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Abstract 

 The question of similarity or non-similarity or size effects in deformation and failure is a 
long-standing problem which has gained recently considerable attention because of its impor-
tance for the transferability of mechanical test results of geometrically similar, scaled down 
structural models to full scale structures using similitude laws. Moreover, it concerns also the 
validity of the use of small scale laboratory type test results as a basis for the computational 
modelling of large scale components. 
 Special attention has to be given to structures with strain concentrators, such as holes or 
notches, which are susceptible to excessive strains, damage, and crack initiation. These 
mechanisms and the non-uniformity of the associated stress and strain distributions (stress and 
strain gradients) may induce size effects which are more pronounced than for uniform distri-
butions. 
 In support of the EU-Project LISSAC (�Limit Strains for Severe Accident Conditions�), a 
literature survey was performed concerning mechanical test results of geometrically similar, 
bluntly or sharply notched specimens made of metallic materials, predominantly steel. In most 
cases the specimens are of relatively simple shape, such as circular tension specimens with a 
circumferential V- or U-notch, single-edge-notched bend specimens with rectangular cross 
sections, compact tension specimens, and others. The review has to be restricted to quasi-
static loading conditions. Attention is focussed on test results of specimens of nominally the 
same material which are geometrically similar to a very large extent. Results of primary inter-
est are: 

• Records representing normalized loads or stresses versus normalized displacements or 
strain measures based on load-point displacement, notch opening, or crack extension. 

• Specific quantities derived from these, such as absorbed energies up to fracture, maxi-
mum load, or crack initiation, normalized displacements or strains at maximum load 
or at a sudden load drop. 

• Reduction of area or diametrical strain at a notch as well as relative notch mouth open-
ing after fracture. 

• Crack initiation and crack propagation behaviour. 
 Although not part of the primary interest, the size influence on characteristic quantities of 
Linear Elastic Fracture Mechanics and Elastic-Plastic Fracture Mechanics is also considered 
to some extent: The critical stress intensity factor or strain energy release rate at initiation of 
crack extension, appropriate for brittle response of essentially elastic materials, and the path-
independent J-contour integral as well as the crack-tip opening displacement for elastic-
plastic material behaviour; moreover, the size influence on records representing the J-contour 
integral or the crack-tip opening displacement versus the crack extension (resistance curves) 
are also examined where available. 
 A number of influences are pointed out which may affect all these results. They come from 
intended variations of the test conditions (e.g. temperature, testing rate, notch sharpness) or 
are undesirable ones and difficult to control (e.g. macroscopic material inhomogeneity, testing 
machine effects). 
 In the course of a previous literature survey, references on size effects in notched speci-
mens had been found and this search was extended by the computerized support of several 
data banks. The results of about 30 research activities are reviewed selectively in chronologi-
cal order, with the first publication in 1932 and the last one in 2001; but certainly, the cited 
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literature is not exhaustive. The annotated review closes with discussions and conclusions 
referring to specific results of the various publications, as related to the various issues men-
tioned above. 
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Ähnlichkeit und Größeneffekte bei quasistatischen Versuchen von gekerb-
ten Proben – Ein Überblick 

Zusammenfassung 

 Die Frage der Ähnlichkeit oder Unähnlichkeit bzw. des Größeneinflusses auf das Deforma-
tions- und Versagensverhalten ist ein lang anstehendes Problem. Es hat aber unlängst beacht-
liche Aufmerksamkeit erfahren wegen seiner Bedeutung für die Übertragbarkeit von mecha-
nischen Prüfresultaten von Kleinversuchen auf Großversuche mit Hilfe von Ähnlichkeitsge-
setzen. Darüber hinaus betrifft diese Frage auch die Gültigkeit der Verwendung von Kleinver-
suchen im Labormaßstab als Grundlage für die Computerberechnung von Großkomponenten. 
 Besondere Beachtung muss Strukturen mit Dehnungskonzentrationen, wie Löchern oder 
Kerben, gegeben werden, die für Dehnungsüberhöhungen, Schädigung und Rissinitiierung 
anfällig sind. Diese Mechanismen und die Ungleichförmigkeit der zugehörigen Spannungs- 
und Dehnungsverteilungen (Spannungs- und Dehnungsgradienten) können Größeneffekte 
verursachen, die stärker ausgeprägt sind als bei gleichförmigen Verteilungen.  
 Zur Unterstützung des EU-Projektes LISSAC (�Limit Strains for Severe Accident Conditi-
ons�) wurde ein Literaturüberblick durchgeführt, der die mechanischen Versuchsergebnisse 
geometrisch ähnlicher Proben mit stumpfen oder scharfen Kerben und vorwiegend aus Stahl 
betrifft. In den meisten Fällen sind die Proben von einfacher Formgebung, wie z.B. runde 
Zugproben mit einer V- oder U-förmigen Umlaufkerbe, einseitig gekerbte Drei-Punkt-
Biegeproben mit rechteckigem Querschnitt, Kompakt-Zugproben und andere. Der Überblick 
muss auf quasi-statische Belastungsbedingungen beschränkt werden. Beachtung wird vorwie-
gend Versuchsergebnissen von Proben aus nominell demselben Material gegeben, die im gro-
ßen Umfang geometrisch ähnlich sind. Ergebnisse von primärem Interesse sind: 

• Aufzeichnungen von normalisierten Belastungen oder Spannungen über den normali-
sierten Verschiebungen oder Verzerrungsmaßen, basierend auf Lastpunktverschie-
bung, Kerböffnung oder Rissfortschritt. 

• Spezielle abgeleitete Größen wie absorbierte Energien bis zum Bruch, zur Maximal-
last oder bis zur Rissinitiierung; normalisierte Verschiebungen oder Verzerrungen bei 
Maximallast oder bei plötzlichem Lastabfall. 

• Brucheinschnürung oder relative Durchmesseränderung an der Kerbe wie auch relati-
ve Kerböffnung nach dem Bruch.  

• Rissinitiierung und Rissfortschrittsverhalten. 
 Obgleich hier nicht von primärem Interesse, wird in begrenztem Umfang auch der Größen-
einfluss auf charakteristische Werte der Linear Elastischen Bruchmechanik und der Elastisch-
Plastischen Bruchmechanik betrachtet: Der kritische Spannungsintensitätsfaktor oder die Ver-
zerrungsenergiefreisetzungsrate bei Beginn der Rissfortschritts � Größen geeignet für das 
spröde Verhalten im wesentlichen elastischer Materialien � und das wegunabhängige J-
Konturintegral sowie die Rissspitzenöffnung für elastisch-plastisches Materialverhalten. Dar-
über hinaus wird auch, sofern vorhanden, der Größeneinfluss auf solche Aufzeichnungen be-
trachtet, die das J-Konturintegral oder die Rissspitzenöffnung über dem Rissfortschritt (Riss-
widerstandskurven) darstellen. 
 Eine Reihe von Einflüssen werden aufgezeigt, die alle diese Resultate beeinflussen kön-
nen. Sie rühren von beabsichtigten Variationen der Testbedingungen (z. B. Temperatur, Ver-
suchsgeschwindigkeit, Kerbspritzenschärfe) her oder sind unerwünscht und schwer zu kon-
trollieren (z. B. makroskopische Materialinhomogenität, Effekte der Versuchseinrichtung). 
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 Im Rahmen einer früheren Literaturstudie waren Veröffentlichungen über Größeneffekte in 
gekerbten Proben gefunden worden und diese Suche wurde erweitert mit Computerunterstüt-
zung mehrerer Datenbanken. Die Ergebnisse von etwa 30 Forschungsaktivitäten werden in 
diesem Bericht selektiv in zeitlicher Reihenfolge besprochen, wobei die erste Veröffentli-
chung von 1932 und die letzte von 2001 stammt. Allerdings ist die zitierte Literatur nicht er-
schöpfend. Der kommentierte Überblick schließt mit Diskussionen und Schlussfolgerungen 
ab, die sich auf die oben genannten speziellen Resultate der verschiedenen Veröffentlichun-
gen beziehen. 
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1 Introduction and Objective 

 The assessment of the proper function and integrity of complex structures through numeri-
cal simulations may be impossible or prohibitive because of an excessive computational effort 
or because the governing physical processes are insufficiently known. However, full scale 
experiments are often not realizable because of cost or hazards. An experiment with a geomet-
rically similar, scaled down model may provide essential information if appropriate �simili-
tude laws� can be obeyed in the design and performance of the small scale experiment. Then a 
direct transfer of the experimental results to the full scale situation is possible using the simili-
tude laws as �transfer laws�.  
 For such an approach to be successful, it is important to understand and to quantify the 
governing physical phenomena. If the appropriate balance equations and constitutive relations 
as well as initial and boundary conditions have been set up, the similarity laws can be ob-
tained by transforming the governing equations in a dimensionless form which automatically 
yields a set of dimensionless characteristic parameters or functions. Similarity of the model- 
and the large scale prototype-response means that the dimensionless solutions for displace-
ments, strains, stresses, velocities, etc. of model and prototype are identical (e.g., Malmberg 
(1995, [1.1])) at homologous points and scaled times. This implies the equality of the corre-
sponding characteristic parameters or functions and these requirements represent the �similar-
ity laws�.  
 Aside from this approach, known as the �method of differential equations� or simply the 
�method of equations�, other approaches, like the �method of ratio of forces, energies, etc.� or 
the �dimensional analysis and application of the Buckingham - Π - Theorem�, may be used. 
 A rather important case is obtained when the model uses the same material at the same 
temperature (replica models) as the prototype. Experience with similarity analysis in general 
but also for replica models shows that some of the similarity laws cannot be satisfied at all 
and others can be satisfied only approximately. Under these circumstances, size effects occur 
for replica models, i.e., the dimensionless solutions for the replica model and the prototype 
are not identical but depend on the geometric scale. This is the case when, for example, vis-
cous effects come into play or when heat conduction becomes important, not to speak of frac-
ture processes. 
 When inertia effects1 are accounted for, a special situation occurs if the model and the pro-
totype use the same classical elasto-plastic material2 at the same temperature. Then the simi-
larity conditions can be satisfied only if the characteristic velocities are the same (Malmberg 
(1995, [1.1])). This then implies that not only the strains but also the stresses and all other 
strain- or stress-like variables as well as volume densities of deformation energies are the 
same at homologous points and scaled times. In solid mechanics this case represents the tradi-
tional paradigm in considerations of similarity and its contrary (i.e., size dependence). 
 A further special case is obtained if inertia effects (impact, wave propagation) can be 
safely neglected and static or quasi-static conditions prevail. Then the similarity condition of 
�equal characteristic velocities� is obsolete for the replica model and prototype of the same 

                                                 

1 Gravity effects are assumed to be of no importance 
2 No viscosity effects and isothermal conditions 
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Introduction and Objective 

non-viscous elastic-plastic material: the velocities (e.g., traction velocities) may be chosen at 
will, but such that quasi-static conditions remain valid for both model and prototype. The 
choice affects only the time scale. 
 However, if visco-plasticity becomes important under quasi-static conditions, an arbitrary 
choice of the characteristic velocities induces a size dependence due to the rate dependence of 
the material: for example, the use of the same traction velocity for the model and for the pro-
totype increases the strain rate in the model by the factor λ>1, compared to the prototype, 
where λ is the geometric scale factor. For a rate dependent material, usually an increase of the 
strain rate yields an increase of the flow stress such that for equal stress conditions the strains 
will be undervalued in the replica model. Under quasistatic conditions, this can be prevented 
by observing the additional similarity condition, implied by visco-plasticity, of equal ratios of 
the characteristic velocity vR and the characteristic length lR, i.e., (vR/lR)m = (vR/lR)p ,with the 
subscripts m and p denoting the model and the prototype. This is equivalent to requiring the 
same strain rate at corresponding points and equal time scales. Of course, this condition can 
also be used when the material is rate-independent and quasi-static loading is prevailing. For 
further details on similarity and size effects in the deformation behaviour see Ref. [1.1]. 
 If fracture phenomena due to sharp notches or cracks occur, the theoretical concepts of 
Linear Elastic or Elastic-Plastic Fracture Mechanics (LEFM or EPFM) may apply to describe 
the instant of crack extension. These conditions at the crack tip3 (i.e., the stress intensity fac-
tor K or the J-integral reaches a critical, material specific value � the fracture toughness) in-
herently imply a size dependence of stresses and strains at this instant, provided the fracture 
toughness value is a size invariant material characteristic constant. In fact, this is a basic pre-
mise of these fracture mechanics theories. 
 In connection with these fracture mechanics concepts, different notions of �size effect� or 
�size dependence� appear in the literature. On the one hand, they refer to the observation that 
the presumably size invariant fracture toughness value may be found to be a size dependent 
quantity when specimens of the same material and shape but of different size are compared. 
Moreover, the notion �size dependence� is also used for the influence of sole thickness varia-
tions of specimens, their in-plane geometry being geometrically similar. In fact, in this case 
specimens of the same material are compared which are geometrically distorted. This phe-
nomena is properly termed �thickness effect� by some authors. 
 In the present review the attention is essentially restricted to the notion of similarity and its 
contrary due to  size effects under quasi-static conditions, as found in geometrically similar 
specimens  of the same material and at the same temperature (replica model and prototype), 
and as defined above. However, some results related to the two other notions are also in-
cluded. 
 A previous literature survey (Malmberg, Tsagrakis, Eleftheriadis, and Aifantis (2001, 
[1.2]) on the phenomenon of �delayed yielding� (increase of yield stress under non-uniform 
stress distribution) and on size effects in smooth tensile specimens has been performed within 
the EU-project REVISA4. Here only two outcomes are mentioned: (i) frequently an increase 
of the yield stress was obtained when the size was decreased; (ii) furthermore, an increase of 
the strain measure �area reduction after fracture� of smooth tensile specimens was observed 
                                                 

3 A theoretical singularity of the stress and strain field 
4 REactor Vessel Integrity in Severe Accidents (REVISA), EU-Contract F14S-CT96-0024, Euratom Research 
Framework Programme 1994-1998 �Nuclear Fission Safety� 

2 



 

when the size was decreased; this has also been found in corresponding experiments for the 
reactor vessel steel 20MnMoNi55 within the REVISA project (e.g., Devos, Auerkari, Läm-
mer, LeBer, Messelier-Gouze, Malmberg (2002, [1.3])). 
 In brittle as well as in ductile materials sharp notches or cracks (resulting from fatigue or 
stress corrosion) clearly represent a great risk for fracture and thus the size dependence of the 
fracture stress, the failure strain, and also the energy dissipation capability of geometrically 
similar specimens of the same material has been studied previously by experiments. These 
studies generally demonstrated an increased load carrying capacity and ductility with decreas-
ing size. However, an increasing number of engineering problems require the determination 
of failure loads and deformations of structures containing intentionally designed strain con-
centrators like bore holes, perforations, or blunted notches, and no sharp notches or cracks. 
Testing of geometrically similar specimens of this type has also been done to some extent, 
and an extensive study on size effects of the reactor vessel steel 20MnMoNi55 and others has 
recently been completed within the REVISA project (Devos et.al. (2002, [1.3])). However, a 
critical review of the available literature on size effects in the quasi-static testing of sharp and 
blunt notched specimens had not been performed yet. Such a survey became part of the pre-
sent EU-project LISSAC5 which is, to some extent, a successor of the size-effect task of the 
REVISA project. It appeared that systematic testing for a variety of specimen shapes as well 
as over a large range of sizes (geometric scale factor larger than 10) had not been done yet 
and this gap promoted the realization of the LISSAC project. Within the LISSAC project the 
local failure strains of essential nuclear reactor vessel components as well as conventional 
types of specimens (bluntly notched tension and bend specimens, flat strips with circular 
holes, and others) are investigated, the size influence being of primary interest at room and 
elevated temperature and under quasi-static and dynamic conditions. 
 The objective of the present survey is to provide a review of mechanical test results of 
geometrically similar, bluntly or sharply notched specimens, predominantly made of steel. In 
most cases the specimens were of relatively simple shape: 

• circular tension specimens with a circumferential notch; 
• single-edge notched bending specimens with rectangular cross-section; 
• compact tension specimens; 
• some more complex configurations. 

 The review had to be restricted to quasi-static loading conditions. In most cases the tests 
have been performed at room temperature (R.T.), but tests below and above R.T. are also 
available.  
 The attention is focussed on test results of specimens of nominally the same material which 
are geometrically similar to very large extent. The test results of interest are, for example: 

• curves representing a normalized load or stress versus normalized displacement or 
strain measures, such as those based on the load-point displacement, notch opening, or 
crack extension; alternatively, normalized bending moment versus bending angle 
curves  

• specific quantities based on results, such as 
- absorbed energies: total (up to fracture) and partial (up to maximum load) 
- maximum normalized load, maximum nominal stress, or maximum normalized 

bending moment 
                                                 

5 Limit Strains for Severe Accident Conditions (LISSAC), EU-Contract FIKS-CT1999-00012 
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Introduction and Objective 

- normalized displacement, strain, or bending angle at the maximum load and at a 
sudden load drop 

• reduction of area or diametrical strain at a notch after fracture 
• notch mouth opening after fracture 
• crack initiation or extension determined by visual, acoustic, or electric (e.g., potential 

drop) methods 
• crack propagation behaviour 
• J-contour integral resistance curves (e.g., J vs. crack extension ∆a); J-values at crack 

initiation  
• crack tip opening displacement (CTOD) resistance curves (e.g., CTOD vs. ∆a); 

CTOD-value at crack initiation 
• scatter of experimental results. 

 A number of influences affecting the results have to be accounted for. For example, 
• homogeneity of the raw block of material the specimens are cut from, i.e., the material 

has to be as homogeneous as possible to determine true size effects 
• anisotropy of the raw material; i.e., choice of orientation of specimens 
• influence of different testing machines for small and large specimens 
• temperature influence 
• testing rate influence 
• notch sharpness and notch preparation influence. 

 Fracture appearance and fractographic results, such as fracture surface topography, will be 
only very briefly mentioned if available. 
 Although theoretical approaches like fracture mechanics concepts, probabilistic models, 
advanced continuum mechanics theories, or discrete element approaches have been and are 
used to interpret size effects, this review is concerned essentially with the experimental find-
ings; the theoretical interpretation is addressed only when appropriate. In any case, the theo-
retical modelling and interpretation is still a rather intricate matter and no approach has uni-
versal applicability. This is also simply due to the fact that different physical mechanisms 
may be the reason for a size dependence of the material response, each one separately or even 
in a combined manner. 
 The review started in 2001 using references on size effects in notched and precracked 
specimens found in the course of the previous literature survey Ref. [1.2] and the search was 
then extended by computerized support of several data banks. The result of about 30 research 
activities are reviewed in Section 2 in chronological order, with the first publication in 1932 
and the last one in 2001. It should be noted that the cited literature is not exhaustive: there is a 
number of reports not readily available and publications, which came late to the attention of 
the author: they are not cited herein. 
 Finally, discussions and conclusions are contained in Section 3, i.e., specific results of the 
various publications related to the topics listed above, are extracted and combined. 
 A first version of the present report was prepared under the same title as a LISSAC docu-
ment (Malmberg, (2003, [1.4])). 
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2 Annotated Review of Relevant Literature 

In view of the size effects observed in previous experimental results of notched-bar impact 
tests, Docherty (1932, [2.0]) investigated a family of geometrically similar Izod-type speci-
mens in an Izod test arrangement with various bending speeds ranging from �slow� to impact 
conditions. The specimens were similar in all respect to the standard Izod notched specimen 
(cross-section 10 x 10 mm, depth of 60° V-notch 2mm, notch radius ¼ mm); their dimensions 
are given in Tab. 2-1. Thus, a geometric scale factor of only three was realized. 
 The specimens were machined from ½ in. bars and this limited the maximum cross-section 
dimensions of the specimens. For each size about 10 specimens were fabricated, though in 
some cases a smaller number was realized owing to lack of material. As listed in Tab. 2-2, 
eight different metal materials with partially different heat treatments were investigated. 
However, chemical composition and tensile properties were not indicated, except the reduc-
tion of area at fracture. Also the quality and homogeneity of the stock bars were not recorded 
and a special cutting plan of the specimens was not mentioned. 
 The slow bend test equipment used is schematically illustrated in Fig. 2-1 (from Ref. 
[2.1]). It is designed to allow for various speeds of motion but was otherwise as close as pos-
sible to the standard Izod test. The load acting on the piston E was generated by a hydraulic 
ram (Buckton testing machine) not shown in Fig. 2-1. The specimen A was clamped in a vice 
as usually. The striker B was carried by the slider C which was guided on the back by the 
rollers D and on the other sides by slides. The distance of the vertical line of motion of the 
striking edge from the center of the notch was scaled according to the specimen size (Tab. 2-
1). The slider was pushed downwards at a prescribed speed by the hydraulic ram acting on the 
piston E. Approximately constant speeds were maintained ranging from 150 in/min (38.1 
m/min) down to 0.05 in/min (0.0127 m/min); in comparison, the average speed of the Izod 
test was about 7000 in/min (1778 m/min). The cylinder F, attached to the slider C, was filled 
with oil and the oil pressure6 (proportional to the load) was recorded by an ordinary steam 
engine indicator. Further, the motion of the slider was recorded by the rotation of the indicator 
drum by means of the cord G. Thus, the work done in bending or fracturing a specimen was 
obtained from the autographic record of the load applied to the slider which was recorded on a 
base proportional to the displacement of the slider (work proportional to area of autographic 
diagram).  
 The speed of the striker edge (= load-point displacement rate) was held constant in each 
test series of geometrically similar specimens, which implied that the strain rate was not con-
stant  within each test family. A constant strain rate would be preferable since then the rate 
dependent part of the flow stress is approximately the same for all specimen sizes. Docherty 
pointed out the �speed effect�, but it was decided to proceed as in previous tests since also the 
valve settings of the Buckton testing machine could not be altered easily. He expected that 
some correction could be made easily. This question will be discussed later in some more 
detail. 

The experimental results documented in Ref. [2.0] are  

                                                 

6 The leakage of oil from the cylinder was one of the chief problems in the design of the recording gear. 
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• the absorbed energy for plastic bending and fracture up to the instant when the recorded 
load drops to zero7; the mean values of up to 10 tests are collected in Tab. 2-3; no indica-
tion of the scatter is given; 

• the diagrams (Fig. 2-2) of nominal stresses (load divided by the square of a characteristic 
length of the specimen) versus a dimensionless displacement of the striker, strain or bend-
ing angle; each ordinate is the mean of six typical diagrams, all of which were taken at a 
striker speed of 6 in/min (0.152 m/min); 

• some limited information about the cracking of the specimens. 

 The presentation of the absorbed energy in Tab. 2-3 is not normalized; therefore, the re-
sults do not readily show the size influence. For this purpose, departing from Docherty�s pres-
entation, the data are transformed to volume specific energies by referring the raw data to a 
characteristic volume which, for simplicity, was chosen to be W3 (W: depth or width of 
specimen). The result is shown in Tab. 2-4. If no size effect were present and if other influ-
ences (like the rate effect or material non-uniformity) are ignored, then within each test family 
the volume specific energy should be constant. Obviously this is not the case, instead gener-
ally a decrease with increasing specimen size is seen for all materials and speeds, except the 
material M (annealed phosphor bronze) where the effect is rather minor. Before discussing 
this apparent size effect, it is necessary to investigate the influence of the speed. 
The strain rate achieved at the root of the notch is rather difficult to determine precisely and 
no estimate was given by Docherty. In the following a simple model is set up to provide a 
rough estimate. The assumptions made are 
− the deformation is restricted to the notch, idealized to a section of length 2ρ where ρ is 

the root radius; this is certainly less than the actual deforming part of the specimen. The 
rest of the specimen is assumed rigid. 

− This section is bent like a beam of length 2ρ and depth W-a (W: depth of the unnotched 
section, a: depth of notch). With 1/R being the curvature of the neutral axis, the tension 
strain at the root of the notch is 

2
1 aW
R

−
=ε  . (2-1) 

The assumption that the neutral axis does not stretch under bending implies 
.2 constR ==⋅ ρψ  (2.2) 

where ψ is the angle of rotation of the specimen. The displacement S of the load-point of the 
striking edge consists of two contributions, the displacement due to bending of the section 2ρ 
and due to the rotation of the rigid part of the specimen, i.e.,  

;21 SSS +=  (2.3) 
 
bending S1  =  2R sin2 ψ/2 
rotation S2  =  L* sin ψ 

                                                 

7 This corresponded to the instant when a complete or almost complete fracture of the specimen was obtained or 
when the edge of the striker has slipped off the specimen due to large bending. 
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where L* is the distance of the load-point from the edge of the deformable section 

L*  =  L0  -  ρ 

L0:   half length of specimen. 

For small angles of rotation ψ one gets 
( )

( ) .*
*22

0

2

ψψρ
ψψ

LL
LRS

=+=
+=

 (2.4) 

Then the strain at the root of the notch is 

2
1

2222
1

0 ρρ
ψε aW

L
SaWaW

R
−

=
−

=
−

=  (2.5) 

and the strain rate is 

.
0 2

1
2ρ

aW
L
Sε −

=
&

&  (2.6) 

With a constant speed V of the load-point one gets 
VS =&  (2.7) 

and the strain rate at the root of the notch is for small angles of rotation 

.
0 2

1
2 L

aW
ρ

Vε −
=&    (2.8) 

The smallest speed in Docherty�s experiments is 0.05 in/min = 0.02117 mm/s. For the family 
of geometrically specimens one has ( ) 3636.0/ 0 =− LaW . 
 The largest specimens (cross-section 12 x 12 mm) with a root radius of 0.3 mm is sub-
jected to a strain rate of  

1310415.6 −−= sε&  . (2.9) 
 With a geometric scale factor of at most three and constant speed of the load-point, the 
strain rate increases by a factor of three when the specimen sizes decrease to the smallest one 
and thus the strain rates at the lowest speed are well within the quasi-static regime. However, 
the load-point displacement rate is also increased by several orders of magnitude: 

.
3

min

10140300010001201

)(700015050605.0

=

=

V
V

IzodV
 (2.10) 

 Thus, for specimens of the same size the velocity and thus the strain rate varies over many 
orders of magnitude. However, the change of the volume specific energy is moderate if the 
speed is increased from 0.05 in/min to 6 in/min (factor 120) or to 50 in/min (factor 1000) or 
even to 150 in/min (factor 3000), (Tab. 2-5). 
 A rather similar rate influence is seen for the other specimen sizes. On the contrary, the 
change of the volume specific energy within a specimen family is considerable (Tab. 2-4). For 
the rolled mild steel (material A) the decrease in size from the 10 x 10 specimen to the 4 x 4 
specimen yields an increase of 49 % accompanied by an increase of the strain rate by only a 
factor 2.5; increasing the strain rate by a factor of 120 (speed increase from 0.05 in/min to 
6 in/min), yields only an increase of 14.6 %. Qualitatively the same observation is made for 
all the other families. Therefore, it is concluded that the variation of the strain rate within a 
test family by a factor of 2.5 or 3 has practically no effect for the speed levels considered in 
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these test series. The influence of size for the volume specific energy is also represented in 
Figs. 2-3 and 2-4, and a strain rate correction is not necessary. 
 In Tab. 2-6 for each material the ratio of volume specific energies of the smallest and larg-
est specimen size is indicated for the slowest speed. This ratio is a measure for the magnitude 
of the size effect within the indicated size range. For the materials A and B as well as AA, the 
ratios are expected to be greater, as indicated, if results for the full size range (4 to 12 mm 
depth of the specimens) were available. These data are compared with the corresponding area 
reduction at fracture in tensile tests of uniform specimens. The comparison clearly shows that 
the size effect measure is largest (around a ratio of 2) for materials F and K which have the 
lowest area reduction Z. On the other hand, the phosphor bronze L and M have the lowest size 
effect measure (1.27 and 1.04) but the highest area reduction. One may conclude that the size 
effect is the larger the less ductile the material. 
 Referring to other authors, Docherty elaborates on an empirical relation between the ab-
sorbed energy E and a characteristic length l of a specimen, i.e. 

32 BlAlE +=  (2.12) 
or 

32, <<= nClE n   . (2.13) 
 Whereas the second relation appears to be purely empirical, the first one has a physical 
background: in terms of a volume specific energy, e.g., E/W3, one gets  
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with AV  and BV  being constants for a geometrically similar test family. The second term is 
related to a plastic deformation energy, which is size independent, but the first term is related 
to surface energy prominent in fracture mechanics of brittle solids. Equ. (2.14) implies that 
the volume specific energy E/W3 becomes largest for small specimens, decays hyperbolically, 
and approaches a constant value for large sizes. Alternatively an area-specific energy, for ex-
ample 
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may be defined. Here, the ligament area W ⋅ (W � a) is chosen as the reference surface (frac-
ture area). The graph of the area specific energy ES is a straight line and its extrapolation to 
small sizes W does not intersect the origin of the (ES ÷ W)-diagram. This is important for the 
presence of a geometrical size effect. Consequently, the area specific values are determined 
for small speeds and are listed in Tab. 2-7 and the graphical presentations are shown in Fig. 2-
3 and 2-4. 
 Figs. 2-3 and 2-4 demonstrate that a linear graph of the area specific energy is a reasonable 
approximation in most cases. Their linear extrapolation to small sizes depends in some cases 
on the extrapolation procedure and is thus ambiguous, but in most cases one finds AS > 0. The 
results for the materials F, K, and AA show a rather moderate dependence on the depth W, 
especially material AA yields an almost constant area specific work, a steel which cracked in 
every notched bar tests. It is noteworthy that this rather moderate size dependence of the area 
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specific energy is accompanied with a low energy level. For the materials F and K this goes 
along with the lowest values for the area reduction (Tab. 2-2). The comparison of Figs. 2-3 
and 2-4 shows that an increase in speed by a factor of 120 from 0.05 to 6 in/min has only a 
moderate influence on the size dependence of most of the tested materials, except the an-
nealed Monel metal (material H): at the low speed 0.05 in/min the size dependence is clearly 
evident (AS ≈ 0.4 J/mm2 > 0 and EV ≠ const (Tab. 2-4)), but at 6 in/min a quite reduced size 
influence is seen (AS < 0.1 J/mm2, see also the variation of EV in Tab.  2-4). 
 The observed marked size effect of the volume specific energy should also be seen in the 
normalized stress-strain diagrams. Docherty included a few graphs (Fig. 2-2) only for the 
notched specimens of materials B, L, and M and for unnotched specimens of material AA 
(averages of six nominally identical tests at 6 in/min). Clearly, these graphs contain more in-
formation than just the integral value of the combined deformation and fracture energy. In the 
diagrams for the normalized mild steel (B) and the rolled phosphor bronze (L and M) the 
stress maxima decrease with increasing size. Docherty attributes this to the decrease in strain 
rate within a test family (constant velocity tests!) which reduces the flow stress. However, as 
noted before, a change of the strain rate by a factor of only three is likely not sufficiently ef-
fective to explain this trends. Furthermore, the maxima for materials B and L are shifted to 
larger normalized displacements when the size is decreased. Also the decrease of stress be-
yond the maximum is more pronounced the larger the specimen (materials B and L). Do-
cherty, referring to other authors, states that this decrease of stress indicates a �decrease in the 
proportion of ductile shearing in the fractures, or conversely an increase in the proportion of 
�cracking�. The metals, therefore, behave in an increasing brittle manner as the size increases, 
but in the range of sizes tested there was no evidence that the �cracking� became so excessive 
as to be audible or visible as an interruption of the smooth curve of the diagram.� 
 It is noteworthy in Figs. 2-2a, b, c that the total normalized length of the diagrams de-
creases with decreasing size of the specimens, which corresponds to a shift of the sharp kink 
in the graphs to smaller normalized displacements the smaller the specimens. Docherty sug-
gests that this �may also be accounted for by the increased ductility of the smaller specimens. 
The opening up of the fracture from the root of the notch was less; the neutral axis therefore 
nearer the root of the notch; there was consequently more compression on the side remote 
from the notch, which reduced the length of the cantilever when bending has taken place, and 
the striker had not to travel so far before it slipped off the end of the specimens.� 
 It appears that this effect is likely not sufficiently effective to explain the observed trend in 
Figs. 2-2a, b, c. Another mechanism is possible: for those specimen which suffer an early and 
more extensive cracking and crack opening at the root of the notch, the load-point displace-
ment will be mainly due to crack propagation and crack opening such that the specimen pri-
marily rotates at the clamped edge without essential bending in the specimen outside the 
notch. If there is no or only minor cracking at the notch and if sufficient hardening is present, 
not only the notch is opened by the plastic deformation at its root but also bending may ap-
pear outside the notch. Thus, the overall shape of the specimen is curved and not almost 
straight. With the reasonable assumption of a constant length of the neutral axis, this mecha-
nism yields an earlier slip off of the striker and thus the right tendency to explain the trend in 
Fig. 2-2a, b, c. It means that the observed trend is due to the �higher ductility�, i.e., less crack-
ing at the root of the notch and thus also more bending outside the notch. Whether this quali-
tative explanation is also quantitatively appropriate is unresolved. Exploratory considerations 
still leave some doubts. 
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 For the material AA (0.3 % C-steel, normalized) not only notched but also unnotched 
specimens had been tested using a geometric scale factor of only 1.71 (7 x 7 to 12 x 12 mm). 
The volume specific energy (Tab. 2-4) of the notched specimens shows a definite size de-
pendence: decreasing the size from the largest to the smallest specimen, the volume specific 
energy is increased by 66 %. On the contrary, the normalized load-displacement graphs (Fig. 
2-2d) of the unnotched specimens tested at low speed, do not show any significant size influ-
ence. Accordingly, Docherty states that the departure from similarity, which is so marked for 
the notched specimens of metal AA, �is thus seen to be due to the influence of the notch, 
causing stress concentrations which result in brittle action taking place.�  
 
 Nadai and MacGregor (1934, [2.2]) investigated the results of Kuntze (1932, [2.3]) on 
circular 60° V-notched tension specimens, using the theoretical elasticity results of Neuber 
(1933, [2.4]) who had determined the maximum stress at the tip of a notch, the profile of 
which was given by two branches of an ordinary hyperbola within a 60°V-notch. Keeping the 
radius of curvature at the apex of the notch profile (hyperbola) constant but increasing the 
minimum diameter at the notch from 1.8 mm to 6 mm (size factor 3.333), increased the 
maximum stress by about 83 % if the notch cross section area is half of the rod area. Nadai 
and MacGregor remarked that the sharp notches of these rods were most probably all cut with 
the same tool such that the same notch tip was applied to all rods. Thus, they indicated that 
Kuntze�s belief that his notched test bars were geometrically similar was probably not quite 
justified. This would imply that the size dependence of the notch strength observed by Kuntze 
is essentially due to the increased notch sharpness when the size of the rods is increased. 
 To check certain similarity considerations (Barba-Kick law of proportionality) and to sup-
port the above interpretation of Kuntze�s findings, Nadai and McGregor performed notched 
tensile tests of bars of mild steel and aluminum. A family of geometrically similar round bars 
with a semi-circular notch were produced from the mild steel with the radii of the notches 
strictly proportional to the diameters. Before machining, all bars were annealed at 900 °C for 
one hour. The minimum diameter at the notch ranged from ~0.088 in = 2.24 mm to 0.707 in = 
17.96 mm (scale factor 8) and the radius of the semi-circular notch was such that the notch 
reduced the cross-sectional area by 50 %. Details are given in Tab. 2-8. It is noted that the rate 
of the applied stress was held constant8. As Tab. 2-8 demonstrates, the results for the ultimate 
strength at the maximum loads do not show a size dependence. This supports the considera-
tion of Nadai and MacGregor with respect to Kuntze�s findings. A second annealed mild steel 
family with 60°V-notches of the round bars was tested again with the radius at the tip of the 
notch proportional to the diameter. It is noted that the radius of curvature at the tip of the 
notch is somewhat smaller (~64 %) than in the first family. The diameter at the notch ranged 
from ~0.088 in to 0.3535 in (scale factor 4) and the notch reduced the cross-sectional area by 
50 % (Tab. 2-8) as above. Again no size effect on the ultimate strength is seen. Unfortunately, 
no deformation data such as notch opening or area reduction at the notch at maximum load or 
fracture were recorded. 
 Among others, additional tension tests were made with a family of flat pieces cut from a 
hard aluminium sheet as delivered with two-sided 60°V-notches applied. The distance be-
tween the tips of the notches ranged from 0.124 in = 3.15 mm to 0.750 in = 19 mm and the 
thickness ranged from 0.2083 inch to 0.125 inch such that the notch reduced the cross-
                                                 

8 If linear hardening in the plastic regime applies, the strain rate is also constant. 
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sectional area by 50 %. The radius of curvature at the notch tip was 0.0625 in = 1.587 mm in 
the largest specimen and was scaled appropriately. Again no size effect was found for the flat 
specimens. 
 
 On the conclusion of his previous tests, Docherty (1935, [2.5]) decided to carry out a few 
more tests with even larger notched specimens, up to section 100 x 100 mm. According to 
Docherty, they were the largest specimens that had been tested at that time. Slow speed three-
point-bending tests were performed: the load was applied to the mid point of the span above 
the notch through a cylinder (2 in diameter cylinder for the 100 x 100 mm and proportionally 
smaller cylinders for the smaller specimens). The deflection under the load was measured by 
dial gauges or by multiplying levers and scales according to the size of the specimens but only 
a moderate accuracy was aimed at. The duration of the tests varied with size from about 2 to 
10 minutes. It is believed that all specimens were tested in the same test arrangement, of 
course with scaled supports. Two materials (A and B) of forged mild steel were used for the 
fabrication of two sets of geometrically similar specimens, differing by their width (Tab. 2-9). 
Material A was provided in the form of a 4 in by 1 in bar, and material B in the form of a 4 in 
by 4 in bar. For the B-material specimens the smaller specimens were cut from the undam-
aged portions of the larger specimens. It was hoped that the bar would be so homogeneous 
that the obtained results would be comparable. 
 The results obtained are shown in Figs. 2-5 and 2-6. In the normalized load-deflection dia-
grams the ordinates are load /(area of cross section) and load-point deflection/ (depth of 
specimens). Except for the linear (elastic) region and the �yield point�, similarity (i.e. congru-
ence of the curves) is neither obtained for the A-type family nor for the B-type family. Do-
cherty states that there is no evidence of tearing up to the point Y and that at the point Y tear-
ing commences and gradually spreads from the root of the notch into the specimen. It would 
therefore appear that the stress at which tearing commences is practically constant, irrespec-
tive of the size of the specimen. However, no direct experimental proof by visual inspection 
or other means is given. Lubahn in a later publication (Ref. [2.19]) comments, �if such were 
the fact, one would in turn conclude that the ductility (strain when tearing = cracking sets in) 
is independent of specimen size.� Lubahn further remarks that it is clear from the photograph 
Fig. 6 in Docherty�s paper (dimple at the root of the notch) that considerable strains occurred 
prior to fracture even in the largest specimen. 
 Beyond the �yield point� marked differences are seen. The normalized load (nominal 
stress) increases steadily up to a maximum, but the maximum value and especially its related 
normalized deflection vary considerably. For material A there appears to be a consistent in-
crease of the hardening with increasing specimen size, but a considerable scatter is found for 
the two 50 x 12.5 mm specimens (Fig. 2-5). More important, the normalized deflections asso-
ciated to the maxima are shifted to larger values the smaller the specimens. Furthermore, the 
nominal stress for the small 10 x 2.5 and 20 x 5 mm specimens show a gradual decrease be-
yond the maximum. The two tests of the larger 50 x 12.5 mm specimens show a discontinu-
ous behavior: one test yields a gradual decrease of the nominal stress, the other failed on the 
ascending branch at a smaller normalized deflection by cracking with an instantaneous drop 
of the stress. The two tests of the largest specimens of material A suffer an instantaneous fail-
ure on the ascending branch with slight scatter. 
 For material B the ascending part of the stress strain curve shows a considerable scatter 
and no size dependent trend can be seen (Fig. 2-6). However, the normalized deflection re-
lated to the absolute maxima is size dependent: the smaller the specimens the larger is the 
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shift to larger strain values. The 10 x 10 mm specimens yield a smooth maximum of the stress 
with a subsequently gradual decay. The three tests for the 20 x 20 mm specimens also yield a 
smooth maximum, but shortly beyond the maximum cracking and an instantaneous drop of 
the load is found. The largest specimens (50 x 50 and 100 x 100 mm) crack and collapse be-
fore a relative maximum is reached and the cracking in the largest specimen occurs at a nor-
malized deflection which is about a factor of two smaller than that of the 50 x 50 mm speci-
men. In all cases the cracking of the largest specimens was  extremely violent, the broken 
halves jumping several feet clear of the testing machine. 
 A common feature of both test families is a size dependent transition from a ductile behav-
ior with a smoothly decaying softening part in the nominal stress-strain curves for small 
specimens to stress-strain curves interrupted by cracking with instantaneous drop of the load. 
For the A-type family this transition is around a cross-section size of 50 x 12.5 mm and for 
the B-type family it is between the size 10 x 10 and 20 x 20 mm. Thus, for the thicker B-type 
family the transition is shifted to a smaller specimen depth. Since the mechanical data are not 
very different (Tab. 2-10), the different widths of the specimens (a factor of four is involved) 
is the controlling quantity: the thicker specimens type B yield a somewhat more brittle behav-
ior; this is related to the constraint effect in the thicker specimens type B. Docherty has 
brought out the different transition sizes very clearly by plotting the volume specific energy 
(area within the nominal stress-strain graph) versus the depth of the specimens  
(Fig. 2-7). 
 
 Pfender (1938, [2.6]) performed static and dynamic notched tension test for different notch 
shapes, temperatures, specimen sizes, and various materials. Unfortunately, only a limited 
account was given to the influence of size. For the quasi-static tests, U-notched round bars 
(unnotched diameter 15 and 25 mm, notched diameter 9 and 15 mm, radius at the root of the 
notch 1.825 mm and 3.125 mm) were used. The materials tested were the structural steel 
St 37.11 as received and aged, the tempered steel VCN 25 (annealing at 400 °C and 600 °C), 
as well as the Al-Cu alloy Ulminium, tempered and annealed at 300 °C. No further details 
with respect to the specimens were given. The quasi-static tensile tests at room temperature, 
however, were restricted to the determination of the area reduction at the notch. The scatter of 
the data is rather small and almost no size effect is observed. The latter was also found for the 
dynamic notch tensile tests. The author remarks that it is premature to generalize these find-
ings to other specimen sizes and notch profiles. 
 
 Brown, Lubahn, and Ebert (1947, [2.7]) investigated the influence of the section size on 
the properties of a family of almost geometrically similar circular notched bars made of a 
normalized medium carbon steel and tested in static tension. The dimensions of the specimens 
are given in Tab. 2-11.  
Fig. 2-8 visualizes the variation of size, the diameter D0 of the uniform section ranging from 
6.35 mm to 101.6 mm (geometric scale factor 16). The specimens possessed a 60° circumfer-
ential V-notch which removed 50 % of the cross-sectional area. They were geometrically 
similar, except the root radius R of the notch which in all cases was as sharp as possible 
(0.001 in = 0.0254 mm). Therefore, the notch sharpness D/2R varied from about 90 for the 
smallest to 1400 for the largest specimen. 
 The material used was a single, 4 in-thick, commercial grade, hot rolled, fully Si killed, 
0.20 to 0.30 carbon steel. The plate, as received, had been flame cut in convenient pieces (4 x 
4 in, 16 in long). The pieces were subjected to heat treatment (1625°F ≈ 900°C, ~ 4 h, cooling 
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in still air). Since the size of the pieces was always the same, an identical cooling rate was 
insured.  
 The longitudinal axes of the notched bars were required to be parallel to the rolling direc-
tion of the plate in all cases. It was also required that the various sized specimens possess the 
same average notch ductility. For this purpose, the distribution of the notch ductility of the 
plate across the thickness was determined using 0.5 in cylindrical diameter notch specimens 
(60° V-notched, 50 % removed cross-sectional area) with their longitudinal axes parallel to 
the rolling direction and cut from various thickness positions (two tests at seven equi-distant 
positions across the thickness). The results show a rather uniform distribution of the notch 
strength (i.e., maximum load/initial notch area = 100 103 psi ± ~3 %). However, for the notch 
ductility (contraction in area at the root of the notch) a minimum is seen at the central part 
(about ± 0.7 in from the center). With this information the specimens of various sizes  were 
positioned within the plate in such a manner that the average ductility of the notched cross 
section for any particular specimen was equal to the average ductility of notch section of the 
largest specimen. 
 The notched specimens were tension tested at slow speed. No indication was given on the 
speed and whether the cross-head rate was scaled. 
 In each test the notch strength (i.e., ratio between maximum load and initial minimum 
notch cross section) and the notch ductility (reduction of notch area at root of notch) were 
determined. Several different methods were investigated to measure initial and final notch 
diameter. Good agreements were obtained and the reported ductility values (area reduction) 
are reproducible within ±1 % strain. 
 Three tests for the smaller specimens and two repeat test for the three larger specimens 
were performed and the results are plotted in Fig. 2-9 and 2-10 versus the diameter D0 (uni-
form section). Obviously the scatter is rather small. Both size dependencies follow a quasi-
exponential decay. Whereas the mean notch strength decreases from the smallest to the largest 
specimen by about 20 %, the decrease in mean notch area reduction is almost a factor of 10 
larger (from 21 % for the smallest to 2.25 % for the largest specimen). Brown et al. mention 
the appearance of two distinct regions of the fracture surface: a central almost circular area of 
cleavage type fracture and a surrounding darker area with the characteristics of shear fracture. 
The ratio of the brittle to the ductile area increased with increasing specimen size. Based on 
these latter observations the authors suggested that the specimen fractured in a progressive 
manner, the crack starting at the notch bottom and proceeding radially inward (observable 
visually). When the crack reached a certain depth, which was proportionally greater the 
smaller the specimen size, brittle rupture occurred over the remainder of the cross section. 
 Considering the influence of the increasing notch sharpness with size (non-similarity of 
geometry), Brown et al. stated that generally for specimens of the same size and provided 
with sharp notches, both the notch strength and ductility decrease with increasing notch sharp-
ness, but the effects of notch sharpness diminish with increasing sharpness (see Sachs and 
Lubahn (1945, [2.8])). They concluded that the notch sharpness variation (D/2R from 90 to 
1400) of their specimens would have a small effect on the ductility (quantitative estimate was 
not given). Thus, the observed large effects could be attributed only to an increase in the 
specimen size. 
 A comparison with Docherty�s (Ref. [2.0, 2.5]) and Davidenkov�s (Ref. [2.9, impact tests]) 
results was made by the authors. From the total amount of data available, they draw the fol-
lowing conclusions regarding the effect of specimen size as an embrittling factor: a distinct 
size effect exists for ductile and brittle steels which is evidenced by a decrease of both 
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strength and ductility or by a decrease in unit absorbed energy as the section size of geometri-
cally similar specimens increases. 
 Finally, Brown et al. elaborate on explanations proposed previously to account for size 
effects in fracturing, such as 

a) relative grain size 
b) surface cold work due to machining 
c) macroscopic material non-uniformity (position effect) 
d) non-constant strain rate (viscous effects) 
e) constant radius of crack tip 
f) non-uniform stress distribution (stress gradient) 
g) pre-existing defects of different sizes (statistical theory of size effect) 

 
 After comparison of results obtained with different test methods by previous experiment-
ers, Shearin, Ruark, and Trimble (1948, [2.10]) decided that the slow bend test of notched 
bars offered �excellent opportunities for precise study of size effects�. All specimens were 
geometrically similar. They were of the SENB-type with a quadratic cross-section and a 90 
degree notch with a semi-circular tip. The three common sizes used are given in Tab. 2-12. 
Thus the geometric scale factor is about 4.7. Several additional sizes (3/8, 6/8, 9/8, 12/8 and 
15/8 in) were also used which fit into this family. The total lengths of the specimens were not 
documented in Ref. [2.10]. The specimens were machined by shaping and grinding. The 
notch preparation was done with special care. The tip of the 90-degree notch ended in a semi-
cylindrical enlargement. The notch was cut on a milling machine and the semi-cylindrical part 
was lapped to size with a drill rod and abrasive eliminating milling marks. 
 The slow bend testing was done with a four-point roller bend tester. The load was applied 
to the specimen at two points by ball or roller bearings, the span between the loading bearings 
being twice the width of the specimen. Within this section, which contains the notch at the 
center, the bending moment was constant. The loading assembly was appropriately scaled 
according to the size of the specimens. 
 A first series of tests had been performed manually by applying load increments with sub-
sequent hold times of 2 to 5 min to allow the specimens to become stabilized. The average 
speed of load application was 0.00023 in/s which was the same for all sizes (Tab. 2-12). The 
load was measured as well as the bending rotation using small mirrors attached to the speci-
mens and scales. A typical result is shown in Fig. 2-11: the ordinate represents the �reduced 
bending moment� (M: bending moment, b: width of specimen, d: ligament length = retained 
depth) with the dimension of stress and the abscissa is the angle of rotation. The area under 
the curves is proportional to the applied work. 
 Subsequent testing was done making records autographically, using an in-house made 
equipment, with the testing machine in uniform motion. The cross head was driven at speeds 
proportional to the size of the specimen. The adapted sizes (nominal width) were: 3/8, 6/8, 
9/8, 12/8, and 15/8 in referred to as Nos: 1, 2, 3, 4, and 5. An extensive testing program was 
performed using specimens made from several steels, subjected to different heat treatments, 
and an aluminium alloy: 
 
(A) Central region (tempered bainite) of an 18 in-thick plate of nickel-chromium steel 

(~0.30 % C) with hardness variation 206 to 220 and 
yield stress 77250 psi 
ultimate stress 99500 psi 
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elongation 23.3 % 
red. of area 59 %; 

(A1) this material was used to investigate the influence of the specimen orientation on the 
size effect, i.e. long axis of specimen 
OX: in rolling direction 
OY: at right angle to rolling and in the plate face 
OZ: normal to place face; 
and notch direction 
OX & OY: perpendicular to plate 
OZ: parallel to OY9

(A2) Two blocks (3 x 6 x 12 in) of this material were heat treated to investigate its influence 
of embrittlement 

  (A2.0)  as received 
  (A2.1) temper embrittlement:  4 h at 650 °C, furnace cooled; Brinell H  224 
  (A2.2) referred to as air cooled. 
 
(B) Three materials were used to study the effect of inclusions: 
(B1) a 2 in-thick nickel-chromium steel plate (~0.30 % C); very clean; tempered martensite 

from a heat completely killed with aluminium; BHN = 248 
(B2) a 2 ¼-thick nickel-chromium plate (~0.30 % C); reported very clean; tempered marten-

site; BHN = 248 � 257 
(B3) two blocks of a similar composition as (B2) which came from plates 1.5 to 2 in thick of 

fine grained tempered martensite. Their number of inclusions had been determined: 
   

Block no. BHN Inclusion / in2 

           Total                  sharp or angular  
     inclusion 

Description 

830 271 4750 2300 large sulphide incl.
925 271 23250 3200 small sulphide 

incl. 
 
(C) 2 ½ in-thick nickel-chromium steel plate (no. 52151, 0.27 % C) and 9 sub-plates sub-

jected to various treatments 
(D) 1 ½ in aluminium alloy (24 ST) plate 
 
Some of the results obtained for the steels are presented and discussed here. Fig. 2-11, which 
represents typical reduced moment-angle curves, was obtained by the manual test procedure 
mentioned before. The material corresponds to that mentioned under (A1); i.e., the tempered 
bainite region of the 18 in-thick nickel-chromium steel with the long axis of the specimen in 
rolling direction (OX). The two curves represent the average of three tests with 0.4 in-
specimen and of four tests of the 1 ¼ in-specimens. A typical set of curves, obtained with the 
autographic recording for one of the specimen families of the material group (C), is shown in 
Fig. 2-12: the nominal stress (load/bd) is plotted as a function of the normalized displacement 
                                                 

9 This choice was made to minimize the possibility that a flattened zone of inclusion or lamination could lie 
along the length of the notch; thus this does not show the material at its worst. 
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(load-point displacement10 / ligament depth d). If similarity would prevail, the normalized 
curves for the specimens of all sizes should be identical. Figs. 2-11 and 2-12 reveal the fol-
lowing qualitative trends: 
• the linear (elastic) regions and a part of nonlinear (plastic) regions before the load maxi-

mum are congruent, i.e., similarity applies; 
• size effects are observed around the maxima: the smaller the specimens the larger is the 

shift of the maximum of the normalized load or reduced moment towards larger normal-
ized displacements or bending angles; a significant size influence on the value of the 
maximum reduced moment or stress is not observed; 

• the softening region beyond the maximum is more gradual and more extended the smaller 
the specimens. For the largest specimen (15/8 in = 47.62 mm depth, Fig. 2-12) the gradual 
decaying load is interrupted by an instantaneous collapse (crack) which is not observed 
for the two smaller specimens; 

• the applied volume specific work (area under the curves), i.e., the total work as well as the 
work up to the load maximum, decreases with increasing specimen size. The size depend-
ence of the work up to the load maximum, reflects essentially the size-dependent shift of 
the maximum along the normalized displacement axis and not a size dependence of the 
value of the normalized load. 

 
 This latter result is quantitatively reflected in Tab. 2-13 and Tab 2-14. Tab. 2-13 shows the 
volume specific work obtained from the reduced moment-angle curves of the tempered bain-
ite material of the 18 in-thick plate of nickel-chromium steel (material A1); three test families 
are considered which relate to the three directions OX, OY, and OZ. Three volume specific 
work terms are listed, the elastic part appropriately subtracted: W1 is the work up to the 
maximum load, W2 the work in the softening region beyond the maximum, and W = W1 + W2 
is the total specific work. The latter was obtained by integration up to a bending angle which 
corresponds to 5 % of the load maximum. Individual results of each test as well as their aver-
age are included. The authors state that the variations are due primarily to variations of mate-
rial properties themselves, because measurement errors are small. 
 The following conclusions are deduced from Tab. 2-13: 
• within a family of specimens the scatter bands related to the various sizes do not overlap; 

thus, the material variation is much smaller than the influence of size; 
• a significant size influence is seen within each test family OX, OY, and OZ for all work 

terms; decreasing the size by a factor of 4.7 from 1.875 in = 47.63 mm to 0.4 in 
= 10.16 mm, the total work W and the partial work W1 increase by a factor of 2 to 3 
(Tab. 2-15), depending on the specimen orientation: for both work terms the largest size 
influence is seen for the OZ-direction (W-ratio: (W)small/(W)large = 2.66; W1-ratio: 
(W1)small/(W1)large  = 2.83); 

• the ratio W/W1 of the total work W to the partial work W1 is around a factor of 2 (Tab. 2-
15); for the OX-direction the largest ratio is found for the smallest specimen; for the two 
other directions this trend is not observed; 

• for a given specimen size, the absolute values of the work densities are strongly depend-
ing on the specimen orientation: the largest values are obtained for the OX-direction and 
the smallest for the OZ-orientation (around a factor of 2 between the two orientations). 

                                                 

10 It appears that this corresponds to the motion of the specimen loading rollers. 
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In Tab. 2-14 the mean data of Tab. 2-13 and the mean of the additional data (A2) as well as 
(B1) to (B3) are listed. Whereas the data of the material group (A2) give some indication on 
the influence of the heat treatments, the data for the 2 in (B1) and the 2 ¼ in (B2)-thick Ni-Cr 
steel plates show considerable differences in the absolute values of the work densities. How-
ever, the size effect on the work densities is almost the same for the two materials (B1) and 
(B2) in the OX-direction (see Tab. 2-16). The material group (B3), with two blocks contain-
ing different amounts of inclusions, show a reduction of the absolute values of the work 
densities when the number of inclusions per area is increased: the percentage decrease is less 
than 10 % for the small 0.4 in-specimens, but for the 1.25 in-specimens the percentage 
decrease is larger. Furthermore, the ratios of the work densities for these two blocks show that 
the size influence increases with the number of inclusions (Tab. 2-16). Shearin et al., 
however, state that from these data �no clear trends can be perceived, but they point towards 
the ideas that there is little connection between sulphide inclusion and size effects � at least in 
cases where the sulphides do not form deleterious grain boundary networks.� 
 The material groups (C) and (D) investigated by Shearin et al. will not be commented here. 
It should be noted that Ref. [2.10] gives no indication of visual or instrumental investigations 
of crack initiation or crack propagation. Thus, it is not clear whether crack initiation occurred 
before, at, or beyond the load maximum; therefore, it appears to be unresolved whether the 
size dependence of the load maximum (shift) and of the work density W1 is due to the pres-
ence of a crack and its propagation, or whether the size dependence of plastic deformation at 
large strain and strain gradients or the size dependence of damaging processes before cracking 
are responsible for the shift. 
 Shearing et al. notified that the Equ. 2.14 fits their data reasonably well. Furthermore, to 
explain general features of size effects, the authors resort to simple concepts, but leave de-
tailed treatment to a later time. They mention (i) the weakening effect of flaws (probabilistic 
concepts), (ii) the nature of the crack tip (root radius in relation to the size), and (iii) effects of 
the root radius pattern of the applied stress. However, the discussion remains general and in-
conclusive. 
 
 With the onset of the 2nd World War, the effect of section size on fracture strength of met-
als and structures had become acute by serious fractures in welded steel merchant ships. Since 
reasons were not immediately obvious, a number of research projects had been initiated. 
Some of those results and salient features related to the effect of section size on the fracture 
strength of mild steel were presented by Parker (1948, [2.11]). They referred to 
• smooth cylindrical specimens (up to 7 inches = 177.8 mm diameter); 
• unnotched flat plates; 
• notched flat plates with the plate thickness and notch geometry (slit) maintained constant 

but with different plate widths; 
• geometrically similar flat plate specimens with a scaled square hole at the center;  
• scale models of welded assemblies � hatch corner tests. 
 The results of the geometrically similar plates with a square hole are summarized here. The 
specimens were 3, 6, and 12 inches (76.2, 152.4, 304.8 mm) wide, 3/16, 3/8, and 3/4 inch 
thick (4.76, 9.52, 19.05 mm) and were 9, 18, and 36 inches (228.6, 457.2, 914.4 mm) long. 
The square hole at the center had sides at 45 degrees to the longitudinal axis of the specimen 
and the length of the side were with radii at the corners of 1/64, 1/32, and 1/16 inches (0.40, 
0.79, and 1.59 mm). The specimens were machined from an annealed plate of mild steel 
(thickness 1 ¼ in). The raw blocks for each specimen were machined down to specimen 
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thickness from each face of the plate. For each size usually single tests were performed at 
different temperatures (0, 32, 50, 70, 74, 90, 102 °F = -18, 0, 10, 21, 23.5, 32, 39 °C) as 
shown in Tab. 2-17. The results listed are rather meager: the nominal stress at maximum load, 
the percentage reduction in thickness, and the type of fracture. No indication is given on the 
determination of the reduction in thickness, as defined by its maximum and minimum value. 
From Tab. 2-17 the following qualitative conclusions are obtained:  
• the small 3 inch wide specimens are ductile with shear failure at all temperatures; 
• the large 12 inch wide specimens fail by cleavage at all temperatures and show much less 

thickness reduction than the smaller specimens; 
• the medium size 6 inch wide specimens show a transition from cleavage type fracture to 

shear fracture with increasing temperature (from 32 °F = 0°C to 90 °F = 32 °C); 
• these results demonstrate that the transition temperature from cleavage to shear of mild 

steel is shifted to higher temperatures when the specimen size is increased; 
• at room temperature (70-74 °F) the nominal stress at maximum load decreases with in-

creasing specimen size in the investigated size range (scale factor 4) from about 46 psi 
down to 39.9 psi and the maximum percentage thickness reduction decreases from about 
31.7 % to 17.9 %; the mode of fracture changes from shear to cleavage. 

In view of the results for geometrically non-similar specimens, Parker remarks that �it is im-
portant to note that even geometrically similar notched specimens exhibit a marked size ef-
fect.� It appears that this statement reveals a confusion which stems from an ambiguous no-
menclature, which even today is not uncommon in the technical literature. One should distin-
guish between size effects on the one hand and shape or dimensional effects on the other 
hand: the first is related to geometrically similar specimens or structures in all respect for 
which similitude laws do not apply because of some size dependent mechanisms or processes 
in the material; the second, however, is related to geometrically non-similar specimens for 
which similitude laws principally cannot apply and which yield essentially dissimilar behav-
ior. 
 With respect to the observed size effects, Parker remarks �that the first crack forms at the 
base of the notch considerably before the maximum load is reached, particularly with speci-
mens that failed by shear. Consequently, the geometrical similarity is destroyed before the 
maximum load is reached.� This is, as it stands, certainly not a sufficient explanation for the 
above size effects in the geometrically similar specimens. The important aspect is that, ac-
cording to the laws of fracture mechanics, crack initiation and propagation are size dependent 
processes. If they were not, similitude could be expected. 
 
 The accidents in welded ships and bridges due to brittle fracture motivated also intensive 
research activities on the size dependence of fracture in Japan. Akita (1953, [2.12]) investi-
gated notched mild steel specimens under slow three-point bending over a temperature range 
from about �40 °C to +80 °C. The purpose was to determine the influence of size on the tran-
sition temperature, the absorbed energy, and the maximum nominal bending stress. The mate-
rial used was a mild steel11 with yield stress 21.1 kp/mm2, ultimate stress 40.5 kp/mm2, elon-
gation 28.5 %. The cross sections of the notched bar specimens were quadratic with dimen-
sions 10x10, 21x21, and 42x42 mm. The longitudinal direction of the bars was parallel to the 
                                                 

11 Yawata � rimmed steel 
0.19 % C, 0.41 Mn, 0.01 Si, 0.015 P, 0.032 S, 0.72 Cu, grain size 8.0 ASTM 
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rolling direction of the steel plate (thickness 45 mm). The 45° V-notches were machined on 
the edge of the mother plate perpendicular to the roll direction with a notch depth of 2, 4, and 
8 mm but with different notch radii from 0.05 to 1.6 mm as shown in Tab. 2-18. For the me-
dium size only one notch radius (i.e. 0.4 mm) was provided. The small 10x10 mm specimen 
with a notch radius of 0.2 mm and a span of 40 mm corresponds to the standard Charpy im-
pact specimen. Thus, the small, medium, and large specimens with a notch radius of 0.2, 0.4, 
and 0.8 mm (italicized numbers in Tab. 2-18) would be similar if the tested spans would be 
scaled geometrically. Unfortunately, much larger spans (200 mm) for the medium and large 
size specimens were used because of some strange �limitation of the liquid bath�. Therefore, 
in order to make corrections for the effect of span, series of tests with different spans for the 
medium and large type specimens were done at 20 °C and presumably with notch radii of 0.4 
and 0.8 mm (not explicitly indicated by Akita). 
 The exact size of the small specimens should have been 10.5x10.5 mm for reasons of simi-
larity, but the Charpy-type dimension was preferred. The difference appeared to be accept-
able. All tests were made under the same strain rate to exclude strain rate effects (the nominal 
value is stated to be 0.005/min = 0.083⋅10-3 s-1 , but it remains undefined in Ref. [2.12]). 
 The homogeneity of the 45 mm-thickness plate was determined by testing medium size 
specimens (notch radius 0.4 mm, span 200 mm) which were taken from the core and from the 
rim of the 45 mm-thickness plate. The absorbed energy was determined over the whole tem-
perature range and no difference was found between material from the rim and the core. This 
assured that inhomogeneity through the thickness would not affect the results. Therefore, the 
medium and the small specimens were machined both from the rim and the core at random. 
Since the number of specimens was quite large, material variations along the length and the 
width of the plate may still be present in the test results.  
 The essential data -energy consumption of the specimen and the maximum load- were ob-
tained from the load-deflection curves. The energy consumption corresponds to two terms: 
the �absorbed energy� and the �crack propagation energy�. Although not precisely defined in 
Ref. [2.12], the first energy quantity should be equal to the total applied work up to fracture 
whereas the �crack propagation energy� is the work beyond the load maximum up to fracture. 
These are the two typical work terms which can be obtained as area integrals from the load-
deflection curves. Unfortunately, the load-deflection curves as well as deformation measures 
at the notch were not reported. 
 The absorbed energy and the crack propagation energy are plotted versus the test tempera-
ture with the notch tip radius as parameter in Fig. 2-13 for the 10x10 mm specimens and in 
Fig. 2-14 for the 42x42 mm specimens. It should be noted that the data for the large speci-
mens (Fig. 2-14) are not corrected for the overlength of the span. Figs. 2-13 and 14 show that 
the notch tip radius has a relatively small influence on the transition temperature (point of 
inflection of the energy-temperature curve). This is more directly demonstrated in Fig. 2-15. 
The small 10x10 mm specimen show an increase from +10 °C to +20 °C, when the notch tip 
radius is decreased, and almost a saturation in temperature is reached for small notch radii. 
For the large 42x42 mm specimen the relative notch radius r/W is, of course, much smaller 
and here no influence of the tip radius is seen. It is evident from Figs. 2-13 to 2-15 that an 
increase in specimen size shifts the transition temperature to considerably higher values. It 
should be noted that the overlength of span of the 42x42 mm specimen very likely does not 
effect the transition temperature. 
 The influence of the notch tip radius on the absorbed energy at �20 °C, +20 °C, and +80 °C 
is shown in Fig. 2-16 for the small 10x10 specimens. The data are obtained from the interpo-
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lation curves in Fig. 2-13. It is seen that the energy increases with notch radius for all three 
temperatures, but the effect gets larger the lower the temperature: at room temperature (20 °C) 
close to the transition temperature there is a 2.3-fold increase of energy over the investigates 
radius range from 0.05 to 1.6 mm, but at �20 °C the increase is 4.8-fold. 
 The maximum load and the yield load (not precisely defined in Ref. [2.12], but expected to 
be the first deviation from the linear elastic load-deflection line) is plotted in Fig. 2-17 versus 
the test temperature for the large 42 x 42 mm specimens with the notch radius as parameter. 
There appears to be only a very slight change with temperature. For small notch radii the 
maximum load increases somewhat with temperature, but for large notch radii it decreases 
slightly. However, the yield load generally but moderately decreases with temperature. The 
influence of the notch radii at 0 °C on the maximum nominal bending stress at the root of the 
notch (maximum bending moment divided by section modulus of ligament section) is shown 
in Fig. 2-18 for the small, medium, and large specimens. Unfortunately, the medium and large 
size data are not corrected for the overlength of the span. Therefore, the size influence cannot 
be judged from these data even if data are selected with properly scaled notch radii, as done 
by Akita. Nevertheless, Fig. 2-18 demonstrates a considerable influence of the notch radius on 
the nominal maximum bending stress: generally the stress decreases with decreasing notch 
radius, especially for the small 10x10 mm specimens. The large 42x42 mm specimens, how-
ever, appear to approach a plateau value of the bending stress for radii less than 0.2 mm (Fig. 
2-18). Such a plateau seems to be related to the fact that the relative notch radius r/w is 
smaller in the larger specimens. 
 In order to determine the proper size effect on the absorbed energy, it is necessary to cor-
rect the results of the medium and large size specimens for the overlengths of their spans be-
cause the overlength affects the maximum load, the deflection at fracture, and thus the inte-
gral of the load-deflection curve (~ absorbed energy). Medium and large size specimens with 
scaled notch depths and notch radii (0.4 and 0.8 mm) but different spans have been tested, 
obviously only at +20 °C. The absorbed energies are plotted versus the span in Fig 2-19. A 
considerable scatter is seen. Using the linear interpolation curve, one can infer the fractional 
reduction in absorbed energy if one changes the span from 200 mm to 168 mm for the 
(42x42)-specimens and from 200 mm to 84 mm for the (21x21)-specimens (according to 
Akita: for the tests at +20 °C the large specimens are to be corrected with a factor of 0.94 and 
the medium size with 0.64). With this correction, which apparently is assumed to be valid also 
for the other temperatures(!), volume specific absorbed energies were determined using a ref-
erence volume given by the �maximum cross section area (at the ligament) X loading span� 
which scales with the cube of the beam depth. The �corrected� energies per unit volume are 
plotted in Fig. 2-20 for two test temperatures12:  +80 °C and �20 °C where the first tempera-
ture produces primarily shear fracture and the second brittle fracture. For the shear fracture 
curve (+80 °C tests) size independence of the volume specific energy is found for specimen 
depths larger than about 20 mm. For the small specimens (depth 10 mm) an about twice as 
large volume specific energy is necessary to obtain failure. The brittle fracture (-20 °C) case 
yields a more gradual decay of the volume specific energy with size and the energy per unit 
volume of the smallest specimen is about three times as large as that for the largest speci-
mens. Obviously, the size effect is larger the more brittle the response (see also Docherty 
(1932, [2.0])]. From Fig. 2-21 it is seen that the data at 20 °C and other temperatures yield 
                                                 

12 Note:  the correction factors obtained from +20 °C tests were applied here. 
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also a more gradual decay with increasing size. It should be recalled that size invariance 
would require that the energy per unit volume is constant, only depending on the shape of the 
specimen (including notch tip radius), the temperature, and the strain rate. Although the gen-
eral qualitative trends appear to be valid, the inexact correction of the non-similarity of the 
loading spans leaves some uncertainty of the qualitative aspects. A similar investigation 
should have been done for the �crack propagation energy� or alternatively, the work up to the 
load maximum � �crack initiation energy� (the data were available, see Figs. 2-13 and 2-14). 
This would have allowed to determine to which part of the total volume specific energy the 
size influence can be mainly attributed (see e.g. Shearin et al. (1948, [2.10]). 
 
 Wells (1955, [2.13]) published repeat tests of Docherty�s notch bending tests. In Wells� test 
series macroscopic material inhomogeneities in specimens of different sizes were reduced as 
far as possible; Wells also estimated strain-energy release rates at fracture which were 
checked experimentally by means of the temperature-wave method. 
 Docherty�s (1935, [2.5]) notched slow-bending tests (four-point bending) had shown a 
significant size influence resulting in a transition from ductile to brittle fracture when the size 
was increased. Wells tested geometrically similar notched bending specimens with a quadratic 
cross section under three-point loading. All specimens were notched to half depth with saws 
cutting to widths in proportion to the other specimen dimensions. The deep notch was chosen 
to assure initiation of fracture. The obtained notch roots showed rectangular contours with 
fillet radii approximately equal to one quarter of the cut width in each case. The specimen 
dimensions are given in Tab. 2-19, their depth (= width) ranging from 0.11 in = 2.79 mm to 
1.250 in = 31.75 mm (scale factor about 11). Only a single specimen for each size was pro-
vided. 
 The material used was a structural-quality mild-steel plate (thickness 1 ¼ in = 31.75 mm) 
with composition and properties given in Tab. 2-20 (from Wells (1953, [2.14)). Thus, the 
depth of the largest specimen contained the material variation across the full thickness of the 
plate but the behavior at the tip of its notch is determined by the properties of mid-plane of the 
plate. The two largest specimens (no. 1 & 2) were cut from immediately adjacent portions of 
the plate. Subsequent smaller specimens were cut from the broken halves of the first two 
specimens in a successive procedure, as seen by the lengths of the specimen nos. 1, 3, 5, 7 and 
2, 4, 6, 8. Thus, it was possible to ensure that the notched portions of the smaller specimens 
were free from prior plastic deformations of previous tests. This was because, in any one test, 
the zone of plastic flow was concentrated around the notched section which then became the 
extreme end of the next specimen. All specimens were cut with their two loading planes par-
allel to the rolled faces of the plate. Without explicit saying, it is believed that the smaller 
specimens were machined down to size such that the axis of the specimen was in the mid-
plane of the original plate. Then the material at the tip of each and every notch stems from 
this mid-plane and thus thickness variations were excluded. 
 The three-point loading was applied through cylindrical bearers, whose diameters and 
spacing were proportional to specimen size. The testing machine was calibrated both for load-
ing and loading rate to embrace the smallest and the largest specimen under the same rate of 
strain with the ratio of the load-point displacement rate and the loading span being 0.25 min-1 
for all specimens. Close control of the temperature (20.2 °C ± 0.1 °C) was possible. 
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 Load and central deflection were determined by marking the load-pointer at regular deflec-
tion intervals from which the nominal bending stress13 at the root of the notch was plotted 
(Fig. 2-22) versus the normalized deflection (central deflection / loading span). After fracture 
the percentage brittle areas of the fracture surface were determined. These values, the maxi-
mum load, and the maximum nominal bending stress are given in Tab. 2-19. Wells noted that 
the maximum nominal bending stresses had to be corrected. The corrections arose through 
deviations from the correct proportions of the saw-cut dimensions; this should concern the 
depth of the cut or the ligament depth but not the width of the cut, as said by Wells (precise 
information is not given). The corrected bending stresses are given in Tab. 2-19 and are used 
in Fig. 2-22 and 2-23. Fig. 2-23 shows the corrected maximum bending stresses versus the 
specimen size ratio. 
 The percentage brittle area data in Tab. 2-19 show that in the four smallest specimens (nos. 
5, 6, 7, 8, depth from 0.312 in = 7.92 mm to 0.110 = 2.79 mm) brittle fracture is suppressed. 
This is also reflected in Fig. 2-23 where the four smallest specimen show a consistently larger 
maximum bending stress than the larger specimens. However, the nominal stress-deflection 
graphs (Fig. 2-22) yield additional information and a somewhat more differentiated picture. 
The small specimens no. 5, 6, 7 yield a continuous and convex stress-normalized deflection 
curve with extended stress maxima. Identifying the end-points of these curves as the instant of 
complete fracture, the associated deflections are about 8.2 % of the loading span, i.e., 0.85 % 
of the beam depth. The smallest specimen no. 8 deviates considerably: the initial convex part 
is followed by a concave part. This implies over-hauling of the softening by an enhanced 
hardening; its maximum stress value is at the end of the concave part and the associated nor-
malized deflection is much smaller than for the specimens no. 5, 6, and 7. However, the re-
viewer has some doubts about the validity of this single test. 
 The two largest specimens no. 1 and 2 yield convex curves with a pronounced load drop 
(fracture) in the ascending branch before any relative stress maximum could develop. The 
corresponding deflections are around 5 % of the loading span. The medium size specimens 
no. 3 and 4 do not show a load drop in the convex ascending branch, but a relative maximum 
is developed. Beyond the maximum in the softening region a small load drop occurs, followed 
by further bending under decreasing load; the final fracture (end-point of curves) is at normal-
ized deflections between 7 and 8 % of the loading span. Unfortunately, no information is 
given on the initiation of cracking especially for specimens no. 3 to 8. 
 To explain the suppression of notch-brittle fracture in small specimens, Wells used the 
concepts of Linear Elastic Fracture Mechanics and balances the elastic energy release rate for 
crack extension with the surface energy required for an increase in crack length. This yields 
for a constant specific surface energy S (characteristic for the material) and a given remote 
stress σ a critical crack or notch length a above which crack propagation is induced. For 
cracks or notches which scale with the other dimensions of geometrically similar specimens, 
this implies a critical specimen size above which brittle crack propagation occurs for a given 
remote stress field. Wells explains the suppression of notch-brittle fracture in small specimens 
by the �absence of sufficient available elastic energy for propagation. This must be stored 
within the specimen at the instant preceding fracture.� This, in fact, simply follows from the 
fact that the elastic energy scales with the volume of the specimen whereas the surface energy 
scales with the crack surface. The qualitative arguments of Wells are certainly correct for the 
                                                 

13 Bending moment M = PL/4 divided by the section modulus W = bl2/6. 

22 



 

idealized elastic case but because of the considerable nonlinear deformations, as seen in Fig. 
2-22, the applicability of Linear Elastic Fracture Mechanics can be questioned. Further, 
Wells� theoretical and experimental studies concerning the surface energies will not be dis-
cussed here because of the above and other unresolved questions. 
 
 The work of Lubahn (1955, [2.15]) on crack propagation and size effects in mild steel at 
room temperature reveals some important information which was missing in the previous 
studies: the size dependence of crack initiation and the related ductility, as defined by the 
strain up to crack initiation. For this purpose notch-bend tests (three-point bending presuma-
bly) were conducted with specimens geometrically similar to the standard V-notch Charpy 
impact specimen14. Thus, the following square cross-section dimensions were considered: 
 
 0.08 x 0.08 in = 2.03 x 2.03 mm  (miniature specimens) 
 0.4  x  0.4  in = 10.16 x 10.16 mm  (standard) 
 2.0  x  2.0  in = 50.80 x 50.80 mm 
 3.5  x  3.5  in = 88.90 x 88.90 mm. 
Although not clearly stated, there are indications that the radius of the root of the V-notch is 
also properly scaled. The specimens were cut from two lots of 4 in-thick, hot-rolled mild steel 
plates. The two lots showed a rather pronounced anisotropy; although they were nominally 
identical, the lot I steel was found to be somewhat more anisotropic than lot II. These 
observations were not obtained from independent  tests but are results of the size-effect tests 
using notched specimens with different notch orientations. Cutting plans or other information 
on the positioning of the specimens as well as the homogeneity of the plates were not 
documented in Ref. [2.15]. 
 Lubahn discussed the definition of �ductility� to some extent and pointed out its ambiva-
lence and arbitrariness. The concept stems from the use of the area reduction after fracture in 
tensile tests where the final diameter at the neck can easily be measured. However, in the case 
of bending Lubahn remarks that the whole process of crack initiation is so gradual that a 
�ductility� measure or strain at crack initiation can be assigned only with some arbitrariness: 
e.g., for polished surfaces at high magnification the �strain at the first crack� depends on how 
diligently one searches for that first crack; considerable uncertainty exists also in the observa-
tion of crack initiation in machined surfaces deformed at room temperature where a lower 
magnification of 20 ÷ 30 X is required to minimize the confusing effects of surface roughen-
ing because of anisotropic deformation of the differently oriented grains (orange peel). Under 
these conditions, Lubahn took the �ductility� as the strain at which one observed �the first 
crack large enough and deep enough to be certain that it really was a crack, rather than some-
thing of debatable nature, which in many cases could not even be located again after some 
additional bending. � Of course, the above criterion of ductility results in values which de-

                                                 

14 Standard V-notch Charpy-impact specimen dimensions: 

 square cross-section 0.4 x 0.4 inch 
total length 2.2 inches 
V-notch angle 45° 
root radius 0.01 inch 
notch depth 80 % of depth 
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pend considerably on how careful and critical the observer is, and which are therefore some-
what vague.� 
 To improve the situation, observations were also carried out on several notch-bend speci-
mens with the notch bottom lapped with a rotating wire. This treatment did not remove the 
mentioned uncertainties, but it shifted the uncertainty range to lower ductilities (strain values) 
since a much smaller crack could be detected in a lapped surface than in a machined surface. 
Thus, where a suspicion of a crack at 50 % strain developed into an assured crack at 70 % 
strain in a machined surface, a suspicion of a crack at 10 % strain developed into an obvious 
crack at 20 % strain for a lapped surface. This dependence of the critical strain values for 
crack initiation on the quality of the surface should be kept in mind since the absolute values 
of the critical strain are important for the structural assessment. 
 Unfortunately, Lubahn did not give further information about optical means and magnifi-
cation which is certainly necessary. In most of the tests the procedure involved frequent 
unloading with inspection for cracks at the notch and measurement of the bend angle, etc.. No 
information was given about the frequency of unloading and crack detection, but some data 
suggest that around 15 interruptions were made up to the load maximum and about 30 during 
the whole test in some cases (see markers in Fig. 2-24). Also no indication was given on the 
speed (e.g., of the cross-head) or strain rate in the slow bend-tests and whether this was scaled 
according to the size of the specimen. For a special slow notch-bend test with a 2 in-wide and 
0.394 in-deep specimen tested on a 4 in-span, a cross-head speed of 0.2 in/min was men-
tioned. 
 The determination of the axial strain at the root of the notch was not described in detail by 
Lubahn. It is mentioned that the strain was measured directly on gage lengths at the notch 
bottom for the largest specimen (3.5x3.5 in); the gage length was not identified, but reference 
was made to a General Electric report. In the smaller specimens the strain was calculated from 
an empirical bend angle � notch strain relationship, as described later by Lape and Lubahn 
(1956, [2.16]). In this reference the authors refer to earlier work of Lequear and Lubahn 
(1954, [2.19]) who developed an empirical relation between the bending angle and the local 
axial surface strain at the root of a Charpy �V notch specimen. Since this approach is impor-
tant for the proper understanding of the results, the essential details of Ref. [2.19] are briefly 
mentioned below. 
 Specimens were machined from annealed brass, mild steel, and hot forged 2 S aluminium. 
They were made geometrically similar to a standard Charpy impact specimen (see footnote 
No. 14, page 23), all dimension being 8.9 times the standard dimensions, except the span. A 
longer (1.92 times) span was used than that required by geometrical similitude. This would 
have a large effect on the forces involved, but Lequear and Lubahn expected little effect on 
the geometrical relation between the two geometrical quantities, bending angle and local 
strain at the root. 
 The nominal radius at the tip of the V-notch was 8.9x0.01=0.089 in = 0.226mm. The bot-
tom of the notch was lapped by rotation of a 0.182 in diameter rod about its axis. On this 
lapped surface nine almost equidistant lines were scribed along the length of the notch. They 
were 10-12 10-3 in = 0.254-0.305 mm apart. Thus, four 10-12 10-3 in. gage lengths on each 
side of the centerline were provided on the curved notch bottom. The last line was about 30° 
up the radius from the bottom, as compared with 67° to the tangent point between the fillet 
radius and the straight side of the notch. The width of the scratches was about 1 or 2 10-3 in. 
The three-point bending was done presumably intermittently, to measure the permanent bend 
angles and the strain. For each angle of bend every gage length was measured five times at 
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each of three positions along the length of the notch using a microscope with a 20x-
magnification. Without explicit saying, the bending tests were probably done up to a bending 
angle where surface cracks at the notch had not occurred yet. 
 The following results were obtained: 
• the fillet at the bottom of the notch remained circular throughout the bending, as nearly as 

can be determined by matching circles;  
• the circumferential strain was fairly uniform, considering that the strain measurements 

were made as far as 30° up from the bottom of the notch; the mean value was about 10 % 
less than the maximum at the root of the notch; 

• within the limits of the scatter, the circumferential strain distribution was the same at 
points ± 0.5 in away from the center as the strain distribution at the center; 

• for a given bend angle in the range up to a bend angle of 4°, approximately the same 
maximum engineering strains were obtained for the three materials, and the interpolation 
curve strain vs. bend angle was linear; beyond 6°, results were obtained only for alumin-
ium and the linear interpolation up to almost 12° has a slightly reduced slope; thus, the 
circumferential engineering strain is nearly proportional to the bend angle � roughly 10 % 
strain per degree bend angle in the range from 0° to 12°. 

 Lequear and Lubahn (1954, [2.19]) remark that this fit would be very useful if it could be 
applied to geometrically similar small specimens, where local strain cannot be measured di-
rectly. The applicability to small specimens, however, depends on the validity on the �law of 
similitude� for purely plastic flow. Unfortunately, measurements on smaller specimens had 
not been made. It should be noted that the bending angle � notch strain relation will likely not 
be size independent when cracking has started and is propagating. Therefore, in the reviewer�s 
opinion, the application of this relation to small specimens beyond crack initiation is rather 
questionable. 
 The first tests by Lubahn (1955, [2.15]) were done with specimens from lot I cut in the 
rolling direction of the plate. Only one large 3.5 x 3.5 in-specimen with the depth of the beam 
in the thickness direction (= long direction of notch in the transverse direction of the plate) 
was tested. The longitudinal strain at the bottom of the notch (lapped notch surface) reached 
45 % when cracks appeared �high up on the notch radius on both sides.� They clustered about 
a point somewhat above the transition between the curved and the flat notch surface. On sub-
sequent bending the specimen broke in two with a loud sound. Inspection showed that the 
main crack had extended first 1/16 in approximately horizontally (parallel to the plate surface) 
into the steel and then went vertically (in the direction of the plate thickness) through the 
specimen. Lubahn notes that �even after having gone part way through the specimen verti-
cally, the crack had considerably tendency to go horizontally � .� No cracks were observed 
at the bottom of notch. This abnormal fracturing appears to be related to the anisotropy of the 
lot I material15. Hence, it was suggested that the �longitudinal ductility� would be greater than 
45 % without this abnormal fracture. Therefore, specimens of the standard 0.4 x 0.4 in-size 
with two different notch orientations were prepared. The long axis of all specimens were in 
the rolling direction and the long direction of the notch was in the transverse direction of the 
plate as before (case A, two tests) and in the plate thickness direction (case B, one test). The 
two specimens of case A developed cracks at the sides of the notches at longitudinal strains at 
                                                 

15 It is expected that zones of weak material (e.g. segregations) are rolled out into a layered structure parallel to 
the plate surface. Thus cracks will have a tendency to propagate into the weak layers. 
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the notch bottom of 35 and 55 % (mean 45 %). Thus, the position of crack initiation and the 
associated longitudinal strain level at the notch bottom of these small 0.4 x 0.4 in specimens 
are the same as for the large 3.5 x 3.5 in specimen (Tab. 2-21). However, one specimen of 
case B was stretched 65 % at the notch bottom before a crack developed at the notch bottom. 
Thus, the anisotropy has a definite effect on the position of failure initiation and the apparent 
ductility in the longitudinal direction of the specimen. 
 The specimen sizes (0.08 x 0.08, 0.4 x 0.4, and 2.0 x 2.0 in) were provided from the lot II 
steel, all specimens cut again in the rolling direction. A specimen family was obtained with 
the long direction of the notch in the transverse direction of the plate (case A) and the number 
of nominally identical tests being two at most. This family covered a very large size range of 
25. Furthermore, two of standard 0.4 x 0.4 in-size specimen with the notch direction in the 
thickness direction of the plate were also tested (case B). 
 Since direct measurements of the strains at the root of the notches were not made, the per-
manent bending angles at crack initiation were used to calculate the maximum local surface 
strain on the basis of the empirical relation by Lequear and Lubahn (1954, [2.19]) described 
above which implicitly assumes the validity of the “law of similitude”. Therefore the strain 
values in Tab. 2-21 are actually hypothetical values. Because of the approximate linearity of 
the bend angle – strain relationship, the data in Tab. 2-21 are actually measures of the bending 
angles at the crack initiation (the reviewer). 
 Generally the fractures started at the notch bottom and propagated downward. The strains 
at crack initiation are listed in Tab. 2-21. The repeat tests show a considerable scatter and 
“scatter bands” are partially overlapping. Comparing mean values, the smallest specimens 
(0.08 x 0.08 in) yield somewhat larger “ductilities” (95 %) than the largest specimens 
(85.5 %). For a scale factor of 25 this appears to be only a moderate size effect. Lubahn con-
cludes tentatively from the results of the lot I- and lot II-specimens that there is no size effect 
on the strain to crack initiation (“ductility”). On the other hand, the size has a very pro-
nounced effect on the way the crack propagates: for example, the 2 x 2 in specimens of the lot 
II-steel tore open about 2 % of the ligament length before a sudden crack propagation oc-
curred; the 0.4 x 0.4 in-specimen tore open about 30 %; and the smallest specimens tore to 
50 % of the ligament length before exhibiting any sudden crack propagation, and then only a 
very small amount. Moreover, differences were seen also in the fracture surface morphology: 
the largest specimens showed cleavage fracture except for a very narrow band of fibrous frac-
ture around the edges. However, the fracture surfaces of the smallest specimens were entirely 
fibrous except for a few tiny cleavage areas near mid-depth. Similar observations were made 
for the lot I-specimens. 
 The size effect is also reflected in the load-deflection curves. In the largest (2 x 2 in) and 
the smallest (0.08 x 0.08 in) specimens crack initiation occurred before the load maximum. 
However, in the largest specimens there was comparatively little additional deflection be-
tween crack initiation and the load maximum which was accompanied with a sudden fracture 
and a load drop to practically zero. In the smallest specimens the crack was tearing open 
gradually with increasing load but beyond the maximum with gradually decreasing load. 
When a sudden crack advancement occurred, there was only a minor drop in load. These char-
acteristic differences are shown in Ref. [2.15] for a small (0.08 x 0.08 in) specimen and a 
large (2x2 in) specimen in two separate figures. These two graphs are combined in a single 
figure (Fig. 2-24) by scaling down the result of the large specimen to be comparable with the 
small specimen (i.e. forces are multiplied with (0.08/2)2 and deflections with (0.08/2)). Unfor-
tunately, these two specimens were not strictly similar since the span between supports was 



 

3/8 in = 9.52 mm for the small and 11 in = 279.40 mm for the large specimen (scale factor 
29.33), but all other dimensions scaled with a factor of 25. Thus, for a proper scaling, the 
large specimen should have a span of only 3/8 ⋅ 25 = 9 3/8 in = 238.12 mm. Accordingly, for 
a given load of the large specimen, the measured deflections W1 are larger than for the prop-
erly scaled case W2. A simple model (Appendix 1) allows to estimate this influence in the 
plastic regime before crack initiation. One obtains 
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where n < 1 is a lumped strain hardening exponent and L2/L1 = 25/29.33 = 0.85227 is the ratio 
of the spans. For n = 0.1 and 0.2 one gets W2/W1 = 0.17 and 0.38. Thus, the points of the 
graph for the large specimen in Fig. 2-24 should be shifted to the left by 83 % or 62 %, re-
spectively. Therefore, except for the initial part, this curve comes close to the curve for the 
small specimen in Fig. 2-24. Of course, the deflection indicating crack initiation should also 
be shifted to the left. Assuming that the notch opening and thus the bend angle is the deter-
mining quantity, one obtains (Appendix 1) 
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where W1c is the deflection at crack initiation in the large specimen with a half-span L1 = 11/2 
in and W2c the corresponding deflection with a half-span L2 = 3/8 ⋅ 25 = 9.375 in. With the 
model in Appendix 1 the corresponding loads P1c and P2c are related by P2c/P1c = L1/L2 = 
1.1733. Thus, P2c increases by 17 %. 
 These theoretical considerations show that the differences between the small and the large 
specimen become less in the regime of extended plastic deformation if a correction is applied 
to the measured results for the large specimen. However, the incident of crack initiation is 
shifted to smaller relative deflections than shown in the uncorrected graph in Fig. 2-24. In 
fact, the points of crack initiation marked in Fig. 2-24 have almost the same relative deflec-
tions (0.037 in for the small and 0.030 in for the large specimen); the theoretical correction for 
the latter would give 0.030 x 0.85227 = 0.025 in). 
 As noted by Lubahn, the size influences on the load deflection curves are similar to those 
noted by Docherty (1935, [2.5]): �sudden rupture is sooner and more complete in large speci-
mens.� However, the crack initiation and gradual tearing, which precede the maximum load 
and the sudden rupture, were unresolved topics in Docherty�s experiments. 
 
 The subject of size effects, as related to fracturing, was taken up again by Lubahn (1955, 
[2.17]). He summarized some of the results for the notch-bend specimens of mild steel de-
scribed in Ref. [2.15]. In addition, results of tensile tests of circumferentially notched speci-
mens of an aluminium alloy and of a heat treated SAE 4340 steel were presented. Moreover, 
results for notch-bend specimens of a heat treated Ni-Mo-V steel were discussed. Three years 
later the results of the Ni-Mo-V-steel were reported again (Lubahn and Yukawa (1958, 
[2.18])) but with much more detail. Thus, the present review will combine these two sources. 
 The circumferentially notched tensile specimens made of the 7075-S-T6 aluminium were 
provided with a 60°V-notch with a depth of about 30 % of the radius of the uniform section. 
The specimens were geometrically similar, except for a constant notch tip radius of 
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r=0.001 in16. A geometric scale factor of about 7.2 was used, the specimen diameter in the 
uniform section ranging from 0.2 in = 5.08 mm to 1.43 in = 36.32 mm. For the same range of 
diameters, tensile tests with unnotched specimens were also performed. The strain rate as well 
as the origin and homogeneity of the base material were not reported. For the notched speci-
mens, the nominal strength, as plotted in Fig. 2-25, was defined as the maximum load divided 
by the initial cross section at the root of the notch; for the unnotched specimens, of course, the 
uniform diameter was used. 
 Both test families show a loss in strength for diameters larger than 0.65 in = 16.5 mm but 
not for smaller specimens and here the tensile strength values of both families are fairly close. 
For the larger specimens the size influence is definite but moderate for the unnotched speci-
mens: the loss is about 10 %. A substantial size influence - the loss is about 35 % - is seen for 
the notched specimens. Since the notch tip radius was kept constant the notch sharpness in-
creases with size and this will add to the true geometrical size effect. 
 The size independence in the range of small specimens was not commented by Lubahn. 
Since no further information is given (e.g., the nominal load-displacement curves or the mode 
of fracture, etc.), the following discussion is speculative. The behavior of the notched speci-
mens is possibly due to a transition of the failure mode: the small notched specimens fail by 
plastic instability when plastic hardening and geometric softening (area reduction by volume 
conservation) are balanced. This is associated with a relative maximum σi of the nominal 
stress-displacement curves and it is usually size independent if the plastic deformation laws 
do not involve a size dependence, as usually. Then, to a first approximation 17, the nominal 
strengths of the notched and the unnotched specimens are the same. In fact, this is seen in Fig. 
2-25. For specimens with a sharp notch, scaled geometrically with the gross-dimensions (e.g. 
minimum diameter d, unnotched diameter D), classical fracture mechanics concepts become 
important beyond a characteristic size dt. For example, if the fracture is controlled by linear 
elasticity, the fracture stress is given by ( ) ( ) ddDπKdπPσ ICcc ///29.4/4 2 == 18, the 
standard inverse square root decay of the fracture stress σ  where K  is the size independent 
fracture toughness. Then the condition σ  = σ  defines a characteristic diameter 

c IC

c i

./,129.4
2

constdDα
πασ

K
d

i

IC
t ==⎥

⎦

⎤
⎢
⎣

⎡
=  (2.18) 

for the mode transition. For nonlinear elastic or plastic behavior (deformation law of the form 
ε ~ σn, n ≥ 1) at the notch tip, the inverse square root dependence changes to (d)- 1/n+1, which 
is a less severe size dependence than the linear elastic case. The validity of this concept would 
imply that crack propagation starts at the maxima of the nominal stress-displacement curves 
followed by a sudden local drop and that the maxima are not relative ones. This model ap-
pears to be quite plausible but further evidence is missing in Lubahns paper. A disturbing fact 
is the size dependence of the unnotched specimens for larger diameters. Simple fracture me-
chanics arguments are not applicable since a predetermined crack or notch is not present. This 
phenomenon may also be present in the notched specimens and superposes other size effects. 

                                                 

16 Ref. [2.17] contains contradictory values: in the text r = 0.001 in is mentioned; however, in the Fig. 2-25 a 
value of r = 0.01 in is given. 
17 This is based on the assumption of a uniaxial stress distribution in the specimens. 
18 The finite opening angle of the V-notch is ignored (Ewalds and Wanhill (1984, [2.31], p. 51); here the equa-
tion for the stress intensity factor of a circumferentially notched bar needs correction). 
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 Lubahn (1955, [2.17]) presented also notched tensile test data versus specimen diameter 
(Fig. 2-26) for SAE 4340 steel quenched to martensite and tempered to strength levels from 
185000 to 290000 psi. The V-notch depth amounts to about 30 % of the specimen radius and 
the nominal notch tip radius was the same for all specimens and rather sharp (r = 0.001 in). 
Details of the material were not given, but Lubahn pointed out that the specimens were ma-
chined to size before quenching and tempering. The strength data are given in the form of the 
notch strength ratio, a dimensionless quantity defined as the notch stress divided by the ulti-
mate stress of an unnotched specimen (preferably with the same diameter) and the notch 
stress specified as the maximum load divided by the initial cross section area at the root of the 
notch. 
 From the semi-logarithmic presentation of the results in Fig. 2-26, the following observa-
tions are made: 
• the increase of the strength level (ultimate tensile strength of unnotched specimens) due 

to reduction of the tempering temperature 
- reduces the notch strength ratio for all sizes, but 
- increases the size dependence of the notch strength ratio; thus, for a strength level of 

220000 psi the loss in notch strength ratio is about 15 % when the diameter is in-
creased from 0.3 in = 7.62 mm to 1.5 in = 38.10 mm, but for a strength level 290000 
psi the loss is about 50 %; 

• for the semi-logarithmic representation and for the investigated size range the decay of 
the notch strength ratio is approximately linear; 

• for low strength levels or small specimen sizes the notch strength ratio is greater than 
one. 

As Lubahn remarked, the size influence in Fig. 2-26 may be partly due to an increasing notch 
sharpness with increasing size because of the constant notch tip radius. There may be also a 
metallurgical size effect since the specimens were machined before the heat treatment; thus, 
the larger specimens19 may have had an inferior micro-structure. 
 The effect of size on the ductility and strength at room temperature of notched bending 
specimens of a forged generator rotor steel (0.30 %C, 2.53 % Ni, 0.55 % Mo, 0.07 % V) was 
investigated and reported by Lubahn (1955, [2.15]) and Lubahn and Yukawa (1958, [2.18]). 
The fabrication and the heat treatment generated a tempered bainitic micro-structure with ap-
proximately the same yield (83000 psi) and tensile strengths (108 � 110000 psi) in the radial, 
tangential, and longitudinal direction near the bore of the forged and heat treated cylindrical 
material slug. Also the same yield and tensile strengths in the radial direction were found at 
the outer surface. The area reduction, however, shows a considerable scatter near the bore and 
at the outer surface. Its mean percentage values are 
 at the bore ⇒ 13 % radial, 11 % tangential, 24.5 % longitudinal, 
 at the surface ⇒ 41 % radial. 
This is a remarkable variation of the ductility (area reduction) along the radius.  
 Four families of notched specimens were prepared with the following common properties: 
• generally square cross-sections, the gross depth a of the beam ranging from 0.2 inches = 

5.09 mm to 9 inches = 228.6 mm covering a scale factor of  45, 
• 45° V-notch with a depth of 20 % of the gross beam depth, 
                                                 

19 The large specimens were tempered for four hours instead of one hour for the small ones (Fig. 2-26); whether 
this suffices to obtain the same micro-structure is not clear. 
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• the ratio of beam length to depth equals that of a Charpy impact specimen (ratio 5.5). 
 
The differences in the four families concerned the notch root radius r: 
 I specimens geometrically similar in all respect to the Charpy impact specimen with a  

  notch sharpness of a/(r40) = 1; thus, for the smallest specimens r = 0.127 mm and  
  for the largest r = 5.7 mm, 

 II specimens geometrically similar as above but with a 10-times larger notch sharpness,  
  a/(r40) = 10, 

 III as above but constant notch radius r = 0.003 inch, 
 IV as above but constant notch radius r = 0.001 inch. 
The specimens were cut from the forged cylindrical material slug such that their long axis was 
radially oriented and the long direction of the notch was parallel to the forging axis (longitu-
dinal direction of forging). Usually, the notch root was positioned near mid-radius of the forg-
ing. Some of the larger specimens required welded extensions outside the notched section. 
Also unnotched bending specimens of several sizes were prepared and tested. 
 The specimens were tested under three-point loading, loaded opposite the notch at slow 
rates typical for hydraulic testing machines. Obviously, the speed of the load-point was not 
scaled according to the size of the specimens (scale factor 45!). Also some of the 9 inch 
specimens were tested in a 2000 ton hydraulic press; at the beginning of the testing and during 
the course of test program different load calibrations were done which showed differences of 
17 %. However, the consequences for the bending strength data of the very large specimens 
were not elucidated. 
 The plastic (permanent) bend angle during the test was determined either by an intermittent 
or a continuous method, The �ductility�, defined as the �local strain� at the notch root, was 
then derived via an empirical relation from the plastic bend angle. This application implied 
the law of similitude. Details were not given, but reference was made to the publication of 
Lequear and Lubahn (1954, [2.19]). See also the discussion above.  
 The plastic bend angle was obtained directly in the intermittent method by unloading from 
successive load levels and measuring the permanent rotation of the notched beam. The curve 
of the load versus permanent angle was then extrapolated to the measured fracture load to 
obtain the permanent bend angle at fracture. 
 In the continuous method the deflection of the notched beam was the displacement of the 
loading point (edge of loading knife) relative to the supports which included also the yielding 
at the contact points and the elastic deformation of the support. Details were not described. 
Lubahn and Yukawa then defined the �plastic bend angle� as the deviations from linearity 
which is equal to the permanent rotation which would have been observed on unloading. This 
was then converted to the plastic notch strain as before. A comparison of both methods 
showed that at large plastic strain essentially the same results were obtained. 
 Fig. 2-27 shows the nominal stress versus the plastic notch strain for specimens that are 
geometrically similar to the standard Charpy specimen. Here the nominal stress is defined by 
the bending moment M divided by the section modulus W of the ligament section (i.e.  M/W) 
which yields a fictitious elastic bending stress at the root of the notch. The data for the speci-
mens without welded extensions, which cover only the depth range from 0.197 inch to 1.6 
inch, show a considerable scatter in the stress up to about 4 % plastic strain at the notch root; 
no trend related to the size is observed and thus similarity is assured. For larger notch strains, 
say 10 %, all data in Fig. 2-27 belong to the two small sizes (0.197 and 0.394 inch depth) ex-
cept one measurement for a 1.6 inch depth specimen; all these data are fairly close and thus a 
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size influence is not detectable. The two largest specimens (depth 2.75 inches and 8.94 
inches) have welded extension. Up to 4 % notch strain they give consistently lower stresses 
than the smaller specimens and for strains larger then 8 % bending stress data are missing. It 
cannot be excluded that some size effect is responsible for this shift to lower stress, but the 
welding process may have affected the notched sections, especially the largest specimens be-
cause here welds were in close proximity to the notch. According to Ref. [2.19], scribed lines 
had been applied to the notch root and their distance had been measured before and after 
welding and this revealed that high residual stresses are induced by the welding. 
 The influence of size on �ductility� is shown in the semi-logarithmic presentation Fig. 2-28 
for specimens geometrically similar to the V-notch Charpy impact specimens. These speci-
mens have been repeatedly loaded and unloaded (intermitted method) and this shifts the notch 
ductility at fracture to higher values. It should be recalled that with the intermittent method 
the strain at fracture is obtained by an extrapolation, as shown in Fig. 2-29 for two cycles of a 
9 inch specimen. Apparently, the strain at fracture can be increased by loading and unloading 
to successively higher loads before fracture; reference was made to a similar effect (�coax-
ing�) in fatigue. Only the curve with about 10 loading/unloading cycles is defined by enough 
points to show the trend with size. The other curves were drawn approximately parallel to this 
one. As seen in Fig. 2-28, the ductility decreases quasi-exponentially within the size range of 
the beam depth from 0.2 to 9 inches. For example, the ductility decreases from about 25 % 
(0.2 x 0.2 in-specimen) to about 3 % (9.9 in-specimen) if only one cycle is applied. 
 The results for the �ductility� or local notch strain at fracture are obviously based on the 
empirical relation between the bend angle and the notch strain obtained by Lequear and 
Lubahn (1954, [2.19]) as well as on the �law of similitude�. The bend angle at total fracture, 
however, consists of two contributions: the plastic deformation of the notch and the crack 
opening and propagation. If the latter is significant, i.e., if there is considerable additional 
bending rotation between the instant of crack initiation and total fracture, then the �law of 
similitude� is likely not applicable. However, Lubahn (1954, [2.17]) pointed out that after the 
instant of crack initiation in this heat treated steel no increase in load or bending moment was 
observed and almost instantaneous cleavage fracture without previous tearing occurred, ex-
cept for the smallest specimens which teared slightly at the surface before sudden rupture. 
 The nominal bending strength, as defined by the bending moment Mm at maximum load 
divided by the section modulus W of the initial ligament section20, is plotted versus the beam 
depth in Fig. 2-30. In Fig. 2-30 very few tests (depth 0.2 inch and 2 inches) of unnotched 
bending specimens are also included. They yield roughly the same bending strength (~220000 
psi) and from this Lubahn concludes that a size effect is not present. However, only a single 
test for the large welded specimen (2 inches) was done and this specimen failed at the weld. It 
appears that this result is not representative for the behaviour of the base material. It is noted 
that the fictitious elastic bending strength of 200000 psi is about a factor of two larger than 
the tensile strength in the radial direction of the cylindrical steel slug.  
 The two solid curves in Fig. 2-30 refer to different notch sharpnesses, as defined by the 
ratio of the beam depth a and the root radius r. All specimens of these two test series were 
geometrically similar. The tests shown in the graph with a notch sharpness a/(r40) =1 are 
geometrically similar to the V-notch Charpy impact specimens, except one specimen with 
depth of 4 inches and a reduced thickness (1 inch). Their corresponding ductilities at fracture 
                                                 

20 That is Mm/W = fictitious elastic bending stress at the root of the notch. 
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are depicted in Fig. 2-28. Thus, the corresponding bending strength values in Fig. 2-30 repre-
sent the data of specimens with different loading histories (repeated loading � unloading). 
Obviously, the repeated cycling has only a moderate effect on the bending strength (see the 
scatter for the (0.4 in x 0.4 in)-specimens). As seen in Fig. 2-30, this size effect � loss in bend-
ing strength � is much less (about 22 % over the range of 0.2 to 9 inches) than for the ductility 
shown in Fig. 2-28. 
 If the notch sharpness is increased by a factor of 10 (a/(r40) = 10, solid curve with ∆-
markers), the bending strength is reduced considerably in the range of 1 to 9 inches of the 
beam depth. Unfortunately, no test data are available for smaller specimens because of �ma-
chining difficulties�, as vaguely stated by Lubahn and Yukawa (1958, [2.18]). However, a 
value was determined indirectly by re-plotting the strength data of Fig. 2-30 with respect to 
the notch sharpness a/(r40) and with the depth as curve parameter (see the semi-logarithmic 
presentation in Fig. 2-31). The extrapolation to very small sharpness values is aided by the 
argument that all curves should approach the strength of unnotched bending specimens as an 
upper limit. For specimens with a depth of 0.4 inch the curve is well defined (Fig. 2-31) and 
the extrapolation to a sharpness of a/(r40) = 10 appears to be within a reasonably �distance�. 
This extrapolated point is marked in Fig. 2-30 by the symbol ⊗. 
 Aside from the shift to lower strength values, the 10-times increased notch sharpness yields 
an increased decay of the bending strength with size (factor of almost 1.7 in the range of 1 to 
9 inches beam depth). 
 A complete test family, covering a depth range from 0.2 inch to 4.0 inches (scale factor 20) 
but with a constant notch tip radius of 0.003 inch = 0.076 mm is included in Fig. 3-30. For the 
smallest specimen, the notch sharpness is a/(r40) = 1.67 which is comparable to the notch 
sharpness 1 (0-markers in Fig. 2-30) of the specimens geometrically similar to V-notch 
Charpy specimens. Clearly, for this size the bending strengths agree (≈ 205 103 psi). Increas-
ing the size to 4.0 inches, the notch sharpness becomes 20-times larger which yields a bend-
ing strength of about 60 ⋅ 103 psi and this is just one third of the strength for the Charpy-type 
specimen of this size. But more important, for this large size the bending strength is also less 
than that for the geometrically similar test family with constant sharpness a/(r40) = 10, i.e., 
95 ⋅ 103 psi. Thus, for a test family with a constant notch tip radius the strength-size curve 
becomes steeper for large specimens. Therefore, this greater size effect, as the size increases, 
is because the true size effect of geometrically similar specimens is amplified by the increase 
of the notch sharpness. 
 A few tests for large but welded specimens are also included in Fig. 2-30. Especially the 
strength of the 9 inch specimens are far below the unwelded ones which very probably re-
flects the influence of the welding in the proximity of the notch. 
 From the strength versus sharpness curves in Fig. 2-31 it is seen again that the reduction of 
strength with increasing notch sharpness becomes greater, as the specimen size increases. 
Further, the shape of the curves, especially for the largest unwelded specimens (9 inches), 
supports the suggestion that little additional loss in strength is to be expected if the notches 
are sharper than the sharpest one tested. 
 Lubahn and Yukawa presented also a few intricate arguments with respect to the influence 
of the depth of the notch. This discussion, however, leaves essential questions open. Finally, 
the authors discussed the influence of hydrogen diffusion which is more effective in small 
specimens than in large ones. Thus, if the steels were susceptible to hydrogen embrittlement, 
the size effect could be attributed to differences in hydrogen content. A test series was per-
formed yielding the conclusion that, while hydrogen is an important factor, the size effect 
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observed in the bending strength cannot be explained by hydrogen diffusion, i.e., depletion in 
small specimens and hydrogen embrittlement in large specimens. 
 
 Notch bending and notch tension tests as well as theoretical analyses of the elastic energy 
release rate were done by Lubahn (1959, [2.20]) to determine the critical energy release rate 
at fracture, presumably a material property. Some of the slow notch-bending results of Refs. 
[2.17, 2.18] and new, geometrically scaled notched tension test results for the same material 
(tempered Ni-Mo-V steel forging � rotor steel) were analysed. 
 Fig. 2-32 shows results from Fig. 2-30 for the notched bending specimens with very small 
but constant notch radii (r = 0.003 in = 0.076 mm and r = 0.001 in = 0.025 mm) in a semi-
logarithmic presentation, i.e., the nominal bending strength and the plastic angle at fracture 
versus specimen size. For gross beam depths greater than 0.75 inch the strength data fit very 
well the inverse square root law of Linear Elastic Fracture Mechanics (Griffith-Irwin law) 
with an average critical energy release rate Gc = 131 inlb/in2 and with maximum and mini-
mum values of 165 and 105 inlb/in2. For smaller specimens the measured strength data are 
less than the values of linear fracture mechanics and approach the bending strength value of 
unnotched specimens (see also Fig. 2-30). 
 The same Ni-Mo-V steel forging was used by Lubahn to prepare circular notched tensile 
specimens, their unnotched diameter nominally being D = 0.250, 0.400, 0.600, 0.900, 1.300, 
2.250 inches (6.35 to 57.15 mm, scale factor 9). The 45°-V-notch depth was about 30 % of 
the specimen radius D/2, i.e., the cross-section area was reduced by 50 %. The radius at the 
root of the notch was required to be less than 0.003 in = 0.076 mm. Continuous measurements 
of the load and the change ∆d of the diameter d at the root of the notch (micrometer meas-
urements) were made. From these data curves of the average axial stress at the minimum sec-
tion (load divided by the initial minimum section) versus the diametrical strain ∆d/d were 
obtained. Fig. 2-33 shows a few typical curves for three sizes. The initial linear part has been 
drawn with a slope which is the average of all tests. The elastic behaviour of the notched 
specimen alone should not be inferred from this slope value. The instant of complete fracture 
(!-marker) was obtained by extrapolating the curve towards the measured fracture stress.  
 It is evident from the curves that, as the size increases, the fracture occurs at lower diamet-
rical strain values. Thus, the smaller specimens endure considerable large plastic strains to 
fracture. No information on the initiation of cracking (before or almost at the instant of com-
plete fracture) is given in Ref. [2.20]. Lubahn remarks that �size can only affect the location 
of the failure point on the curve; the Law of Similitude (Ref. [2.18]) requires that the shape of 
the stress-strain curve be independent of size.� Sachs (1941, [2.21]) also stated that no excep-
tions to the law of similitude is known. In another paper Lequear and Lubahn (1954, [2.19]) 
pointed out, however, that there is little experimental evidence showing the validity of the law 
of similitude. Unfortunately, no systematic evaluation of this aspect has been done for the 
notch tensile tests. 
 The results for the various tests are collected in Tab. 2-22. Here Sn is the nominal notch 
stress at fracture and esm/ecl a measure for the loading eccentricity which is low. The plastic 
notch strain corresponds to the permanent diametrical strain at fracture. 
 In Fig. 2-34 plots of the nominal notch strength and the plastic notch strain are presented. 
For unnotched diameters D equal to or larger than 0.9 in. = 22.86 mm, the notch strength con-
forms to the inverse square root law of linear fracture mechanics and the fitted graph corre-
sponds to an average critical energy release rate Gc = 85 inlb/in2. For the smaller sizes, the 
notch strength values lie below the theoretical elastic fit because of extensive plastic flow at 
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the notch. The extend of this plastic flow is indicated by the �notch ductility� plotted in the 
lower part of Fig. 2-34. It is seen that in the size range, where linear fracture mechanics ap-
plies (D ≥ 0.9 in), the plastic notch strain (�notch ductility�) is far less than 1 %. Since the 
material used for the notch bending and the notch tension test was the same (material A in 
Ref. [2.20]), a general shape independent validity of the linear fracture mechanics would re-
quire the same critical energy release rates. This is not the case and it signals caution with 
respect to the applicability of the theory. Possibly the plane strain conditions were not suffi-
ciently realized in the notch bending tests with specimen having quadratic cross-sections. 
 
 On the track of the work of Lubahn and co-workers, Wundt (1959, [2.22]) proposed a gen-
eral descriptive concept of the size dependence of characteristic strength data in the presence 
of sharp notches or cracks, which embraces the notch-strengthening of small bars and the 
notch-weakening of large bars. Strengthening or weakening of a notched specimen is here 
understood with respect to the ultimate stress or yield stress of a smooth, unnotched specimen 
in a tensile test. Wundt put attention to considerable literature on the subject of increased 
strength of relatively small notched cylindrical tension specimens. According to the work of 
Sachs and co-workers (1945, [2.23]) on low alloy steels, often, after the load maximum has 
been reached, the load decreases until fracture. This behaviour of notched specimens indicates 
a degree of ductility. Under such conditions, the notch strength Sd increases linearly with the 
notch depth N21; namely, for 50 % notches the notch strength is about 50 % higher than the 
unnotched tensile strength St. For very deep notches, say almost 100 % deep, the notch 
strength approaches twice the tensile strength of the unnotched specimen. This applies only 
when the notch is made very sharp and when the notch angle is equal to or less than 60°. 
When the notch radius increases, the notch-strength passes through a maximum and then de-
creases with increasing notch depth. For still larger radii and very deep notches the notch 
strength may even approach the tensile strength from above. The notch strength deviates more 
and more from the linear strength-depth relationship if steels with higher strength are consid-
ered. If combined with very small radii, the ratio of notch strength to tensile strength may 
decrease below 1, especially when the notch depth is 50 to 60 %. Increased specimen size 
results in a more or less gradual deviation from the linear notch strength � depth relation, es-
pecially for high tensile strength steels. 
 On the other end of size scale, the notch-weakening of large specimens with increasing 
size, the geometric size effect, can be described by Linear Elastic Fracture Mechanics. In a 
log-log representation of the notch strength � size relation this is a straight line with slope (- 
½; inverse square root relation). For a specific sharply notched specimen type this is shown 
schematically in Fig. 2-35. According to the relation between notch strength relative to the 
yield strength and tensile strength, etc., a classification of the failure behaviour may be intro-
duced: ductile, quasi-ductile, quasi-brittle, and brittle, as defined in Fig. 2-35. The experimen-
tal data for sharply notched bending and notched tension obtained by Lubahn and co-workers 
were represented by Wundt within this bi-logarithmic scheme. 
 
 The influence of the notch tip radius was pointed out before when the work of Lubahn and 
co-workers was discussed. Yukawa and McMullin (1961, [2.24]) studied the effect of notch 
acuity (sharpness) on the fracture strength using notched bend specimen of various sizes. The 
                                                 

21 N = notch depth, ratio of area removed by the notch to gross circular area 
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test material was a large billet of a vacuum arc remelted alloy steel22. This was heat treated to 
a coarse grained tempered bainitic microstructure to promote notch brittleness at room tem-
perature. Uniform properties and microstructure were obtained with the mechanical proper-
ties: tensile strength =125 000 psi, 0.2 % yield strength =100 000 psi, reduction in area 
=51 %. 
 Several sets of notched beam specimens, ranging in cross section size from 0.4 x 0.4 in. = 
10.16 x 10.16 mm to 3 x 3 in. = 76.20 x 76.20 mm, were machined: 
Set I: 45° V-notch machined, notch depth 20 % of beam depth and constant root radius 

0.005 in. = 0.127 mm for all sizes. 
Set II: Normal machining of a notch then slight extension to 20 % depth by a knife-edge 

tool and an electric spark discharge process; this gives a root radius of about 0.004 
in. = 0.102 mm, i.e., approximately the same radius as Set I; this notch preparation 
was limited to 1 in.-specimens only. The exact profile of the notch is not given in 
Ref. [2.24]. 

Set III: An arrested cleavage crack was produced. Starting off from blanks with a 1 x 2 in. 
cross section, a notch terminating in a fine saw cut was made across the 1 in.-face, 
then chilling with dry ice and liquid air and forcing a wedge into the notch by 
hammering such that cracks stopped after running a short distance; machining 
down of the bar to a 1 x 1 in. cross-section; use of dye penetrant to mark the crack 
front; considerable variation of the actual arrested crack depth. Therefore, selec-
tive choice of tested specimens with a initial crack depth of about 20 %. This set 
was restricted to 1 in.-specimens. 

Set IV: A machined notch was provided with a short fatigue crack such that the total 
notch plus crack depth was about 20 % of the specimen depth. This set covered 
the whole size range. 

Set V: A 60° V-notch with a 20 % depth and a 0.005 in. tip radius was machined as in 
Set I but the V-notch surface was nitrided (0.015 in. = 0.38 mm layer); nitriding 
did not alter microstructure outside the layer. Nitriding was done only for 1 inch-
specimens. It was expected that nitriding a machined notch made it equivalent to a 
crack because a crack forms in the nitride layer at relatively low stress levels. 

 
 The length of the specimens was not reported but it is expected that it was proportional to 
the Charpy impact specimens. The specimens were tested at room temperature in slow bend-
ing under three-point loading in a hydraulic testing machine with the corresponding character-
istic loading speeds (note: unscaled cross head speeds). 
 The primary quantity recorded during the tests was the maximum load at fracture which 
was converted to a nominal bending stress σ at the tip of the notch or crack using elementary 
beam theory (σ = M/W, M: bending moment, W: section modulus of ligament section). In Fig. 
2-36 a bi-logarithmic presentation of the nominal bending stress versus specimen depth is 
given for all specimens with a notch or crack depth of 20 %. The fracture of all specimens 
larger or equal than 1 in. was brittle, i.e., at the maximum load the fracture occurred suddenly 
and propagated completely through the specimen (100 % cleavage type). Load deflection 
graphs were recorded for several specimens which are essentially linear nearly up to fracture 
with some plastic behaviour in some specimens prior to fracture. In the specimens with cracks 
                                                 

22 Chemical composition (weight %):  0.30 C, 0.48 Mn, 0.03 P, 0.03 S, 0.22 Si, 2.6 Ni, 0.44 Mo, 0.09 V 
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plastic deformation was considerably less and practically non-existent in the larger pre-
cracked specimens. 
 From Fig. 2-36 it is seen that machined as well as spark eroded notches (approximately the 
same root radius) yield the same bending strength for the 1 inch-specimens (as expected). 
However, the cracked notches and the nitrided machined notches yield considerable less 
strength for specimens equal to or larger than 1 inch. For the 1 inch-size roughly a factor of 
two in the strength is observed. In Fig. 2-36 the straight lines with slope (- ½), following the 
inverse square root law, are fitted to the data of specimens equal to and larger than 1 inch. The 
fracture toughness corresponding to the relative position of these linear graphs are, respec-
tively, Gc = 300 and 120 lb/in.. The first value applies to the machined and eroded notches 
with almost the same finite root radius and the second value to the cracked notches. It should 
be kept in mind that the linear fracture mechanics yielding the inverse square root law is de-
rived from linear elasticity for the case that fracture starts from a sharp crack which implies a 
stress and strain singularity. Of course, this is not satisfied for the machined notches. 
 The inverse square root law implies an increasingly higher strength as the specimen size is 
reduced, but the experimental data do not attain such high values. As seen in Fig. 2-36, the 
0.4 inch-specimens with machined or fatigue cracked notches yield approximately the same 
strength which is well below the extrapolated strength according to linear fracture mechanics. 
It appears that the strength values for small specimens approach a limiting value (250 000 
lb/in.2, i.e., twice the tensile strength). Yukawa and McMullin state that this limit �results 
from the occurrence of gross plastic deformation wherein deformation conditions rather than 
fracture conditions govern the strength�. No further explanation is given in Ref. [2.24]; it ap-
pears that this change is related to a failure mode transition. 
 
 The size effect at room temperature on tension properties of smooth and notched circular 
specimens made of 7075-T6 aluminium, 6Al-6V-2Sn titanium, and AISI 4340 steel were de-
termined by DeSisto, Carr, and Larson (1963, [2.25]). This appears to be the first time that 
size effects in notched specimens were systematically investigated in conjunction with un-
notched specimens of the same material. In principle this is an important approach because 
before size influences in notched specimens are studied, unnotched specimens with fairly uni-
form stress and strain distribution up to the maximum load should prove to be size independ-
ent. 
 The dimensions of the unnotched and notched specimens are given in Tab. 2-23. The 
minimum common diameter ranges from 0.113 in. = 2.87 mm to 3.57 in. = 90.68 mm which 
covers a very large size range (scale factor 31.6). A 60° V-notch is applied in the notched 
specimens with constant 50 % cross-section area reduction and a corresponding notch depth 
(D-d)/D of about 30 %. The smooth and notched specimens represent two families of geomet-
rically similar specimens, however, the sharp notch root radius (0.001 in. = 0.0254 mm) is 
kept constant. The aluminium and titanium were tested as received. However, blanks of large 
5 ¼ inch diameter steel (AISI 4340) were heat treated23 and then the specimens were ma-
chined to size. The smooth specimens were tested in the plastic regime with a constant speed 
(0.02 in./min) of the cross-head (platen). In the smallest specimen an average strain rate of 
0.83 ⋅ 10-3 s-1 was obtained which was reduced by more than a factor of 30 when the largest 
                                                 

23 Normalized at 1600 F, 4 h, air cool;  austenitized at 1550 F; 4 h, oil quench;  
   double tempered at 1000 F, 4 h, oil quench 
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specimen was tested. The notched specimens were also tested with a constant but 10-times 
slower speed. A reason was not given by DeSisto et al. but it appears that this speed reduction 
compensated somewhat for the increased strain rate at the notch, as compared to the rest of 
the specimen. Specimens of 0.505 in. diameter and smaller were tested in a 120 000 lb hy-
draulic testing machine, while for the larger specimens a 2 400 000 lb hydraulic testing ma-
chine was used. 
 Results of the smooth and notched specimens are plotted in Figs. 2-37 to 2-41. The 0.2 % 
yield strength and the tensile strength of smooth specimens of all three materials show a 
rather moderate scatter and no size influence is observed. The area reduction and elongation at 
fracture, however, generally decrease with increasing size, especially for the larger specimens 
(see the semi-logarithmic presentation in Fig. 2-37). It is noteworthy that the area reduction  
appears to be size independent or increases with size for the small specimens with diameters 
less than about 0.5 inch whereas a decrease for larger diameters is observed. DeSisto et al. did 
refer to this. To the reviewers opinion, it may well be that this abrupt change in size depend-
ence of the area reduction is related to the use of two different hydraulic testing machines, one 
used for specimens with diameter less than 0.5005 inch and the other for the larger specimens. 
Properties of the testing machine may be important for the response of the specimen in the 
softening regime beyond the load maximum, especially in the final phase. Thus, the change in 
the size dependence of the area reduction may be an indication that the system �specimen-
testing machine� is not properly scaled over the whole size range. 
 The elongation at fracture (Fig. 2-37) of the smooth specimens, which includes the strain-
ing in the neck region and outside the neck, is less sensible to size influences which are con-
centrated in the neck. Only a moderate decay with size is seen in Fig. 2-37. If the length of the 
necked region does not scale with the size of the specimen but is approximately constant or if 
the average strain in the neck decreases with size, then a decrease of the elongation with size 
is to be expected. For further details see the review of Malmberg et al. (2001, Ref. [1.2]). 
 The notched tensile strength (maximum load divided by the minimum initial cross section 
at the notch) is plotted in the semi-logarithmic Fig. 2-38. The notch strength of the 7075-T6 
aluminium remains constant for the smaller specimens, but for specimens larger than 1 inch a 
decrease is observed. The 4340 steel and the titanium values seemingly decrease almost line-
arly. For the 4340 steel the overall reduction is about 23 % (scale factor ~32).  
 On first sight an abrupt change of the size dependence at about 0.5 in.-diameter is not 
found for the latter materials, especially if the interpolation graphs are considered. However, 
the interpolation may be done less crude. A bi-linear interpolation is possible, for example for 
the titanium with an intersection of the graphs at around 0.5 in.-diameter. Thus, some influ-
ence of the change of the testing machine is likely also present in the notch tensile strength. 
Unfortunately, no deformation data (area reduction at the notch, notch opening) are reported 
by DeSisto et al. 
 Fig. 2-39 gives a semi-logarithmic presentation of the ratio of the notch tensile strength to 
the average 0.2 %-yield strength of the respective material. Obviously, the individual data 
show the same trend as the notch strength, but the interpolations are inconsistent with the pre-
vious interpolation graphs in Fig. 2-38. In any case, it is noted that for the 4340 steel the ratio 
is above 1.3 in the whole size range. This implies that considerable plastic deformation took 
place in the notch region such that Linear Elastic Fracture Mechanics is not applicable. For 
the two other materials the notch tensile-yield strength ratio is below 1 only for the largest 
specimens (diameter larger than about 2 in.) which then should follow the inverse square root 
law. 
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 All data in Figs. 2-37 to 2-39 are the results of single tests for each size. The measurements 
for aluminium and steel are somewhat erratic. Thus, the interpolations in the figures are 
slightly arbitrary. Obviously, nominally identical repeat tests would have improved the situa-
tion. 
 DeSisto et al. used the notch tensile strength data to calculate the critical mode I stress in-
tensity factor KIc (fracture toughness) using Linear Elastic Fracture Mechanics. The results are 
plotted in Fig. 2.40. If  LEFM were applicable, the fracture toughness should be constant and 
not size dependent. It is seen that this is valid only for titanium and aluminium specimens 
with diameters of about 1.6 inches and larger. An exception is again the largest aluminium 
specimen. Inspection of Fig. 2-39 shows that notch-yield strength ratios 1.09 and 1.15 are 
obtained for the aluminium and titanium at the 1.60 inch-section size and these values are 
only slightly above the ratio 1. 
 Finally, the bi-logarithmic strength-size presentation of Wundt (1955, [2.22]) is used in 
Fig. 2-41 which demonstrates that the 4340 steel does not conform to the inverse square root 
law and conformity is obtained only for the largest titanium and aluminium specimens. 
 
 Wellinger and Pröger (1968, [2.26]) in their publication on size effects in notched bar ten-
sile tests of steel specimens commented and discussed the concept of size effect and similarity 
to some extent. Among others, they state the following: geometrical similitude is tantamount 
to elasto-mechanical similitude under the same or similarly applied external specific loading; 
in the plastic regime the linear relation between strain and stress is lost; flow and hardening is 
taking over; therefore, the initial geometrical similitude and the similitude of the stresses is 
not present any more; consequently, a size dependence of the strength and deformation char-
acteristics at fracture is to be expected. 
 This interpretation and reasoning is not correct. Classical elasticity as well as plasticity do 
not involve an internal length scale. Thus, both theories are not capable to describe any size 
effect. Beyond that, elasticity and plasticity as such are not sufficient to model fracture but 
must be supplemented by additional criteria which may imply a size dependence. 
 The essential part of the study are tensile tests of a family of geometrically scaled 60°V-
notched specimens, the unnotched diameter D ranging from 180 mm down to 3 mm (scale 
factor 60!), with a minimum diameter at the notch of d = 0.6 D, and with a nominal root ra-
dius of ρ = 0.02 D (3.6 to 0.06 mm), see Tab. 2-24. 
 The largest specimen was machined from a forged bar of the steel C6024, normalized at 
840 °C for 1 ½ h and cooled in air. The smaller specimens were produced successively out of 
the broken halves of the larger specimens. All tests were done under quasi-static conditions, 
but not with a properly scaled cross-head velocity to obtain a constant strain rate. 
 Wellinger and Pröger investigated the initiation of yielding at the root of the notch. This 
was defined as the first deviation from the linear elastic graph in the diagram �nominal stress 
at the notch versus a notch strain measure�. This strain measure was either the axial strain ε1 
at the root or the circumferential strain ε2 which both were determined by strain gages (gage 
length 0.8 or 0.4 mm). Using Hooke�s law, the axial and circumferential surface stresses were 
determined as well as the v. Mises and Tresca equivalent stresses. Because of the finite size of 
the strain gage, this exercise was limited to few of the larger specimens, i.e., 180, 90, and 40 
                                                 

24 0.062 % C, 0.28 % Si, 0.69 % Mn, 0.034 % P, 0.030 % Si, ferritic-perlitic micro-structures; upper and lower 
yield stress 37.6 and 37.0 Kp/mm2
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mm diameter. Unfortunately, with gage lengths of only 0.8 and 0.4 mm the gage length of 0.4 
mm used (instead of 0.8/4.5 = 0.18 mm) for the 40 mm diameter specimen was not properly 
scaled. Wellinger and Pröger tried to identify whether one or the other yield condition is to be 
preferred, but they did not come to a definite result and, curiously, they did not comment on a 
possible influence of the specimen size.  
 In Tab. 2-25 some of the results of Wellinger and Pröger are collected and obviously only 
for the 90 mm specimen two test results are available. The difference of the stress values for 
the 180- and the 90 mm � diameter specimens are quite small and the associated v. Mises-
equivalent stress agrees well with the uniaxial yield stress in tension. However, for the 40 
mm-diameter specimen increased (~17 %) stress values were obtained. Because of the non-
uniformity of the strain at the root of the notch, even larger stresses were to be expected if a 
properly scaled smaller gage length had been used instead of the 0.4 mm-strain gage. The 
increase of the yield stress values for the smaller 40 mm diameter-specimen may be an indica-
tion of a size effect on the yield strength under non-uniform stress and strain conditions (see 
Malmberg et al. 2001, Ref. [1.2]). However, only a single test result for the 40 mm diameter-
specimen is available and proper data for smaller notched specimens were not provided.  
 Wellinger and Pröger discussed also the stress-strain response of the notched specimens 
beyond yield initiation over a very large size range (D = 6 to 180 mm diameter). Unfortu-
nately, the gage lengths for the strain measurement were not scaled properly within this size 
range and thus the results are questionable.  
 The essential results of the testing of Wellinger and Pröger are shown in Fig. 2-42. Here 
the notch strength σBk (maximum load divided by initial notch cross-section), the true fracture 
stress σRk (load at fracture divided by notch cross section at fracture) and notch area reduction 
ψBk at fracture are plotted versus the diameter D. For all three quantities a quasi-hyperbolic 
decrease with increasing size is noted and the size influence is largest for the notch area re-
duction ψBk: the notch strength decreases by about 34 %, whereas the notch area reduction 
reduces by 84 % down to ψBk  = 1 % within the size range from 6 to 180 mm diameter. The 
scatter appears to increase with decreasing specimen size, especially for the notch area reduc-
tion which, according to the authors, was not easily measured at the notch root (details were 
not reported). 
 From Fig. 2-42 (a) it is seen that the fracture stress σRk is larger than the notch strength for 
small specimens. This is due to the necking of the notch beyond the maximum load until frac-
ture. This difference decreases with increasing size and vanishes for the largest specimen 
where maximum load and fracture load agree without necking.  
 
 The effect of specimen dimensions on the fracture toughness of notch-bend (SENB) speci-
mens and compact tension (CT) specimens, made of five aluminium alloys, were tested by 
Nelson, Schilling, and Kaufmann (1972, [2.27]). In Linear Elastic Fracture Mechanics, the 
mode I (opening mode) stress intensity factor KI, associated with the growth25 of a sharp crack 
under plane strain conditions, is suggested to be an invariant material property denoted by 
KIC. The ASTM testing requirements impose rigorous restrictions as to the specimen dimen-
sions to assure plane strain conditions at the crack tip and they require specimens which are 
dimensionally large relative to the size of the plastic zone at the tip of the crack. For a valid 
KIC-toughness testing, the crack length a and thickness B of the test specimen must be equal 
                                                 

25 presumably in an unstable manner 
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equal to or greater than 2.5 (KIC/σys)2, which is about 50 times the radius of the plastic zone 
under plane strain conditions at fracture. Because of these specimen size limitations, there has 
been considerable interest in reducing the thickness limit for valid tests. To determine whether 
this would be appropriate for some aluminium alloys, Nelson et al. conducted a test series to 
investigate the influence of the specimen size on the plane-strain stress intensity factor. 
 Samples of five aluminium alloys with different strength levels were used, as indicated in 
Tab. 2-26. It is noted that the ratios of ultimate to yield strength are only slightly larger than 
one (low hardening) and that the elongation and reduction in area at fracture are relatively 
small. 
 Compact tension tests were made with the 2219-T851 plate material, whereas notch-bend 
tests were performed for the four other alloys. The notch-bend specimen dimensions are indi-
cated in Fig. 2-43. For three of these four materials specimens with side grooving were also 
tested. All specimens were precracked by fatigue. Within the set of notch-bend specimens 
without side grooving, two families of geometrically similar specimens can be identified. 
Their dimensions and test results are collected in Tab. 2-27 and the further discussion will 
only be concerned with these specimens. 
 Static loading of each specimen was carried out by procedures according the ASTM 
method, as proposed at that time. Crack opening displacements were measured by clip gages 
mounted on knife edges. The load versus notch opening curves were determined and from 
these the load values PQ for calculating the plane-strain stress intensity factors were deter-
mined at the 5% secant offset26. Values of KQ (candidate values of KIC) were calculated ac-
cording to 
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with f being a dimensionless function for the SENB specimens. They were checked by all 
criteria of the ASTM method to determine whether or not they can be considered to be valid 
KIC values. The corresponding limiting length 2.5(KQ/σys)2 is also listed in Tab. 2-27. 
 From Tab. 2-27 it is seem that the specimens with the ratio W/B=4, which cover a thick-
ness of ⅛ to ¾ inch (scale factor 6), satisfy the ASTM thickness limit 
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for the largest ¾ inch thickness specimens and also for the ½ inch thickness specimens. Ac-
cordingly, the candidate fracture toughness KQ for the (⅛ inch thick) smallest specimens show 
the following qualitative tendencies relative to the larger specimens: 
 
   Material   KQ-trend (1/8 inch thickness) 
   2024-T651   slightly increased 
   6061-T651   significantly decreased 

                                                 

26 The critical load PQ is defined in one of several ways, depending on the type of load-displacement curve (see 
Anderson (1995, Ref. [2.28]). In case of Type I behaviour, the load-displacement curve is smooth and deviates 
slightly from linearity before ultimate failure. This nonlinearity may be caused by plasticity, subritical crack 
growth, or both. Then one must construct a 5% secant line, i.e., a line from the origin with a slope equal to 95% 
of the initial elastic loading slope, to determine P5, the load at the intersection. For this type of curve, PQ = P5. 
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   7075-T7351   decreased 
   7079-T651   increased. 
 For the relatively thicker specimens with W/B=2, which cover the size range from ¼ inch 
to 1 ½ inch thickness (scale factor 6), the smallest specimens (¼ inch thickness) do not satisfy 
the ASTM thickness condition for all alloys. For the larger ½ inch thickness specimens only 
the alloy 6061-T651, which has the lowest tensile and yield strength (see Tab. 2-26), does not 
conform with the thickness limit. The KQ-trend for the ¼ inch thickness specimens relative to 
the larger specimens, which satisfy the ASTM limit, is the same, as for the specimen families 
with the ratio W/B=4. Consequently, there is no uniform trend with respect to the size de-
pendence of the KQ-value of small, geometrically similar SENB specimens without side 
grooving. This observation is in contrast with the statement of the authors: �For specimens 
with thicknesses which are less than this stated limit, and other dimensions proportional to the 
thickness, values of KQ generally increase with increasing specimen thickness�. 
 Moreover, as noted from Tab. 2-27, the KQ-values for sufficiently large specimens, satisfy-
ing the ASTM limit, are fairly uniform with increasing thickness, i.e., they reach a nearly con-
stant level and thus are size invariant. 
 In Figs. 2-44 (a÷d) the candidate fracture toughness values KQ are plotted versus the 
specimen thickness B for SENB specimens of the four aluminium alloys. These representa-
tions include the two geometrically similar specimen families as well as non-similar (non-
proportional) specimens. The ASTM limit B = 2.5 (KQ/σys)2 is also shown and it is generally 
seen that the fracture toughness of specimens satisfying the thickness limit condition become 
thickness invariant. It is also seen that there is no general trend of the thickness dependence of 
KQ below the ASTM-limit. Therefore, among others, Nelson et al. state �there does not appear 
to be any basis for reducing the thickness limitation in the ASTM method�.  
 
 Neale (1978, [2.29]) presented results of an experimental investigation which compared 
the plane strain fracture toughness KIC (presumably a material constant) with the conditional 
fracture toughnesses KQ

27 obtained from compact tension specimens. CT-specimens were 
used with the same in-plane dimensions but different thicknesses, but also geometrically simi-
lar compact tension specimens with all gross dimensions in the same ratio to each other. The 
present review is restricted to these latter specimens. 
 The 1CrMoV-steel28 used was carefully produced including a heat treatment to ensure a 
homogeneous microstructure. The relevant dimensions of each geometrically similar compact 
tension specimen is given in Tab. 2-28 (geometric scale factor 4). Spark erosion was used to 
produce the slots which were extended by fatigue to give a ratio a/W=0.5 of the nominal 
crack length a and specimen width W. A clip gage was mounted between knife edges rigidly 
bolted onto the face of the specimen across the mouth of the slot to measure the edge opening 
displacement. The specimens were fractured under displacement control at room temperature 
and a continuously recorded plot of the output of the load-sensing transducer versus the out-

                                                 

27 Here the conditional fracture toughness KQ is the value of the stress intensity factor calculated for a precracked 
specimen using the initial crack length and the load corresponding to an effective crack extension of 2 %. KQ it 
not necessarily a material constant. 
28 Chemical composition: 0.27 % C, 0.50 % Mn, 0.34 % Si, 0.20 % Ni, 0.95 % Cr, 0.61 % Mo, 0.29 % V, 0.01 
% S; yield stress 477 MN/m2, ultimate stress 632 MN/m2, Young�s modulus 214 GN/m2, fracture elongation 22 
%, reduction of area 61 %, hardness 207-216 VPN 
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put of the clip gage was produced for each of the specimens. From the load-displacement re-
cords the following characteristic data were deduced: 
− PQ, the 5 % offset load29 at the initial elastic part of the load-displacement record 
− Pmax, the maximum failure load 
− ∆max, slot mouth (edge) opening displacement at maximum load (fracture). 
The data are listed in Tab. 2-28 together with their corresponding nominal stresses 
    σQ:  =  PQ / [B(W-a)]    ,    σmax = Pmax/[B(W-a)]             (2.21) 
and the normalized displacement 
      δ=∆max / a.                (2.22) 
The size influence on the characteristic data σQ, σmax and δ is evident: the nominal stresses 
and the normalized displacement increase by more than a factor of two when the size is re-
duced by a factor of four if the whole size range is considered. This is fairly close to the 
square root-relation between size and stress. 
 Neale evaluated the conditional fracture toughness KQ according ASTM Standard E399-
74 from  

    ( ) 1.1// max <= Q
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where f(a/W) is the dimensionless stress intensity coefficient given by a polynomial approxi-
mation of a/W. If Pmax/PQ > 1.1, the above equation was still used but the conditional fracture 
toughness was designated KB instead of KQ. In addition, a fracture toughness Kmax was deter-
mined by replacing PQ with Pmax in the equation. Obviously, if KQ were a material constant, 
the above relation implies the inverse square root dependence of the stress 
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on the size of the specimen. The corresponding fracture toughnesses calculated by Neale are 
collected in Tab. 2-29. Clearly, neither KQ nor Kmax are strictly constant. According to Neale, 
only the specimen A2 completely satisfied all aspects of the ASTM Standard E399-74 pro-
ducing a valid plane strain fracture toughness value of KIC = 59.8 MN/m3/2. Unfortunately, 
only a single test for this largest size is available, so the scatter is not known. Reducing the 
size by a factor of two (specimens F1 to F4), increases the conditional fracture toughness KQ 
by about 14 %. This qualitative trend is very well known. However, a further decrease of the 
size by a factor of two (specimens G2 and G3) yields a mean toughness value which is almost 
the same as the �valid� KIC-value for the large specimen A2. All the fracture surfaces, accord-
ing to Neale, indicated a brittle failure mode and none of the geometrically similar specimens 
produced pop-in or pop-in steps which is an important aspect of the non-similar specimens 
with thickness variation only. For discussion of this aspact as well as the fracture toughnesses 
of the other specimens, see Ref. [2.29].  
 
 The effect of specimen thickness of geometrically similar notched three-point bend 
specimen (SENB type) on the critical values of the crack opening displacement COD and the 

                                                 

29 According to Neale, the 5 % offset load approximates a 2 % crack extension if 0.45 < a/w < 0.55 
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J-integral at fracture was studied by Pisarski (1981, Ref. [2.30]). A microalloyed carbon 
manganese steel plate30 with a sulphur contend below 0.005 Wt.% was selected. The plate 
was 100 mm thick and was supplied in a normalized condition. 
 The three-point bend specimens with the full plate thickness (100 mm) were cut from the 
plate with their axes parallel to the rolling direction; their geometry and testing followed the 
British Standard BS 5447 (1977) and BS 5762 (1979), i.e., all dimensions in proportion to the 
depth W : 
  thickness  B = 0.5 W 
  loading span  S = 4 W 
  crack length  a = 0.45 � 0.55 W (including fatigue crack extensions). 
The notches, perpendicular to the surface, were extended by fatigue and clip gages were 
mounted across the notch mouth. Two thicknesses (50 and 10 mm) of sub-size bend speci-
mens were machined from the broken halves of the 100 mm thick specimens but remote from 
the fracture surface. The 50 mm thick specimens were made by machining equal amounts 
from each plate surface so that the center plane of the specimens coincided with the mid-plane 
of the plate. The 10 mm specimen were taken close to the mid-plane. Thus, effects of material 
inhomogeneity across the thickness of the plate were minimized. The tests were carried out 
over a temperature range of -150°C to -10°C. The testing of the 100 and 50 mm thick speci-
mens was done in a 1.8 MN Universal testing machine, whereas the 10 mm specimen were 
fractured in a 100 KN screw-driven Universal testing machine. The fracture surfaces of all the 
specimens were visually examined or, where necessary, inspected with a low power micro-
scope or Scanning Electron Microscope (SEM). 
 The critical clip gage opening displacement Vg, attained at fracture (subscript c) or at a 
maximum (subscript m) of the load, was used to calculate COD (i.e. δc or δm) according to the 
British Standard (see Ewalds and Wanhill (1983, Ref. [2.31], p. 152))  
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with r = 0.4, Vp being the plastic part of Vg in the load P versus Vg curve and z denotes the 
knife edge height at the notch mouth. The values of Kc were calculated from the fracture or 
the maximum loads using the stress intensity factor for SENB specimens (e.g., Ewalds and 
Wanhill (1984, Ref. [2.31], p. 97))  
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These COD results for the three specimen sizes are shown in Fig. 2-45 as temperature transi-
tion curves. 
 The critical J-integral values Jc were also calculated from the critical clip gage values 
using a relationship due to Sumpter and Turner (1976, Ref. [2.32]) 
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with rp = 0.4 for a/W > 0.45 and rp = 0.45 for a/W < 0.45 and the limit load PL approximated 
by an energetic mean value in the nonlinear regime of the load-clip displacement curve. If 

                                                 

30 British Standard B5 4360 50D 
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stable crack extension preceded fracture, the above equation overestimated J. Therefore a 
modified equation according to Sumpter and Turner (1976, Ref. [2.32]) was used which al-
lowed for a change in the specimen compliance due to crack extension. The results of these 
calculations are presented in Fig. 2-46. 
 The Jc-data from Fig. 2-46 were transformed to fracture toughness values KIJ using the 
relation 
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These data are shown in Fig. 2-47 and they represent KIJ-temperature transition curves. 
Specimen size requirements for valid critical J-values have been proposed such as 
     B, (W-a), a ≥ γJc/σ                (2.29) 
where σ = (σ y + σu)/2 is the mean flow stress and γ=25 to 50. The most widely used γ-value 
is 25. For a given thickness B and with γ=25 one can determine the maximum Jc-value or in 
conjunction with Equ. 2.28 the maximum KIJ-value as a function of temperature if the tem-
perature dependence of σ  is determined. This limiting curve for the 10 mm thick specimens 
is shown in Fig. 2-47. Thus, all data of 10 mm specimens below this curve satisfy the size 
requirement Equ. 2.29 but obviously also data of thicker specimens below this curve. 
 On the other hand, valid KIC-values for plane strain and small scale yielding require 
specimen dimensions which satisfy the ASME restriction 
     B, (W-a), a ≥ 2.5 (KIC/σy)2.              (2.30) 
As Fig. 2-47 shows, valid plane strain values of KIC were found in five of the 100 mm thick 
specimens tested. In spite of the scatter, Figs. 2-45 to 2-47 show that the δc-and Jc- or KIJ-
values of the 50 and 100 mm thick specimens are comparable whereas the small 10 mm 
specimens generally yield larger values at all investigated temperatures. This implies that the 
transition curves are shifted to higher temperatures if the size is increased. This shift may be 
as much as 50 °C. 
 The shift of the temperature transition curve due to changes in specimen size has been 
recognized before. This, of course, implies that the actual toughness of a large specimen is 
overestimated considerably by the data of a small specimen. Therefore, the results support 
previously made recommendations that �where δc was used for assessing allowable defect 
sizes in engineering structures, data should be obtained from test pieces representing the 
thickness of the structure of interest�. Of course, there arise real difficulties in practice. 
 In Figs. 2-45 to 2-47 specimens are identified in which crack initiation took place by mi-
crovoid coalescence (encircled marker). In some cases clear evidence of microvoid coales-
cence ahead of the whole stretch zone was not present. From Fig. 2-47 it is seen (reviewer�s 
comment) that most of the 10 mm specimens show an initial crack extension by micro void 
coalescence when their KIJ-values are close to the limit curve of the 10 mm thick specimens. 
The other data of the 10 mm specimen are well below the limit curve and no definite micro-
void coalescence was found. This fracture mode separation induces a considerable scatter of 
the small specimen data (see results at -100 °C). Unfortunately, the number of nominally 
identical tests for the larger specimens is much less and such a mode separation is not found. 
 Pisarski discussed the influence of specimen size on KIJ to some extent. He stated that it is 
not necessary to invoke scatter in material properties to explain this effect, as done by other 
workers. He points out that �the present results, �, can be explained on the basis of the pro-
posals of Milne and Chell (1979, Ref. [2.33])� which used the model of Ritchie et al. (1973, 
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Ref. [2.34]). In the reviewer�s opinion, the verbal explanations of Pisarski but also of Milne 
and Chell are not intelligibly presented, partly because there is no clear distinction between 
the pure thickness effect and the effect of the size variation of truly geometrically similar 
specimens. Therefore a discussion of this aspect is not taken up here. 
 
 In the course of a catastrophic failure of a steam turbine (spontaneous brittle fracture of a 
low pressure turbine disc by stress corrosion cracking), the Central Electricity Generating 
Board (CEGB) facilitated a study by Shaw and Spink (1983, [2.35]) on the post yield behav-
ior of a series of geometrically similar specimens of varying size. Two different geometries 
were investigated over a temperature range (-100 °C to +100 °C) which covered all modes of 
failure from fully brittle to fully ductile. 
 The material used, a 3 % NiCrMoV-steel, came from the first and second stage low pres-
sure turbine discs. The chemical composition and some typical mechanical properties are 
listed in Tab. 2-30. The two specimen types were compact tension (CT) and single-edged-
notched-bend (SENB) specimens subjected to three-point-bending with a span-to-width ratio 
of 4:1. For both geometries three sizes were considered. Details are listed in Tab. 2-30. The 
notch depth-to-width ratio a/W was in the range 0.435 to 0.515, but the scale factor was rela-
tively small: λ = 4 for the CT-specimens and λ = 3.6 for the SENB-specimens. Specimens 
were prefatigued and the tests were performed under load control with a constant loading rate. 
In the compact tension tests the load versus the crack mouth opening displacement was re-
corded. 
 In the SENB-tests both crack mouth opening and ram displacements were determined. In 
addition, the displacement due to the machine and uncracked body compliances were meas-
ured experimentally for each of the three SENB-specimen sizes. This allowed the load-point 
displacement due to cracking to be determined. 
 From Tab. 2-30 it is seen that the materials (two discs) used for the CT-specimens have 
almost the same tensile properties. However, the material for the large (B = 45 mm) SENB-
specimens has rather low yield and ultimate stresses compared to the smaller SENB-
specimens. Unfortunately, no cutting plan is included and a truly systematic testing of the 
homogeneity of the disc material is missing. This pronounced inhomogeneity will affect the 
interpretation of the size effect tests.  
 In addition to the conventional specimens, a number of three-point-bend specimens were 
machined from �half-discs�, as removed from low pressure rotors. Since the size variation 
was very small, the results will not be mentioned here.  
Several parameters were calculated on the basis of the load-displacement records. Among 
others, they are: 
• The plane-strain fracture toughness KIC

31, 
 
    ( ) ,/Waf

WB

P
KK Q

QIC ==              (2.31) 
 
 was calculated for those tests which satisfied the stringent criteria of ASTM E 399 (see 

e.g., Ref. [2.28, p. 375]). For those tests which did not satisfy the thickness criterion but 
nevertheless displayed a linear load-displacement record and failed by cleavage instability 

                                                 

31 PQ:  see ASTM E 399 standard, B:  thickness of specimen, W:   width of specimen, a:   crack length 
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without shear lip formation, the stress intensity factor at failure was calculated from the 
maximum load (PQ = Pmax) and was also designated as KIC.  

• For all tests which failed by cleavage instability without prior stable ductile growth (but 
with plasticity resulting in a nonlinear load-displacement record; the reviewer), the J-
contour integral was calculated. For the SENB specimens J was determined from 

     J = 2U / B(W-a)               (2.32) 
 where U is the area under the load-load point displacement record owing to cracking and 

(W-a) is the remaining uncracked ligament. For the compact tension test allowance was 
made for bending and tensile components and the measured crack mouth opening dis-
placement ∆c was converted to a load-point displacement ∆p using the ratio ∆p/∆c = 0.77 
(for details see Ref. [2.35]). 

 The calculated J-values were transformed to KIC
J - values according to  

 
     ( )21/ vJEK J

IC −= .              (2.33) 
• Moreover, the failure loads and stresses were determined and represented in dimensionless 

form. For the CT-specimens loads Pu were calculated for each specimen, including the 
crack, at which failure would occur by plastic collapse (use of slip line field theory): 

     Pu = m σuBW               (2.34) 
 where m is a function of a/W and σuBW is the theoretical failure load of an uncracked 

specimen (σu: ultimate tensile strength) and m the ratio of failure load in a cracked speci-
men to the failure load in the same uncracked specimen. The actual measured failure load 
Pf was normalized with the plane stress plastic collapse load Pu. 

 In the SENB-specimens m = 1.22 (1-a/W)2 is the ratio of the moments to cause failure in 
cracked and uncracked bars. With Mp = σu BW2/4 being the moment to cause plastic col-
lapse in an uncracked beam specimen, then for a cracked beam the collapse moment is 
Mpc = m Mp. This was converted to the equivalent elastic outer fiber stress 

   σpc = Mpc/(BW2/6) = 1.83 σm (1-a/W)2 .             (2.35) 
 The fictitious elastic failure stress σf (at the root of the notch32) was then normalized to 

yield the dimensionless failure stress σf/σpc. It should be noted that the ultimate stress 
measured at room temperature was used throughout in the calculation. Although not made 
explicit in Ref. [2.35], the actual values of the various material sources were used (see 
Tab. 2-30) to account for the material inhomogeneity. 

The test results are listed in Tab. 2-30 (II and III). For the compact tension tests a trend of 
generally increasing KIC

J with temperature is apparent (Tab. 2-30 (II)), but there is consi-
derable scatter between duplicate test results (except the largest specimens (B=50 mm). At 
temperatures where size dependence can be evaluated, i.e., -20 °C, 0 °C and +20 °C (all be-
low the fracture appearance transition temperature FATT), one finds: at -20 °C and 0 °C an 
increase (37 % and 51 %) of the mean KIC

J-value with decreasing size, at +20 °C almost size 
independent mean values. The fracture toughness values KIC

J of the SENB-specimens (Tab. 2-
30 (III)) show also a marked scatter between duplicate tests, except the largest specimens 
(B=45 mm). For this type of specimen only the data at -40 °C and -20 °C can be compared to 
check the size independence. At -40 °C a non-monotone decrease (≤ 26 %) of the mean value 
with increasing size is seen, but at -20 °C the decrease of the mean KIC

J-value is 31 % when 
                                                 

32 A precise definition of σf is not given in Ref. [2.35] but the common approach is to set σf = Mf/Ws where Mf is 
the bending moment at failure and Ws is the section modulus of ligament section. 
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the thickness is reduced from 45 mm to 25 mm. These trends, however, are affected by the 
significant differences in tensile properties of the large and the small SENB-specimens. 
Summarizing, a convincing size independence of mean KIC

J-values of these two specimen 
types at theses temperatures is clearly not present. This rating is in contrast with statements of 
Shaw and Spink. 
The most definite size influence is observed for the normalized failure loads or stresses. In 
Fig. 2-48 the normalized load Pf/Pu of the compact tension specimens is plotted versus the 
temperature with the thickness B = 12.5, 25, 50 mm as parameter. A much clearer picture be-
comes apparent in which, for a given specimen size, the ratio Pf/Pu increases with temperature 
up to the transition temperature, above which the ratio becomes close to unity and decreases 
slightly with temperature and the scatter is much reduced. As pointed out by Shaw and Spink, 
the transition temperature coincides with the onset of stable ductile tearing prior to the speci-
men failure. 
The size effect is clearly depicted in Fig. 2-48: 
• Generally the normalized failure load Pf/Pu decreases with increasing size and this effect is 

largest below the transition temperature where the failure is characterized by cleavage in-
stability without prior stable ductile crack growth. With increasing temperature up to the 
transition temperature, the size effect decreases. However, above the transition temperature 
the size influence on the Pf/Pu-ratio is not vanishing but almost constant.  

• There is a considerable shift of the transition temperature to higher temperatures when the 
size is increased: for the 12.5 mm-thickness specimens the transition temperature is around 
0 °C, but for the 4-times larger specimens it is 60 °C. 

• Since the variation in the ultimate stresses of the material used for the compact tension 
specimens is small (Tab. 2-30), the size dependence of the normalized failure load is likely 
not caused by variations in the tensile properties. 

 In Fig. 2-49 a similar plot is provided (σf/σpc-ratio versus temperature) for the SENB-
specimens. The same qualitative trends are observed, however, the difference between the 25 
mm and 45 mm-thickness specimens is non-existent below the transition temperature and it is 
small above the transition temperature. It is, however, not clear to what extent this latter result 
is affected by the material inhomogeneity of the SENB-specimens; this is only partly com-
pensated by the use of the actual σu-values at room temperature for the calculation of σpc. 
 The comparison of the CT-and the SENB-specimens (Fig. 2-48 and 2-49) shows that the 
transition temperature is not only depending on the specimen size but also on the shape of the 
specimens; e.g., for the 12.5 mm thickness CT-specimens it is about 0 °C whereas for the 12.5 
mm thickness SENB-specimens it is �40 °C. 
 As pointed out by Shaw and Spink, the dependence of the transition temperature on size 
and geometry implies that the fracture behaviour of a full-sized service component could not 
be predicted from small scale test specimens in the transition region. Also a complicating fea-
ture of tests below the transition temperature is the extreme scatter of duplicate test results 
which obscured specimen size effects. The statement of the authors that �the largest speci-
mens tended to give results toward the bottom of the scatter band� is, however, not under-
standable for the KIC

J-data but only evident for Pf/Pu or σf /σpc-results.  
 The reviewer regrets that important deformation data, such as the normalized load-point 
displacement or the notch opening, were not presented in Ref. [2.35]. These data are at least 
as important for size effect considerations as characteristic loads or stresses. 
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 The research on ship collision strength urged Hagiwara, Takanake, and Kawano (1983, 
[2.36]) to perform bending tests on two families of almost geometrically similar specimens. 
The specimens were I-beams with a geometry as indicated in Fig. 2-50. The principal parts of 
the specimens were proportional to the thickness t3 of the bottom flange of the I-beam (scale 
factor 8.7). The dimensions l2, l3, and t4 were not exactly proportional for the convenience of 
testing, but the influence appeared to be small. According to the authors, the purpose of this 
test series was mainly to investigate the plate fracture due to strain concentration such as the 
scallop. Since the actual steel work may contain defects, two families of beam specimens 
were considered: unnotched I-beams and I-beams with notches which were applied to the top 
surface of the bottom flange, as shown in Figs. 2-50 and 2-51. The depth of the notches in the 
specimen M60N and M23N were somewhat larger than according to the scale factor. Unfor-
tunately, the plate materials were not the same for all three sizes but differ as shown in Tab. 2-
31. Thus, the 2.3 mm thickness plate material had the lowest yield and ultimate stress but the 
largest elongation. 
 The three-point bending tests were done under quasi-static conditions with continuous 
measurement of the load P and the deflection δ (probably the load-point displacement), but 
details were not reported. 
 Load-deflection curves of the notched and unnotched specimens are shown in Fig. 2-52 
using a normalized load on the ordinate and normalized deflection on the abscissa. The nor-
malizing was done using the largest specimen M 200 as reference such that the difference in 
the sizes and in the flow stress of the smaller specimens were accounted for. Thus, with λ = 
t3/(20 mm) and σ y, the ratio of the average flow stress between 0 and 5 % strain of the t3-
thickness plate material to the 20 mm thickness material, the loads P are multiplied with the 
factor ( ) 12 −

yσλ and the deflection δ with λ-1. From Fig. 2-52 the following conclusions are 
obtained:33

• If similarity would apply for the unnotched and the notched family, each family would be 
represented by a single curve. Obviously, this is generally not the case, it is valid only to a 
limited extent, i.e., only for normalized displacements less than about 30 mm (instantane-
ous fracture of the largest notched specimen M200N). There all curves, irrespective of be-
ing notched or unnotched, collapse into a single one. 

• Furthermore, within each family the normalized load-deflection curves are approximately 
congruent up to the maximum load of their largest specimen (type M 200), but the normal-
ized deflection corresponding to a load maximum is shifted to larger values when the size 
is decreased. For the unnotched specimens this shift is relatively small when the plate size 
is decreased from 20 mm (specimen M200S) to 6 mm plate thickness (specimen M60S), 
but for the 2.3 mm plate thickness (M23S) the normalized deflection at maximum load is 
about 2 times larger! For the family of notched specimens a very pronounced succession of 
the normalized deflection at the maximum load as well as of the final deflection is ob-
served. 

• Comparison of the load-deflection curves of the two families show almost no difference 
for the M23-specimens (plate thickness 2,3 mm), whereas the M60-curves show a slight 
difference. However, the large M200-specimen (20 mm thickness) yield a considerable dif-
ference: the notched specimen M200N has a smaller load maximum, but more important, 

                                                 

33 These statements differ somewhat from those of Hagiwara et al. 
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the normalized deflection associated with the load maximum is only 1/3 of that of the un-
notched specimen M200S! 

• The normalized load-deflection curves in the softening regime beyond the load maximum 
show a gradual decrease of the normalized load for the smallest I-beams, both for the un-
notched and the notched specimens. When the size is increased, the fall-off of the load be-
comes steeper and especially for the largest notched I-beam the fall-off is instantaneous at 
the maximum load which is evidence of a typical brittle fracture, quite different from the 
other specimens. Thus, the tendency for the notched bottom flange to fail at successively 
smaller normalized deflections when the size is decreased is evident. This successive de-
crease of the normalized deflection at the load maximum with increasing size is also seen 
for the unnotched specimen but to a lesser degree. This is related to the fact that the stress 
concentration at the center of the I-beam is reduced. 

• Hagiwara et al. performed numerical calculations (details are essentially missing), using 
the actual stress-strain curves of the different plate materials, to determine the nominal 
strains in the unnotched I-beams, thus enabling the maximum nominal strain to be deter-
mined from the deflection under the maximum load. The results are given in Tab. 2-32. A 
comparison of these data with the uniform elongation and the elongation at fracture (Tab. 
2-31) of the different plate materials shows that the size dependence of the normalized de-
flection at the maximum load cannot be explained by the differences in the ductility of the 
plate materials.  

• Unfortunately, only a single test for each type of I-beam was done and no direct evidence 
whether it is representative is available. Nevertheless, the general qualitative trends ob-
served in these test series are in agreement with previous findings in the testing of geomet-
rically similar families of notched specimens.  

 
 The thickness influence on the behavior of compact tension test specimens of austenitic 
steel SUS 316 has revealed that the fracture under displacement control continuously propa-
gates after the maximum load has been reached. Also the critical J-integral (Jc-value) at 
maximum load monotonically increased with the thickness of the specimen. These observa-
tions as well as safety considerations of nuclear reactors motivated Takeuchi, Yasunaka, and 
Nishijima (1985, [2.37], 1986 [2.38]) to perform a series of systematic tests on CT-specimens 
where the in-plane dimensions were proportionally increased for a given thickness (in-plane 
similarity) and several thicknesses were considered. In the tests series a limited number of 
specimens can be identified which are almost fully geometrically similar. 
 The base material embraces several plates (1 x 0.5 m with thicknesses of 4.5, 6, and 10 
mm) of the solution annealed SUS 316 L. The in-plane geometry of the CT-specimens is 
shown in Fig. 2-53 and nominal widths W = 200, 150, 100, 70, 50 and 30 mm were used. For 
each size specimens parallel and vertical to the rolling direction were produced. The width of 
the slot was not scaled (2 or 3 mm) and a constant radius of curvature (0.1 mm) at the tip of 
the 60 ° V-notch was applied. The surfaces of the specimens remained unprocessed. The qua-
sistatic tests34 were done at room temperature. 
 In addition, standard tensile test were done with specimens from all plates. They revealed 
approximately the same ultimate stresses and fracture elongations for all three plate thick-

                                                 

34 Load-point displacement rate: 5 mm/min for W≤ 100 mm, 10 mm/min for W≥150 mm 
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nesses, but the nominal fracture stress decreased with increasing plate thickness and a direc-
tional influence became apparent.  
 Fig. 2-54 demonstrates the influence of the in-plane size W on the nominal stress (load / (B 
⋅ W)) versus normalized pin displacement (X/W) diagrams of almost geometrically similar 
specimens with constant thickness B = 10 mm. From these diagrams several characteristic 
values were deduced:  

- the maximum load FM and the corresponding displacement XM; the authors stated that 
the crack extensions started at the load maximum but no independent proof was given; 

- the displacement XH at the load level FH = FM/2 in the descending part of the load-
displacement curve and these results are plotted in a normalized form in Figs. 2-55 and  
2-56; 

- the maximum nominal stress (FM/(B ⋅ W) versus the ratio B/W for specimens with the 
two different orientations (L-T) and (T-L) (Fig. 2-55); 

- the normalized displacements XM/W and XH/W for the two different orientations  
(Fig. 2-56). 

 Except for the width of the slot and the notch tip radius, full geometric similarity is ob-
tained only for families of specimens with the same B/W-ratio. Inspection of the dimension 
shows that only two families satisfy gross similarity conditions: 
 
 − family I: B = 6 and 4.5 mm 
   W = 200 and 150 mm 

   
W
B  = 0.03 

   λ = 31,3  

 − family II: B = 10 and 6 mm 
   W = 50 and 30 mm 

   
W
B  = 0,2 

   λ = 61,6  
 Each family consists only of two specimens with geometric scale factors clearly less than 
two which is a rather small value. In Fig. 2-55 and 2-56 geometrically similar specimens cor-
respond to all data with the same B/W-ratio. From Fig. 2-55 one can identify family I for the 
L-T orientation which yields almost the same maximum nominal stress. Moreover, the data 
for both orientations are within a single narrow scatter band and this implies that a size or 
orientation influence is not present for the maximum nominal stress. However, the geometric 
scale factor, as given above, is rather small and any significant effects are not to be expected. 
 The normalized displacements XM/W and XH/W are plotted in Fig. 2-56 and interpolation 
graphs for constant thickness specimens are also indicated. For the (L-T)-orientation narrow 
bands are obtained and the interpolation graphs are not arranged according to the thickness B. 
This implies that a significant or systematic size effect is not present for both normalized dis-
placements of specimens with a (L-T)-orientation.  
 For specimens with the (T-L)-orientation (Fig. 2-56), however, a considerable spread of 
the interpolation curves for constant thickness specimens are obtained, but a systematic order, 
according to an ascending or descending thickness, is not obtained. It is noted, however, that 
the smallest (B=4.5 mm) specimens give the smallest normalized displacements Xm/W and 
XH/W for all B/W-ratios. This is opposite to the usual size effect trend. Takeuchi et al. argue 
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that the processing and heat treatment differed according to the thickness (4.5, 6, 10 mm) of 
the plates which affected especially the crack initiation and propagation along the rolling di-
rection.  
 
 It has been noted before that some authors did not distinguish clearly between size- and 
thickness effect. An example is the paper by Wallin (1985, Ref. [2.39]) entitled �The size 
effect in KIC results�. Wallin summarized his paper as follows: �The size effect connected 
with fracture toughness results has been examined for both ductile fracture initiation and brit-
tle cleavage fracture. The effect has been explained partly by the loss of constraint effect and 
partly by the statistical weakest link size effect. In the case of ductile fracture, it has been 
shown that the fracture initiation toughness is independent of thickness as long as the size 
criterion B > α (JIC/σy) is fulfilled. In the case of cleavage fracture, it has been shown that the 
thickness effect is mainly caused by the weakest link size effect. A simple theoretical expres-
sion describing the thickness effect has been derived, and its validity has been verified for a 
large number of different materials. It has further been shown that the theoretical connection 
can also be successfully applied to describe the sharp crack ductile/brittle transition tempera-
ture shift by the thickness effect�. 
 The experimental results Wallin presented and some of the theoretical explanations (espe-
cially for ductile fracture initiation) refer only to specimens of various thicknesses but con-
stant in-plane dimensions. Thus, geometrical similarity was not part of Wallin�s considera-
tion. However, the loss of constraint effect is an obvious argument if only the thickness is 
varied, but for a size variation (by definition with geometrically similar specimens) a more 
elaborated argumentation is necessary. 
 
 The effect of specimen size and geometry on the ductile crack growth resistance of a C-Mn 
steel has been investigated by Gibson, Druce, and Turner (1987, [2.40]). The resistance, ex-
pressed in the form of J-R curves, was determined using the conventionally calculated J- or a 
modified J-integral in a range of specimen geometries. Thus, J-R curves of different specimen 
types were compared and J-integral values were correlated with different experimental 
characteristics of crack initiation to yield critical values. The latter were investigated with 
respect to their independence on specimen thickness, size, and shape to check whether they 
represent truly invariant material parameters. Specimen geometries such as 
− compact tension (CT) specimens 
− single-edge-notch bend (SENB) specimens under three-point bending 
− single-edge-notch bend specimens under four-point bending 
− centre-cracked tension (CCT) specimens 
− double-edge-notched tension (DENT) specimens 
were used. All specimens had fixed dimensions except the CT-specimens where the thickness 
B and the width W were varied but with an approximately constant crack length-to-width ratio 
a/W (see Tab. 2-33). This CT-test series contains two families of geometrically similar speci-
mens, one without and another one with side grooves (60 ° V-notch, depth 25 % of thickness 
B). 
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 The material used was a normalized C-Mn steel, British Standard 4360 43 A, in the form 
of a rolled plate35. The specimens were oriented such that the crack planes were normal to the 
rolling direction and the crack directions were parallel to the width direction of the plate. Six 
to eight specimens of each type were manufactured, as a multi-specimen approach was used 
to determine the J-R curve. All specimens were fatigue pre-cracked under load control at 
room temperature to give a final crack length-to-width ratio of between 0.5 and 0.6. 
 Most tests were performed at controlled temperature of 30 °C and under displacement con-
trol at a constant ram speed of 1 mm/min. During the tests load versus load-line displacement 
was recorded for the compact tension specimens; for the other specimens load versus ram 
displacement was determined. In some cases the crack tip opening displacement (CTOD) δa at 
a predefined load was also measured, forcing a silicon-rubber fluid into the crack tip region to 
obtain a cast of the crack tip region after a fast setting time. Moreover, the 9-point average 
crack extension across the specimen thickness was measured from the fracture surface. Also 
the plastic stretch zone36 width (SZW), defined as the crack advance due to crack blunting 
prior to crack initiation, was measured from the fracture surface of each specimen using a 
Scanning Electron Microscop (SEM) with the incident electron beam normal to the fatigue 
crack plane. The average value was determined from readings taken at various positions 
across the central 2/3 of the crack front. 
 For the compact tension specimens a Jo-value was calculated, 
     Jo = η U/Bbo,      bo = W-ao,              (2.36) 
where U is the area under load-load point displacement record and using η values given in the 
ASTM J1c testing standard E 813. A crack growth correction was applied to yield the cor-
rected J-value 
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Corresponding formulas were used for the other specimen types. Furthermore, a J-value, 
modified according to Ernst (1983, [2.43]), was determined and denoted by Jm; for details see 
Ref. [2.40]. 
 J1c-values, approximately characterizing the onset of crack initiation, were determined 
from Jr-∆a or Jm-∆a data points (note: multiple specimen testing!) using the ASTM J1c testing 
standard E 813 which assumes a (J=2σy∆a)37-blunting line (see also Anderson (1995, 
[2.28])). Moreover, dJ/dα was determined and taken as the linear slope through the Jr-∆a or 
Jm-∆a data points lying within or just outside the exclusion lines given in the ASTM J1c test-
ing standard E813; thus,  dJ/dα corresponds to the average slope of the J-∆a curve between 
the crack extension (∆a)-values of 0.15 and 2 mm. 

                                                 

35 Chemical composition Wt %: 0.22 C, 1.05 Mn, 0.04 Si, 0.08 S, 0.03 P, 0.15 Ni, <0.01 Al, 0.34 Cu, 0.03 Mo, 
<0.01 Ti, <0.01 V; 

lower yield stress = 283 MPa, ultimate tensile stress = 494 MPa 
36 This region presumably forms prior to the incidence of extensive incipient cracking; it represents a new sur-
face rather than an increment of crack extension (see Brothers et al. (1970, [2.41]) and, according to Broek 
(1980, [2.42]), it is generated by plastic slip which produces a blunted crack tip. 
37 σy = mean value of yield and ultimate stress 
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 The J-value at the onset of crack initiation may also be determined from the stretch zone 
width (SZW) at crack initiation (SZWc) and the empirical relation between J and SZW up to 
crack initiation described by Gibson and Druce (1985, [2.44]): 
     J = (2.21 ± 0.05) σf SZW.             (2.38) 
According to Gibson et al., this relationship was found to be valid for both non-side grooved 
and side grooved CT-specimens and all other specimens. The SZWc-values were measured 
from specimens which had undergone some amount of fibrous extension. The corresponding 
J-value was calculated with the above equation and was denoted as Ji.  
 In the following only a selected set of results is discussed. Mean values38 and standard de-
viations39 are given in Figs. 2-57 and 2-58 which show the effect of size of geometrically 
similar compact tension specimens without (Fig. 2-57) and with (Fig. 2-58) side grooves with 
a depth of 25 % of the thickness B. Obviously, the Ji-values obtained from the plastic stretch 
zone width measurements yield the least scatter and the least variation with size. Increasing 
the thickness from 13 mm to 50 mm (scale factor 3.85) for the non-side grooved specimens, 
reduces the critical value Ji from 74 KN/m down to 56 KN/m (~24 %). The critical value J1c 
from ASTM E813 is subject to a considerable scatter and has a much less uniform size de-
pendence. These data satisfy the size requirement B, (W-a) ≥ 25 JQ/σy of ASTM E813. Most 
important, the J1c-values are considerably larger than the Ji-values over the whole size range; 
e.g., for the smallest specimens the relative difference is about 60 %. 
 The initial slope dJ/dα of the J-∆a curve is also subjected to a considerable scatter (Fig. 2-
57). The mean values are almost constant up to a thickness of B = 37.5 mm but then a marked 
decrease with increasing size is seen. 
 Fig. 2-58 shows the corresponding results for the side grooved specimens. Generally the 
variabilities with the size of the three quantities are greatly reduced. Again the Ji-values ob-
tained from the stretch zone measurements show the least scatter and are almost size inde-
pendent. The J1c-values according the ASTM testing standard E 813 are again larger than the 
Ji-values, in the mean by about 45 %. Furthermore, the Ji-values of side grooved specimens 
agree with the Ji-values of the largest (B=50 mm) non-side grooved specimens. As noted by 
Gibson et al., the side grooved specimens showed no lateral contraction. This suggests that 
the corresponding Ji-value is that for plane strain conditions. 
 Finally Fig. 2-59 gives an impression of the influence of the specimen shape on the critical 
Ji-values and the crack tip opening displacement  δa at crack initiation for non-side grooved 
specimens 25 mm thick. Again the scatter for the Ji-values is rather small and clearly the 
specimen geometry has no influence. The δa-values show much more scatter, especially under 
four-point bending, and slight variability with specimen geometry. 
 From these data it appears that the Ji-values obtained from plastic stretch zone measure-
ments is a rather size and geometry invariant quantity with small scatter for both small and 
large specimens. Whether these favourable properties apply to other sizes, size ranges, and 
other notch configurations and loadings remains to be tested. This also implies a check of the 
empirical relation between Ji and the critical stretch zone width SZWc.  

                                                 

38 The number of values (or tests) involved is not clearly indicated in Ref. [2.40]. However, according to Tab. 2-
33, only two specimens of each thickness (with B/W=0.5) should be involved. 
39 According to the authors, six to eight specimens were manufactured for each type, as a multi-specimen ap-
proach was used to determine the J-resistance curve. If all these specimens were used, then it is not clear, how 
the standard deviation of the JIC-value of this single curve was determined. 
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 For materials with brittle behaviour the governing theory for treating the fracture of 
cracked or sharply notched specimens is Linear Elastic Fracture Mechanics (LEFM). Implicit 
in the choice of the stress intensity factor as the parameter determining fracture (fracture 
toughness considered as a size and shape invariant material constant) is a prediction of the 
size dependence of the strength (nominal fracture stress). Consider a small specimen (sub-
script 1) of infinite length but finite width W, weakened by a crack of length a, and under a 
remote uniform stress σ1. The large specimen (subscript 2) is a scaled-up version with width 
λW, crack length λa and under the applied stress σ2 (λ>1 is the in-plane geometric scale fac-
tor). Ignoring out-of-plane effects (infinite thickness), LEFM yields at fracture for specimen 1 
 
    IC

*
1I Kf (a/W)πa   σK ==               (2.39) 

 
where KI is the mode I stress intensity factor, f(a/w) is the finite width correction factor, σ1* 
the remote nominal stress at fracture, and KIC the fracture toughness, presumably a material 
constant. A similar relation applies for the enlarged specimen 2 of the same material which 
fractures under the remote fracture stress σ2*. Because of the geometric similarity (and the 
same material), the ratio of the fracture stresses is given by 
 
     λσ/σ *

2
*
1 =  .              (2.40) 

 
 The �strength size effect� prediction of Equ. 2.40 is certainly in agreement with the general 
trend, i.e., strength increasing with decreasing size.  Sinclair and Chambers (1987, [2.45]) 
investigated the question that arises, i.e., how well Equ. 2.40 agrees with physical reality by 
comparing the predictions of Equ. 2.40 with a rather large amount of experimental results for 
steel, aluminium alloys, and others in the open literature. They placed the main emphasis on 
physical data featuring brittle response since these data should be in best accord with the as-
sumptions of Linear Elastic Fracture Mechanics. They also selected those data close to perfect 
scaling and took strength estimates from load data directly wherever possible. In processing 
the data, the authors made an effort to perform data reduction procedures in a consistent man-
ner. For this purpose they set up guidelines for including data relevant to the issue. They de-
fined strength at fracture, placed limits on deviations from perfect scaling, including bounds 
on thickness effects, and they distinguished between brittle versus ductile behaviour with the 
intent to furnish a reasonable set of rules to filter out data not enabling a fair appraisal of the 
LEFM size prediction. 
 Some of their rules are briefly described in the following. The authors defined strength as 
the nominal net section stress under monotonic quasi-static loading at the onset of mode I 
crack growth. Here it should be noted that the size dependence in Equ. 2.40 is independent as 
to whether σi

* (i=1,2) are remote gross stresses or are based on the net section in the plane of 
the crack provided the two specimens are perfectly scaled. If they were not, the latter choice 
accounts for small deviations and was thus preferred. For truly brittle response this stress 
level is equal to that at total fracture; with less brittle behaviour it differs somewhat: loads at a 
5 % secant offset in the load � displacement record being generally preferred, but others, such 
as at �pop-in�, were taken when the 5 % offset stress were not available. They chose the stress 
at this point rather than at its maximum because the response is more linear elastic. If only 
maximum load levels were given, they included such data, but noted the relaxation of the 
definition. There was a need to define what was meant by a crack and to describe the range of 
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acceptable environment. With respect to the crack, their first choice were specimens with a 
fatigue pre-crack. However, with a view to include all pertinent data, they admitted notches 
whose acuity was such that the radius r at the root of the notch was one order of magnitude 
less than the total notch depth or crack length a, i.e. 
 
    .                 (2.41) 10.r/a ≤
 
 Also the flank of the notches were allowed to subtend an angle of up to 60° because the 
singularity orders associated with sharp re-entrant corners with opening angles less than 60° 
differ by less than about 3 % from that for a crack. 
 Concerning environments, they did not include data for environments more corrosive than 
air. On the other hand, some variations in temperature were tolerated since low-temperature 
response is quite brittle and thus in good agreement with LEFM assumptions. At temperatures 
other than room temperature, they allowed differences in temperature between the scaled 
specimens of up to 5 K, however, with the condition that the specimen having the higher 
stress-intensity factor at failure were not at the higher temperature. This is required in order to 
avoid mixing the temperature transition behaviour with the size influence.  
 Aside from the requirement of overall geometric similarity, it was required that the notch 
acuity a/r was constant or at least the notch root radius should remain constant; thus, data 
where r decreases with increasing size were excluded. Furthermore, the crack length-to-width 
ratios, a/W, scaled within 10 %, i.e., 
 
   0.9 ≤ (a1/W1) / (a2/W2) ≤ 1.1   .              (2.42) 
 
This was accompanied by one exception where an interpolation was performed. 
 Also the specimen length or span �should scale sufficiently so that a stress intensity factor 
calculation for the different sizes remains unaffected by any changes relative to W. Typically 
this just means that specimens should preserve a length which is as long, or longer than, W.� 
 A further requirement was that thickness effects were to be excluded. Of course, this is 
assured if the thickness B is properly scaled with the scale factor λ. As noted before, then 
�whatever combination of plane stress and plane strain is present in one size is conserved in 
the next40. Alternatively test pieces can maintain a state of plane stress or plane strain exclu-
sively by having a fixed B which is relatively small or longer, respectively�. The authors then 
defined, in a comprehensive sense, plane stress as being when 
   
    B/a ≤ 0.1, (B/a ≤ 0.3)               (2.43) 
 
and plane strain when 
   
   B/W ≥ 0.5, B/a ≥1.0 (B/W ≥0.45, B/a ≥ 0.9)   .            (2.44) 
 
 For the plane stress case the thickness B is an order of magnitude less than the smallest of 
the in-plane dimension. The authors remarked that the plane strain range is motivated by 
standard specimen dimensions in plane strain fracture toughness testing. It should be pointed 
                                                 

40 This requires that the loading is scaled.  
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out that the ratios, Equ. 2.44, are consistent with the minimum size requirements with plane 
strain fracture toughness (KIC) testing; however, there are minimum size requirements which 
represent lower bounds of a, B, and W which are depending on (KIC/σy)2, i.e., a measure of the 
radius of the plastic zone at the tip of the crack or notch. Thus, it may be that specimens satis-
fying inequalities (2.44) do not satisfy the minimum size requirements. 
 The classifications Equs. (2.43)1 and (2.44)1 exclude quite a number of configurations. 
Therefore Sinclair and Chambers relaxed the conditions somewhat to those given in parenthe-
ses. Finally, specimens with scaled B were classified as plane stress or plane strain according 
to which of Equ. 2.43 or 2.44 they were closest to. 
 An important aspect of LEFM, i.e., �the crux of the applicability of LEFM�, is the question 
of how brittle the response is. This is meant by the authors in an engineering sense of limited 
plastic flow rather than microstructural fracture mechanisms. As a measure, they used the 
radius of the yielded region, ry. The classical first order estimates are: 
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where KI is the mode I stress intensity factor at the onset of crack growth and σy the uniaxial 
yield stress at the relevant temperature. Sinclair and Chambers introduced the following clas-
sifications: 
 
 brittle regimes41   ry/a    <   0.02   (or a > 50 ry) 
 brittle-ductile regime  0.02   ≤    ry/a   <   0.05              (2.46) 
 ductile regime   0.05   ≤   ry/a. 
 
 The authors stressed the point that a considerable effort was made �to avoid comparing 
apples with oranges�. Therefore, they applied also some supplementary rules, e.g., relaxation 
of the somewhat arbitrary limit 0.05 in Equ. 2.46, i.e., the transition from the brittle-ductile to 
the ductile regime. Also the calculation of the mean value of the stress ratio of two sets of 
nominally identical tests of two specimen sizes was done as follows: the authors formed all 
possible quotients of the fracture stresses for the small specimens divided by those for the 
large, noted the range of these ratios, and calculated their mean value. 
 The investigation was carried out for different steels, aluminium alloys, other metals, as 
well as non-metals. For these groups of materials tables were prepared giving the sources, 
types of specimen, some geometric information such as acuity, temperature, scale factors, and 
mean stress ratios, as well as the classification. Without distinguishing between the materials 
groups, plots of the strength ratio data versus scale factor together with the LEFM prediction 
were displayed. Fig. 2-60 shows the data for the case of plane strain, Fig. 2-61 those for the 
plane stress case, the bulk of the data being steels and aluminium alloys. The size of the dots 
reflects the number of tests involved. Among others, Sinclair and Chambers made the follow-
ing general non-quantified observations concerning their guiding rules: 

 

41 This limit is essentially the same as prescribed in the standards for plane strain fracture toughness testing. 
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• Strength data based on maximum loads or stresses tend to exhibit less of a size effect 
than that associated with strengths at the onset of crack growth. However, where size 
effects are distinct for the two strength types, the maximum criterion usually involves 
large stresses and extensive yielding and such data fall in the ductile regime. 

• There is some but little effect due to notch sharpness, provided condition Equ. 2.41 is 
met; typically notches with less acuity display less size dependence, but there is no 
clear distinction. Thus, data from both notches and fatigue precracks were used. 

• Concerning the extended ranges of a/W similarity and B/a and B/W values for avoid-
ing thickness effects, Equs. 2.43 and 2.44, the authors found no significant differences 
in strength size effects between data satisfying their strictest requirements and those 
only within their more relaxed limits. As a result, they combined the two types. How-
ever, variations were found in strength size effects for sets of scaled specimens which 
have different a/W values but are otherwise the same. Accordingly, such data were 
segregated and notified in the tables. 

 With reference to Figs. 2-60 and 2-61 the following observations were made: 
• Generally the agreement between the LEFM prediction σ1

*/σ2
* = λ1/2 and the bulk of 

the data is not �great�. For example, using a least squares fit weighted by the numbers 
of tests involved to determine the exponent k in the fit 

     σ1
*/σ2

* = λk ,               (2.47) 
  gives the following result for k 
       brittle  brittle-ductile  ductile 
   plane strain  0.39  0.36   0.24 
   plane stress  0.49  0.41   0.22 
  in comparison to k = 0.5. 

• The best agreement is found for the brittle case under plane stress conditions. Of 
course one would not expect agreement in the ductile case. 

• Sinclair and Chambers stress the point that none of the curves fits any of the data dis-
tributions in any of the plots in Figs. 2-60 and 2-61 well. They comment that this 
�shortcoming cannot simply be dismissed as due to scatter because a significant pro-
portion of the values plotted represent mean values themselves and, moreover, in over 
half of the instances where ranges can be calculated from the extreme values of 
σ1

*/σ2
*, these intervals do not even intersect the LEFM prediction, irrespective how 

brittle the response is�. 
• Generally the LEFM prediction represents on upper bound in relation to experimental 

data with scale factors larger than about λ=5. However, in this scale range brittle data 
are rare. As Figs. 2-60 and 2-61 show, the bounding property is also true for the ma-
jority of the data for scale factors less than 5. This result has implications for the prac-
tical applications of the LEFM strength size dependence prediction. If tests with 
scaled down models are done which yield an experimentally determined fracture stress 
σ1

*, the prediction of the reduced strength σ2
*=σ1

* λ-1/2 is conservative since the pre-
dicted strength σ2

* of the large structure is too small, especially for large scale factors. 
However, if tests with scaled up models are done which yield an experimentally de-
termined fracture stress σ2

*, then the LEFM prediction σ1
*=σ2

* λ1/2 for the small struc-
tures is non-conservative since the σ1

* is too large. 
 Sinclair and Chambers finally introduced some measures to quantify agreement or dis-
agreement. They quantified the effectiveness of the LEFM prediction by determining how 
often it does indeed predict the strength of one specimen, given the strength of another geo-
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metrically similar one. The LEFM prediction is regarded as good if the experimental data are 
within ±5 % of Equ. 2.40 and are considered as useful if within ±10 %. The percentages of the 
data that fall within either of these two ranges are listed in Tab. 2-34 according to the different 
classes. Recalling Figs. 2-60 and 2-61, the insufficiency of the percentages in Tab. 2-34 are to 
be expected. As before, the ductile regime is worst, and, of course, should be discarded be-
cause it is out of the range of LEFM. Surprisingly, the brittle-ductile regime has higher per-
centages than the brittle regime. As the authors state, neither is very satisfactory, with �LEFM 
not being within useful agreement about half of the data�. As the figures show, �a lot of what 
agreement there is comes from data with small scale factors (λ ≤ 2), where there is really very 
little to predict�.  
 To remove the almost �automatic� agreement for low λ-values, the �size effect S�, 
 
    1−= λS ,                (2.48) 
 
is introduced. Tab. 2-35 lists the percentage of the data being in accordance with the two in-
tervals with LEFM´s size prediction S, simply grouped according to the brittle-ductile classi-
fication. According to the authors, this is �the true key to applicability, rather than plane stress 
vs. plane strain�. Tab. 2-35 shows that LEFM is quite ineffective to predict the size depend-
ence, if the almost automatic agreement for small values is removed: in the brittle material 
response regime only 11 % of the data are within the ± 10 % deviation of LEFM and only 4.3 
% are within the ± 5 % bound. 
 Sinclair and Chambers extended their study to investigate whether an even more restrictive 
set of rules would yield perhaps a more satisfactory performance of the LEFM size prediction. 
Therefore the data of the brittle-plane strain classification were segregated into two groups 
according to two different options: 

1. Data which stem from valid KIC testing according to ASTM standard and which thus 
satisfy minimum size requirements, and data which do not belong to this group. 

2. Data belonging to the brittle-plane strain class but divided into two groups: 
- very brittle data when 0 ≤ ry/a < 0.01 
- quasi brittle data when 0.01 ≤ ry/a < 0.02 . 

 The authors observed that it was not trivial to ascertain whether data came from valid KIC 
test procedures since sufficient information was generally not available to check all ASTM 
E 399 requirements. Unless they could discover a violation of the present standards, they took 
the contributor�s own statement for granted. 
 Tab. 2-36 shows the results of the two investigations. Concerning valid KIC testing data, 
Sinclair and Chambers remark that �it would be difficult to argue that there is any significant 
improvement offered by the valid KIC data over other plane strain brittle data�. Comparing 
this result with the less restrictive brittle data set in Tab. 2-35, no improvement of the agree-
ment within the ± 10 % LEFM margin is found. Tab. 2-36 also shows that the classification in 
very brittle and quasi brittle data does not bring about any significant improvement. 
 As stated by Sinclair and Chambers, there is concern about the very basis of Linear Elastic 
Fracture Mechanics �because there exists several hundred test results for appropriately brittle 
behaviour not agreeing with the LEFM prediction of strength size effects. Every one of these 
represents data establishing a variation in fracture toughness with size. It follows that fracture 
toughness is demonstrably not a material property. Thus the use of the stress intensity factor 
as the parameter in and of itself controlling brittle fracture needs serious examination�. 
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 In fracture mechanics the J-integral and the crack-tip-opening-displacement (CTOD) as 
functions of the crack extension ∆a may be regarded as material characteristic relations pro-
vided certain restrictions are satisfied. The purpose of the limitation is to ensure that the J- or 
CTOD-resistance curves remain valid during the process of stable crack extension, independ-
ent of shape and size of the specimens. Then the crack growth process is referred to as being 
either J- or CTOD-controlled, whichever applies. 
 Results from a large experimental programme on geometry and size effects on J- and 
CTOD-resistance curves were performed by Gordon and Jones (1989, [2.46]). The resistance 
curves were obtained from single-specimen unloading compliance tests at room temperature 
on differently sized single-edge-notch-bend (SENB) specimens made from Ti-3Al-2V alloy. 
 The low tearing resistance alloy selected42 was supplied in the form of three 50 mm thick 
blocks each about 300 mm square. The blocks represented adjacent samples in the original 50 
mm thick plate. All SENB-specimens were in the (L-T)-orientation with respect to the rolling 
direction of the plate.  
 The specimens were side grooved43 by 20 % and precracked by fatigue to provide an initial 
crack length ao-to-width W ratio (ao/W) of about 0.6. The loading span S-to-width W ratio 
(S/W) was 4.0. The dimension of the specimens were chosen such that (i) a family of geomet-
rically similar specimens could be checked for size effects with a width W-to-thickness B ratio 
(W/B) of two, the thickness ranging from 10 mm to 40 mm (scale factor 4) and that (ii) 
specimens of constant thickness (20 mm), but with in-plane dimensions in constant propor-
tion, could be tested. For each specimen type three room temperature unloading compliance 
tests44 were performed. The dimensions are listed in Tab. 2-37. 
 The specimens were tested in broad agreement with �The Welding Institute�-
recommended resistance-curve procedure using a computerized unloading compliance test 
system. The computer-controlled test procedure was done under clip gage displacement con-
trol at a load-point displacement rate of about 0.2 mm/min. During the tests, time, applied 
load, clip gage displacements, and ram displacement were continually measured. The load-
point displacement was determined by correcting the measured ram displacement for extrane-
ous displacements of the test machine and fixture compliance, as well as roller indentation 
effects.  
 The unloading compliance tests were terminated after the crack had grown by about 60 % 
of the original uncracked ligament bo = W-ao. Then the specimens were heat tinted before 
being cooled down to �196 °C and broken open. Both the initial fatigue crack length ao and 
the stable crack growth, including the stretch zone, were determined using a weighted nine-
point average along the crack front.  
 Several J-resistance indicators were determined: 

- The standard fracture resistance Jo: for side grooved SENB specimens it is defined by 

                                                 

42 Chemical composition wt % 3.13 Al, 2.41 V, 0.16 Fe, 0.01 C, <0.006 H2, 0.006 N2, 0.100 O2, Ti balance; 
nominal yield stress = 520 N/mm2, ultimate tensile stress = 620 N/mm2

43 The purpose (Ref. [2.28]) of side grooving is to obtain a straight crack front (no crack tunnelling and no shear 
lip formation) 
44 In this single-specimen technique the specimen is periodically unloaded by about 20 % and the elastic unload-
ing compliance is measured. From the unloading compliances the crack lengths and, hence, crack extensions are 
calculated. For details see Ref. [2.46]. 
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  U = area under load versus load-point displacement curve 
  Bn = 0.8 B = net thickness; the factor 0.8 accounts for side grooving.  
  This standard J-integral value is proportional to the total deformation energy up to the 

 instant were the crack has attained the length a, which is then referred to the initial 
 section area of the ligament, i.e. BN (W-ao) Thus, this area specific energy was not cor
 rected for the reduction of the ligament area due to crack extension. 

- The fracture resistance JR corrected for crack growth. An incremental approximation 
proposed by Ernst, Paris, and Landes (1981, [2.47]) was used for the calculation (see 
also Ref. [2.46]). 

- The modified fracture resistance JM according to Ernst (1983, [2.43]). This modifica-
tion attempts to extend the range of crack extension over which the J-integral can be 
applied. As indicated by Gordon and Jones, the JM parameter has the property that, in 
the limit of elastic/perfectly plastic behaviour, the rate of change of JM is not a func-
tion of the rate of change of the crack size. 

 Fig. 2-62 shows three Jo-resistance curves obtained from the three nominally identical 20 x 
80 mm SENB-specimens. Except for the very initial part, a considerable variability is seen. 
Gordon and Jones note that this scatter is typical for Jo-, JR- and JM-resistance curves obtained 
for each set of three specimens. Unfortunately, a detailed cutting plan is not provided and thus 
it not clear how the specimens of different dimensions were distributed within the three 
blocks. Also the uniformity of the material was not assessed. 
 The test data were analysed to determine the amount of stable crack growth up to the 
maximum applied load in each test. The average value ∆am for each specimen type is listed in 
Tab. 2-38. For the family of geometrically similar specimens (a) in Tab. 2-38 it is seen that 
the crack advance up to the load maximum does not scale with the size of the specimen but 
increases much faster: for a three-fold increase in size (10 x 20 to 30 x 60 mm) the stable 
crack propagation increases 4.56 times. The data of Tab. 2-38 also show that an extrapolation 
to small specimens (i.e., W<20 mm) would imply a suppression of crack propagation before 
the load maximum is reached.  
 The standard Jo-resistance curves obtained for the family of geometrically similar speci-
mens are presented in Fig. 2-63. Each curve represents the average of three nominal identical 
tests. The curves are almost indistinguishable up to a crack growth of about 3 mm; beyond 
that they fan out, but without any regular size dependence. Up to a crack growth of about 4.7 
mm, when the toughness curve of the smallest specimen ends, the variation in toughness is 
less than about 10 %. It should be noted that the spread of the curves for the larger crack 
growth is comparable to the scatter of the individual tests of each size (see Fig. 2-62). 
 The mean JR-resistance curves, which are corrected for crack growth, are displayed in Fig. 
2-64. The mean JR-resistance curves for the 15 x 30 mm, 20 x 40 mm, and 30 x 60 mm 
specimens are in close agreement over the crack growths studied and they approach a constant 
JR-value after 4-5 mm crack growth. The mean curve of the largest specimen (40 x 80 mm) is 
in good agreement with the latter ones up to a crack growth of about 3.5 mm, but then it lies 
above them. The smallest specimen size shows agreement up to about 0.75 mm (at which JR is 
equal to approximately 100 kJ/mm2), but then it lies below all the others. Thus, the spread of 
the mean JR-resistance curves for large crack growths is definitely larger than the Jo-resistance 
representation (Fig. 2-63).  
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 The mean JM-resistance curves are plotted in Fig. 2-65. Agreement within about 10 % 
variation is seen up to 3 mm crack growth, but then a considerable upswing for the 10 x 20 
mm, 15 x 30 mm, 20 x 40 mm is noted. It is apparent that the JM-resistance curves show a 
much larger variability for large crack growths. The upswing of the three smaller specimen 
sizes seem to follow the rule: the larger the size, the later the upswing. Whether this is a true 
size influence is not clear. 
 The results of the geometry effects test programme (Tab. 2-38 (b)) will not be discussed 
here. Also the general discussion given by Gordon and Jones will not be taken up, but several 
obvious statements about the above test family are made. 
 The mean Jo-, JR-, and JM-resistance curves for the geometrically similar specimen family 
all agree for small crack extensions (~3 mm for the Jo-curve, ~1 mm for the JR-curve, 
~1.5 mm for the JM-curve). In the terminology of fracture mechanics, this congruence repre-
sents �size independence� up to a limited amount of crack growth which depends on the defi-
nition of the J-resistance (Jo, JR or JM). But the initial part (crack growth < 1 mm) of the three 
resistance curves appears to be insensitive to the definition of J-resistance. 
 It should be realized that the J-value represents an area specific energy, specifically Jo is 
twice the applied work divided by the initial ligament area. Although the initial part of the J-
resistance curve is apparently size independent, the process of crack propagation is by no 
means size independent because under the same applied J-value the crack extension is the 
same, but the fractional or percentage crack extension relative to the initial length of the liga-
ment is different. Thus, a 3 mm crack growth in the small 10 x 20 mm specimen corresponds 
to about 37.5 % of the initial ligament length but only 9.38 % for the largest specimen (40 x 
80 mm). 
 The picture changes again if volume specific energies were considered (such as J/W or 
J/bo). Therefore part of the discussion of Gordon and Jones, which argues with a uniform per-
centage crack extension for all specimen sizes (�..reasonable size independence up to and in 
many cases beyond crack growths corresponding to 50 % of the initial uncracked ligament�), 
is misleading.  
 
 Gordon and Jones (1989, [2.47]) also determined the effect of specimen size on the 
CTOD-resistance curve of the same titanium alloy. In conjunction with J-resistance testing, at 
each unloading the appropriate values of the standard crack tip opening displacement (CTOD) 
δo and the CTOD corrected for crack growth δR were calculated which was based on the 
measurement of the crack mouth opening displacement. The standard CTOD δo for SENB 
specimens is given by  
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where 
   K  stress intensity factor 
   σys  yield strength 
   E,ν  elasticity constants 
   rp  plastic rotational factor     rp=0.4 
   z  knife edge height 
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   Vp=V-Ve plastic component of mouth opening displacement V 
   obtained from the load-mouth opening displacement  
   curve. 

The plastic component δpl is obtained through a �similar triangles construction� procedure by 
assuming that the SENB-specimen rotates about a plastic hinge positioned in the ligament at a 
distance rp(W-ao) in front of the initial crack tip. 
 As an indication of the variability of the CTOD-resistance curves, the δo-resistance curves 
obtained for the 15 x 30 and 20 x 60 mm SENB specimens are presented in Fig. 2-66. It is 
noteworthy that the small specimens show definitely less scatter than the larger specimens. 
The reviewer believes that the three small specimens (15 x 30 mm) were taken from adjacent 
positions in the raw blocks whereas the larger specimens were spread over a larger area such 
that macroscopic material inhomogeneity becomes more important. As noted before, testing 
of the material homogeneity was not reported and appropriate cutting plans are missing in 
Ref. [2.46, 2.47]. 
 Fig. 2-67 shows the mean of three δo-resistance curves for each set of specimens. The two 
largest specimen types (30 x 60 and 40 x 80 mm) are in close agreement over the entire crack 
growth range. However, the three smaller specimen types (10 x 20, 15 x 30, 20 x 40 mm) 
show a considerable upswing which is largest for the smallest specimen type and decreases 
successively with specimen size. With decreasing crack extension, the δo-resistance curve of 
all five sizes converge to a single curve such that agreement of the curves is obtained up to a 
crack extension of about 1.9 mm where the δo-value is about 0.175 mm with a 10 % variation. 
 The mean δR-resistance curve (corrected for crack growth) is presented in Fig. 2-68. Obvi-
ously, similar trends are exhibited. An upswing behaviour becomes now also apparent for the 
two largest specimens. 
 It is also noted that the range of crack extensions, where congruence of the δo-and δR-
resistance curves is obtained, is smaller (e.g., for the δR-curve the crack extension is about 
1.5 mm and for the δo-curve 0.75 mm) than that for the J-resistance curves. The results of the 
geometry effects programme45 will not be described here. 
 
 As noted before, in the brittle-ductile temperature transition region the fracture toughness 
for steels depends on specimen geometry and size. These geometry, thickness, and size effects 
can neither be consistently explained nor predicted and the very large scatter of the toughness 
data makes it difficult to determine trends in the toughness behaviour. In a study Landes 
(1992, [2.49]) investigated the effects of thickness, size, and geometry on the basis of six sets 
of transition fracture toughness data from various sources. This study included also Weibull 
statistical modelling of transition fracture scatter and other theoretical modelling concepts. 
Among the data are five groups of data of geometrical similar specimens tested at distinct 
temperatures below 0° C. Only these will be described in the following. These steels and tem-
peratures are: 
 Material  Code Name Test Temp.  No. of  No. of  Source 
        °C  Sizes  Specimens 
 20MnMoNi55 PVS     -60     2     23  GKSS 
 A533B  Morland TH     -65     4     39  UKAEA  
                                                 

45 As for the J-testing, the thickness B is kept constant (20 mm) whereas the in-plane dimensions are changed in 
proportion with W ranging from 10 to 80 mm. 
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           Risley 
 A533B  Morland SG     -35     2     30  UKAEA  
            Risley 
 A533B  McCabes Data    -75     4     64  ORNL  
           Oak Ridge 
 A533B  McCabes Data   -150     3     47  ORNL  
           Oak Ridge 
 The specimens were proportionally sized compact tension specimens (CT) without side 
grooving. Usually the width W equalled 2B, in some cases W=2.5 B. In all cases the ligament 
size b=W-a was approximately equal to the thickness. Further informations on the specimens 
and the determination of the J-integrals were not given in Ref. [2.49], but one has to consult 
the original sources. The chemical composition and the room temperature tensile properties of 
the two reactor vessel steels 22 MnMoNi55 and A533B are comparable. No reference is given 
in Ref. [2.49] to the origin of the plate material, cutting plans, and homogeneity assessment. 
 In Figs. 2-69 to 2-73 (from Ref. [2.49]) the J-integral values for cleavage are plotted versus 
the thickness B for different material sources. Fig. 2-69 shows the 22MnMoNi55 data (code 
PVS) at -60 °C. A considerable scatter is found for both the small 20 mm thickness specimens 
and the 50 mm specimens (scale factor 2.5), but the decrease of the mean J-integral value with 
increasing size is evident. 
 The data for A533B at -65 °C (code: Morland TH) in Fig. 2-70 cover a thickness range 
from 25 to 127 mm (scale factor λ≈5); they demonstrate the largest scatter for the smallest 
specimens, but the mean value is approximately size independent. Increasing the temperature 
to -30 °C for the same material (Fig. 2-71), a large scatter is seen for both small specimen 
sizes (B=12.0 and 25 mm), but a decrease of the mean value is observed at this higher tem-
perature. 
 The results for a different charge of the vessel steel A533B (code: McCabes data at -75 °C 
and -150 °C) are presented in Figs. 2-72 and 2-73. At -150 °C a large scatter for all three sizes 
(B=25, 50, 100 mm) is seen and mean values are almost size independent. Increasing the 
temperature to -75 °C, a decrease of the scatter with increasing size becomes evident; also the 
mean value is slightly decreasing with size. However, the number of tests for the two largest 
specimen sizes is clearly less than that of the two small specimen types. Apparently this 
weakens these latter observations. 
 Landes remarks that three characteristics of a size influence commonly appear: 

• Small specimens consistently have more scatter than large specimens. 
• The mean toughness of a group of nominally identical specimens of a given size and 

geometry tested at a single temperature will sometimes exhibit a size effect (i.e., de-
crease with increasing size, Figs. 2-69, 2-71, 2-72 which include also the smallest 
specimens) and other times will not (Figs. 2-70 and 2-73). The small specimens sel-
dom have a lower mean toughness value. 

• Small specimens more consistently give the lowest toughness values at a given tem-
perature than the large specimens. The reviewer notes that this result is not obvious in 
Figs. 2-69 to 2-73 but was obtained by Landes in a special study. 

 
 As evident from the review presented so far, the engineering community has given consid-
erable attention to size effects in specimens with moderately sharp notches as well as rather 
sharp cracks (resulting from fatigue). Sharp cracks clearly are a great danger for fracture, but 
they are not part of the structural design. Engineering structures usually contain rather blunt 
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stress concentrators (holes, circular notches, transitions) and no sharp reentrant corners or 
even sharp cracks. Classical fracture mechanics analyses, such as Linear Elastic Fracture Me-
chanics (LEFM based on the concept of the stress intensity factor K) and the Elastic-Plastic 
Fracture Mechanics (EPFM based on the J-integral or the crack tip opening displacement 
CTOD), apply to pre-existing cracks and thus are not adequate for the analysis of blunt strain-
concentrators. Presently, no well established theory is available to predict ductile fracture ini-
tiation and the scaling properties for the latter cases.  
 
 In an attempt to improve the situation, Giovanola, Kirkpatrick, and Crocker (1996, [2.50]; 
1998, [2.51]; 1999, [2.52]) applied a relatively simple, uncoupled damage mechanics model 
(�local approach�) to experimental results of families of geometrically similar specimens with 
sharp cracks (CT-specimens) and to specimens with blunt notches (SENB-specimens). For 
both families the high strength � low hardening steel HY-130 was used. The tests with the 
compact tension specimens had been performed by Link (1994, [2.53]) and the notch bend 
specimens by Giovanola et al. (1999, [2.52]). In the following, attention is restricted to the 
experimental results of these two families only.  
 The compact tension (CT) specimens were of the 1T46 and 4T standard size with a scale 
factor of 4; side grooves were applied, penetrating 20% of the gross thickness. The 
prefatigued crack length a was 0.7 to 0.71 times the width W (a/W = 0.70 ÷ 0.71). The speci-
mens were tested according to the ASTM standard of J-resistance curve testing in 1994. The 
results of only two single tests were reported (Giovanola et al. (1996, [2.50]; 1998, [2.51])). 
Unfortunately, multiple experiments for each CT-specimen size were not mentioned and, 
therefore, conclusions of these single test results are subject to reservations. Nevertheless, it is 
expected that the very large scatter, as observed for J-integral values at cleavages for low 
temperatures (see Landes (1992, [2.493]), will likely not be present for Link�s room tempera-
ture tests.  
 In Fig. 2-74 the normalized load47 (P/PL) and the corresponding normalized crack exten-
sion (∆a/W) are plotted versus the normalized load-line displacement (δ/W) for the two speci-
men sizes. Fig. 2-74 shows agreement and thus similarity in the first almost linear part of the 
normalized load-deflection curves, but a significantly larger maximum of the normalized load 
(∼ 33%) for the smaller specimen is seen; also the load maximum of the 1T specimen occurs 
at a clearly larger normalized displacement (∼ 62%). Deviation from linearity of the load-
displacements curves of the two specimens starts, according to Fig. 2-74, approximately at the 
same normalized displacement (δ/W ≈ 9⋅10-3); whether this deviation is due to plasticity 
and/or due to initiation of crack extension is not clear. From Fig. 2-74 it appears that Link has 
related the start of crack extension to the instant of deviation from linearity. Thus, the crack 
                                                 

46 The standard 1T compact tension specimen has the dimensions: thickness B = 1 inch (25.4 mm), width W = 2 
inches (50.8 mm); see also Fig. 2-53. 
47 PL is the limit load according to Kumar et al. (1987, [2.54]). 

 

   PL = 1.455 η σy (W-a) BN     η = ⎥⎦
⎤

⎢⎣
⎡ +

−
−

⎥
⎥
⎦⎢

⎢
⎣

+⎟
⎠
⎞

⎜
⎝
⎛

−
+⎟

⎠
⎞

⎜
⎝
⎛

−
1

aW
2a2

aW
2a2

aW
2a ⎤⎡

1/22

 

 

   BN = 0.8 B    net thickness 

    σy = yield stress 

64 



 

extension for both specimen sizes starts before the load maximum. No explicit description of 
the determination of the crack extension is given, but it is  believed that it was inferred from 
the unloading compliance of the load-displacement curves, either measured by partial unload-
ing or using the secant method (Anderson (1995, [2.28]) which determines an effective crack 
size from an effective compliance.  
 The most significant difference of the normalized crack extension curves concerns their 
rate d(∆a/W)/d(δ/W) which is considerably larger for the large CT-specimen at small normal-
ized crack extensions. This implies that a given normalized crack extension (say 1%) appears 
at smaller normalized displacements (δ/W ∼ 14⋅10-3) of the large CT-specimen than for the 4 
times smaller CT-specimen (δ/W ∼ 21⋅10-3). This conforms with the general observation that 
for a given normalized or relative displacement cracking is more extensive in the large than in 
the small geometrically similar specimen of the same material. Thus, from these limited data 
it is concluded that similarity is restricted to the loading phase before crack extension, where, 
for this case, the load-displacement curve is linear.  
 For the experimental investigation of the U-notched three-point bend (SENB) specimens, 
the same HY-130 steel, a quenched and tempered alloy steel, was used. All SENB-specimens 
were fabricated from a single plate (381 x 762 x 50.8 mm). However, a cutting plan was not 
provided, so it is not clear whether the tip of the notch of all specimens is positioned at the 
mid-plane of the plate which is a preferable arrangement. The composition and heat treatment 
of the plate is given in Tab. 2-39 and mechanical properties are collected in Tab. 2-40. The 
yield and tensile strength data demonstrate very clearly that this is a high strength but low 
hardening material. Whether this is the same melt, as for the CT-specimens, is not clear. Also 
no indication of homogeneity assessment testing is given in the references. Three geometri-
cally scaled sizes were considered, as listed in Tab. 2-41 and shown in Fig. 2-75. From the 
data it is seen that the width of the largest specimens (2T-specimens) is the same as the thick-
ness of the plate, such that the tip of their notches are at the mid-plane of the plate.  
 Three specimens for each of the sizes 1T and 2T and four specimens for the size 0.5T were 
fabricated. The design followed the recommendation of the ASTM Standard E399-90 for 
three-point-bend specimens, except that they contained a straight-face notch terminated by a 
semi-circular tip. The nominal ratio of the notch depth to specimen width (a/W) was 0.5 for 
all specimens.  
 The loading of the specimens was done with scaled loading pins and supports (rolls). The 
supports were closely positioned at the ends of the specimens, i.e., loading span S = 4 W (see 
Tab. 2-41). Transducers included a load cell to measure the applied load, linearly variable 
differential transducers (LVDT) to measure the displacement of the load application point, a 
clip gage to measure the notch mouth opening displacement, and two acoustic emission (AE) 
sensors to record acoustic signals associated with fracture initiation. The two AE transducers 
were symmetrically installed at the two ends of the notched specimen.  
 In addition, the deformation at the root of the notch was monitored with a long distance 
microscope aimed at the mid-thickness location and a video camera to establish visually the 
initiation of fracture. This continuous record on video tape allowed post-test evaluation and 
comparison with acoustic emission data.  
 The tests were performed under displacement control of the hydraulic ram. A 50-ton MTS 
servo-hydraulic testing machine was used, presumably the same machine for all three speci-
men sizes. If a true displacement control was applied, this would not introduce an artificial 
size influence on the load-displacement records. To eliminate potential strain rate effects on 
deformation and fracture, scaled displacement rates of 0.3, 0.6, and 1.2 mm/min in the small, 
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medium and large size specimens were applied which maintained the same strain rates in all 
three specimen sizes. For each set of specimen scale one specimen was deformed up to the 
�first indication of fracture initiation�, another specimen to a limited amount of crack exten-
sion, and a third specimen to a significant amount of crack extension but not to complete fail-
ure. 
 The video camera/long distance microscope arrangement, monitoring the fracture initiation 
at the mid-thickness location of the notch root, was also used to inspect the notch root over 
the entire thickness of the specimen at regular intervals under halted loading. This was to as-
sure that fracture did not initiate outside the usual field of view. 
 The experiments were supplemented by detailed post-test analysis of the specimens, such 
as  
(a)  measurement of the residual bend angles; 
(b)  photography of the cracked notch root; 
(c)  sectioning of selected specimens normal to the notch root axis at the mid-section, and 
  measuring the fracture penetration in the polished and etched cross section; 
(d)  the informations (b) and (c) were used to reconstruct the fracture process by matching 
  the profiles of the crack faces; however, how this was done is not explained in any of 
  the publications; 
(e)  selected specimens were broken open to examine the fracture surfaces and the notch 
  root surface with a Scanning Electron Microscope (SEM). 
 Giovanola et. al. pointed out that in all tests the experimental data showed �a precise corre-
spondence between the recording of the first acoustic emission event and the first visual ob-
servation of material separation at the notch root to form an open crack�. This first material 
separation was defined as the instant of fracture initiation. It is now important to note that 
metallographic observations of sectioned cross sections with just-initiated cracks �suggest that 
cracks nucleate with a minimum initial length of 100-200 µm in all specimen sizes. Cross 
sections at different locations across the thickness reveal that the amount of crack penetration 
can vary from place to place, but that it tends to be the largest near mid-thickness, as can be 
expected from considerations of the stress triaxiality level�. Therefore, from the reviewer�s 
point of view, the detection of crack initiation at the mid-section is linked with a small but 
finite length, the minimum crack size which can be detected by the methods used and which 
is about the same for all sizes. This implies that possibly an artificial size effect is introduced 
in some of the size effects results. This point will be discussed later in somewhat more detail.  
 A typical set of load versus notch mouth opening records of three 1T-specimens is shown 
in Fig. 2-76. The records are almost indistinguishable up to the load maximum and even be-
yond. This proves that there is no difference in the material of these specimens and that the 
test is quite repeatable. The three arrows indicate the instances of crack initiation and its scat-
ter is quite small. It is noted that for this 1T- specimen the crack initiation is close to the load 
maximum. Figs 2-77 and 2-78 show for the three specimen sizes the normalized load versus 
normalized notch mouth opening and load-line displacement curves, respectively. The nor-
malized load is defined by P/PL where P is the actual load and PL the limit load according to 
Kumar et al. (1981, [2.54])  
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 The notch mouth opening is normalized by dividing it by the notch root radius r and the 
load-line displacement is referred to the specimen width W.  
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 Figs. 2-77 and 2-78 include also the average instances of the crack initiation (arrows) for 
each specimen size and their scatter bars (maximum and minimum values). The normalized 
curves for the three sizes clearly show almost complete agreement over a very large part be-
fore their maxima. The normalized load maxima are shifted only very slightly to larger values 
when the specimen size is decreased but their associated normalized notch mouth opening 
displacements or load-line displacement values are definitely shifted to larger values the 
smaller the specimens. This implies an earlier fall-off of the load when the size is increased. 
Moreover, following Giovanola et al., the displacement and notch mouth opening values at 
fracture initiation �do not scale geometrically in the scaled specimens and therefore, for HY-
130 steel, there is a size effect for ductile fracture initiation at blunt notches loaded in bend-
ing�.  
 If the normalized displacement or notch opening at crack initiation and at the load maxi-
mum are compared for each size, it appears that they agree approximately for the 0.5 T and 
the 1T specimen. For the 2T-specimen size it seems that crack initiation occurs somewhat 
before the load maximum. 
 Characteristic normalized data of all the scaled experiments of the blunt-notched three-
point-bend specimens are collected in Tab. 2-42. 
 The fractographic investigations confirm the scale dependence of fracture deduced from 
the load-displacement data. The extent of cracking at the notch root of the geometrically simi-
lar specimens, bent to approximately the same residual angle (17-18°: specimens 0.5 T-1, 1T-
3, 2T-3 normalized to the same size, see column 4 in Tab. 2-42), is shown in Fig. 2-79. The 
extent of cracking (crack length and opening) increases with the size of the specimen, al-
though the global deformations are approximately the same. The fractographic investigations 
also showed that the main fracture was also accompanied by secondary fractures which were 
primarily induced by slip steps, but the main fractures consisted of a tensile opening (mode I) 
as well as a slip step (mode II). However, the appearance of a crack with a mode I component 
had been defined by Giovanola et al. as fracture initiation. By comparison of the notch surface 
of the small 0.5 T- and the large 2T-specimens at approximately the same global bending an-
gle α, Giovanola et al. observed that separations (distances) between the ripples of the orange 
peel, between slip steps, and incipient crack segments were roughly size independent. This 
observation, of course, required that the same magnification was used for all three sizes. 
 For the scaled specimens in Fig. 2-79 subjected to the same residual bend angle of 17-18°, 
the relative as well as the absolute crack depth increases rapidly with specimen size. This is 
demonstrated in Fig. 2-80. In Fig. 2-80(a) the small crack in specimen 0.5 T-1 is a just-
initiated submillimeter crack and metallographic investigations of other specimen sizes with 
just-initiated cracks (according to acoustic emission, etc.) indicate �that cracks nucleate with a 
minimum initial length of 100-200 µm in all specimen sizes�. In fact, this is actually the mini-
mum depth of a crack which was detected by the used detection methods (the reviewer). The 
metallographic cuts in Fig. 2-80 show that the planes of the initial submillimeter cracks are 
inclined at approximately 45° with respect to the mid-plane normal to the longitudinal axis of 
the specimen. Thus, according to Giovanola et al., they follow lines of maximum shear. Fur-
thermore, in contrast to observations of other authors (see Ref. [2.52]), Giovanola et al. did 
not observe a distribution of voids in the vicinity of the inclined initial crack. Using the 
matching of cross-sectional profiles of the crack faces, the kinematic reconstruction of the 
crack opening proved that significant shear displacements were involved in the generation of 
the initial crack. Scanning Electron Microscope (SEM) studies of the fracture surfaces of the 
initiation region gave further evidences of shear deformations: microfracture damage, i.e., 
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�smeared patches of elongated microvoids�; deeper in the specimen equiaxed dimples typical 
of ductile tensile fracture were found. 
 According to these fractographic observations, Giovanola et al. concluded that, irrespective 
of size, a localized shear mechanism initiated the fracture and �the weakened shear planes 
eventually fracture when a sufficient normal stress is applied on them and the crack continues 
to propagate in the classical tensile opening mode�. The authors also remarked that the 
growths of microvoids are involved in both cracking stages but under different deformation 
fields.  
 As pointed out by the authors, Knott (1977, [2.55]) had commented that fracture initiation 
by shear localization is common in metals with low hardening rates. This appears to be plau-
sible (the reviewer) because strain localization is delayed or prevented if the hardening rate of 
the materials is increased, which implies that the high strains are reduced and are distributed 
over a broader region. Then, for a low strength steel with high hardening rates many voids are 
generated over a broad region ahead of the notch which ultimately link up to form a crack. 
Therefore, the initiation of fracture for high and low-hardening materials is different. Never-
theless, the authors expect that void growth and coalescence are important in both cases. 
 Giovanola et al. suggest and believe to have identified those events leading to the point of 
fracture initiation: (1) heavy plastic deformation near the notch and extensive localized slip 
along planes roughly at 45° to the notch surface, (2) mixed mode (mode I and II) fracture by 
void nucleation and growth along the initial slip plane, and (3) mode I crack extension ap-
proximately in the direction of the notch axis. They believe that the first event with shear lo-
calization and the second event involving the growth of microvoids, primarily under shear 
deformation, and their linkage under superimposed tensile loading, �play a key role in con-
trolling the scaling behaviour of fracture in notched specimens in bending, ��. 
 Giovanola et al. extended their arguing by suggesting that the shear dominated mecha-
nisms may introduce other characteristic size scales beyond microstructural length scales, 
such as inclusion size and spacing or grain size, which can affect the fracture scaling behav-
iour. With respect to the length scale associated to the shear localization they mention two 
observations: 
(a)  the spacing and length of slip steps in the surface of the notch root of specimens under 
  the same bending angle are essentially independent of the specimen size; 
(b)  also the penetration depth of the initial crack (100-200µm) appears to be approximately 
  size independent. 
 The reviewer recalls that strain (shear) localization significantly affects the strain distribu-
tion and the magnitude of the strain gradients. Moreover, the theoretical interpretation of mul-
tiple shear banding (spacing) and of the shear band width requires higher order continuum 
theories such as gradient plasticity, which involves at least one internal length scale character-
istic for the material. Thus, observations (a) appears to be a valid argument for the suggestion 
of Giovanola et al.  
 Concerning observation (b), Giovalola et al. defined the first material separation, which 
they reliably identified with the acoustic emission as well as visual observations, as the point 
of �nucleation� of a crack with a minimum initial length, independent of the specimen size. In 
the reviewer�s opinion, there are doubts as to whether this characteristic length is truly related 
to the material behaviour under these loading condition. Possibly the limited sensitivity of the 
acoustic emission sensor and the limited magnification of the optical systems (long distance 
microscope and video camera) introduce minimum lengths, which can be reliably detected, 
and these would be the same for both small and large specimens if the detection systems are 
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not changed. If this is the case, then the limited accuracy of the detection method for crack 
initiation introduces a small artificial length scale. This affects the identification of the instant 
of crack generation. If the resolutions of the detection systems were better, then mode I cracks 
with smaller openings and depths would be detectable and the crack initiation markers in the 
normalized load vs. notch mouth opening curves would shift to smaller normalized notch-
mouth-openings and the shift would increase the smaller the specimens. Therefore, qualita-
tively the size influence on the �crack initiation� would increase. However, it is expected that 
the actual shift of the crack initiation markers would be rather small since the change of the 
notch-mouth-opening during the generation of a submillimeter crack is likely to be fairly 
small. A quantitative estimate is not possible since crack extension vs. notch-mouth-opening 
curves, such as they are provided for the CT-specimens (Fig. 2-74), were not reported. 
 
 Geometry and size effects of several cast duplex stainless steels where studied at room 
temperature by Besson, Devillers-Guerville and Pineau. This experimental and theoretical 
work was published in several articles (Devillers-Guerville, Besson, and Pineau (1997, 
[2.56]), Pineau (1997, [2.57]), Besson, Devillers-Guerville, and Pineau (2000, [2.58])) but 
some of the results were mentioned even earlier (e.g., Pineau and Joly (1991, [2.59]), Pineau 
(1994, [2.60]), Joly and Pineau (1995, [2.61]). Duplex stainless steels are used in the primary 
loop of the cooling system of pressurized water reactors (PWR�s) at service temperatures be-
tween 290° C and 320° C. They contain up to 30% δ-ferrite in an austenite (γ) matrix. As 
pointed out by the authors, at the service temperature and after long periods of exposure 
(more than 10000 h) the ferritic phase of these steels  is embrittled by a phenomenon known 
as �475° embrittlement� which increases the hardness of the ferritic phase and significantly 
reduces ductility and fracture toughness. Moreover, a large scatter is observed in measured 
values of laboratory specimens. This is due to the relatively small size of these specimens, as 
compared to the microstructural length scales of these materials. Therefore, a size dependence 
of the experimental results is observed which raises the problems of transferability of the 
laboratory results to structural component size. 
 Several duplex steels were investigated, such as that denoted by CF8M (referred to in Refs. 
[2.56, 2.57]) and three different heats of material denoted by Y 4331, BT and BL (discussed 
in Ref. [2.58]). 
 In what follows, attention is restricted to the experimental work only, which concerns the 
size effect issue but also to the influence of the notch acuity. The duplex steel CF8M is looked 
at first. The raw material was a centrifugally cast pipe (inner diameter 350 mm, wall thickness 
40 mm) of CF8M stainless steel, its chemical composition given in Tab. 2-43; it contained 
about 20 % ferrite. The steel pipe was solution treated at 1115° C, water quenched, and aged 
at 400° C for 700 h. This induced an increase of the microhardness of the ferrite by almost a 
factor of two and a decrease of the ductility (elongation at fracture) from 45 to 20 %. More-
over, the Charpy impact energy KCU was reduced by more than a factor of 5 by the heat-
treatment. 
 The chemical composition and processing route of centrifugal casting led to a specific mi-
crostructure. During the early stages of solidification large δ-ferritic grains with a columnar 
structure (~ 10 mm length in radial direction, 1 � 3 mm width) were formed. As cooling pro-
ceeded, the solid state transformation produced austenitic grains (γ, size ~ 1 mm) within the 
ferritic grains. However, some primary δ-ferrite remained untransformed within the austenitic 
grains and this yielded an interconnected network of both (single crystal) phases in the form 
of laths with thickness or spacing of about 10 µm. Therefore the duplex steel is characterized 

69 



Annotated Review of Relevant Literature 

by three distinct microstructural length scales. The mechanical tests included tensile tests of 
smooth and notched circular tensile specimens as well as the three-point-bending of U-and V-
notched but also precracked specimens with rectangular cross sections (Charpy type). 
 The mechanical tensile tests at room temperature were as follows: 

- Quasistatic tensile tests of smooth tensile specimens (diameter φ0.= 10 mm, gage 
length 25 mm). Specimen axes along the tangential (T) direction of the pipe. 

- Quasistatic tensile tests of notched tensile specimens (diameter at the root of the 
notch φ0 = 10 mm, notch root radius Rd = 10, 4, and 2 mm as shown in Fig. 2-81; 
diameter of unnotched sections 18 mm). For Rd = 10 mm a wide notch is obtained, 
Rd = 4 mm is a semicircular notch and Rd = 2 mm is a narrow U-notch. Specimen 
axes along the tangential (T), longitudinal (L), and radial (R) direction of the pipe. 

- Quasistatic tensile tests of a family of geometrically similar notched tensile speci-
mens (diameter φ0 = 6, 10, and 15 mm, notch root radius Rd = 6, 10, and 15 mm, 
diameter of unnotched section 10.8, 18, and 27 mm, gage length 15, 25, 37.5 mm). 
Specimen axes along the longitudinal (L) direction. 

 In all cases the tests were carried out at a (presumably overall) strain rate of 3x10-3 s-1. The 
notched specimens were tested with a diametrical extensometer measuring the minimum di-
ameter φ at the root of the notch, which allowed to calculate the logarithmic diametrical mean 
strain ε = 2 ln (φ0 / φ ). No indication is given along which direction the change of the diame-
ter was measured. The diametrical mean strain εR to �failure� was computed by using the 
minimum diameter at failure. However, the instant of failure was not precisely defined in Ref. 
[2.56]: it may be the instant when �the load suddenly drops� or shows a marked change of its 
decrease in the softening regime of a load vs. displacement curve during the continuous meas-
urement of the diameter change, or it may be simply the strain at the end of this curve. Of 
course, the minimum diameter, diametrical strain, or area reduction at the notch may also be 
determined after fracture by joining the broken halves of the specimen, but for this purpose 
the application of a diametrical extensometer during the test would not have been necessary. 
 The essential results for the smooth and notched tensile specimens are shown in Figs. 2-82 
and 2-83. Fig. 2-82 shows the failure strain εR for the smooth specimens (presumably at the 
neck of the broken specimens) and at the root of the notch of the various types of notched 
specimens. The scatter of the nominally identical tests for the smooth specimens (φ0 =10 mm, 
axes along the tangential (T) direction of the pipe) is considerable, ranging from 16 to 26 %. 
Unfortunately, no information is given about the position the specimens were taken from, e.g., 
mid-thickness or elsewhere. 
 The abscissa in Fig. 2-82 represents the theoretical stress triaxiality ratio σm/σeq (σm: mean 
normal (hydrostatic) stress, σeq: von Mises equivalent stress) at the center of the specimens, 
obtained from finite element computations. Details are missing in the references. 
 Fig. 2-82 shows the influence of the acuity or the radius of the root of the notch for the 
various notched specimens having the same minimum diameter at the notch root (φ0 = 
10 mm) and the same diameter and overall length outside the notch (non-similar specimens). 
 Devillers-Guerville et al. (1997, [2.56]) state �that the results obtained on the specimens 
oriented either along the pipe axes R, T, or L are almost equivalent�. But obviously, Fig. 2-82 
seems to exhibit more differentiated information about the diametrical failure strain εR at the 
root of the notch. For the specimens along the tangential (T) direction the scatter is largest for 
the 10 mm notch root radius Rd and seems to reduce with decreasing root radius. However, 
this conclusion appears to be uncertain since the number of nominally identical tests was con-
siderably larger for the (Rd = 10 mm)-specimens, as compared to the other notched specimens. 
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But there appears to be a clear trend for the notched specimens of the T-orientation: the mean 
value of the failure strain εR reduces with increasing notch acuity over the whole range of root 
radii. The mean values of the failure strain εR for the T-, L-, and R-directions with the same 
notch root radius Rd = 10 mm are approximately 19.2, 18.6, and 22.4 % and are thus compa-
rable. For the smaller notch root radius Rd = 4 mm smaller mean values are obtained for all 
three directions, but the values are still comparable. However, for the smallest notch root ra-
dius Rd = 2 mm the mean values for the T-, L-, and R-orientation are 8.8, 12.5, and 12.7 %; 
i. e., for the T-orientation a considerably lower mean value of the failure strain is seen. More-
over, whereas the mean values for the L- and R-direction are almost the same for the notch 
root radii 4 and 2 mm, a further decrease for the mean value of the T-direction specimens is 
found. Thus, orientation dependence is evident.  
 The results for the geometrically similar notched tension specimens are shown in Fig. 2-83. 
It should be recalled that the notch acuity, as measured by φ0/Rd, is constant (=1), but it is the 
least of the three values shown in Fig. 2-82, i.e., φ0/Rd = 1, 2.5, and 5. Therefore the theoreti-
cal triaxiality ratio is the same for all three sizes and equal to σm/σeq = 0.60. 
 The minimum initial diameter φ0 at the root of the notch takes the value 6, 10, and 15 mm; 
thus the scale factor is only 2.5, a relatively small size variation. All test results shown in Fig. 
2-83 are from specimens oriented along the longitudinal (L) direction of the pipe. The data 
seem to demonstrate that the smaller the specimen, the larger the scatter of measured diamet-
rical failure strains. However, a considerable larger number of tests (almost a factor of 2) was 
done with the small specimens and therefore the limitation mentioned with respect to results 
in Fig. 2-82 applies also here. Devillers-Guerville et al. mentioned that the minimum values 
are �almost the same for the three different sizes, but as the diameter increases, the maximum 
values are reduced. Consequently, the mean value of ductility decreases with specimen size�. 
This argument is generally valid only if the distribution is symmetric. The actually calculated 
mean values are shown in Fig. 2-83 and they indeed prove the decrease of the mean ductility 
value with increasing size: the decrease of the ductility is about 31 % (relative) if the mini-
mum diameter is increased from 6 to 15 mm. Devillers- Guerville et al. (1997, [2.56]) sug-
gested the conventional qualitative probabilistic explanation: �the bigger the specimen, the 
greater the  probability is of finding a very damaging cluster which will lead to the premature 
failure of the material.�  
 The test of the notched beam specimens (standard cross section 10x10 mm) under three-
point-bending did not include families of geometrically similar specimens. The notch acuity 
was varied by using (i) Charpy U-, V-, and precracked notched specimens with otherwise the 
same dimensions, and (ii) Charpy V-notched specimens of varying thickness (5, 10, and 
20 mm),as shown in Fig. 2-84. The axis of the specimen was in the tangential (T)-direction, 
the axis of the notch in the longitudinal (L)-direction, and the crack propagation in the radial 
(R)-direction. As seen from Fig. 2-84, the notch tip radii but also the notch depths were con-
siderably different; thus a single parameter variation was not done. For the slow bending tests, 
the notch (crack) mouth opening was measured with a clip gage extensometer, but also the 
load versus displacement (presumably the load-point displacement) curves were recorded. All 
slow three-point bending tests were done with the same ram rate of 5x10-3 mm s-1. From the 
load-displacement records the fracture energy was determined as the area under the load-
displacement curves. From this an area specific energy was calculated by dividing the work 
by the (initial) ligament area ahead of the notch or crack. This area specific energy was sepa-
rated into two parts: the energy up to the load maximum and the energy beyond the load 
maximum up to total fracture. Devillers-Guerville et al. state that the energy before reaching 
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the maximum load corresponds to the �crack initiation energy�, as it was shown by �electrical 
determination of the crack initiation and by observations of sections of interrupted speci-
mens�. Accordingly, the �macro-defect� initiates when the maximum load is reached. Since 
this is a very important statement and by no means an obvious matter, the authors should have 
given convincing details of the experimental basis of this finding. 
 The results of the energy partition are shown in Figs. 2-85 and 2-86. Fig. 2-85 shows the 
scatter and mean values of the area specific work for �crack-initiation� and �crack-
propagation� of the U-, V- notched, and the precracked specimens with 10x10 mm cross-
sections. A considerable scatter of the crack initiation energy of the U-notched specimens was 
obtained (16 tests). This scatter is not only due to the scatter of the maximum load but obvi-
ously also due to scatter of the corresponding load-point displacement, as seen in Fig. 2-87 
which depicts, among others, experimental results of load versus notch mouth opening curves 
of nominally identical U-notched specimens. Fig. 2-85 seems to prove a reduction of the scat-
ter of the crack initiation energy with increasing acuity, but the number of tests was not well 
balanced and the depth of the V-notch was not comparable with the two other specimen types. 
Furthermore, the mean value of the crack initiation energy significantly decreases with in-
creasing acuity, especially if one compares the U-notched and the precracked specimens 
which have the same notch or crack depths. On the other hand, the mean value and the scatter 
of the crack propagation energy are almost equivalent for all three geometries. Therefore, for 
these notch geometries the influence of the notch acuity on the total area specific fracture 
work is due to the sensitivity of the crack initiation energy. 
 Fig. 2-86 displays the area specific crack initiation and propagation energies for U-notched 
Charpy type specimens when only the specimen thickness is varied (5, 10, and 20 mm, non-
similar specimens). The crack initiation energy of the thin (5 mm) specimens are subject to an 
extreme scatter (from about 12.5 to 42.5 J/cm2) which decreases when the thickness is in-
creased. Here an unbalance of the number of tests is not an argument which jeopardizes this 
finding (compare the 5 and 10 mm thickness specimens in Fig 2-86). This decrease of the 
scatter of the crack initiation energy with increasing thickness appears to the plausible (the 
reviewer) from a probabilistic point of view: the crack initiation at the tip of the V-notch is 
controlled by finding a damaged zone in front of the notch and the degree of damage may 
vary, which makes the initiation sensible to the position a thin specimen was taken from; if 
the thickness is increased, various types of damaged zones are in front of the notch and their 
number increases; this makes the initiation less sensible. 
 Fig. 2-86 shows that the mean value of the crack initiation energy decreases when the 
thickness is increased from 5 to 10 mm, which is the well known thickness effect, but then it 
remains constant. Here the probabilistic weakest link argument may be used as a plausible 
explanation. The scatter and mean value of crack propagation energy, however, is fairly in-
sensitive to the change of the specimen thickness. Devillers-Guerville et al. use the weakest 
link argument to explain this trend: �crack growth is a rather averaging process, since all the 
damaged grains ahead of the crack tip contribute to the crack propagation process�. As a con-
sequence the total area specific fracture energy is thickness dependent, especially for thin 
specimens and this is only due to the thickness dependence of the propagation energy. Unfor-
tunately, these energy partition considerations have not been done for a family of geometri-
cally similar Charpy type specimens and also not for the notched circular tensile specimens, 
where the data should have been available. 
 In their conclusions Devillers-Guerville et al. state among others: �Size effect is essentially 
related to crack initiation. Scatter is reduced when the specimen size increases, but the mini-
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mum measured values remain almost the same�. However, recalling the previous discussion, 
here again size and thickness effects are not clearly distinguished. 
 In fact, it has only been shown that the �thickness effect� is important for the area specific 
work up to the load maximum which is interpreted (the so called �crack initiation energy�) as 
the instant of crack initiation, but convincing experimental facts for this interpretation were 
not presented. The reduction of scatter with size was shown for the diametrical failure strain 
at the minimum section of notched tensile specimens, but this seems to be still uncertain since 
the test numbers were not well balanced. The reduction of scatter with increasing thickness, 
however, was shown for the so called crack initiation energy of U-notched Charpy type 
specimens but only for thin specimens. Moreover, so far the results are restricted to this cast 
duplex stainless steel. 
 
 Besson, Devillers-Guerville, and Pineau (2000, [2.58]) presented further experimental and 
theoretical results on scatter and size effects in ductile fracture of three allegedly different cast 
duplex stainless steels which also had been thermally embrittled. They extended also their 
qualitative description of the microstructural damage process: microcleavage cracks nucleate 
in the embrittled ferritic laths, and then stop at the interface with the austenite; they subse-
quently grow into the austenite accompanied by plastic deformation of the austenite and form 
cavities; eventually, these cavities coalesce to produce a macrodefect. A typical feature of the 
damage nucleation is that the microcracks are not uniformly distributed but are grouped in 
clusters of about 1 mm3 (Ref.[2.56]). These clusters match with specific austenitic grains 
which are preferential oriented for single slip (see Ref. [2.56] and references cited therein). 
 The three investigated heats are characterized as follows. Similar to the material studied in 
Ref. [2.56], the first material, denoted by Y4331, is described to be part of a centrifugally cast 
pipe (external diameter 400 mm, thickness 40 mm) with the a similar microstructure as the 
material CF8M (columnar structure). The two other heats (denoted by BT and BL) are stati-
cally cast ingots (215x65x45 mm). The ferritic laths in the material Y4331 are much larger 
than in the materials BT and BL. However, in contrast to Y4331, the microstructure of BT 
and BL is equiaxed and isotropic. The chemical compositions are listed in Tab. 2-44. The 
materials were aged at 400 °C for 700 h (Y4331) or 30 000 h (BT and BL). 
 
 The mechanical testing included: 

- Quasistatic tensile testing of smooth and notched axisymmetric bars similar to the test-
 ing of the material CF8M: 

 Material Y4331 
 Specimens cut out along the tangential (T) direction of the pipe 
 Smooth specimens:   diameter φo= 10 mm, gage length 25 mm 
 Notched specimen:   minimum diameter φo= 10 mm,  
   notch root radius Rd = 10, 4, 2 mm   
   the notation AEχ (AE10, AE4, AE2) is used with  
 
   ;10

οφ
χ dR

=   
 
   diameter outside the notch = 18 mm 
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 Materials BT and BL 
 Specimens taken from the center of the ingots (microstructure equiaxed and isotropic) 
 and cut in the plane of the mould along the longest direction (65 mm).  
 Smooth specimens:   diameter φo= 6 mm, gage length? 
 Notched specimens:  minimum diameter φo= 6 mm 
   notch root radius Rd = 6, 2.4, 1.2 mm 
   χ = 10, 4, 2 
 
- Quasistatic tensile tests of a family of geometrically similar specimens of only mate-
 rial Y4331; the direction of the specimen was not explicitly indicated. Same dimen-
 sions as for CF8M (Ref. [2.56]). 
- Quasistatic three-point bending of non-similar Charpy type U- and V-notched as well 
 as precracked specimens. Geometry as for material CF8M (see Fig. 2-84). For the pipe 
 material Y4331 the axes of the specimens were in the tangential (T)-direction, the axes 
 of the notches in the longitudinal (L)-direction and the crack propagation in the radial 
 (R)-direction (same as for material CF8M). For the ingot materials BT and BL �the 
 crack direction corresponds to the second longest dimension of the ingot�48. 
- Quasistatic three-point bending of non-similar Charpy type U-notched specimens of 
 material Y4331 with varying thicknesses (5, 10, 20 mm). Geometry as for material 
 CF8M (see Fig.  2-84). No indication of specimen orientation in the pipe. 
- Quasistatic testing of a set of nominally identical compact tension (CT) specimens of 
 material Y4331 according to the ASTM E873-89 standard; determination of the J-
 integral at crack initiation J0.2 (crack growth of 0.2 mm) and the tearing moduls dJ/da. 
 Description of the specimen preparation and results insufficient. 

 
 The results for the smooth and non-similarly notched tension specimens are collected in 
Fig. 2-88 which represents the diametrical failure strain ε R at the root of the neck or notch, 
respectively, for the three materials. 
 The data for the smooth tension specimens of material Y4331 (5 tests) are almost exactly 
the same as those obtained for the pipe material CF8M (Fig. 2-82). Comparison of the data of 
the non-similarly notched tensions specimens (AE10 ∧  Rd = 10 mm, AE 4 ∧  Rd = 4, AE 2 ∧  
Rd = 2 mm) of the pipe material Y4331 (Fig. 2-88) with the corresponding data of the pipe 
material CF8M (Fig. 2-82) shows again perplexing agreement if all CF8M data are combined 
without discrimination of the T-, L-, and R- orientation. From this one may conclude that the 
two materials and test series are identical. In fact, the same agreement is found when the 
Y4331-data for the geometrically similar family of notched specimens (Fig. 2-89) are looked 
at and are compared with the results of the pipe material CF8M (Fig. 2-83), provided again, 
no discrimination is made for the specimen direction of the CF8M data (failure strain for 
φo = 10 mm in Fig. 2-88 includes all CF8M data for φo = 10 mm). In the reviewer�s opinion, 
the ignorance of directional influences is not acceptable because this introduces an artificial 
extension of the scatter and mixes effects.  
 A comparison of the chemical composition of material CF8M (Ref. [2.56], Tab. 2-43) and 
material Y4331 (Tab. 2-44) shows slight differences and also the dimensions of the cast pipe 
                                                 

48 This statement is not compatible with the dimensions of the specimens (Fig. 2-84) and the dimensions of the 
cross section of the ingots (65x45 mm). 
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do not completely agree. Unfortunately, the origin of the chemical data was not outlined. Pos-
sibly one set was provided by the manufacturer and the other was generated by the laboratory. 
This inconsistency will be discussed later. 
 Summarizing, the Y4331-data for the smooth and non-similarly notched tensile specimens 
as well as the data for the geometrically similar notched tension specimens are the same as 
those published in Ref. [2.56] for the pipe material CF8M. The only new data are those for the 
ingot materials BT and BL in Fig. 2-88. For each type of test only two experiments were per-
formed and also their diameter φo was less than that of the Y4331 or CF8M material (φo = 6 
instead of 10 mm) because of limited availability of ingot materials. Due to the different di-
ameter φo, a quantitative comparison between the ingot materials (BT and BL) and the pipe 
material Y4331 (CF8M) should be made only with caution. In this connection one should 
recall that the decrease of the diameter of even smooth specimens increases the area reduction 
or diametrical strain at fracture of ferritic and austenitic steels (main size effect in smooth 
tension specimens; see Malmberg, Krompholz, Solomos, Aifantis (1999, [2.62]). 
 The BT- and BL-data show a considerable scatter and their mean values do not compare 
well with those of the pipe material Y4331. However, the general qualitative trend � decrease 
of the mean value of the diametric failure strain ε R with increasing notch acuity φo /Rd  �  is 
also seen here and seems to be even more pronounced than that of the pipe material Y4331 
(CF8M). 
 Similarly to material CF8M, the results for Charpy type specimens under three-point bend-
ing are presented for materials Y4331, BT, and BL in Figs. 2-90 (a, b, c). Fig. 2-90 (a) shows 
the initiation, propagation, and total energies only for the U-notched specimens of the three 
materials. The scatter bands of material Y4331 agree with those of material CF8M in Fig. 2-
85, the only difference being that Fig. 2-90 (a) gives the individual measurements. Thus, the 
new data in Fig. 2-90 (a) are those of the materials BT and BL which yield comparable results 
as those of Y4331 or CF8M. 
 Fig. 2-90 (b) depicts the influence of the notch tip acuity on the initiation, propagation, and 
total energy of material Y4331 and these scatter bands agree again completely with those of 
material CF8M shown in Fig. 2-85. Finally, Fig. 2-90 (c) shows the influence of the specimen 
thickness for U-notched specimens of material Y4331, again in agreement with the results for 
CF8M in Fig. 2-86. Therefore, the results for material Y4331 are the same as for material 
CF8M (Ref. [2.56]), except that in Fig. 2-90 (a, b, c) each measured value is indicated. Thus, 
a further discussion of Figs. 2-90 (a, b, c) is superfluous.  
 Besson et al. (2000, [2.58]) presented also the J0.2- and dJ/da-data for CT-specimens of 
material Y4331, i.e., 81 ± 31 (kJ/m2) and 65 ± 20 (MPa), based on two groups of tests (alto-
gether nine tests), which, however, remain undefined. Also the definition of the range is not 
clear. From this Besson et al. state that �in agreement with results on Charpy specimens, dis-
persion is more important on initiation than on crack propagation�. 
 In the reviewer�s opinion this statement is fairly premature if not erroneous. First of all, 
looking at the individual J0.2-and dJ/da-measurements [Ref. 2.58], one finds roughly a ± 50 % 
variation with respect to the mean value if maximum and minimum values of both quantities 
are considered. Secondly, CT-specimens are usually precracked by fatigue (see Anderson 
(1995, [2.83])) and therefore a comparison with Charpy type specimens under three-point 
bending should be made only if they are precracked, too. However, observing Fig. 2-90 (b), 
the precracked 10x10 mm Charpy specimens do not prove that dispersion is more important 
on initiation than on crack propagation, but the opposite is seen. Thus, the above conclusion 
of Besson et al. is not acceptable.  
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 The experimental and theoretical work of this French research group has put similar atten-
tion to a carbon-manganese steel (Decamp, Bauvineau, Besson, and Pineau (1997, [2.63])) 
used in pressurized water reactors (PWR�s; e.g., secondary piping components at a service 
temperature of 300 °C). To a large extent, the type of notched tension specimens and testing 
was similar to the previous work. Uniaxial tensile tests were performed at 300 °C on axisym-
metric notched specimens. As previously, two types of tensions tests were realized: 

- Quasistatic tensile tests on notched specimens where the acuity of the notch was in-
creased, but other dimension were held constant: minimum diameter at the root of 
the notch φo = 10 mm, diameter outside the notch in the uniform sections 
φe = 18 mm, overall gage length not indicated, notch root radius Rd = 10 (AE10), 4 
(AE4), and 2 (AE2) mm where the notation AEχ is defined as before (Fig. 2-91). 
The specimens were cut from a secondary piping component with the axes along the 
tangential direction (T) of the pipe. 

- Quasistatic tensile tests of a family of geometrically similar notched tensile speci-
mens: minimum diameter φo= 3.75, 6, 10, and 15 mm, notch root radii Rd = 1.5, 2.4, 
4, and 6 mm, diameter outside notch φe= 6.75, 10.8, 18, 27 mm (Fig. 2-91). Note that 
the size range includes a smaller specimen (φo=3.75 mm), as compared to the previ-
ous investigations; thus a size factor of 4 is involved. Moreover, the acuity φo/Rd = 
2.5 is increased, as compared to the previous value φo/Rd =1. The specimen axes are 
also along the tangential direction of the pipe, but specimens were cut from a differ-
ent part of the pipe component. 

 The specimens were instrumented with a diametrical extensometer to determine the mini-
mum diameter at the notch. From this the diametrical strain was defined49  as ε= 2 log (φo/φ). 
Of course this was accompanied by the load measurement. All tests were performed at 300 °C 
with a mean strain rate50 of 5 ⋅ 10-4 s-1. 
 The chemical composition of the C-Mn steel is given in Tab. 2-45. The mechanical proper-
ties at 300 °C and a strain rate of 5 ⋅ 10-4 s-1 of specimens in the tangential direction are re-
ported to be: yield stress 190 MPa, ultimate stress 500 MPa, elongation at fracture 28 %, and 
area reduction 52 %. However, the pipe material is not perfectly uniform, as demonstrated by 
the stress strain curves in Fig. 2-92 of standard tensile specimens from two different parts of 
the component (GU2: material for the notch radius variation � geometry effect � and GV2: 
material for size variation). Unfortunately, the position influence beyond the load maximum 
was not reported. The two curves in Fig. 2-92 likely represent results of single tensile tests. 
Whether the variation in Fig. 2-92 is due to a true positional effect, is not known, since the 
scatter of neighbouring specimens was not documented. 
 Microstructural investigations revealed ferritic-pearlitic bands and elongated inclusions 
resulting from hot - rolling conditions of the pipe manufacturing. A majority of inclusions 
were MnS particles which are due to the relatively high sulphur content (210 wt.ppm). It was 
shown that the inclusions were concentrated in clusters producing zones of high inclusion 
densities. The average dimension of MnS inclusion ranged from 3 to 28 µm, depending on the 
                                                 

49 Note that in Ref. [2.56] and [2.58] the natural logarithm was used. 
50 Decamp at al. state that the �mean� strain rate is 5 ⋅ 10-4 5-1 . There are doubts that the diametric strain ε  is 
controlled in the tests. Possibly the strain rate value corresponds to the mean overall strain rate within the gauge 
length along the axis. 
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direction within the pipe (radial, tangential and longitudinal). Considerable work was done to 
determine histograms showing the distribution of inclusion volume fractions, since the inclu-
sions are responsible for the initiation of the ductile rupture. 
 The experimental �ductilities� are presented in Fig. 2-93 and 2-94. The ductility shown in 
the figures corresponds to the diametrical strain at the root of the notch when �the load sud-
denly drops�. This is, in fact, not a very precise definition because, first of all, it may depend 
on the kind of presentation of the load history, i.e., load vs. time, load vs. diameter change, or 
other; secondly, after the load maximum a continuous decrease of the load is observed and the 
instant where the fall-off of the load is faster is not necessarily sharp (see also the discussion 
of the point of �failure� in the work of Devillers-Guerville et al. on page 70).  
 Fig. 2-93 shows the influence of the notch radius variation (or acuity) on the �ductilities� 
(diametric strain at the root of the notch at �failure�) versus the stress triaxiality σm/σeq. The 
theoretical value σm/σeq was determined by finite element calculations which depend, of 
course, on a set of assumption not explained in Ref. [2.63]. The triaxiality depends nonline-
arly on the notch radius. As the acuity, defined by the ratio φo/Rd, increases, the stress triaxial-
ity increases, too. Fig. 2-93 depicts a decrease of the mean value of the ductility. A decrease 
of the scatter with increasing acuity is not clearly evident from these results, especially be-
cause of the very low ductility value for the AE2-specimen which possibly is an �outlier�. 
The decrease of the mean ductility is about 38 % (relative) when the notch acuity is increased 
from φo/Rd =1 to φo/Rd =5. The results of the duplex stainless steel CF8M, shown in Fig. 2.82 
for the same specimen geometries (!), show a similar qualitative trend of the mean values (in 
the tangential direction) but for much smaller ductilities and smaller stress triaxiality factors. 
Note that this is related to the different mechanical properties of the two steels (Tab. 2-47). 
 The size effect is depicted in Fig. 2-94. A quasi-hyperbolic decay of the mean ductility 
with increasing size but constant acuity φo/Rd = 2.5 (and constant stress triaxiality 
σm/σeq=1.0 ) is seen: for a size factor of 4 the ductility of the smallest specimen (φo =3.75 
mm) decreases with size, especially when the very small and the largest specimens are com-
pared (decrease: 20 % relative). It appears that further increase in size would not yield a fur-
ther reduction of the ductility. Also an apparent decrease of scatter with increasing size is 
seen, but again the number of tests is rather unbalanced. Here once more, the authors use the 
weakest link probability argument to give a qualitative explanation of the decrease of the duc-
tility with size. 
 Fractographic investigations were also done to examine the damage process of the ductile 
rupture, i.e., in situ SEM tensile test were performed with smooth specimens at R.T. and 
150 °C with the tensile axis in the transverse direction. MnS inclusion cracking and debond-
ing were observed during the early stages of plastic deformation. Therefore, void nucleation 
was negligible and void growth was the main damage mechanism. This observation was im-
portant for the theoretical modelling of the facture process. Following the general understand-
ing, the authors described the fracture process by growth and coalescence of voids (related to 
the MnS inclusions) caused by localized shear failure (shear localization) of the matrix mate-
rial between the cavities. For further details of the fractographic results the reader should con-
sult Ref. [2.63]. 
 
  A similar carbon manganese steel was used by Marini, Carassou, Wident, and Soulat 
(1998, [2.64]) to determine the diametrical strain at failure of a family of geometrically simi-
lar notched tension specimens. This result was used to calculate the theoretical critical volume 
fraction of cavities at fracture or equivalently the critical relative cavity radius (R/Ro)c. Ro and 
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R are, respectively, the initial and the instantaneous cavity radii. With this result the fracture 
toughness J0.2 (at crack initiation) of CT-specimens of the same material was calculated and 
then compared with the experimental results of a family of geometrically similar CT-
specimens. The easy understanding of the paper is limited since the actual experimental fail-
ure strains of the notched tensile specimens were not reported. Instead derived quantities were 
documented and for their explanation Marini et al. referred extensively to previous publica-
tions which were not consulted by the reviewer. Thus, some of the involved premises remain 
unclear. 
 The chemical composition of the C-Mn steel is given in Tab. 2-45. Obviously, this steel is 
fairly similar to the C-Mn steel used by Decamp et al. (1997, [2.63]). This similarity is also 
found for the microstructure: the material is an hypo-eutectoid steel and has a banded ferritic-
perlitic microstructure. The high sulphur content and its low solubility leads to MnS-
inclusions which are dominant and which tend to form clusters. The pipe component, which 
was the material source for the specimens, contained inclusions strongly anisotropic in shape 
due to the pipe manufacture: the average lengths were 21, 9, and 3 µm in the longitudinal (L), 
the transverse (T, tangential), and the short-transverse (S-T, radial) direction, respectively. 
The average distance of the clusters was 250 µm and the average volume fraction was around 
1.5 ⋅ 10-3. 
 The characteristic tensile and impact (KCV) data at 100 °C in the longitudinal and the ra-
dial direction of the pipe are collected in Tab. 2-47. Whereas the 0.2 % yield stresses and the 
ultimate stresses are independent of the orientation, the uniform elongation and the elongation 
at fracture show a reduced ductility in the radial direction. This is even more pronounced for 
the reduction of area (Z = R.O.A.) at fracture and the Charpy-V notch impact energy KCV. 
Although the yield and ultimate stresses are the same for the two directions, the different uni-
form elongations (strain at maximum stress) imply that the stress-strain curves are different, 
especially for large plastic strains: the data imply an increased strain-hardening in the radial 
direction. 
 Tensile tests were performed on notched circular specimens at 100 °C under displacement 
control with a servo hydraulic tension machine, presumably under constant strain rate (infor-
mation not available). The procedure followed the recommendations of the European Struc-
tural Integrity Society (ESIS) for this type of test. The reduction of the notch root diameter 
was measured during the tests (clip gages attached) and the diametrical logarithmic strain at 
�fracture� was calculated according to 
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where φo and φr are the initial and the �final� notch root diameter. The precise instant of fail-
ure or fracture in this continuous measurement is not defined in the article of Marini et al. 
 The geometrically similar family of specimens is shown in Fig. 2-95. The specimen ge-
ometry corresponds to that of the specimen families used by Decamp et al. (Ref. [2.63], see 
Fig. 2-91 in this report) and Besson et al. (Ref. [2.58]), except for the notch root radius of the 
smallest specimen (3.6 mm instead of 3.75 mm). The specimens were cut from the pipe com-
ponent along the longitudinal (L) and the radial (S-T short-transverse) direction. 
 The measured diametrical strain values were not documented in Ref. [2.64] but were used 
for the critical cavity radius ratio (R/Ro)c. According to theoretical modelling, the authors em-
ployed a relation between the average plastic strain εr at fracture and the critical cavity radius 
ratio (R/Ro)c given by 
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Here εn is the strain at which cavity nucleation starts and σm/σeq is the stress triaxiality factor. 
The determination of the integral requires numerical evaluation during the whole deformation 
process with some finite element model if the triaxiality factor changes due to large deforma-
tions. Actually the equation should represent a spatially local relation. The application to the 
tension of notched specimens (nonuniform stress and strain distribution) and the use of the 
average diametrical strain εr as the upper limit of the integral requires an appropriate modifi-
cation to be applicable. Possibly an average value of the triaxiality factor within the cross sec-
tion was used in Equ. 2.53, but the authors give no information. The nucleation strain εn  was 
set to zero since for the C-Mn steel the cavity expansion starts as macroscopic plasticity 
arises. 
 The result of the integration process is seen in Fig. 2-96 which shows the calculated natural 
logarithm of the ratio of the cavity radii versus the instantaneous diametrical strain. Then the 
measured diametrical strain εr at fracture determines the critical ratio (R/Ro)c as a derived 
quantity shown in Fig. 2-96. The theoretical plasticity model is not described by the authors, 
but it is said that conventional incremental plasticity was used. This would imply that the 
plastic response is not coupled to the porosity evolution. In any case, the theory as such obvi-
ously does not involve an internal length scale and yields therefore size independent stress 
and strain fields. Thus, the curve in Fig. 2-96 is size independent by assumption, i.e., it ap-
plies to all members of a geometrically similar specimen family. Unfortunately, the authors 
did not comment on the finite element modelling of the notched round specimens. The choice 
of a mesh size is necessary and actually the mesh should be scaled according to the size of the 
specimens to prevent its influence on the solution if calculations were done for all specimen 
sizes. However, the reviewer believes that Marini et al. performed only a single calculation 
for one specimen size within this family since only a single curve is shown in Fig. 2-96. For 
further comments on this issue see the reviewer�s remarks on the calculations for the CT-
specimens below. 
 The critical cavity ratio criterion, i.e., the theoretical failure criterion, implies (Ref. [2.64]) 
that �this critical value is assumed to be an intrinsic characteristic of the material for a given 
testing direction and is considered to be independent of the stress state�. Thus, changing just 
the size of the specimen with dimensions in proportion, the constant critical ratio (R/Ro)c 
would yield the same fracture strain εr, provided the stress fields and therefore also the triaxi-
ality factors are the same (theoretical similarity!) and this is, in fact, the case as pointed out 
above. 
 Fig. 2-97 depicts the derived critical ratio (R/Ro)c versus the specimen size (i.e., the initial 
minimum diameter at the root of the notch) for the longitudinal (L) and radial (S-T) direction. 
Since the obvious size dependence and scatter of (R/Ro)c is solely determined by the size de-
pendence and scatter of the measured diametrical strain εr at fracture, Fig. 2-97 represents 
indirectly the size dependence and scatter of the fracture strain εr. Clearly, the size depend-
ence is strongly depending on the specimen orientation: for the longitudinal (L) direction a 
quasi-hyperbolic decay with increasing size is seen and the scatter apparently decreases with 
size; for the radial (S-T) direction almost no effect is observed. The size dependence of the 
fracture strain εr or the critical cavity radius ratio (R/Ro)c definitely prove that the used theo-
retical concepts are not appropriate. Marini et al. state that this effect is due to the heterogene-
ous distribution of the inclusion which �can be interpreted using a probability local approach 
presented elsewhere� (see Ref. [2.64] and references cited therein). 

79 



Annotated Review of Relevant Literature 

 In a second test series Marini et al. determined the fracture toughness51 J0.2 (ASTM Stan-
dard E813-87 for JIC-testing) and the (initial) slope52 dJ/da of the J-resistance curve53 of a 
family of geometrically similar side grooved compact tension (CT) specimens with sizes 
1/2T, 1T, and 2T54; the actual relative crack lengths are not indicated. The specimens were cut 
along the longitudinal (L) and the short-transverse (S-T, i.e., radial) direction of the pipe 
component but a precise definition of the crack orientation was not given. Probably the orien-
tation was L-S and S-T according to the terminology in Fig. 2-98. For each size three nomi-
nally identical specimens were tested. The average fracture properties at 100 °C for all three 
sizes and the two directions are listed in Tab. 2-48. 
 The J0.2-data for the longitudinal direction show almost no size dependence for crack 
initiation but the slope dJ/da or tearing modulus55 clearly is size dependent: it decreases by 
43 % when the size is increased from the small (½ T) to the largest (2T) CT-specimen. Since 
the tearing modules is a measure for the stability of the crack propagation, the dJ/da-data 
demonstrate that larger CT-specimen are more susceptible to unstable crack propagation. 

                                                

 The data for the short-transverse direction encompass only the two sizes ½ T and 1T. 
These fracture data are much smaller than those in the longitudinal direction, but a size de-
pendence is seen for the J0.2-value and an inverse tendency for the dJ/da-value. 
 Since the scatter of the data is not indicated at all and the size variation involves only a 
factor of two, it is difficult to assess this result. Marini et al. simply state that the �fracture 
toughness J0.2 is very different in the two directions, but for a given direction, no size effects 
are measurable�. Although fracture data are very different in the two directions, the fracto-
graphic investigation (SEM) showed a ductile fracture mode for all (!) specimens. 
 These experimental data have been compared with a theoretical approach based on the 
critical cavity radius ratio obtained from the tension tests on the notched round specimens 
described above. 
 Marini et al. referred to theoretical results of Mudry (see Marini et al., Ref. [2.64]) who 
derived a relation between the fracture toughness J0.2 and the critical cavity radius ratio 
(R/Ro)c for small scale yielding as follows: 
 
    J0.2 = k Lc σy ln (R/Ro)c  ;              (2.54) 
 
here k is a material constant depending on the hardening coefficient, Lc is a characteristic 
length frequently taken to be the average distance between inclusions, and σy is the yield 
stress. For large scale yielding as in this study, however, Equ. 2.54 did not apply at fracture 
initiation and finite element calculations were needed. Since the CT-specimens were side 
grooved, a two dimensional calculation was sufficient. 

 

51 J-value at 0.2 mm offset line of the J-resistance curve, see Ref. [2.28]. 

 
52 dJ/da is proportional to the tearing modulus 
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53 J vs. ∆a curve. 
54 1T specimens: thickness B=1 inch, width W=2 inches, relative crack length 0.5≤a/W≤0.7. 
55 The tearing modulus describes the change of the fracture resistance (J-resistance) with increasing crack exten-
sion ∆a. 
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 Finite elements at the crack tip were squares, their side length set equal to the average 
spacing of inclusion clusters (250 µm); without explicit saying, this element form and size 
was kept constant for all sizes of the CT-specimens. As Marini et al. pointed out, this inclu-
sion cluster spacing �is a characteristic distance for the ductile fracture of the material: crack 
propagates from clusters to clusters by localization of the strain between a damaged cluster 
and the crack tip.� This instant of localization was assumed to be attained when the critical 
cavity radius ratio was reached. 
 As mentioned before, conventional incremental plasticity (without coupling to a porosity 
model) was used. The instantaneous ratio R/Ro was obtained from Equ. 2.53 for a (crack tip) 
finite element after averaging the stress and strain field over the element in the CT-specimen. 
The instantaneous J-value was obtained from an internal routine of the finite element code. 
Thus, a numerical relation between the instantaneous values of R/Ro and J was obtained for a 
CT-specimen. Since the finite element meshes were the same for both the small and the large 
CT-specimens, this solution is possibly mesh dependent, especially if softening occurs due to 
large deformations. Then an artificial size-dependence is introduced and the numerical rela-
tion between R/Ro and J would depend on the specimen size. Marini et al. did not comment on 
this aspect at all. It is very likely that they did only a calculation for a single specimen size, 
e.g., the 1T-specimen as shown in Fig. 2-99, implying that the solutions were mesh independ-
ent. Marini et al. state that �these calculations are independent of the testing directions be-
cause the stress-strain law is independent of these directions�. However, the uniform elonga-
tion in Tab. 2-47 clearly shows that the strain hardening for the longitudinal direction is less 
than for the short-transverse (radial) direction; therefore different stress-strain laws should 
have been used, specifically for larger plastic strains. 
 Presumably a single numerical J vs. R/Ro curve was obtained (Fig. 2-99), the size depend-
ent critical ratios (R/Ro)c for the notched round specimens in Fig. 2-97 yield a wide set of pre-
dicted fracture toughness values ranging from 110 to 245 kJ/m2 for the longitudinal direction, 
whereas the experimental data show a very small variation (177 to 184 kJ/m2 (Fig. 2-100). 
Therefore, using small notched round specimens to determine the critical cavity radius ratio 
yields fracture toughness values for CT-specimens which are too large and are thus noncon-
servative. However, the use of large notched round specimens gives conservative fracture 
toughness values (Fig. 2-100). Obviously, some intermediate size must be chosen. 
 In the reviewer�s opinion the predictive capability of this theoretical approach is fairly 
weak. Moreover, the reviewer conjectures that the validity of the correlation of the failure 
processes in the round notched specimens and in the CT-specimens is questionable for ductile 
materials. The experimentally determined average failure strain εr of the notched round 
specimens, a strongly size dependent quantity, is related to a catastrophic unstable instant, i.e., 
when the load �suddenly drops�56 after passing the load maximum. The experimentally de-
termined J0.2-value for the CT-specimens, however, corresponds to the beginning of stable 
crack propagation which was found to be size independent for the longitudinal direction. But 
the slope dJ/da was definitely size dependent and since it determines the instant of unstable 
crack propagation (see comment above), this instant would also be size dependent, with the 
consequence that the global strain at this instant would decrease with increasing size. This 
possibly implies that the instant of crack nucleation in the notched round specimens, which 
                                                 

56 See Decamp et al. (1997, [2.63]; note that a precise definition was not given in Ref. [2.64]. At this instant a 
crack has already been formed in the centre of the specimen. 
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occurs before the load suddenly drops, and the correlated average diametrical strain at the root 
of the notch could have been more appropriate measures, which are possibly even less size 
dependent. For example, acoustic sensors or the potential drop method to detect this instant 
are conceivable approaches, but this increases the experimental effort considerably. 
 
 The long-standing problem of similarity and non-similarity or size effects has gained new 
impetus in recent years because of the needs of safety assessments in reactor engineering. 
Worth mentioning is its importance for: (i) the transferability of mechanical test results of 
geometrically similar scaled down structural reactor models to the full scale structures using 
similitude laws and (ii) the validity of small scale laboratory type test results and their use as a 
basis for the computational modelling of large scale components.  
 In support of small scale tests of reactor structures and to improve and extend basic knowl-
edge, a joint experimental and theoretical activity of several institutions57 has been performed 
as part (Task 5- �Size Effects�) of the recent EU-project REVISA58. All activities of the RE-
VISA-project have been summarized by Devos, Auerkari, Lämmer, LeBer, Messelier-Gouze, 
and Malmberg (2002, [2.65] and [2.66])59 in an abbreviated as well as in an extended report.  
 The experimental part of the size effect studies consisted of screening material tests up to 
failure of different families of geometrically similar specimens for different temperatures and 
strain rates. Three different nuclear steels were investigated: 

- the ferritic-bainitic LWR-reactor vessel steel 20MnMoNi55; 
- the austenitic steel X6CrNiNb1810 used for upper internal structures of the vessel; 
- the ferritic steel 26NiCrMo146 used for the bolting of the reactor vessel head. 

 The tests included tensile tests of smooth and blunt-notched circular specimens with a di-
ameter from 3 to 30 mm, three-point bending tests of U-notched bars (width: 10, 25, 140 
mm), tension creep of smooth circular specimens and others. In this review attention will be 
restricted to the testing results of notched specimens under tension and three-point bending of 
the ferritic reactor vessel steel 20MnMoNi55 subjected to quasi-static strain rates. These test 
configurations are similar to some of the test results reviewed above and allow comparisons. 
 The ferritic steel was cast from a single heat in the form of a single bar. Sawing and forg-
ing produced eight plates (1000x500x70 mm). Detailed cutting plans were provided such that 
the specimens of different type and size were distributed over the plates, the larger specimens 
positioned at the midplane, the smaller ones through the thickness (70 mm). Unfortunately, 
for manufacturing reasons the small specimens were grouped together in small sections of the 
plates such that generally the smallest specimens were not located in the neighbourhood of the 
largest ones. Standard tensile and Charpy impact specimens of one size were also distributed 
over the plates, and were used for quality assurance and homogeneity assessments (QS-
specimens). These specimens were located at the ends (position 01 and 03) and at the mid-

                                                 

57 Forschungszentrum Karlsruhe, Germany; Paul Scherrer Institut, Villigen PSI, Switzerland; European Com-
mission, Joint Research Centre, Ispra, Italy; Aristotle University of Thessaloniki, Greece 
58 REVISA: Reactor Vessel Integrity in Severe Accidents, contract F14 S-CT96-0024 
59 The reviewer was group leader of Task 5-�Size Effects� of the REVISA Project and was strongly engaged in 
the theoretical work (gradient plasticity and size effects), but he was also extensively involved in the evaluation 
and discussion of a large part of the experiments. Therefore, the reader is asked to be indulgent towards the re-
viewer for this part of the review if his criticism is possibly insufficient sometimes. 
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point (position 02) of one diagonal of each plate. All specimens were oriented parallel to the 
long edges of the plates. 
 Quality control and homogeneity assessment consisted of chemical analysis, metallogra-
phy, hardness tests, as well as tensile and Charpy impact tests at R.T. and 300 °C (Krom-
pholz, Kamber, and Kalkhof (1999, [2.67]); Malmberg, Dolensky, and Krompholz (2000, 
[2.68])). The results obtained for the 20MnMoNi55-plates confirmed the specifications and 
any significant inhomogeneity could not be derived from the standard chemical analyses and 
metallography, nor from the hardness tests. However, metallographic investigations of the 
undeformed parts of used tensile specimens done later revealed bands of brittle carbide segre-
gations parallel to the long edges of the plates (Materna-Morris, Graf, Zimmermann, and 
Malmberg (2002, [2.69])); these segregations appear to be typical for this steel. Moreover, the 
tensile test with the QS-specimens demonstrated position dependent material properties 
within the ferritic plates and through their thicknesses, as well as from plate to plate. At room 
temperature almost all plates show at position 01 a reduced 0.2 %-yield stress, an increased 
ultimate stress and a decreased area reduction at fracture, as compared to positions 02 and 03 
(position effect). For example, for plate 2 the corresponding average percentage deviations are 
15 % reduction of the yield stress, 3.6 %60 increase of the ultimate stress, and 9 % reduction 
of the area reduction (Devos et al. (2002, [2.66]). This systematic inhomogeneity is a conse-
quence of the manufacturing procedure of the eight plates from a single long bar. At 300 °C, 
however, the inhomogeneity is reduced, especially the area reduction becomes rather uniform. 
When the size effect tests are evaluated, this systematic position influence must be properly 
accounted for to prevent misinterpretations. 
 The families of geometrically similar specimens and their test conditions are briefly de-
scribed as follows: 

- Tensile tests at room temperature (R.T.) and 400 °C of blunt-notched (T-type) circu-
lar specimens (Fig. 2-101; diameter Do = 3, 9, and 30 mm; gage length-to-diameter 
ratio = 6); circumferential semicircular notch at the center (notch radius Ro =notch 
depth, Ro/Do = 1/10); average strain rates are 2 ⋅ 10-5s-1 and 10-3s-1 and refer to the 
gage length. In addition, tensile tests of smooth (R-type) specimens with the same 
gross dimensions and test conditions were made to assess similarity or size depend-
ence under a quasi-homogeneous strain distribution. 

- Three-point bending tests at R.T. of U-notched (S-type) bars with rectangular cross 
section (Fig. 2-102; thickness B-to-width W-to-length L ratio 1/2/5.5; U-notch depth-
to width W ratio 3/10 and notch radius R-to-width W ratio 1/10; width W: 10, 25, 140 
mm); scaled supports (span S = 4 W); testing with two sets of scaled cross-head 
speeds, however, differing in magnitude only by a factor of 5.  

 As mentioned before, size effect studies of specimens with non-uniform strain distributions 
due to strain concentrators should be accompanied by tests of smooth specimens to assess 
whether size influences are already present under quasi-uniform strain conditions. Therefore, 
such an experimental investigation (tensile tests of R-type specimens) was an integral part of 
this project (Krompholz, Kamber, Groth, and Kalkhof (2000, [2.70])). The main results are 
briefly summarized here (Malmberg, Krompholz, Solomos, and Aifantis (1999, [2.62])). By 
well-contrived comparisons of different tensile tests, pseudo-size effects due to positional 
                                                 

60 Some references state a value of 6 % which appears to be a misprint: according to the data by Malmberg, et al. 
(2000, [2.68]), an average increase of 3.6 % is calculated. 
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influences on the tensile characteristics were unambiguously identified and could be sepa-
rated. Thus, the main conclusions are: 
(i) The ultimate stress and the uniform elongation are essentially size independent. 
(ii) The hardening is essentially similar up to the ultimate stress but deviations and size ef-

fects occur when necking sets in. 
(iii) Whereas the fracture elongation does not show a consistent trend when the diameter is 

increased from 3 to 30 mm, the reduction of area after fracture shows no or a slight de-
crease with diameter change from 3 to 9 mm; but an increase from 3 to 30 mm yields a 
relative decrease of the area reductions of at most 8 % at R.T.; at 400 %C the relative de-
crease is about 15 %.  

(iv) The normalized radius of curvature R/Do of the meridional neck contour after fracture 
shows a non-monotonous (first increase then decrease) size dependence for both strain 
rates and temperatures; generally, however, the lowest values were found for the largest 
specimens. 

(v) Generally, the smallest specimens fail with cup and cone fracture at both strain rates and 
temperatures. But the largest specimens fail with a milling cutter type fracture at R.T.. 
This appears to be induced by carbide segregations (Krompholz et al. (2000, [2.70]); Ma-
terna-Morris et al. (2002, [2.69]). 

 
 In qualitative terms, the experimental findings agree with observations reported in the lit-
erature (Malmberg, Tsagrakis, Eleftheriadis, and Aifantis (2001, [2.71])), the most definite 
finding being the decrease of the area reduction at fracture with increasing size (Fig. 2-103). 
An exception is, however, the non-monotonous size dependence of the normalized meridional 
radius of curvature of the neck after fracture which disagrees with previous observations 
(monotonic increase with size; Malmberg et al. (1999, [2.62]); Malmberg et al. (2001, 
[2.71])). 
 
 The experimental procedures, the evaluation and the results of the tensile testing of the 
blunt-notched (T-type) specimens were reported in several publications (Krompholz, Kamber, 
Groth, Kalkhof, and Malmberg (2001, [2.72]); Malmberg, Krompholz, Kalkhof, Solomos, 
and Aifantis (2001, [2.73]; Devos et al. (2002, [2.66])), the most detailed one being the report 
by Krompholz et al. (2001, [2.72]).  
 The tensile testing of the blunt-notched (T-type) specimens at R.T. involved the continuous 
measurement of the load, the gage elongation, and the diameter change at the root of the 
notch, as well as the notch opening using a video-extensometer. At 400 °C continuous meas-
urements of the notch deformations could not be made. After fracture the gage elongations 
and the notch deformations were recorded by joining the broken halves of the specimens. 
 The small specimens (type T1 = 3 mm ∅) came mainly from position 01 of a single plate 
(plate 2). This required special considerations in order to account for the associated material 
inhomogeneity when the experimental results were interpreted. Hereinafter, the following 
findings and conclusions were obtained. 
(i) The nominal stress-strain diagrams (engineering stress at the root of the notch vs. average 

strain in the gage section) show an overlapping scatter for the medium and large speci-
mens in the whole strain range; this is true for R.T. and 400 °C and for both strain rates (2 
⋅ 10-5 and 10-3s-1). The small T1-specimens, however, disclose a larger maximum nominal 
stress and a softening regime which differs markedly from that of the larger specimens 
(Figs. 2-104 and 2-105). This increase of the maximum stress can be interpreted as a 
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pseudo-size effect since the small specimens came from a plate position with increased 
strength. However, the shift of the stress maximum of the small T1-specimens to larger 
global strains and their larger softening regimes reflect a size effect, which at R.T. is pos-
sibly even partially masked by the reduced ductility of these specimens. 

(ii) The nominal stress vs. the quasi-local strains at the notch, namely, the diametrical strain 
and the relative notch opening measured at R.T. only, show similar trends but, as ex-
pected from some theoretical considerations (Tsagrakis, Malmberg, and Aifantis (1998, 
[2.74]); Malmberg, Tsagrakis, Eleftheriadis, and Aifantis (2001, [2.75])), even more pro-
nounced size influences with a definite pattern (Figs. 2-106 and 2-107): the small T1-
specimens show the most extended softening range whereas the ranges of the medium 
size and large size specimens are successively decreased. The difference between the 
notch strains at the lowest comparable stress level of the small and the largest specimens 
amounts up to a factor of 2. The authors suggested that the shift of the maximum of the 
nominal stress to larger global as well as quasi-local notch strains is due to the size de-
pendence of softening inducing damage processes occurring before the maximum load is 
reached and leading to crack extension. Unfortunately, steps were not taken to detect 
crack initiation. 

(iii) The quasi-local notch deformation measure after fracture (i.e., the area reduction Z at the 
root of the notch) is shown in Figs. 2-108 and 2-109 for the fast strain rate (10-3s-1) at 
R.T. and 400 °C and similar results are obtained for the slow strain rate (Krompholz et al. 
(2001, [2.72]). The results for the area reduction reveals that the quasi-local strain meas-
ure of the small T1-specimens tested at R.T. accumulate around two different mean val-
ues (Fig. 2-108). As the authors indicate, they are mainly related to two sets of small 
specimens which come from two adjacent sections (section 0206: data around Z = 0.7, 
section 0204: data around Z = 0.5 and below) about 50 mm apart at position 01 of plate 2. 
Obviously, the results at 400 °C (Fig. 2-109) do not reveal this scatter of the small speci-
mens since, as stated by the authors, they come only from one section and since hetero-
geneities at this elevated temperature are partially equalized. The authors state that the 
area reduction and, of course, also the correlated diametric strain show an approximately 
linear decay with increasing size if the group of the small, less ductile specimens in 
Fig. 2-108 are excluded. However, it appears that a quasi-hyperbolic decay is a more ap-
propriate description for the size dependence. On the other hand, if all data are included, 
the size dependence at R.T. flattens out in the range of small specimens. This result very 
clearly demonstrates that positional influences due to material inhomogeneity may affect 
the scatter considerably and thus may change the qualitative size dependence of the mean 
values. 

(iv) Another quasi-local notch deformation measure is the relative notch opening. Fig. 2-110 
shows the data for the various sizes at R.T. and for the fast rate (10-3s-1). Similar results 
were obtained for the slow rate (Krompholz et al. (2001, [2.72]). As expected, the data 
for the small T1-specimens separate into two groups for the same reasons as the area re-
duction data in Fig. 2-108. The three higher data (around 2.0) came from section (0204) 
whereas the data below (around 1.3) came from section 0206. This implies that the small 
specimens from section (0204), which yield less area reduction than the small specimens 
from section (0206), give larger relative notch openings than the specimens set from sec-
tion (0206). Therefore, the two notch strain measures do not yield the same trend. 

 Accounting for all small specimens, the mean value of the relative notch opening at R.T. 
is to some extent insensitive to a change in size. However, at 400 °C (Fig. 2-111), where 
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positional influences are less important for the small specimens, the qualitative picture of 
the size dependence of the relative notch opening changes drastically: whereas there is no 
difference between the medium and the large size specimens of type T2 and T3 and no 
influence of the strain rate is seen (Krompholz et al. (2001, [2.72]), the small specimens 
of type T1 (from section (0206) yield a mean relative notch opening which is more than 
1.8-times larger. This rather steep decay of the size dependence of small specimens has 
not been observed for the other quasi-local strain measures. Also the temperature rise 
from R.T. to 400 °C has only a moderate influence on the medium and large size speci-
mens but a significant influence on the smaller specimens. 

(v) A further measure of the notch deformation is the radius of curvature R of the meridional 
contour of the notch after fracture. Its determination involves the fitting of a circle to the 
shadow contour of the deformed notch profile after fracture which is a subtle procedure. 
The reviewer thinks that this may be rather subjective if not the range of the contour and 
the fitting rules are uniquely prescribed. In Ref. [2.72] the procedure is not described in 
detail, but from the information given (Fig. 2a in Ref. [2.72]) it appears that the whole 
contour of the notch is used for the fit. The authors state that in all cases segments of cir-
cles could laid into the notch after fracture. 

 Therefore, starting with a semicircular notch at the beginning of the test, the notch retains 
approximately its circular contour, but the center of the circle moves outwards. At R.T. 
and for both strain rates the mean of the normalized radii of curvature R/Domin (Domin: 
minimum initial diameter at the root of the notch, initial value Ro/Domin = 0.125) is rela-
tively insensitive to a change in size (Fig. 2-112). The data for the small T1-specimens 
again separate into two groups, the high values (>0.4) belonging to specimens from sec-
tion (0204) and the low data related to section (0206). This is, as expected, the same trend 
as for the area reduction or diametrical strain of the small T1-specimens at R.T. 

 At 400 °C, however, there is almost no difference between the small and the medium size 
specimens but the large specimens yield considerably reduced normalized radii for both 
quasi-static strain rates. 

 It is noted that the number of tests results at R.T. is generally larger than those at 400 °C 
since these tests were easier to perform. However, in the reviewers opinion this is a short-
coming because this unbalance may induce some distortion in the size effect trend of the 
mean values at the high temperatures. 

 
 The experimental techniques, the evaluation, and the results of the three-point bending 
testing of the U-notched S-type specimens were reported in detail by Krompholz, Kalkhof, 
and Groth (2001, [2.76]) and also by Malmberg et al. (2001, [2.73]) and Devos et al. (2002, 
[2.66]). 
 The testing was performed at R.T. up to some instant beyond the maximum load but with-
out reaching complete fracture. To obtain the same nominal strain rates at the roots of the 
notches, the cross-head velocities vk were scaled (geometric scale factor λ =14). Apart from 
the load, the load-point displacement δ and the notch opening u were recorded with a video-
extensometer. Moreover, the crack initiation was detected by the D.C.-potential drop tech-
nique. In addition, the crack extension at termination of the experiment was determined by 
heat tinting and subsequent fracture at liquid nitrogen temperature. 
Among others, the results of the continuous measurements were presented as curves showing 
the  
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- normalized load (load divided by the limit load) vs. the normalized load-point dis-
placement δ/W or bending angle, 

- nominal stress σn (load divided by initial ligament area (W-K)B) vs. the relative notch 
opening (u-uo)/uo where uo is the initial notch width, 

- the instances of crack initiation according to the potential drop technique, 
- characteristic normalized data (i.e. load at crack initiation, maximum load, displace-

ment and bending angle at the load maximum, and especially applied energies up to 
crack initiation) vs. the size (e.g., width W) of the specimens. 

 As described in Ref. [2.76], the analysis of the experimental results was done under con-
siderations of positional effects due to the macroscopic material inhomogeneities. The follow-
ing observations and conclusions were obtained (Ref. [2.76] and [2.73]): 
(i) The scatter bands of the nominal stress σn vs. the relative notch opening for each speci-

men size are well separated, except for the very first part (Figs. 2-114 and 2-115): in the 
elastic regime and for small plastic deformations with relative notch openings of about 
15 %, the results are within a single scatter band (Fig. 2-114). This implies that the clas-
sical geometric scaling applies within this regime (Malmberg (1995, [1.1]). Beyond this 
and even before the markers for crack initiation, the results for the three different sizes 
are clearly separated such that for a given relative notch opening the small specimens 
yield the largest nominal stress which reduces successively for the medium and large size 
specimens. The maxima follow the same pattern, which is a decay function with increas-
ing size (Fig. 2-116). The maxima of the largest specimens are only about 70 % of that of 
the smallest one. The positional effects, observed for yield and ultimate stresses by the 
homogeneity assessment, can certainly not explain this difference. 

(ii) The relative notch openings corresponding to the stress maxima show a considerable 
scatter for the small S1-specimens in Fig. 2-114. These specimens come from position 01 
with the reduced ductility. Therefore, the authors suggest that this influence suppresses 
their deformation ability. Nevertheless, a clear pattern is observed: the small specimens 
yield the largest average of the relative notch openings, the medium size somewhat 
smaller values, and the larger size distinctly smaller values. The relative notch openings 
of the small specimens are about a factor of 3 larger than those of the largest specimens. 
The results for the slow speed tests (Fig. 2-115) show a more pronounced pattern for the 
S1-and S2-specimens. As the authors state, these specimens are not affected by the mate-
rial heterogeneity. This behaviour is also reflected by the size dependence of the bending 
angle at maximum load (Fig. 2.117). 

(iii) For the instant of crack initiation (arrow markers in Figs. 2-114 and 2-115) the small S1-
specimens require larger relative notch openings than the medium size S2-specimens and 
the critical openings for the large S3-specimens are the smallest. The difference between 
the relative notch openings at crack initiation for the various sizes, however, is relatively 
small. In terms of the relative notch opening it is noted that crack initiation in the small 
specimens occurs long before the maximum stress is reached whereas in the large speci-
mens the maximum stress is obtained shortly after crack initiation. 

(iv) The normalized load vs. the normalized displacement δ/W essentially reflects the same 
trends as above. This is due to the fact that the overall bar deformation is primarily con-
trolled by the notch deformation. 

(v) The applied work for crack initiation was determined by integrating the normalized load-
displacement curve up to the instant of crack initiation. The corresponding area specific 
work As is obtained by dividing the applied work by the initial ligament area. The data 
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and their linear regression line are shown in Fig. 2-118 as a function of size. It is note-
worthy that the linear interpolation is quite representative. It has a non-zero extrapolated 
value for very small specimens. Dividing the area specific work As by the notch width 2R 
(Fig. 2-102), the required work Av for crack initiation and per active ligament volume (W-
K)B2R, assumed to a parallelepiped, is obtained. This volume specific work is plotted in 
Fig. 2-119 which shows a non-linear decay with increasing specimen size. Obviously, the 
volume specific work Av consists of two energy terms: 
 (a) A size dependent hyperbolic decay term; this corresponds to the Linear-Elastic 

Fracture Mechanics of brittle materials where a critical specific surface energy, 
a material constant, determines the initiation of crack extension. 

 (b) A size independent constant term; this corresponds to classical size independ-
ent plasticity. 

 For the smallest specimens tested (type S1, notch radius R = 1 mm), about 28 % of the 
total volume specific energy Av is contributed by the first energy term (a). From Figs. 2-
114 and 2-115 it is also seen that the size dependence of the volume specific work Av for 
crack initiation consists of two size dependent effects: 
- The increase of the nominal stress σn for a given relative notch opening before 

crack initiation when the size is decreased; equivalently, this is seen in normalized 
load vs. load-point displacement curves (Ref. [2.74]). The authors stress the point 
that this size dependence has not been observed for the blunt-notched tension 
specimens. They suggest that the highly non-uniform strain field in front of the U-
notch (combined bending and notch effect) may explain the difference, if the plastic 
material behavior is size dependent due to gradient effects; moreover, a likely other 
cause may be the (gradient dependent; the reviewer) size dependence of the damage 
phenomena which lead to crack initiation. 

- The second size influence on the volume specific work Av at crack initiation is seen 
in the shift of the instant of crack initiation to larger relative notch openings or 
normalized displacements when the size is decreased (Figs. 2-114 and 2-115) 

A crucial aspect of the findings and interpretations related to the instant of crack initiation 
is the accuracy of the potential drop method and its application. The authors point out in 
Ref. [2.76] that under ideal conditions the onset of crack growth is correlated with a defi-
nite increase of the time derivative of the voltage. But plastic deformation and the associ-
ated cross section changes as well as temperature variations affect the change of voltage, 
too. This introduces uncertainties. Beyond that, the voltage vs. time curves given in Ref. 
[2.76] illustrate the difficulty to uniquely determine the instant of a �change in the volt-
age�. In the reviewers opinion this determination is susceptible to subjective choices. 
Therefore, as the authors state, this determination needs considerable expertise. It appears 
that other methods (e.g. acoustic emission methods) should also be tried. 
Independently of the method used, there remains the question what �crack initiation� ac-
tually means in an originally uncracked specimen. 
 

 In Ref. [2.73] the results of the testing of smooth and blunt-notched tensile specimens as 
well as the U-notched bending specimens of the ferritic reactor vessel steel 20MnMoNi55 
within the REVISA project were summarized. Accordingly, they have revealed size depend-
encies of various degrees. The influence of material heterogeneity (position effect) could be 
accounted for, at least in a qualitative sense, due to an extensive homogeneity assessment test-
ing. Under quasi-static conditions the nominal stress-strain diagrams of the smooth and blunt-
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notched tensile specimens (R-and T-type) as well as the U-notched bending specimens (S-
type) show a certain trend on a phenomenological level: 

• The smooth R-type specimens, subjected to a macroscopic uniform strain distribution 
up to the maximum load, do not reveal a size dependence in this range when the 
position effect is properly accounted for. However, when necking sets in and a non-
uniform strain distribution and damage are developing, the size dependence becomes 
apparent, e.g., the area reduction at fracture reduces with increasing size. 

• The blunt-notched T-type specimens under tension do not show a definite size effect 
in the nominal stress-strain curves in the first part before the maximum and also in 
the values of the stress maxima, provided the position effect is taken into considera-
tion. However, the stress maxima of the small specimens are definitely shifted to lar-
ger strains and their softening regimes (decaying stress range beyond the stress 
maximum) are much more extended. Also a size dependent pattern of the softening 
part is observed with the tendency that, for a given stress level, smaller specimens 
yield larger deformations. 

• Whereas for the above specimens types the size influence apparently does not affect 
the first part of the nominal stress-strain curves, for the U-notched S-type bending 
specimens almost the whole nominal stress-strain (e.g., relative notch opening) dia-
gram, even before crack initiation, is affected with the tendency that smaller speci-
mens are �stronger� than larger ones. Only the elastic and a range of �small� plastic 
strains appear to be size invariant. Also crack initiation is shifted to larger strains 
when the size is decreased.  

 The authors make the conjecture that the high non-uniformity of the strain distribution at 
the root of the notch due to the combined bending and the notch effect produces this behav-
iour. 
 The testing results of the various specimen types also demonstrate that for size effect 
investigations it is necessary to determine the complete nominal stress-strain diagrams 
(preferably with quasi-local strains) than only stress maxima and quantities after fracture, as 
done in so many previous studies. This allows to detect when the size influence becomes 
evident. Since it is well known that the propagation of macroscopic cracks induces size 
effects on stress and strain quantities, it is necessary to determine the initiation of cracks. This 
would allow to detect whether significant size influences are present before the initiation of 
cracks, i.e., in the range where plastic deformation and damage evolution are the governing 
processes. It seems that the results of the three-point-bending tests of the U-notched speci-
mens have shown this. 
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3 Discussion and Conclusions 

 The objective of this study was to provide a limited review of mechanical test results of 
geometrically similar, sharp- or blunt-notched specimens, predominantly made of steel, and 
under quasi-static loading conditions. Generally, the specimens were of relatively simple 
shape: 

- circular tension specimens with a circumferential notch; 
- single-edge-notched bend (SENB) specimens with a rectangular cross section; 
- compact tension (CT) specimens; 
- several non-standardized specimens and structures. 

 The early investigations of size effects on notched specimens under quasi-static testing 
conditions concentrated on load-displacement or bending moment-bend angle records and 
characteristic data derived from them, such as absorbed energies, maximum loads, character-
istic displacements, etc. From the mid-fifties the size invariance or size dependence of typical 
fracture mechanics quantities, like critical K-, J-, or CTOD-values, became also of interest. As 
explained in Section 1, this is a different and new concept of size dependence. This will be 
briefly discussed at the end of this section. In the following some of the main qualitative 
trends, as related to specific topics and as observed in the cited literature, are emphasized and 
several open issues are discussed. 
 
 The energy absorption capability of a structure is of special engineering concern in safety 
considerations. However, it has found rather limited attention under quasi-static testing condi-
tions, whereas it is of primary interest in notched bar impact tests. The quasi-static tests of 
Docherty (1932, [2.0]), Shearin et al. (1948, [2.10]), Akita (1953, [2.12]), and Krompholz et 
al. (2001, [2.76]) concerned the influence of specimen size on volume or area specific ener-
gies, whereas Devillers-Guerville et al. (1997, [2.56]) studied the influence of specimen 
thickness and notch acuity. 
 The absorbed energy E is obtained by integrating a suitable load-displacement curve up to 
fracture or up to a fast load drop or up to some other characteristic displacement (e.g., associ-
ated with maximum load or crack initiation). 
 The slow and fast bending tests of Izod-type notched bar specimens (V-notch with scaled 
root radius, relative notch depth = 0.2) performed by Docherty (1932, [2.0]) on various metals 
(steel, brass, bronze, Monel metal) revealed the following findings: 

• A definite increase of the total absorbed energy per unit volume (see footnote 7, page 
6) exists when the size is decreased (Tab. 2-4) for a scale factor of λ=3 (cross section 
4x4 to 12x12 mm); the ratio of the volume specific energy of the small to the large 
specimen depends on the material and ranges between 1.0 and 2.2 (Tab. 2-6) for the 
slowest speed (quasi-static). 

• A comparison of this ratio � a measure for a size effect up to fracture � with the area 
reduction Z (45 % < Z < 85 %) after fracture in a quasi-static tensile test (Tab. 2-6) 
clearly shows that this size effect is larger the less ductile the material is. 

• The volume specific energy Ev = E/W3 (W: width of specimen) can be represented by 
 Ev = Av/W + Bv       (3.1) 
 where Av and Bv are constants. The first term characterizes the size dependence, the 
 second describes the size invariance; this corresponds to a hyperbolic decay of Ev with 
 increasing size. 
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• The corresponding total area specific energy, defined by Es = E/S with S being the 
ligament area, can be represented by  

  Es = As + BsW 
 where As and Bs are constants. In most cases this linear graph of the area specific  
 energy is a reasonable approximation for the data (Figs. 2-3 and 2-4). For some mate-
 rials an almost constant area specific work is found and this is accompanied by a low 
 energy level as well as by the smallest area reduction values. 
• An increase in testing speed (0.005 in/min to 6 in/min) shifts the total volume specific 

energy to higher values. However, two orders of magnitude in speed are necessary to 
increase the volume specific energy by at most 16 % (with one exception; Tab. 2-5). 
Thus, quasi-static testing of the geometrically similar specimen families (λ=3) with 
unscaled strain rates has almost no effect on the results. 

 The research of Shearin, Ruark, and Trimble (1948, [2.10]) on the absorbed energy of 
notched bar specimens (scaled notches) of several steels under bending referred not only to 
the total work up to fracture but also to the work up to the load maximum. Further, the authors 
determined also the influence of the specimen orientation in a 18 in thick tempered martensite 
plate. The observed trends are as follows: 

• The scatter of the response of nominally identical tests is much smaller than the influ-
ence of size (cross section 0.4x0.4 to 1.875x1.875 in, λ ≈ 4.7, relative notch depth 0.2; 
Tab. 2-13). 

• The total absorbed energy w per unit volume reduces with increasing size whatever 
orientation the specimens have; for the scale factor λ ≈ 4.7 the ratio of the volume 
specific energies (w)small/(w)large of the small to the large specimen depends on speci-
men orientation and material and ranges between 2 and 3; the largest size influence is 
seen for specimen axes normal to the plate face. 

• The same trend is observed for the absorbed volume specific energy w1 up to the load 
maximum. Ratios (w1)small/(w1)large are also between 2 and 3, but for 2 in-thick Ni-Cr 
steel plates also ratios of about 1.5 have been determined. 

• The absolute values of the volume specific energies w and w1 depend strongly on the 
specimen orientation; they may differ by more than a factor of two. The smallest val-
ues were obtained for the direction normal to the plate face. 

• The ratio w/w1 of the total volume specific energy to the partial energy up to the load 
maximum is around a factor of two (Tab. 2-15, 18 inches plate (Tab. 2-14); tempered 
martensite). For the different Ni-Cr steel plates (18, 2, 2 ¼ in thickness; Tab. 2-14) a 
definite size effect is seen for specimens in the rolling direction (OX): the work ratio 
w/w1 is largest for the smallest specimens. With w2 = w-w1 being the work density be-
yond the load maximum up to fracture, the work ratio w2/w1 will also take the largest 
values for the smallest specimens. 

 The work of Akita (1953, [2.12]) on 60° V-notched mild steel specimens (cross section 
10x10 to 42x42 mm, notch depth 20 % of width) under slow three-point bending (scaled dis-
placement rates) added further insight: the author studied the influence of temperature (-40 °C 
to +80 °C) and of the notch tip radius (0.05 to 1.6 mm) on the total absorbed energy and on 
the �crack propagation energy�. The latter is defined as the work beyond the load maximum 
up to fracture. The dimensional variations included also partially similar specimen families 
which required an empirical length correction for similarity. 
 With respect to the energy terms, the following trends are observed: 
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• The total absorbed energy per unit volume decays quasi-hyperbolically with increas-
ing size (Fig. 2-20); at +80 °C shear fracture is observed and the volume specific work 
approaches a size independent value for specimens larger than 20 mm width. For the 
small 10x10 mm specimens (notch radius 0.2 mm, notch depth 2 mm) an almost twice 
as large volume specific energy is necessary. At -20 °C brittle fracture is found for all 
sizes at a considerably less energy level; the decay with size is also quasi-
hyperbolically but more gradual. A size invariant energy level is not yet reached. 

• The increase of temperature for fixed specimen dimensions raises the absorbed and the 
crack propagation energy from a low to a high energy level (temperature transition 
curve; Figs. 2-13 and 2-14). For the small 10x10 mm specimen the increase is almost 
threefold and for the similar large 42x42 mm specimen it is almost six fold. 

• The variation of the notch tip radius (0.05 to 1.6 mm) has a very small influence on 
the point of inflection (transition temperature), except for small specimens with the 
larger notch tip radii. 

• The transition temperature for the total absorbed energy is somewhat lower (by ≤10 
°C) than for the crack propagation energy for small notch tip radii; for large radii the 
relation is reversed. 

• An increase in specimen size (gross dimensions) with scaled or non-scaled notch tip 
radii shifts the transition temperature to higher values (for λ=4.2 from +20 °C to 
+60 °C; Figs. 2-13 and 2-14). Moreover, the temperature sensivity of the absorbed en-
ergy around the transition temperature increases when the size is increased. This im-
plies a considerable size dependence of the volume specific energy in the temperature 
transition region. 

 The absorbed energy up to the instant of crack initiation is a further energetic quantity of 
interest. As defined by an integral of the load-displacement curve, it depends on the definition 
and the method of determination of the instant of crack initiation or extension. Krompholz et 
al. (2001, [2.76]) tested a geometrically similar family (width W = 10, 25, 140 mm, relative 
notch depth 0.3, acuity K/R = 3, λ = 14) of U-notched SENB-specimens of the reactor vessel 
steel 20MnMoNi55 under three-point bending at room temperature. Among others, crack ini-
tiation was determined by the potential drop technique and was found to be size dependent: 
the smaller specimens required larger relative notch openings (Figs. 2-114 and 2-115). The 
same trend has been found (Fig. 2-77) by Giovanola et al. (1999, [2.52]) testing U-notched 
SENB-specimens with deeper and more acute notches but with a smaller geometric scale fac-
tor (width W = 12.7 to 50.80 mm, relative notch depth 0.5, acuity a/r ∼ 4, λ = 4); here visual 
and acoustic techniques for the detection of the crack initiation were used and the material 
was a high strength-low hardening steel. 
 Moreover, the results of Krompholz et al. showed, except for an initial part, that the nomi-
nal stresses became larger the smaller the specimens are at the same relative notch mouth 
openings, even before crack initiation (∼9 % at ω∼0.25, λ = 14; Fig. 2-114). For the low-
hardening material used by Giovanola, however, this trend has not been observed: the nomi-
nal stress vs. relative notch mouth opening curves are congruent up to crack initiation of the 
largest specimen; this may be related to the different hardening behaviour, but also the geo-
metric scale factor was much larger in the test series of Krompholz et al.  (λ = 14 instead of 
4). 
 The two size dependent phenomena, as seen in the normalized load-displacement curves 
for the SENB-specimens of Krompholz et al., imply the following findings: 
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• The absorbed work As per unit initial ligament area B ⋅ (W-K) up to crack initiation is 
strongly size dependent. It increases with specimen size and a linear interpolation 

 As = αs + βsW        (3.2) 
 αs, βs: constants 
 is quite appropriate. This area specific work does not vanish when extrapolated to very 
 small specimens, i.e. αs ≠ 0. 
 In analogy to Linear Elastic Fracture Mechanics of brittle materials the first term may 
 be interpreted as a size independent critical surface energy for the generation of free 
 surfaces in the material such as voids or microcracks. The second term, which is line-
 arly size dependent, is related to a size independent volume specific energy typical for 
 classical elasticity or plasticity. 

  The term Ei = 2 As corresponds to the J-integral value of SENB-specimens with deep 
  sharp cracks (singular crack tip). For this case and according to EPFM, this value 
  should be equal to a size invariant material constant characterizing crack extension. 
  Obviously, a (J = const.)-type or (As = const.)-type criterion for crack initiation is not 
  valid for blunt-notched specimens. 

• A volume specific work Av for crack initiation is obtained by dividing the area specific 
work As by the notch width 2R, for instance. It is found that Av decreases non-linearly 
with increasing size and approaches a constant value. Quantitatively it consists of a 
size dependent hyperbolic decay term and a size independent constant term: 

 
 Av = αv + 

W
1  βv       (3.3) 

 
 αv, βv: constants 
 where 
 αv = αs R

W
2

, βv = βs R
W
2

 
 
 with βv being the size independent volume specific work typical for classical elasto-
 plasticity. 
• The two-term representations of the area specific work As and the corresponding vol-

ume specific work Av agrees formally with the two-term energy representations of Do-
cherty (1932, [2.0]) for complete fracture of various steels and metals. Whereas such a 
representation appears to be plausible for Docherty´s tests, which involve extensive 
free surface generation by crack propagation as well as plastic deformation, this is not 
so evident for the absorbed energy up to the �beginning of a crack formation�. 

• A crucial aspect of these findings and interpretations is the accuracy of the method of 
determination of crack initiation, i.e., the potential drop method. There is still some 
uncertainty. Other methods, allowing a cross check, are recommended. 

 Energetic quantities were also determined in a joint activity by Devillers-Guerville et al. 
(1997, [2.56]) and Besson et al. (2000, [2.58]). These referred to the �crack initiation energy� 
and to the �crack propagation energy�, i.e., the area specific work up to the load maximum 
and the work beyond the load maximum up to complete fracture with the ligament area as the 
reference area. SENB-specimens (width W = 10 mm, thickness B = 5, 10, 20 mm, relative 
notch depth a/W ≤ 0.5, acuity a/R ≥ 5) of different notch acuities (U-, V-, and precracked) 
were tested under three-point bending, as well as U-notched specimens with varying thick-
ness; geometrically similar specimens were not included in these test series. The materials 
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used were thermally embrittled duplex steels. The following qualitative observations were 
made: 

• For the test series (10x10 mm specimens) with variation of only the acuity (Fig. 2-85), 
the mean value of the area specific work up to the load maximum (�crack initiation 
energy�) decreases considerably (factor of about 3) with increasing acuity (U-notched 
specimen with a = 5 mm, R = 1 mm to precracked specimen with a = 5 mm). The 
largest scatter is found for the U-notched specimens. As seen from load-displacement 
curves (Fig. 2-87), this is not only due to some scatter of the maximum load but also 
due to distinct scatter of the corresponding load-point displacement. The scatter of the 
crack initiation energy decreases significantly with increasing acuity. 

• The mean values and the scatter of the area specific work beyond the load maximum 
(�crack propagation energy�) are almost equivalent for all three acuities. 

• If only the thickness is varied for U-notched specimens (Fig. 2-86), qualitatively simi-
lar trends are observed. However, the minimum measured values (lower ends of scat-
ter bands) are almost thickness independent. 

• As a consequence, the influence of the acuity as well as thickness variation on the total 
area specific energy reflects the sensitivity of the �crack initiation� energy on these 
variations. 

 
 One of the primary information to be extracted from size effects tests are the load-
displacement records. To be comparable for specimens of the same material and same shape 
but different size, the load has to be normalized with respect to a common reference load 
(e.g., limit load) to obtain a dimensionless quantity or has to be transformed to a suitable 
nominal stress. Similarly, the displacement has to be normalized, too, to be dimensionless or 
suitable strain measures (e.g. elongation, diametrical strain, area reduction, relative notch 
opening, etc.) have to be used. Alternatively, the various load-displacement records can be 
transformed to a reference size (i.e., the smallest or the largest specimen) using scaling fac-
tors. If no size effect is present, then these curves are congruent.  
 Appropriate normalized load-displacement curves or nominal stress-strain curves have 
been published for families of geometrical similar specimens of various types and for differ-
ent steels and non-ferrous metals by Docherty (1932, [2.1]; 1935, [2.5]), Shearin et al. (1948, 
[2.10]), Wells (1955, [2.5]), Lubahn (1955, [2.15]); 1959, [2.20]), Hagiwara et al. (1983, 
[2.36]), Giovanola et al. (1998, [2.51]; 1999 [2.52]), and recently within the EU-Project RE-
VISA. Their results are shown in Figs. 2-2, 2-5, 2-6, 2-11, 2-12, 2-22, 2-24, 2-33, 2-52, 2-74, 
2-76 to 2-78, 2-104 to 2-107, 2-114, and 2-115. From these figures, the review in Section 2, 
and the related references, the general trends are quite obvious: 

• The initial linear (elastic) response and a considerable part of the non-linear (plastic, 
etc.) response before reaching the load maximum are size independent, i.e., the nor-
malized load-displacement curves are congruent. An exception appears to be the re-
sults of Krompholz et al. (2001, [2.76]) of the three-point bending of U-notched 
specimens of a reactor vessel steel (Figs. 2-114 and 2-115) where the congruence is 
limited to the linear and a relatively small range in the non-linear regime. 

• The maximum normalized load or nominal stress value remains approximately the 
same or decreases when the size is increased. In some cases, depending on the brittle-
ness of the material, the absolute size, and the magnitude of the scale factor, the de-
crease is considerable and is accompanied with an abrupt load drop, i.e., fracture 
(Figs. 2-6, 2-24, 2-33, 2-52, 2-114 and 2-115). 
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• The normalized displacement associated with the load maximum decreases with in-
creasing size. Frequently this size influence is clearly more pronounced than the influ-
ence on the normalized load or nominal stress (Figs. 2-2, 2-5, 2-11, 2-12, 2-22, 2-52, 
2-104 to 2-107, 2-114 and 2-115). 

• The shift of the normalized displacement or nominal strain at maximum stress to lar-
ger values when the size is decreased is combined with an increasingly gradual load 
decay after the maximum and an increasing extension of this softening region, i.e., the 
final normalized displacements increase with decreasing specimen size. 

• In some cases (Figs. 2-5 to 2-7, 2-23) and for a large scale factor (λ > 10) an almost 
abrupt transition occurs at a distinct specimen size between the more ductile behaviour 
with gradual load decay of the smaller specimens and a brittle behaviour with a sud-
den load drop of the larger specimens. This implies also a sudden change in the vol-
ume specific energy consumption (Fig. 2-7) or a change in the maximum stress (Fig. 
2-23).  

 
 More detailed investigations on the size dependence of the maximum normalized load or 
stress are contained in references by Nadai et al. (1934, [2.2]), Sachs et al. (1945, [2.23]), 
Brown et al. (1947, [2.73]), Parker (1948, [2.11]), Akita (1953, [2.12]), Wells (1955, [2.13]), 
Lubahn and Lubahn et al. (1955, [2.17]; 1959, [2.20]; 1958, [2.18]), DeSisto et al. (1963, 
[2.25]), Wellinger (1968, [2.26]), Neale (1978, [2.29]), Shaw et al. (1983, [2.35]), Takeuchi et 
al. (1986, [2.83]), and Krompholz et al. (2001, [2.76]). From these the following qualitative 
findings may be stated: 

• Whereas some authors did not observe any size influence on the maximum stress 
(notch strength) even for a large scale factor (λ = 8, Tab. 2-8) but relatively small ab-
solute sizes, frequently a decrease (possibly quasi-hyperbolic or exponential) with size 
is seen (Figs. 2-9, 2-18, 2-25, 2-30, 2-32, 2-34, 2-36, 2-38, 2-39, 2-42, 2-116). 

• The results of Lubahn (Figs. 2-25, 2-26, 2-32, 2-34), Lubahn et al (Fig. 2-30), Yukawa 
et al. (Fig. 2-36), and DeSisto et al. (Fig. 2-38) show that there is a transition in the 
size dependence: for small specimens there is no or only a moderate decay with size, 
but beyond a certain small size interval a strong decrease is observed which may be 
characterized by the inverse square-root dependence of LEFM. This qualitative change 
appears to be related to a failure mode transition: apparently size independent plastic 
instability of the small specimens and size dependent unstable crack propagation for 
the larger specimens. In the latter size range a number of influences are important: 

o The transitions observed in the results of DeSisto et al. (Fig. 2-38) are possibly 
due to the change of the testing machine: specimens of 0.505 inch diameter 
and smaller were tested in a different hydraulic testing machine. Such an influ-
ence draws attention to the requirement that the system �specimen-testing ma-
chine� should be properly scaled over the whole size range. Usually this aspect 
is not mentioned or even discussed in the reviewed references. 

o Accompanying testing of geometrically similar smooth tensile specimens 
should be done to assess not only the homogeneity of the raw material but also 
to assure the size independence of the ultimate stress. The results of Lubahn 
(Fig. 2-25) demonstrate that already the nominal strength of smooth tensile 
specimens under quasi-homogeneous stress conditions may be size dependent. 
Thus, this effect will add to the size effect induced by the presence of a notch. 
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o An increase of the strength level (ultimate stress in a tensile test) by heat 
treatment (tempering) yields a reduction of the notch strength ratio (notch 
strength divided by the strength level) and increases the size dependence of the 
notched tensile specimens (SAE4340, V-notch, notch tip radius constant, Fig. 
2-26). Thus, the high strength material is more susceptible to notches and more 
sensible to size variations. 

o A complete geometric similarity of the specimens requires, of course, also 
similarity of the notch (i.e., depth a and root radius r) such that the acuity a/r is 
constant. An increase of the acuity (by decreasing the root radius) decreases 
the maximum stress (e.g., nominal bending stress in SENB-specimens) consid-
erably for large sizes (Fig. 2-30). But for large notch sharpnesses the maximum 
stress appears to approach a finite value (Fig. 2-31). Moreover, the size de-
pendence of the maximum stress is clearly reduced when the notch sharpness 
is reduced (Fig. 2-30).  

o If the notch tip radius r is held constant, then the notch sharpness increases 
with increasing size. This yields an additional size influence by shifting the 
maximum stresses to lower values, as compared to the data of geometrically 
scaled notches (Fig. 2-30), and the size dependence is increased. 

o The notch tip acuity and preparation has a significant influence on the maxi-
mum stress if specimens are sufficiently large. Bend specimens (SENB type) 
with notches (20 % of width) prepared by machining a constant 0.005 inch 
(0.127 mm) tip radius showed (Yukawa et al., Fig. 2-36) consistently the larg-
est maximum stress in the whole size range (10.16 x 10.16 mm to 73.2 x 76.2 
mm cross section), as compared to specimens with fatigue cracked notch tips. 
However, differences were rather small (less than about 10 %) for the smallest 
specimens. Much larger differences were observed for the larger specimens. 
Spark erosion, giving an approximately constant tip radius of about 0.004� 
(0.10 mm), produced the same maximum stresses as machining (single size � 
1.0 x 1.0 inch = 25.4 x 25.4 mm test series). Other techniques to generate a 
sharp crack tip (i.e., arrested cleavage cracking machining (0.005 inch = 
0.127 mm tip radius) with subsequent nitriding which induces cracks in the ni-
tride surface layer at already low stress levels) caused reduced maximum 
stresses approximately comparable to fatigue cracking (single size testing 
only). The maximum stress appears to approach a size independent limiting 
strength for small specimens and the influence of the notch tip sharpness is 
vanishing. 

o The influence of temperature on the size dependence of the maximum stress, 
among others, has been documented by Parker (Tab. 2-17) and Shaw and 
Spink (Tab. 2-30, Figs. 2-48 and 2-49). Whereas the data of Parker (flats plates 
with square hole, scale factor λ = 4, temperature range -18 to +39 °C) do not 
show significant temperature influences on the maximum stress, the results be-
tween -100 °C and +100 °C of Shaw and Spink are more conclusive. They 
showed all modes of failure from fully brittle to fully ductile. At low tempera-
tures geometrically similar prefatigued CT- and SENB-specimen families 
showed an increase of the normalized load (Fig. 2-48) or normalized stress 
(Fig. 2-49) with increasing temperature for all three sizes (thickness 12.5, 25, 
50 or 45 mm), the small specimens giving the largest values. Beyond a transi-
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tion temperature the temperature dependence is greatly changed (i.e., is flat-
tened out) and the normalized load decreases slightly (CT-specimens) with 
temperature or remains constant (SENB-specimens). For both specimen fami-
lies the transition temperature is shifted to higher values when the size is in-
creased; the shift may be as much as 60 °C or 40 °C over the whole size range 
(λ = 4). CT- and SENB-specimens of the same thickness do not yield the same 
transition temperature, i.e., this temperature is also shape dependent. 
Below the transition temperature a considerable scatter is observed when nomi-
nally identical tests (usually two test at most) are performed, whereas above the 
transition temperature fairly consistant results are determined. 

 
 The size dependence of the normalized displacement or strain at the load maximum be-
came already evident in several normalized load-displacement curves discussed above. Apart 
from this, some explicit results were also documented by Neale (1978, [2.29]) and Takeuchi 
et al. (1985. [2.38]) for CT-specimens, by Gordon and Jones (1989, [2.46]) and Krompholz et 
al. (2001, [2.70]) for SENB-type specimens, and by Hagiwara et al. (1983, [2.52]) for scal-
loped I-beams with and without notches. These findings are as follows: 

• The results of Takeuchi et al. (Fig. 2-56, CT-specimens, thickness 4.5, 6, and 10 mm, 
scale factor 2.2) are almost size independent (L-T specimens) or do not yield a consis-
tent trend (T-L specimens). 

• The findings of Neale (Tab. 2-28, CT-specimens, thickness 12. to 50.5 mm, scale fac-
tor 4), however, referring to the slot mouth opening displacement at maximum load, 
and also the results of Link (Fig. 2-74, CT-specimens, side grooved, thickness 25.4 
and 101.6 mm, scale factor 4) cited by Giovanola et al. (1999, [2.52]) demonstrate a 
significant decrease with size of these characteristic normalized displacements at 
maximum load. 

• Although the used materials and absolute sizes are different, it is felt that the scale fac-
tor is the main reason for the qualitative difference: a scale factor of about two is too 
small to obtain a definite conclusion on the existence of a size influence on any of the 
relevant quantities. 

• A definite decrease of the normalized load-line displacement or bending angle at 
maximum load was also obtained by Krompholz et al. (Fig. 2-117) for blunt-notched 
(U-notched) SENB-specimens of a reactor vessel steel, covering a very large scale fac-
tor (λ = 14, thickness 10 to 140 mm, relative notch depth 0.3). 

• Moreover, the normalized stable crack advancement (indirectly determined by com-
pliance measurements) up to the load maximum, obtained by Gordon and Jones (Tab. 
2-38, SENB-specimens, sharp notch, side grooved, thickness 10 to 45 mm, relative 
notch depth 0.6), does not scale with the size but increases much faster: for a threefold 
increase of size, the stable crack propagation increases 4.56-times. The data also show 
that a linear extrapolation to small specimens (thickness < 10 mm) would imply a sup-
pression of crack propagation before the load maximum is reached. 

• Based on calculations of the maximum nominal strain as a function of the deflection 
of a scalloped but unnotched I-beam, Hagiwara et al. (Tab. 2-32) obtained the nominal 
strain associated to the deflection at the maximum load. The data in Tab. 2-32 but also 
Fig. 2-52 show the reduction of the maximum nominal strain or normalized deflection 
at maximum load when the size is increased for specimens without or with a notch and 
that application of the notch increases the size influence. 
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 Whereas several influences, such as temperature and notch acuity, on the size dependence 
of the maximum normalized load or stress have been investigated, unfortunately, these influ-
ences on the size dependence of the normalized displacement or relative notch mouth opening 
at the maximum load have not found attention. The probable reason is that under quasi-static 
conditions the traditional interest in engineering is primarily oriented towards stress-like de-
sign limits and rules. 

 
 Besides the normalized load or stress maximum, the most investigated quantities are strain 
type measures at or after fracture, such as the area reduction, diametrical strain, or relative 
notch mouth opening. Results on this issue were published by Brown et al. (1947, [2.7]), Par-
ker (1948, [2.11]), Lubahn (1958, [2.18]); 1959, [2.20]), Wellinger et al. (1968, [2.26]), Neale 
(1978, [2.29]), Decamp et al. (1997, [2.63]), Devillers-Guerville et al. (1997, [2.56]), Marini 
et al. (1998, [2.64]), Besson et al. (2000, [2.58]), and Krompholz et al. (2001, [2.72]) within 
the REVISA project. 
 Although the definition of « failure strain » varies and occasionally is not very well defined 
(e.g., �sudden load drop�), the following qualitative observations may be stated: 

• The average permanent failure strain (e.g., area reduction or diametrical strain of 
notched tensile specimens, relative notch opening of tensile and CT-specimens, bend 
angles (and �strains� derived from this) of three-point bend specimens and relative 
thickness changes of plates) generally decreases with increasing size, frequently quasi-
hyperbolically in linear representations (notched tension specimens: Figs. 2-10, 2-34, 
2-42, 2-83, 2-89, 2-94, 2-97, 2-108 to 2-111; notched bending specimens: Figs. 2-28, 
2-32; flat plate with hole: Tab. 2-17; CT-specimens: Tab. 2-28). For a sufficiently 
large size range, small almost constant strain measures are approached and in some 
cases almost vanishing permanent failure strains are obtained for the large sizes (fully 
brittles response: Figs. 2-32,-2-34). 

• Notch acuity was varied for tensile specimens with constant minimum notch diameter 
and a constant unnotched diameter (Figs. 2-81, 2-82, 2-88, 2-93, duplex stainless 
steel): increasing the acuity implied a reduction of the failure strain61. Unfortunately, 
systematic tests on the influence of size on the failure strain for different notch acuities 
apparently do not exist. 

• Depending on the production process of the raw material (e.g. plate, pipe), the orienta-
tion of the specimen in the raw material may have not only a considerable influence 
on the absolute values of the failure strain (Figs. 2-82, 2-97) but also on the size de-
pendence (Fig. 2-97). This was found to be related to the anisotropy of the microstruc-
ture (e.g. columnar grains, layered microstructure, banded segregations due to forging 
or rolling) 

• Frequently, failure strains of only two or three nominally identical tests are available. 
Test results for blunt-notched tension specimens (Figs. 2-83, 2-93, 2-97, 2-108, 2-110) 
with more test results demonstrate repeatedly a decrease of the failure strain scatter 
with increasing size. Often this finding is somewhat unbalanced since the number of 

                                                 

61 A correlation with the stress triaxiality factor σm/σeq determined at the specimen centre, as suggested by Figs. 
2-82 and 2-92, seems not to be assured by these data since, among others, the position of fracture initiation de-
pends on the acuity: for smooth specimens or small acuities it starts at the specimen centre but for large acuities 
it may start at the root surface of the notch (the reviewer). 
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repeat tests is considerably smaller for the large specimens. This may distort conclu-
sions with respect to the mean values. In one case (Figs. 2-108, 2-110) the large scatter 
of the smallest specimens is related to a macroscopic material inhomogeneity (position 
effect).  

• Very few results concerning the influence of temperature on the size dependence of 
the failure strain are available. The tests of Parker (Tab. 2-17) for a mild steel plate 
with a hole, done within a small temperature range (-18 to +39 °C), show a significant 
influence of size on the mode of failure and the plate thickness reduction: 

o The small specimens (3/16 inch = 4.76 mm thick) fail by shear fracture at all 
temperatures and the percentage thickness reduction is at a high ductile level 
independent of temperature. 

o The large specimens (3/4 inch = 19.05 thick) fail by cleavage at all tempera-
tures at a considerably lower strain level almost independent of temperature. 

o The intermediate size specimens (3/8 inch = 9.53 mm thick) show a transition 
from cleavage type to shear type fracture with increasing temperature. This 
transition temperature is at +10 °C for this material and size. The transition in 
fracture type is accompanied by a transitional increase of the percentage reduc-
tion in plate thickness at fracture. 

o The results imply that the transition temperature from cleavage to shear frac-
ture is shifted to higher temperatures when the specimen size is increased. 

 Tests of notched tensile specimen by Krompholz et al. (Figs. 2-108 to 2-111), covering 
a scale factor of 10, were performed at two temperatures only, R.T. and 400 °C. Apart 
from some increase of the absolute values of the area reduction at the notch with the 
rise of the temperature, the size dependences of the area reduction and the relative 
notch opening appear to increase at the higher temperature, notably for the relative 
notch opening after fracture of the small specimens (Fig. 2-111).  

• The change of the mode of fracture with increasing specimen size, as pointed out by 
Parker (Tab. 2-17) for a mild steel plate, was also remarked by Brown et al. (1947, 
[2.73]) for notched tensile specimens and was quantitatively determined by Wells 
(Tab. 2-19) for mild steel notched slow-bend specimens (width 0.110 to 12.50 in = 
2.79 to 31.75 mm, λ = 11.4): the percentage brittle area of the largest specimen was 
95 %; decreasing the size, a gradual decrease of the percentage brittle area was found, 
but for the four smallest specimens an almost complete suppression of brittle fracture 
was clearly shown. Moreover, the results of Lubahn (1955, [2.15]) for geometrically 
similar V-notched bending specimens (thickness: 0.08 to 3.5 in = 2.03 to 88.9 mm) of 
mild steel showed the same tendencies under a very large scale factor: the largest 
specimens showed cleavage fracture, except for a very narrow band of fibrous fracture 
around the edges; however, the fracture surface of the smallest specimen was entirely 
fibrous, except for a few tiny cleavage areas near mid-depth. 

 
 As seen from the above discussion, in the quasi-static size effect investigations attention 
was placed primarily to the maximum normalized load or stress and to some strain measures 
at fracture, quantities which can be determined without excessive effort. But the size depend-
ence of crack initiation and the related “ductility”, as defined by a strain accumulated up to 
crack initiation, merits equally strong attention, not only for basic scientific reasons but also 
for design oriented safety assessments. For sharply notched or precracked specimens the frac-
ture mechanics theories (LEFM and EPFM) are possible means to describe initiation of crack 
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extension and propagation and this will be discussed briefly later on. For blunt-notched but 
crack-free specimens the review has revealed only a few experimental studies of the size in-
fluence on crack initiation (i.e., Lubahn (1955, [2.15]), Giovanola et al. (1999, [2.52]), and 
Krompholz (2001, [2.72])). All three studies used single-edge-notched bending specimens of 
different size ranges and materials, as well as different detection methods. As discussed above 
in the annotated review, the definition of �crack initiation� in a crack-free body with a strain 
concentrator is not an unambiguous matter (see Lubahn (1955, [2.15])). It depends on the size 
of the defect to be considered as a small initial crack, which can be detected, and on the 
method of detection. 
 The qualitative trends observed in these different tests series are as follows: 

• The results of Lubahn (Tab. 2-21) for mild steel, showing the calculated notch root 
strain of V-notched bending specimens at the �appearance of first surface cracks� at 
the notch (visual inspection), are subject to a considerable scatter. The relatively small 
number of repeat tests do not show a definite size dependence. Also the indicated 
notch root strains are based on an almost linear empirical relation between bending 
angle and notch root strain, obtained for large size specimens, the relation assumed to 
be size invariant. Therefore, the data in Tab. 2-21 are actually measures of the bending 
angle at initiation. 

• However, as noted by Lubahn, the (stable) crack propagation following the initiation 
showed a pronounced size dependence (lot II steel): the smallest 0.08 in-thick speci-
mens tore open 50 % of the ligament length before exhibiting any sudden crack 
propagation, the 0.4 in-thick specimens tore open about 30 %, and the large 2 in-thick 
specimens tore open only 2 % of the ligament length before sudden crack propagation. 
Therefore, the relative crack advancement before the start of complete (unstable) frac-
ture reduces with increasing size of the specimen. 

• The initiation of cracking in geometrically similar U-notched bending specimens 
(width 12.7 to 50.8 mm, relative notch depth 0.5) of a high strength-low hardening 
steel, studied by Giovanola et al. (Tab. 2-42, Figs. 2-77 and 2-78) with visual and 
acoustic methods, displays a very definite size dependence: that is, the normalized 
notch mouth opening displacement and the normalized load-line displacement at ini-
tiation decrease with increasing size, their scatter bands almost not overlapping. Based 
on metallographic observations, Giovanola et al. suggest that cracks nucleate with a 
minimum initial length of 100-200 µm in all specimen sizes, a minimum crack length 
(or depth) which they reliably identified by their methods. There are still some doubts, 
as to whether this characteristic length is truly related to the material behaviour (mate-
rial intrinsic length) or to the sensitivity of the detection methods (the reviewer). 

• The results of Giovanola et al. also demonstrate that the extent of cracking up to a 
same (!) bending angle (without complete fracture) increases with specimen size (Tab. 
2-42, Fig. 2-79 and 2-80). 

• The initiation of cracking in geometrically similar U-notched bending specimens 
(width 10 to 140 mm, relative notch depth 0.3) of a ferritic reactor vessel steel, inves-
tigated by Krompholz et al. (Tab. 2-49, Figs. 2-114 and 2-115) with the potential drop 
technique, also exhibits a clear size dependence, i.e., the associated normalized notch 
openings or bending angles decrease when the size is increased (23 % on an average 
for λ = 14); also their scatter bands are almost not overlapping (Tab. 2-49). For this 
very large size range (geometric scale factor 14) the influence on the relative notch 
openings or bending angles at crack initiation is relatively small. A crucial aspect of 
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the determination of the instant of crack initiation is still the accuracy of potential drop 
method and its application. 

 The few results on the size dependence of crack initiation in nominally crack-free speci-
mens suggest the following further work: 

• A comparison of different methods for the detection of crack initiation using the same 
set of scaled test specimens should be done. 

• Crack initiation studies should be extended to initially uncracked specimens with dif-
ferent strain concentrators and shapes. 

 
 In the following the size invariance as well as size dependence of critical fracture me-
chanics quantities related to different fracture mechanics concepts are briefly examined. To 
mention are critical values of the stress intensity factor K or the strain energy release rate G, 
appropriate for brittle response of essentially elastic materials, and for elastic-plastic material 
behaviour the path-independent contour integral J and also the crack-tip opening displace-
ment δ . Theoretically, these characteristics apply only to sharp pre-existing cracks and they 
intend to characterize the initiation of the crack extension. Ideally, the critical values represent 
size and shape invariant material specific constants. Their size invariance would then inher-
ently imply the size dependence of nominal stresses and strains at initiation of crack exten-
sion, as it has been discussed in the first part of this section. 
 However, there is a growing interest in fractures at unavoidable strain concentrators when 
pre-existing cracks are not present. In this problem area the fracture mechanics concepts 
which require the pre-existence of a dominant sharp crack are not appropriate. But theoretical 
concepts and models of continuum damage mechanics, a precursor to the fracture mechanics 
regime, possibly represent appropriate tools to describe and predict failure and also its size 
dependence, provided an internal length scale is introduced. This issue of failure of specimens 
with design typical blunt strain concentrators and its size dependence is exactly the primary 
topic of the EU-project LISSAC62 (see Section 1, P.3); the present literature survey was per-
formed in support of this project. Within this project the interest in the size invariance or size 
dependence of fracture mechanics quantities, such as critical K or G, J or δ values, is quite 
limited. Therefore, only a rather concise discussion of these fracture mechanics topics is in-
cluded in the present review. 
 
 Critical values of the stress intensity factor K or the strain energy release rate G have 
been determined by Lubahn (1959, [2.20]), Yukawa and McMullin (1961, [2.24]), DeSisto et 
al. (1963, [2.25]), Nelson et al. (1972, [2.27]), Neale (1978, [2.29]), and Shaw and Spink 
(1983, [2.35]) for families of geometrically similar specimens, such as notched circular ten-
sion specimens, single-edge-notched bending (SENB) specimens, and compact tension (CT) 
specimens. The following qualitative trends were observed: 

• In a number of cases the size dependence of the nominal bending strength or notch 
tension strength follows the inverse square-root law of Linear Elastic Fracture Me-
chanics (LEFM) with an almost size independent strain energy release rate Gc, pro-
vided that the specimens are sufficiently large (Figs. 2-32, 2-34, 2-36), e.g., in these 
cases larger than about 1 inch in width or diameter. The relative notch depth was equal 

                                                 

62 The LISSAC project very recently has been completed and was documented in an extended and a short report 
(Krieg and Seidenfuß (2003, [3.4]; 2003, [3.5])). 
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to or larger than 20 % and the V-notches were machined with root radii not scaled but 
equal to 0.003 inch and less (Figs. 2-32 and 2-34) or 0.005 inch (Fig. 2-36). In all 
three cases, for small specimens the size dependence of the nominal fracture stress de-
creases when the specimen size is reduced, and the nominal fracture stress apparently 
approaches a limiting strength value. 

• The individual Gc-data of each tension test for specimens of 0.9 to 2.25 inches diame-
ter (Tab. 2-22) show a moderate scatter. However, a slight decrease of the average Gc-
value (i.e. 91.5, 84.5 and 79 inlb/in2) with increasing size is observed. The overall av-
erage value is GCT = 85 inlb/in2. This is fairly different from the average strain energy 
release rate GCB = 131 inlb/in2 of the notched bending specimens. Since the material 
used for the notch bending and the notch tension tests was the same (material A), a 
general shape independency would require equal strain energy release rates. This is 
not the case. Since GC ∼ KC

2 ∼σ2a and GCB/GCT = 1.54, an uncertainty of about 25 % 
arises for the fracture stress if LEFM is used to correlate notch tension tests with notch 
bending tests. Thus, following Lubahn (1959, [2.24]), the correlation of different types 
of tests by means of LEFM (Griffith-Irwin concept) should be performed with great 
caution. 

• The results of Yukawa and McMullin (Fig. 2-36) for notched bending specimen with 
different notch tip preparations (especially: machined notches with constant 0.005 
inch root radius and fatigue cracked notches) show that the sharper notch tip (fatigue 
crack at the notch root) reduces the nominal notch strength and the strain energy re-
lease rate GC considerably from 300 (machined notch) down to 120 inlb/in2 (pre-
cracked by fatigue). 

• The critical stress intensity factor for mode I cracks (fracture toughness KIC), deter-
mined by DeSisto et al. (Fig. 2-40) for geometrically similar notched tension speci-
mens (constant notch root radius 0.001 inch), show that almost size independent 
toughness values for a titanium and an aluminium alloy are obtained for specimens 
larger that 1.6 inches in diameter; an exception is the largest aluminium specimen. The 
KIC-data for the 4340 steel show a strong size dependence in the whole regime of in-
vestigated sizes (unnotched diameter 0.16 to 5.05 inches, λ = 32). The bi-logarithmic 
Wundt-type representation of the notch strength vs. gross diameter (Fig. 2-41) demon-
strate that all notch strength data of the 4340 steel are above yield and even ultimate 
tensile strength (U.T.S); this implies extensive plastic deformation such that LEFM is 
clearly not applicable. This notch-strengthening effect is seen for the smaller-titanium 
and aluminium specimen, but the larger specimens with notch strengths below or 
somewhat above the yield strength (Fig. 2-39) follow the linear decay graph, i.e., the 
inverse square root law with constant fracture toughness of LEFM. 

• Fracture toughness tests with fatigue pre-cracked specimens of different aluminium al-
loys were performed by Nelson et al. (Tab. 2-27, Fig. 2-44) to investigate whether the 
stringent dimension requirements on crack length a and thickness B (i.e. a, B ≥ 2,5 
(KIC/σys)2, see Brown and Scrawley (1969, [3.1])) for valid KIC-toughness testing 
could be relaxed. The set of notch-bend specimens without side grooving contained 
two families of geometrically similar specimens with different width-to-thickness ra-
tios (Tab. 2-27). With KQ being the candidate fracture toughness value, there is no uni-
form material independent trend (Tab. 2-27) with respect to the size dependence of the 
KQ-value of small geometrically similar SENB-specimens, their dimensions a and B 
violating the ASTM dimension limit. However, for the larger specimens almost uni-
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form toughness values are obtained for all alloys. These trends are also seen in Fig. 2-
44, representing KQ vs. specimen thickness B, based on the results of geometrically 
similar but also non-proportional SENB-specimens. 

• Among others, provisional fracture toughness values KQ for a family of geometri-
cally similar pre-cracked compact tension (CT) specimens of 1Cr-MoV-steel were de-
termined by Neale (Tab. 2-28, 2-29) with a thickness range from 12.7 to 50.5 mm. 
Only the largest specimen (A2) satisfied all aspects of the ASTM standard. Reducing 
the size, first a slight increase of the conditional KQ-value is seen followed by a further 
decrease. This non-uniform trend has also been seen for the thickness variations of 
small aluminium alloy specimens (Fig. 2-44). 

• As described above, in a number of cases almost size invariant critical mode I stress 
intensity factors and strain energy release rates have been obtained if the specimens 
were sufficiently large such that crack tip plasticity is small, especially if the ASTM 
minimum dimension requirements are satisfied. Even then some results showed that 
LEFM should be applied with caution (e.g., Lubahn (1959, [2.20])). 

 
 A very embracing investigation of the “strength size effect” according to LEFM was per-
formed by Sinclair and Chambers (1987, [2.45]); they used published results of geometrically 
similar specimens. For a mode I fracture toughness KIC, assumed to be a true (i.e., size invari-
ant) material constant, one obtains theoretically for the ratio of the nominal fracture stresses 
 
  λ

σ
σ

*
2

*
1 =  

 
where the subscript 1 refers to the small and 2 to the large specimen and λ>1 is the geometric 
scale factor. Sinclair and Chambers introduced classifications according to plane stress and 
plane strain conditions and they defined brittle, brittle-ductile, and ductile regimes, and even 
further subclassifications. Among others and with the view to include all pertinent data, the 
authors admitted notches whose acuity was such that the radius r at the root of the notch was 
an order of magnitude less than the total notch depth or crack length a (i.e., r/a ≤ 0.1). They 
compared the experimental results within these classes with the above predictions, especially 
for materials and configurations exhibiting brittle response which is the situation in best ac-
cordance with the assumption of LEFM theory.  

• The result of the comparison is seen in Figs. 2-60 and 2-61 and Tabs. 2-34 to 2-36. 
From Figs. 2-60 and 2-61 it is seen that generally the LEFM prediction represents an 
upper bound for most but not all of the data. Therefore, if tests with scaled down mod-
els are done which yield an experimental determined fracture stress σ1*, the prediction 
of the reduced strength σ2

*=σ1
* λ-1/2 is frequently conservative since the predicted 

strength of the large structure is too small; but clearly in many cases a significant 
over-conservatism is involved.  

• Since a lot of data come from tests with small scale factors (λ ≤ 2) �where there is 
really very little to predict�, Sinclair and Chambers introduced the �strength size ef-
fect� quantity  

 1−= λSSE  
and they regarded a prediction as good if the experimental data are within ± 5% of the 
prediction SSE and as useful if within ± 10%. Restricting the investigation to different 
types of brittle response, results are obtained, as shown in Tab. 2-36. It is seen that of 
the 231 tests, which are in accordance with the conditions for valid KIC-testing (ASTM 
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standard E399 (1982, [3.27])), only 11% of the predictions are considered as useful 
and only 6.2% as good. As stated by the authors, there is concern about the very basis 
of Linear Elastic Fracture Mechanics �because there exist several hundred test results 
for appropriately brittle behaviour not agreeing with the LEFM prediction of strength 
size effects. Every one of these represents data establishing a variation in fracture 
toughness with size. It follows that fracture toughness is demonstrably not a material 
property.� 

• Nevertheless, in a number of investigations, admittedly with dimension or size varia-
tions of usually not more than a factor of four, a reasonable constant KIC has been 
found. A more quantitative estimate was given by Brown and Srawley (1969, [3.1]), 
when preparing a basis for formulating recommended practices for KIC-testing. Data 
obtained by the NASA-Lewis Research Centre for three heats of maraging steel with 
different yield strengths using different specimen types and dimensions63 (Ref. [3.1]) 
revealed the mean X  and standard deviation S of the KIC-tests as shown in Tab. 3-1. 
Ratios S/ X  between 0.0478 and 0.0555 were obtained for the three strength levels. If 
the measured KIC-values follow a normal distribution, then about 68% of the KIC-data 
are between X +S and X -S (e.g., Kreyszig (1975, [3.5])), and 95.5% between X +2S 
and X -2S, i.e., a ± 5% or ± 10% variation of the fracture toughness, provided S/ X  is 
about 0.05. In this case a quite better picture of the usefulness of LEFM is obtained.  

 
 For moderately large elastic-plastic deformations at the crack tip critical values of the J-
integral and the crack-tip-opening displacement have been determined or collected for geo-
metrically similar specimens by Pisarski (1989, [2.30]), Shaw and Spink (1983, [2.35]), Gib-
son et al. (1987, [2.40]), Gordon and Jones (1989, [2.46]), Landes (1992, [2.49]), and Marini 
et al. (1998, [2.64]): 

• For geometrically similar, fatigue pre-cracked, notched three-point bend (SENB) 
specimens critical values of the crack opening displacement δ and the J-integral at 
fracture were determined by Pisarski (Figs. 2-45 to 2-47) for a carbon manganese steel 
in the temperature range of -150 °C to -10 °C. The specimen thicknesses were 10, 50, 
and 100 mm with a relative crack length (including fatigue crack extension) of around 
50 %. The crack opening displacement δc and Jc at unstable fracture were determined 
using critical notch mouth opening values and are represented vs. temperature in Figs. 
2-45 and 2-46. Also fracture toughness values KIJ were determined by converting the 
Jc-values according to Equ. 2.28 and these are shown in Fig. 2-47. Without going into 
details, it is seen that the characteristic values increase progressively with increasing 
temperature. In spite of the scatter and the scanty amount of data of the larger speci-
mens at the same temperature, the 50 and 100 mm thick specimens give comparable 
critical values. This gives reason to expect a confirmed size independence in this size 
range if more data were available. However, the mean values of the small 10 mm thick 
specimens generally yield considerably larger critical δc-, Jc-, and KIJ-values, but the 
scatter is substantial. To a large amount, the scatter is caused by a fracture mode 
change (with and without microvoid coalescence) of the small specimens. The in-
crease of the critical values of the small specimens implies a shift of the transition 
temperature curve to higher temperatures if the size is increased; the shift may be as 

                                                 

63 Geometrically similar specimen were not explicitly identified. 
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much as 50 °C. From Fig. 2-47 it is also seen that KIJ-values obtained for 10 mm thick 
specimens overestimates valid KIJ-values of 100 mm thick specimen. These size de-
pendent results support the recommendation that �data should be obtained from test 
pieces representing the thickness of the structure of interest�. Of course, then real dif-
ficulties arise in practice. 

• The behaviour of geometrically similar compact tension (CT) and single-edged-
notched bend (SENB) specimens under-three-point-bending of a NiCrMoV-steel was 
investigated by Shaw and Spink (1983, [2.35]) over a temperature range from -100 °C 
to +100 °C. Three sizes were considered ranging from 50 mm thickness to 12.5 mm 
with a relative depth of the pre-fatigued notches in the range of 44 % to 52 %. Among 
others, the equivalent critical stress intensity values KIC

J were determined by convert-
ing critical J-values (Tab. 2-30). There is a considerable scatter between duplicate test 
results. For the CT-specimens the KIC

J-values generally increase with temperature for 
all three sizes, but this is not so evident for the SENB-specimens, partly because the 
investigated temperature range is smaller and different. The size independence of the 
KIC

J-values can be checked only for a few temperatures, i.e. -20 °C, 0 °C, and +20 °C 
for the CT-specimens, and -40 °C and -20 °C for the SENB specimens. The compari-
son shows that there are variations of the mean values up to 50 % such that a convinc-
ing size independence of average KIC

J-values of these two specimen types at these 
temperatures is not present. This rating is at variance with statements of Shaw and 
Spink. 

• The effect of specimen size and geometry on the ductile crack growth resistance (J-
resistance curves) of a C-Mn steel was investigated by Gibson et al. (1987, [2.40]). All 
various specimen types had fixed dimensions, except the CT-specimens which in-
cluded also two families of geometrically similar specimens with thicknesses between 
13 mm and 50 mm and fatigue pre-cracked V-notches of a relative total depth between 
50 % and 60 %: one family was without, the other with 25 % side grooving. The criti-
cal J-integral values J1c were determined according to the ASTM J1c testing standard 
E818 on the basis of a J-resistance curve which included a correction for crack 
growth. In addition, the initial slope dJ/da of the J-resistance curve was determined. 
Moreover, the J-value at the onset of crack initiation was also determined from the 
stretch zone width SZW at initiation of crack extension using an empirical relation be-
tween J and SZW. The corresponding value was denoted by Ji. The results, mean val-
ues and standard deviations, are contained in Figs. 2-57 and 2-58. Obviously, the Ji-
values yield the least scatter and the least variation with size. The critical value J1c is 
subject to considerable scatter and has a much less uniform size dependence. More-
over, they are considerably larger than the Ji-values for both non-side grooved and 
side grooved CT-specimens. Fig. 2-57 demonstrates that all the quantities decrease 
with increasing size, especially the initial slope dJ/da, if no side grooving is applied. 
For side grooved CT-specimens, the Ji-value is almost perfectly size invariant; this 
suggests that the corresponding Ji-value is that for plane strain conditions. Fig. 2-59 
demonstrates that the same Ji-values are obtained for different specimen types but with 
the same thickness of 25 mm. The crack-tip-opening displacement values δ show 
much more scatter, but the mean values exhibit only a slight variability for different 
specimen geometries with the same thickness. From these data it appears that the Ji-
values obtained from plastic stretch zone measurements is a rather size and geometry 
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invariant quantity with small scatter for both small and large specimens. Whether 
these characteristics of Ji can be generalized, remains to be tested. 

• From J-resistance curves the critical Jo.2-values and initial slopes dJ/da were also de-
termined by Marini et al. (1998, [2.64]) at +100 °C for a family of geometrically simi-
lar side grooved CT-specimens with sizes ½ T, 1 T, and 2 T (1 T specimen: thickness 
B = 1 in, width W = 2 in, relative crack length 0.5 ≤ a/W ≤ 0.7). The material was a C-
Mn steel used for piping and specimens were taken from two directions of a pipe 
component. The average Jo.2-data of three nominally identical specimens for the longi-
tudinal direction show almost no size dependence, whereas the slope dJ/da decreases 
significantly (by 44 % when the size is increased from ½ T to 4 T; Tab. 2-48). The 
short-transverse direction cover only a small size range. The mean data are much 
smaller and trends are clearly different. This demonstrates the importance of orienta-
tion influence (anisotropy) on fracture mechanics data. A comparison of the longitudi-
nal data with the data of Gibson et al. for side grooved CT-specimens with the same 
gross dimensions (Fig. 2-58) shows fairly different size effect trends, especially for the 
dJ/da-values. 

• The experimental results of a programme of geometry and size effects on J- and 
CTOD-resistance curves of Gordon and Jones (Figs. 2-62 to 2-68) add a new aspect 
because extended resistance curves of geometrically similar SENB-specimens with 
large crack growths can be compared. The specimens were side grooved by 20 % and 
pre-cracked by fatigue with an initial relative crack depth of about 60 %, width-to-
thickness ratio of two, and thicknesses ranging from 10 to 40 mm. The material was a 
titanium alloy. Several J-resistance indicators were determined, i.e. the standard frac-
ture resistance Jo not corrected for crack extension, the fracture resistance JR corrected 
for crack growth using an incremental approximation, and a modified fracture resis-
tance JM to extend the range of crack extension over which the J-integral can be ap-
plied. The results are plotted in Figs. 2-63 to 2-65. The curves represent averages of 
three nominally identical tests. Each of the average Jo-, JR-, and JM-resistance curves 
for the various geometrically similar SENB-specimens agree very well for small crack 
extensions (up to ∼ 3 mm for the Jo-curve, ∼ 1 mm for the JR-curve, ∼ 1.5 mm for the 
JM-curve). In the terminology of fracture mechanics, this congruence represents �size 
independence� up to a limited amount of crack growth which depends on the defini-
tion of the J-resistance (Jo, JR or JM). Moreover, the initial part (crack growth < 1 mm) 
appears to be not sensible to the definition of the J-resistance. 
Although the initial parts of the J-resistance curves are size independent, the process of 
crack extension is by no means size independent because under the same applied J-
value the crack extensions are the same, but the percentage crack extensions relative to 
the initial length of the ligament are different, i.e., a 3 mm crack growth in the small 
specimen corresponds to about 38 % of the initial ligament length (8 mm) but only 
about 9 % for the largest specimen. 
Comparing the Jo-resistance curves for larger crack extensions, a considerable spread 
is seen, with the smallest spread corresponding to the standard Jo-resistance curve. 
This spread is comparable with the scatter of the nominally identical repeat tests (Fig. 
2-62). Thus, for the standard Jo-resistance a reasonable approximate size independence 
is also exhibited for crack extension larger than 3 mm. 

• Gordon and Jones (Figs. 2-66 to 2-68) determined also CTOD-resistance curves. The 
standard crack-tip opening displacement (CTOD) δo and the CTOD corrected for 
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crack growth δR were calculated using the measured crack mouth opening displace-
ments. Fig. 2-67 depicts the mean of three δo-resistance curves for each size. The two 
largest specimen sizes are in close agreement over the entire crack growth range, 
whereas the three smaller sizes show a considerable upswing which increases when 
the specimen size is decreased. However, if crack extensions are small, all five δo-
resistance curves converge to a single curve so that size independence is obtained up 
to about 1.9 mm crack extension. The mean δR-resistance curves, presented in Fig. 2-
68, exhibit similar trends. It is noted that the range of crack extensions where congru-
ence of δo- or δR-resistance curves is obtained is somewhat smaller than that for the J-
resistance curves. 

• Whereas for most of the presented results the number of nominally identical repeat 
tests was fairly small (usually one to three tests), Landes (1992, [2.49]) presented J1c-
data for cleavage fracture of geometrically similar CT-specimens of two reactor vessel 
steels which allow a much better assessment of the scatter (Figs. 2-69 to 2-73). The 
data of the two reactor vessel steels 20MnMoNi55 and A533B were collected from 
different sources. The specimens were without side grooving and the ligament length 
was approximately equal to the thickness. A geometric scale factor between 2.5 and 8 
was used. The test had been done far below 0 °C, i.e., between �150 °C and � 30 °C. 
According to previous results (e.g. Shaw and Spink, Figs. 2-48 and 2-49), at these low 
temperatures considerably more scatter is to be expected than at elevated tempera-
tures, especially above the transition temperature.  

 As Figs. 2-69 to 2-73 show, several characteristics, depending on material and  
 temperature, appear: 

o Small specimens have frequently more scatter than large specimens (Figs. 2.69, 2-
70, 2-72, 2-73). However, the number of tests for the very large specimens are 
usually smaller such that a comparable picture of their scatter is impaired. 

o The mean toughness of a group of nominally identical specimens of a given size 
and geometry and tested at a single temperature will sometimes exhibit a size ef-
fect (i.e., decreases with increasing size; Figs. 2-69, 2-71, 2-72) and other times 
will not (Figs. 2-70, 2-73). The cases showing a size effect included specimens 
with thicknesses less than or equal to 20 mm, whereas in the other cases the mini-
mum thickness was larger, i.e., 25 mm. 

o As stated by Landes, small specimens more consistently give the lowest toughness 
values at a given temperature than large specimens. This result, however, is not 
obvious in Figs. 2-69 to 2-73. It was obtained by Landes in a special study. 
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 In closing this review on size effects in notched specimens under quasi-static conditions, 
which covered result between the years 1932 and 2001, it is recalled that some problems of 
size effect have a long history, e.g., Galileo (1638, [3.63]) pointed out: �For we can demon-
strate by geometry that the large machine is not proportionally stronger than the small�, but 
systematic testing under impact conditions set in before and during the World War I (e.g., 
Stribeck (1912, [3.7]), Stanton and Batson (1920, [3.8])). 
 Summarizing, the review has exemplified the size dependence of a number of characteris-
tic quantities, as obtained in the quasi-static mechanical testing of families of geometrically 
similar, notched specimens made of nominally the same metal material. 
 Investigated were primarily the normalized load-displacement curves and characteristic 
data derived from them, such as: (i) volume specific absorbed energies up to fracture, maxi-
mum load or crack initiation, (ii) maximum normalized load or stress and their associated 
normalized displacements or strains, (iii) crack initiation and associated �ductilities� (strain 
measures) as well as (iv) strain type measures at the notch (area reduction, diametrical strain, 
or relative notch month opening) at or after fracture. In fairly cursory and rough terms, the 
tendency is that the larger the specimens are the more these characteristic quantities decrease: 
i.e., strength and deformability and thus energy absorption capability reduce, crack initiation 
sets in earlier (at smaller strains) and cracking is more extended. Thus, the traditional charac-
terization of materials as being ductile or brittle using laboratory tests may be misleading be-
cause a size dependent mechanism may induce a transitional behaviour, i.e., ductile response 
with extensive plastic deformation for small specimens and brittle response with elastic and 
almost no or very localized plastic deformation for large specimens. If no size dependence 
were present, then, in contrast to the above, all stress, strain, and volume specific energies, 
etc. would be the same as in classical elasticity and plasticity theories. 
 Some of the results, e.g., the decrease of the nominal fracture strength of relatively large 
specimens with increasing size can be described by concepts of Linear Elastic Fracture Me-
chanics and others by Elastic Plastic Fracture Mechanics, concepts which are based on the 
assumption of size invariant, material specific critical fracture mechanics quantities, such as 
the critical stress intensity factor K (fracture toughness) or energy release rate G, or the path-
independent contour integral J as well as the crack-tip opening displacement. It appears that 
the size invariance of these quantities is a reasonable assumption under limited conditions, but 
considerable caution is advised; one study even suggests� that fracture toughness is demon-
strably not a material property�, i.e., is size dependent. This, of course, is a different notion of 
�size effect� as that related to the nominal stresses, strains, and volume specific energies men-
tioned above. 
 Theories to model the size dependence, such as fracture mechanics, requiring a preexisting 
dominant crack, and more advanced damage mechanics theories, involving an inherent length 
scale and describing the precursor processes, as well as higher order continuum mechanics 
models are the subjects of quite a number of studies, especially for non-metallic materials (see 
e.g., Mazars and Bazant (1989, [3.9]); Mühlhaus (1995, [3.10]); Carpinteri (1996, [3.11]); 
Bazant and Chen (1997, [3.12]); Bazant and Planas (1998, [3.13]); Bazant and Rajapakse 
(1999, [3.14])). Moreover, a number of theoretical investigations modelling size effects were 
also done within the EU-project LISSAC (see Krieg and Seidenfuß (2003, [3.3], 2003, [3.4])). 
A review of these concepts is a challenging task, but this was definitely outside the scope of 
the present study. 
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 Also the comparison of the experimental results, as described in this report, with the recent 
experimental findings of the LISSAC-project, unfortunately, is outside the frame of this EU-
project with its limited support. Yet, such a comparison is worth to be done and would show, 
how the experimental LISSAC results fit into the general picture of size effects in notched 
specimens obtained earlier. Nevertheless, this is a task for the future.  
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Appendix 1 

Qualitative Estimations for the Correction of the Load-Deflection Curve of a Notched 
Three-Point-Bend Specimen with Overlength of the Span. 
 
 Lubahn (1953, [2.15]) performed slow bend tests under three-point loading of V-notched 
bar specimens. Among others, two specimen sizes were considered with unnotched cross 
sections 0.08 x 0.08 in = 2.03 x 2.03 mm and 2 x 2 in = 25.4 x 25.4 mm and geometrically 
similar V-notches (geometric scale factor λ = 25). For the small specimens the loading span 
was 3/8 in = 9.53 mm and for the large specimen an overlength span of 11 in = 279.4 mm 
(scale factor λspan = 29.33 was used; the length of a properly scaled span would be 3/8 λ = 
9.375 in = 238.13 mm. For the small specimen the load-deflection curve is shown in Fig. 2-
24. The load-deflection curve of the large specimen (with overlength span!) was scaled down 
to be comparable with the small specimen by multiplying the loads with (0.08/2)2 and the 
deflections with (0.08/2). The result is also shown in Fig. 2-24, but because of the overlength 
span, this result is distorted.  
 In the following, a simple model will be used to indicate the qualitative change of the load-
deflection curve of the large specimen when the span is reduced to the properly scaled length. 
 It is assumed that under three-point loading all the plastic deformation is concentrated in 
the notched region with rigid behaviour of the rest of the bar. Thus, the specimen will be 
represented by two rigid bar sections of length L simply supported at the ends, but connected 
in the centre by a plastic hinge transmitting moments. If P is the load at the centre, then the 
moment at the hinge is 
   M = P L/2.      (A1-1) 
 With ϕ = 2 α being the rotation angle between the two rigid segments (Fig. A1-1), it is 
assumed that the bending moment M is a power function of the angle ϕ , i.e., 
  M = C ϕ n    , n < 1      (A1-2) 
where the constant C depends on the cross section at the notch and the material. The exponent 
n is depending on the material, i.e., the hardening exponent m < 1 of the uniaxial stress-strain 
relation σ∼εm, but also on the cross section at the notch, e.g., the depth of the notch. However, 
these relations are not known, and their determination would require a more detailed model. 
In any case, the two parameters C and n approximately do not depend on the length of the 
specimen. It should be noted that this model appears to be reasonable only up to the instant of 
crack initiation. 
 For small deformations, the centre-deflection w is given by 
  w = L sin α ≈ L α = L ϕ/2  .    (A1-4) 
Thus 
  M = C* (w/L)n, C* = C2n 

and the load-deflection relation is given by 
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For two different spans 
  L1 > L2  , 
one has
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Applying the same load 
  P = P1 = P2

to the two specimens, one gets 
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which yields 
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With  (1+n)/n > 1    and L2/L1 < 1 one gets 
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w
w .        (A1-6) 

 
 This implies a shift of the deflection to smaller values under the same load when the length 
of the span L1 is reduced. This result simply reflects the consequence that reducing the length 
L (L1 > L2) brings down the moment M for the same load which then yields a reduction of the 
rotation ϕ , Equ. (A1-2), and also the displacement w, Equ. (A1-3). 
 The ratio L2/L1 is given by 
 
  L2/L1 = 118

253
⋅
⋅ = 0.8523. 

 
 Since the exponent m < 1 is not known, some parameter calculations (Tab. A1-1) 
demonstrate the tendencies for the ratio w2/w1. It should be noted that the ratio w2/w1 is not 
affected whether the deflections w1 and w2 for the large specimen are scaled down with the 
factor (0.08/2) or not. Therefore, with increasing nonlinearity, i.e., exponent n, the shift of the 
P-w curve to the left for the (2 x 2 in) specimen (Fig. A1-1) will increase considerably. 
 The deflections indicating crack initiation are also marked in Fig. 2-24. However, for the 
(2 x 2 in) specimen this instant should also be shifted to the left. With the crack-tip-opening-
displacement concept in mind (CTOD-concept, see Anderson (1995, [2.28], Equ. (3.9)), it is 
assumed that the crack initiation is controlled1 by the notch opening angle  or equivalently 
w/L. Thus, for the large specimen with overlength L1, the ratio w1C/L1 is a measured quantity 
where w1C is the critical deflection at crack initiation. With Equ. (A1-4) one gets 
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For the properly scaled large specimen with reduced length L2, one obtains 
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and since

 
1 One should not imply that this is generally valid for geometrically similar specimens of different size! 
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at crack initiation, one finds 
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and 
  P1CL1 = P2CL2 

 
which simply means that crack initiation occurs under the same moment. Consequently, 
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i.e., the critical load increases. With L1/L2 = 1.17 3 , the increase is 17 %. 
 
 
Tab. A1-1 
Influence of the lumped hardening exponent n on the deflection ratio w1/w2of two beams with 
a centered plastic hinge , same cross sections and loadings, different lengths: L2/L1=  8523.0
       
Exponent 
       n

 
     0.05 

 
     0.10 

 
     0.20 

 
     0.30 

 
     0.50 

 
    1.00 

Deflection 
    Ratio 
   /  2w 1w

 
 
   0.0348 

 
 
   0.1723 

 
 
   0.3832 

 
 
   0.5002 

 
 
   0.6191 

 
 
   0.7264 

 
 
 
 
 

 
 
 
 Fig. A1-1 
 Ersatz-model for notched bending specimen 
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