
Forschungszentrum Karlsruhe
Technik und Umwelt

Wissenschaftliche Berichte
FZKA 6317

TAILORED POROSITY GRADIENT BY FEM

CALCULATIONS FOR SILICON CARBIDE

EVAPORATOR TUBES

W. Schaller, Y.Y. Yang, M. Dr�oschel�

Institut f�ur Materialforschung

�Institut f�ur Keramik im Maschinenbau - Zentrallaboratorium,

Universit�at Karlsruhe (TH)

Forschungszentrum Karlsruhe GmbH, Karlsruhe

1999



Abstract

Gas turbine combustors with premix burners can reduce NOx -emissions. In

a new premix burner concept the evaporation of the liquid fuel and the burning

zone are separated from one another [1].The liquid fuel is sprayed onto the porous

outer surface of the evaporator tube. Flowing air and the fuel vapour attain in-

side the tube where combustion takes place. Previous work has shown that for

this application porous silicon carbide (SiC) ceramics show great potential [2] [3].

Due to the temperature gradient during operation, high thermal stresses develop

in the tube. Four di�erent design variations for the distribution of the porosity

in the outside combustor wall are investigated, which are a two-layer concept

(bulk material and a homogeneous porous layer) and three continuous porosity

gradients (linear, convex, concave).

By comparing the local stress distribution with the local strength of the four

di�erent design variations a favorable porosity gradient is found. Only with this

tailored porosity gradient can the failure probability of the component be signif-

icant reduced.

Ermittlung eines spannungsreduzierenden
Porosit�atsgradienten f�ur ein Siliziumkarbidverdampferrohr

mit Hilfe der Finite Element Methode

Zusammenfassung

Brennkammern mit Vormischbrenner k�onnen die NOx-Emission von Gasturbinen

wesentlich reduzieren. In einem neuen Konzept f�ur eine Vormischbrennkam-

mer wird das Verdampfen des �ussigen Brennsto�es und das Verbrennen des

Brennsto�-Luftgemisches r�aumlich getrennt [1]. Der �ussige Brennsto� wird auf

die por�ose Aussenseite des Verdampferrohres aufgespr�uht. Die anstr�omende Luft

und der Brennsto�dampf gelangen in das Verdampferrohr, wo die Verbrennung

statt�ndet. Vorangegangene Arbeiten zeigten die gute Eignung von Siliziumkar-

bid f�ur dieses Einsatzgebiet [2] [3].

Bedingt durch den Temperaturgradienten im Betrieb entstehen hohe thermische

Spannungen in der Verdampferr�ohre. Vier verschiedene Designvarianten f�ur den

Verlauf der Porosit�at in der Aussenwand der Brennkammer wurden untersucht:

ein Zweischichtsystem (dichtes Material und eine homogen por�ose Schicht)und

drei kontinuierliche Porosit�atsgradienten (linear, konvex, konkav).

Durch einen Vergleich der Verl�aufe von Festigkeiten und Spannungen bei den

vier Designvarianten wurde ein geeigneter Verlauf der Porosit�at gefunden. Mit

diesem angepassten Porosit�atsgradienten kann die Versagenswahrscheinlichkeit

des Bauteils wesentlich reduziert werden.
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1 Introduction

A concept for a gas turbine combustor with premix burner is shown in Fig.1.

The liquid fuel is sprayed onto the outer diameter of the combustor. Due to the

air owing from the compressor, a thin �lm of fuel is formed on the outer surface

of the evaporator, which vaporizes completely. The homogeneous mixture of air

and fuel reaches the reaction zone, where the ame is burning.
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Figure 1: Concept of a gas turbine combustor with premix burner [4].

The evaporizer tube has to be gas-tight on the inside and porous on the outer

surface, where the evaporation takes place. The inner side of the tube is heated

by the burning fuel, the outer side is cooled by fuel evaporation and compressor

air. Due to the temperature gradient between the inner side and the outer side

of the tube thermal stresses occure. In order to reduce the thermal stresses and

to reach a higher strength of the tube, between this porous outside and the solid

inner side a porosity gradient shall be introduced. The present report deals with

the design of this porosity gradient. The distribution and value of these stresses

are inuenced by the porosity gradient, as well as the strength of the porous

material. With the help of this porosity gradient an optimum relation between

the stresses and strength is attempted to be found.
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2 Geometrical boundary conditions

The evaporator tube is simpli�ed as an axial symmetric component with an inner

diameter of ri = 22:5mm. The length is assumed to be in�nite. The inner side

consists of a solid SiC layer with 2mm in thickness. This is followed by a porous

SiC layer, which is used as an evaporator. Various designs for this porous layer

are possible. The �rst is a homogeneous layer (non-graded) with a thickness of

3mm and a constant porosity of 50%. This two-layer joint ful�lls, according to

former results [3], the request regarding the fuel evaporation. Three alternative

porosity gradients are considered, which all posess the porosity of 50% on the

outer surface.

p

050%
r = 22.5

r = 24.5

r =var.
r, mm

f

FGM

without FGM

porosity

r

φ z

Figure 2: Design of the evaporator tube.

For the gradient case the following function for the porosity p is chosen:

P (r) = P (ra)

 
r � rp

ra � rp

!n

with rp � r � ra and P (ra) = 50%; (1)

where rp is the inner diameter of the porous layer and ra is the outer diameter of

the tube.

With n = 1 a linear gradient is obtained, with n = 0:5 a convex gradient and with

n = 2:0 a concave gradient is obtained. The outer diameter ra of the component
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is dependent from an additional boundary condition. To warrant an equivalent

evaporation for all four design variants, the ow resistance in z-axis should be

the same. This integral of the permeability over the porous pro�le area of the

component is expressed by:

Ds(r
2
a
� r2

p
)� =

Z
ra

rp

Ds(r)(2�r)dr; (2)

where Ds is the permeability of the material.

The dependence of the permeability on the porosity was determined experimen-

tally in [3] for porous SiC materials. Using this relation, equation (2) can be

solved regarding to ra. For the di�erent distributions of the porosity in the

graded layer, varying thicknesses of the layer are obtained. The thicknesses of

the porous layer are 6:5mm for the convex gradient, 7:8mm for the linear gradi-

ent and 14:3mm for the concave gradient (see Fig. 3).
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Figure 3: Porosity distributions of the porous layer.

3 Materials data

Due to its advantageous behavior at high temperature, SiC is currently used in

gas turbine combustors. The material data necessary for �nite element calcu-

lations (density, Young's modulus, Poisson's ratio, strength, thermal expansion
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coe�cient, thermal conductivity and speci�c heat), are based on data resulting

from previous experiments [3] [6] [8]. The material data dependence of tempera-

ture and porosity are considered.

3.1 Density

The density of silicon carbide depends linearly on the porosity and is independent

of the temperature:

�(P ) = �P=0%(100� P ): (3)

The density for 0% porosity is �P=0% = 3:21g=cm3

3.2 Young's modulus and Poisson's ratio

The porosity dependence of the Young's modulus can be described by a power

law function [3]:

E(P ) = E0e
cP ; (4)

with:

E0 = EP=0% = 455GPa,

c = �0:027631,

P is the porosity in %.

This function was obtained from several measured values for porosity and Young's

modulus. Figure 4 shows the Young's modulus as a function of the porosity.

The temperature dependence of the Young's modulus is expressed by [3]:

E(T ) = ET=20oC(1 + dT ); (5)

with:

ET=20oC = E(P ),

d = �7 � 10�51=K.

The Poisson's ratio is assumed to be a constant � = 0:159 [3].

3.3 Strength

The Weibull parameter middle strength �0 of silicon carbide is assumed to be

independent of the temperature [5]. The dependence of the porosity is described

by:

�0(P ) = �0(P=0%) � e
aP ; (6)

with:

�0(P=0%) = 451:31MPa,

a = �0:041495,

Figure 5 shows the dependence of the strength on the porosity [3].
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Figure 4: Young's modulus as a function of the porosity at 20o C.

3.4 Thermal expansion coe�cient

The thermal expansion coe�cient is independent of porosity [6]. The temperature

dependence of the thermal expansion coe�cient is described by [3]:

�(T ) = c1 + c2T + c3T
2 (7)

with:

c1 = 3:59 � 10�61=K

c2 = 1:588 � 10�101=K2

c3 = 4:44 � 10�151=K3

3.5 Thermal conductivity

The porosity dependence of thermal conductivity is calculated by:

�(P ) = �(P=0%)(0:4� 0:9P ) + �(P=0%)

h
(0:4� 0:9P )2 + (0:2� 0:2P )

i1=2
(8)

with:

�(P=0%) = �(T )
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Figure 5: Strength as a function of the porosity.

Figure 6 shows the dependence of thermal conductivity on the porosity [7]. It

can be seen that it is nearly a linear function.

The temperature dependence is calculated by [8]:

�(P=0%)(T ) = 100
h
c0 + c1T + c2T

2 + c3T
3 + c4T

4 + c5T
5
i

(9)

with:

c0 = 1:729W=(mK)

c1 = �1:982 � 10�3W=(mK2)

c2 = 1:146 � 10�7W=(mK3)

c3 = 1:13 � 10�9W=(mK4)

c4 = �6:875 � 10�13W=(mK5)

c5 = 1:252 � 10�16W=(mK6)

3.6 Speci�c heat

The speci�c heat of silicon carbide is independent of the porosity [3]. It should be

noted that the e�ective heat capacity of a material is dependent on the porosity.

However, this inuence includes the porosity dependent density.

The temperature dependence of the speci�c heat is calculated by [8]:

cm(T ) = c0 + c1T + c2T
2 + c3T

3 + c4T
4 + c5T

5 (10)
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Figure 6: Thermal conductivity as a function of the porosity at 20o C.

with:

c0 = �0:26596J=(gK)

c1 = 5:0197 � 10�3J=(gK)

c2 = �7:7423 � 10�6J=(gK3)

c3 = 6:448 � 10�9J=(gK4)

c4 = �2:676 � 10�12J=(gK5)

c5 = 4:33 � 10�16J=(gK6)

4 Stress boundary conditions and thermal load

Due to the thermal expansion coe�cient being independent of the porosity, it is

assumed that the component is stress free after its manufacturing. The compo-

nent is axial symmetric and in�nite in z-direction. In all directions the component

is allowed to expand freely.

Thermal stresses occur due to the inhomogeneous temperature distribution, which

appear both in stationary and transient modes.

It is assumed that in the beginning the component possesses a temperature of

150oC. This accords to the temperature of the incoming compressor air. After

ignition of the ame in the combustor the inner surface of the evaporator tube is

heated. When the stationary mode is reached, the temperature of the inner wall

is 1500oC, the temperature of the outer wall is 550oC.
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5 Results of the stress calculations

For all four design variations (two-layers joint and the three porosity gradients)

transient temperature calculations until steady state were performed and the

corresponding stresses were determined. Figure 7 shows the time-dependent dis-

tribution of the stress �z in the non-graded model. The z-component of the

stresses is chosen as an example. The maximum occurring stress in the whole

component, the maximum stress in the porous material and the stress at the

interface are shown. It can be seen that after about 0.6 sec. the maximum stress

�z is in the porous material.
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Figure 7: Stress �z as a function of the time for the non-graded component.

The Figures 8, 9 and 10 show the maximum stress in the porous material for the

di�erent porosity gradients.

Comparing the Figs. 7 - 10 it is obvious that the highest maximum stress �z
is in a joint with a concave gradient, and lowest maximum stress �z is in the

non-graded joint.

The Figures 11 - 22 show the stresses (�r; ��; �z) along the r-axis comparing the

four porosity gradients at di�erent times. The Figures 11 - 13 show the stresses

at t = 0:02 sec., the Figures 14 - 16 show the stresses at t = 0:06 sec., the Figures

17 - 19 show the stresses at t = 0:4 sec. and the Figures 20 - 22 show the stresses

at t = 0:22 sec..

Comparing Figs. 11, 14, 17 and 20 it can be seen that at every time the stress

�r for the non-graded joint is lower than that for the graded components. From
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Figure 8: Maximum stress �z in the porous material as a function of the time for

the linear porosity gradient.

Figs. 12, 15, 18 and 21 it can be seen that for the stress ��, after about 0.4 sec.

the tensile stress in the porous material for the non-graded joint is higher than

that for the graded joints. For the stress �z this e�ect occurs after about 2 sec.
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Figure 9: Maximum stress �z in the porous material as a function of the time for

the convex porosity gradient.
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Figure 10: Maximum stress �z in the porous material as a function of the time

for the concave porosity gradient.
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Figure 11: Stress �r for the four porosity gradients along the r-axis at t = 0:02

sec..
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Figure 12: Stress �� for the four porosity gradients along the r-axis at t = 0:02

sec..
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Figure 13: Stress �z for the four porosity gradients along the r-axis at t = 0:02

sec..

22 24 26 28 30 32 34 36 38
r, mm

-60

-40

-20

0

20

r ,
 M

P
a

n. gr

linear

convex

concave

 

Figure 14: Stress �r for the four porosity gradients along the r-axis at t = 0:06

sec..
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Figure 15: Stress �� for the four porosity gradients along the r-axis at t = 0:06

sec..
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Figure 16: Stress �z for the four porosity gradients along the r-axis at t = 0:06

sec..

13



22 24 26 28 30 32 34 36 38
r, mm

-60

-40

-20

0

20

40

r ,
 M

P
a

n. gr

linear

convex

concave

 

Figure 17: Stress �r for the four porosity gradients along the r-axis at t = 0:4

sec..
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Figure 18: Stress �� for the four porosity gradients along the r-axis at t = 0:4

sec..
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Figure 19: Stress �z for the four porosity gradients along the r-axis at t = 0:4

sec..
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Figure 20: Stress �r for the four porosity gradients along the r-axis at t = 2:2

sec..
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Figure 21: Stress �� for the four porosity gradients along the r-axis at t = 2:2

sec..
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Figure 22: Stress �z for the four porosity gradients along the r-axis at t = 2:2

sec..
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In Figures 23 - 29 the time dependent stresses �r; �� and �z are shown at di�erent

positions in the component. Figure 23 compares the stress �r at the interface

between porous and bulk material for the four porosity gradients. At this position

and every time, the stress for the non-graded joint has a lower pressure than

that for the linear graded joint and the convex porosity gradient. The concave

porosity gradient yields tensile stresses which are more dangerous for ceramics

than pressure. Figure 24 compares the stress �� at the interface between porous

and bulk material for the four porosity gradients. In this case the tensile stresses

in the non-graded joint for very short times (t < 10�1sec:) have similar values as

for the linear porosity gradient. For longer times the distribution of the stresses

changes to pressure. Here the non-graded joint yields signi�cantly lower stresses

than the graded joint. Figure 25 shows the stress �� at the inner surface. The

non-graded joint exhibits the lowest stresses. For the stresses �� at the outer

surface (Fig. 26) with only the concave porosity gradient pressure is obtained

of all times. The Figures 27 - 29 show the corresponding distributions for �z.

Here also, advantages for the application of the graded joint are only found at

the outer surface.
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Figure 23: Stress �r at the interface as a function of the time for the four porosity

gradients.
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Figure 24: Stress �� at the interface as a function of the time for the four porosity

gradients.
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Figure 25: Stress �� at the inner surface as a function of the time for the four

porosity gradients.
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Figure 26: Stress �� at the outer surface for the four porosity gradients, as a

function of the time.
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Figure 27: Stress �z at the interface as a function of the time for the four porosity

gradients.
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Figure 28: Stress �z at the inner surface as a function of the time for the four

porosity gradients.
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Figure 29: Stress �z at the outer surface as a function of the time for the four

porosity gradients.
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Comparing the results shown in Figures 7 - 29, it can be seen that for this com-

ponent the stresses in z - and �-direction are similar for a short time and always

higher than the stresses in r-direction.

Therefore in the following, only the stresses in z - direction are considered.

In Figures 30 - 33 the maximum tensile stress �z for every point along the r-axis

is shown for all time, which appears during the heating process. The stresses

are compared with the local strength, given in [3]. These strengths are porosity-

dependent Weibull parameters �0. These values were determined from homoge-

nious porous SiC speciments with ring-on-ring tests.

In the two-layers joint, the stresses �z in the porous layer are higher than the

strength both in steady state and transient mode (see Fig. 30). The component

contains a high probability of failure in the beginning of the �rst heating process.
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Figure 30: Two-layer joint: Comparison of the local stresses �z and strength �0
along the r-axis.

During heating pressure stress occurs at the inner surface in the components in all

design variants with a graded porous layer. Along the r-axis there is a maximum

of tensile stress nearly in the middle of the porous layer. Concerning the convex

(see Fig. 32) and the linear porosity gradient (see Fig. 31) this maximum exceeds

the local strength �0 of the material, so the failure probability of the component

is very high. In steady state, tensile stresses are found at the outer surface of

the evaporator tube. A signi�cant maximum is not found along the r-axis. The
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Figure 31: Linear porosity gradient: Comparison of the local stresses �z and

strength �0 along the r-axis.

tensile stress at the outer surface will also lead to failure for the linear and the

convex gradients.

Finite element calculations have shown that it is possible to always keep the

stresses lower than the local strength �0, by using only the concave porosity gra-

dient (see Fig. 33). Due to the boundary condition of constant ow resistance of

the porous layer, the graded layers are thicker than the non-graded layer.

In the next section, the e�ect of the thickness of the porous layer will be examined.
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Figure 32: Convex porosity gradient: Comparison of the local stresses �z and

strength �0.
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Figure 33: Concave porosity gradient: Comparison of local stresses �z and

strength �0.
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6 E�ect of the transition function on the stresses

for a constant layer thickness

It could be possible that the lower failure probability of the graded components,

as shown in the previous section, is induced by the greater thickness of the di�er-

ent graded layers. This fact shall be proven by comparing di�erent designs with

a constant layer thickness and a constant surface porosity of 50% . The thickness

of the graded layer is constant 14:3mm, i.e. the thickness of the layer for the con-

cave function. With this thickness the stream resistance of the two-layer system,

the linear and the convex graded model is smaller than necessary. This fact will

not disturb the function of the device. Figs. 34 - 36 show the distribution of the

stress �z for the two-layer joint, the convex and the linear porosity gradients.
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Figure 34: Two-layer joint (porous layer thickness 14:3mm): Comparison of local

stresses �z and strength �0 along the r-axis.

The stresses are again shown for the maximum stresses which occur at each point

on the r-axis during the transient heating of the component. It can be seen that

also for this additional geometrical boundary condition, the stress �z of the two-

layer joint, the convex and linear porosity gradients are higher than the local

strength �0.
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Figure 35: Linear porosity gradient (porous layer thickness 14:3mm): Compari-

son of the local stresses �z and strength �0 along the r-axis.
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Figure 36: Convex porosity gradient (porous layer thickness 14:3mm): Compar-

ison of the local stresses �z and strength �0 along the r-axis.
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In the above examples, it was assumed that every design variation has the same

layer thickness and surface porosity. With these two conditions the global per-

meability of the components is greater than necessary for the two-layers joint,

the linear porosity gradient and the convex porosity gradient. Another possibil-

ity would be to reduce the surface porosity for these three functions to obtain

a constant permeability for the constant thickness. With this condition, a sur-

face porosity of 27.7% for the two-layers joint is obtained, for the linear porosity

gradient we get a surface porosity of 42.0% and for the convex porosity gradient

36.2%. In this case the strength of the material in the porous layer is much higher

than that shown in the above example.

The stresses were calculated in the same way as for the previous examples, the

results are shown in the Figures 37 - 39. It can also be seen that for this geo-

metrical boundary condition only the stress �z of the concave porosity gradient

is lower than the local strength.
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Figure 37: Two-layer joint (porosity at the surface = 27.7%): Comparison of the

local stresses �z and strength �0 along the r-axis.
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Figure 38: Linear porosity gradient (porosity at the surface = 42.0%): Compar-

ison of the local stresses �z and strength �0 along the r-axis.
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Figure 39: Convex porosity gradient (porosity at the surface = 36.2%): Compar-

ison of the local stresses �z and strength �0 along the r-axis.
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7 Calculation of the failure probability in a joint

using FGM

For the regarded components a calculation of the failure probability is based on

the Weibull theory. The failure probability can be calculated from:

Pf = 1� exp

�
�

1

V0

1

4�

Z
V

Z



�
�eq

�0

�m
d
dV

�
; (11)

where:

Pf = global failure probability for volume failures,


 = surface of the unit sphere,

V0 = volume of the component,

m; �0 = Weibull parameter,

�eq = equivalent stress.

For the Weibull parameter strength �0, its values were known as a function of the

porosity as shown in the former section. The Weibull parameterm is independent

of the porosity and m = 8:5 [3].

The calculations using the thermal load, geometries and strengths given in the

former sections led to a failure probability of 1 for all design variants. It can be

shown that the concave porosity gradient yields better results.

To turn out the advantages of the optimized transition function for the failure

probability, the values of the failure probability should be smaller than 1. This

can be reached by reducing the thermal load and by increasing the strength of

the material, i.e.

� the temperature gradient in the component is reduced by increasing the

temperature at the outer surface of the evaporator tube to 750o C and by

reducing the temperature at the inner surface to 1200o C,

� a thickness of the inner solid layer of 4mm is chosen to reduce the temper-

ature gradient,

� the Weibull parameter �0 is doubled and m = 20 is used.

With these values and boundary conditions the time-dependent failure probability

is calculated. It is assumed that the component is heated until steady state

is reached. In the stress calculations, it was assumed that the length of the

component is in�nite. However, failure probability depends on the volume of

the component. For the calculation of the failure probability a length of one

millimeter is chosen.

For the �rst design variant a failure probability of Pf = 0:156 is obtained for the

non-graded component, for the convex porosity gradient Pf = 6:29�10�4, for the

linear porosity gradient Pf = 4:39 � 10�6 and for the concave porosity gradient

Pf = 1:80 � 10�7. The great advantage for the concave porosity gradient also
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appears for the calculation of the failure probability.

The failure probability is also calculated for the second design variant with a

constant layer thickness of 14:3mm (see section 7). Assuming a constant surface

porosity of 50%, a failure probability of Pf = 0:185 for the non-graded component

is obtained. For the linear porosity gradient Pf = 1:54 � 10�5, and for the convex

porosity gradient Pf = 6:79 � 10�3.

For the third design variant, the assumption of a �tted surface porosity with a

constant thickness and a constant permeability for the four porosity gradients, a

failure probability of Pf = 0:994�10�2 for the non-graded component is obtained,

for the linear porosity gradient Pf = 8:34 � 10�6, and for the convex porosity

gradient Pf = 3:60 � 10�4. It should be noted, that the failure probability for the

concave porosity gradient is constant for these design variations.

The failure probabilities for di�erent design variants are shown in Fig. 40. It

is obvious that the concave transition function is the best in terms of failure

probability.
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Figure 40: Comparison of failure probability for the di�erent design variants.
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8 Conclusions

The stress calculations have shown that in some cases the non-graded joint is

better than a joint with functionally graded materials. From the failure proba-

bility calculations it is obvious that a joint with functionally graded materials,

especially with a concave transition function, is much more advantageous than

a non-graded joint. The concave gradient of the porosity has the best relation

between stresses and local strength at any time. With the calculations made

until now, it could be shown that the failure probability of this component can

be reduced signi�cantly by using a tailored gradient. For further optimization it

would therefore be necessary to consider three-dimensional components with a

real length and boundary e�ects at the end of the tube.

Along with this theoretical work, a processing route has been developed, which

is able to produce such tailored porosity gradients [9].
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