· 

Figure 5. Geometry of a crack in a strip of finite width. 

The weight function for two coefficients reads by use of eq.(2.1.7) 

/'2"{ -1/2 1/2[ a. dY J h(x,a) = -y 7ra (1 - p) + (1 - p) 1 + 3C1 + 2 y da. 

5/2[ a. dY dC2 ]} + (1- p) - 3C2 + 2--c2 + 2a.--
Y da. da. 

(2.1.34) 

with coefficients qo> or C~1 > depending on the chosen reference Ioad case. For Y the value Yo or 
Y1 respectively has to be applied. 

2.1.3 Weight functions based on multiple reference loading cases 

ln Section 2.1.2 the approximate weight functions were based on single reference cases and the 
crack opening displacement fields were determined either for tension or for other special stress 
distributions. lt is possible to improve the procedure furthermore by simultaneaus application of 
different reference solutions. The treatment will be explained in this section for the example of 
the crack opening displacement field under pure tension. ln order to simplify the notation the 
upper index - in this section (0) - will be dropped. lt will be shown how the reference stress 
intensity factor solutions for an arbitrary Ioad will improve the crack opening displacement field 
for constant stress. The crack opening displacements for an edge crack loaded with constant 
stress uo is given by eqs.(2.1.4)-(2.1.5) as 

00 

(0) _ fs ~ "' ( _ .!_ )v+ 1/2 v -....;-;tr E' aY0 L.JCv 1 8 
(2.1.35) 

v=O 

lf a number of P loading cases is available eq.(1.2.3) provides the relations 
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l
a a 

(0) 1 I 
Gp v dx = F J K1p K10da , p = 1,2, ... ,P 

0 0 
(2.1.36) 

We define 

Oo,p = jf 2 
1 Jet Y0(o:')Yp(o:') o:' da' 

a Y0(o:) o 
(2.1.37) 

and 

(2.1.38) 

lf we use a number of P independent reference loading cases and the two conditions for the 
second and third derivative we obtain P +2 linear equations 

Icv/~ = Oo,p 
(v) 

p = 1,2, ... ,P 

I(v +1/2)(v -1/2)Cv = 0 
(v) 

L(v +1/2)(v -1/2)(v- 3/2)Cv = 0 
(v) 

(2.1.39) 

(2.1.40) 

(2.1.41) 

which allow up to P + 2 coefficients c. = C~1 ) to be determined. For the two reference cases 
G = Go and G = Go • afx and the first of the geometric conditions we obtain the system of linear 
equations 

(2.1.42) 

5 35 35 7 
C1 +-C2 +-C3=-0o1--9 99 4o: , 3 

(2.1.43) 

(2.1.44) 

with the solution 

3465 105 17 
C1 =--Oo1---0oo--64o: , 8 , 3 (2.1.45) 

3465 63 13 
C2=---0o1 +-Ooo+-32o: , 2 , 5 (2.1.46) 
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18711 693 99 
c3 = 448cx Oo,1 -56 Oo,o- 35 (2.1.47) 

The derivatives read 

dC1 = _ 3465 [Q 1( 2 + _1 + .!!:_ dY1 ) _ ~ ~ l 
do: 64 o, 2 Y1 do: \1 8 3 

0: 0: 

(2.1.48) 

105 [ ( cx
2 

dY0 ) jf Y0 l +-- Q00 2cx+--- - --
8 • Y0 do: 8 i 

(2.1.49) 

63 [ ( cx
2 

dY0 
) jf Y0 l -- Q00 2cx+--- - --

2 · Y0 do: 8 i 

dC3 _ ~ 18711 [ ( _1 .!!:_ dY1 ) _ ~ ~1 
do: - 448 °0•1 2 + i + Y1 do: \1 8 cx3 

(2.1.50) 

693 [ ( cx
2 

dY0 ) jf Yo l +-- Q00 2cx+--- - --
56 · Y0 do: 8 cx2 

2.2 Approximate procedure for components with internal cracks 

2.2.1 Weight functions based on single reference loading cases 

The eccentric crack For the treatment of internal cracks an extension of the procedure originally 
developed for edge cracks is given in [15]. This procedure allows internal eccentric cracks, load
ed by non-symmetric stress distributions to be treated. ln case of an internal crack it is of ad
vantage to express the weight function in terms of the total crack length t = 2a. 
The stress intensity factors at the points XA and x8 (see Fig.5) can be written as 

(2.2.1) 

f
xa 

K1a = u(x)h8 (x, l) dx 
XA 

where the subscripts A and B refer to the crack tips at the locations XA and x8 , respectively, and 
hA(x, l), ha(x, l) are the weight functions which have to be determined for a given crack and spe
cimen geometry. The formula of Rice [7] then reads 
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E' ov,(x,t) 
hA(x, t) = y- at 

/Ar A 

E' ov,(x, t) 
. ha(x, t) = y- ot 

/Br B 
(2.2.2) 

considering a virtually infinitesimal crack extension otA whilst the crack tip at Xs remains fixed 
and vice versa. The crack-opening displacement field can be expressed by a power series 

00 

v(x, t) =I (2.2.3) 
v=O 

or 

00 

v(x,t) =I 
( 

2 )v+1/2 
AoCv 1 - t (x - Xm) 

(2.2.4) 
v=O 

~ 

with Av/A0 = Cv and BvfB0 = Cv 

The coefficients A. and B. can be determined by application of the following conditions [15]: 

• For x-+ XA and x-+ x8 , the asymptotic displacement field is known from the reference stress 
intensity factors, leading to 

2a1t 2a1t 
A0 = c YAr and B - Yar 

.y 7r E' 0 - FE' 
(2.2.5) 

with the geometric functions defined by 

(2.2.6) 

• Energy relations between a number of y different reference solutions available can be ob
tained [15]. lf only one reference load-case is available, the condition - equivalent to 
eq.(2.1.9)- reads 

t 

JXB a,(x)v(x) dx = ~I r K~,(t')dt' 
XA JO 

(2.2.7) 

lntroducing the abbreviations 

0 
1 I V +1/2 Mv =--;- a,(JI) (1 + Jt) dJI 

ar -1 

(2.2.8) 
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and 

u* t 
Q = 2 _r I y2 P' dt' 

tE' Ar" 
0 

t/W 

Q* = _g_ = .{; l Y2 t'/W dt'/W 
' Ao y A!.l/W)2 o Ar 

(2.2.9) 

the final result 

00 00 

LLvAv+ LMvBv=Q (2.2.10) 
v=O v=O 

(2.2.11) 

is obtained. The reduced coefficients for eq.(2.2.11) are 

~ 

Cv = AvfA0 , Cv = BvfBo (2.2.12) 

For a reference Ioad with u 0 = const. 

(2.2.13) 

for a linear stress u = u0 • tt 

4 
Lv = 2 =- Mv 

4v + 16v + 15 
(2.2.14) 

for a quadratic stress a = a0 • tt2 

L = M = ---==---~1.:..6 ----
v v 8v3 + 60/ + 142v + 105 

(2.2.15) 

• The condition for continuity of the displacements and their derivatives at the point x = XM 

provide the relations 

00 

I(Av-Bv) =0 
v=O 

00 

I (v +1/2)(Av + Bv) = 0 (2.2.16) 
v=O 

00 

I (v +1/2)(v -1/2)(Av- Bv) = 0 
v=O 

ln order to obtain an inhomogeneaus system of linear equations with a unique solution, it is suffi
cient to use the stress intensity factor solution for one reference loading case. For the reference 
solution (a = const) and three relations of eq.(2.2.16) one obtains 

(2.2.17) 
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(2.2.18) 

(2.2.19) 

2 2 2 2 2 2 -A1 +-A2 +-B1 +-B2 = Oa--Aa--Ba 
5 7 5 7 3 3 

(2.2.20) 

The solution of these equations is 

35 2 A1 =-Qa- 2Aa--Ba 
16 3 

(2.2.21) 

21 13 8 
A2 = - 16 Oa + ""15 Aa + ""15 Ba (2.2.22) 

35 2 B1 = - Oa -- Aa - 2Ba 16 3 
(2.2.23) 

21 8 13 
B2 = -16 Oa + ""15 Aa + ""15 Ba (2.2.24) 

or 

35 * 2 21 * 13 8 c1 = 16 Oa - 2 - 3 (Y BrfY Ar) ' c2 = -16 Oa + ""15 + ""15 (Y BriY Ar) (2.2.25) 

~ 35 * Y Ar 2 Y Ar C1=-0a-----2 
16 Ysr 3 Y Br 

(2.2.26) 

The weight function results as 

N 

2 I { 8(C t y ) 1 + } V +1/2 
h(+)=-- v Ar +( +1/2)C --~ [1- J 

A ;;t y Ar 8f V v 1 - ~ ~ (2.2.27) 

v=a 

for x- XM>O (~ > 0) and 

(2.2.28) 

v=a 

for x- xM~o. i.e. ~ < 0. The expression for h8 can be simply obtained from eqs.(2.2.27) and 
(2.2.2_!i) by changing the subscripts A and B and replacing x- XM by XM -x. Note that c. = A./Ao 
and c. = B./Bo. 
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The central crack As a special case of the previous analysis a central crack in a symmetric 
structure is considered. ln this case it holds for pure tension as reference Ioad (ur= uo) 

~ 

XM=O, Av=Bv, Cv=Cv, YAr=Yer, hA=h8 (2.2.29) 

From reasons of symmetry it is more convenient to use a = t/2 and the redefined geometric 
function 

K = u0.ßY(afW) , Y(afW) = j2Y(tjW) (2.2.30) 

with Y(tjW) defined by eq.(2.2.6). Equations (2.2.5) and (2.2.21)-(2.2.24) reduce to 

/s uo 
A0 = v -:fr E' aY(a/W) (2.2.31) 

35 8 
A1 =-Oo--Ao 16 3 

(2.2.32) 

21 7 
A2 = --Oo+-Ao 16 5 

(2.2.33) 

with 

a 

Q0 ~ !;? i Y2
( a' fW) a' da' (2.2.34) 

The weight function then reads 

N 

I{ o(C a y ) 1 + }( )v +1/2 h( +) = v Ar + ( +1/2)C __ P_ 1-
A A aa v v 1- p P Ar 

p>O (2.2.35) 

v=O 

p $0 (2.2.36) 

2.2.2 Weight functions based on multiple reference loading cases 

2.2.2.1 The eccentric crack 

The application of more than one reference solution - described in Section 2.1.3 for edge-cracked 
components - can also be used for internal cracks. The procedure is illustrated by an example. 
For three reference solutions (u = u 0 = const, u = u0 • t7 and u = u 0 • t72 with t7 = (x- xM)/a) and the 
first three relations of eq.(2.2.16) one obtains 

(2.2.37) 

16 



2 2 2 2 2 2 
- A1 + - A2 + - B1 + - B2 = Oa a - - Aa - -Ba 5 7 5 7 I 3 3 

with 

(1 J' Oa
1
p = 2 ,;, a Ya(t') Yp(t') t' dt' 

For a total number of 4 conditions the solution of these equations is: 

3 conditions of continuity (2.2.17)-(2.2.19) and one reference Ioad case (2.2.20) 

35 2 A1 =-Ooo- 2Aa--Ba 16 I 3 

21 13 8 
A2 = -160ala+15Ao +15Bo 

35 2 B1 =-Oaa--Ao- 2Ba 16 I 3 

21 8 13 
B2 = -16 Oalo + 15 Aa + 15 Ba 

(2.2.38) 

(2.2.39) 

(2.2.40) 

(2.2.41) 

(2.2.42) 

(2.2.43) 

(2.2.44) 

(2.2.45) 

(2.2.46) 

(2.2.47) 

2 conditions of continuity (2.2.17).(2.2.18) and two reference Ioad cases (2.2.20) and (2.2.41) 

315 35 10 2 
A1 =320o11 +150a~a-3Ao+3Bo (2.2.48) 

315 21 11 4 
A2 = - -- Oa 1 --Oa o +-Aa-- Bo 32 I 16 I 5 5 

(2.2.49) 

315 35 2 10 
B1 = -320011 +wOola+3Ao-3Bo (2.2.50) 

315 21 4 11 
B2=--0o1--0aa--Ao+-Ba 32 I 16 I 5 5 

(2.2.51) 

1 condition of continuity (2.2.17) 1 and three reference Ioad cases (2.2.20)-(2.2.42) 

3465 315 35 14 2 
A1 = '"""128 Oa12 + 32 Oo11 -16 Oalo - 3 Ao - 3 Bo (2.2.52) 
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4851 315 77 61 16 
A2 = -128 Oo,2- 32 Oo,1 + 15 Oo,o + 15 Ao + 15 Ba (2.2.53) 

3465 315 35 2 14 
B1 = ---Oo2---0o1--0oo--Ao--Bo 128 . 32 . 16 • 3 3 

(2.2.54) 

4851 315 77 16 61 
B2 = -128 Oo,2 + 32 Oo,1 + 15 Oo,o + 15 Ao + 15 Ba (2.2.55) 

2.2.2.2 The centrat crack 

ln case of a central crack (XM = 0, '1 = p) it holds for the integrals Oo.p 

Oo,p =0 (2.2.56) 

if the stress distribution is antisymmetric, i.e. if 

G(X) = - 0'( - x) (2.2.57) 

This is for instance the case for all stresses of type 

G(X) oc x2n + 1 (2.2.58) 

especially for 

G(X) oc x , -+ • 00,1 = 0 (2.2.59) 

Taking into consideration Ao =Ba and Oo,1 = 0 reduces the relations eqs.(2.2.52)-(2.2.55): 

• remaining condition of continuity and reference Ioad case 0' =Go ~ eqs.(2.2.32) and (2.2.33). 

• reference Ioad cases 0' = Go and 0' = Go • (p )2 

3465 35 16 
A1 = 128 Oo,2 -16 Oo,o- 3 Ao (2.2.60) 

4851 77 77 
A2 = -128 Oo,2 + 15 Oo,o + 15 Ao (2.2.61) 

2.3 Modification of the extended Petroski-Achenbach procedure 

ln all examples of sections 2.1 and 2.2 the energy balance condition - the fundamental idea of 
Petrosl<i and Achenbach [17] - has been applied for the determination of unknown coefficients of 
the crack opening displacement relation. Unfortunately, in some special applications this condi
tion cannot be used. This is the case for instance for compact tension (CT) specimens. The eval
uation of the integral Q(a) needs the geometric function Y for the whole range 0 s er:' s er:. But 
stress intensity factor solutions are only available for a > 0.2. On the other hand also the stress 
distribution along the crack line - necessary for the determination of the integrals 1. - is not suffi
ciently known. 
Fortunately, for fracture mechanics standard test specimens displacements at certain locations 
are known. This allows the determination of the needed number of coefficients. This modified 
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Figure 6. CT-specimen. Geometrie data of a Compact-Tension specimen. 

procedure has been applied in [23] to the Round-CT-specimen. Here the general procedure will 
be illustrated for the normal CT -specimen which is shown in fig.6. The information of the refer
ence stress intensity factor solution and some crack opening conditions allow a number of coeffi
cients in eq.(2.1.4) to be determined. As an example the following conditions may be used: 

1. The crack-tip field is related to the stress intensity factor by eq.(2.1.2). 
2. ln addition we may use for instance the condition of vanishing curvature at x = x1. 

3. At the same location we demand that the crack opening displacement set-up must yield the 
known displacement o1. 

4. ln the Ioad line the displacement should equal oLL· 

One obtains a set of linear equations 

c1 + c2 + c3 = R1 (2.2.62) 

C1(1- x1fa)3
/
2 + C2(1- x1fa)5

/
2 +C3(1- x1/a)7

/
2 = R2 

with 

(2.3.1) 

from which the coefficients C1 to C3 can be found as 
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--0.6 

-0.7 
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x/a 
Figure 7. Welght function for a Compact-Tension specimen. 

20R1U11 /2 +15R2U2 + u712
- u512 -35R2U3 

C1=--~------~----~----~--~-
20U11/2 -32tf/2 + 12u7/2 

-32U912 -u712 -35R2U3 + U3
/2 -3R1U 

C2=------~~----~--~~--~ 
20U11 /2 -32U9

/2 + 12U7/2 (2.3.2) 

ln case of the standard specimen (ASTM Standard E-399-72) it holds x1 =- W/4 and the geomet
ric function and displacements are ([14]) 

(B =thickness, P = Ioad applied). 

2 

( 
1 + (X ) ( 2 3 4 5) VLL(a) = ~ 2.163 + 12.219a- 20.065a - 0.9925a + 20.609a - 9.9314a 

(2.3.4) 

p 
o1 = E' B V1(a) 

2 (2.3.5) 

V1(a) = (1 + o.;s )( ~:: ) (1.6137 + 12.678a -14.231a2 -16.61a3 + 35.05a4 -14.494a5
) 
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The resulting weight function is shown in fig.7. A description by a fitting formula will be given in 
section 3.1.7. 

2.4 Extension of approximate weight functions to 
rotationally-symmetric problems 

2.4.1 The internal crack 

Due to the rotational symmetry, tube problems with circumferential cracks - in principle two-di
mensional cracks - can be treated in the same way as shown before for the merely pure one-di
mensional cracks. The general approach will be explained for a tube of inside radius r and out
side radius R containing an inner circumferential crack of depth a. Figure 8 illustrates the situ
ation. 
ln cantrast to eq.(1.2.3), the weight function is given by 

EI r+ X ov, 
h=-----

Kir r+ a aa (2.4.1) 

ln the special case of a thin-walled tube (r~R) eq.(2.4.1) becomes identical with (1.2.3). The 
crack opening displacement field is also described by a power series, and the unknown coeffi
cients Co, C1, C2 result from the near-tip displacement field and the curvature at the free surface 
in the same manner as outlined for the edge-cracks. Only the energy condition has to be modi
fied which results in 

(2.4.2) 

For a = af = const the condition for the coefficients follows as 

Cv a 1 a r 2 1 8 1 
1 * ia I v +3/2 ( 1 +r v + 5/2)- E' A

0
a 

0 

v,a (1 +,-)da -o, (2.4.3) 

(Ao from eq.(2.1.5)). The first three coefficients are 

C0 = 1 (2.4.4) 
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Figure 8. Geometry of a circumferential crack in a tube 

2.4.2 The external crack 

For the external crack the weight function is given by 

E' R- X ov, 
h=---

Kir R-a oa 
(2.4.5) 

where now the origin of the x-coordinate has the origin at the outer surface. The energy condi
tion reads 

a 

~ K1~R- a')da' = E' u1 Ja v,.(R- x)dx 
Jo o 

(2.4.6) 

and the condition for the coefficients are 

'\' Cv ( a 1 ) uo fa 2 a' 
i...J v +3/2 1 - R v + 5/2 = E' A

0
a J

0 

Y,a'(1 - R )da'= Oo (2.4.7) 

yielding 

C0 = 1 
~-~.2...-o 

C _ 5 105 R 
2 - 12 32 a 

(2.4.8) 
----

7 63 R 
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2.5 Direct adjustment of the weight function to reference stress 
intensity factors and geometric conditions 

2.5.1 General relations 

A disadvantage of the usual procedure treated before is that numerical integrations are neces
sary to evaluate the right-hand integrals in eq.(2.1.9), eq.(2.2.9) and eq.(2.4.3). A more direct de
termination of the weight function is possible that does not require the complete COD-field but 
only the near-tip crack opening displacement field to be known [24], [25]. As becomes obvious 
from introducing eq.(2.1.4) in eq.(1.2.3), a set-up for the weight function is given by 

[ ~ l 2 P V +1 2 
h(x,a) = J rca f1::p + I Ov(1- p) I 

1 p V= 0 

, p = xfa (2.5.1) 

or if we replace the factor p again by the identity p = 1 - (1 - p) 

(2.5.2) 

- -
where Do = Do -1 and Dv = Dv for v~1. The tilde is dropped in the following sections. The coeffi-
cients Dv are different from those used in eq.(2.1.4), which represent the crack opening displace
ments. 
A number of conditions can be derived for the determination of the coefficients Dv. lf a number 
of 11 reference loading cases are known, the weight function must fulfill a number of J1 conditions 

a 1 h(x,a)ar, ;(X) dx = a1, ;J8Yr,; , i = 1 ... J1 (2.5.3) 

The integrals on the left-hand side of eq.(2.5.3) can be determined easily. especially for power
shaped and thus polynomial stress distributions. For constant stress (tension loading, Y = Yo) 

(2.5.4) 

~ 

D --- -Y --I 2 ff 4 
v 2v +3 - 2 ° 3 

(2.5.5) 
V=0 

For four terms this Ieads to 

(2.5.6) 

with 
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3jf R0 =- - Y0 -2 
2 2 

For linear stress distribution (Y = Y1) 

or 

* X a=a W 

" 1 1 ~ 4 LPv (2v +3)(2v +5) =Ta V 2 y1 -15 

For four terms this Ieads to 

with 

15 jf R1 =- - Y1 -4 
4o: 2 

lf the linear stress distribution is caused by bending of a plate (Y = Yb) 

" ( 1 4o: ) 16 2 1 ~ L.Pv 2v +3 - (2v +3)(2v + 5) = 15 o: - 3 + 2 V 2 Y b 

where Yb is the geometric function for bending. For four terms this Ieads to 

(2.5.7) 

(2.5.8) 

(2.5.9) 

(2.5.10) 

(2.5.11) 

(2.5.12) 

(2.5.13) 

(2.5.14) 

lf the stress intensity factors for tension and bending loading are known then eq.(2.5.11) can be 
applied with 

(2.5.15) 

For quadratic stress distribution 

2 

a = a*( ~ ) (2.5.16) 
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(2.5.17) 

~ 1 6 1 ~ 
LPv (2v +3)(2v +5)(2v +7) =- 105 + 16i 'V 2 Y2 (2.5.18) 

For four terms this Ieads to 

(2.5.19) 

with 

(2.5.20) 

Since for edge-cracks normal to the component surface the conditions (2.1.22) and (2.1.25) must 
hold, one obtains due to 

the conditions 

(2.5.21) 

and 

(2.5.22) 

Equation (2.5.21) Ieads to 

00 

I Dv(v +1/2)(v -1/2) = - 1 (2.5.23) 
v=O 

and for four terms 

(2.5.24) 

Equation (2.5.22) Ieads to 

00 

I Dv(v +1/2)(v -1/2)(v -3/2) = ~ (2.5.25) 
v=O 

and for four terms 

(2.5.26) 
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lf IL equations of type (2.5.3) and k geometric conditions are used, the resulting (!L +k)x(IL +k) 
system of linear equations allows (!L +k) coefficients to be determined. ln this procedure the 
same conditions are applied as for approximating the crack opening displacement field. There
fore, the same accuracy can be expected from both methods. 

2.5.2 Calculation of weight functions 

The different relations for the coefficients D are summarised: 

constant stress: 

(/) 

linear stress distribution: 

(II) 

quadratic stress distribution: 

(II/) 

second derivative: 

(IV) 

third derivative: 

(V) 

Weight functions with two three or four coefficients can be obtained from these relations. lf only 
one reference Ioad case is available equation I, II or 111 should be combined with equation IV. 
Using in addition eq.V and thus obtaining three coefficients Ieads to a larger deviation from the 
correct weight function than using only eq.IV and then only two coefficients. 
The coefficients are: 

a. Constant stress 

2 5 5 Jf 00 =-+-Ro= -1 +- - Y0 3 6 4 2 

b. Linear stress distribution 

c. Quadratic stress distribution 

1 7 
Do=-+-R1 2 8 
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* 2 a = a (xfW) 

2 9 189 Jf Da=-+-R2=-5+-- - y2 
5 10 32i 2 

6 3 63 Jf D1 = --+-R2= -3+-- - y2 
5 10 32a2 2 

lf two reference Ioad cases are avaliable these can be combined with eq.IV leading to three coef
ficients or with eqs.IV and V leading to four coefficients. 

a. Constant and linear stress distribution and eq.IV: 

35 147 7 
D2= --Ra+--R1--

20 80 20 

b. Constant and quadratic stress distribution and eq.IV: 

1 35 99 
Da= -15-24Ra+4oR2 

16 175 99 
D1 =45+36Ra-2QR2 

77 77 231 
D2 = - 225 - 72 Ra + 200 R2 

c. Constant and linear stress distribution and eqs.IV and V: 

621 147 3927 
D2 = - 400 - 32 Ra + 800 R1 

1221 33 891 
D3 = 2800 + 32 Ra- 800 R1 

lf the boundary condition h" = 0 and h"' = 0 are not applicable (thus will be the case if the crack 
is not perpendicular to the contour of the component) two coefficients can be obtained from ref
erence solutions for constant and linear stress: 

5 7 
Da= --Ra+-R1 2 2 
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ln these relations Ro is obtained from eq.(2.5.22), R2 from eq.(2.5.18) and R1 from eq.(2.5.12) or 
eq.(2.5.15). 

2.5.3 Adjusting of coefficients to COD-results 

The COD-data reported in the Iiterature for specific fracture mechanics test specimens can, in 
principle, also be used for the direct adjusting of weight functions to stress intensity factor sol
utions. Starting from eq.(1.2.3) we can compute the displacement at any location x of the crack 
as 

b(x) = ~' Ja K,(a') h(x,a') da' 
X 

(2.5.27) 

Using the set-up for the weight function 

D0 = 1 (2.5.28) 

eq.(2.5.28) can be written 

(2.5.29) 

with 

/v(x,a) =Ja Y ,(a').Ji' (1 - xfa')v - 1
/
2 da' 

X 

(2.5.30) 

Equation (2.5.29) allows an additional coefficient Dv to be determined. This should be recom
mended for special problems where the geometric function Y, is independent of the crack size, 
e.g. cracks in infinite and semi-infinite bodies. ln this case eq.(2.5.30) can be integrated analyt
ically. lf Y depends on the crack length the integration has to be performed numerically. There
fore, the main advantage of the direct adjustment method, i.e. the purely analytical treatment, 
may be lost. 

2.5.4 Stress intensity factor for power-shaped stress distributions 

Very often it is possit>le to describe the stress-distribution in the uncracked component by 

(2.5.31) 

The stress intensity factor of each term can be obtained by applying the weight function in the 
form of eq.(2.5.1). Then the integration Ieads to 
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(2.5.32) 

with 

12 n[ (n + 1)/J;' ~ n!r(v +3/2) ] 
Yn =V fr a r(n + 5/2) + /;;;

0
°" r(v +n + 5/2) 

(2:5.33) 

2.6 Direct adjustment procedure for internal cracks 

2.6.1 Basic relations 

The method described in the previous section for edge cracks can also be applied for internal 
cracks. As suggested by eqs.(2.2.27) and (2.2.28) we will make a set-up for the most general case 

h~ + >(x,a) = ff, I 0 11(1- t~)"- 1 '2 , t/ = (x- xM)fa for t/ > 0 (2.6.1) 
v=O 

00 

h~- >(x,a) = ffaLo"(1 + t~)" +112 for t/ < 0 (2.6.2) 

v=D 

with 

(2.6.3) 

The unknown coefficients 0 1, 0 2 and 0 1, 0 2 can be determined from reference solutions and con
ditions of continuity at '1 = 0. lf we restriet the series to N terms the unknown coefficients may be 
obtained for instance by a number of N-y conditions of continuity 

h(-)- h( +) 
A - A • 

2 2 _a_ h<- > - _a_ h< + > t A - A e c. 
or? 0'1

2 
(2.6.4) 

and the conditions for y reference stress intensity factors 

0 a I h~-)a~x)dx+ I h~+>a,(x)dx~a0YAji 
-a 0 

(2.6.5) 

This Ieads for the three first conditions of continuity h<+>(O) = h<->(0), dh<+>fd'1(0) = dh<->fdJJ(O), 
d2h<+>fd'12(0) = dW->fd'1 2(0) and the three loading cases a = a0, a = a0 • '1 and a = ao • t~2 to the lin
ear system of equations 
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l"'o.J ,....... ,....... ,....... 

0 1 +02 +03 -01 -02 -03 =00 -1 (2.6.6) 

,....... ,....... ,....... ,......, 

0 1 +302 + 503 + 301 + 502 + 703 = - 0 0 + 1 (2.6.7) 

........ ........ ,....... ,......, 

0 1 -302 - 1503 + 301 + 1502 + 3503 = 0 0 + 3 (2.6.8) 

3 3 3~ 3~ 3~ 3/f ~ 
~+-~+-03 +-01 +-02 +-03 =- -~-00 -3 5 7 5 7 9 2 2 

(2.6.9) 

3 5 3 ~ 5 ~ 5 ~ 15 ff ~ 
0 1 +-02 +-03 --01 --02 --03 =- - Y1 +00 -5 

7 21 7 21 33 4 2 
(2.6.10) 

(2.6.11) 

For practical use knowledge of a reduced number of coefficients may be sufficient. lf we restriet 
the series expansion for the weight function to v :s; N = 2 we obtain by use of: 

• three conditions of continuity (in increasing order) and the constant stress u, = uo as refer
ence solution 

(2.6.12) 

(2.6.13) 

(2.6.14) 

(2.6.15) 

two conditions of continuity (in increasing order) combined with constant stress reference 
case u = uo and the linear stress u, = uo • 11 as a second reference solution 

(2.6.16) 

(2.6.17) 

(2.6.18) 

(2.6.19) 

• and finally for one conditions of continuity combined with constant stress reference case 
u = uo, the linear stress u, = u0 • 11 and a quadratic stress distribution u, = uo • 112 
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1155 ~ 4725 ~ 72765 ~ 16 ~ 642 
D1 =-97ßv2Yo+ 1952 v'2Y1 + 7808 v'2Y2 -61°0 -61 (2.6.20) 

(2.6.21) 

D~ = _ 1365 ~y _ 22365 ~y + 162855 ~y _ 274 0~ _ 304 (2 6 22) 
1 976 v'2 ° 1952 v'2 1 7808 v'2 2 61 ° 61 .. 

5 = 3465 ~ ~ + 24255 ~ y - 218295 ~ ~ + 231 5 + 462 
2 976 v'2 ° 1952 v'2 1 7808 v'2 2 61 ° 61 

(2.6.23) 

- -
ln case of the central crack it holds in accordance to eq.(2.2.29) Dv = Dv and Do = 1/2. 

2.6.2 Interna! crack in an infinite body 

The internal crack in an infinite body (t~ = p), the so-called Griffith-crack, is analytically solved. 
The weight function, here noted as hexact. is given by 

1 {EX 
hexact = r--::- '\j B+X 

-yrra 
(2.6.24) 

and therefrom a number of reference stress intensity factors can be derived. For G =Go we ob
tain 

(2.6.25) 

for the linear stress G =Go • t7 

(2.6.26) 

and for the quadratic stress G =Go • t~2 

(2.6.27) 

The approximate weight function resulting from eqs.(2.6.6)-(2.6.11) has been calculated and is 
compared with the exact solution in fig.9. ln this representation the relative deviations from the 
exact solution are plotted. lt can be seen that the maximum deviations are less than 0.4%. A 
more detailed analysis with respect to convergence and accuracy will be given in 2.8. 

2.7 Approximative procedure for weight functions in mode-11 
loading 

The method of determining stress intensity factors using an approximative crack-opening dis
placement field, well-known for mode-1 loaded cracks, can be extended to include mode-11 loaded 
cracks. 
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Figure 9. Weight functian for an internal crack in an infinite body. Deviations between an approximation 

based on 6 coefficients and the exact weight function. 

The weight function method for the determination of stress intensity factors for complicated 
stress distributions is applicable to mode-11 loadings, too. For any given shear-stress distribution 
1:(x) in the uncracked component the stress intensity factor Ku results as 

a 

K11 = Jo h11(x,a)1:(X) dx (2.7.1) 

where hu is the mode-11 weight function. According to the mode-1 case, the weight function can 
be derived from crack opening displacements u (in x-direction, see fig.10) of a reference Ioad 
case (subscript r) and the related reference stress intensity factor 

E' a 
h11(x,a) = -K -

0 
u,.(x,a) 

/Ir a 
(2.7.2) 

The crack-opening displacements can be expressed again by power-series representations [31], 
[32] 

(2.7.3) 

with the coefficients Dn dependent on the relative crack length a/W. 
A number of conditioos can be applied to determine the unknown coefficients of eq.(2.7.3): 

1. The crack-tip field is related to the stress intensity factor by [17] 

( 
8 )1/2 Ku 

u,.(x...,. a) = -:;r E'r ~ (2. 7.4) 

2. The energy balance condition requires 
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Figure 10. The edge crack in a plate under shear stresses 

i
a 

8 

K11;da' = E' J T,(x)u,(x,a)dx 
0 0 

(2.7.5) 

lf stress intensity factors for a number of p loading cases (subscript p) are known, eq.(2.7.5) 
provides p relations 

3. For symmetrically loaded central internal cracks it follows from the condition of symmetry 
that odd derivatives must vanish 

u(21+ 1) = 0 (i = 0,1,2, .. ) for x = 0 (2. 7.6) 

4. As has been shown in [31] for mode-11 loadings for an edge crack, the second derivative 
must vanish: 

(2.7.7) 

5. and also the third derivatives must disappear at the crack mouth 

(2.7.8) 

as has been proved in [32]. 
6. For simple crack/component geometries (e.g. an edge crack in a reetangular plate or a disc) 

relations of equilibrium can be derived ([32]). 

The further procedure to determine approximative weight functions is identical with the mode-1 
case outlined in detail before. 
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Figure 11. Interna! crack in an infinite body. Approximate weight functions based on the improved Petro
ski-Achenbach procedure compared with the exact weight function; solid curve: computed for a 
single reference stress intensity factor solution (a = a0), dashed curve: computed for two simul
taneously applied reference solutions (a = a0 and a = a0 • (x/a)2). 
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Figure 12. Interna! crack in an infinite body. Direct adjusting method; relative deviations between approx
imate and exact weight function; solid curve: single reference case a = a0, dashed curve: single 
reference case a = ao • xfa. 

34 



-1.00 

h appr- heiCact 

heiCact 
,.--............. -.. 

,.r ----..._ ---- / ... _ ..... ;.::""",_,._, .... ~ ...... ,,· '·· ... 

-10% 
-.50 .00 .50 

x/a 

number of 
reference 

loading cases 

....... 1 

--- 2 

-· 3 

1.00 

Figure 13. Interna! crack in an infinite body. Direct adjusting method; relative deviations between approx
imate and exact weight function; dotted curve: 3 conditions of continuity and a = ao as reference 
Ioad case; dashed curve: 2 conditions of continuity, a = a0 and a = a0 • x/a as reference cases; 
dash-dotted curve: 1 condition of continuity, a = a0, a = a0 • xfa and a = a0 • (x/a)2 as reference 
cases; solid line: eq.(2.6.24). 

2.8 Convergence and accuracy of approximate procedures 

ln order to allow the quality of the previously described procedures to be judged it is necessary 
to use exact reference solutions for the stress intensity factors. Exact stress intensity factor sol
utions were determined for internal cracks in infinite bodies (see e.q. [12]) and for edge-cracked 
discs [33]. A weight function of high accuracy can be derived for the edge-cracked semi-infinite 
body on the basis of crack opening displacement calculations given by Wigglesworth [34]. This 
solution is of very high quality but not exact. The accuracy of the results can be checked in 
cases where exact analytical solutions of the weight function are available. Such a solution is 
known for internal cracks in infinite bodies. 

2.8.1 The internal crack in an infinite body 

lmproved Petroski-Achenbach procedure 
The integrals Oo,o and Q0,2 necessary for the determination of approximate weight functions by 
eqs.(2.2.32), (2.2.33), (2.2.60) and (2.2.61) are 

(2.8.1) 

leading to 

(2.8.2) 
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for constant stress as the single reference Ioad, and 

35 1t" 8 C1=-----
32 J2 3 

c =- 3619 _'lt"_ + ]]_ 
2 512 J2 15 

(2.8.3) 

for combined linear and quadratic stresses. lt should be mentioned, that the first and the third of 
the conditions of displacement continuity are automatically fulfilled for central crack and there
fore, in reality, only one geometric condition provides information an the needed coefficients. 
The approximate weight functions computed with the coefficients of Section 2.2.2.2 are repres
ented in fig.11. From the constant stress Ioad case, eqs.(2.2.32) and (2.2.33), the dashed curve 
results and from the combination of constant and linear stress, eqs.(2.2.60) and (2.2.61), one ob
tains the solid curve. I can be seen that already for one single reference Ioad case (u = uo) the 
maximum deviations from the exact solution are at most 1.05%. 

procedure 
total number n=O n=1 n=2 

maximum 
of conditions deviation 

improved Petroski-Achen-
4 X 1.05% 

bach 

4 X 1.42% 

4 X X 2.85% 

direct adjustment 4 X 5.8% 

4 X X 0.76% 

4 X X X 0.50% 

6 X X X 0.35% 

Table 1. Accuracy of approximate weight functions. Interna! crack in an infinite body; refer-
ence cases: u = u0(xfa)n. 

Direct adjustment procedure 
First the influence of the choice of the single reference loading case is shown. The 3 first condi
tions of continuity, eqs.(2.6.6)-(2.6.8), were combined with the reference case of constant stress, 
eq.(2.6.9). The resulting weight function is entered in fig.12 as the solid curve. Considering the 
linear stress as the reference case, i.e. replacing eq.(2.6.9) by eq.(2.6.10), Ieads to the dashed 
curve and flnally if we consider the quadratic stress distribution as the reference case, 
eq.(2.6.10), the dotted curve is obtained. From fig.12 we can conclude that the approximation 
becomes more and more paar if the reference stress distribution is concentrated more and more 
at the crack tips. This has to be expected since for stresses strongly concentrated at x = a the 
stress intensity factor is only governed by the first term in the series expansion 1/J1 - xfa and 
a decreasing amount of information an the other series terms is the consequence. 
The approximate weight functions computed with an increasing number of reference loading cas
es (and consequently reduced number of conditions of continuity) are shown in fig.13. The ap
proximation computed with only one reference stress intensity factor shows small deviations 
from the exact solution whilst the deviations of the higher approximations can hardly be identi
fied. Therefore, the relative deviations from the correct solution are plotted in fig.13. 
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2.8.2 The edge crack in a semi-infinite body 

Weight function and stress intenslty factors 
A high-accurate asymptotic expansion for the crack opening displacement field for an edge
cracked semi-infinite body was determined by Wigglesworth [34] 

(2.8.4) 

with the coefficients 

C0 = 1.00000 c1 = -0.143719 c2 = o.o19965 

c3 = o.019665 C4 =0.011856 C5 = 0.006254 

C6 = 0.002993 c7 = o.oo1256 C8 = 0.000390 (2.8.5) 

C9 = - 0.00001 C10 = -0.000172 c11 =- o.ooo213 

c12 = - o.ooo212 

Based on these displacements we can compute the a high-accurate weight function according to 
eq.(2.1.7) 

13 

h(x~a) = ~L Cv(1- x/a)v - 1
/
2 

v=1 

with the coefficients 

c0 = 1 

Cv = - (2v -3)Cv _1 + (2v +1)Cv 1 for 0 < v ~ 12 

lf we select for the reference cases 

n 
0' = O'o. p 

we obtain the high-accurate geometric functions 

13 
(2~ _ n!r(v + 1/2) 

Yn =V~ i...J Cv r(n + v +3/2) 
v=O 

This relation is not restricted to integer exponents n. The first values are 

Y0 = 1.1216~ I Y1 = 0.6829~ I Y2 = 0.5255~ 

Y3 = 0.4410~ I Y4 = 0.3868.j;" I Y5 = 0.3485~ 
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Figure 14. Edge crack in a semi-infinite body. Approximate weight functions computed with the improved 
Petroski-Achenbach procedure; dotted curve: h" = 0 and u = u0; dashed curve: h" = 0, u = u 0 

and u = uo • xfa; dash-dotted curve: h" = 0, u = u0, u = u0 • xfa and u = u0 • (xfa)2. 
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Figure 15. Edge crack in a semi-infinite body. Approximate weight functions computed with the improved 
Petroski-Achenbach procedure; dotted curve: h" = 0, h"' = 0 and u = u0; dashed curve: h" = 0, 
h"' = 0, u = uo and u = u0 • xfa; dash-dotted curve: h" = 0, h"' = 0, u = u0, u = uo • xfa and 
u = uo • (xfa)2. 
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Figure 16. Edge crack in a semi-infinite body. Approximate weight functions computed with the direct 
adjusting method; dotted curve: h" = 0 and a = ao; dashed curve: h" = 0, a = ao and a = ao • xfa; 
dash-dotted curve: h" = 0, a = a0, a = a0 • xfa and a = ao • (xfa}2• 

Q0,p = jf-.;.. Ja Yp(a') a' da'= jf-.;.. Yp(a)f

8

(a'fa)P a' da' 
a o a 

0 (2.8.11) 

lmproved Petroski·Achenbach procedure 
From the considerations of Section 2.1.3 we can derive a system of linear equations which is 
based on the two vanishing derivatives and the first three reference loading cases u = uo, 
u = uo • afx and u = uo • (afx)2 

(2.8.12) 

(2.8.13) 

(2.8.14) 

(2.8.15) 

(2.8.16) 
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Figure 17. Edge crack in a semi·infinite body. Approximate weight functions computed with the direct 
adjusting method; deviations from the weight function given by eq.(2.8.6), notation as in fig.16. 

with the integrals Oo.p. identical to those of eq.(2.8.6). Different combinations of these relations 
were used to calculate approximate weight functions. As an example in fig.14 the influence of the 
number of reference loading cases is represented for the condition v"=O. Figure 15 shows the 
results for the two conditions v" = v"' = 0. 
Also for the edge crack the tendency of an increased accuracy with increased number of refer
ence cases becomes obvious. ln Table 2 the maximum deviations from eq.(2.8.6) are entered. 

Direct adjusting procedure 
The direct adjusting precedure was also applied to the edge-cracked semi-infinite body. The co
efficients for the weight function can be determined from the system if linear equations 

1 5 35 7 
Da+ 3 D1 + 33 D2 + 429 D3 + 143 D4 = R2 

Da- 3D1 - 15D2 - 35D3 - 63D4 = 4 

Da- D1 + 5D2 + 35D3 + 105D4 = 6 

The results obtained are shown in fig.16 for use of the condition h" = 0. The maximum deviations 
from eq.(2.8.6) are entered in Table 2. 
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procedure v"=O v'" =0 n=O n=1 n=2 
maximum 
deviation 

improved Petroski -
X 3.0% 

Achenbach 

X X 0.81% 

X X X 0.52% 

X X X X 0.42% 

X X X 3.16% 

X X X X 0.45% 

X X X X X 0.225% 

direct adjustment X 5.3% 

X X 19.0% 

X X X 1.2% 

X X X X 0.12% 

X X X 36% 

X X X X 3.2% 

X X X X X 0.53% 

Table 2. Accuracy of approximate weight functions. Edge crack in a semi-infinite body; refer
ence cases: q = qop". 

2.8.3 Edge crack in a disc 

The edge crack in a circular disc was chosen to demonstrate the direct adjustment procedure in 
case of a crack in a finite body. ln case of the edge-cracked circular disc no exact weight func
tion is available. For this problern exact stress intensity factors were determined by Gregory 
[33] for constant and quadratically distributed crack surface loadings. The geometrical data are 
defined in fig.37 (Section 3.7). For constant surface loading we can fit the data given in [33] by 

1.1216$ 
Yo=---'-..,.,.--

(1 - a.)3/2 
(2.8.17) 

and for a quadratic stress distribution 

a(x) = a0 ( 1 - ~ ) 
2 

(2.8.18) 

the results provided by Gregory [33] are fitted as 

1.1216$ ( 2 3 4) 
y2 = 3/2 1- 2.4431a. + 3.2427a. - 1.8106a. + 0.34404a. 

(1- a.) 
(2.8.19) 

The coefficients for the weight function are given by the system of linear equations 
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Figure 18. Approximate weight functions for an edge crack in a circular dlsc. Normalized weight function 
h' = h.jD; dash-dotted: h1, wide dashed: h2, dotted: h3, solid: h4, narrow dashed: h5. 
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Figure 19. Approximate weight functions for the edge-crack in a clrcular dlsc. Application of the direct 
adjustment procedure for a/D = 0.9 and 0.95, (dotted: h3, solid: h4, dashed: h5). 
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with 

C(0)_1_ _ _1! +~ 2 
- 3 15 (J. 105 (J. 

C(1)_1_ _ _1! +~ 2 
- 5 35 (J. 315 (J. 

(2.8.21) 

C(2)_1_ _ _1! +~ 2 
- 7 63 (J. 693 (J. 

C(3)_1_ _ _1! +~ 2 
- 9 99 (J. 1287 (J. 

and 

(2.8.22) 

The approximate weight function has been calculated for an increasing number of conditions in 
the following way: 

1. h1: only one reference loading case (a = const.) used. 
2. h2: use of reference loading case (a = const.) and geometrical condition h"lx=o = 0. 
3. h3: use of reference loading case (a = const.) and reference loading case a oc (1 - 2xfD)2• 

4. h4: use of reference loading case (a = const.), reference loading case a oc (1 - 2xfD)2 and 
geometrical condition h"lx=o = 0. 

5. hs: conditions used for h4 and h'"lx=o = 0. 

ln fig.18 the weight functions h1 - hs are plotted for relative crack depths of afD = 0.6 and 0.8. As 
can be seen, only the very roughly approximated weight function h1 devlates by more than 10% 
from the higher order solutions. The weight functions h3, h4 and hs can hardly be distinguished. 
The insert in fig.18 illustrates the convergence for a fixed value of xfa =0.8. 
Figure 19 illustrates the weight functions h3- hs for afD = 0.9 and afD =0.95. Especially for 
afD =0.95, the solutions differ little more, but above all the solutions h4 and hs agree also for this 
extremely high value of relative crack depth with maximum deviations of less than 3%. 

2.9 Weight function for remote tractions 

ln most cases of practical interest the crack-surface weight function considered in the sections 
before is applied. But the weight-function method is not restricted to crack-surface loadings. ln 
its more general formulation the procedure can be applied also to tractions which act at any 
given contour in the body (fig.20). Such weight functions are of special interest in computation of 
R-curves in ceramies when phase transformations occur in the crack-tip region [35]. ln this 
more general case one can write 

K1 = J h(s,a)T(s) ds (2.9.1) 
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T(s) 

Figure 20. . Tractions along a surface at the crack tip. 

where T(s) are tractions over a surface s. As shown by Rice [7][12], the weight function can be 
related to the displacements u,T of a reference loading case (subscript r) which act in the direc
tion of the tractions T(s) in the actual loading case: 

E' o T 
h(s,a) = -K ;~ u, (s,a) 

Ir va 
(2.9.2) 

Obviously, eq.(2.9.2) covers also the crack-face weight function when the surtace s is chosen to 
be the crack surtace. ln order to determine the weight function for a crack/component configura
tion, we have to determine the displacement field of the reference Ioad case as weil as the re
lated stress intensity factor. The weight functions can be calculated by determination of the dis
placements araund the crack tip, which is fully known if we succeed in the determination of the 
Airy stress-function <1>. 
The stress components in a cracked body can be represented in polar Coordinates - with the 
pole in the crack tip (fig.21) - as 

1 aci> 1 a2 ci> 
T =------

rcp r2 ocp r orocp (2.9.3) 

The Airy stress-function results as a solution of the bipotential equation 

.1.1Cl> = 0 (2.9.4) 

Due 1o ttle linearlty of eq.(2.9.4), the stress function Cl> can be divided into a fraction Cl>. which is 
symmetric with respect to cp =0, and an antisymmetric fraction Cl>a. 

(2.9.5) 

The general treatment of the crack problern will be explained here in more detail by the example 
of the symmetric fraction of the stress function. 
The solution of eq.(2.9.4) has been given by Williams [59] as 
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1 

Figure 21. Edge-crack in a plate. Geometrie data. 

00 

~ 1 [ n + 3/2 ] <1>5 = L rn + 3 2 An cos(n + 3/2)q> - n _ 
112 

cos(n - 1/2)q> 

n=O 

00 

+ I rn + 2 A:[ cos(n + 2)q> - cos nq>] (2.9.6) 

n=O 

The displacements u and v (u =radial and v =angular component) can be calculated from the 
radial strains e, and tangential strains e"'. The following relation holds: 

au 
e =-
r ar 

u 1 av 
e =-+--

lfJ r r aq> (2.9.7) 

From the Hook law in plane strain 

(2.9.8) 

(2.9.9) 

and the stress components given by eq.(2.9.3) we obtain the following system of equations de
scribing the displacements 

(2.9.10) 
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E' ( ..!{_ + _!_ 8v ) = 8
2

<1> __ v_ ( _!_ 8<1> + _1_ 8
2

<1> ) 
r r 8q> 8r2 1 - v r 8r r2 8q> 2 

(2.9.11) 

After introducing the stress function, the integration of this system of differential equations Ieads 
to 

00 

1 + v L + 112 n +3/2 u = -E- Anrn I [(n + 4v- 5/2) cos(n -1/2)q>- (n- 1/2) cos(n + 3/2)q>] 
n -1 2 

n=O 

00 (2.9.12) 

+ 
1 ~v LA:rn+ 1[(n+4v-2)cosnq>-(n+2)cos(n+2)q>] 

n=O 

00 

v = 
1 

; v L Anrn + 11
2 ~ ~~j~ [(n- 1/2) sin(n + 3/2)q>- (n- 4v +3/2) sin(n- 1/2)q>] 

n=O 

00 

+ 
1 

; v L A:rn + 1 [(n + 2) sin(n + 2)q> - (n- 4v + 4) sin nq>] 

n=O 

The Cartesian components of the displacements are 

Ux = u cos q> - v sin q> , uy = u sin q> + v cos q> 

and the components of the weight function result as 

E' 8ux 
h=-

x K, 8a 
E' 8uy 

h=-
y K, 8a 

(2.9.13) 

(2.9.14) 

(2.9.15) 

The weight function is, in principle, known provided that a set of coefficients An. Afr is known, 
too. One possibility to obtain these coefficients is the application of the Boundary Collocation 
Method {BCM) [9], [ 48]. 
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3. Mode-l stress intensity factors and weight 
functions for one-dimensional cracks 

ln this chapter the stress intensity factors for simple Ioad cases such as constant stress, linear 
stress distributions or in some cases parabolic distributions are given for different components 
with one-dimensional cracks. From these results the weight functions can be obtained applying 
the relations given in the previous chapter. For some cases the weight functions are presented 
in form of equations, tables or figures. As in the previous chapter the notation cx = afW and 
p = xfa are used. 

3.1 The edge-cracked plate 

3.1.1 Loading conditions 

A plate (or a bar) of width W, thickness B and length 2L, containing a crack of depth a, is consid
ered (see fig.22). ln fig.22a no restrictions on free deformation are made. Due to the homogene
aus stresses at the specimen ends bending of the cracked specimen is possible. ln the arrange
ment of fig.22b bending is completely prevented. Besides the externally applied tensile stresses, 
the reaction of the roll er bearing has to be taken into account. lf the cracked plate with an edge 
crack is an element of a larger structure, the real loading conditions will be between the two 
Iimit cases illustrated in fig.22. 

3.1.2 Crack in a ~i-infinite body 

A crack in a semi-infinite body is equivalent to a crack with small afW in a finite component. ln 
this case the weight function can be easily obtained. A high-accurate asymptotic expansion for 
the crack opening displacement field for an edge-cracked semi-infinite body under tension load
ing by ao was determined by Wigglesworth [34] 

(3.1.1) 

with the coefficients 
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Figure 22. Geometrie data and loading conditions for a plate. a) freely deformable, b) plate prevented 
from bending. 

C0 = 1.00000 c1 = -0.143719 c2 = 0.019965 

c3 = o.019665 C4 = o.011856 c5 = 0.006254 

c6 = o.ö02993 c7 = o.o01256 C8 = 0.000390 (3.1.2) 

C9 = - 0.00001 C10 = -0.000172 C11 =- o.ooo213 

C12 = - o.ooo212 

Based on these displacements we can compute the a high-accurate weight function according to 
eq.(2.1.7) 

13 

h(x,a) = .}'J;I Cv(1- p)v-1/2 (3.1.3) 

v=1 

with the coefficients 

C0 = 1 

Cv = - (2v -3)Cv _1 + (2v +1)Cv , for 0 < v s 12 (3.1.4) 

For power-shaped stresses 

(3.1.5) 

one obtains high-accurate geometric functions 
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Figure 23. Comparison of the BCM-results wlth Iiterature data. Dash-dotted line: eq.(3.1.9); dotted line: 
eq.(3.1.10); circles: Boundary Collocation Method [27]; squares: Tablein [14]; Y' = Y(1 - rt.)312• 

13 

y - f2 '\"' c -:::n:-cf_r_:_( v_+___;1/...,...2;.,-) 
n- V fr i....J v r(n + v +3/2) 

v=O 

for integer exponents n. For real exponents n! has to be replaced by r(n + 1) 

13 
Y = 12'\"'c r(n+1)r(v+1/2) 

n V fr i....J v r(n + v +3/2) 
v=O 

(3.1.6) 

(3.1.7) 

We repeated Wigglesworth's analysis and extended the series expansion up to N = 20 with the 
following coefficients 

C0 = 1.00000 c1 = -0.1437181 c2 = 0.0199656 

c3 = 0.0196651 C4 = o.0118558 C5 = 0.0062537 

C6 = 0.0029935 C7 = 0.0012562 C8 = 0.0003899 

C9 = - 0.0000097 C10 = -o.ooo1718 C11 =- o.ooo2189 (3.1.8) 

C12 = - o.ooo2149 C13 = -o.ooo1909 C14 =- o.ooo1618 

C1s =- o.ooo1338 C16 = -o.ooo1o95 C17 =- o.oooo893 

C1a = - o.oooo728 C19 = -o.oooo595 C2a = - o.oooo487 

This solution gives the possibility to check the condition v" = 0 for x = 0 for the special case of 
an edge crack in a semi-infinite body. ln fig.24 the second derivative is plotted as a function of 
the number of coefficients used in eq.(3.1.1). lt can be seen that the second derivative of the 
displacements tends asymptotically to v"(x = 0) .... o for N..,. oo. 
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Figure 24. Second derivative for an edge crack in a semi-infinite body. lnfluence of the number of terms 
used in eq.(3.1.1) with coefficients given by eq.(3.1.8). 

3.1.3 The plate under tensile loading 

First the special case of a totally freely deformable plate is treated. The geometric function ob
tained with the Boundary Collocation Method (BCM) is given in Table 3 for several L/W-ratios 
[27]. Other values can be obtained by parabolic interpolation. For L/W:?.1 the geometric function 
is independent of L/W and can be represented by the relation 

0.026778 ( 0.427103 + o;)-2
'
73895 + 0.26514 o; +0.72475 

y = 1.988 3/2 
(1 - o;) 

(3.1.9) 

The results are plotted in fig.23 together with results from the Iiterature [12], [14]. The squares 
represent the geometric function tabulated in [14]. A relation given by Tada [12] 

y = 0.470(1 _ a)4 + 1.519 + 0.470a 
(1 - o;)3/2 

(3.1.10) 

is entered as dotted line. Equation (3.1.10) does not exhibit the correct derivative at a/W = 0. 

uw o; =0.20 0.30 0.40 0.50 0.60 0.70 

0.350 3.089 4.013 5.055 6.347 8.215 11.836 
0.500 2.636 3.275 4.119 5.333 7.354 11.331 
0.750 2.448 2.978 3.781 5.036 7.161 11.264 
1.000 2.432 2.946 3.745 5.007 7.148 11.262 
1.250 2.428 2.946 3.745 5.007 7.148 11.262 
1.500 2.428 2.946 3.743 5.007 7.148 11.262 
2.000 2.428 2.948 3.743 5.007 7.148 11.262 

Table 3. Geometrie functlon for the edge-cracked plate under tension. lnfluence of the length L 
of the plate on the geometric function for tensile loading, Y' = Y(1 - o.:)312• 
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The geometric function of an edge-cracked plate loaded with a bolt at the ends is described by 
Brown and Srawley [36] for a <0.6 as 

2 3 4 Y = 1.99- 0.41a + 18.70a -38.48a +53.85a (3.1.11) 

lt has to be expected from Saint Venant's principle, that a comparison between eqs.(3.1.9) and 
(3.1.11) must yield similar values. 
The edge-cracked plate prevented from bending is described by the geometric function 

sj;" 
y = 1/2 

[20 -13a -7i] 
(3.1.12) 

3.1.4 The plate in bending 

The characteristic stress is the stress at the tensile surface which is related to the bending mo
ment by a* = 6M/(BW2). ln case of pure bending Nisitani und Mari [37] (quoted in [14]) obtained 
with the "Body Force Doublet Method" 

2 3 4 5 Y = 1.989 -1.987a + 6.629a +6.865a - 33.765a + 39.97a (3.1.13) 

with an error margin of ±1% for a s0.7. This solution is by about 2% higher than the result in 
[14] based on calculations of Grass und Srawley ([10]), but in excellent agreement with 
BCM-calculations ([27]). 
For 0 < a < 1 Srawley and Grass [38] proposed 

1 [ a(1 - a) ( 2)] Y = 
312 

1.9887- 1.326a-
2 

3.49- 0.68a +1.35a 
(1-a) (1+a) 

(3.1.14) 

Equations (3.1.13) and (3.1.14) are only valid for the case of "pure bending" which results when a 
bending moment is applied at the ends of the bar (fig.25a). lf bending is caused by single forces 
(fig.25b), deviations have to be expected. ln the special case of a 4-point-bending test with an 
inner roller distance d also pure bending is asymptotically reached for d/W-+ oo. For shorter 
roller distances the stress intensity factor can be written as 

(3.1.15) 

where KddtW-+oo is to be computed according to eq.(3.1.13) or (3.1.14). ln [14] and [37] results of 
the function f(afW,dfW,L/W) are published. 

3.1.5 Three-point bEmding 

The case of a three-point bending arrangement is covered by fig.25b with d = 0. lf the reference 
stress for 3-point bending is written 

(3.1.16) 

the geometric function derived in [27] reads for L/W > 2 

51 



w 

Flgure 25. Geometrical data and loading of bending bars. a) upper figure: pure bending, b) lower figure: 
4-point bending 

Y = j;' 
312 

[0.3738a + (1 - a) I AJ.IvaJ.I(W/L)v] 
(1- a) J.l, v = o 

a =afW (3.1.17) 

The coefficients are given as: 

A11o A111 A112 Alls A114 

IL=O 1.1200 -0.2387 0.4317 -1.7351 2.4145 

IL=1 -1.8288 -0.2573 -4.9847 16.9047 -18.2883 

IL=2 2.9741 0.2706 18.6767 -60.4912 59.9239 

IL=3 -2.4280 0.5627 -27.3447 87.7078 -85.2405 

IL=4 0.6712 -0.5184 13.5837 -43.5421 42.3503 

Table 4. Coefficients. A11 v, eq.(3.1.17). 

3.1.6 The weight function for a plate with L/W >1 

Based on boundary collocation computations a weight function was derived [27] that can be ex
pressed for 0 ~ a < 0.85 by a fit relation 

(3.1.18) 
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Figure 26. Weight function for an edge crack in a reetangular plate. Comparison of approximative weight 

function obtained by direct adjusting to the tension and the bending reference loading cases 
with h" = 0 at x = 0 as the geometric condition with results from a Boundary Collocation analy
sis (circles) represented by eq.(3.1.18). 

with the coefficients 

V JL=O 1 2 3 4 

0 0.4980 2.4463 0.0700 1.3187 -3.067 

1 0.5416 -5.0806 24.3447 -32.7208 18.1214 

2 -0.19277 2.55863 -12.6415 19.7630 -10.986 

Table 5. Coefficients for the weight function. Eq.(3.1.18) 

With this weight function the approximative weight function resulting by application of the direct 
adjusting method were compared. Using pure tension, eq.(3.1.9), and bending, eq.(3.1.14), as the 
reference loading case and h" = 0 at x = 0 as the geometric condition one obtains the weight 
function entered in fig.26 as lines. The weight function computed with eq.(3.1.18) is given by the 
circles. A good agreement between approximative weight function and results of the Boundary 
Collocation analysis can be concluded. 

3.1.7 Compact tension specimen 

The weight function for the CT-specimen is plotted in fig.7. These results were fitted according to 
eq.(3.1.18) with the coefficients 
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V J.L=O 1 2 3 4 

0 2.673 -8.604 20.621 -14.635 0.477 

1 -3.557 24.9726 -53.398 50.707 -11.837 

2 1.230 -8.411 16.957 -12.157 -0.940 

3 -0.157 0.954 -1.284 -0.393 1.655 

Table 6. Coefficients for the weight function (CT speclmen). Eq.(3.1.18) 

3.2 Double edge-cracked plate 

3.2.1 Geometrie function 

Geometrie functions for the double edge-cracked plate (or the double edge-cracked bar) - fig.27-
were derived by Bentham and Koiter [ 4] using the so-called asymptotic interpolation procedure. 
ln a representation modified by Tada [12] the relation reads: 

• for tension 

2 3 4 y = 1.989 - 0.994a - 0.363a +0.835a -0.337 a 

~ 
(3.2.1) 

• for bending [4] 

0.7523 + 0.3761ß + 0.2821ß2 + 0.2351ß3
- 0.833ß

4 
+1.175ß

5 

Y= ~ 
ß 

(3.2.2) 

with ß = 1- a 

The stress intensity factor for the crack at the tension side is given by eq.(3.2.2), the stress inten
sity factor for the opposite crack is negative. Since a negative stress intensity factor does not 
exist, eq.(3.2.2) in case of bending is only applicable when tension is superimposed so that the 
total stress intensity factor at the compression side of the bar remains positive. 

3.2.2 Weight function 

lf there is an arbitrary stress distribution in the plate, this distribution has to be divided into a 
symmetric part u<•>(x) and an antisymmetric part u<•>(x) according to: 

The symmetric part is given by 

u(s)(x) = _!_ [u(x' = x) + u(x' = 2W- x)J 
2 

and the antisymmetric part results as 
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Figure 27. Double edge-cracked plate. Geometrical data and loading situation 

u<a\x) = _!_ [u(x' = x)- u(x' = 2W- x)] 
2 

For the lower crack in fig.27 the stress intensity factor results 

a a 

K1 ~ i a<•l(x)hf'l(x,a) dx + i a<•\x)hf'l(x,a) dx 

and for the upper crack one obtains 

2W 2W 

K, ~ l a<'\x)ht'>(x,a) dx + l a<•l(x)ht'\x,a) dx 

2W-a 2W-a 

Because of the symmetry relations 

(3.2.5) 

(3.2.6) 

(3.2.7) 

(3.2.8) 

the knowledge of one weight function, i.e. for the lower crack is sufficient. Therefore, the sub
script will be dropped. 
From the relations given in section 2.1.2 the weight functions for symmetric loading are listed in 
Table 7 for discrete values of afW and xfa in the normalised representation 

h(s) = J"'J; g(xfa, o:) 
na .}1-xfa ~ 

(3.2.9) 
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IX xla =0. 0.20 0.40 0.60 0.80 0.90 1.00 

0.0 1.838 1.626 1.440 1.276 1.131 1.064 1.000 
0.2 1.635 1.459 1.292 1.139 1.005 0.946 0.894 
0.4 1.470 1.314 1.163 1.019 0.889 0.829 0.775 
0.6 1.360 1.219 1.075 0.928 0.780 0.706 0.633 
0.8 1.336 1.196 1.045 0.877 0.684 0.573 0.447 
0.9 1.360 1.217 1.057 0.872 0.643 0.499 0.316 
1.0 1.414 1.265 1.095 0.894 0.632 0.447 0.000 

Table 7. Normalised welght functlon for the double edge-cracked plate. Function g(x,a) for symmetric 
Ioad, eq.(3.2.9). 

The weight function for antisymmetric loadings is described by the normalised representation 

h(a) = ~ g(x/a, IX) 

na J 1 - x/a (1 - 1X)3/
2 

(3.2.10) 

and given in Table 8. 

IX x/a =0. 0.20 0.40 0.60 0.80 0.90 1.00 

0.0 1.838 1.626 1.440 1.276 1.131 1.064 1.000 
0.2 1.629 1.425 1.222 1.030 0.858 0.782 0.715 
0.4 1.838 1.527 1.228 0.948 0.692 0.575 0.465 
0.6 2.208 1.744 1.312 0.917 0.562 0.401 0.253 
0.8 2.532 1.902 1.333 0.834 0.414 0.239 0.0894 

Table 8. Normallsed weight functlon for the double edge-cracked plate. Function g(x,a) for antisymmet· 
ric Ioad, eq.(3.2.10). 

ln [39] approximate analytical relations for h<•> and h<a> are given. 

3.3 lnternal through-the-thickness crack in a plate 

3.3.1 Central internal crack 

Figure 28 illustrates the geometry of a finite plate with a central internal crack. ln case of tensile 
loading the geometric function is given by [4], [12] 

2 3 y _ c 1 - 0.51X +0.371X -0.0441X 
tension- v n ~ (3.3.1) 

For pure bending with an applied bending moment M the stress intensity factor can be written in 
the form 

(3.3.2) 

with the outer fibre bending stress u* 
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u* = (3.3.3) 

and the related geometric function [ 4] 

j1::-; j;" ( 2 3 4) Ybend= (J. 3 -
2

- 1 + 0.5(J. + 3/8(J. -11/16(J. +0.464(J. 
1-(J. 

(3.3.4) 

For internal cracks under bending Ioad it should also be mentioned that the solution eq.(3.3.4) is 
only applicable if it is ensured by a superimposed tensile loading that no crack closure occurs at 
the compression side. 

3.3.2 The eccentric internal crack 

For fracture mechanical test specimens the central crack is often used. He represents an ideal 
case. ln real tests - i.e. fatigue tests - it is possible that the crack will propagate at its two ends 
differently and, therefore, eccentricities may result. Figure 29 shows the geometric data. The 
solution proposed by lsida [ 40] reads 

(3.3.5) 

with 

(3.3.6) 

and 

with the coefficients Cn listed in Table 9. 

B c2 c3 c4 c5 Cs c1 Cs Cs C1o 

0 0.5948 0 0.4812 0 0.3963 0 0.3367 0 0.2972 

0.02 0.5726 0.0339 0.4462 0.0315 0.3548 0.0433 0.2917 0.0464 0.2498 

0.04 0.5535 0.0639 0.4173 0.0574 0.3234 0.0759 0.2608 0.0788 0.2208 

0.06 0.5371 0.0903 0.3936 0.0785 0.2998 0.1003 0.2400 0.1014 0.2035 

0.08 0.5231 0.1134 0.3743 0.0958 0.2823 0.1185 0.2263 0.1172 0.1939 

0.10 0.5112 0.1335 0.3585 0.1099 0.2694 0.1319 0.2175 0.1281 0.1890 

0.20 0.4761 0.1975 0.3155 0.1485 0.2428 0.1576 0.2073 0.1467 0.1904 

0.30 0.4635 0.2179 0.3016 0.1571 0.2374 0.1538 0.2083 0.1428 0.1936 

0.40 0.4555 0.2126 0.2922 0.1507 0.2292 0.1405 0.2012 0.1310 0.1860 

0.50 0.4404 0.1939 0.2754 0.1364 0.2113 0.1236 0.1832 0.1154 0.1677 

0.60 0.4123 0.1707 0.2473 0.1192 0.1841 0.1061 0.1574 0.0989 0.1429 
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0.70 0.3704 0.1495 0.2108 0.1029 0.1529 0.0905 0.1298 0.0841 0.1175 

0.80 0.3197 0.1341 0.1735 0.0899 0.1246 0.0783 0.1063 0.0727 0.0969 

0.90 0.2729 0.1264 0.1449 0.0814 0.1051 0.0706 0.0910 0.0656 0.0837 

1 0.25 0.125 0.1328 0.0781 0.0967 0.0671 0.0836 0.0618 0.0766 

e c11 c12 C13 C14 C1s C16 c11 C1s C1s 

0 0 0.2713 0 0.2535 0 0.2404 0 0.2300 0 

0.02 0.0533 0.2219 0.0576 0.2021 0.0627 0.1873 0.0669 0.1756 0.0711 

0.04 0.0878 0.1948 0.0920 0.1774 0.0974 0.1650 0.1011 0.1558 0.1048 

0.06 0.1099 0.1810 0.1127 0.1668 0.1167 0.1575 0.1189 0.1512 0.1212 

0.08 0.1241 0.1749 0.1251 0.1638 0.1275 0.1570 0.1284 0.1528 0.1294 

0.10 0.1331 0.1731 0.1325 0.1644 0.1336 0.1594 0.1334 0.1567 0.1337 

0.20 0.1447 0.1817 0.1413 0.1772 0.1396 0.1748 0.1383 0.1735 0.1376 

0.30 0.1387 0.1854 0.1355 0.1806 0.1336 0.1776 0.1324 0.1757 0.1318 

0.40 0.1266 0.1771 0.1236 0.1715 0.1218 0.1679 0.1205 0.1654 0.1197 

0.50 0.1111 0.1585 0.1082 0.1526 0.1063 0.1487 0.1049 0.1459 0.1040 

0.60 0.0949 0.1343 0.0921 0.1289 0.0902 0.1252 0.0888 0.1225 0.0877 

0.70 0.0804 0.1104 0.0779 0.1060 0.0761 0.1030 0.0747 0.1007 0.0736 

0.80 0.0694 0.0915 0.0672 0.0881 0.0655 0.0858 0.0643 0.0840 0.0632 

0.90 0.0626 0.0796 0.0606 0.0770 0.0591 0.0752 0.0579 0.0737 0.0570 

1 0.0585 0.0724 0.0562 0.0697 0.0544 0.0678 0.0529 0.0662 0.0517 

Table 9. . Coefficients for eq.(3.3.7). 

ln case of the slight eccentric crack under tension the geometric function can be calculated for 
afW s 0.8 as proposed in [15]. With the relative eccentricity XM/W (see fig.29) it holds (Jt = x- XM) 

(3.3.8) 

and 

(3.3.9) 

with 

(3.3.10) 
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Figure 28. Geometrie data of a plate with a central internal through·the-thickness crack 

3.3.3 Weight function for the centrat internal crack 

ln section 2.2 the general case of an eccentric internal through-the-thickness crack has been 
considered. Approximate weight functions were determined by use of continuity conditions for 
the crack opening displacement field. ln the special case of a central crack with Xm = 0 exposed 
to a symmetric Ioad, the crack opening displacement field must be symmetric with respect to the 
center-line, too. Therefore, all conditions of continuity can be satisfied already by a properly 
chosen set-up for the displacements. This fact suggests a series expansion of type: 

00 

Vr= I Av(a2 -i)v+1/2 (3.3.11) 
v=O 

lntroducing eq.(3.3.11) into (2.2.2) one finds that the weight function corresponding to the crack 
tip A of fig.28 has the form 

At point B it holds 

00 

hA =I ( a ~X + ov)<a2 -x2)v+ 1/2 

v=O 

00 

1 
, Bo = c::: 

-yna 

ha= 2:( a~x +Dv)<a2-x2)v+1/2 

v=O 

(3.3.12) 

(3.3.13) 

The first unknown coefficients can be determined by an adjustment of eqs.(3.3.12) and (3.3.13) to 
known reference stress intensity factor solutions. Appropriate reference solutions are given by 
eq.(3.3.1) for tension and by eq.(3.3.2) for bending. 
The conditions yielding the coefficients then read: 
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and 

Ja hA(x,a)dx = jBYtension 
-a 

a 

J hA(x,a) ~ dx = jBYbend 
-a 

(3.3.14) 

(3.3.15) 

The two conditions allow the coefficients 8 1, Do of the expansion (3.3.12), (3.3.13) to be deter
mined. 
ln this context, it should be mentioned once more that in the representation of the crack opening 
displacement field according to (3.3.11) - only appropriate for central cracks - the geometric con
ditions have already been introduced and will therefore not provide additional coefficients. A sol
ution of high accuracy has to be expected with only a few coefficients known. 
lntroducing eq.(3.3.12) and (3.3.13) into eq.(3.3.14) and eq.(3.3.15) yields, after analytical inte
gration, the two coefficients 

4 ( 2 1 ) 8 1 = 
8

s12 1f Ybend- .J; (3.3.16) 

2 (1 4 1) Do = 
8

3/2 1f Ytension -n Ybend + .J; (3.3.17) 

The weight function for an internal crack in an infinite body is 

1 ( a + x )1/2 
h(x,a) = c-:: a _ x 

-vna 
(3.3.18) 

The weight function for an internal crack in an infinite body under symmetric Ioad is ([12]) 

h x a = _1_ [( a + x )1/2 + ( a- x )1/2] = _2_ a 
(') c-:: a-x a+x c-:: .J 2 2 -vna -vn:a a _ x 

(3.3.19) 

3.3.4 Weight function for the plate with eccentric internal crack 

For eccentric cracks under tension lsida [ 40] provided the stress intensity factors at the points A 
and B. Taking these solutions as the reference case the weight function can be determined by 
direct adjustment [25]. ln order to fulfill a priori the well-known Iimit case of an internal crack in 
an infinite body, a set-up is suggested that reads for the right-hand crack tip 

(3.3.20) 

and for the left-hand crack tip 

1 1 - t~fa 

[ 
1/2 l 

he = J;a ( 1 + t~fa ) + Ae J(1 - t~/a)(1 + t~fa) (3.3.21) 
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Figure 29. Eccentric crack in a plate. Geometrie data 

The relations for the determination of the coefficients then read 

~=a 

Kir= a0.;;;B Fr= a0 J hr dri = .;;;B (1 + Ar/2) 
~=-a 

(3.3.22) 

~=a 

K1e = a0.;;;B Fe= a0 J he dri = .;;;B (1 + Ae/2) 
~=-a 

(3.3.23) 

and the coefficients result as 

Ar= 2(Fr -1) , Ae = 2(Fe -1) (3.3.24) 

Finally, the weight function is represented by 

h = J 1 + rifa [ 1 +(Fr -1).j1 - rifa ] 
r na .j1 - rifa 

(3.3.25) 

(3.3.26) 
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Figure 30. Geometrie data of a tube with internal circumferential crack. 

3.4 Tube with an internal circumferential crack 

Stress intensity factors for a tube wlth a circumferential crack (fig.30) are given graphically in 
[12] for axial tension. These data are based on calculations performed by Erdogan [41]. For 
application of the weight-function method to arbitrary axis-symmetric stress distributions know
ledge of an analytical expression for the weight function is advantageous. lf we fit the curves 
given in [12] with respect to the relative crack depth a as weil as to the ratio of the inner and 
outer radii r/R, we find for the ranges O~a::;;1 and 0.1::;;rfR::;;0.9 the representation 

with 

K1= : 2 jaY(ß,a) , 
n(R - r ) 

a a=--
R-r 

[ 
r 3 4 l 1 a.yn v 

Y = ~ ~ (1 + ß) + 1.989(1- a) + a(1- a) I I Ap.vaJI.ß 
1 (J. 11: -4 V = Op. = 0 

ß = r/R 

The coefficients A,... are 

Apo All, A~'2 Ap3 

fl=O -13.779 56.546 -83.814 41.688 

fl= 1 79.931 -397.34 656.81 -339.45 

fl-=2 -211.20 1112.23 -1927.36 1047.50 
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ll=3 247.79 -1325.67 2322.80 -1267.64 

ll=4 -105.96 565.64 -990.34 537.86 

Table 10. . Coefficients for eq.(3.4.2). 

The weight function has been computed with this reference solution according to eq.(2.4.1). 

E' r+ X av, 
h=-----

Kir r+ a aa 

The results for the range 0.5<ßs0.9 are represented in the form 

h(x,a) = #. 1 (1 + I f Ctmn rx'ßm( ~ f) 
J1-xja l,n=O m=O 

(3.4.4) 

where the coefficients C1mn were determined with a fitting procedure. The coefficients have been 
entered in Table 11. 

I m n=O 1 2 

0 0 0.80137 -1.1649 0.33825 

0 1 -0.11389 1.44533 -1.29982 

0 2 0.84485 -3.3088 2.38357 

0 3 -0.77471 2.11490 -1.29124 

1 0 -8.85424 11.9009 -3.11618 

1 1 23.9875 -42.8237 18.2163 

1 2 -30.5091 58.3554 -26.2457 

1 3 18.3067 -30.3985 11.1994 

2 0 8.67902 -8.27454 -0.39735 

2 1 -22.1279 39.9879 -16.0307 

2 2 25.6029 -46.4916 16.8626 

2 3 -3.67007 2.11845 3.67886 

Table 11. . Coefficients for eq.(3.4.4). 

ln fig.31 the weight function eq.(3.4.4) is compared with data scarcely available in the literature. 
Labbens et al. [ 43] reported a weig ht function especially for r/R = 5/6 and 10/11. FE-calcula
tions were performed by Mattheck et al. [ 42]. These data have been entered as circles in fig.31. 
Good agreement between all data has been found. 
for rough estimations a much simpler weight function can be provided using the direct adjusting 
method (section 2.5) taking into consideration the reference loading case for tension (eq.(3.6.2)) 
and the surface condition for the second derivative. lt results from eqs.(2.5.5) and (2.5.21) 

with Y taken from eq.(3.4.2). 
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Figure 32. Weight function for the circumferential internal crack. Solid lines: weight functions according to 

eq.(3.4.4), dashed lines: weight functions computed with eq.(3.4.5). 
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Figure 31. Weight function for the circumferential internal crack. h' = h~, rfR = 5/6; solid line: 
eq.(3.4.4), dashed line: Labbanset al. [43], circles: Matthecket al. [42]. 
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Figure 33. Geometrie data of the tube with an external circumferential crack 

3.5 Tube with an external circumferential crack 

By fitting the stress intensity factors computed by Erdogan [ 41] for tension - represented graph
ically in [12] - one obtains, as in case of the internal circumferential crack, the geometric func
tion for the ranges Osas1 and 0.1sßs0.9 (ß =r/R) 

[ 
c 3 4 l 1 + 1/ ß 1.989 a.y 7r 11 v 

Y = J1=7; 1 + 1/ß (1- a) + ~ + a(1- a) I I A11va ß 
1 (X 1r -4 V = Ofl = 0 

The coefficients A~. are 

A11o A~'1 A112 

f.L=O -1.1186 3.2374 -4.6826 

f.L=1 5.1738 -23.471 46.896 

f.L=2 -27.767 130.08 -255.84 

f.L=3 47.959 -233.06 455.44 

f.L=4 -31.866 162.15 -317.09 

Tebte 12. . Coefficients ior eq.(3.5.1 ). 

The weight function has been computed with eq.(2.4.6) 

E' R- X ov, 
h=---

K,, R-a oa 

The results are given for 0.5<ßs0.9 in the form 
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2.8760 

-30.835 

179.32 

-316.32 

216.91 

(3.5.1) 
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Figure 34. Weight function for the circumferential external crack. Solid lines: weight tunctions according to 

eq.(3.5.2), dashed lines: weight functions computed with eq.(3.5.3). 

(3.5.2) 

where the coefficients B1mn were determined with a fitting procedure. The coefficients are en
tered in Table 13. 

I m n=O 1 2 

0 0 1.2865 -1.7366 0.4050 

0 1 -1.0099 2.1553 -1.0953 

0 2 0.7656 -2.2599 1.4614 

0 3 -0.1689 0.7548 -0.5844 

1 0 -8.8095 12.2236 -2.9570 

1 1 22.3252 -44.2390 20.6794 

1 2 -15.1687 45.4140 -29.4765 

1 3 1.6107 -12.1872 10.6199 

2 0 26.6098 -33.6693 6.2652 

2 1 -50.1784 88.0529 -35.8013 

2 2 21.2610 -72.4823 50.4406 

2 3 16.7369 -2.7446 -14.5721 

Table 13. . Coefficients for eq.(3.5.2). 

A simpler weight function results from direct adjusting method (section 2.5) 
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h = ~[ ~ + ( ~ .;:;ri y -1 ).!1-P + ( 1
5
2 .;:;ri y- ; )(1 - p )

3
'
2

] (3.5.3) 

with Y taken from eq.(3.5.1). 

3.6 Tube with an axial crack 

3.6.1 Tube with an internal axial crack 

Geometrie functions for the axial internal crack in tubes exposed to power-shaped stress distrib
utions were reported by Andrasic und Parker [ 44] for R/r~1.25. ln order to include also thin
walled tubes, the stress intensity factor solutions for the flat plate - constituting the Iimit case r/R 
--+1 - were additionally taken into consideration and, together with the data from [ 44] plotted in 
fig.36. lt holds 

a 
a=--

R -r 

The geometric function in the ranges 0::;; a::;; 0.6 and 1 ::;; R/r::;; 1.75 can be described by 

with the coefficients given in Table 14 to Table 17. 

A,.o A,.1 A,.2 A,.3 A,.4 

f..L=O 2.2069 16.933 -126.67 293.43 -123.665 

f..L=1 -0.4700 -38.366 276.042 -604.97 239.28 

f..L=2 0.3293 24.729 -184.51 389.60 -142.3 

f..L=3 -0.0765 -5.431 40.716 -83.399 28.584 

Table 14. Tube with internal axial crack. Coefficients for eq.(3.6.2), (n=O). 

A,.o A,.1 A,.2 A,.3 A,.4 

f..L=O 1.1902 8.7853 -65.067 145.041 -70.304 

f..L=1 0.0426 -20.829 140.291 -299.00 138.24 

f..L=2 -0.0296 13.643 -93.90 193.80 -84.69 

f..L=3 0.0065 -3.0148 20.716 -41.575 17.312 

Table 15. Tube with internal axial crack. Coefficients for eq.(3.6.2), (n = 1 ). 

A,.o A,.1 A,.2 A~'3 A,.4 

f..L=O 0.8513 6.0221 -45.145 99.645 -52.883 

f..L=1 0.1672 -14.70 96.872 -206.284 106.042 
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Figure 35. Geometrie data of tubes with internal and external axial cracks. 

p.=2 -0.1142 9.6891 -65.079 135.261 -67.146 

p.=3 0.0256 -2.1446 14.410 -29.335 14.164 

Table 16. Tube with Interna I axial crack. Coefficients for eq.(3.6.2), (n = 2). 

A~o A~1 A~2 A~3 A~4 

p.=O 0.7118 4.0775 -32.106 71.523 -39.756 

p.=1 0.1442 -10.419 68.863 -148.31 80.262 

p.=2 -0.0974 6.879 -46.324 97.670 -51.381 

p.=3 0.0216 -1.5248 10.280 -21.289 10.964 

Table 17. Tube with Interna! axial crack. Coefficients for eq.(3.6.2), (n=3). 

Since a number of 4 reference loading cases is given before, it is very easy to provide a weight 
function for this crack problem. Consideration of the loading cases with n = 0 and n = 1 gives for 
instance by application of the adjusting method (section 2.5) 

(3.6.3) 

with the coefficients 

15 Jf( 7 ) 0 0=-- - Y0 --Y1 -9 
4 2 2cx 

(3.6.4) 
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Figure 36. Geometrie function for the axial Internat crack exposed to power-shaped stress distributions. 
Y' = Y(1 - rx)312frx" 

(3.6.5) 

The geometric functions are given by eq.(3.6.2). The accuracy may be increased strongly by use 
of an additional loading case. 

3.6.2 Tube with an external axial crack 

Also for the tube with an external axial crack the relations (3.6.1) and (3.6.2) are applicable. ln 
this case the origin of the x-axis is at the outer surface. A fitting procedure similar to that ap
plied to the internal crack yields the coefficients entered in Table 18 to Table 21. 

A~o A~, A~2 A~3 A~4 

!l=O 2.156 14.028 -89.22 210.0 -71.963 

!1=1 -0.3670 -34.229 206.438 -451.72 147.00 

!1=2 0.2622 23.183 -143.86 302.26 -91.835 

!1=3 -0.0610 -5.119 32.229 -65.877 18.694 

Table 18. Tube with external axial crack. Coefficients for eq.(3.6.2), (n=O). 

A~o A~, A~2 A"3 A~4 

!l=O 1.1936 7.3065 -47.627 105.31 -44.803 

!1=1 0.0249 -18.337 106.37 -222.57 90.209 

!1=2 -0.0095 12.331 -72.862 147.35 -56.315 

!1=3 0.0008 -2.715 16.15 -31.827 11.465 

69 



Table 19. Tube with external axial crack. Coefficients for eq.(3.6.2), (n -1 ). 

Allo All1 All2 Alls All4 

JL=O 0.8571 5.247 -35.34 77.25 -38.68 

JL= 1 0.1487 -13.418 77.769 -163.22 79.501 

JL=2 -0.0969 9.035 -53.20 109.13 -51.68 

JL=3 0.0210 -1.996 11.832 -23.871 11.031 

Table 20. Tube with external axial crack. Coefficients for eq.(3.6.2), (n = 2). 

Allo All1 All2 Alls All4 

JL=O 0.7208 3.365 -24.151 52.707 -27.074 

JL= 1 0.1194 -9.114 52.999 -111.17 55.65 

JL=2 -0.0760 6.108 -36.18 74.36 -36.29 

JL=3 0.0161 -1.345 8.049 -16.31 7.802 

Table 21. Tube with external axial crack. Coefficients for eq.(3.6.2), (n == 3). 

Also for the external axial crack the weight function is given by eqs.(3.6.3) to (3.6.5). 
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3. 7 Circular disc with a crack 

3.7 .1 Disc with an edge crack 

Circular discs and cylinders are of special interest in case of rotating components. A disc of 
diameterD with an edge crack of length a is shown in fig.37. 

Figure 37. Edge-cracked disc. Geometrie data. 

The circular disc is one of the rare fracture-mechanical problems for which exact solutions for 
the reference stress intensity factors are available. Furthermore, the disc is the only finite com
ponent, for which an exact solution exists [33]. ln case of a homogeneaus stress over the crack 
the geometric function is given by Gregory [33] as 

Y - 1.988 
o-

(1 - a)3/2 
, a=a/D (3.7.1) 

For a quadratic stress distribution, 

a(x) = a 0( 1 - ~ ) 
2 

(3.7.2) 

one obtains from [33] the geometric function plotted in fig.38. These data are compared with 
results of Rooke and Tweed [45] for afD < 0.5 (extrapolated by Tada [12] up to afD = 1). For 
more convenient use the results provided by Gregory [33] are fitted as 

1.988 ( 2 3 4) Y2 = 
312 

1- 2.4431a + 3.2427a - 1.8106a + 0.34404a 
(1- a) 

(3.7.3) 
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Figure 38. Geometrie function for an edge-cracked disc under quadratic stress distributlon. Normalised re· 
presentation Y' = Y(1 - r~-)3/2, 

with maximum deviations of ±1%. The weight function has been determined using the two ref
erence loading cases and the two geometric conditions given by eqs.(2.5.21) and (2.5.22) in [25], 
resulting with p = xfa in · 

with the coefficients 0 0 ... 0 3 obtained from the system of linear equations 

with 

00 -301 - 1502 -3503 = 4 

0 0 - 0 1 + 502 + 3503 = 6 

C (O) _1._ _ _!§__ + _!!_ 2 
- 3 15 Cl. 105 Cl. 

C(1) _1._- _!§__ + _!!_ 2 
- 5 35 Cl. 315 Cl. 

C(2) _1._ - _!§__ + _!!_ 2 
- 7 63 Cl. 693 Cl. 

C(3)_1__~ +_!L 2 
- 9 99 Cl. 1287 Cl. 
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and 

R1 = Yoj;/2- ~ 
(3.7.7) 

r-;;;- 4 64 384 2 
R2 = Y2vnt.t. -3 + 15 <X- 105 <X 

The weight function resulting from eqs.(3.7.5), (3.7.6) and (3.7.7) is represented in Table 22 [25] 

h- r2 g(p, <X) 

- ..Y na ~ (1 _ <X)3/2 
(3.7.8) 

(X p=O 0.2 0.4 0.6 0.8 0.9 1.0 

0.2 2.440 2.058 1.683 1.325 0.996 0.848 0.7155 

0.3 2.769 2.265 1.785 1.337 0.932 0.750 0.5857 

0.4 3.092 2.466 1.881 1.345 0.868 0.656 0.4648 

0.5 3.410 2.661 1.970 1.347 0.804 0.567 0.3536 

0.6 3.726 2.850 2.052 1.344 0.740 0.481 0.2530 

0.7 4.041 3.033 2.126 1.334 0.674 0.399 0.1643 

0.8 4.356 3.211 2.192 1.315 0.606 0.322 0.0894 

0.9 4.650 3.373 2.245 1.291 0.541 0.254 0.0316 

1.0 4.978 3.562 2.314 1.259 0.445 0.157 0.0000 

Table 22. Weight function. Normalised representation g(p,<X) according to eq.(3.7.8). 

lf only the two reference solutions are applied, one obtains 

(3.7.9) 

with the two coefficients Do and D1 

(3. 7.10) 

and 

5 CM 10 5 D1 =-...;n/2 Y0 ----D0 2 3 3 
(3.7.11) 

Taking into consideration also the next term of the expansion, namely 
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Figure 39. Weight function for the edge-cracked circular disc. Normalised representation h' = h-jD 

(3.7.12) 

we obtain with the condition - h" = 0 for p =0-

1._ Oo + 1._ 01 + 1._ 02 = Yoj;j2 - _! 
3 5 7 3 (3.7.13) 

c<0>o0 + c<1>o1 + c<2>o2 = Y2J;[2- ( ~ - ~~ a + ~~~ a
2

) 

with 

C(O) _1._ _ _!! + ~ 2 
- 3 15 (1. 105 (1. 

C(1)_1.__~ +~ 2 
- 5 35 (1. 315 (1. 

(3.7.14) 

C(2)_1._ _ _!! +~ 2 
- 7 63 (1. 693 (1. 

The coefficients Oo , 01 , 02 yield 

-360R2 + c<0)(525R1 + 40) + c<2)(35R1 - 280/3) 
01=------------------------~------

180C(O)- 360C(1) + 84C(2) 
(3.7.15) 
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or fitted to simpler expressions: 

00~(1.5721 + 2.4109o:- 0.8968i- 1.4311i)/(1- o:)312 

01~(0.4612 + 0.5972o: + 0.7466o:2 + 2.2131o:3)/(1 - o:)312 

02~(- 0.2537 + 0.4353o:- 0.2851o:2 - 0.5853o:3)/(1 - o:)312 

The weight function resulting from eqs.(3.7.12)-{3.7.15) is illustrated in fig.39. 

3.7 .2 A circular disc with a centrat crack 

(3.7.16} 

For the circular disc with central crack two reference solutions are known. Rocke and Tweed 
[ 46], [ 47] derived stress intensity factors for constant crack-surface Ioads and quadratically dis
tributed stresses. For u = const. one can fit the geometric function Yo as 

2 3 4 5 

Y 
- C" 1 - 0.5o: + 1.6873o: -2.6710: + 3.2027 0: - 1.8935o: 

o--vrr 
~ 

ln case of a stress distribution described by 

the geometric function can be approximated as 

, o: = afR 

2 3 4 5 
Y 

- C" 0.5 -0.25o: + 0.4421o: -1.1091o: +1.5591o: -0.867o: 
2--..;rr 

~ 

(3.7.17) 

(3.7.18) 

(3.7.19) 

lt is evident that with these two solutions for symmetric stresses only a symmetric weight func
tion can be derived. An appropriate set-up for the symmetric weight function is given by 

2 [ 1 ) 2 2 3/2 l hsymm = C":: + 0 0 1- p + 01(1- p ) + ... 
-.,;rra )1-/ 

(3.7.20) 

Because of the symmetry, the weight functions correspond to the crack tips A and B of fig.40. 
Adjusting the weight function to the two reference Ioad cases, eq.(3.7.17) and (3.7.19), yields the 
coefficients 

(3.7.21) 
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Figure 40. Centrally cracked circular dlsc. Geometrie data. 

2 3 4 5 
00 
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8 
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2 3 4 5 
01 =- 8- 4o: +0.6488o: -14.1232o: +24.2696o: -12.596o: + 8 

.j1=-; 

6 -a/R=O 

h* 5 -·0.2 

-· 0.4 

4 ...... 0.5 

3 

.50 .75 1.00 

(3.7.22) 

(3.7.23) 

Figure 41. Symmetrie weight function for a central crack in the circular disc. Normalized representation 
(h* = h.jna/2 ). 
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3.8 Round-CT -specimen 

Weight functions are known for the special case of a discl which is identical with the RCT-speci
men if the Ioad application holes are neglected. As a consequence of Saint Venant's theoreml 
the differences between the disc and the RCT-specimen have to be expected to occur only near 
the Ioad application holesl i.e. for x~o (fig.42). 
ln order to take into account the influence of the real geometryl the weight function of the 
RCT-specimen will be derived additionally. 

Figure 42. Round-CT-specimen (RCT). Geometrie data. 

For the specially chosen test specimen (RCT-specimenl see fig.42) Newman [48] determined 
stress intensity factors and CODs at different locations of the crack surface. The stress intensity 
factor solution of Newman [48] can be written as 

p (2 + a)(0.76 + 4.8a -11.58a2 + 11.43a3 -4.08a4
) 

K1 = a0JW F1 I a0 = Wt I F1 = 12 (3.8.1) 
(1 - a)3 

(t =thicknessl P = applied Ioad). The results for the RCT-specimen obtained with the procedure 
described in Section 2 are illustrated in fig.43. 
Table 23 shows the weight-function values in a representation which lends itself easily to in
terpolation by bicubic splines 

/2 g(xfa~ a) 

h = -v na ,J1- xfa (1 - a)3' 2 
(3.8.2) 

Using the data from Table 231 the weight function can be expressed within ±1% accuracy by the 
approximation formula 

h = /2 1 [(1 - a)3
/
2 + "\;' D (1 - xfa)ll +\a)v] 

\I na J1- X/8 (1- a)3/2 i....J Vjl 

(3.8.3) 
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Figure 43. Weight function for the RCT-specimen. lnfluence of the crack depth. 

(1. xla =0.0 0.2 0.4 0.6 0.8 0.9 0.95 1.0 

0.2 2.081 1.848 1.603 1.337 1.044 0.885 0.801 0.716 

0.25 2.305 1.972 1.642 1.314 0.984 0.818 0.734 0.650 

0.3 2.501 2.085 1.686 1.303 0.936 0.759 0.672 0.586 

0.35 2.673 2.185 1.725 1.294 0.894 0.705 0.614 0.524 

0.4 2.830 2.277 1.761 1.286 0.854 0.654 0.558 0.465 

0.45 2.985 2.367 1.797 1.279 0.815 0.604 0.504 0.408 

0.5 3.151 2.464 1.837 1.273 0.778 0.557 0.453 0.354 

0.55 3.338 2.577 1.886 1.272 0.742 0.510 0.403 0.302 

0.60 3.551 2.708 1.943 1.273 0.707 0.465 0.355 0.253 

0.7 3.997 2.975 2.055 1.267 0.632 0.376 0.265 0.164 

0.8 4.062 2.966 1.995 1.175 0.531 0.283 0.179 0.089 

Table 23. Weight function for the Round-CT specimen. Normalised representation g(x/a, oc) ac
cording to eq.(3.8.3). 

V ,."=o 1 2 3 4 

0 2.826 -5.865 0.8007 -0.2584 0.6856 

1 -10.948 48.095 -3.839 1.280 -6.734 

78 



2 35.278 -143.789 6.684 -5.248 25.188 

3 -41.438 196,012 -4.836 11.435 -40.140 

4 15.191 -92.787 -0.7274 -7.328 22.047 

Table 24. . Coefficients for eq.(3.8.3). 

3.9 Stress intensity factors and weight functions for cracks in 
front of notches 

Under externally applied Ioads, notches are acting as stress concentrators. Therefore, cracks 
emanating from the notch root are of special interest in general fracture mechanics. Stress in
tensity factor solutions are available in the Iiterature for externally applied tensile and bending 
Ioads [ 48]-[53]. ln many cases the stress in front of a notch is not caused by external forces. 
Such cases are for example: 

• 

• 

Crack surfaces directly loaded by internal pressure (pipes, vessels), 
cracks influenced by thermal stresses near the notch root, 
cracks in coarse-grained ceramies with crack-surface interaction . 

The weight-function method is an appropriate procedure for the computation of related stress 
intensity factors under such special loadings. 

3.9.1 lnternal elliptical notches 

The stresses in front of internal notches are available only in cases involving simple geometry 
and mechanics. This is true for elliptical notches in infinite bodies, for which the problem has 
been solved by Muskelishvili ([1]) and other authors. The stress distribution at an elliptical 
notch in an infinite body under uniaxial remote tensile stress Go results as ([54],[55]) 

(3.9.1) 

(3.9.2) 

with K = x + a. Gy is the stress component perpendicular to the half-axis a and Gx is the compo
nent in direction of the half-axis a, (fig.44). The radius of the notch root is given by 

2 
p = b fa (3.9.3) 

The maximum stress at x = a is 

(3.9.4) 

A notch in an infinite body is shown in fig.45a. lts length is 2a and the notch radius is p. A small 
one-dimensional crack of length t is placed at the notch root. The infinite body is loaded by a 
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Flgure 44. Elliptical notch in an infinite body. Notch under remote tensile stresses <To. 

tensile stress a0• ln order to allow analytical calculations to be made, the notch is replaced by a 
slender ellipse of the same length and the same radius p (fig.45b). 
The stress intensity factor of the crack/notch-configuration may be written as 

(3.9.5) 

The geometric function F can be concluded from results of Newman [48] obtained with the Boun
dary Collocation Method. ln [48] stress intensity factors for cracks at the root of elliptical notches 
in an infinite body are given for values ajp=1/16,1/4,1,4, and 16. These data were also used in 
Schijve's [51] analysis. 

a) -c ____________________ )-

~~--~ ---20-------ll~t~ 

b) 

Flgure 45. A small crack in front of an Interna! notch. a) slot-shaped-notch, b) elliptical notch. 
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Figure 46. Elliptical notch. Stress intensity factors for small cracks at a notch root (Newman [48]). 

The resulting geometric function is plotted in fig.46. lt should be noted that for small values of 
l/p the geometric function F is only dependent on l/p and nearly independent of the ratio afp. 
ln fig.47 the results of Newman for the narrowest ellipse (a/p =16) are compared with results 
calculated by Nisitani and lsida [58] which were obtained for the same value afp by parabolic 
interpolation of tabulated data (represented in [14]). The agreement is excellent. The solid line 
describes the solution for afp-+ oo given in (Nisitani and lsida [58]). There is obviously no signif
icant deviation from the data resulting for a/p = 16. The additionally drawn dashed curve repres
ents the approximation of Lukas and Kiesnil [57] which does not contain afp: 

F 

o • a/p =16 

- ajp =CD 

O.Oq):-----'----±--...__---:!:2:---_.._---:!3:--~---!.4 

1/P 

Figure 47. Elliptical notch. Camparisan of stress intensity factors for afp'$>1; symbols: afp = 16 (squares: 
Newman [48]; circles: Nisitani and lsida, [58]); curves: solid line afp ~ oo, dashed line eq.(3.9.6) 
(Lukas and Klesnil, [57]). 
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Figure 48. Elliptical notch. Stress intensity factors for small cracks in front of elliptical notches normalised 
to the •Iang-crack' solution K*. 

F= 1.1215 
.}1 + 4.5tjp 

(3.9.6) 

Their formula is in good agreement with the solution for ajp--+- oo of Nisitani and lsida. 
lf we normalise the stress intensity factors described by eq.(3.9.5) on the stress intensity factors 
for long cracs K* = uoJn(ao + t) , we observe the well-known behaviour of an "overshooting" of 
short-crack stress intensity factors over the long-crack values (fig.48). 

5.0 

h' 
4.0 

3.0 

edge-crack 

internal crack 

x/l 

L/p 

----1/10 

1/3 

Figure 49. Weight function for an elliptical notch. Normalised weight function for cracks in front of an 
internal elliptical notch: h' = h..}nt/2 for afp = 16; solid lines: Iimit cases for edge-crack in a 
plate and internal crack in an infinite body. 
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ln order to determine the weight function for the crack/notch-problem the numerical results of 
Newman [ 48] and Nisitani and lsida [58] for af p ~ 1 were chosen as the reference stress intensi
ty factor and the stress distribution, eq.(3.9.1), as the reference stress a,. The weight function 
data resulting with the procedure described before are shown in fig.49 for the case af p = 16 and 
for several ratios lfp. ln addition, the two Iimit cases of an edge-crack in a plate (lfp ~ 0) -
using the solution derived in [27] - and an internal crack through the thickness of an infinite body 
(lfp 4 oo) are entered in fig.49. ln case of a symmetric crack/notch-configuration (cracks at both 
sides of the notch) which has been considered in [ 48] and [58], the well-known formula for the 
weight function of a symmetrically loaded crack can be rewritten as 

h _ 1 (J 2a + l +x + J t-x ) 
int crack- .J n:(l +a) t-x 2a + t +x 

(3.9.7) 

lfp xft=O 0.2 0.4 0.6 0.8 0.9 1.0 

0.0 1.835 1.630 1.442 1.271 1.122 1.060 1.000 

0.1 1.630 1.478 1.324 1.188 1.082 1.038 1.000 

0.2 1.506 1.383 1.255 1.144 1.060 1.028 1.000 

0.3 1.418 1.319 1.212 1.119 1.048 1.022 1.000 

0.4 1.359 1.276 1.187 1.106 1.041 1.020 1.000 

0.6 1.294 1.227 1.159 1.090 1.034 1.015 1.000 

0.8 1.252 1.200 1.141 1.080 1.029 1.015 1.000 

1.0 1.228 1.180 1.128 1.072 1.026 1.013 1.000 

Table 25. Normalised weight function. g(x/f, f/p) for afp = 1. 

lfp xft=O 0.2 0.4 0.6 0.8 0.9 1.0 

0.0 1.835 1.630 1.442 1.271 1.122 1.060 1.000 

0.1 1.622 1.473 1.319 1.185 1.080 1.037 1.000 

0.2 1.492 1.374 1.247 1.137 1.056 1.026 1.000 

0.3 1.406 1.304 1.198 1.107 1.042 1.018 1.000 

0.4 1.345 1.254 1.165 1.089 1.034 1.014 1.000 

0.6 1.270 1.195 1.128 1.069 1.026 1.011 1.000 

0.8 1.217 1.165 1.108 1.057 1.020 1.008 1.000 

1.0 1.177 1.147 1.094 1.050 1.017 1.007 1.000 

Table 26. Normalised weight function. g(x/t, f/p) for afp = 4. 

lfp xft=O 0.2 0.4 0.6 0.8 0.9 1.0 

0.0 1.835 1.630 1.442 1.271 1.122 1.060 1.000 

0.1 1.593 1.449 1.302 1.173 1.075 1.034 1.000 

0.2 1.470 1.351 1.229 1.125 1.050 1.022 1.000 

83 



0.3 1.393 1.290 1.184 1.096 1.035 1.015 1.000 

0.4 1.338 1.247 1.153 1.076 1.026 1.010 1.000 

0.6 1.259 1.186 1.111 1.051 1.014 1.005 1.000 

0.8 1.202 1.147 1.083 1.036 1.008 1.002 1.000 

1.0 1.161 1.122 1.065 1.028 1.005 1.000 1.000 

Table 27. Normalised weight function. g(xjt, f/p) for afp = 16. 

ln Table 25-Table 27 the weight function is given in the representation 

h = f2 g(xfl,afp) 

Vd -)1-xfl 
(3.9.8) 

which lends itself easily to interpolation. From a practical point of view it is recommended to 
perform the interpolation with respect to the inverse parameter pfa or JP(ä. 

II 
K(l) I 0 

11111 ,,~-----------~,~JIII!! .,. .......... -------
,' 

........... 
' ,' ....... ___________ .. ~.. , .... __________ ..... , 

Figure 50. Limit cases. Definition of the Iimit cases for stress intensity factors for a crack in front of an 
internal elliptical notch: K<1> < K < K<2>. 

3.9.1.1 Limit cases for stress intensity factors 

Two Iimit cases for the stress intensity factor of small cracks in front of an elliptical notch can be 
identified (fig.50). The lower Iimit is given by an internal crack of total length 2(t +a) which is 
loaded by the stress distribution (1 (eq.(3.9.1)) over the length t. The Iimit stress intensity factor 
K<1> is 

( 

(1)- I K - hint crack G dx 
0 

(3.9.9) 

where h;mcrack is given by eq.(3.9.7). For small cracks (l4:p) the Situation of an edge crack is 
approached which yields the stress intensity factor K<2> 
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Figure 51. Limit cases. Comparison of Iimit-ease solutions with numerieal data of Newman [48] for 
afp = 1 

t 
(2) J K = 

0 
hedge crack a dx 

with the weight function hedgecrack for an edge crack in a semi-infinite plate. 

(3.9.10) 

Figure 51 shows the Iimit cases K<1> and K<2> together with Newman's results for afp = 1, and in 
fig.52 an intercomparison is made for ajp = 16. The agreement between numerical data and the 
Iimit case K<1> is very good for tjp > 1.5. Therefore, the Iimit case K<1> is appropriate to represent 

F 

a/p =16 

O.Oq)----'---7---...__--:!:2:------'---:!3::--~-~4 

1/o 

Figure 52. Limit cases. Comparison of Iimit-ease solutions with numerieal data of Newman [48] for 
afp = 16 
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Figure 53. Interpolation of Iimit cases. Interpolation factor rx as a function of the "view angle" w. 

the stress intensity factors for t 1 p > 1.5. This asymptotic agreement Ieads to an interpolation 
formula 

K = 1XK(2) + (1 - 1X)K(1) (3.9.11) 

ln order to characterise the notch-crack-configuration, we introduce a "view angle" w as illus
trated in fig.53. The crack-tip "sees" the notch under the total angle 2w. The angle w results 
from simple geometry-related considerations and is given as the solution of the implicit equation 

(3.9.12) 

ln fig.53 the interpolation factor IX is plotted versus w. The resulting dependency can be approxi
mated by the simple expression 

(3.9.13) 

which is plotted as solid line in fig.53. 

3.9.1.2 Limit cases for the weight function 

The comparison of the weight function data of fig.49 with the two Iimit cases Ieads to an interpo
lation factor ß defined by 

h = ßh(2) + (1 - ß)h(1) (3.9.14) 

where h<2l is the weight function for an edge crack and h<1l is the value for an internal crack ac
cording to eq.(3.9.7). lt becomes obvious from fig.49 that- in cantrast to the interpolation factor IX 

for stress intensity factors - ß must also depend on xft. lf we ignore this fact and substitute IX for 
ß, we obtain the predicted weight functions represented in fig.54. The comparison between the 
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Figure 54. Interpolation of Iimit cases. Normalised weight function for cracks in front of an internal ellip
tical notch: h' = h,Jnt/2 for afp = 16; solid lines: Iimit cases h<1>, h<2>; broken lines: interpolated 
with eq.(3.9.14) (ß = (1,). 

weight function of fig.49 and the interpolations of fig.54 shows that the maximum deviations are 
of about 3%. This accuracy is sufficient in most practical cases . 

........................................................................... , 

I----Co-4j 
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Figure 55. Edge notch. A notch in a specimen with a small crack at the notch tip. 
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Figure 56. Reetangular edge notch. Stress intensity faetor for eraeks at the tip of a reetangular noteh 

under tensile Ioad (a0/W = 0.5). 

3.9.2 External notches 

An external notch in a body is shown in fig.55. lts length is a0 and the notch width is 2d. A small 
one-dimensional crack of length t is placed at the notch root. Such notch-crack configurations 
are often used in fracture-toughness testing of ceramic materials to approximate naturally sharp 
cracks. During the saw procedure small cracks are generated at the notch root. The real geom
etry of a saw-cut can be approximated by the two Iimit cases of a reetangular notch profile and a 
circular notch. Notches prepared with thick saw blades tend to adopt a more reetangular shape 

3 
- bending -

~· .. ::·/ .. 
•' ... -· l' ... ···· .... ··· . ..· 

ri ··• 
• • 
I •· 

·•···· 

I 

.. · 

....,. d/W=D.05 

.... 0.1 

.... 0.2 

o~--~~----~----~~--~----~~---.50 .60 .70 

a/W 

Figure 57. Reetangular edge notch. Stress intensity faetor for eraeks at the tip of a reetangular noteh 
under bending Ioad (a0/W = 0.5). 

88 



reetangular notch 

1 .00 ·- ~-"-..-..rr e- e-a.e · • ·- .".. ·- ·-· -A- ·- ·

•81iil 
A A A d/W=D.05 

• 0 0.1 

II D 0.2 

o.ooo---'---7----'----:2!:----'---:-----'~~4 

1/d 

Figure 58. Reetangular edge notch. Normalised stress intensity factors for cracks in front of a reetangu
lar notch under tensile Ioad (open symbols) and bending Ioad (solid symbols) (ao/W = 0.5). 

and thin saw blades a more circular shape. The two Iimit cases will be considered below. Cal
culations with the BCM were carried out with the geometric data ao!W = 0.5 and H JW = 1. Figure 
56 is a normalised representation of the resulting stress intensity factors for the reetangular 
notch under tensile Ioad for different values of the relative total crack length afW and relative 
notch width dfW. The solid line is the result for a crack of length a0 + t without notch obtained 
by application of the same Boundary Collocation procedure. ln fig.57 shows the stress intensity 
factors for the bending-load case. Finally, fig.58 shows the ratio of the stress intensity factor for 

K/K* circular notch 

1.00 ·-:r-et-- -.,-111. -oe·- .• .- .- ·- ·- . .A·-•-

JJ 

• 
0.50. 

d/W=D.05 

• 0 0.1 

• D 0.2 

o.ooo----'------!-----'-----:!2:-----' 

1/d 

Figure 59. Semi-circular edge notch. Normalised stress intensity factors for cracks in front of a semi-cir
cular notch under tensile Ioad (open symbols) and bending Ioad (solid symbols) (ao/W = 0.5). 
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the notch/crack- configuration to the stress intensity factor K* - representing a crack of the same 
total length under the same Ioad 

Kj'*" = a.;:;;B F (3.9.15) 

(F = geometric function) - as a function of the ratio t/d. The ratio of stress intensity factors at
tains the value K,fK*=1 at about t/d=1. This is independent ofthe Ioad case chosen. 
The results for the circular notch are plotted in normalised representation in fig.59. The follow
ing consequences are obvious: 

• The stress intensity factor of the crack!notch-configuration increases monotonically with 
crack extension. 

• The stress intensity factor for the crack of length a0 + t is an upper Iimit for the crack at the 
notch root. lt is obvious that an "overshooting effect" as observed for cracks in front of inter
nal elliptical notches (fig.48) can hardly be detected for the geometries investigated. 

• For cracks with a length greater than the notch radius (t > d) the crack!notch-configuration 
can be replaced by a crack of total length a0 + t. 

• For a semi-circular notch the short-crack solution equals the Ieng-crack solution earlier than 
for a reetangular notch. 

The stress intensity factors for the circular notch (fig.59) can be expressed by 

KfK* ~ tanh(3Jt/d) (3.9.16) 

for ao/W = 0.5 and 0.05 ~ d/W ~ 0.2. This dependency is entered in fig.60 as a solid curve. 
Similar calculations as shown for ao/W=0.5 were performed also for ao/W=0.30 and 0.70. The 
final results are represented in fig.61. The results obtained for the relatively wide notches inves
tigated by BCM can be fitted as in eq.(3.9.16) by 

K/K* = tanh(yJtfd) (3.9.17) 

with 

3.7 for a0fW = 0.3 

y~ 3.0 for a0fW = 0.5 (3.9.18) 

2.3 for a0fW = 0.7 

i.e. the value of y decreases with the relative width dfa0 of the notch. A theoretical lower Iimit of 
y for dfao--+ 0 is y =2.243 as will be shown below. 

3.9.2.1 Stress intensity factors for slender external notches 

ln case of very small cracks in front of a notch (t/d--+ 0) the stress intensity factor is given by 

K = Gmax 1.1215.J;l (3.9.19) 

where Gmax is the maximum stress at the root of the notch. This maximum stress is available 
only for special notch problems. One of them is the slender notch with d/ao-<{1. 
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Figure 60. Semi-circular edge notch. Normalised stress intensity factors for cracks in front of a semi-cir
cular notch (R = d). 

Stresses in front of a slender edge notch A simple means of to determining the stresses in front 
of a slender notch is given by the procedure of Creager and Paris [61] according to which the 
stresses in front of a slender notch of length a0 with radius R can be derived from the stress 
intensity factor of a crack with the same length. They calculated the stress distribution for arbi
trarily loaded notches using the corresponding crack solution K(a0). 

I K(a0) ( 1 ) 
ay = ~ 1 + z , z = 1 + 2x/R 

Y=O .ynRz 
(3.9.20) 

This relation describes fairly weil the near notch-tip behaviour of slender notches (Rfa-+ 0). 
Equation (3.9.20) is a good approximation of the stress field for lfd < 1. Additional terms for a 
higher order representation (which describes also the far stress field 

I _ K(a0) ( c1 c2 1 - c1 - c2 ) 
O'y - r;::;-:::- 1 + z + 2 + 3 

Y=O ..,;nRz z z 
(3.9.21) 

can be obtained from the equilibrium conditions 

fw {a0W 
aydx = 

a0 0 

for tension 
(3.9.22) 

for bending 

and 

for tension 

for bending 
(3.9.23) 

where Mb denotes the externally applied bending moment. For t < d we can restriet the stress 
analysis to eq.(3.9.20). The maximum stress (x = 0) then results 
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Figure 61. Seml-circular edge notch. Normalised stress intensity factors for cracks in front of a semi-cir
cular notch (R = d); solid line: eq.(3.9.27), dotted line: eq.(3.9.29). 

2K(a0) 

Umax = j;R" (3.9.24) 

Stress intensity factors: The stress intensity factor for t~R reads 

K = 1.1215Jl/R 2K ( a0) (3.9.25) 

Consequently, we obtain 

KJK* = 2.243Jl/R (3.9.26) 

lt is important that eq.(3.9.26) is independent of the type of the external Ioad and is valid for ten
sion as weil as for bending. Taking into consideration the long-crack behaviour (K/K*-+ 1 for 
large tjW) one may assume for the total dependency 

KJK* ~ tanh(2.243Jl/R) (3.9.27) 

Equation (3.9.27) is additionally plotted as a solid line in fig.61. Since in the special case of slen
der notches the two Iimit stress intensity factors are known, namely K<1>JK* = 1 and K<2>/K*, one 
can check the applicability of the interpolation formula, eq.(3.9.11), for external notches with cy
JindricaJ notch roots. 
A simple consideration of geometry gives the "view angle" 

w = arcsin( d!t) (3.9.28) 

The prediction resulting from eqs.(3.9.11) and (3.9.13) 
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Figure 62. Limit cases for edge notches. Definition of the two Iimit stress intensity factors K<1> and K(2>. 

Kw 1 - 2.243Jt[d 
- = 1 - ------'----'--
K* (1 + lfd)712 

(3.9.29) 

is plotted in fig.61 as a dotted line. The "overshooting effect" predicted by the interpolation pro
cedure is in reality much less pronounced or completely absent. 
ln this context, one should keep in mind that the stress distribution given by eq.(3.9.20) is only an 
approximative one. 

3.9.2.2 Limit cases for stress intensity factors of cracks in front of external notches 

Similar to the treatment for internal notches, two Iimit stress intensity factors can be identified 
also for external notches as illustrated in fig.62. ln fig.62 K<1> corresponds to the partially loaded 
edge-crack of length a0 + t, and K<2> is the stress intensity factor of an edge-crack of length t in a 
body of reduced thickness W' (W' = W- a0). 8oth Iimit cases are shown in fig.63 in terms of the 
geometric function F defined by 

F= K 
aj;t 

(3.9.30) 

For first rough estimations it may be recommended to describe the stress intensity factor by the 
mean value of the Iimit-ease solutions resulting in deviations less than 10% for 
t = a - ao > 0.02W. 
On the basis of fig.63 an interpolation function a can be introduced for edge notches, too. ln 
order to decide whether or not the interpolation factor a determined for internal notches, 
eq.(3.9.11), is also appropriate for strongly deviating conditions, BCM-computations were per
formed for 

• 
• 
• 

external notches with 
reetangular notch roots exposed to 
constant crack surface loading . 
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Figure 63. Limit cases for edge notches. Limit stress intensity factors K<1> and K(2> for different notch 
depths. 

Figure 66 shows the geometrie funetion F, defined by eq.(3.9.30), for a reetangular edge noteh 
with ao/W=0.5 and d/W=0.2. The eireles represent results obtained with the Boundary Colloea
tion Method. The solid lines eorrespond to the Iimit eases K<1>, K<2>, and the dotted line is ealeu
lated with the interpolation faetor rJ. aeeording to eqs.(3.9.11) and (3.9.13). For elliptieal notehes 
the "view angle" w was defined by the tangents running from the eraek tip to the ellipse of the 
noteh. Sinee in the present ease no ellipse is eonsidered but a reetangular noteh, we ean intro
duee two extramal estimates for w. ln fig.64 the angle between the eorners of the noteh root is 
the maximum possible value expressed as 

wmax = arctan( ~ ) (3.9.31) 

A minimum view angle is defined by the radius R = d of the root of an elliptieal noteh of width d, 
and its value is given by 

wmln = arcsin( d! t ) (3.9.32) 

The effeetive view angle is limited by 

Wmin < w < Wmax (3.9.33) 

The results for the Iimit values Wmin and Wmax are also entered in fig.65. The agreement between 
predieted and numerieally eomputed data is sufficient. The deviations between predieted and nu
merieally determined stress intensity faetors is less than 2%. 
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Figure 64. Limit cases. Limit cases for the *view angle" w and a reetangular edge notch. 

3.9.2.3 Weight function for cracks in front of external notches 

Limit cases: Similar to the treatment of cracks in front of internal notches the Iimit cases of the 
weight functions were also determined for cracks in front of external notches. The lower Iimit 
case of the weight function h(1> is identical with that of an edge crack of total length a = ao + l 

(1) _ ( x + a0 l + a0 ) 
h - hedge l + ao ' W (3.9.34) 

The upper Iimit case corresponds to an edge-crack of length l in a body of reduced width 
W' = W-ao 

(2)_ (.15_ l ) 
h - hedge l , W - ao (3.9.35) 

These two Iimit cases are plotted in fig.66 for a0/W=0.5 and lfW=0.1 and 0.2. ln fig.66 also the 
interpolated weight functions determined by 

(3.9.36) 

and w determined by eq.(3.9.28), are entered. 

Weight function for slender notches: ln order to be able to check the accuracy of the interpo
lation formula and of the procedure of determination of the weight function from stress intensity 
factors described in Section 1.2, the stress distribution in front of the notch root must be known. 
Also in this analysis the stresses given by eq.(3.9.20) were used. 
Numerically obtained weight functions for lfR=0.25 and 0.5 are entered as symbols in fig.67. 
The comparison between the numerical data and the interpolations of the Iimit cases (broken 
lines) shows maximum deviations of about 5%. These deviations should not be overrated since 
the stress distribution applied is only an approximation. 
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Figure 65. Limit cases. Geometrie funetion for eraeks in front of external reetangular notehes; symbols: 
determined with the Boundary Colloeation Method, solid lines: Iimit eases; dotted and dash-dot
ted lines: interpolation of the Iimit stress intensity faetors using eq.(3.9.13) for two extremal view 
angles. 
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Figure 66. Limit cases. Limit eases of weight funetions (h' = h-jnt/2 ) for small eraeks in front of an ex
ternai noteh with a0/W = 0.5 (upper eurves: h<2>, iower eurves: h<1>). 
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Figure 67. Limit cases. Limit cases, Interpolations and numerical weight functions of weight functions for 
small cracks in front of an external notch (a0/W = 0.5, f{W = 0.0025). 

3.10 Weight function for remote tractions 

The weight function for tractions, acting at an arbitrary location of the body, is given by 
eqs.(2.9.12) to (2.9.15). The cefficients were determined for a reetangular plate. Pure bending 
was considered as the reference loading case. BCM-computations were made with 180 colloca
tion points at the outer boundary [27]. The geometry was chosen as L/W=1.5 and a total num
ber of 90 coefficients A, A* were used. ln order to allow cubic interpolations to be made, the 
data were normalised according to 

a. =a/W 

The coefficient Ao can be expressed by the geometric function F 

Ao = F Jfi" CJ bend 

and the geometric function results from the BCM-computations as 

2 3 4 F = 1.1215- 2.3652a. + 3.5129a. -2.750a. + 0.855a. 

(1 - a.)3/2 

An approximation by polynomials 

(3.10.1) 

(3.10.2) 

(3.10.3) 

(3.10.4) 

Although the 90-coefficient solution of the stress function - and consequently of stresses, dis
placements and weight function - is very accurate, an approximative representation with a 
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Figure 68. Crack-face weight function. Weight function approximation by a 20-terms polynomial for cp = 1r 

compared with the crack-face weight function given in [27]. 

strongly reduced number of terms is desirable from the point of view of practical application. A 
polynomial was derived which describes the stress function in the surroundings of the crack. By 
a Ieast-squares procedure in the region 0 < x < W, 0 < y < 0.4 W it was found 
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Figure 69. y-component. Weight function hy for several angles cp. 
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Figure 70. x-component. Weight function hx for several angles cp (curves as in fig.5). 

9 

+ I rn + 2 A:[ cos(n + 2)cp - cos ncp] (3.10.5) 

n=O 

with the coefficients An. An* listed in Table 28 and Table 29. The coefficients are normalised 
according to eqs.(3.10.1) and (3.10.2). Figure 68 shows the component hy for a crack of normal
ised depth a=0.6 along the crack surface, i.e. cp=n tagether with the crack face weight function. 

:m --· near-tip solution 

- total solution h/W 
'I 

20 

a/W=0.7 

---------------------------
~=o--~-.+1o~~~.2~o~~~.J~o--~~.4=o--

r/W 

Figure 71. Comparison with the near-tip solution. Weight function hx compared with the near-tip solution 
[12],[35]. 
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The agreement is very good. The two components hy and hx are plotted in fig.69 and fig.70 along 
different straight lines, namely q> =0, n/2, and n. 

Comparison with the near-tip weight function 
From the near-tip displacement field - related to the first term in eq.(2.9.6) - Tada et al. [12] de
rived a near-tip weight function, which for symmetrical Ioads reads 

hx = J2;r 1 
[2v -1 + sin( ~ ) sin( ; q>)] cos( ~ q>) 

2nr (1 - v) 
(3.10.6) 

hy = ji;r1 
[2 -2v- cos( ~ ) cos( ; q>)] sin( ~ q>) 

2nr(1-v) 
(3.10.7) 

A comparison of this Iimit case with the total weight function is shown in fig.71 for afW=0.7. ln 
this case the deviations become obvious (>10% for rfW > 0.006). 

n=O 1 2 3 4 5 6 7 8 9 

IX ß=1.5 2.5 3.5 3.5 3.5 3.5 3.5 3.5 3.5 3.5 

0.25 0.0829 0.0215 0.0533 0.0439 -0.152 0.2830 -0.203 -0.573 4.0130 1.7727 

0.30 0.0850 0.0267 0.0448 0.0229 -0.074 0.1661 -0.169 -0.092 1.3618 0.5719 

0.40 0.0873 0.0329 0.0320 0.0115 -0.004 0.0422 -0.046 0.1080 0.0102 -0.386 

0.50 0.0882 0.0356 0.0245 0.0149 0.0168 0.0289 0.0175 0.0351 -0.027 -0.013 

0.60 0.0884 0.0366 0.0209 0.0227 0.0334 0.0474 0.0628 0.0874 0.0912 0.0669 

0.65 0.0883 0.0367 0.0200 0.0276 0.0453 0.0718 0.1111 0.1600 0.1854 0.1300 

0.70 0.0883 0.0367 0.0196 0.0338 0.0631 0.1147 0.1972 0.2719 0.2514 0.1229 

0.75 0.0883 0.0367 0.0195 0.0419 0.0923 0.1910 0.3335 0.4077 0.2831 0.0796 

0.80 0.0884 0.0367 0.0197 0.0535 0.1386 0.3058 0.5152 0.5868 0.3903 0.1148 

0.85 0.0897 0.0381 0.0208 0.0694 0.1934 0.4198 0.6598 0.6837 0.4087 0.1052 

0.90 0.0919 0.0409 0.0206 0.0800 0.2272 0.4622 0.6465 0.5762 0.2837 0.0524 

Table 28. . Coefficients Bn for a 20-terms polynomial representation. 

n=O 1 2 3 4 5 6 7 8 9 

IX P=2 3 4 4 4 4 4 4 4 4 

0.25 0.02300 -0.037( -0.092~ 0.09128 0.00272 -0.3372 0.96039 -1.6678 -4.3971 -0.2444 

0.30 0.00967 -0.042~ -0.058E 0.05902 -0.0383 -0.0982 0.35271 -0.6572 -1.3918 -0.0750 

0.40 -0.0109 -0.042~ -0.024E 0.01192 -0.0262 0.00452 0.00300 -0.1321 0.21273 0.1835 

0.50 -0.0248 -0.0361 -0.014t -0.0061 -0.0194 -0.0134 -0.0210 -0.0061 0.03872 0.0005 

0.60 -0.0333 -0.029E -0.012E -0.0155 -0.0254 -0.0331 -0.0483 -0.0589 -0.0507 -0.0181 

0.65 -0.0359 -o.o2n -0.012E -0.0197 -0.0336 -0.0529 -0.0823 -0.1087 -0.0989 -0.0306 

0.70 -0.0377 -0.025~ -0.013( -0.0247 -0.0473 -0.0875 -0.1412 -0.1648 -0.1159 -0.0297 

0.75 -0.0387 -0.024~ -0.0135 -0.0312 -0.0701 -0.1400 -0.2131 -0.2064 -0.1060 -0.0212 

100 



0.80 -0.0395 -0.024f -0.014~ -0.0406 -0.1013 -0.2005 -0.2823 -0.2515 -0.1207 -0.0214 

0.85 -0.0436 -0.0291 -0.016t -0.0531 -0.1326 -0.2477 -0.3223 -0.2668 -0.1227 -0.0232 

0.90 -0.0556 -0.0361 -0.016~ -0.0544 -0.1299 -0.2202 -0.2540 -0.1860 -0.0773 -0.0149 

Table 29. . Coefficients B*n for a 20-terms polynomial representation. 

Whereas an exact solution for the weight function in the near-tip Iimit exists for finite cracks in 
finite bodies only numerical solutions are generally available. Most of them are crack-face 
weight functions which are restricted to cp = 0. For cracks in finite plates and bars a weight func
tion is 

with the functions gx. gr entered in the following tables. 

r/W cp/n: =0 0.2 0.4 0.6 0.8 1.0 

0.0001 -0.0944 -0.0966 -0.1004 -0.0993 -0.0893 -0.0722 

0.001 -0.1425 -0.1495 -0.1613 -0.1577 -0.1257 -0.0716 

0.01 -0.2975 -0.3203 -0.3580 -0.3456 -0.2409 -0.0652 

0.1 -0.7812 -0.8900 -1.0805 -1.0702 -0.6800 0.0002 

Table 30. Weight function. gx(afW, cp,afW) • .jW according to eq.(3.10.8) for a/W=0.3, v=0.2. 

r/W cp/n: =0 0.2 0.4 0.6 0.8 1.0 

0.0001 0.0603 0.0577 0.0534 0.0546 0.0661 0.0858 

0.001 0.0051 -0.0030 -0.0167 -0.0128 0.0239 0.0862 

0.01 -0.1707 -0.1975 -0.2426 -0.2304 -0.1113 0.0908 

0.1 -0.7007 -0.8345 -1.0718 -1.0762 -0.6410 0.1322 

Table 31. Weight function. gx(afW,rfW, cp) • .jW according to eq.(3.10.8) for afW=0.4, v=0.2. 

r/W cp/n:=O 0.2 0.4 0.6 0.8 1.0 

0.0001 0.1814 0.1783 0.1731 0.1745 0.1883 0.2119 

0.001 0.1153 0.1055 0.0891 0.0937 0.1377 0.2124 

0.01 -0.0943 -0.1270 -0.1821 -0.1683 -0.0257 0.2173 

0.1 -0.7119 -0.8874 -1.1999 -1.2209 -0.6928 0.2591 

Table 32. Weight function. gx(a/W, cp,afW) •.JW according to eq.(3.10.8) for a/W=0.5, v-0.2. 
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r/W cp/n =0 0.2 0.4 0.6 0.8 1.0 

0.0001 0.2792 0.2754 0.2688 0.2706 0.2879 0.3174 

0.001 0.1966 0.1843 0.1637 0.1695 0.2245 0.3181 

0.01 -0.0654 -0.1069 -0.1774 -0.1608 0.0185 0.3247 

0.1 -0.8167 -1.0654 -1.5075 -1.5544 -0.8689 0.3778 

Table 33. Weight function. gx(a/W, cp,a/W) •{iN according to eq.(3.10.8) for a/W=O.S, v~0.2 

rfW cpfn=O 0.2 0.4 0.6 0.8 1.0 

0.0001 0.3633 0.3581 0.3494 0.3518 0.3749 0.4143 

0.001 0.2527 0.2363 0.2087 0.2165 0.2901 0.4153 

0.01 -0.0969 -0.1539 -0.2510 -0.2303 0.0115 0.4256 

0.1 -1.0568 -1.4584 -2.1640 -2.2657 -1.2890 0.5024 

Table 34. Weight function. gx(a/W, cp,a/W) • {W according to eq.(3.10.8) for a/W-0.7, v=0.2. 

r/W cp/n =0 0.2 0.4 0.6 0.8 1.0 

0.0001 0.5621 0.5514 0.5334 0.5385 0.5866 0.6683 

0.001 0.3311 0.2970 0.2401 0.2572 0.4116 0.6730 

0.01 -0.4012 -0.5299 -0.7510 -0.7133 -0.1879 0.7167 

0.1 -2.3063 -3.5897 -5.8873 -6.3491 -3.7863 0.9456 

Table 35. Weight function. gx(a/W, cp,a/W) • {W according to eq.(3.10.8) for a/W=0.85, v= 0.2. 

rfW cpfn =0 0.2 0.4 0.6 0.8 1.0 

0.0001 0.0000 -0.0091 -0.0235 -0.0429 -0.0604 -0.0676 

0.001 0.0000 -0.0286 -0.0741 -0.1355 -0.1912 -0.2139 

0.01 0.0000 -0.0883 -0.2321 -0.4287 -0.6080 -0.6816 

0.1 0.0000 -0.2214 -0.6835 -1.3815 -2.0407 -2.3164 

Table 36. Weight function. gy(a/W, cp,a/W) • {W according to eq.(3.10.9) for a/W=0.4, v=0.2. 

r/W cp/rt: =0 0.2 0.4 0.6 0.8 1.0 

0.0001 0.0000 -0.0109 -0.0281 -0.0513 -0.0724 -0.0810 

0.001 0.0000 -0.0342 -0.0887 -0.1623 -0.2291 -0.2563 

0.01 0.0000 -0.1055 -0.2779 -0.5140 -0.7295 -0.8178 

0.1 0.0000 -0.2507 -0.8083 -1.6644 -2.4735 -2.8104 

Table 37. Weight function. gy(a/W, cp,a/W) •{iN according to eq.(3.10.9) for a/W=O.S, v-0.2. 

r/W cpfn =0 0.2 0.4 0.6 0.8 1.0 

0.0001 0.0000 -0.0136 -0.0352 -0.0642 -0.0906 -0.1013 

0.001 0.0000 -0.0428 -0.1110 -0.2031 -0.2866 -0.3207 
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0.01 0.0000 -0.1312 -0.3469 -0.6434 -0.9145 -1.0257 

0.1 0.0000 -0.2823 -0.9862 -2.0961 -3.1500 -3.5885 

Table 38. Weight function. gy(a/W, cp,a/W) • -J'ii according to eq.(3.10.9) for a/W=0.6, v=0.2. 

rjW cpfn=O 0.2 0.4 0.6 0.8 1.0 

0.0001 0.0000 -0.0182 -0.0470 -0.0858 -0.1210 -0.1354 

0.001 0.0000 -0.0571 -0.1482 -0.2713 -0.3831 -0.4287 

0.01 0.0000 -0.1732 -0.4618 -0.8606 -1.2261 -1.3763 

0.1 0.0000 -0.2990 -1.2571 -2.8306 -4.3318 -4.9561 

Table 39. Weight function. gy(a/W, cp,a/W) • -J'ii according to eq.(3.10.9) for a/W=0.7, v=0.2. 

rjW cpfn=O 0.2 0.4 0.6 0.8 1.0 

0.0001 0.0000 -0.0376 -0.0973 -0.1778 -0.2508 -0.2805 

0.001 0.0000 -0.1174 -0.3060 -0.5620 -0.7948 -0.8901 

0.01 0.0000 -0.3376 -0.9365 -1.7885 -2.5779 -2.9056 

0.1 0.0000 0.3378 -1.9803 -6.1359 -10.0379 -11.6461 

Table 40. Weight function. gy(a/W, cp,a/W) • -J'ii according to eq.(3.10.9) for a/W=0.85, v=0.2. 

rjW cpfn=O 0.2 0.4 0.6 0.8 1.0 

0.0001 0.0000 -0.0079 -0.0203 -0.0372 -0.0524 -0.0586 

0.001 0.0000 -0.0248 -0.0642 -0.1175 -0.1658 -0.1856 

0.01 0.0000 -0.0763 -0.2009 -0.3713 -0.5270 -0.5912 

0.1 0.0000 -0.1942 -0.5915 -1.1919 -1.7636 -2.0074 

Table 41. Weight function. gy(a/W, cp,a/W) • -J'ii according to eq.(3.10.9) for a/W=0.3, v=0.2. 

3.11 Weight function for internal cracks under remote tractions 

The influence of remote tractions is taken into account for edge cracks in finite bodies in section 
2.9. Here we consider the internal crack in an infinite body loaded with remote tractions. The 
most general loading case has been investigated by lsida [71] is illustrated in fig.72a. The 
stress intensity factor solution is given by 

+ 2y(P - iQ) {e- i(O A + 08 )/2 _ .!!!._ e- i(30 A- 08 )/2 + ~ e- i(3(J A + 08 )/2}] 

JrAra rA rA 

where the subscript A refers to crack tip A. The quantity " is defined as 
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Figure 72. Interna! crack. a) Interna! crack in an infinite body loaded with remote tractions. 
b) Interna! crackloaded symmetrically with remote tractions. 

" = {(3 - v)/(1 + v) for plane stress} 

3 - 4v for plane strain 
(3.11.2) 

Based on this generar result one can derive the weight function. For the case of symmetric load
ing (see fig.72b) we obtain the weight function for point A after some complex analysis as 

with the components 

T 
h = (hx, hy, 0) 

hx~ 
2
}.. { :~~ ( §. -J'l) cos 

8
•;

8
" + 
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(3.11.5) 

(3.11.6) 

with 

(3.11.7) 

and the angle 

( 
2a +r A COS 8 A ) e8 = arccos ra (3.11.8) 
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4. Mode-ll and mixed-mode stress intensity factors 
and weight functions 

4.1 Edge cracked plate under mode II loading 

To be able to evaluate fracture-toughness measurements knowledge is required of the stress 
intensity factor solution applicable to the Ioad case chosen. Besides in mode-1 loading which had 
been studied thoroughly, the interest is growing in mode-11 and mixed-mode loadings. Here, the 
continuous surface crack under constant shear loading To will be examined as the reference-load 
case for weight-function applications (s. fig.73) 

-x--+ 

1: l ........ 
I 2L 

+++ 

w 

Figure 73. The edge crack in a plate under shear stresses 

The geometric functions F11 obtained for the edge crack with constant shear stress loading on the 
crack faces were calculated with the Boundary Collocation Method [27]. For shear loading the 
geometric function is defined as 

(4.1.1) 

The geometric functions F11 determined in [27] can be represented analytically by the relation 
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1.122- 0.561a/W -0.20(a/W)2 +0.89115(a/W)3 -0.42609(a/W)4 

F ---------~----~~====~~~------~~ 
u- J1-afW 

(4.1.2) 

Determination of the mode·ll weight function The computation of stress intensity factors for 
cracks loaded by shear stresses can be performed using the weight function for mode-11 load
ings. lf the stress distribution T(X) acts on the crack surfaces of the one-dimensional crack, the 
mode-11 stress intensity factor is expressed by 

a 
K11 = T*.;:;;;; F = Ia h11(x,a)T(X) dx (4.1.3) 

where T* is a characteristic stress value of the stress distribution T(X). The weight function hu 
can be calculated by 

E' a 
h11(x,a) = -K -

0 
u,(x,a) 

/Ir a 
(4.1.4) 

from the crack opening displacements determined with the BC-method. Very accurate solutions 
are available for the Iimit cases afW ~ 0 and afW ~ 1 [12]. Together with these Iimit cases, the 
values of the weight function for discrete values of a/W and x/a (s. fig.73) have been entered in 
Table 42 in the normalised representation 

/2 g(xfa,afW) 

h=.....;Tiä' J1-xfaJ1-afW 

An analytical approximative representation for a/W-::;0.9 can be described by 

/2 1 [ a 
1 

/
2 

" v +1 a Jl.] h =V 1iä' J 112 (1- W) + L..,Av/1- xfa) ( W) 
1 - xfa (1 - afW) 

The related coefficients Avp are entered in Table 42. 

a/W xla =0.0 0.2 0.4 0.6 0.8 0.9 1.0 

0.0 1.834 1.624 1.440 1.273 1.128 1.061 1.000 

0.2 1.662 1.488 1.311 1.146 1.007 0.947 0.894 

0.4 1.543 1.382 1.209 1.048 0.902 0.834 0.775 

0.6 1.556 1.382 1.199 1.009 0.813 0.728 0.632 

0.8 1.690 1.502 1.289 1.048 0.778 0.615 0.447 

0.9 1.766 1.570 1.356 1.096 0.791 0.573 0.316 

1.0 1.834 1.641 1.421 1.160 0.820 0.580 0.000 

Table 42. Mode-ll weight function. Normalised representation g(x/a,a/W) according to 
eq.(4.1.5). 
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ll=O 1 2 3 

v=O 0.59250 0.08077 -2.93912 6.06686 

1 0.15745 -1.83168 11.7816 -14.599 

2 0.21108 2.8108 -14.701 15.329 

3 -0.12416 -1.6465 6.69787 -6.15696 

Table 43. Mode-ll weight function. Coefficients of the weight 
function eq.(4.1.6). 

Stress intensity factors for short plates The influence of the height H on the geometric function Fu 
is represented in Table 44. For small values of H/W (H/W~0.4) and a/W<0.8 a simple relation 
becomes obvious when the F11-data are plotted versus a/H. A unique relation is obtained which 
can be described by the simple relation 

(4.1.7) 

H/W a/W=0.1 0.2 0.3 0.4 0.5 0.7 0.9 

0.025 2.369 3.272 3.977 4.582 5.092 6.022 6.826 

0.05 1.762 2.373 2.858 3.272 3.644 4.292 4.845 

0.1 1.366 1.763 2.090 2.375 2.629 3.075 3.479 

0.2 1.172 1.366 1.575 1.763 1.934 2.237 2.772 

0.4 1.122 1.174 1.261 1.366 1.474 1.707 2.611 

0.5 1.205 1.282 1.371 1.615 

0.6 1.174 1.232 1.309 1.567 

0.75 1.152 1.194 1.262 1.536 

Table 44. Geometrie function for the short plate 

4.2 Mixed-mode stress intensity factors in 3-point bending 

The mode-11 fracture toughness of brittle materials as weil as considerations of failure under 
mixed-mode loading are of increasing interest. ln [62] and [63] stress intensity factors were 
determined by the Boundary Collocations Method and by FE-calculations. 
The weight-function method can be successfully applied to determine the geometric functions 
F, , Fu defined by 

3 PL a ----0- 2 w2s (4.2.1) 

The symmetrically supported 3-point bending bar, fig.74, was studied by Filon [66] who derived 
an analytical solution for the stress state. This solution takes into consideration the stress mag
nification due to the line contacts of the rollers. 
The mode-1 and mode-11 stress intensity factors were calculated by use of the mode-1 and mode-11 
weight functions given in [27]. The results are expressed by the normalised geometric functions 
F'1 = F1(1 - a.)312 and F'11 = F11(1 - a.)112 and compiled in Table 45 to Table 50. 
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Figure 74. Geometrie data of the asymmetrically notched bending bar. 

2d/L=O. 0.2 0.4 0.6 0.7 0.8 0.9 

a.=O. 1.0426 0.9757 0.8171 0.6462 0.5747 0.5348 0.5692 

0.1 0.8067 0.7560 0.6292 0.4663 0.3647 0.2089 -0.1222 

0.2 0.6583 0.6145 0.5032 0.3521 0.2564 0.1345 -0.0011 

0.3 0.5655 0.5240 0.4210 0.2864 0.2094 0.1274 0.0497 

0.4 0.5065 0.4648 0.3664 0.2468 0.1837 0.1206 0.0601 

0.5 0.4674 0.4235 0.3276 0.2194 0.1648 0.1106 0.0584 

0.6 0.4390 0.3911 0.2972 0.1982 0.1490 0.1005 0.0521 

0.7 0.4164 0.3627 0.2719 0.1809 0.1359 0.0911 0.0467 

0.8 0.3977 0.3362 0.2510 0.1672 0.1254 0.0837 0.0421 

Table 45. Normalised geometric function for mode-1 at LIW=2 

2d/L=0.2 0.4 0.6 0.7 0.8 0.9 

a.=0.1 0.0320 0.0481 0.0529 0.0642 0.1164 0.3687 

0.2 0.0557 0.0868 0.1069 0.1359 0.2146 0.3893 

0.3 0.0743 0.1167 0.1453 0.1750 0.2315 0.3093 

0.4 0.0899 0.1378 0.1649 0.1858 0.2172 0.2522 

0.5 0.1041 0.1513 0.1709 0.1825 0.1979 0.2116 

0.6 0.1183 0.1585 0.1689 0.1740 0.1802 0.1841 

0.7 0.1333 0.1598 0.1628 0.1641 0.1660 0.1662 

0.8 0.1462 0.1551 0.1545 0.1546 0.1549 0.1534 

Table 46. Normalised geometric function for mode-11 at LIW= 2 
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2d/L=0.2 0.4 0.6 0.7 0.8 0.9 

a=O 0.9450 0.7187 0.5058 0.4223 0.3596 0.3466 

0.1 0.7480 0.5750 0.3998 0.3188 0.2267 0.0397 

0.2 0.6179 0.4755 0.3252 0.2496 0.1604 0.0344 

0.3 0.5315 0.4067 0.2745 0.2070 0.1331 0.0533 

0.4 0.4720 0.3581 0.2398 0.1801 0.1187 0.0571 

0.5 0.4280 0.3220 0.2148 0.1615 0.1079 0.0547 

0.6 0.3924 0.2935 0.1956 0.1470 0.0986 0.0504 

0.7 0.3615 0.2700 0.1799 0.1351 0.0904 0.0458 

0.8 0.3348 0.2506 0.1670 0.1253 0.0836 0.0419 

Table 47. Normalised geometric function for mode·l at LIW=3 

2d/L=0.2 0.4 0.6 0.7 0.8 0.9 

lX =0.1 0.0328 0.0406 0.0348 0.0324 0.0402 0.1282 

0.2 0.0553 0.0696 0.0638 0.0649 0.0871 0.1912 

0.3 0.0712 0.0895 0.0856 0.0895 0.1131 0.1779 

0.4 0.0827 0.1018 0.0995 0.1036 0.1206 0.1550 

0.5 0.0915 0.1081 0.1063 0.1091 0.1189 0.1358 

0.6 0.0983 0.1097 0.1080 0.1093 0.1139 0.1208 

0.7 0.1028 0.1076 0.1061 0.1065 0.1081 0.1107 

0.8 0.1030 0.1030 0.1022 0.1022 0.1025 0.1030 

Table 48. Normalised geometric function for mode-11 at LJW= 3 

2d/L =0.2 0.4 0.6 0.7 0.8 0.9 

a=O 0.9324 0.6859 0.4640 0.3712 0.2961 0.2648 

0.1 0.7450 0.5540 0.3741 0.2938 0.2158 0.0445 

0.2 0.6187 0.4625 0.3111 0.2399 0.1651 0.0607 

0.3 0.5330 0.3989 0.2673 0.2034 0.1364 0.0597 

0.4 0.4729 0.3536 0.2362 0.1785 0.1194 0.0583 

0.5 0.4278 0.3196 0.2132 0.1605 0.1075 0.0545 

0.6 0.3914 0.2924 0.1949 0.1465 0.0981 0.0502 

0.7 0.3604 0.2697 0.1798 0.1349 0.0902 0.0458 

0.8 0.3343 0.2505 0.1670 0.1253 0.0836 0.0422 

Table 49. Normalised geometrlc function for mode-1 at LJW=4 
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2d/L=0.2 0.4 0.6 0.7 0.8 0.9 

(X =0.1 0.0295 0.0316 0.0272 0.0244 0.0238 0.0567 

0.2 0.0497 0.0543 0.0481 0.0454 0.0499 0.1049 

0.3 0.0633 0.0693 0.0632 0.0616 0.0692 0.1131 

0.4 0.0722 0.0781 0.0730 0.0723 0.0793 0.1062 

0.5 0.0777 0.0820 0.0783 0.0779 0.0827 0.0971 

0.6 0.0805 0.0824 0.0800 0.0798 0.0822 0.0888 

0.7 0.0805 0.0804 0.0792 0.0790 0.0799 0.0823 

0.8 0.0778 0.0770 0.0765 0.0764 0.0766 0.0772 

Table 50. Normalised geometric function for mode·ll at L.IW=4 

2d/L=0.2 0.4 0.6 0.7 0.8 0.9 

(X =0. 0.9014 0.6711 0.4474 0.3363 0.2311 0.1480 

0.1 0.7289 0.5432 0.3621 0.2723 0.1864 0.1079 

0.2 0.6101 0.4553 0.3035 0.2282 0.1551 0.0825 

0.3 0.5279 0.3945 0.2630 0.1976 0.1333 0.0682 

0.4 0.4692 0.3511 0.2341 0.1757 0.1180 0.0597 

0.5 0.4250 0.3184 0.2123 0.1593 0.1065 0.0537 

0.6 0.3895 0.2920 0.1946 0.1460 0.0974 0.0490 

0.7 0.3595 0.2696 0.1793 0.1348 0.0899 0.0451 

0.8 0.3340 0.2505 0.1670 0.1253 0.0835 0.0418 

Table 51. Normalised geometric function for mode·l at L.IW=8 

2d/L=0.2 0.4 0.6 0.7 0.8 0.9 

(X =0.1 0.0161 0.0149 0.0149 0.0146 0.0133 0.0119 

0.2 0.0276 0.0259 0.0258 0.0253 0.0236 0.0249 

0.3 0.0352 0.0333 0.0332 0.0328 0.0311 0.0345 

0.4 0.0395 0.0378 0.0377 0.0373 0.0361 0.0396 

0.5 0.0413 0.0400 0.0400 0.0397 0.0388 0.0413 

0.6 0.0414 0.0405 0.0405 0.0403 0.0398 0.0411 

0.7 0.0403 0.0398 0.0398 0.0397 0.0395 0.0399 

0.8 0.0385 0.0384 0.0384 0.0383 0.0382 0.0383 

Table 52. Normallsed geometric function for mode·ll at L.IW= 8 
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4.3 The asymmetric 4-point bendingtest 

For the determination of the fracture toughness Kuc with edge-notched (or precracked) beams 
asymmetric bending arrangements (fig.75) are recommended. 
Otsuka et al [65] have compiled values of the geometric functions F, and Fu defined by 

(4.3.1) 

for UW = 2.5 and d = W/2, obtained by FE-calculations. 
The application of the weight functions given in Sections 3.1.1 and 4.1 and use of Filon's [66] 
analytical solution for the stress state yield the stress intensity factors [67] (expressed by the 
geometric functions) listed in Table 53 and Table 54 for UW=5 and various a/W- and 
d/W-values. 

d/W=0.25 0.300 0.375 0.500 0.625 

(X =0.1 0.3746 0.3428 0.3318 0.3450 0.3599 

0.2 0.7881 0.7180 0.6719 0.6633 0.6741 

0.3 1.0374 0.9933 0.9560 0.9399 0.9431 

0.4 1.1858 1.1819 1.1753 1.1702 1.1695 

0.5 1.3120 1.3380 1.3579 1.3661 1.3641 

0.6 1.4674 1.5079 1.5387 1.5507 1.5472 

0.7 1.6948 1.7318 1.7553 1.7600 1.7547 

0.8 2.053 2.0687 2.073 2.0684 2.0635 

0.9 2.7563 2.7545 2.7505 2.7467 2.7452 

Table 53. Geometrie function for mode-11 

d/W=0.25 0.300 0.375 0.500 0.625 

(X =0.1 0.2615 0.3695 0.4241 0.3841 0.2918 

0.2 -0.0038 0.1129 0.2110 0.2448 0.2060 

0.3 -0.0307 0.0447 0.1184 0.1580 0.1410 

0.4 0.0024 0.0483 0.0904 0.1098 0.09534 

0.5 0.0407 0.0672 0.0842 0.0806 0.06268 

0.6 0.0716 0.0808 0.0771 0.0566 0.03706 

0.7 0.0855 0.0769 0.0581 0.03198 0.0164 

0.8 0.0641 0.0460 0.0271 0.0106 0.00359 

0.9 -0.0048 -0.0002 0.0077 0.01406 0.0138 

Table 54. Geometrie function for mode-1 

As can be seen from Table 53 and Table 54 the geometric function Fu in the range 
0.375::;;d/W:::;625. is approximately independent of the value of d/W. An analytical approximation 
can be given by 
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Figure 75. Geometrie data of the asymmetrically notched bending bar 

2 3 4 5 F11 = 3.9204o:- 5.1295o: + 14.4566o: - 26.2916o: +17.073o: o: = afW (4.3.2) 

4.4 Geometrie functions for oblique edge-cracks 

Bending specimens with edge cracks or narrow saw cuts are often used to determine the frac
ture toughness of ceramic materials. Whilst cracks orthogonal to the specimens surface are ap
plied in the determination of K1c. oblique edge-cracks are appropriate for mixed-mode fracture. 
Figure 76 illustrates the geometric data of a specimen loaded by a tensile stress a and a bend
ing moment M, respectively. Several investigations described in the Iiterature deal with oblique 
edge-cracks (see [72]). Freese [73] solved the tensile case with a mapping technique for 
0 s ro :s; 90° and 0.1 :s; afW :s; 0. 7. Wilson [75] applied the Boundary Collocation Method (BCM) 
and Aliabadi et al. [76] applied the Boundary Element Analysis (BEM) to pure tension and pure 
bending for ro =0/22.5/45° and 0.3 :s; afW :s; 0.6. Since the results of Wilson and Aliabadi agree 
excellently within about 1-2% deviation, the results of Freese and Wilson are intercompared in 
fig. 77 only in terms of the geometric function defined by 

(4.4.1) 

Whilst the agreement between the two solutions is sufficient for Ft. Freese's solution for Fu devi
ates significantly from the others for ro=22.SO, as can be seen from fig.78. ln figs.79 and 80 the 
geometric functions from the Iiterature are plotted as a function of the angle ro. The Iiterature 
results are entered as symbols whilst the curves give the fitted dependency. 
ln order to allow Interpolations to be made for arbitrary angles ro in the range 
0 s ro s 90°Table 55 and Table 56 provide a field of data for F, and Fu under tension loading. 
Bicubic splines are recommended for the Interpolations. 
The mode-11 geometric function for tension can be approximated by 

F11 = A sin[ ro(1 - ~ B) + ro
2
B J (4.4.2) 
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1 

Figure 76. The oblique edge-crack under tension and bending Ioads. 

A = 0.3515 +0.2851a/W +0.1723(a/W)2 +1.212(afW)3 (4.4.3) 

B = 0.04362 - 0.0883a/W -0.8302(a/W)2 +0.19617(afW)3 (4.4.4) 

Only a few data are available for oblique cracks in bending. Wilson [75] and Aliabadi et al. [76] 
considered the angles w=22.5 and 45° and Sha and Yang [77] investigated the case w=22.5°. 

Extension of the data base to bending with approximate weight functions 
ln order to extend this data base averaged weight functions were applied. A very simple proce
dure results from application of the direct adjustment of the weight function to the reference 
loading stress intensity factor ([25]) for which the tensile data can be used. 
lf tt denotes the depth coordinate perpendicular to the free edge, tt = x cos w, the bending stress 
ub is given by 

(4.4.5) 

where u0 is the outer fibre bending stress. The normal and shear stresses (un. -r) in the plane of 
the crack are 

2 un(X) = u(x) cos w 

-r(x) = u(x) cos w sin w 

The stress intensity factors are then given as 
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Figure 77. Geometrie function (mode-1) for tension. F1 given by Freese [73] and Wilson [75]. 

K1= laan(X)h11 (x,a)dx + laT(X)h12(x,a)dx 

K11 = laay(x)h111 (x,a)dx + laT(x)h112(x,a)dx 

For a rough estimate we neglect the components h,2 and h111 (as done in [72]) 

0.80 
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~I 0.60 
22.5° 
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0.20 

0 ·0~o .1 0 .20 .30 .40 .50 .60 . 70 
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Figure 78. Geometrie function (mode-lt) for tension. F11 given by Freese [73] and Wilson [75]. 
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Figure 79. Geometrie function (mode-1) for tension. F1 as a function of the angle co from the Iiterature 
(symbols, [73][75][76] [77],[36]) and continuous representation (lines) after application of a fit

. procedure. 

a a 
K,~J an(x) h1(x,a) dx , K11!:!!: J T(X) h11(x,a) dx 

0 0 
(4.4.8) 

(setting h11 = h, and h112 = h11). For the weight functions we use set-ups with one unknown parame
ter 

1.00 

Fu 
0.80 

0.60 

0.40 

:liE Wilaon 

D Aliabadi et al. 

• Sha and Yang 

t::. Freeae 

o.OlJf----:1:-':o:---=2o:-.....,3-::o:--•4';::-o~s::::':o::---:::6~a-=7o=---:a:'::o:--~ 

w (0) 

Figure 80. Geometrie function (mode-11) for tension. F11 as a function of the angle co from the Iiterature 
(symbols) and approximative representation by eq.(4.4.2) (lines). 
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h- 12( 1 
+AJ1-x/a) 1--y-:;;a .)1-xfa 

(4.4.9) 

h - 12( 1 
+8.}1-x/a) u--y-;;;a .)1-xfa 

lntroducing into eqs.(4.4.8) these set-ups and the stress distribution for pure tension yields the 
geometric functions in terms of eq.(4.4.1) as 

.j2 ( 2 ) 2 Fl,t=-n- 2+3A cos w 

(4.4.10) 

Fn,t = lf ( 2 + ~ B) cos w sin w 

(subscript t for tension) and therefrom the unknown parameters as 

(4.4.11) 
3n 

B = Fut-3 J8 cos w sin w ' 

With these coefficients the stress intensity factors for the bending case can be determined using 
eqs.(4.4.5) to (4.4.9) and (4.4.11), and it results 

( 
4 a ) 16 .J2 a 3 F1,b=F1,t 1-5 -wcosw - 15 -n-wcos w 

(4.4.12) 

( 
4 a ) 16 .J2 a 2 . Fllb=Fnt 1---cosw ------cos wsmw 

' ' 5 w 15 1t w 

(subscript b for bending). The geometric functions for bending computed from the tensile data 
are shown as solid lines tagether with Iiterature data in figs.81 and 82. These approximative 
solutions are suitable to compute the general shape of the F1, F11 vs. w curves and to allow the 
Iiterature data for w =0, 22.5 and 45° tobe interpolated. 

wn a/W=0.1 0.2 0.3 0.4 0.5 0.6 0.7 

0 1.18 1.370 1.66 2.11 2.83 4.03 6.35 
15 1.12 1.29 1.55 1.94 2.53 3.50 5.25 

22.5 1.06 1.21 1.45 1.78 2.28 3.03 4.45 
30 0.97 1.18 1.26 1.53 1.91 2.45 3.41 
45 0.72 0.79 0.88 1.00 1.19 1.44 1.82 
60 0.48 0.52 0.58 0.63 0.74 0.85 1.04 
90 0. 0. 0. 0. 0. 0. 0. 

Table 55. Geometrie function for the edge-cracked plate under tension. lnfluence of the crack length L 
and the angle w on F,. 
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Figure 81. Geometrie function (mode·l) for bending. F11 as a function of the angle co; symbols: data from 
the literature; solid curves eq.(4.4.12), dashed curves: Interpolation of Iiterature results in con
formity with the general trend, obtained from (4.4.12). 
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Figure 82. Geometrie function (mode-11) for bending. F11 for bending as a function of the angle co (lines: 
(4.4.12), symbols: data from the literature). 
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a>(o) a/W=0.1 0.2 0.3 0.4 0.5 0.6 

0 0. 0. 0. 0. 0. 0. 
22.5 0.26 0.285 0.335 0.400 0.490 0.620 
30 0.33 0.365 0.420 0.480 0.580 0.695 
45 0.385 0.410 0.450 0.510 0.577 0.680 
60 0.330 0.355 0.380 0.415 0.460 0.500 
90 0. 0. 0. 0. 0. 0. 

Table 56. Geometrie function for the edge-eraeked plate under tension. lnfluence of the crack 
length L and the angle w on F11 • 

ln case of Ft,b the agreement between the approximated geometric functions and the Iiterature 
data is good for afWs0.5. For larger cracks deviations become obvious which are caused by the 
use of the two-terms weight functions. ln case of F11,b the agreement with the Iiterature data is 
sufficient up to afW = 0.6. Extended data-sets resulting from the Iiterature data as weil as from 
the data generated with the weight function method are entered in Table 57 and Table 58. 

ro(o) a/W=0.1 0.2 0.3 0.4 0.5 0.6 0.7 

0 1.049 1.058 1.126 1.26 1.495 1.915 2.71 
15 0.980 1.02 1.058 1.185 1.365 1.698 2.30 

22.5 . 0.935 0.96 0.985 1.090 1.26 1.53 2.04 
30 0.874 0.883 0.91 0.985 1.12 1.32 1.74 
45 0.699 0.68 0.695 0.710 0.794 0.89 1.09 
60 0.450 0.446 0.451 0.467 0.510 0.56 0.64 
90 0. 0. 0. 0. 0. 0. 0. 

Table 57. Geometrie functlon for the edge-eraeked plate in bending. lnfluence of the crack length L and 
the angle w on Ft. 

a>(o) a/W=0.1 0.2 0.3 0.4 0.5 0.6 

0 0. 0. 0. 0. 0. 0. 
22.5 0.23 0.216 0.215 0.220 0.235 0.265 
30 0.286 0.278 0.274 0.275 0.286 0.302 
45 0.344 0.329 0.316 0.321 0.326 0.349 
60 0.306 0.304 0.302 0.306 0.315 0.318 
90 0. 0. 0. 0. 0. 0. 

Table 58. Geometrie funetion for the edge-eraeked plate in bending. lnfluence of the crack 
length L and the angle w on F11• 
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5. Subinterface cracks 

5.1 Weight functions for edge cracks 

Edge cracks parallel to an interface between dissimilar elastic materials, fig.83, show mixed
mode stress intensity factors even under pure normal stress or pure shear loading. lf the crack 
faces are loaded with the normal stress uy, the stress intensity factors read 

a a 

K)•> ~ i h,(•>(x ,a) • ,(x) dx , Kh"> ~ i h1\"\x,a) a ,(x) dx (5.1.1) 

and define the weight functions h,<u>, h11<u>. For shear stresses -r acting at the crack faces one can 
write 

a a 

K,(•) ~ i h,(•l(x,a) T(x) dx , Kh'> ~ i hh'\x,a) T(X) dx (5.1.2) 

defining the weight functions h/r>, h11<
7 >. Under combined crack-face loading the stress intensity 

factors from eqs.(5.1.1) and (5.1.2) can be superimposed which results in 

K, ~ ia ( h)•> (x ,a) • ,(x) + h/ •) (x,a) T(X) ) dx 

0 

K 11 ~ i a ( h1\">(x,a) a (Y)(x) + h1\'>(x,a) T(X) ) dx 

0 

(5.1.3) 

(5.1.4) 

The weight functions can be obtained from the stress intensity factors and the displacements of 
the crack borders in x- and y-direction of a specific Ioad - the reference Ioad [7]. ln case of 
homogeneaus materials the mode-1 weight function is related only to the displacements v normal 
to the crack face and the mode-11 weight function to the displacements u in the crack face line. 
For cracks near the interface we have to expect also an interrelation to exist between the dis
placements which may be written in a general form 

(5.1.5) 

120 



mai.1N1al 1 1 .,_ __ L __ __". 

~1 
~---...........__! 

Figure 83. External subinterface crack. Geometrie data; left: edge crack, right: internal crack. 

(5.1.6) 

(5.1. 7) 

(5.1.8) 

where the coefficients m1, ... ,m8 will depend on the ratio of the Young's moduli E2/E1 and Poisson 
ratios v1, v2 as weil as on the geometric data and the applied Ioad. The indices ('r) and (a) de
scribe the loadings which are responsible for the crack opening displacements. 

5.1.1 Set-ups for the weight functions 

For this type of mixed-mode problern the direct adjusting method described in [25] is an appro
priate tool to generate analytical expressions for the four weight function components. Therefore, 
we will use the following set-ups 

00 

h(u) = 12 \' o(u)(1 - xfa)v -1/2 
1 v'na i...J J,v 

(5.1.9) 

v=O 

00 

h(u) = 12 \' o<u)(1 - xfa)v -1/2 
11 v'na i...J u,v (5.1.10) 

v=O 
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00 

h(-r) = 12 '\' o<-r)(1- xfa)v -1/2 
1 "\/na L J,v 

(5.1.11) 

v=O 

00 

h(-r) = 12 '\' o(-r) (1 - xfa)v -1/2 
11 "\/na L ll,v 

(5.1.12) 

v=O 

with 

D(u) - o<-r) - 1 o(-r) - o(u) - 0 
/,0 - 1/,0 - ' 1,0 - 11,0 - (5.1.13) 

Let us assume the loading cases for constant pressure u = const and constant shear T = const. 
directly on the crack faces to be known. Then a sufficient number of conditions is known to com
pute all coefficients for the approximated representation. Here we will restriet ourself on a two
terms weight function of the form 

(5.1.14) 

(5.1.15) 

(5.1.16) 

h(-r) = ~( 1 + o<'r) ..)1 - xfa + o<-r) (1 - xfa)3
'
2

) 
11 V "1i"ä' ..)1 _ xfa 11,1 11,2 

(5.1.17) 

ln [19] and [31] it has been shown that the second derivative of the displacements must vanish 
for the two reference loading cases (uy = const., T = const.). This may be repeated here for the 
case of the displacements v normally to the crack surface. lt has been shown in [25] that 

a2v 2+v OT 1-v 2 oux 
--=----
ox2 E ax E ay 

(5.1.18) 
3 2 1-v 2 o2

T ~=2+vl__!_+ 
ax3 E ax2 E ay2 

ln the chosen reference cases: uy = const and T = const along the crack faces we obtain for free 
surface conditions along the line x = 0 

ih =0 
ox 
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Figure 84. Geometrie function for edge eraeks. Geometrie data: a/L~0.1, H1 = H2 = 2L, material data: 
E1/E2= 100, V1 = 0.2, V2 = 0.4. 

and consequently 

rPv --=0 for x=O 
8x3 

(5.1.21) 

The same can be shown for the displacements u in x-direction. lntroducing this into eqs.(5.1.5) 
to (5.1.8) Ieads to 

02hlu) 02h/)CT) 02hpr) 02h/)-r) 
--=--=--=--=0 

ox2 ox2 ox2 8x2 
for x = 0 (5.1.22) 

Equation (5.1.22) Ieads to four relations between the coefficients D.: 

2:)v(v -1/2)(v -3/2) = 0 (5.1.23) 

lf the reference stress distributions ay(x) and -r(x) are constant, eqs.(5.1.1) and (5.1.2) Iead to four 
additional equations: 

~D _2_ = yj;{2 
L.J "2+v 

where the geometric functions Y are defined as 

From the eqs.(5.1.23) and (5.1.24) the coefficients are obtained as 
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Figure 85. Weight function for edge cracks. Geometrie data: ,i!]L~0.1, H1 = H2 = 2L, E1/E 2 = 100, v1 = 0.2, 
v2 = 0.4; dfa = 1, weight function normalised: h' = hva . 

o<u) - 5 ~ y(cr) 2 o<u) - .2..... ~ y(cr)- 2. 
1•1 - 4 V 2 I - ' 1•2 - 12 V 2 I 3 

D(cr) - 2. ~y(cr) o<u) - .2..... ~y(cr) 
11•1 - 4 V 2 II ' 11•2 - 12 V 2 II 

(5.1.26) 
o<-r> - 2 ~ y<-r> o<-r> - .2..... ~ y<-r> 

1•1 - 4 V 2 I ' 1•2 - 12 V 2 I 

D<-r> _ 5 ~y<-r> 2 o<-r> 5 ~y<-r> 5 
11•1 - 4V2 II - ' 11•2 = 12V2 II -3 

5.1.2 Example of application 

Finite Element computations were used to determine the weight functions for edge cracks near 
an interface. The data were obtained for a Young's modulus ratio E1/E2 = 100 and v1 = 0.2, 
v2 = 0.4. The crack was located in material 1. The resulting geometric functions are plotted in 
fig.84 as a function of the distance from the interface normalised on the crack length. As could 
be expected from Saint Venant's principle the influence of the different material 1 on the stress 
intensity factors can be neglected for d/a>3. For constant pressure at the crack faces the mode-1 
stress intensity factor K1 tends against the value of the homogeneaus material and Ku vanishes. 
ln case of constant shear stresses at the crack the the mode-11 stress intensity factor Ku ap
proaches the value of the homogeneaus material and K1 vanishes. 
The resulting weight functions are plotted in fig.85 for a crack with dfa = 1. Note that the results 
in fig.84 and fig.85 are for a semi-infinite plate or forafinite plate with a/L =:;; 0.1. 

d/a Y,<u) Y,ju) y,(T) Y,IT) 

0.0025 10.71 7.290 -4.514 8.6845 

0.010 10.93 6.786 -2.838 5.891 
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0.100 9.952 4.769 -0.898 2.811 

0.333 6.682 2.491 0.2165 2.65 

1.000 3.437 0.5514 0.2195 2.185 

2.000 2.536 0.1384 0.0769 2.0116 

3.000 2.273 0.052 0.031 1.986 

10.00 2.004 0.002 0.0013 1.974 

Table 59. Geometrie function for subinterface edge-cracks. Geometrie data: 
afL$0.1, H1 = H2 = 2L, E1/E2 = 100, 111 = 0.2, 112 = 0.4. 

5.2 Weight functions for internal cracks 

The geometry of an internal subinterface crack is illustrated in fig.83. The representation of the 
stress intensity factors by the weight functions are the same as in case of the subinterface edge 
crack. ln the special case of a symmetrical/y loaded crack we use the set-ups 

(5.2.1) 

(5.2.2) 

(5.2.3) 

(5.2.4) 

Here only one energy condition is necessary since the set-up fulfills all symmetry conditions a 
priori. We obtain the coefficients 

D(a) _ 2 y(a) 2 I ---I -.;;-

0 (7)- 2 y('l'} 
I--- I .;;-

D(a) _ 2 y(a) 
II- .;;- II 

D('l') - 2 y('~') 2 
II --- II-.;;-
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6. Special problems 

6.1 Thermal-shock problems 

6.1.1 Weight functions for strips with periodical edge cracks 

ln thermal-shock experiments often an array of periodical cracks is observed [78]. Weight func
tions for such crack arrangements are necessary for the computation of stress intensity factors 
under nonhomogeneous thermal stresses. The geometry of endless strips with an infinite num
ber of equidistant edge cracks at one side is shown in fig.86 as weil as for cracks at both sides. 

I IJ I I T w 
+--- L-+ 1 

I IJ I I l 
2W 

I I I I 1 
Figure 86. Arrays of edge cracks. Geometrical data. 

The stress intensity factors for pure tension Ioad were computed by lsida and Tsuru [79] with the 
Boundary Collocation Method. Applying the weight function procedure described in section 2 
and using the conditions of self-consistency and disappearing second derivative of crack opening 
displacements at the crack mouth we obtain the weight function according to eq.(2.5.2) 

(6.1.1) 

126 



with the coefficients listed in Table 60 for the case of cracks at one side and in Table 61 for 
cracks at both sides. 

uw afW=O 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

0.50 81 0.4498 -0.2665 -0.7658 -0.8416 -0.8860 -0.6393 0.0057 1.0751 

82 0.7001 0.8273 0.6791 0.4678 0.5825 0.3613 -0.3651 -1.4542 

83 -0.3100 -0.3832 -0.3869 -0.3497 -0.3756 -0.3149 -0.1266 0.1625 

0.75 81 0.4498 0.0781 -0.3124 -0.4226 -0.3203 -0.0305 0.6241 1.3978 

82 0.7001 0.7536 0.7895 0.4915 0.2220 -0.0984 -0.7271 -1.0760 

83 -0.3100 -0.3455 -0.3787 -0.3265 -0.2658 -0.1824 -0.0130 0.1084 

1.00 81 0.4498 0.2444 0.0035 -0.0983 0.0291 0.3209 0.9107 1.8269 

82 0.7001 0.7255 0.7407 0.5686 0.2426 -0.0626 -0.5682 -1.1437 

83 -0.3100 -0.3288 -0.3479 -0.3203 -0.2466 -0.1661 -0.0257 0.1505 

1.50 81 0.4498 0.3700 0.3372 0.3192 0.4778 0.7812 1.3410 2.3871 

82 0.7001 0.7075 0.7213 0.7442 0.4854 0.2221 -0.2238 -0.9941 

83 -0.3100 -0.3168 -0.3218 -0.3276 -0.2652 -0.1923 -0.0658 0.1580 

2.00 81 0.4498 0.4228 0.5048 0.5969 0.7560 1.1493 1.6665 2.1878 

82 0.7001 0.6991 0.6972 0.7915 0.7519 0.4058 0.1750 0.3309 

83 -0.3100 -0.3116 -0.3058 -0.3185 -0.3000 -0.2045 -0.1239 -0.1203 

2.50 81 0.4498 0.4759 0.6144 0.8159 1.0107 1.3983 1.8675 2.2013 

82 0.7001 0.6901 0.6333 0.7034 0.8709 0.7243 0.6929 1.1397 

83 -0.3100 -0.3063 -0.2857 -0.2863 -0.3068 -0.2516 -0.2141 -0.2812 

3.00 81 0.4498 0.4941 0.6832 0.9495 1.2331 1.6311 2.0157 2.2706 

82 0.7001 0.6860 0.6123 0.7213 0.9187 0.9843 1.2258 1.7463 

83 -0.3100 -0.3043 -0.2769 -0.2810 -0.3015 -0.2881 -0.3108 -0.3979 

3.50 81 0.4498 0.5353 0.7319 1.1121 1.4249 1.7739 2.1588 2.3557 

82 0.7001 0.6815 0.5798 0.5320 0.9756 1.3467 1.6784 2.2564 

83 -0.3100 -0.3006 -0.2672 -0.2323 -0.3001 -0.3511 -0.3918 -0.4942 

Table 60. Strip with crack array. Coefficients for the weight function eq.(6.1.1) for strips with edge 
cracks at one side. 

uw afW=O 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

0.50 81 0.4498 -0.2628 -0.7624 -0.8371 -0.8855 -0.6351 -0.0062 1.0091 

82 0.7001 0.8263 0.6721 0.4587 0.5815 0.3527 -0.3413 -1.3418 

83 -0.3100 -0.3828 -0.3853 -0.3476 -0.3753 -0.3129 -0.1322 0.1356 

0.75 81 0.4498 0.0666 -0.2906 -0.4018 -0.4354 -0.0776 0.5521 0.9531 

82 0.7001 0.7507 0.6810 0.5082 0.5171 -0.0042 -0.6156 -0.3809 

83 -0.3100 -0.3457 -0.3556 -0.3284 -0.3324 -0.2043 -0.0401 -0.0603 
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1.00 8, 0.4498 0.2446 0.0021 -0.1050 -0.0025 0.2521 0.7219 1.4138 

82 0.7001 0.7250 0.7307 0.5689 0.2798 0.0103 -0.3462 -0.7062 

83 -0.3100 -0.3287 -0.3460 -0.3208 -0.2561 -0.1853 -0.0826 0.0355 

1.50 8, 0.4498 0.3299 0.2633 0.0352 0.4983 0.7066 0.5574 1.9769 

82 0.7001 0.7100 0.6942 1.0207 -0.1192 0.0473 0.7992 -1.1974 

83 -0.3100 -0.3200 -0.3213 -0.4018 -0.1429 -0.1623 -0.3227 0.1713 

2.00 8, 0.4498 0.3573 0.3491 0.3586 0.4306 0.6407 1.0219 1.6240 

82 0.7001 0.7070 0.7103 0.7692 0.7223 0.5159 0.1812 -0.2455 

83 -0.3100 -0.3176 -0.3188 -0.3299 -0.3158 -0.2605 -0.1681 -0.0426 

2.50 8, 0.4498 0.3866 0.3719 0.4028 0.5106 0.6817 1.0086 1.5520 

82 0.7001 0.7067 0.7361 0.7002 0.6077 0.5181 0.2921 -0.0691 

83 -0.3100 -0.3156 -0.3224 -0.3132 -0.2875 -0.2582 -0.1912 -0.0827 

iable 61. Strip with crack array. Coefficients for the weight function eq.(6.1.1) for strips with edge 
cracks at both sides. 

6.1.2 Stress intensity factors for axial edge cracks in thermally shocked 
cylinders 

The procedure of predicting failure under thermal fatigue conditions includes the following steps: 

1. First, the temperatures in the whole component have tobe calculated as a function of ther
mal material properlies and thermal boundary conditions. 

2. Then the stress distribution has to be calculated as a function of the thermo-mechanical ma
terial parameters (thermal expansion coefficient a, Young's modulus E, Poisson ratio JL). 

3. The stress intensity factors for the cracks have to be calculated for the given thermal stress 
distribution. 

ln this section axial edge cracks are considered (see fig.87). 

Calculation of temperatures and stresses in a thermally shocked cylinder The temperature dis
tribution in a circular cylinder with an initial temperature T0, cooled by transfer into a cooling 
medium of temperature T=O, is given by 

(6.1.2) 

where R is the radius of the cylinder, p is the radial coordinate, and K is defined by the thermal 
conductivity A., the specific heat capacity Cp, and the density d as 

(6.1.3) 

The an values are roots of 
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Figure 87. Edge-cracked cylinder. Geometrical data. 

(6.1.4) 

with the heat transfer coefficient h and the Sessel functions Jo, J 1 of the first kind. The thermal 
stresses result as 

~0.40 

~ envelope 
-~-->-o.Jo 

-0.2 

... 0.1 

-· 0.05 

-- 0.02 

...... 0.005 

Figure 88. Stress intensity factors in thermally shocked cylinders. Stress intensity factors with envelope 
for a Biot-number B = 10. 
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(6.1.5) 

(6.1.6) 

(6.1.7) 

The highest tensile stresses occur at the cylinder surface. lntercomparison of eqs.(6.1.5) to (6.1.7) 
makes obvious that for the cylinder surface (p = R) the circumferential and axial stresses are 
identical and produce an equibiaxial stress state. The radial stress component vanishes at the 
free surface. ln the center of the specimen the radial and circumferential stresses are identical. 
The axial stress is twice the circumferential stress. 

Stress intensity factors For edge cracks the stress component a'P is responsible for the stress 
intensity factor. Using eq.(6.1. 7) and the weight function for the edge-notched circular disc one 
can calculate the stress intensity factors. This was done for differently chosen Biot numbers B. 
The results are given in the representation 

rt.ETo 2 r;:-
K = ~ Y(B, Kf/R ).ya B= hR 

A. 

with the geometric function Y entered in the following tables 

Kf/R2 afR=O 0.1 0.2 0.3 0.4 0.5 

0.02 0.0256 0.0181 0.0128 0.0093 0.0071 0.0057 

0.05 0.0352 0.0286 0.0231 0.0187 0.0152 0.0125 

0.10 0.0419 0.0362 0.0311 0.0266 0.0227 0.0193 

0.20 0.0456 0.0406 0.0359 0.0316 0.0275 0.0238 

0.50 0.0443 0.0397 0.0354 0.0313 0.0274 0.0238 

1.00 0.0402 0.0360 0.0321 0.0284 0.0249 0.0216 

2.00 0.0331 0.0297 0.0264 0.0234 0.0205 0.0178 

5.00 0.0184 0.0165 0.0147 0.0130 0.0114 0.0099 

10.0 0.0069 0.0062 0.0055 0.0049 0.0043 0.0037 

(6.1.8) 

0.6 0.8 1.0 

0.0048 0.0037 0.0030 

0.0104 0.0077 0.0058 

0.0164 0.0117 0.0082 

0.0204 0.0145 0.0097 

0.0205 0.0146 0.0096 

0.0186 0.0132 0.0087 

0.0153 0.0109 0.0072 

0.0085 0.0061 0.0040 

0.0032 0.0023 0.0015 

Table 62. Stress intensity factors for axially edge-cracked cylinders. Geometrie function Y ac
cording to eq.(6.1.8), Biot-number B = 0.1. 
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Kf/R2 ajR=O 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0 

0.005 0.1350 0.0942 0.0654 0.0351 0.0234 0.0179 0.0147 0.0126 0.0101 0.0086 

0.01 0.1781 0.1396 0.1084 0.0669 0.0453 0.0341 0.0278 0.0237 0.0187 0.0157 

0.02 0.2275 0.1932 0.1631 0.1157 0.0840 0.0640 0.0514 0.0432 0.0334 0.0273 

0.10 0.3155 0.2957 0.2764 0.2399 0.2067 0.1770 0.1510 0.1284 0.0919 0.0638 

0.20 0.2948 0.2803 0.2659 0.2378 0.2108 0.1851 0.1609 0.1383 0.0981 0.0648 

0.50 0.1881 0.1795 0.1709 0.1539 0.1373 0.1213 0.1059 0.0912 0.0646 0.0422 

1.00 0.0855 0.0816 0.0777 0.0700 0.0625 0.0552 0.0481 0.0415 0.0294 0.0192 

2.00 0.0177 0.0169 0.0160 0.0145 0.0129 0.0114 0.0099 0.0086 0.0061 0.0040 

Table 63. Stress intensity factors for axlally edge-cracked cylinders. Geometrie function Y aeeording 
to eq.(6.1.8), Biot-number B = 1.0. 

Kf/R2 ajR=O 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0 

0.005 0.8423 0.6104 0.4333 0.2358 0.1567 0.1197 0.0983 0.0842 0.0671 0.0572 

0.01 0.9519 0.7739 0.6177 0.3916 0.2661 0.2001 0.1625 0.1383 0.1088 0.0913 

0.02 1.0043 0.8827 0.7661 0.5648 0.4171 0.3188 0.2557 0.2143 0.1643 0.1337 

0.05 0.9347 0.8750 0.8137 0.6917 0.5786 0.4803 0.3991 0.3341 0.2418 0.1787 

0.10 0.7522 0.7224 0.6907 0.6235 0.5541 0.4857 0.4204 0.3598 0.2548 0.1699 

0.20 0.4708 0.4568 0.4415 0.4080 0.3714 0.3327 0.2932 0.2538 0.1788 0.1136 

0.50 0.1133 0.1101 0.1066 0.0988 0.0902 0.0811 0.0716 0.0621 0.0437 0.0276 

1.00 0.0105 0.0102 0.0099 0.0092 0.0084 0.0075 0.0067 0.0058 0.0041 0.0026 

Table 64. Stress intensity factors for axially edge-cracked cylinders. Geometrie funetion Y aeeording to 
eq.(6.1.8), Biot-number B = 10. 

Kf/R2 afR=O 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.8 1.0 

0.0005 1.4622 0.5283 0.2562 0.1300 0.0892 0.0691 0.0572 0.0494 0.0399 0.0348 

0.001 1.5476 0.7759 0.4056 0.2008 0.1374 0.1063 0.0878 0.0757 0.0610 0.0529 

0.002 1.5873 1.0097 0.6150 0.3030 0.2054 0.1583 0.1305 0.1123 0.0901 0.0777 

0.005 1.5663 1.2180 0.9074 0.5097 0.3374 0.2569 0.2105 0.1803 0.1432 0.1218 

0.01 1.4907 1.2726 1.0568 0.7017 0.4818 0.3611 0.2921 0.2480 0.1943 0.1621 

0.02 1.3573 1.2316 1.0997 0.8463 0.6399 0.4924 0.3943 0.3291 0.2504 0.2019 

0.05 1.0785 1.0270 0.9705 0.8486 0.7256 0.6116 0.5124 0.4300 0.3083 0.2230 

0.10 0.7842 0.7610 0.7347 0.6751 0.6090 0.5400 0.4712 0.4050 0.2856 0.1863 

0.20 0.4390 0.4287 0.4170 0.3895 0.3577 0.3227 0.2857 0.2479 0.1743 0.1093 

0.50 0.0800 0.0782 0.0761 0.0712 0.0655 0.0592 0.0525 0.0546 0.0320 0.0200 

Table 65. Stress intensity factors for axially edge-cracked cylinders. Geometrie funetion Y aecording to 
eq.(6.1.8 ), Biot-number B = 100. 

The development of stress intensity factors during a thermal shock is plotted in fig.88. 
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