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Abstract

Green’s function method and its application to verification of
diffusion models of GASFLOW code

To validate the diffusion model and the aerosol particle model of the GASFLOW
computer code, theoretical solutions of advection diffusion problems are developed
by using the Green’s function method. The work consists of a theory part and an
application part. In the first part, the Green’s functions of one-dimensional advection
diffusion problems are solved in infinite, semi-infinite and finite domains with the
Dirichlet, the Neumann and/or the Robin boundary conditions. Novel and effective
image systems especially for the advection diffusion problems are made to find the
Green’s functions in a semi-infinite domain. Eigenfunction method is utilized to find
the Green’s functions in a bounded domain. In the case, key steps of a coordinate
transform based on a concept of reversed time scale, a Laplace transform and an
exponential transform are proposed to solve the Green’s functions. Then the product
rule of the multi-dimensional Green’s functions is discussed in a Cartesian coordinate
system. Based on the building blocks of one-dimensional Green’s functions, the
multi-dimensional Green’s function solution can be constructed by applying the
product rule. Green’s function tables are summarized to facilitate the application of
the Green’s function. In the second part, the obtained Green’s function solutions
benchmark a series of validations to the diffusion model of gas species in continuous
phase and the diffusion model of discrete aerosol particles in the GASFLOW code.
Perfect agreements are obtained between the GASFLOW simulations and the Green’s
function solutions in case of the gas diffusion. Very good consistencies are found
between the theoretical solutions of the advection diffusion equations and the
numerical particle distributions in advective flows, when the drag force between the
micron-sized particles and the conveying gas flow meets the Stokes’ law about
resistance. This situation is corresponding to a very small Reynolds number based on
the particle diameter, with a negligible inertia effect of the particles. It is concluded
that, both the gas diffusion model and the discrete particle diffusion model of
GASFLOW can reproduce numerically the corresponding physics successfully. The
Green’s function tables containing the building blocks for multi-dimensional
problems is hopefully able to facilitate the application of the Green’s function method
to the future work.



Kurzfassung

Die Green-Funktion und ihre Anwendung zur Uberprifung von
GASFLOW-Diffusionsmodellen

Zur Uberpriifung des vom GASFLOW-Rechenprogramm erstellten Diffusionsmodells
und des Aerosolpartikelmodells werden mit Hilfe der Green-Funktion theoretische
Losungen von Advektions-/Diffusionsproblemen entwickelt. Die vorliegende Arbeit
gliedert sich in einen theoretischen und einen praktischen Teil. Im ersten Teil werden
die Green-Funktionen von eindimensionalen Advektions-/Diffusionsproblemen im
unendlichen, quasi-unendlichen und im endlichen Bereich unter Dirichlet-, Neumann-
und/oder Robin-Rahmenbedingungen geldst. Zur Bestimmung der Green-Funktionen
in einem quasi-unendlichen Bereich werden insbesondere fiir Advektions-
IDiffusionsprobleme  effektive ~ Abbildungssysteme neu entwickelt. Die
Eigenfunktionsmethode wird eingesetzt, um die Green-Funktionen in einem endlichen
Bereich zu ermitteln. Zur Lésung der Green-Funktionen wird eine
Koordinatentransformation auf der Grundlage einer umgekehrten Zeitskala, einer
Laplace-Transformation und einer exponentiellen Transformation vorgeschlagen.
Anschliefend wird die Produktregel der mehrdimensionalen Green-Funktionen in
einem Kartesischen Koordinatensystem diskutiert. Mit Hilfe der Produktregel l&sst
sich die Losung der mehrdimensionalen Green-Funktion aus den Bestandteilen der
eindimensionalen Green-Funktionen ableiten. Die Green-Funktionstabellen werden
zusammengefasst, um die Anwendung der Green-Funktion zu erleichtern. Im zweiten
Teil der Arbeit werden die ermittelten Lésungen der Green-Funktion zur Validierung
des in GASFLOW erstellten Diffusionsmodells fiir Gase in einer kontinuierlichen
Phase und des Diffusionsmodells fir diskrete Aerosolpartikel eingesetzt. Fir die
Gasdiffusion zeigen die GASFLOW-Simulationen eine perfekte Ubereinstimmung
mit den Losungen der Green-Funktion. Sehr gute Ubereinstimmungen finden sich
ebenfalls  zwischen  den  theoretischen  LOsungen  der  Advektions-
IDiffusionsgleichungen und den numerischen Partikelverteilungen in advektiven
Stréomungen, sofern die Zugkraft zwischen den Partikeln im Mikronbereich und der
Gasstromung das Widerstandsgesetz von Stokes erflllt. Dieser Fall entspricht einer
sehr kleinen Reynoldszahl bezogen auf den Partikeldurchmesser, mit einem
vernachlassigbaren Tragheitseffekt auf die Partikel. Es zeigt sich, dass sowohl das
Gasdiffusionsmodell als auch das diskrete Partikeldiffusionsmodell in GASFLOW die
entsprechende Physik hervorragend numerisch modellieren. Somit sollten die Green-
Funktionstabellen mit den Bestandteilen fur mehrdimensionale Probleme die
Anwendung der Green-Funktion in Zukunft erleichtern.
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1. Introduction

Analytical solutions play import roles in validations and verifications for
Computational Fluid Dynamic (CFD) computer codes, besides of experimental data.
Diffusion problems with specified sources and /or boundary values are often
encountered in both engineering and code validations. Green’s function method
(GFM) supplies a powerful tool to solve linear partial differential equations. A lot of
applications of the GFM can be found in literatures. For example, a problem of solute
transport in porous media is solved by using the GFM (Leij and Priesack et al., 2000);
the GFM is applied to model analytically the non-aqueous phase liquid dissolution
(Leij and van Genuchten, 2000); analytical solutions are made by utilizing the GFM
for contamination transport from multi-dimensional sources in finite thickness aquifer
(Park and Zhan, 2001); atmospheric diffusion equations with multiple sources and
height-dependent wind speed and eddy diffusions are solved by using the GFM (Lin
and Hildemann, 1996); a two dimensional analysis of advection diffusion problem is
carried out by using the GFM to understand the effluent dispersion in shallow tidal
waters (Kay, 1990). A systematic application of the GFM to heat conduction is
formed as a monograph by Beck and Cole et al. (1992). A more mathematical
monograph about Green’s functions with applications is the work of Duffy (2001).
This report is engaged in applying the GFM to solve a series of diffusion and
advection diffusion equations (ADE) in various concerned domains like, infinite
(free), semi-infinite and bounded multi- dimensional regions, no matter the involved
background is about heat transfer, mass diffusion, particle dispersion and so on. These
solutions are utilized to make comparisons with numerical simulations, and to
benchmark computer code validations based on solving this sort of ADE problems. A
secondary aim of this work is to supply a kind of handbook on Green’s functions to
facilitate readers to apply the GFM to their own problems.

In order to make it easier to understand, some necessary mathematical fundamentals
are presented at the beginning, including the basic knowledge about Dirac Delta
function, Heaviside function, Fourier transform and Laplace transform. Then the basic
idea of the GFM is illustrated in a general sense. In the next part concentrations are
focused on the detailed procedures to solve ADE problem with different boundary
conditions. The results are applied, as examples, to validate the diffusion solver and
dust motion (or particle model) of the GASFLOW computer code, which is widely
used in nuclear industries and developed in Research Center Karlsruhe.

Some figures exported from Mathcad or self-made C programs could appear in the
report to illustrate the results more explicitly.



2. Mathematical fundamentals

2.1 Dirac Delta function

Dirac function (or called, delta function) is used very often through the report.
Therefore, the basic concepts like the definition and the properties of the function are
presented here, although it is not the aim to repeat the content of math text book.

Delta function is defined as (James, 2002),
8(x)=0 unless x=0,

8(0) =0,

j §(x)dx =1. (2-1-1)
The following useful properties (Duffy, 2001; James, 2002) should be kept in mind,
d(x—a)=0 unless x=a, (2-1-2)
and the so-called shift theorem,

[f()8(x-a)dx =T (a), (2-1-3)
and others,

d(ax) = éS(x) , specially 8(—x) = 8(x), (2-1-4)
f(x)d(x —a) =f(a)d(x—a), (2-1-5)
d(X) =—=xd"(x), (2-1-6)
x"8™M(x)=0if0<m<n, (2-1-7)
8(x,y,z) = 8(x)d(y)d(z) , (2-1-8)

e 8

2.2 Heaviside function
Heaviside function with another name of step function is defined as (Duffy, 2001),

Tf(x,y,z)&(x—a,y—b,z—c)=f(a,b,c). (2-1-9)

00

8

1,x>a,
H(x—-a)=<0.5x=a, (2-2-1)
0,x<a.

(The function value at x =a could be defined as other values as 1 or 0 in some
literatures.)

Delta function is the derivative of step function,



§(x) = iH(x). (2-2-2)
dx
2.3 Fourier transform

The Fourier transform is the natural extension of Fourier series to a function f(x) of
infinite period. It is defined in terms of a pair of integrals (James, 2002),

() = {F©] = [F©exp(iede, (2-8-1)
and
F(&) = F[f(X)]= If(X)exp(—i§X)dX- (2-3-2)

Equality (2-3-2) is the Fourier transform of f(x), while (2-3-1) is the inverse Fourier
transform.

Some properties and useful Fourier transforms of functions (James, 2002) are listed
here, which are also used in the following sections.

FIf* (x)]=1EF(E) , (2-4-1)
F[o(x —a)] = exp(-iag) . (2-4-2)

2.4 Laplace transform
If a function f(x) equalsto O for x < 0, then the integral,

L[f(x)]=F(s) = Tf(x) exp(—sx)dx, (2-4-1)

is defined as the Laplace transform of f(x) (Duffy, 2001). Some Laplace transforms,

cited from the “Handbook of mathematics” by Bronshtein et al. (2003), are used in the
report,

L[H(x—a)]=@,s>0, (2-4-2

£[d(x—a)] = exp(-as), (2-4-3)

rlexp(ax)] = i,s >a, (2-4-4)
s—a

£[f*(x)]=sF(s)-f(0), (2-4-5)

L[f(x—a)H(x—a)] = exp(-as)F(s) . (2-4-6)

2.5 Error function
Error function is defined as,

2

T

erf(x) = Texp(—tz)dt , (2-5-1)

0



and complementary error function as,

erfc(x) =1-erf(x) = %T exp(—t*)dt.
T X

Some of the properties are listed here,
erf(w) =1,
erf(—x) = —erf(x),

erfc(—x) = 2—erfc(x).

(2-5-2)

(2-5-3)
(2-5-4)
(2-5-5)



3. Green’s function method

3.1 General partial differential equation

The Green’s function was first proposed by George Green in 1830s and was named
after him. The general ideal of the GFM is described in details in a monograph by M.
D. Greenberg (1971). The convention of notations about the GFM in the monograph
is followed by this report. However the formulation of the GFM is not simply
repeated in the report, but oriented to the aim of this work. The theory about Green’s
function can be referred to the works of Stakgold (1998), Tychonov and Samarski
(1967), Roach (1982) and so on.

In general, a linear partial differential equation (PDE) of second order, with two
independent variables x and y (sometimes, t) can be formulated as,

Lu=Au,, +2Bu,, +Cu, +Du, +Eu, +Fu=4¢, (3-1-1)

where L is the original differential operator, A,...F,¢ are given functions of x and
y . Equation (3-1-1) holds over a prescribed region ® with general linear boundary
conditions,

B(u) =au+pu, =T, (3-1-2)
on the boundary curve B of the domain ® where u, denotes the outward normal

derivative g—z and «,B,f may be functions defined on @, as shown in Figure 3-1-1.

A

y

Lu=¢

—

Figure 3-1-1 General boundary value problem

The GFM is applicable only when differential operator satisfies superposition
principle. In fact, most operators encountered in engineering can meet the basic
requirement, e.g., the diffusion equation, wave equation, Laplace equation, actually
all the linear second order partial differential equations and so on. The general second
order equation (3-1-1) is taken as an example to explain how the GFM works. First,
multiply Lu by an arbitrary function v, and make integration by parts,

vLudo =| (Mi+ Nj)-nds+||uL vdo, (3-1-3)
[ocn-fo o o
where

do is the differential area on ®,



ds is the differential arc on 8, dy =n-ids, dx=n- jds,
L'V = (AV) 5+ 2(BV),, +(CV),, = (DV), = (EV), +Fv, (3-1-4)

L™ is the adjoint operator associated to L,
M = Avu, —Uu(Av), +2vBu, +Duv,

N =-2u(Bv), + Cvu, —u(Cv), +Euv. (3-1-5)
If v=v(§,m) is selected so smart that,

L'v=38(E-x,n-Y), (3-1-6)
then the second integration term of the right hand side of (3-1-3),

jj uL"vdedn = j j U (& — x,m - y)dédn = u(x,y), (3-1-7)

is the solution of (3-1-1). The last step proceeds by using the property of delta
function (2-1-9). This function v(&,n;X,y) is called Green’s function, denoted as

G(&,m;X,y), which is determined by,
L'G=38(&-xn-Y). (3-1-8)

Substitute (3-1-7) into (3-1-3) with considering that Lu = ¢, the expression of the
solution is obtained as,

u(x,y) = ijLudc-j(Mi +Nj)-nds = jje¢dc-j(|v|i +Nj)-nds.  (3-1-9)

If the equation (3-1-8) about the Green’s function G is solved successfully with
certain boundary conditions, then the solution of the problem (3-1-1) is explicitly
expressed by (3-1-9). This is the basic idea of the GFM.

3.2 One-dimensional advection diffusion equation

Based on the general idea of the GFM described in last subsection, this subsection is
devoted to apply the method to solve the advection diffusion equation in a general
sense. The differential operator of one dimensional advection diffusion problem is
denoted as,
2

L=£+Vi—Da—, (3-2-1)

ot OX 0°X
where V stands for the advection velocity, D for diffusion coefficient, both are
assumed as constants for simplicity. The problem is formulated as,

Lu=u,+Vu,—Du, = ¢(x,t), (3-2-2)

with certain boundary conditions. In order to show explicitly the procedure to
integrate by parts, the domain is prescribed as a rectangular region, as shown in
Figure 3-2-1, namely, x, < x<Xx,, t, <t<t,.



t A
n=j
. 1
N=-ij R L > n=i
t -
1 n:ji
X, X, X

Figure 3-2-1 Rectangular region for advection diffusion problem

Integrate by parts for _U vLudo,
R

vLudo = | | (vu, + Vvu, —Dvu,, )dtdx. (3-2-3)
I i

X

The three terms in the brackets are calculated one by one,

IR j (vul; = [fuvido,

Xty

o J.uv dt)dx = I(vu

_”(Vvu )ydtdx —VI (vu| 2 _"uv dx)dt = _"(Vvu

X 4 4

%)t — jj Vuv,do,

- TT(Dvuxx)dtdx =— Dj[(vu )

Xy

o+ _[uv LdxJdt

t,
= —J.[D(vuX —v,u)l dt —I Duv,do .
ty R

The summation of the three equalities is

2—D(vu, —v,u)

_UvLudc J'(vu X2]dt+_|._"( uv, — Vuv, —Duv,, )do

X1

= I(vu

Xy

2)dx + I[Vvu

—D(vu, —v,u)

t)dx + j [V 2 Jdt+ [ul"vdo . (3-2-4)
R

Here L'v=-v,-Vv, -Dv,,, and L  is the adjoint differential operator associated

to the L in (3-2-1), denoted as,

2
L =—%—V§—D§T. (3-2-5)
X X

If we choose the function of v as the Green’s function G(&, 1; X, t) to satisfy,

L'G =8(&—x,1-1), (3-2-6)



with certain boundary conditions for G . Then substitute v as G in (3-2-4),

HGLudc = T(Gu

R X1

ilz _D(Gux _Gxu)

t,
2 )dx + [[VGu 2 Jdt+ [[ul'Gdo .(3-2-7)

Yy R,
Applying the property of delta function and the equality of Lu = ¢, then changing the
integration dummy variables from (x,t) to (§,t), we have the general expression of
solution of the problem (3-2-2),
2

u(x,t) = jjeq)dgdr- _f(Gu

&

#-D(Gu, - G,u)

" )dg - j [VGu “lr. (3-2-8)
According to the GFM, solving the original problem (3-2-2) is transferred to solving
the problem of (3-2-6) to seek the Green’s function! The essential point of the GFM is
that the boundary value problem governing G is in general somewhat simpler than
the original one governing u. It is worth to mention that the running variables in
Green’s functions are &,t instead of x,t. However the latter are active in the
function of u.



4. Green’s function of advection diffusion equation

In this section, the GFM is applied to solve step by step the advection diffusion
problems, with different boundary conditions.

4.1 Dirichlet boundary

Now we have to come to a specific problem to show the detailed techniques to apply
the GFM, including the determination of the *adjoint” boundary conditions for
Green’s function.

Let’s define a one-dimensional advection diffusion problem in a semi-infinite axis
with an initial condition at t =0 and a boundary condition at x =0 and a source term
of ¢(x,t). The problem is generally formulated as,

Lu=u,+Vu,—Du, =¢(X,t),0<x<w, 0<t<oo, (4-1-1a)
u(x,0) =f(x), (4-1-1b)
u(0,t) = h(t). (4-1-1c)

In the case, the function value is prescribed on the boundary. This type of condition is
called a Dirichlet boundary or first type of boundary. According to (3-2-8), the
solution of (4-1-1) can be expressed as,

T=0 (GU)

u(x 0 = | [ Gdeds—f[(Gu) o0 -

t
- [[(VGu - DGu, + DG,u)|,_,~(VGu - DGU, + DG,u) ., ldt. (4-1-2)
0

In order to identify G

infinite of Green’s function have to be understood based on the physics that the
differential equation describes. Let’s take the advection diffusion equation as an
example. The Green’s function is determined by (3-2-6), and the adjoint operator L~
can be denoted in another way besides (3-2-5),

2
L 0 0

0
:m+(—V)&— DE (4-1-3)

=00 !

G‘F’:w and Gg‘gm, the natural boundary conditions at

Comparing (4-1-3) to (3-2-1), it can be concluded that L™ is still an advection
diffusion differential operator, with “reversed” time coordinate and “reversed”
advection direction. The solution of the Equation (3-2-6), namely, the Green’s
function G(§,1;x,t) stands for, say, the subsequent heat distribution incurred by an
instantaneous unit heat pulse at the location of x and at the moment of t. Hereafter it

can be concluded that G G‘gm and Gg‘gm must be zero, because the unit heat

T=00 !

pulse exerted at a finite location can not influence the distribution at an infinite far
place or at infinite long time future. The nature features of G, G G‘,é:w =0 and
Gg|e—, =0, are called homogenous boundary condition of Green’s functions at

infinite. By applying the homogeneous boundary conditions at infinite, (4-1-2) can be
simplified as,

T=00 !



u(xt) = [ [ G(&1)p(& 1)dedr + [ G(&,0)u(8,0)dE +

+ j[VG (0,7)u(0,7) - DG(0, t)u, (0,7) + DG, (0, 7)u(0,7)ldr . (4-1-4)

Keep in mind that u(&,0)=f(&) and u(0,t) =h(t) according to (4-1-1b) and (4-1-
1b), so, in (4-1-4), only the term “DG(0, t)u, (0,7) ” is unwelcome. In order to make it
vanish, one can have G(0,t)=0 as a boundary condition for determining G. Then
(4-1-4) can be simplified further, based on the assumed conditions of G,

u(x,t) = j IG(§,1)¢(§,t)d§dt+ jG(g,O)f(g)ongr j [DG, (0,7)h(t)ldr.  (4-1-5)

And the adjoint problem about G is formulated as,
L'G=-G,-VG,-DG, =8(§-x,1—1t),0<E<0, 0<T<o, (4-1-6a)
G(0,7)=0. (4-1-6b)

4.2 Principle solution

Based on the basic principle of differential equations, the problem (4-1-6) can be
divided into two problems defined on the infinite space. One is to solve only the
inhomogeneous differential equation without considering any boundary conditions,
the solution is called principle solution, say, U ; the other is to solve the homogeneous
differential equation with the given boundary conditions, the solution is called regular
solution, say, g. Then the solution of the original problem (4-1-6) is U plus g,

namely,

G(& 7%, 1) = UE, t:x, 1)+ 9(&, T:x, 1) . (4-2-1)
The two problems are formulated as,

LU =-U,-VU,-DU,, =8(§-x,7-1), —0<&<o, 0<1<0, (4-2-2)
and,

L'g=-9,-Vg,—Dg,, =0, —0<E<w, 0<T< 00, (4-2-3a)
9(0,7) = (G = U)| s , (4-2-3b)

respectively.

The main task of this subsection is to solve problem (4-2-2) to obtain the principle
solution U .

In order to solve equation (4-2-2), Fourier transform is performed on the equation
from & to . Multiply exp(—io&)d& on both sides of equation (4-2-2), and integrate

from —o0 t0 o0,

- T U, exp(-iog)dg -V T U, exp(-iewg)dg - D T U, exp(—ing)dg
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- Ta(g — X, T — t)exp(—iog)d¢

=03(t—1t) T S(& — x)exp(—iw&)dE

=8(t —t)exp(-iwXx) . (4-2-4)
Define
U(w,r) = TU(&,r)exp(—ima)dE; . (4-2-5)

Apply the properties about Fourier transform to the left hand side of (4-2-4), it is
reduced to,

~

du

~ 40" ioVU + Do?U = §(t — t)exp(—iwx), namely,
T
dlAJ 2 . ~ .
4 + (Do’ —ioV)U = (1 —t)exp(—iwX) . (4-2-6)
T

According to definition of delta function, the right hand side of (4-2-6) is equal to
zero for T>t and t < t, namely,

—(Z—U+(Dm2—imV)U=O,ifr>tor T<t. (4-2-7)
T

Separate variables between U and t, then integrate (4-2-7),

0 {Al exp[(De’ - iVa)1], ift > t,

B 4-2-8
A, exp[(Do’® - iVe)t],ift < t, (4-2-8)

where A, and A, are undetermined integration constants. To determine them, make
integration of (4-2-6) on t from t—0 to t+0,

t+0 t+0

~ U + (Do’ - i0V) j Udr = exp(=iox) j S(t—t)dt. (4-2-9)
t-0 t-0

The second term on the left hand side of (4-2-9) is zero because the integrand U is
finite anyhow and the interval is infinitesimal. Thus the singularity caused by the delta

function must be embodied on the first term. Using the property of delta function
t+0

again _[S(r —t)dt =1 and substituting (4-2-8) into (4-2-9), it becomes as,

A, exp[(Dw’ — iVo)t]- A, exp[(Do’ — iVe)t] = exp(-ioX). (4-2-10)

Remember that U hence U stands for the “heat” distribution along the REVERSED
time coordinate, caused by the instantaneous “heat” pulse at the time 1 =t therefore,

U=0,if t>t. Namely A, =0. According to (4-2-10), we have,
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A, = exp[-iox — (Do’ - iVo)t]. (4-2-11)
Substitute A, and A, into (4-2-8), the solution of (4-2-6) is obtained as,
U = exp[-ioX — (Do® — iVo)(t—1)[H(t—1). (4-2-12)

Make inverse Fourier transform of (4-2-12) from o to &,

U(E,1) = % j Uexp(iot)do

_Ht=9) Texp[iw(é -X)— (Do’ - iVo)(t—1)]do
2n

_ H(;—;T) Texp{— D(t— T)[mz G )[‘))(Jt’i()t =) m}}dm | (4-2-13)
Let,
2c =i &=X)+V(t=7) , namely, (4-2-14)
D(t-1)
c= &=+ V(t=1) (4-2-15)
2D(t-1)

Substitute (4-2-14) into (4-2-13), continue to simplify,

U, 1) = H(;—;r) Texp[—D(t —1)(®® — 2cw)]dw

H(

L% fexpt-D(t— D)l - )’ ~*Tido. (4-2-16)
2n <

Let,

¢=+D(t—1)(w—c), then do = D(: ) d¢ . Substitute them into (4-2-16),
-7

_HA-D) T ey T
UG =" _jmexp( £?)-exp[D(t—1)c?] mdc

_ H(t—1)

2.1 Texot? .
exp[D(t—1)c’] m_{)exp( £°)dg. (4-2-17)
Substitute (4-2-15) into (4-2-17) and use the equality Texp(—gz)dg =+/r, then
) _ H(t-1) _[Z;,—X+V(t—r)]2 .
U(§,T; %, t) _—m exp[ 4Dt 1) } (4-2-18)

This is the solution of (4-2-2), also the principle solution of (4-1-6).
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4.3 Regular solution

Now it is the time to solve problem (4-2-3) to obtain the regular solution for problem
(4-1-6). The boundary condition for g can be reformulated based on the obtained

principle solution. According to (4-2-3b),

g(0,7) =G(0,7)-U(0,7). (4-3-1)
According to (4-1-6b), G(0,t) =0. According to (4-2-18),

__Ht-7v) | [x=V({t-7I" 3
u(0,7) = m exp{ 2Dt =) } . (4-3-2)

So problem (4-2-3) can be reformulated as,

L'g=—g,— Vg, —Dg,, =0, —0 <& <o, 0<T<00, (4-3-3a)

_ —Ht-9 [ [x=V(t-9F
00 o B |

Inspection approach is of much importance and is widely used to solve the regular
solution in the GFM. It needs to understand the solutions in view of physics. Keep in
mind that, in physics, the principle solution about the Green’s function, U(&, t;x,t),
of the advection diffusion equation describes the heat distribution at (€,t) caused by
a positive unit heat pulse at (x,t). In the specific problem (4-1-6), the Green’s
function value is required to be zero at the origin. In order to satisfy the condition, an
image of negative heat source can be designed at (—x,t), as shown in Figure 4-3-1, to
compensate the positive value being diffused from (x,t) . The strength of the negative
source is unclear so far because of the reversed advection effects, but it can be
assumed as y times of unit and y may vary with (&,1), namely, y =y(§,t). Based
on the inspection, the solution of problem (4-3-3) is anticipated to be in the form of,

9(& 1) =—v(& D)U(§, 7:-x1). (4-3-4)

-V

Rl t

4_
Reversed 4+ t—At
advection ] t— 2At

(4-3-3b)

G(0,7)=0
e b
U(o,;x,t)
t — 2At —yU(0,7;-X,1)

Figure 4-3-1 Schematic image system for advection diffusion problem with
Dirichlet boundary condition

v
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The boundary condition of g in (4-3-3b) is applied to determine y=1y(§, 1) .
According (4-3-4) and (4-2-18), we have,

g(on T) = _Y(O, T)U(O,T;—X, t) = —’Y(O, ’E) H(t _ T) exp|:_ [X + V(t - T)]z j|

J4nD(t - t) 4D(t - 1)
_ o HE=19 1 X= V(-] +4Vx(t-1)
AN s ex[ 4D(t—7) }
_ —Ht-7) | _x=VE-oF | ( Vx)
mp{ 4D(t-) }exp( 5) 0
=0(0,1)- exp(— %) -v(0,7). (4-3-5)

The last step is based on (4-3-3b), therefore we have,
v(0,7) = exp(%j : (4-3-6)

y is a function defined on the (§,1) plane, but the right hand side of (4-3-6) is
nothing about & and t at all, just a “constant” term. Thus it must be,

v(€, 1) = exp(%) . (4-3-7)

So far the regular solution of g is obtained,

g, T;x,t)= —exp(%j- U(E,T;—X,t), namely,

oty HE=D) (VXY ol [ XV 3
g(&,t;x,t)= m exp(D) exp[ D(t—7) } (4-3-8)

The solution (4-3-8) is obtained by inspection approach. Is it really the solution of (4-
3-3)? The answer is definitely positive. It is proofed as follows.

First, it is obvious that (4-3-8) satisfies the boundary condition of (4-3-3b). Then, it
should be proofed to satisfy the differential equation of (4-3-3a) also.

Based on (4-3-8), we have,

3 ._§+X+V(t—‘t) .
gg—g[ 2Dt 1) } (4-3-9)
_ | Ex+V(E-9)P 1 .
g‘“@_g[ 4D%(t - 1)? 2D(t—r)}’ (4-3-10)
B DR S (.2 3
9. =9 [Z(t—r) 4D(t—r)2+4D} (4-3-11)

Thus,
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N E+x)? V2 V(E+x)+Vi(t-1)
797 VO ~ DO =0 T ap i C o7 T 4D 2D(t 1)

N [E+x+ V(-1 1
4D(t - 1)? 2(t—1)

). (4-3-12)

The sum of the terms in “{}” of (4-3-12) is zero by straightforward calculations. It

does mean that the differential equation of (4-3-3a) is met also by (4-3-8). So far it is
proofed that the solution (4-3-8) obtained by observation in view of physics is
genuinely the solution of the problem (4-3-3).

Let’s come back to the problem (4-1-6), both the principle and regular solutions are
obtained. According to (4-2-1), (4-2-18) and (4-3-8), the Green’s function being
sought is expressed as,

H(t - 1) {ex [_ [§—X+V(t—r)]2}_exp[ﬂ_ [§+X+V(t—r)]2}}

G(&,1;x,t) =

JA4nD(t- 1) 4D(t-1) D 4D(t-1)
(4-3-13)

or in a succinct form,
G(E,1;x,t) = U(E,1;Xx,t) — exp[%jU(g,r;—x,t) , (4-3-14)

where U(§,T;X,t) is expressed in (4-2-18). The solution (4-3-13) or (4-3-14) is the
Green’s function in semi-infinite domain with a Dirichlet boundary condition. Once
the Green’s function is determined, then the solution of the original problem (4-1-1)
can be obtained by the integration expression of (4-1-5).

To verify the analytical solution, a numerical scheme is established to solve
numerically the 1D advection diffusion equation by using a C program. If it is purely
a boundary value problem with the Dirichlet type, say, u(0,t) = h(t) =sin(0.4xt),
and ¢(x,t) =0, u(x,0) =f(x) =0, then the analytical solution can be obtained based
on (4-1-5) and (4-3-13) as,

e 1 Cx=V(@E-oP | | x=V(t-1)
U(X’t)_'([DSIn(OAm)—M:D(t—r) {exp{ } [ }r

4D(t-1) 2D(t—1)
+ exp{ﬂ— [X+V(t-1)] } _ {x+ V(t- T)}}dr.
D 4D(t-1) 2D(t—1)

By using Mathcad, the analytical solutions at different values of t are plotted as solid
lines in Figure 4-3-2, while the symbols stand for the corresponding numerical
solutions. The high agreement between them supplies a good verification to the
Green’s function obtained in this section.
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—— GFM, t=1
—— GFM, t=2
—— GFM, t=3
—— GFM, t=4
—— GFM, t=5
Numerical,
Numerical,

t=1
t=2
Numerical, t=3
t=4
t=5

1.04

0.8 X
0.6 o
0.4 1
Numerical,
. Numerical,
0.0+ s EEEEEEEN00000 232 £ERESLEEERAS

0.2 1

O DOV

u(x,t)

T @
-0.2
-0.4

-0.6

YLy

0 2 4 6 8 10 12 14

Figure 4-3-2 Verification of Green’s function in semi-infinite domain with
Dirichlet boundary condition

4.4 Neumann and Robin boundaries

The advection diffusion problem with a Dirichlet boundary condition is solved in last
subsections. Actually, the boundary conditions can be given in another form in
engineering, e.g., the derivative of the function instead of the function value, or an
expression of combination of the derivative and the function values. The former is
called a Neumann type or second type of boundary, the latter is called a Robin
boundary, or a mixed type or third type of boundary in some literatures. The aim of
this subsection is to solve the advection diffusion problem with more general Robin
boundary conditions in a semi-infinite domain.

The formal problem is described as,

Lu=u,+Vu,—-Du, =¢(Xt), 0<X<ow, 0<t<oo, (4-4-1a)
u(x,0)=f(x), (4-4-1b)
ou(0,t)+Bu, (0,t)=h(t), (B=0). (4-4-1c)

If p=0, itis actually a Dirichlet boundary, which is discussed in last subsections. So
only the case of B =0 is considered here. If a =0, it changes to a Neumann

boundary. Namely, the Neumann boundary is a special case of the Robin boundary.
The general expression of the solution is already given in (4-1-4),

u(xt) = [ [ G(&1)p(& 1)dedr + [ G(&,0)u(8,0)de +

+ j [VG(0,7)u(0,7) - DG(O,7)u, (0,7) + DG, (0, t)u(0, 7)]d7 . (4-1-4)

Rearrange (4-4-1c) as,

u,(0,t)= %[h(t) —au(0,t)], namely, (4-4-2)
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0(0.9)= £ () -au(0, 7). (@-4:3)
Substitute (4-4-3) into (4-1-4),

u(x,t) = [ [ G(& 1)o(& T)dedT + [ G(&,0)u(&,00dE +
+ j.{VG(O, 7)u(0,7) - DG(O, r)%[h(r) —au(0,7)]+ DG, (0, 7)u(0, 7)}dt
-l

v 5 DI6(0,1)+ DG (0,909~ %G(O,r)h(r)}dr ()

O oy §

G(&,7)$(&, 7)dedr + [ G(&,0)u(&,0)dE +

In order that the unwelcome term “ [(V+%D)G(O,r)+ DG, (0,7)Ju(0,7) " in (4-4-4)

can vanish, Green’s function has to satisfy the boundary condition,
(v +%D)G(O,r) +DG,(0,7) = 0, namely, (aD+BV)G(0,7)+BDG,(0,7) = 0.
If 50, (4-4-4) can be further reduced to,

U, 1) = ]:]:G(a, D0(E, g+ ;fG(a,O)f ()t —i[%e(o, Oh(DHe.  (4-4-5)

Therefore the boundary value problem for G(&,t) is formulated as,
L'G=-G, -VG, -DG, =8(E-X,1-1), 0<E<o, 0<T<00, (4-4-6a)
(aD+BV)G(0,7)+BDG,(0,1) = 0. (4-4-6b)

Similar to solving the Dirichlet boundary problem, Green’s function G is sought to
be the sum of principle solution U and regular solution g, namely,

G(&,1;x,t) = U(E,;x, 1) +9(§,T; %, 1) . (4-2-1)

The principle solution U(§,t;X,t) is obtained already in Section 4.2. By means of
inspection approach again, the regular solution g(&,t;x,t) is constructed by an image

system, as show in Figure 4-4-1. [Similar image system is used to solve the normal
diffusion problem without advection in reference (Greenberg, 1971). The image
system depicted here is an extension of that one.]
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£4(9)

@ >
—X X

Figure 4-4-1 Schematic image system for advection diffusion problem with Robin
boundary condition

Based on the layout of source image, the regular solution can be in the form of,
57,0 = YU(ET-x, 0+ [W(OUGE. 8. DdC (@47
Substitute (4-4-7) to (4-2-1), -

G(E,t:x, 1) = U(E, t;X, 1) + YU(E, T:—X, ) + _IXW(C)U(F,, 7,6, 1)dC. (4-4-8)

Now let’s apply the boundary condition (4-4-6b) to determine y and y(C).
In terms of (4-4-8),

G(0,7;x,t) = U(0,1;Xx,t) +yU(0, T;—X, 1) + ].X\V(Q)U(O,r;q,t)dq

=U(0,7;x,t) + U(O,r;x,t)exp(—%)qﬁ TW(C)U(O,r;C,t)dC. (4-4-9)
So,

(aD+BV)G(0,7;x,t) = U(0, T; X, t)(aD + BV)[1+ exp(—%jy} 4

+ TU(O’T;C’t)(O‘D"’BV)W(C)dC - (4-4-10)
On the other hand,
-V
G,(0,7:%,1) = U(0,T; X, t) XZDTT _

X—V1 VX Vx\) V
-U(0,7;x,t cexp| —— |y =U(0,T;x, t)exp| —— |y —+
(% )2D1: p( Djv (0,7;%,1) p( DJYD

+ U(o,r;x,t)exp(— %}[—w(—x)ﬁ JuowC oY@, (@41

Then,

BDG(0:58) = U0 e 5 'BD{l‘exp(‘%jv}'
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—U(0,1;x, t)exp(— %j[yﬁv +BDy(=xX)]+ j U0, 76, t)BDY' (§)dE . (4-4-12)

Equality (4-4-10) plus (4-4-12),

(aD+BV)G(0,7;X,t)+BDG,(0,7;x,t) = U(0,T; X, t) 2_D

+U(0,7;X,1)- @, + TU(O,I;(;,t) @ dg,  (4-4-13)

where, @,, @, and ®, are temporary variables,

@, = BD{l— exp(— %H , (4-4-14)
VX VX

®, =(aD+ BV)[1+ exp(— F)Y] - exp[— FJ[YBV + BDY¥Y(-x)], (4-4-15)

@, = (aD+BV)y(C) +BDy'(C). (4-4-16)

According to boundary condition (4-4-6b), the left hand side of (4-4-13) is zero.
Because equality (4-4-13) holds for any t, it must have ®, =®, =®, =0. This

results in three equations about y and y(£),

BD[l— exp(— %Jy} =0, (4-4-14a)
(aD+ BV)[1+ exp(— %]y} — exp(— %j[yﬁv +BD¥(—x)]=0, (4-4-15a)
(aD+BV)w(C) +BDy'(€) =0. (4-4-16a)
Because B = 0 and obviously D = 0, (4-4-14a) tells that,
Y= exp(ﬂ) : (4-4-17)
D
Based on (4-4-17), (4-4-15a) can be simplified as,
V 2a VX
Y(—X)=| —+— — | 4-4-18
=g+ 5ol 5 N
Separate variables of (4-4-16a) and integrate on both sides, we have,
Y(E) = Aexp[— (% + %H , (4-4-19)

where A is an undetermined constant, and is determined by putting (4-4-18) and (4-
4-19) together,

-19 -



wtecenef {3 3)

Thus,

A= (\é+2§jexp(\8()exp[ (\D/ EJ} (4-4-20)

Substitute (4-4-20) into (4-4-19), we have,

Y(¢)= (V Zgjexp(\g(}exp{ [V BJ(C+X)i| (4-4-21)

Substitute (4-4-17) about y and (4-4-21) about y(£) back into (4-4-8), the solution
of Green’s function is obtained as,

G(&,1;x,t) = U(€,1;X t)+exp[ jU(.’; T,—X, )+

+(\|; +2§Jexp(VxJTexp{ ( BJ(C + x)}U(}; u¢0dg,  (4-4-22)

where U(E,T; x,t) is expressed in (4-2-18).

In (4-4-22), the last term contains an integral, which can be replaced in form of error
function. If define for convenience,

- ¢ 4-4-23
c B ( )
T=t-r1, (4-4-24)

and substitute (4-2-18) into the last term of (4-4-22), denoted as T,, then have,

(L B ) (3P (3 b

= (% + 20) exp(—oXx) —:(cz))% ;[oexp[_ (% " GJC} exp{— [£- i S;/t] }d ¢

HE)

4nDT

= (% + 20) exp(—ox)

. Texp{—&[(g - &+ VT +20D7)% + 4(§ —oD7T)(VT +oDT)]}E

= (% + 20) exp(—ox) \/% . exp[— &- cD%)(c + %)] .
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. ]exp{— (E-E&+ \irD ;f 20D1) }d(; , (4-4-25)

Assume that,
_£-&+V1+20D7

4-4-26
JaD% (4:4:20)
and that,
g—.§+v%+ch%) —X—&+ VT +20D7
— %o = = _ , 4-4-27
%o ( ARG Ja% (4-427)
then
dg = VaDTdy,. (4-4-28)

Substitute (4-4-26), (4-4-27) and (4-4-28) into (4-4-25),

T, = (% + 20] exp(—oXx) ZI(ED)~ . exp|:— (&- GD?)(G + %ﬂ\/ 4DT __j:exp(—x2 )dy

Tt

_ %mjexp(—cxw(%)exp_— (é—cD%)[m%]_erfc(xo)

- H(?)(%+ c)exp(—cx)exp - (&—GD%)(M%) em[’@+ x=(V+ 2"”1.

J4D7
(4-4-29)
Substitute the third term of (4-4-22) with (4-4-29) and replace T by (t—1),
G(&,1;x,t) = U(E,1;x, 1) + exp[%jU(g,r;—x,tH
Vv Vv
+H(t- T)[E + 0') exp(—cx)exp[— [ —oD(t— r)](c + BH .
. erfc[& X _\;Z/D-;tizf?))(t — T)] . (4-4-30)

The final solution of the Neumann or Robin boundary condition problem (4-4-1) can
be obtained by substituting the Green’s function into (4-4-5).

u(x,t)= [ [ G(&, 1)d(& t)dedr + [ G(&,0)F (£)dE - [%G(o,r)h(r)]dr . (a-4-5)

Here give an example to show how the final solution looks like. To make it easier, the
advection diffusion problem with only boundary value is considered, without source
term, namely, ¢(x,t) = 0 and without non-zero initial value, i.e., f(x) =0. Then (4-4-
5) is reduced as,
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u(x,t) = —j' [%G(O,r)h(r)hr : (4-4-31)
According to (4-4-30),

G(0,7) =U(0,T;x,t) + exp(%}U(O,t;—x,t) +

+H(t- T)[% + c) exp(-ox)exp[(Ds’ + Vo)(t — r)]erfc{x —(V+20D)(t— T)}

\J4D(t—1)
_ H(t-r1) _x=V(-7)r Vx _x+V(E-9P
- \JArD(t — 1) {exp|: 4D(t—1) ]+exp( D )exp|: 4D(t 1) :|}+

+H- T)[% * ") exp(-ox)exp[(Do” + Vo)(t — r)]erfc{ x=(V :Dz(f?)r(; - r)}

__2H(E-7) . {_w}
JamD(t-7) 4D(t-7)

+H(t- r)[% + 0') exp(—ox)exp[(Do? + Vo)(t — r)]erfc[

\J4D(t—1)
(4-4-32)
Substitute (4-4-32) into (4-4-31) and apply the commutative law about convolution,

x—(V + 26D)(t - 17):|

t t
ie., Ifl(t)-fz(t—t)dt = J‘fl(t—‘t)-fz(‘t)d‘t, and note that H(t—t) =1 if t<t, then
0 0

we have,
_ D¢ 2 (x=Vr1)° _
u(x,t) = B _! mexp{ D }h(t t)dt
DV : ( ) X—=(V+20D)t B
- (ZD +cjexp( oX) ! {exp[(Do +Vc)1:]erfc[ N }h(t )Mdr.

(4-4-33)
If the parameters are specified as, D=0.1,V =2, =0, =-1, and h(t) =sin(0.4xt),

i.e., @ Neumann boundary of u,(0,t)=-sin(0.4nt), the analytical solutions at

different time are shown in Figure 4-4-2 as solid lines. In the figure, the symbol lines
are the computational results by solving the advection-differential equation
numerically. The high consistency between the analytical and numerical solutions
identifies the correctness of the solutions obtained by the GFM.
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3.0 —— GFM, t=1
2.8 S —— GFM, t=2
26 x —— GFM, t=3
24 A - GFM, t=4
2.2 * —— GFM, t=5
Q X Numerical, t=1

Numerical, t=2
Numerical, t=3
Numerical, t=4
Numerical, t=5

u(x,t)

O
* O DO v

0 2 4 6 8 10 12 14

Figure 4-4-2 Verification of Green’s function solution in semi-infinite domain
with Neumann boundary

Similar to the example of the Neumann boundary, if a change is made only of a =1,
then it becomes a Robin boundary, i.e., u(0,t)—u,(0,t)=sin(0.4xnt) . The

comparison between the analytical solutions and the numerical solutions is shown in
Figure 4-4-3. It verifies again the Green’s function obtained in this section.

—— GFM, t=1
—— GFM, t=2

o Lo 2 —— GFM, t=3

07 P asan] —— GFM, t=4

0.6 X ’ —— GFM, t=5

05 > Numerical, t=1

0.4 < Numerical, t=2

0.3 O Numerical, t=3

0.2 O Numerical, t=4

0.1 b4 ical, t=5
7;; 0.0 ¥
= -0.1

0.2

0.3

0.4

0.5

-0.6

-0.7

-0.8

0.9+ T T T T T T T

Figure 4-4-3 Verification of Green’s function solution in semi-infinite domain
with Robin boundary
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5. Green’s functions of finite domains

In Section 4, the principle solution U is actually the Green’s function for the infinite
domain. For the case of semi-infinite domain, the Green’s function problems with the
Dirichlet, the Neumann and the Robin boundary conditions are solved in last section.
This section is devoted to solve the Green’s function in a bounded finite domain. It is
not enough for this kind of problem to apply only inspection approach. New
approaches like the eigenfunction method have to be utilized to seek the Green’s
function.

5.1 Eigenfunction method

Eigenvalue problem for an ordinary differential equation has to be understood before
stepping into the next subsection. Any linear second order inhomogeneous ordinary
differential equation can be transformed as,

[pu']+wu=f, a<x<b (5-1-1)
where u = u(x),p = p(x),w = w(x),f = f(x). Among the equations expressed as (5-1-
1), the most commonly encountered in practice is in the form of,
[pu'T+(@+Ar)u=f, as<x<b (5-1-2)
where, like others, g=q(x),r=r(x), A is a parameter. (5-1-2) is called Sturm-

Liouville equation. The eigenvalue problem is constructed by the homogenous Sturm-
Liouville equation with linear homogeneous boundary conditions, i.e.,

[pu'T+(g+Ar)u=0, a<x<b (5-1-3a)
a,u(a)+p,u'(@)=0, (5-1-3b)
a,u(b)+p,u'(b)=0, (5-1-3c)

where o’ +B? 20 and o’ +B5 #0. Three distinct features of the regular Sturm-
Liouville problem should be caught,

(1) a bounded finite interval [a,b], where both a and b are neither —oo nor o ;
(ii) p,p",qg,r must be continuous;
(iii) p>0,r > 0 must hold strictly for any x € [a,b].

Based on the principle of differential equation, the homogeneous Sturm-Liouville
problem (5-1-3) has nontrivial solutions only when A equals to certain values. These
nontrivial solutions are called eigenfunctions, denoted as ¢, (x), each of which is
corresponding to an eigenvalue A .. Furthermore, the functions ¢, (x), (n=12,3,...),
are mutually orthogonal, namely,

b

[ r(X)@, ()@, ()dx =0, if m=n, (5-1-4)

If they are normalized, then,

jzr(x)(pm X))o, (X)dx=1,if m=n. (5-1-5)

a
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The set of {¢,(x)} is a normalized orthogonal complete set in the sense of mean
square convergence. For any function £(x) defined on [a,b], it can be expanded as
Fourier series based on {0, (X)}, i.e.,

£00 = X2,0,09. &, = [ £(90,(0r(x. (5-1-6)

and the series is absolutely and uniformly convergentto £(x).

This is the basic idea of eigenfunction method. It should be noted that this paper work
is devoted to explain the application of the GFM, not to form a mathematical textbook.
Therefore any details about, say, singularity, existence and uniqueness and so forth,
are not discussed fundamentally. Let’s continue the eigenvalue problem. If it is still
somehow abstract, an example may be helpful to understand. A simple problem is
listed as follows,

¢""+Ap=0,0<x<a, (5-1-7a)
9(0)=0, (5-1-7h)
¢(a)=0. (5-1-7¢)

The problem satisfies strictly the three requirements of homogeneous Sturm-Liouville
problem. It would be more straight if (5-1-7a) is rewritten as [1-¢@']'+(0+A-1)¢ =0.

It is quite easy to obtain the normalized eigenfunctions and corresponding eigenvalues
of the problem,

2,2

¢n@)=J§ﬂnFH%j,%n=D%}n(n=L23w)- (5-1-8)
a a a

It is actually the sine series of Fourier transform, which can be looked as, in a sense, a
particular case of eigenfunction expansions.

5.2 Eigenfunction expansion

In the subsection, only a short example is discussed to explain how to use
eigenfunction method to solve a Green’s function-like problem with a delta function
on the right hand side of an equation. For an instance,

9" (&;x)+k%g(E;x)=8(E-x), 0<E<a (5-2-1a)
9(0;x) =0, (5-2-1b)
g(a;x) =0, (5-2-1c)

where, like in Section 3 and Section 4, & is the running variable, x is looked as

constant. It is known already that the associated eigenvalue problem of (5-2-1) is
actually the one of (5-1-7), which solution is used directly here. According to the
eigenfunction method, the both functions of g(&;x) and 8(§ —x) in (5-2-1a) can be

expanded based on {o@,,(x)} shown in (5-1-8),

9EX) =22, (x)[g sin(%gﬂ , (5:2-2)
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where, a, (x) is to be determined.

Differentiate twice (5-2-2) on both sides,

9"'(&x) = i( Ja (x)[\/g sm[nzaﬂ (5-2-3)

Expand the delta function 8(€ — x) as,

8(&—X) = zb (X)Nﬁ sm(nzgﬂ, (5-2-4)

where, according to (5-1-6) and noting that “r(x) =1" in the eigenvalue problem of
(5-1-7) or “r(&) =1" here,

b, (X) = j5(¢ x){\f sm[nngﬂd& \f i (”;‘Xj. (5-2-5)

The last step proceeds by using the property of delta function (2-1-3).
Substitute (5-2-2), (5-2-3) and (5-2-4) into (5-2-1a),

S 20 befim{ ool
simplified as,

g[kz_n;?z}a”(x){\Es'”(nnéﬂ Zb (X){\f Sm( éﬂ (5-2-6)

Equality (5-2-6) must hold for any &, therefore it must have,

2_2
(kz - na? jan(x) =b, (x). Then,

2 2

a a 2 . (nmx
a. (X)=b_(x = —sin| —|. 5-2-7
(=B )kzaz—nznz k’a’-n’n* \a ( a J ( )

In the last step b, (x) is substituted by using (5-2-5). The solution of (5-2-1) is
obtained by bringing (5-2-7) into (5-2-2),

R e sin[”;‘x]sin[”“gj- (5-2:8)

n=1 a

5.3 Green’s function of general advection diffusion problem
The general problem is formulated as,

Lu=u,+Vu,—Du, =¢(x,t),0<x<a, 0<t<o, (5-3-1a)
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u(x,0) = f(x), (5-3-1b)
a,u(0,t)+B,u,(0,t) =h,(t), (5-3-1c)
a,u(a,t)+B,u,(at) =h,(t), (5-3-1d)

where o/ +B7 #0 and a +B; #0. The boundary conditions cover the Dirichlet,
the Neumann and the Robin boundary conditions.

According to (3-2-8), the solution of (5-3-1) can be expressed as,

u(x,t) = ﬁeq;dgdr +i[(Gu) olde -

—j{[(VG +DG,)u-DGu,],_,—[(VG +DG,)u - DGug]‘§=o}dr . (5-3-2)

Based on the different values of a,,a,,B,,B, in (5-3-1c) and (5-3-1d), the boundary
values of u or u, (u,) can be brought into (5-3-2). The adjoint boundary conditions

for G can be determined by vanishing of the unwelcome terms in (5-3-2). The
boundary conditions for G obtained by this way must be homogeneous, and be linear
combinations of G and/or G, taking values on the boundary. Together with the

governing equation of Green’s function, the boundary value problem on G can be
formulated as,

L'G=-G,-VG, -DG, =8(§-x,1-1), 0<§<a, 0<t<m (5-3-3a)
@,G(0,7)+B,G,(0,7) =0, (5-3-3b)
a,G(a,7)+B,G.(a,7) = 0. (5-3-3c)

where a,,B,;,a,,B, are determined by the values of a,,B,,a,,B,,V,D and so on
depending on different boundary conditions.

To handle the delta function in (5-3-3), it might be easier to appeal to Laplace
transform. According to Section 4, G=0 if t>t; and G is a function if t<t. In
another word, G might be nonzero if T <0, although negative time does not mean
anything in physics. Therefore, in order to utilize Laplace transform, (referring to the
definition of Laplace transform in Section 2), it is necessary to reverse the time
coordinate, namely, to assume that,

T=-T, (5-3-4)
then to denote G as G in the transformed time coordinate,
G(E T;x,1) = G(E—T;X, 1) (5-3-5)

It is obvious that, after transformation, G =0 if T<t . By the treatment and
considering that delta function is an even function, the problem (5-3-3) is transformed
as,

G;-VG,-DG, =8(-xT+t), 0<E<a, 0<T<w (5-3-6a)
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a,G(0,7)+B,G,(0,7) =0, (5-3-6hb)
a,G(a,7)+B,G.(a,7)=0. (5-3-6¢)

It is worth to mention that the reversed time T can be from —oo to o, in the light of
the broadened time concept. However, it is still defined as 0 < T < o0 in (5-3-6a) for
symmetry, because G =0 when 7T <t and t is a positive constant here. Actually if
someone likes, it can be definedas t< T < .

So far Laplace transform can be performed on (5-3-6a) from 7T to s. Recovering the
properties about Laplace transform in Section 2, it is easy to obtain,

sG - VG'-DG"'= §(& — x)exp(ts), (5-3-7a)
d,G(0,5)+PB,G,(0,5) =0, (5-3-7h)
a,G(a,s)+B,G,(a,5) =0, (5-3-7¢)

where G(&,s;x,t) = £[G(E, T;X, )] = Té(g, X, t)exp(=s7)dT .

It comes to apply eigenfunction method to solve the problem of (5-3-7). However it is
not in the form of regular Sturm-Liouville equation (5-1-2), which does not have the
term of the first derivative. So we must make proper transformation on G . Assume
that,

G(&) = g(&)w(8). (5-3-8)
Substitute (5-3-8) into (5-3-7a) and arrange it as,
Dyg"'+(2Dy'+Vy)g'+(Dy"+Vy'-sy)g = —5(§ — x) exp(ts) . (5-3-9)

Since the coefficient of the first derivative g' is not preferred by the form of Sturm-
Liouville, it is demanded that,

2Dy'+Vy =0. (5-3-10)

By straightforward calculation without considering the integration coefficient, we
have,

(€)= eXp(— Z—;’) (5-3-11)
In the light of (5-3-8) and (5-3-11), we have,

Ge) = _Ve -G Ve 3
G(&) = g(&)exp( 20] and g(&) = G(&)exp(ZD]- (5-3-12)

Substitute (5-3-11) back into (5-3-9) and simplify as,

—V2—-4Ds 1 V& m
- =——0g —+ 15 [8(€ — ,» Na el )
’ { 4D’ Jg D Xp(ZDJr j 5= ’
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—V? —4Ds 1 VX
Y — =——eXp —+1s [0(E — X 5-3-13a
g +[ 1D’ Jg 5 p(2D+ j(é ) ( )

In the exponential term on the right and side, & is replaced by x in the last step. This

is the direct result by using the property of delta function (2-1-5). The boundary
conditions (5-3-7b) and (5-3-7c) are transformed accordingly as,

- V= = N
(al—ﬁﬁljg(o)wlg (0)=0, (5-3-13b)

- V= ~ N
(az_ﬁﬁzjg(a)"'ﬁzg (@)=0. (5-3-13c)

Fortunately they are still homogeneous after transformation. Equation (5-3-13a) and
boundary conditions (5-3-13b) and (5-3-13c) form the eigenvalue problem. The
associated Sturm-Liouville problem to (5-3-13) is formulated as,

¢"+Ap =0, (5-3-14a)
~ V ~ ~ 3 .
[al —Eﬁljcp(oﬂ B9’ (0)=0, (5-3-14b)
[~ —lﬁ) (@)+B,9'(@) =0 (5-3-14c)
*27opPe P (@) ="9.

It should be emphasized that the boundary conditions for the associated Sturm-
Liouville problem (5-3-14) should be identical to the original problem (5-3-13).
Assume that the solution of (5-3-14) is ¢, (&) corresponding to A, (n=1,2,3,...). The

specific expressions or values depend on the specific boundary conditions. In view of
eigenfunction method, all the function in (5-3-13a), g, g'" and 3(§ —x) can be

expanded as Fourier series on the complete set {@, (&)} . Let’s say,

0(E) = 22,9, ). (5-3-15)
Differentiate twice (5-3-15) on both sides,

(61 = 28,099, (6) (5-3-16)

Noting that o, (&) is a solution of (5-3-14), it must satisfy the equation (5-3-14a),
namely,

0,"(€)+2,0,(8)=0,ie, ¢,"(§)=-A,0,(8). (5-3-17)
Substitute (5-3-17) into (5-3-16),

" (5:X) = 35 ()2, (000, (©) (5-3-18)

d(& —x) is expanded as,
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B(& ) = 20, (99, (5, (5-3-19)
where, accor_ding to (5-1-6) with considering that “r(g) =17,

b, () = [ 3(5 - )9, (£)E = 9, (). (5-3-20)
Bring (5-03-20) into (5-3-19),

3(E-) = 20,009, 0 (5-3-21)

Substituting (5-3-15), (5-3-18) and (5-3-21) to (5-3-13a), we have,

> ()3, (00, (©)+ [%}Za (00,(6) =~ S x| 3415|320, (00,(@
i(xn + 4E§Dsja X)e, i—exp(—ﬂs)(p (X)p, (&) (56-3-22)

Since the equality (5-3-22) holds for any &, it must have,

[ V2 +4Ds
Apt———
4D

}an (x)= %exp(% + ts)(pn (x), namely,

4D
4Ds + 4D°A, + V?
Substitute (5-3-23) into (5-3-15),

exp(ts)
V?
4D

This is the solution of problem (5-3-13).
Depending on (5-3-12), the solution of problem (5-3-7) is obtained as,

a (X)= exp(% + ts)q)n (x). (5-3-23)

9(&;x) = Z

s+ DA+ —

oxp{ 31 Jor (00,2 (5-3-24)

669 = X2 el - YEH g (90,0, (5-325)

" s+DA,+——
4D

By making inverse Laplace transform on (5-3-25) from s to 7, the solution of the
problem (5-3-6) is obtained as,

é(é, T;x,t)=H(T + t)g exp{— [Dxn + Z—;](% + t)} exp{— V(SD ):|(pn X)o, (€).

(5-3-26)

By recovering the original time coordinate based on (5-3-4), the solution of the
problem (5-3-3) is obtained as,
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G(& t;x,t) = H(t - r)nZ: exp{— (D?»n + Z—;}(t - r)}exp{— V(EB X)}pn (X)e, (&),

(5-3-27)
where, the eigenfunctions and corresponding eigenvalues {¢,(§),A,,} are determined
by (5-3-14), i.e., the explicit expressions about {¢, (§),A,} are determined only by
the given boundary conditions. Once the Green’s function G(§,t;x,t) is solved, the

final solution u(x,t) of the original general problem (5-3-1) can be obtained by

substituting (5-3-27) into (5-3-2). If it is still abstract, we have to come to solve
specific problems as examples.

5.4 Examples

For a one-dimensional problem, the concerned interval has two boundaries, on each of
which one of three sorts of boundary conditions could be prescribed, the Dirichlet, the
Neumann or the Robin boundary, noted as D, N and R, respectively. It is simple to
know there are nine different combinations. Fortunately the Neumann type of
boundary can be handled somehow as a special case of the Robin boundary with
specifying a; =0 and B, =1 (i =1or2) in (5-3-1). In other words, combinations can
be reduced by handling only two types of boundaries, the Dirichlet and the Robin
boundaries. Therefore the four problems with D-D, D-R, R-D and R-R are solved as
four examples.

5.4.1 Dirichlet- Dirichlet (D-D) boundaries

As the title says, Dirichlet boundary conditions are prescribed at both ends. The
problem is described as,

Lu=u,+Vu,—Du, =6¢(x,t), 0<x<a, 0<t<oo, (5-4-1-1a)
u(x,0) =f(x), (5-4-1-1b)
u(0,t) =h,(t), (5-4-1-1c)
u(a,t) =h,(t). (5-4-1-1d)

According to (5-3-2), the solution can be expressed as,

u(x,t) = jqu)dédt + j' [(Gu)| o IdE -

—j{[(ve +DG,)u—DGU,].,~[(VG + DG,)u-DGu, ], Jdt. (5-3-2)

Based on the given boundary conditions, the terms of “ (—DGug)‘g=0 7 and
“(-DGuy)

Green’s function can be defined as, G‘§=0=0 and G

e=a 1N (5-3-2) are unwelcome, so the adjoint boundary conditions for

== 0. Together with the
governing equation of G, the Green’s function problem is defined as,

L'G=-G,-VG, -DG, =8(§—x,1-1), 0<&<a, 0<1<w (5-4-1-22)
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G(0,7) =0, (5-4-1-2b)
G(a,t)=0. (5-4-1-2c)
On the other hand, by applying the boundary conditions of G, the expression of
solution (5-3-2) can be simplified as,

u(x,t) = j j Gédedr + j G(,0)f(€)dE — j [DG, (a,7)h, (1)~ DG, (0,7)h, (x)]d.

(5-4-1-3)
By comparing (5-4-1-2) to (5-3-3), it is obvious that,
a, =d,=1p,=p,=0. (5-4-1-4)

By substituting the above values into (5-3-14), the eigenvalue problem for this case is
directly obtained as,

¢"+Ap =0, (5-4-1-5a)
¢(0)=0, (5-4-1-5b)
¢(@)=0. (5-4-1-5¢)

The following steps are devoted to solve the eigenvalue problem.

The general solution of (5-4-1-5a) is in the form of,

0(E) = Asin(/AE) + Bcos(/AE), (5-4-1-6)
where A and B are undetermined constants. By using (5-4-1-5b), we have,

¢(0) = Asin(0)+Bcos(0)=B=0.

Thus,

(&) = Asin(vAE).

According to (5-4-1-4c),

o(a) = Asin(~Aa) = 0.

In order to obtain nontrivial solutions for (5-4-1-5a), A must meet, JAa=nr,
namely,

n%n?
Ay = n=123,... (5-4-1-7)

a

This is the eigenvalue of the problem (5-4-1-5). The corresponding eigenfunction is,
. (nm
0,(8) = Asm(?ij -

To determine A, @, is normalized as follows,

Tazsing( ™ e e = A f1- co 2% e = A oz
!A sin (?g)dg_ > 0[1 cos( - .’;Hd?’;_ > a=1,
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So the normalized eigenfunction is obtained as,

2 . (nm
9,(&) = \E Sm(?ﬁj : (5-4-1-8)

Based on (5-3-27), the Green’s function can be obtained as,

V? \%
t-1)-—(E-x) |

oE ]( 0-55 )}

. (nm . (nm
-sm(? xjsm[?&j .

For convenience, # is introduced and defined as,
_Vv
2D’

The following 7 in the text shares the same definition as here. Then the Green’s
function can be expressed as,

n22

G(§1T;X,t)=H(t—r)i§exp[— D[ aT; 4

h (5-4-1-9)

n"m

G(E, 1;x, 1) = H(t—t)igexp[— D[ ;2 2 +h2J(t—r)—h(<§—x)}.

-sin(n—Tc xjsin[n—ngj . (5-4-1-10)
a a

The final solution u(x,t) of the problem (5-4-1-1) with the Dirichlet- Dirichlet

boundary conditions can be obtained by substituting the Green’s function into (5-4-1-
3).

5.4.2 Dirichlet- Robin (D-R) boundaries

As the title says, a Dirichlet boundary condition is prescribed at x =0 and a Robin
boundary at x =a. The problem is formulated as,

Lu=u,+Vu,—Du, =¢(x,t),0<x<a, 0<t<o, (5-4-2-1a)
u(x,0) = f(x), (5-4-2-1b)
u(0,t) =h,(t), (5-4-2-1c)
a,u(a,t)+p,u,(at)=h,(t), (B, #0). (5-4-2-1d)

According to (5-3-2), the general solution can be expressed as,

u(x,t) = jiGd)d&dr +i[(Gu) olde -
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t

—I{[(VG +DG,)u-DGu,],_,-[(VG + DG, )u— DGug]‘gzo}dr . (5-3-2)
0

The boundary condition (5-4-2-1d) can be changed as,

u,(at)= ﬁi[hz(t) -a,u(a,t)], ie.,

Ug(a,t) = é[hz(r) -a,u(a,)].

By using the equality, (5-3-2) is rearranged as,

u(x,t) = ﬁeq)dgdr +i[(Gu) g~

_i{[(ve +0,DG + DG, )u —%Ghz] ¢-a—(VG + DG, )u - DGu,] .o}t

(5-4-2-2)

where, o, = 92 (5-4-2-3)

2

(The following o, has the same definition as here.)

According to the given boundary conditions, the terms of “ (—DGué)‘&=0 ” and

“[(VG+0,DG + DG, )u] ., " in (5-4-2-2) are unwelcome, so the adjoint boundary
conditions for Green’s function can be defined as, G‘,g:o: 0 and
(VG +06,DG +DG,)|,=0. Together with the governing equation of G, the
Green’s function problem is defined as,

L'G=-G,-VG, -DG,, =8((-x,1-1), 0<E<a, 0<t<w® (5-4-2-43)
G(0,7)=0, (5-4-2-4b)
(V+0,D)G(a,7)+ DG, (a,T) =0. (5-4-2-4c)

On the other hand, by applying the boundary conditions of G, the expression about
solution (5-4-2-2) can be simplified as,

u(x,t) = j j Godedr + j G(&,0)f (£)dE - j [—BRG(a, 1)h, (1) - DG, (0,7)h, (v)]d< .
(5-4-2-5)
By comparing (5-4-2-4) to (5-3-3), it is obvious that,

a,=10,=(V+o,),B, =0,B,=D. (5-4-2-6)

By substituting the above values into (5-3-14), the eigenvalue problem for this case is
obtained as,
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¢"+Ap =0, (5-4-2-7a)
¢(0)=0, (5-4-2-7b)
(h+o,)0(@)+0'(a)=0, (5-4-2-7c)
where, 7 is defined in (5-4-1-9) and 71+ o, #0.

The general solution of the eigenvalue problem is in the form of,

P(E) = Asin(/AE) + Bcos(+/AE) . (5-4-1-6)
According to (5-4-2-7b),

¢(0) = Asin(0)+Bcos(0)=B =0.

That is,

o(E) = Asin(vAE) , thus, ¢' (&) = AVA cos(vAE).

According to (5-4-2-7c¢),

(h+0,)p@)+¢'(a) = (1 + 5,)Asin(vra) + AVA cos(rAa) =0, i.e.,

_Jr

tan(avA) = Pt (5-4-2-8)

G,

Assume that the n th positive root of the above equation is A, which is the

eigenvalue of the problem. Then the eigenfunction is, accordingly,

0, (&) = Asin(y/A, &) .

To determine A, ¢, is normalized as follows,

n !

¢ 2 i 2 _A_za _ _A_Z _ 1 i —
_!A sin? (A, E)JE = > ![1 cos(2,/A, E)HE = > {a stm(Z\/Ea)}_

AZ 1 A? h+o, _
= 7{a_Wsm(\/xa)cos(\/za)} = 7[a+ A +(h+0,) } =1

— A
The last second step proceeds by using the equality of tan(a\/A, ) = P =,
G,

Thus,

_ 2\, +(h+0,)°]
“Valn, +(h+0,) ]+ (h+0,)

So the normalized eigenfunction is obtained as,

<pn(§)=\/ A, *(hto,) ] )sin(\/ﬁg). (5-4-2-9)

aA, +(h+0,)’]+(h+o0,

Based on (5-3-27), the Green’s function is obtained as,
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G(i,r;x,t):H(t_T)i 2, +(h+0,)°]

“alh +(h+0,) ]+ (hi+o,)

-exp[-D(&,, +7?)(t— 1) — (& — X)]sin(y/A, X)sin(/A, &) (5-4-2-10)

The final solution about u of the problem (5-4-2-1) with the Dirichlet- Robin
boundary conditions can be obtained by substituting the Green’s function into (5-4-2-
5).

5.4.3 Robin- Dirichlet (R-D) boundaries

Although the boundary conditions are quite similar to Example 5.4.2, it is still being
put here to complete the boundary combinations. The problem is formulated as,

Lu=u,+Vu,—Du, =¢(x,t),0<x<a, 0<t<o, (5-4-3-1a)
u(x,0) = f(x), (5-4-3-1b)
a,u(0,t)+B,u,(0,t)=h,(t), (B, =0), (5-4-3-1c)
u(a,t) =h,(t). (5-4-3-1d)

According to (5-3-2), the general solution can be expressed as,

u(x,t) = j'iGcbd};dr + ja' [(Gu)|,_, g -

—j{[(VG +DG,)u-DGu,],_,-[(VG + DG, )u— DGua]‘F’:O}dr . (5-3-2)

Based on the boundary condition (5-4-3-1c),
1

ug(0,7) = B—[hl(r) —o,u(0,7)].
1

By using the equality, (5-3-2) is rearranged as,

u(x,t) = [ [ Godedr + [ [(Gu)|,1d& -
_j{[(ve +DG,)u-DGU,] ., ~[(VG +6,DG + DG, )u —BEGhl]‘M}dt ,
0 l (5-4-3-2)
where, o, = %. (5-4-3-3)

(The following o, has the same definition as here.)

By vanishings of the unwelcome terms in (5-4-3-2), the adjoint Green’s function
problem is formulated as,

L'G=-G,-VG,-DG,, =8(E-x,1—-t), 0<&<a, 0<t<o0 (5-4-3-4a)
(V+06,D0)G(0,7)+ DG, (0,7) =0, (5-4-3-4b)
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G(a,t)=0. (5-4-3-4¢)

Therefore the expression (5-4-3-2) can be simplified as,
u(x,t) = jiG«bd&dr + jl G(&,0)f(€)dE — j' [DG, (a,t)h,(t) + BEG(O, T)h,(7)]d=.

(5-4-3-5)
By comparing (5-4-3-4) to (5-3-3), we have,
&, =(V+o,),d,=1B,=D,B, =0. (5-4-3-6)

By substituting the above values into (5-3-14), the corresponding eigenvalue problem
is obtained as,

¢"+Ap =0, (5-4-3-7a)
(h+0,)9(0)+¢'(0)=0, (5-4-3-7h)
¢(@)=0, (5-4-3-7¢)

where 71+6, #0.

By solving the eigenvalue problem, the eigenvalues satisfies the equation of,

tan(av) = hﬂ , (5-4-3-8)

which nth positive root is denoted as A . The corresponding eigenfunction is,

_ | 2+t _ 4.3
wd@-Jﬂxvﬂh+coq_m+cﬂmm¢iﬂa a)l. (5-4-3-9)

Based on (5-3-27), the Green’s function is obtained as,

e H e A (to)]
GEmx D =Ht-1 alh +(h+0.)]—(h+o,)

-exp[=D(A, +7%)(t - 7) = A& - X)Isin[{/A,, (x - a)]sin[y/2,, (& - &)].(5-4-3-10)

The final solution of the problem (5-4-3-1) with the Robin- Dirichlet boundary
conditions can be obtained by substituting the Green’s function into (5-4-3-5).

5.4.4 Robin- Robin (R-R) boundaries
This problem might be the most complicated one. It is defined as,

Lu=u,+Vu,—Du, =¢(x,t),0<x<a, 0<t<wo, (5-4-4-1a)
u(x,0)=f(x), (5-4-4-1b)
a,u(0,t)+B,u, (0,t) = h,(t), (B, 20), (5-4-4-1¢)
a,u(a,t)+p,u,(at)=h,(t), (B, =0). (5-4-4-1d)

The general solution is in (5-3-2),
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u(x,t) = j'iGcbd};dr + ja' [(Gu)|,_, g -

—j{[(ve + DG, )u-DGu,],~{(VG + DG, )u-DGu, ], }Jdt. (5-3-2)

Boundary conditions of (5-4-4-1c) and (5-4-4-1d) can be changed as,
1 1
U, (0.0 = 5[, () = ou(0.0)], U @,1) = =Ty (1) - ou(a, 1],

1 2

respectively. By utilizing the equalities, (5-3-2) is rearranged as,

u(x,t) = jiGd)d&dr +i[(Gu) olde -

t
—I{[(VG +0,DG +DG,)u —BRGhZ] e=aL[(VG +0,DG + DG, )u —BEGhl]‘ £=0 AT
0 2 1

(5-4-4-2)
where, o, and o, are defined in (5-4-3-3) and (5-4-2-3), respectively. In this case,
the  unwelcome terms are * [(VG+o,DG+ DGg)u]‘ g0 . and
“[(VG+06,DG +DG,)u] ., " in (5-4-4-2). Thus the assumptions about Green’s
function’s boundary  conditions of (VG+o,DG+ DGg)‘%O: 0 and
(VG +06,DG +DG,)|,,=0 can make them disappear. So, the Green’s function
problem is defined as,

L'G=-G,-VG,-DG,, =8(-x,1-1), 0<{<a, 0<t<o0 (5-4-4-33)
(V+0,0)G(0,7)+DG,(0,7) =0, (5-4-4-3b)
(V+0,D)G(a,t)+ DG, (a,1)=0. (5-4-4-3c)

By using (5-4-4-3b) and (5-4-4-3c), the expression of solution (5-4-4-2) becomes as,
u(x,t) = j;]:' GodEdt + .:[ G(E,0)f (€)dE + j;[%e(a, )h, (1) - B—DlG(O, t)h,(t)]dt .

(5-4-4-4)
By comparing (5-4-4-3) to (5-3-3), we have,
a, =(V+o.D)a, = (V+02D)161 = Bz =D.

By applying these values into (5-3-14), the eigenvalue problem of this case is
obtained as,

¢"+Ap =0, (5-4-4-53)
(h+0,)9(0)+¢'(0)=0, (5-4-4-5b)
(h+0,)p(@)+¢'(@)=0, (5-4-4-5¢)
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where (i+0,)* +(h+0,)* #0.
The eigenvalue problem is solved as follows,
(&) = Asin(vAE) + Bcos(+/AE) , thus,
¢'(&) = AVA cos(vAE) - BV sin(v/AE),
where A and B are undetermined constants. By using (5-4-4-5b), we have,
(7+6,)9(0)+¢'(0) = (7 +0,)B+AJA =0,
By using (5-4-4-5c),
(h+0,)0(a)+¢'(a) = (1 +0,)Asin(vAa) + (7 + o,)Bcos(vAa) +
+ A\/Icos(\/xa) - Bﬁsin(\/xa) =0.
Based on the above two equations, we have,

\/I(GZ - 0,)

tan(ava) = A+ (h+o)(h+o,)

(5-4-4-6)

Assume that the nth positive root of the above equation is A,, n=12,3.... A, is the
eigenvalue of the problem. Then the eigenfunction is, accordingly,

0, (&) = AlY/A, cos(yA, &) — (7 +o,)sin(/A, E)],

where, A is a constant, which is determined by the normalization of ¢ (&) .
[02()de = [ A’[{, cos(y/A, &) - (n+a,)sin(y/A, )] dg
0 0

= A%[[(7+5,)sin*(yA, &) + &, cO* (YA, &) — /A, (7 +5,)sin(2y/ , £)]dE

O Sy

— %ZE{(h +0,)2[L—cos(2,/A, E)]+ A, [1+ c0os(24/A, )] 2|/A, (71 + ©,)sin(2,/A, £)}dE

- ATZ{[M F (40, + D, — (140,71 00523, B -2, (1+ 0,)f sin(2\, E)0g)

=2+ () T b, (0]

1

I sin(y/A,a)cos(y/A,a) — 2(71 + 5,)sin? (/A a)}

—E 2 _ 2 1 Sinz(\/xa)_ . 9
== {n, +(h+06,)la+[A, —(h+0,) ]\/ﬂ (e 2(7 + o,)sin? (A, a)}

Noting that,

tan(a, ) = Yy (o, —01) thus,

A +(hi+o)(h+o,)’
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.9 _ )“n(cz_cl)z
)= G o o (o0

Substituting them into the integration of j'(pﬁ (&é)dg =
0

= A—2{[k +(h+0o,)la+

+ (5, —0,)A, +A, (i +6,)(0,—0,) = (i+0,)° (7 +5,)] _
[A + (1 +0)(0+0,)] +4, (0, —0,)°

2h,(h+0,)(c, - 0'1)2

A+ (h+0,)(h+0,)F 4, (o, —01)2}
:A_Z{[x b0y =0 A (146,)(0, —0)) = (1+0,)° (1 + 0, )]y
[7"n +(h+61)(h+62)] +}"n(62 _61)
_E‘PZn +lPBn _1
2y,
where,
Y, =[A, +(h+01)(h+02)]2 +2A, (o, _61)2’
Y, =aA,+(h+ 01)2]-‘I’ln , (5-4-4-7)

lPSn = (62 _61)[)“2n _)‘n(h‘l' 01)(62 _01)_(h+ 61)3(h+62)].
Therefore,

2%,

A= |
LP2n+‘.P3n

Then the normalized eigenfunction is,

0n(8)= [ TRy 005 )~ 1+ ,)sin(y )] (5-4-4-8)

Therefore, according to (5-3-27) the Green’s function is,

G(&,T;x,t) = H(t— T)Z\P exp[-D(A,, + 7%)(t — 1) — A(E — X)]-
[, cos(yA, X) = (71 + &) sin(yfA, X)][YA, cos(y/A, &) = (7 +o,)sin(\A, E)],

(5-4-4-9)

then the solution of problem (5-4-4-1) with the Robin- Robin boundary conditions can
be obtained by substituting the Green’s function into (5-4-4-4).

As stated at the beginning of the subsection, the Neumann boundary condition can be
treated as a special case of the Robin boundary. Among the boundary combinations,
the Neumann- related are the D-N, N-D, N-N, N-R and R-N combinations. Although

=40 -



it is straightforward to obtain the solutions by shrinking from a Robin to a Neumann
boundary, the Green’s functions of the remaining boundary combinations are all
solved in the following examples, but in a more succinct way.

5.4.5 Dirichlet- Neumann (D-N) boundaries
Based on the solved D-R problem (Example 5.4.2), it is specified as,
o, =0, namely, c,=0,and B, =1.

The solution of D-N problem can be obtained by substituting the newly specified
parameters into the equations or solutions of the D-R problem.

The D-N problem is described as,

Lu=u,+Vu,-Du, =6¢(xt), 0<x<a, 0<t<o, (5-4-5-1a)
u(x,0) =f(x), (5-4-5-1b)
u(0,t) = hy(t), (5-4-5-1c)
u.(a,t)=h,(t). (5-4-5-1d)
The adjoint Green’s function problem is formulated as, accordingly,
L'G=-G,-VG, -DG, =3(§-x,7—1), 0<t<a, 0<t<m® (5-4-5-24)
G(0,7) =0, (5-4-5-2b)
VG(a,1)+ DG, (a,1)=0. (5-4-5-2¢)
The corresponding eigenvalue problem is,

o""+Ap =0, (5-4-5-3a)
¢(0)=0, (5-4-5-3D)
he(a)+o'(a)=0, (5-4-5-3c)

where 7 = 0. The solutions are obtained by substituting ¢, = 0 into (5-4-2-8) and (5-
4-2-9),

- =—\/I,and

h+o, h

q>n(a>=\/ Ahy+ (74 o,) ] )sin(JE¢)=\/a(2(’““+h) sin(y, &)

tan(avi) = (5-4-5-4)

aA, +(h+0,)’]+(h+o, A, +R2)+1
(5-4-5-5)
Then the Green’s function is,
) _ e 2, +h*) '
G(§, 1;x,t) = H(t T)Z;—a(ln R R
-exp[-D(A, +1?)(t - 1) — (& — X)]sin(\/A., X)sin(/A, &) (5-4-5-6)

The final solution about u is expressed as (5-4-2-5) with B, =1,
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ta a t
u(x,t) = j j Gédedr +IG(§,0)f(§)d§— j [-DG(a, 7)h, (t) - DG, (0,7)h, (v)]d7.
00 0 0
(5-4-5-7)
5.4.6 Neumann- Dirichlet (N-D) boundaries
Based on the solved R-D problem (Example 5.4.3), it is specified as,
a, =0, namely, 6, =0,and B, =1.

The solution of N-D problem can be obtained by substituting the newly specified
parameters into the equations or solutions of the R-D problem.

The N-D problem is described as,

Lu=u,+Vu,—Du, =¢(x,t),0<x<a, 0<t<wo, (5-4-6-1a)
u(x,0)=f(x), (5-4-6-1b)
u,(0,t) =h,(t), (5-4-6-1c)
u(a,t)=h,(t). (5-4-6-1d)
The adjoint Green’s function problem is formulated as, accordingly,
L'G=-G,-VG,-DG, =8(§-x,1—-1t),0<E<a, 0<t<0 (5-4-6-2a)
VG(0,1)+ DG, (0,7) =0, (5-4-6-2b)
G(a,t)=0. (5-4-6-2c)
The corresponding eigenvalue problem is,

¢"+Ap =0, (5-4-6-3a)
hp(0)+ @' (0) =0, (5-4-6-3b)
o(@)=0, (5-4-6-3c)

where 7 # 0. The solutions are obtained by substituting o, =0 into (5-4-3-8) and (5-
4-3-9),

iy =£,and

h+o, h

<pn(a)=J A, + (it o,)] Jsinly, &)=

tan(av) = (5-4-6-4)

aA, +(h+0,)’]-(h+o,

| 2(h, +1%)
“\a(h, +h%)—h

sin[yA, (§-a)]. (5-4-6-5)

Then the Green’s function is,
= 2(M, +1h%)

GEmx=Ht-1, =
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-exp[-D(A,, +1?)(t ) ~ (&~ X)Isin[y/A, (x~a)Isin[y/A, (& ~a)] . (5-4-6-6)

The final solution about u is expressed as (5-4-3-5) with B, =1,

t a a t
u(x,t) = j j Gédedr + j G(&,0)f (€)dE - j [DG, (a,7)h, (t) + DG(0,t)h, (t)]dr.
00 0 0
(5-4-6-7)
5.4.7 Neumann- Neumann (N-N) boundaries
Based on the solved R-R problem (Example 5.4.4), it is specified as,
a, =a,=0,namely, o, =c6,=0,and B, =B, =1.

The solution of N-N problem can be obtained by substituting the newly specified
parameters into the R-R problem.

The N-N problem is described as,

Lu=u,+Vu,—Du, =¢(x,t),0<x<a, 0<t<oo, (5-4-7-1a)
u(x,0)=f(x), (5-4-7-1b)
u,(0,t)=h, (1), (5-4-7-1c)
u.(a,t)=h,(t). (5-4-7-1d)
The adjoint Green’s function problem is formulated as, accordingly,
L'G=-G,-VG,-DG, =8(§-x,1—-1t),0<E<a, 0<t<w (5-4-7-2a)
VG(0,1)+DG,(0,1) =0, (5-4-7-2b)
VG(a,1)+ DG, (a,1)=0. (5-4-7-2¢)
The corresponding eigenvalue problem is,

o""+Ap =0, (5-4-7-3a)
he(0)+¢'(0)=0, (5-4-7-3b)
he(a)+¢'(a)=0, (5-4-7-3c)

where 7 = 0. The solutions are obtained by substituting o, = o, =0 into (5-4-4-6),
(5-4-4-7) and (5-4-4-8),

\/x(cz -0,)

tan(aVa) = At (h+o0,)i+0,)

=0, thus,

n’m?

)\' = ? , N = 11213"' ) (5'4'7‘4)

n

then,
IIl]_n = [)\'n +(h+0-1)(h+0-2)]2 +;\,n(c2 _01)2 — (}\’n +h2)2’
Yo =aA, + (h+01)2]"}’1n =a(A, +h2)"‘P1n’ (5-4-7-5)
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Y, =(o, —csl)[?‘.zn -A,(h+o,)(0,—0,)-(h+ 61)3(h+62)] =0,
thus,

0 (8)= [ TRy 005 )~ 1+ ,)sin(y )] =

2 )
w/m[—cos(\/lnﬁ)—hsm(\/kn&)]=
2a nmw nmw . (nw
- W[?(?i)h(ﬁﬂ (547

Then the Green’s function is,

G(E ;% t) = H(t - t)zmexp[—D[w]a 1) = (€ — )]

. [n_n cos(wj —h sin(%ﬂ{n—n cos(n—néj —h sin(n—ngﬂ . (5-4-7-7)
a a a a a a

The final solution about u is obtained on (5-4-4-4) with B, =B, =1,

ta a t
u(x,t) = [ [ Godedr + [ G(&,0)f (¢)dE + [[DG(a, 1)h, (r) - DG(0, 1)h, (r)]ds.
00 0 0
(5-4-7-8)
5.4.8 Neumann- Robin (N-R) boundaries
Based on the solved R-R problem (Example 5.4.4), it is specified as,
o, =0, namely, ¢, =0,and B, =1.

The solution of N-R problem can be obtained by substituting the newly specified
parameters into the R-R problem.

The N-R problem is described as,

Lu=u,+Vu,-Du, =6¢(xt), 0<x<a, 0<t<o, (5-4-8-1a)
u(x,0)=f(x), (5-4-8-1b)
u,(0,t) =h,(t), (5-4-8-1c)
a,u(a,t)+p,u,(at)=h,(t), (B, #0). (5-4-8-1d)
The adjoint Green’s function problem is formulated as, accordingly,

L'G=-G,-VG,-DG, =8(E-x,1—-t), 0<&<a, 0<t<o0 (5-4-8-2a)
VG(0,7)+DG,(0,7) =0, (5-4-8-2b)
(V+06,D)G(a,t)+DG,(a,1)=0. (5-4-8-2c¢)

The corresponding eigenvalue problem is,
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¢"+Ap =0, (5-4-8-3a)
he(0)+¢'(0) =0, (5-4-8-3h)
(h+0o,)0(@)+0'(a)=0, (5-4-8-3c)

where #° + (h+0o,)* # 0. The solutions are obtained by substituting o, = 0 into (5-
4-4-6), (5-4-4-7) and (5-4-4-8),

\/X(Gz -0,) _ \/XO'Z

= : (5-4-8-4)
A+(h+o)(hi+o,) A+h(h+o,)

tan(a\/x )=

¥, =\, +(#+0)(i+0,) +A, (0,-0,)" =[A, +A(hi+0,)] +A, 03,
¥, =aA, +(h+o,)’]- ¥, =alr, +h%)- ¥, (5-4-8-5)
¥, =(c,-c,)[M,-A,(h+0,)(c,-0,)—(h+0,)°(h+0,)]=
=0,[\ =\ ho, -k (h+0,)],
thus,

<pn<§)=1/\1, o [V, cos(y/A, &) — (7 + &,)sin(y/A, E)] =

,/q, oA, cos(y4.,8) ~ Aisin(yA, E)]. (5-4-8-6)

Then the Green’s function is,

G(E,T;x,t) = H(t— T)Z exp[-D(A, +7?)(t—1) —A(E - X)]-

‘[yA, cos(yr, x)-hsinm X[, cos(y/A, &)~ nisin(y/A,E)],
(5-4-8-7)
The final solution about u is obtained on (5-4-4-4) with B, =1,

ta a t D
u(x,t) = j j Gédedr +jG(§,0)f(§)d¢+ j [B—G(a,r)hz(r)— DG(0,t)h, (t)]dz.
00 0 0 2
(5-4-8-8)
5.4.9 Robin- Neumann (R-N) boundaries
Based on the solved R-R problem (Example 5.4.4), it is specified as,
o, =0, namely, o, =0,and B, =1.

The solution of R-N problem can be obtained by substituting the newly specified
parameters into the R-R problem, and by somewhat transform or simplification.

The R-N problem is described as,
Lu=u,+Vu,-Du, =6¢(xt), 0<x<a, 0<t<o, (5-4-9-1a)
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u(x,0) = F(x), (5-4-9-1b)

o,u(0,t)+p,u, (0,t) = h,(t), (B, #0), (5-4-9-1c)
u.(a,t)=h,(t). (5-4-9-1d)
The adjoint Green’s function problem is formulated as, accordingly,
L'G=-G,-VG,-DG,, =38(-x,1-1), 0<f<a, 0<t<o0 (5-4-9-2a)
(V+0,D)G(0,7)+ DG, (0,7) =0, (5-4-9-2b)
VG(a, 1)+ DG, (a,1)=0. (5-4-9-2¢)
The corresponding eigenvalue problem is,

¢"+Ap =0, (5-4-9-3a)
(h+0,)0(0)+0'(0)=0, (5-4-9-3b)
ho(a)+¢'(a)=0, (5-4-9-3c)

where (i +o,)? +h* #0. The solutions are obtained by substituting o, = 0 into (5-
4-4-6), (5-4-4-7) and (5-4-4-8),

_ \/I(Gz -0y)  _ _\/Icl
tan(aVa) = A+ (h+o)(i+0,) A+h(i+o,) (5-4-9-4)

¥, =[A, +(+o,)(i+0,) +A, (0,-0,)° =[A, +A(hi+05,)]° +A, G,
¥, =a[\, +(i+0,)]-¥Y,, (5-4-9-5)
¥, =(c,-0,)[M,-A, (h+0,)(0,-0,)-(h+0,)°(h+0,)]=
=—0,[M + A, 0,(h+0,)-h(h+0,)°],
thus,

0 (0)= [T 005 8) = 1+ 0)sin(y )] (5-4-9-6)

Then the Green’s function is,

G(E,T;x,t) = H(t— r)z ‘I‘ exp[-D(A, +7”)(t—1) — A& - X)]-

[YA, cos(y/A, %) = (71 + &,)sin(\A, X)][{A, cos(y/A, &)= (1 +0,)sin(y/A, E)],
(5-4-9-7)

The final solution about u is obtained on (5-4-4-4) with B, =1,

u(x,t) = ﬁe(pdgdr +iG(&,O)f(&)d§+j[DG(a,r)hz(r) —BRG(O,T)hl(r)]dr .

(5-4-9-8)
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Example 5.4.1 through 5.4.9 summarize all possible boundary conditions for the
advection diffusion problems in a finite interval. In principle, the Green’s functions in
the Example 5.4.1 through 5.4.9 can be shrunk into the solutions for the
corresponding problems without advection, simply by applying the equalities, V =0
and/or 7 = 0. However some exceptional cases are listed as follows. (The numberings
of the sub-titles and equations in the exceptional examples use the same as those in
the corresponding advection problems, but plus a prime.)

5.4.10 Dirichlet- Neumann (D-N) boundaries without advection

Based on Example 5.4.5, the corresponding D-N problem without advection is
described as,

u,—Du, =¢(x,t), 0<x<a, 0<t<oo, (5-4-5-1a’)

u(x,0) =f(x), (5-4-5-1b’)

u(0,t) =h,(t), (5-4-5-1¢”)

u,(a,t)=h,(t). (5-4-5-1d”)

The adjoint Green’s function problem is formulated as, accordingly,

-G, -DG,, =8(&-x,1-1),0<E<a,0<t<0 (5-4-5-23)

G(0,7)=0, (5-4-5-2b”)

G.(a1)=0. (5-4-5-2¢")

The corresponding eigenvalue problem is,

¢'"+Ap =0, (5-4-5-32”)

¢(0)=0, (5-4-5-3b”)

¢'(a)=0. (5-4-5-3¢%)

The solutions are easily obtained as,

PR Gl PP Y (5-4-5-4°)

4a

0, = \E sin{%&} : (5-4-5-5%)

Then the Green’s function is,

G(E, X 1) = H(t—r)géexp{—%mt - r)]
-sin{wx}sin{wg} : (5-4-5-67)

2a 2a

The final solution about u is expressed as,

u(x,t) = jiGd)d&dr +ie(g,O)f(a)dg—j[—DG(a,r)hz(r)— DG, (0,)h, (v)]dx.
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(5-4-5-7)

5.4.11 Neumann- Dirichlet (N-D) boundaries without advection

Based on Example 5.4.6, the corresponding N-D problem without advection is
described as,

u, —Du, =¢(x,t), 0<x<a, 0<t<oo, (5-4-6-13’)
u(x,0)=f(x), (5-4-6-1b”)
u,(0,t) =h,(t), (5-4-6-1c”)
u(a,t)=h,(t). (5-4-6-1d")
The adjoint Green’s function problem is formulated as, accordingly,
-G, -DG, =58(-x,7-1),0<&<a, 0<1<® (5-4-6-22’)
G.(0,1)=0, (5-4-6-2b”)
G(a,t)=0. (5-4-6-2¢”)
The corresponding eigenvalue problem is,
¢"+Ap =0, (5-4-6-3a’)
¢'(0)=0, (5-4-6-3b”)
¢(@)=0. (5-4-6-3¢”)
The solutions are obtained as,
A, =@ 103 and (5-4-6-4")

4a

2 2n-1=

9,(8) = @ cos{% a} . (5-4-6-5")

Then the Green’s function is,

G(E T;x 1) = H(t-r)izexp[-%m-r)]

n=1

. cos{M x} cos[M é} : (5-4-6-67)
2a 2a

The final solution about u is expressed as,
ta a t
u(x,t) = j j Godedr + j G(&,0)f (€)dE — j [DG, (a,7)h, (t) + DG(0,t)h, (v)]d<.
00 0 0
(5-4-6-7°)
5.4.12 Neumann- Neumann (N-N) boundaries without advection

Based on Example 5.4.7, the corresponding N-N problem without advection is
described as,
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u, —Du, =¢(x,t), 0<x<a, 0<t<oo, (5-4-7-13%)

u(x,0) = f(x), (5-4-7-1b%)
u,(0,t)=h, (1), (5-4-7-1¢”)
u.(a,t)=h,(t). (5-4-7-1d")
The adjoint Green’s function problem is formulated as, accordingly,

~-G,-DG, =8(-x,t-1), 0<&<a, 0<1<® (5-4-7-2a)
G,(0,7)=0, (5-4-7-2b%)
G.(a1)=0. (5-4-7-2¢")
The corresponding eigenvalue problem is,

¢'"+Ap =0, (5-4-7-32%)
¢'(0)=0, (5-4-7-3b’)
¢'(a)=0. (5-4-7-3¢)

The solutions are obtained as,

n2n2

Ao =0, A, =——2—, n=123,...,and, (5-4-7-4")

n

a
1 2 nm ,
9,(8) = 72 ¢,(8) = \/g COS[;&) : (5-4-7-57)

In this case, the corresponding solution to the eigenvalue of zero is non-trivial, so it
must be an element of the orthogonal complete set.

Then the Green’s function is,

G(&, 1;x,t) = H(t— r){é + igexp{_ n;’:Z D(t-— r)} cos(% xj cos[%E &j} :

n=1

(5-4-7-6")
The final solution about u is obtained as,

u(x,t) = ﬁe(pdgdr + ie(g,O)f(g)dg + j [DG(a,1)h,(t)— DG(0,t)h, (t)]d .

(5-4-7-7")
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6. Multi-dimensional Green’s function

All the content in Section 3, 4 and 5 are about solving one-dimensional advection
diffusion problem. This section is contributed to solve the problem in multi-
dimensions, say, three-dimension (3D).

6.1 Direct solution

Actually, the extension of the GFM from one dimension to higher dimensions, (even
from lower order to higher orders), is entirely straightforward. The advection
diffusion problem in 3D is generally formulated as,

Lu=u, +Vu, -D(u,, +u, +u,)=6(xy,z1t), (6-1-1a)
Bu=oau+pu, =1, (6-1-1b)

where, (6-1-1a) holds in a given domain ®, which could be infinite or finite, and (6-1-
1b) on the boundary 3 of ®, Here the advection direction is defined in the x -direction
without losing any general sense. The following steps are just to repeat the idea or
procedure of the GFM to solve multi-dimensional problems.

First, multiply Green’s function G(&,n,&,t) on both sides of (6-1-1a), and integrate
by parts,

””GLudgdndCdr = Boundary _Terms + ”“uL*Gdgdnder ,  (6-1-2)

where,
L=£+VE—DV2,and, (6-1-3)
ot OX
U=-9 _vOo _pve (6-1-4)
ot OX
Then, G is required to satisfy,
L'G=58(&-x,n-y,§-2z,1-1), (6-1-5)

with homogeneous boundary conditions that can make the unwelcome boundary
terms in (6-1-2) vanish. They are unwelcome because they contain boundary values
being not prescribed. Therefore the remaining terms are only those containing the
prescribed boundary values. In terms of (6-1-1a), (6-1-2) and (6-1-5), the solution can
be expressed as,

u(x,y,z,t)= ””Gq)dgdndz;dr — Remaining _Boundary _Terms. (6-1-6)
If the domain ® is rectangular and is bounded in (Xx,y,z) space by,

X, X, %[y, Y,1x[z,,2,] or by [€,;,&,]x[n;,n,]1x[C;,C,],

in (§,m,&) space, and if the time is define as 0 <t < o, then the “boundary terms” in
(6-1-2), created by integration by parts, can be expressed explicitly, i.e.,

u(x,y,z,t)= jTTTGd)d&dnder + TTT(GU) —od&dndg +
0Gm& Gmé&
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[D(Gu, —-G,u)-VGu]

% dndgde +

+
© ey
o ™
S S

Ul
N

[D(Gu, -G, u)]

" dedgdt +

+
© e+
Al
A

1

tmpé
+ j [D(Gu, -G u)]
0 1&1

=
S
1)

2 dedndr, (6-1-7)

=

where, both the welcome and unwelcome terms are included. (In the process of the
integration by parts, a property of Green’s function, G| _,=0 is applied.) As
mentioned, the unwelcome terms can be eliminated by applying the homogeneous

boundary conditions of the Green’s function. In case of two-dimension, (6-1-7) is
reduced as,

t 8, 1, &,
u(x.y,t)=[ [ [ Gededndz+ [ [ (Gu)

r=0dadn+
0Omé§ M &
tm, té&
+ j j [D(Gu, - G,u) - VGu] & dndr + j j [D(Gu,, - G,u)] ™ d&dz . (6-1-8)
0n 08&

The expressions of (6-1-7) and (6-1-8) are useful to make multi-dimensional solutions
by using the GFM.

Green’s function equation (6-1-5) with its boundary conditions can be solved directly
by using image system based on inspection, integral transform, or by using
eigenfunction method, like in the case of one dimension. The extension from one
dimension to multi-dimension is completely straightforward. However, efforts are not
taken to that direction in this paper, but to apply a so-called “product rule” to create
multi-dimensional Green’s function based on the one-dimensional Green’s functions
we have solved already in last sections.

6.2 Product solution

Based on the approach of product solution, the multi-dimensional Green’s function
can be obtained easily by multiplying one-dimensional Green’s functions together, if
the boundary conditions of Green’s function are homogeneous. In other words, the
problem of solving multi-dimensional Green’s function can be degraded to several
one-dimensional problems. It is a big advantage and a lovely feature of the GFM. On
the other hand, it must be emphasized that the approach of product solution is not
universal. It is applicable only to Cartesian coordinate systems and cylindrical
systems in a more limited sense. The approach does NOT apply to spherical
coordinate system. Fortunately the latter two systems are not involved in this paper.
This subsection is devoted to explain the principle of product solution based on the
example of the advection diffusion problem.

Let’s consider a cubic volume in space of (§,n,§) bounded by {E=&., n=mn,, {=C,,
where i =12 and &;,n;,&; can be finite constants or infinite, the 3D Green’s function

problem defined on the cube with general linear homogeneous boundary conditions is
formulated as,
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~G,-VG,-D(G, +G,, +G,)=8((-xn-y,.5-2,1-1), (6-2-1a)

(G +ByGy)|smg, =0, (6-2-1b)
(G +B5 Gy ) =0, (6-2-1¢)
(4G +B5Ge)lee, =0, (1=12), (6-2-1d)

where, as usual in the GFM, &,m,&,t are running variables and X,y,z,t are constants.

Let’s recover the physical meaning of G in (6-2-1a). It stands for the heat distribution,
caused by a unit heat pulse released at (x,y,z) and at t, along a reversed time scale
and with a reversed advection direction. (The latter reversed nature is not concerned
here.) If the time is reversed and shifted by t, the physical meaning of Green’s
function can be re-formulated as: it describes the heat distribution, initiated by a unit
heat pulse released at an initial time of zero, along a time axis with normal direction.
In other words, the original Green’s function problem with point source (6-2-1) is
equivalent to an initial value problem without source term. By using mathematical
language, the transform about the time coordinate is defined as,

T=—1+t. (6-2-2)

Denoting the Green’s function as G in the new time coordinate, the problem (6-2-1)
is transformed as,

G;-VG,-D(G +G,, +G,)=0, (6-2-3a)
Gleep=8(¢—x,M-Y.5~2), (6-2-3b)
(G +PByGy )|y, =0, (6-2-3¢)
(G +B,G,)|pon, =0, (6-2-3d)
(a5G +B5Gy)| ey, =0, (i=12). (6-2-3¢)
The problem (6-2-3) can be solved in the way to assume that,

G(&1M,6,7) = X(6,7)-Y(n,7)- Z(§, 7). (6-2-4)

By substituting (6-2-4) into (6-2-3a) and rearranging, we have,

(X; = VX, = DXy )YZ +(Y; = DY, )XZ +(Z; =DZ, )XY =0, (6-2-5)

which can be satisfied if,

X; - VX, ~DX,, =0, (6-2-6a)
Y;-DY,, =0, (6-2-7a)
Z,-DZ, =0. (6-2-8a)

Substitute (6-2-4) into the initial condition of (6-2-3b),
G(&m,5.0) = X(§,0)- Y(n,0)- 2(5,0) = 8(&-x,n-Yy,§~2) =
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=38(§-x)8(n-y)3(C-2), (6-2-9)

where, the last step is the result by using the property of delta function (2-1-8).
Equality (6-2-9) can be satisfied if,

X|so = 8(&—X), (6-2-6b)
Y]z =8(m-Y), (6-2-7h)
Z|..,=8(5-12). (6-2-8b)
Then, substitute (6-2-4) into the boundary condition of (6-2-3c),

YZ(aty X+ By X, ) ees, =0, (6-2-10)
where, i =1,2. Clearly, equality (6-2-10) can be satisfied if,

(ot X+ ByiXe)|ece, = 0. (6-2-6¢)

Similar equalities can be obtained by substituting (6-2-4) into (6-2-3d) and (6-2-3e),
respectively,

(0t +B i Yyl gen, =0, (6-2-7¢)

(ot Z +BsiZe)|eer, =0, (6-2-8¢)

where, i =1,2. Therefore, the initial value problem (6-2-3) is divided into three initial
value problems,

o~ ~

X; — VX, DX, =0 [Y.-DY,, =0 (Zz.-DZ, =0
| Xlamo =86 =) | Vs =8(n-y) |2 =8-2)
(o, X + Bliig)\ e =0 (o, Y + Bzi\?n)\m =0 (0 Z+ 1332,;)\ e =0
(i=12) (i=12) (i=12)
(6-2-6) (6-2-7) (6-2-8)

Based on the splitting procedure described above, the product solution of the three
problems must satisfy the equation and the initial value and the boundary conditions
of (6-2-3). That is to say, the product solution must be the solution of (6-2-3). The
problems (6-2-6), (6-2-7) and (6-2-8) can be inversely transformed from =
backwards to tbased on (6-2-2), and the initial value problems are re-formulated as
point source problems, respectively,

~ X, = VX, ~DX,, =8(§—x,7—t)

(alix + Blixg)‘ e=t, — 0

(i=12)
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-Y,-DY, =8(n-y,t-1)

<mﬁY+B;QAFm=o (6-2-12)
(i=12)

(-2, -DZ, =8(5-2,1-1)

oy Z + BSiZg)\ e =0 (6-2-13)
(i=12)

where, X(&,7)=X(,7), Y(n,©)=Y(,T), Z(£,7)=2Z(, 7). Look at the three
problems, they are so familiar to us and appear many times in last sections. They are
all one-dimensional Green’s function problem. The problems of (6-2-12) and (6-2-13)
are looked as special cases of (6-2-11) with the advection velocity V equal to zero. It
is obvious that the transform on time coordinate does not affect at all the conclusion
that, the product of the one-dimensional Green’s functions determined by (6-2-11),
(6-2-12) and (6-2-13) are genuinely the solution of the multi-dimensional Green’s
function of the problem (6-2-1), namely,

G(En,C XY, 2,t) =X(E ux,)Y(n 1y, )Z(E T 2,1). (6-2-14)

6.3 Green’s function tables

Only for convenience, the Green’s functions for different domains and different
boundary conditions are summarized in tables. The tables are constructed completely
based on the solutions obtained in the previous sections. Without losing general sense,
x is selected as the advection direction and the directional Green’s functions are
listed in Table 6-3-1. Accordingly, y and z are the transverse directions, which

Green’s functions are summarized in Table 6-3-2 and Table 6-3-3, respectively.
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Table 6-3-1 List of Green’s functions in advection direction, x or §*

. Infinite domain (—oo, )

B.C. B.C.of G G [Solution term related to B.C.
of u
none |none 1 |nhone
I1. Semi-infinite domain (0, )
B.C. B.C.of G G [Solution term related to B.C.
of u
G(0,71)=0 2 t
+ [[DG, (0, t)h(x)]dv
0
VG(0,1)+DG,(0,7) =0 ’ _j'[DG(O 7)h(t)ldt
0
(aD+BV)G(O,t)+BDG§(0,r)=O 4 'D
— | [-G(0,t)h(r)dt
It

ite domain (0,a)

VG(a,1)+ DG, (a,7)=0

B.C.of G G [Solution term related to B.C.

o0 =0 ’ f[DG (2,1)h,(t) - DG, (0, T)h, (v)]d
— a,T T)— , T T T

G(a,1)=0 S ? : !

G(0,71)=0 6

~[[-D6(a, 9, (1)~ DG, (0,0, (2)lde

G(0,7)=0 7
(V+0,D)G(a,t)+DG,(a,7)=0

+ j.[%G(a, ©)h, (1) + DG, (0,7)h, (7)]dt

VG(a, 1)+ DG, (a,1)=0

VG(0,7)+ DG, (0,7) =0 8 —j'[DG&(a,r)hz(r)+ DG (0.1, (2)]dx
G(a,t)=0 0
VG(0,7)+ DG, (0,7) =0 9

* j [DG(a,t)h,(x) - DG(0,7)h, (1)]dr

VG(0,1)+DG,(0,7) =0 10

(V+0o,D)G(a,1)+DG,(a,1)=0

+i [BR G(a,7)h, (1)~ DG(0, 1), (v)]dr

(V+0,D)G(0,7)+DG,(0,7)=0 |1
G(a,t)=0

B j- [DGﬁ(a’ T)h, (1) + BRG(O, 1)h,(7)]dt
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RN [(V+0,D)G(0,1)+DG,(0,7)=0 |12

VG(a, 1)+ DG, (a,1)=0

+ GG r)hz(r)—BEG(o,r)hl(r)]dr

RR [(V+0,D)G(0,7)+DG,(0,7)=0 |13

(V+06,D)G(a,1)+DG,(a,1)=0

+ j[BRG(a,r)hz(r)—BRG(O,r)hl(r)]dr

0 2 1

*i D means a Dirichlet boundary condition. It is defined as,
u(0,t) = h(t), or u(0,t) =h,(t), u(a,t)=h,(t).

*ii N -means a Neumann boundary condition.

u,(0,t)=h(t), or u,(0,t)=h,(t), u,(at)

It is defined as,

=h,(t).

*iii R means a Robin boundary condition. It is defined as,

au(0,t)+Bu, (0,t) =h(t), or,

a,u(0,t)+p,u,(0,t)=h,(t), a,u(at)+p,u,(at)=h,(t).

o, o, \Y

*i o
|V0':_,0'1=—,0'2— , = —
B B, 2D

*v Green’s functions 1 through 13 are given as,

H(t-1) _[2‘;—X+V(t—1:)]2
1 J4nD(t-1) exp{ 4D(t-1) }

o] HE=1) {exp'_ [£ - x+ V(t- 1) ]

\4rD(t - 1)

AD(t - 1)

H(t—1) [ [E-x+V(t-1)]?]
Nl _
A ]1/47:D(t—r) {eXp 4D(t-1)

_ﬂ_[§+X+V(t—’E)]2_
D 4D(t— 1)

—exp

_ﬂ_[§+x+V(t—r)]2_

e
TP D 4D(t—7)

L 1
—_—

l _X . §+X—V(t—T)
+H(t—T)(2 jexp( DF’] erfc{ J/4D(t - 1) }

D

H(t-1) [E-x+V(t-1)]°
Rl * _
A= {ex [ 4D(t-7) }

D 4D(t - 1)

+exp{ﬂ— [§+X+V(t—‘t)]2i|}+

+H(t- r)(% + cj exp(—oXx) exp{— [ —oD(t— r)](o‘ + %ﬂ .

erfc &+ X—(V+20D)(t—7)
\J4D(t—1)

n"m

P S R

a
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T ]

. sin(\/EX)Sin(\/Eg) ,
JA

where, tan(a\/x) ==

TORIH( -3 Dkt (1+0.)]

“al\ +(h+0,) ]+ (h+o,)

exp[-D(&, +7°)(t— 1)~ (& - X)]-

-exp[-D(, +A?)(t—1) - A& — X)]sin(y/A, X)sin(y/A, &),

where, tan(av) = —
h+o,
= 2(h, +h?%)

JN-DIH(t-1)). exp[-D(\,, + 2°)(t— 1) = h(E - X)]-

“~a(h, +h°)—nh

-sin[y&, (x—a)Jsin[y/2,, (- )],

where, tan(a\/x) = %

n’r? +a’h’

O[N-N]H(t — r)iazhzi—anz#exp{— D[a—z}(t — 1) — (& - x)} :

[l (el o)

10[N-R]H(t - r)i v ZTTP exp[-D(A,, + 7?)(t - t) - A(E — X)]-
‘WA, cos(y/A, x) = isin(y/A, X)][{A, cos(yA, &)= Aisin(y/A, E)],
_ VAo,
where, tan(ax/x) = m,

¥, =[A, +h(h+0,)] +A,05,
¥, =a(\, +h%)- ¥,
LPSn = o-ZI:}"Zn - }"nho-z - hs(h + 0-2)]

_ e 2A, + (h+0,)°] ,
H[R-DIH(t T)nz; A, +(1+0,)°]1-(h+0,)

-exp[-D(A, +72)(t—1) - A(& - X)Isin[/A, (x—a)Jsin[yA,, (& — )],
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VA

G,

where, tan(a\/x) =5

12[R-N] H(t - r)z T exp[-D(A,, +7°)(t— 1) - 1(& - X)]-

T, cos(yA, X) = (7 + &,)sin(yA , X)I[YA, cos(y/A, &) = (7 +o,)sin(\A, E)],
—JAo,

where, tan(a =
(\/_) A+h(h+o,)

¥, =[A, +h(h+0,)] +A, 07,
lPZn = a‘[}"n + (h+01)2]'Tln '
Y, =—o‘1[k2 +A O'l(h+0'l)—h(h+o'l)3]

n

13[R-R]H(t - r)Z‘P T exp[-D(A,, + 7°)(t—1) - h(E - X)]-

[, cos(yfA, X) = (71 + o) sin(y/A, X)][YA, cos(y/A, &) = (7 +o,)sin(A, E)],
\/I(Gz _01)

where, tan(a\/x )=

A+(h+o,)(h+a,)

¥, =\, +(i+0,)h+05,) +A,(c,-0,)°,

¥,, =aA, +(h+0,)°]-¥,,,

¥, =(0,-06,)[A, -\, (h+0,)(0,-0,)-(h+0,)°(h+0,)].
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Table 6-3-2 List of Green’s functions in transverse direction, y or n*

. Infinite domain (—oo, )

B.C. B.C.of G G [Solution term related to B.C.
of u
none |none 1 |one
I1. Semi-infinite domain (0, )
B.C. B.C.of G G [Solution term related to B.C.
of u
D G(0,t)=0 2 t
+ j [DG, (0,7)h(z)ld
N |G.(0,7)=0 3 |
n —I[DG(O,t)h(r)}jT
R = 4 t
aG(0,7) +BG,(0,7) =0 ] I[% 60, Dh(O) K
I11. Finite domain (0,b)
B.C. B.C.of G G [Solution term related to B.C.
of u
P-D |G0.0)=0 " [[DG. (b.0)h. () - DG. (0,5)h. (x)]d
S, =0 ~[[DG, (0. )h,(x)~DG, (0.1, (D)
D-N |G(0,7)=0 6 | ¢
~ [[-DG(b,7)h, ()~ DG, (0,7)h, (v)]dr
G,(b,7)=0 0
D-R |G(0,7)=0 7t
©.%) + j [BG(b,r)hz(r)+ DG, (0,7)h,(t)]dt
5,G(b,7)+G,(b,1)=0 o B2
N-D |G, (0,7)=0 8 | ¢
n —I[DGn(b,r)hz(r) +DG(0,7)h, (1)]d*
G(b,t)=0 0
N-N |G (0,1)=0 9 | ¢
n + j [DG(b,1)h, (t) — DG(0, t)h, (t)]d=
G,(b,7)=0 0
N-R = 10 t
G, (0.7)=0 + j [RG(b,r)hz(r)— DG(0,7)h, (t)]dz
5,G(b,7)+G, (b,t)=0 o B
R-D |6,G(0,7)+G,(0,t)=0 171 D
- [[DG, (b, 0)h, (x) + =G (0,7)h, (v)]dr
G(b,7)=0 0 B,
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RN [5,6(0,0)+G,(0,1)=0 L [06(0, 9h, (- 2 6000, (e
G,(b,1)=0 " "

- _ 13 ]

RR [6,6(0,1)+G,(0,7)=0 + [I2G(b,0)h, (1) - 2 G0, D, (B)lde
5,G(b,1)+G,(b,7) =0 o B B,

*i D means a Dirichlet boundary condition. It is defined as,
u(0,t) = h(t), or u(0,t) =h,(t), u(b,t)=h,(t).
*ii N -means a Neumann boundary condition. It is defined as,
u,(0,t) =h(t), or u,(0,t) =h,(t), u,(b,t)=h,(t).
*iii R means a Robin boundary condition. It is defined as,
au(0,t) +pu, (0,t) =h(t), or,
a,u(0,t)+B,u, (0,t) =h, (1), a,u(b,t)+B,u, (b,t) =h,(t).
= ﬁ , 0'2 = & .

B, B,

*v Green’s functions 1 through 8 are given as,

i HE=9 exp{_ (n—Y)Z}

. o
*Vo=—, o,

J4nD(t—1) 4D(t-1)
o1 2ol S]]
3[N] %{GXD:— :g(_t—)_/);} * eXp:_ g:t—)—/)rz):}
el o B
+ H(t-)oexp|- ofn+y - oD(t - 7)]]- erfc{n +%_ T)]

=2 | n’n? (nm ). (nn
5[D-D]H(t—r)§gexp_— DL o ](t—r)}sm(ijsm[Fnj

4b? 2b

6[D-N]H(t - r)i%exp - M D(t - ’E):|Sin|:(2n2_b1)n y]sin[ (2n-Dm nj|

AD-RIH(t-0)3 2y +7)

“~b(A, +03)+0,

exp[-DA,, (t - 7)Isin(y/A., y)sin(yA,,m),
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I

where, tan(b\/x) =——

G,

SIN-D] H(t - r)i%eXp{_ % D(t- r)} cos[ (2n2—b Dn y} cOs|: (2n2—b Dn n}

9IN-NJH(t - r){% + i%exp{— n;fz D(t - 1:)} cos(%n y) cos(%nnj}

1IN-RIH(t-)3 - 2a * o:)

n=1 b()\;n + Gg) + 62

exp[-DX, (t — t)]cos(y/A , y)cos(y/A, M),

where, tan(b\/x) =%z
JA

HRDIH(t-1)3 2P * o)

‘S b(A, +07)-0,
sin[y, (y = b)Isin[y/A, (n-b)],
JA

where, tan(b\/x) =—
G,
RNIH(t-0)3 2 o1)

i b(A, + 012) -0,

cos[\/&, (y —b)]cos[y/A,, (n—Db)],

exp[-DA, (t—1)]-

exp[-Da,, (t—1)]-

where, tan(b\/x) = —%
13[R-R] H(t - r)i v 2% exp[-DA, (t—1)]-
[y, cos(\h, y) = o, sin(y/A, Y)Y, cos(y/A,m) - o, sin(\, )],
where, tan(bvA) = %,

Y, =@, +6102)2 +A, (o, _0'1)21
Y, =b(A, +0'12)-‘-I‘1n,

¥, = (o, _61)[7"2n -A,0,(0, _01)_6562]-

-61 -



Table 6-3-3 List of Green’s functions in transverse direction, zor {*

. Infinite domain (—oo, )

B.C. B.C.of G G [Solution term related to B.C.
of u
none [none 1 |none
I1. Semi-infinite domain (0, )
B.C. B.C.of G G [Solution term related to B.C.
of u
D |G(0,7)=0 >
+ j [DG, (0,7)h(z)]de
N [G.(01)=0 3|
- [[DG©,1)h(x) K
R = 4 t
aG(0,7) +BG,(0,7) =0 ] I[% 60, 9h(OK
I11. Finite domain (0,c)
B.C. B.C.of G G [Solution term related to B.C.
of u
D-D |G(0,7)=0 5| ¢
Sy =0 —_([[DG,;(C,t)hz(r) ~ DG, (0,7)h, (t)ld
D-N [G(0,7)=0 6 | t
- [[-DG(c,1)h, () - DG (0, 7)h, (v)]dr
G.(c,1)=0 0
D-R [|G(0,7)=0 7 t
©.2) + j [RG(C,r)hz(r) +DG, (0,7)h, (¢)]dr
5,G(c,7)+G,(c,1)=0 o B2
N-D |G,(0,7)=0 8 L
—I[DGC(C,r)hZ(r) +DG(0,7)h, (1)]d*
G(c,1)=0 0
N-N |G.(0,7)=0 9 | t
+ j [DG(c,7)h,(r) — DG(0,t)h, (t)]dz
G.(c,1)=0 0
N-R = 10 t
G:(09)=0 +| [ G(c,7)h, (z) - DG(0, D)h, (¢)]d
5,G(c,7)+ G, (c.t) =0 o B
R-D = 11 t
6,G(0,7)+G,(0,7)=0 —I[DGC(C,‘C)hZ(’E)+EG(O,T)h1(T)]dT
G(c,t)=0 0 B.
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RN 10,6(0,7)+G,(0.1)=0 N +j[DG(c,r)hz(r)—EG(O,r)hl(r)ldf
G.(c,1)=0 ’ &

RR [0,6(0.6)+6,(0.1)=0 2 6 on, 0 - 2 60.0n, (o1
GZG(C,T)+GC(C,1:)=O s B B,

*i D means a Dirichlet boundary condition. It is defined as,
u(0,t) = h(t), or u(0,t) =h,(t), u(c,t) =h,(t).

*ii N -means a Neumann boundary condition. It is defined as,
u,(0,t) =h(t), or u,(0,t) =h,(t), u,(c,t) =h,(t).

*iii R means a Robin boundary condition. It is defined as,
au(0,t)+Bu,(0,t) =h(t), or,

a,u(0,t)+B,u,(0,t) =h,(t), a,u(c,t)+B,u,(c,t)=h,(t).

*v Green’s functions 1 through 8 are given as,

H(t-1) _ (-2
1] \JArD(t - 1) eXp{ 4D(t - r)}

. o
*Vo=—,0, =

R
o et ) A )
+H(t—1)oexp[-of¢ +z - oD(t - 1)]]- erfC|:C +\Z/%_ T)}

S[D-D]H(t— r)i%exp - DL ”zzcz J(t - T)}in(n%c zjsin(%nc]

6[D-N] H(t - T)iéexp _ % D(t— 'r):| sin{(ZnZ—Cl)n z]sin{(an—Cl)n C}

AD-RIH(t-1)3 2y +07)

n=1 C(;"n +G§)+62

exp[-DA, (t - 7)]sin(y/A, 2)sin(y/A, ).,
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JA

where, tan(c\/x) =——

G,

SIN-D]H(t - r)i%exp{— % D(t- r)i| .

n=1

. COS{(2n -n Z] COS{(2n -n C}
2C 2C

IIN-NJH(t - r){% + i%exp[— nZT:Z D(t- 17):| cos(n%E zjcos(n?ng]}

1ON-RIH(t- 7)Y 2, +52)

n=1 C(;"n +G§)+62

exp[-DA, (t - t)]cos(y/h,, 2) cos(/%, §),

where, tan(c\/x) = C2

VA

HRDIH(t-)3 — 2 * o)

n=1 C()“n +Gf)_61

sin[y/&,, (- c)lsin[{&, (—¢)]

where, tan(c\/x) = ﬂ

G,
RNJH(t-1)Y 2, +07)

oo (A, +cr12)—0'1

-cos[{A, (z - ©)]cos[y/A, (5 - )],

exp[-DA , (t—1)]-

exp[-DA,, (t—1)]-

where, tan(cvA) = —%
13[R-R]H(t - r)nzz qujl" - exp[-DA., (t—1)]-
[YA, cos(y/A,2) - o, sin(y/A,, )], cos(y/A,§) o, sin(y, O],
where, tan(cy/A) = %;:1) ,

Y, =@, +clcz)2 +A, (o, _0'1)21
lPZn = C(}\'n +612)"Pln'

¥, = (o, _Gl)[)"zn —-A,0, (o, _01)_0362]-
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7. Applications

7.1 Validation of gas diffusion model of GASFLOW

GASFLOW is a multi-dimensional fluid dynamics field computer code, which is
widely applied in flow and safety analyses in nuclear industry (Travis et al., 1998).
The original ideal of the work about Green’s functions is to validate the diffusion
solver of GASFLOW based on the theoretical solutions obtained by using the GFM.
To exclude any adverse effects such as buoyancy and chemistry, a problem of
nitrogen diffusing into an advective air flow is designed to verify purely the diffusion
solver. The advection diffusion problems in 1D, 2D and 3D are simulated,
respectively, by using GASFLOW, the computational results are compared with the
Green’s function solutions accordingly.

7.1.1 One-dimensional advection diffusion problem

A 1D channel is designed to contain a uniform advective air flow, as shown in Figure
7-1-1-1. At one end of the channel, nitrogen is injected into the air flow. Another end
is assumed to be far enough. The pressure is 0.1013 MPa and the temperature 298.15
K. By defining the mass fraction of nitrogen as the solved variable u =u(x,t), the

advection diffusion process can be formulated as,

u,+Vu,-Du,, =0, 0<Xx<o, 0<t<oo, (7-1-1-1a)
u(x,0)=0, (7-1-1-1b)
u(0,t)=1. (7-1-1-1c)

iNitrogen>V —» — —AiIl—> — — — 1>V

[

—
0 X
Figure 7-1-1-1 One-dimensional advective diffusion of nitrogen into air flow

This is a boundary value problem in a Dirichlet type, defined in a semi-infinite
domain, without a source term and with a zero initial value. By looking up the
Green’s function in Table 6-3-1, the solution is simply expressed as,

[Xx-V(t-1)) N
4D(t-1)

u(x,t) = j ! AIx-V(t- r)]exp[—
> \/167D(t — 1)°

VX [x+V(t-1)F }}dr

+[x+ V(t- r)]exp{ﬁ 4D(t - 1)

and simplified as, by using the property of convolution,

u(x,t) = !ﬁ{(x ~ V1) exp{— %} +(x+ V1) exp{% _(x Z[\)/Tr) }}dr
(7-1-1-2)

- 65 -



1.0 Poatannodlatls b,

D=0.1cm?/s, t=5s

——GFM

—o— Gasflow,dx=1/3cm,ifvi=1
—&— Gasflow,dx=1/3cm,ifvl=0

0.8 1

0.6

0.4

Mass fraction

0.2 1

0.0 - e OO0

Figure 7-1-1-2 One-dimensional advective diffusion with D = 0.1cm?/s and
different ifvl options

If D=0.1cm?/s and V = 2 cm/s, the theoretical nitrogen mass fraction distribution at
t =5s is shown as the thicker solid line in Figure 7-1-1-2. The same problem is
simulated by using GASFLOW. In the code, a van Leer option (ifvl) is set to choose
the first- or second-order of the numerical schemes for discretizing of the advection
term in space: “0” means the first-order, “1” the second-order. The simulation results
by using both options are plotted in Figure 7-1-1-2 for comparison with the Green’s
function. The figure shows that the second order result is better than the first-order,
and has a good agreement with the Green’s function solution. Two important aspects
about the propagating front of nitrogen are reflected in Figure 7-1-1-2: the advection
distance and the diffusion length. The former is about 10 cm, equal to the product of
the advection velocity (2 cm/s) and the time (5 s), the latter is about 5 cm, which
depends on the diffusion coefficient and the time.

The sensitivity of the simulation results on cell sizes are performed for the cases of
D =0.01cm?/s and D =0.001cm?s, and the results together with the corresponding
Green’s function solutions are shown in Figure 7-1-1-3 (a) and (b), respectively. The
advection velocity is not changed and the second-order scheme about advection
(ifvl =1) is applied in the GASFLOW simulations. It is the same as here if no special
words are given in following text. Figure 7-1-1-3 indicates that the smaller the
diffusion coefficient is, the sharper the nitrogen front, and the smaller cell size is
needed to reproduce the leading front. The convergence of the simulating results to
the theoretical solutions is presented from coarse grids to refined grids in both (a) and

(b).
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(b)

t=5s
GFM,D=0.001cm’/s
O Gasflow,D=0.001cm?/s
GFM,D=0.01cm?/s
v Gasflow,D=0.01cm’/s
—— GFM,D=0.1cm’/s
> Gasflow,D=0.1cm%/s
GFM,D=1cm’/s
O Gasflow,D=1cm’/s

Figure 7-1-1-4 One-dimensional advective diffusion with different diffusion
coefficients
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The comparisons between the GASFLOW simulations and the Green’s function
solutions are also made for different diffusion coefficients ranging from 0.001 cm?%/s
to 1 cm?/s, as shown in Figure 7-1-1-4. Perfect agreements are obtained between the
GFM and GASFLOW in the different cases except that of D =1cm?/s, which has a
slight deviation, but within an acceptable limit. Figure 7-1-1-4 clearly manifests that a
bigger D results in a wider nitrogen front, or a bigger diffusion distance.

7.1.2 Two-dimensional advection diffusion problem

A similar two-dimensional advection diffusion problem of nitrogen into an air flow is
designed to validate the performance of GASFLOW. As shown in Figure 7-1-2-1,
nitrogen is released only from the interval [y,,y,] to the advective air flow. The mass
fraction of nitrogen is defined as the unknown variable, u, to be solved. The problem
can be modeled as a semi-infinite ( x direction) and infinite (y direction) 2D
advection diffusion problem with a Dirichlet boundary condition:

u,+Vu, -D(u,, +u,)=0, 0<X,y<w, 0<t<o, (7-1-2-1a)
u(x,y,0)=0, (7-1-2-1b)
1L i
u(0,y,t)= { Y loval (7-1-2-1c)
0, otherwise.
A —>
y —>
———___ >
Yof — 5 Advection
Nitrogen - > —velocity, V
reservoir > ey
Yo | _’
—>
—>
—>

Figure 7-1-2-1 Two-dimensional advective diffusion of nitrogen into air flow
According to the GFM, the general solution for a 2D problem is expressed as (6-1-8),

tn, 8, 1, &,
u(x,y,t)= | [ [ Gededndz+ [ [ (Gu)

r=0d§dn+
0mé& ™ &
tm, t&
+ j j [D(Gu, - G,u) - VGu] & dndr + j j [D(Gu,, - G,u)] ™ d&dz . (6-1-8)
0n 0&

In the application, (§;,§,)=(0,»), (n;,Mn,)=(—w0,®). By substituting them into (6-
1-8), it becomes as,

t oo ©

u(x,y,t) =j ”Gd)d&dndr+ jT(Gu)

-0 -0

=0 dgdn +

+ j T[D(Gug -G,u)- VGu]‘;‘;dndr + jT[D(Gun - Gnu)]‘ ™ dedr (7-1-2-2)

n=—o
0
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In the case, ¢ =0 and u|__,= 0 according to (7-1-2-1a) and (7-1-2-1b), respectively,
then (7-1-2-2) is reduced as,

u(x,y,t) = j T[D(Gug —G,u)- VGu] £y dndr + jT[D(Gun -G, )], dede.

=0

(7-1-2-3)

Considering the homogenous boundary conditions of the Green’s function at infinite,
namely,

Glse=0, Gfpese=0, (G5)|zwe=0, (Gy)]uru=0. (7-1-2-4)

N=t00 =

the expression of solution (7-1-2-3) is reduced further as,

u(x,y,t) = —j T[D(Gug —G,u)- VGu],,dndr, (7-1-2-5)

where u‘§=0 is prescribed in (7-1-2-1c) as a Dirichlet boundary and (u&)‘g=0 is not
prescribed. Therefore the term (Gu&)‘§=O in (7-1-2-5) is unwelcome, then the

additional boundary condition of G must be G‘gzo =0. By applying the boundary
condition, (7-1-2-5) is changed as,

u(x,y,t)= [ [ID(G,u)]|, o dndr. (7-1-2-6)
Based on the product rule of Green’s function, we have,

G(En,1)=X(E1)Y(M,T), (7-1-2-7)
thus,

2 6En =2 XED-Y(n). (-1-2-8)
o o

By substituting (7-1-2-8) into (7-1-2-6), we have,

u(x,y,t) = ! L [D-a%X(o,r)-Y(n,r).u(o,n,r)]dndr =

=| {D~%X(0,r)- [ LY, 7)u(0,n, 7)lan}dr (7-1-2-9)

By using the Green’s function tables, Table 6-3-1 and Table 6-3-2, we can find the
proper directional Green’s functions according the domain and the boundary
condition,

H(t—1) [ E-x+ V(- VX [E+x+V(t-1)F

X&) = \JA4rD(t— 1) {exp_ 4D(t—1) } B eXp[ D 4D(t-1) }} 1

Hit-9) ] (-y)’ }

Y= e AD(t- 1)

| o]
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Thus,
B  H(t-1) X= V(=P [X=V(t-1)]
aﬁx«wﬂ_1MnDﬂ—t)&x[ AD(t—1) } D(t—1)

+exp[% _ [xz [\)«t—r)r}[x+va—r>1}_
(t—1) 2D(t-1)

By bringing them into (7-1-2-9) and applying (7-1-2-1c), the solution becomes as,

0 D . _[x=V(t-o)F |[x-V(t-1)]
U(X’y’t)_'([,/4nD(t—r) {eXp{ 4D(t - 1) } D(t—-1)

VX [x+V(t-7)] |[x+ V(-1 ¢ 1 _ (n-y)
+€Xp{D 4D(t—x) } 2D(t— 1) }y{ 1/4nD(t—r)eXp[ 4D(t—r)}dndr'
Being simplified as,

el Vit oexn - X VA=
u(x,y,t)—‘!:\/64“[)“_1)3 {[x—V(t r)]exp[ D(t—7) }+

VX _[x+ V(-1 Y-y |_ Y —Yo
+[X+V(t—r)]exp{3— 2D(t—7) }}-{erfc[ '—4D(t—r)] erfc[ /—4D(t—r)}:|dr

in a further step, as,

u(x,y.t)= _gﬁ - {(X - V1) exp{— %} +(X+ V1) exp[% _x+ Vo) ZS/:) }} :

. Y-V, _ Y—Yo -1-2-
[erfc( \/E] erfc( mﬂdr. (7-1-2-10)

This is the final solution of the nitrogen mass fraction distribution in the advective air
flow. If D=0.1cm?s, V =2 cmis, Yo =-05cm, y,=05cm, a 3D view of the

nitrogen mass fraction distribution at t =10s is shown in Figure 7-1-2-2, which is
drawn based on (7-1-2-10) by using Mathcad, a mathematics compute program.

On the other hand, GASFLOW is applied to simulate the advection diffusion problem
accordingly, with a grid size of 0.2 cm. Figure 7-1-2-3 presents the mass fraction
distribution along the central line of the plume in the advection direction at different
times of 2s, 4s, 6s, 8s and 10s, to depict the developing front of the diffusing
concentration.

The mass fraction distributions in the transverse direction at x =10 cm and at
different times are shown in Figure 7-1-2-4, which shows a Gaussian distribution with
a growing amplitude on time. In the light of the figure, the upstream diffusion front
arrives here at about 4 s, and grows up to be mature at about 6 s. The fastest growing
occurs at about 5 s, simply because the advection front arrives here at this moment
and dominates the mixing process. The high consistency between the theoretical
solutions and the numerical solutions manifests that GASFLOW can reproduce
numerically the advection diffusion process in a quite satisfactory way.
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Figure 7-1-2-2 Three-dimensional view of advection diffusion plume of nitrogen

at t=10s
1.0
1 X 0 Gasflow,2s
0.9 O Gasflow,4s
08 A Gasflow,6s
i v Gasflow,8s
0.7 4 < Gasflow,10s
- 06_‘ —— GFM,2s
S ——GFM/4s
g
2
T
=

X, cm

Figure 7-1-2-3 Mass fraction distributions in advection direction (y = 0cm) at
different times (two-dimensional problem)
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Figure 7-1-2-4 Mass fraction distributions in transverse direction (x =10cm) at
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0.25
0.20

0.15

Mass fraction

0.10
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7.1.3 Three-dimensional advection diffusion problem

The three-dimensional problem of nitrogen diffusion into an air flow is depicted
schematically in Figure 7-1-3-1. It is in principle a 3D boundary value problem. The

governing equation about the nitrogen mass fraction distribution is,

U, +Vu, = D(U, +U,, +U,,)=0, 0<X,y,z<w, 0<t<w,
U(le,2,0)=0,

1 i
u(O,y,z,t):{ if ye.[yo’yl] and ze[z,,2,],

0, otherwise.

A7z ~

%

Advection

Y

Figure 7-1-3-1 Three-dimensional advective diffusion of nitrogen into air flow

\,

In the light of the GFM, the solution expression is,

u(x,y.z,t) = [ [[D(Gu)] cotindgdr =

(oY Se——

t o o

0 —o0—c0

—00—a0

DX,(0,7) [ [ Y(n,©)Z(¢, 7)u(0,n,¢, )dndgdr =

(7-1-3-1a)
(7-1-3-1b)

(7-1-3-1c)




t Zy Yy t Y1 Zy
= [DX,(0,%)[ [ Y(n,71)Z(§,7)-1dndgd = [ DX, (0,7) [ Y(n,t)en | Z(5, r)dgde
0 20 Yo 0 Yo Zy
(7-1-3-2)
By looking up the directional Green’s functions X,Y,Z from Table 6-3-1, Table 6-3-

2 and Table 6-3-3, respectively, and substituting them into (7-1-3-2) and applying the
communication law of convolution, we have,

(X - V1)? VX (x+V1)?

U(x,y,z,t)=Iﬁ'{(x—w)exp{——4Dt }f(X* VT)EXP[F 4Dt }}
0 ot
b1 =y f L _€-2) -
oo o - e

1 (x—V1)? VX  (x+ V1)°
—W . {(x - V1) exp[— 4—Dr} + (X + V1) exp{; — 4—[%}} .

Y-V Y—Yo -7y -2,

-| erfc| === |—erfc -| erfc —erfc dt.(7-1-3-3

e ) erd e el ) e S 09
This is the formula the nitrogen mass fraction should satisfy. By using Mathcad, the
mass fraction distributions along the x -axis at t =2s, 4s, 6s and 10s are plotted as
solid lines in Figure 7-1-3-2, where D =0.1cm?/s, V =2 cm/s, y, =z, =-0.5 cm,
y, =z, =0.5cm. In the figure, the symbols stand for the GASFLOW simulation with
a grid size of 0.2 cm. The mass fraction distributions at transverse directions (yandz)

at x=10cm and at t =6 s are also compared with the theoretical solution in Figure 7-
1-3-3. Perfect agreements are obtained between the GFM and GASFLOW in both
figures.

O© oy —+

1.0 4

Gasflow,2s
Gasflow,4s
Gasflow,6s
Gasflow,8s
Gasflow,10s
—— GFM,2s
—— GFM,4s

0.9 8

0.8+ f

A< D> OO

0.7 1

0.6

05 ——GFM,6s
1 ) —— GFM,8s

Mass fraction

Figure 7-1-3-2 Mass fraction distributions in advection direction (y =z =0cm) at
different times (three-dimensional problem)
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GFM,6s

Mass fraction

yorz,cm

Figure 7-1-3-3 Mass fraction distributions in transverse directions (x =10 cm) at
t =65 (three-dimensional problem)

7.2 Validation of particle mobilization model of GASFLOW

A discrete Lagrangian particle transport model is developed in the GASFLOW code.
The mean motion of each simulating particle is governed by particle momentum
equations according to the Lagrangian approach. A stochastic turbulent particle
diffusion model is developed accordingly to describe the particle diffusion caused by
particle concentration gradients and the turbulence of the conveying gas flow (Travis
et al., 1998). In terms of the model, the particle turbulent fluctuations on the mean

motion are described by a diffusion velocity, U , which is determined by,

U g = %[ierf ()T xerf(E,)rerf 7 (G,)KI, (7-2-0-1)

where D is the particle diffusion coefficient, At is the time step of the numerical
scheme, &,,C,,C, are three random numbers within [0,1], the sign “x ™ is also

randomly determined, i, j,k stand for unit vectors in the three coordinate directions,

respectively, erf (- is the inversed error function (Xu et al., 2007). The factor of the

turbulence is accounted in the coefficient D . In principle, the stochastic
representation (7-2-0-1) satisfies the Fick’s law about diffusion. In other word, the
particle distribution, say, the concentration should converge to the continuous solution
by solving the diffusion equations analytically, if the particle sample number is
sufficiently big. This subsection is contributed to verify the particle model of
GASFLOW fundamentally and systematically, based on the developed Green’s
function solutions in Section 6. Since particles could be released instantaneously or
continuously, from ideal points, two-dimensional areas or three-dimensional cubes,
into stagnant or advective flows, a series of diffusion problems are discussed in the
following subsections.

7.2.1 Point source in stagnant flow

In case of stagnant flows, particles are driven to move only by the concentration
gradients. Since the accompanying fluid is quiescent, it is a general diffusion problem
without advection, namely, “V =07". The diffusion model of GASFLOW is verified
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in case of 1D, 2D and 3D, with instantaneous and continuous particle releases,
respectively.

I. Instantaneous point source

Mathematically, a one- or multi-dimensional Dirac delta function is applied to
formulate the instantaneous particle release as a point source term with a constant
coefficient to stand for the strength of the particle source. It can be assumed that the
particles are released instantaneously at t =0, and at the very center (origin) of an
infinite 1D pipe, a 2D square or a 3D cube. The 1D, 2D and 3D problems are
formulated as, respectively,

u, —D(u,,)=Q,8(X,t), —co< X<, 0<t<o0, (7-2-1-1)
U, —D(u,, +u,,)=Q,3(x,y,t), —o<X,y<ow, 0<t<wo, (7-2-1-2)
U, —D(u,, +u, +u,,)=Q.8(X,y,z,t), —0<X,y,z<0, 0<t<ow, (7-2-1-3)

where Q. (N =1,2,3) is the total number of the released particles, or called “source

strength”. By applying the GFM, and noting the properties of delta function and the
product rule about Green’s functions, the solutions can be expressed as,

u(x,t)=Q, [ Te(g, TX,1)8(¢, 1)dedr = Q, { of X(E,; x,t)8(2‘;)d&}8(t)dt =

= Ql_[ X(0,7; x,t)d(t)dt = Q,X(0,0; X, t), analogously, (7-2-1-4)

=Q, { | X(é,tix,t)ﬁ(é)dﬁ}{ | Y(n,r;y,t)ﬁ(n)dn}ﬁ(r)dr =
= sz X(0,7;%,t)Y(0,7;y,t)8(t)dt = Q,X(0,0;X,1)Y(0,0;y,t),  (7-2-1-5)

u(x,y,z,t)=Q;

© Sy -+

T]8TG(g’n’C’T;X’y’Z’t)a(i,n,C,T)didndCdr=

= Qs [ | X(é,rix,t)5(§)d&}[ | Y(n,t:y,t)S(n)dn}[ | Z<c,r;z,t)6(odc}6(r>dr =

= Qaj' X(0,7;x,t)Y(0,1;y,t)Z(0,7;2,t)8(r)dt = Q,X(0,0;x,t) Y(0,0;y¥,t)Z(0,0; , 1),

(7-2-1-6)
where X,Y,Z stand for the directional Green’s functions. By looking up the Green’s

functions in Table 6-3-2 or Table 6-3-3, the solutions can be obtained explicitly for
the 1D, 2D and 3D, respectively,
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1 x?
ux,t)=Q, —MGXD(— 4Dtj : (7-2-1-7)
ux,y,t) = Qz[ﬁ} eXp[— 4XDtJ . exp(— 4yDtJ , (7-2-1-8)

oY e« X Ve Y e -
u(x,y,z,t)_Q{mJ exp( 4DtJ exp[ 4Dt] exp[ 4DtJ' (7-2-1-9)

If the distance to the origin is denoted as r, the above three formulas can be united
into one expression by noting that r*> =x*, r> =x*+y® or r> = x* +y* + z%,

Q, r’
) =——— - , 7-2-1-10
u(r,) mexp[ 4Dt] (7-2-1-10)

where, t %0, N denotes the number of dimensions.

The three diffusion problems are simulated numerically by using GASFLOW. The
computational results are compared with the above theoretical solutions in Figure 7-2-
1-1. In the GASFLOW simulations, the key parameters are specified as follows: the

particle diameter, d, = 5x10~* cm, the particle density, P, =1g/cm?®, the gas density
P, = 1.179x10°g/cm?, the gas dynamic viscosity, B, = 107*g/cms, thus, the particle

Reynolds number Repngdp‘Ug—Up‘/ug <<1, where U U, denote the

velocities of the gas and the particle, respectively. In this case, the drag force of the
conveying gas on the tiny particles satisfies the Stokes’ law, and the Stokes

coefficient o, =18p /(ppd;)=7.2><105 s. The particle diffusion coefficient is

specified as D = 0.1cm?/s. The particle sample numbers are specified as 2x10°, 10°,

and 4x10° for 1D, 2D and 3D simulations, respectively. The particle concentration is
defined as the particle number in unit length, unit area or unit volume in cases of 1D,
2D and 3D, respectively. The normalized particle concentration is the particle
concentration divided by the total particle number in that problem. Accordingly, the
Q. in the Green’s function solutions is assumed equal to unit for normalization. The

cell size is 0.1 cm in all of these simulations.

According to Figure 7-2-1-1, the particle concentrations are in Gaussian distributions
with decaying amplitudes on time, as expected in view of physics. Good agreements
are obtained between the analytical solutions and the simulations. In the case of 3D (c)
and (d), some random deviations exist between the simulation points and the
theoretical curve. However they are completely statistical effects, which should
vanish if the particle sample number is sufficiently big. It can be concluded that the
diffusion model of GASFLOW can work properly in case of diffusion from
instantaneous sources in stagnant flows.
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Figure 7-2-1-1 Particle diffusion from instantaneous point source in quiescent
flows in one-, two- and three-dimension

I1. Continuous point source

In case of continuous point source, let’s take the 3D problem as an example to show
how to create the Green’s function solution. The formulation of the diffusion problem
is described as,

U, —D(U,, +U,, +U,)=0,8(X,y,2), —0<Xy,Z<o, 0<t<ow. (7-2-1-11)
Based on the GFM, the solution should be in the form of,

[XEwux08E)de | [Y(nmy, O8mdn| [ Z(6m2,08(5)dg de=

—00

Gy 8

U(X,y,Z,t) = Q3

t
Q3j
0

qu X(0,t;x,)Y(0,1;y,t)Z(0,7; 2, t)dT .

O Sy

[GE .6 mxy.z,1)8(8n,6)dEdnddr =

8

(7-2-1-12)

The directional Green’s functions are the same as in the instantaneous case. By
substituting them into the above expression, we have,
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t

B G U N S G e
U(X,Yaz,t)—qs_!L\/mJ eXp|: 4D(t—‘|:) :|d‘l:

If the distance to the origin is defined as r, by considering the property about
convolution, we have,

ot r* )y _ G I 1
u(x,y,z,t)= qs‘([ \/(41:Dr)3 exp[— 4DrJdT = 4nD|r|erfC[\/4_Dt , (7-2-1-13)

where r’ =x*+y?+2z° #0 and t #0. Analogously, the solution in the 2D case is
expressed as,

(7-2-1-14)

( 1 r’ —q, [ r?
u(x,y,t)=q, | ————exp| — =—2FEi| - ,
Coy.H qz! [@nDo): T\ 4Dt )" anD | 4D
where r’=x"+y?#0 , t20 , Ei(-) is the function of exponential integral

X
(Bronshtein et al., 2003), defined as Ei(x) = Iiexp(y)dy , (x<0).
oY

The solution in the 1D case is obtained similarly by integrations,

u(r,t)= _i'—l exp| — r =
R N e e Ty

=) r .
—ql{\/:D exr{ 4DJ ZDerfc[ \/ﬁﬂ’ (7-2-1-15)

where r=x#0 and t=0. The q,(N=1,2,3) in (7-2-1-11) through (7-2-1-15) stands
for the released particle number per unit time.

The Green’s function solutions (7-2-1-15), (7-2-1-14) and (7-2-1-13) are represented
as solid lines in Figure 7-2-1-2 for the different dimensions, respectively. The q, is
specified as one for normalization. The corresponding diffusion problems with
continuous point sources are simulated by using GASFLOW. The parameters about
the continuous sources are specified as: for 1D, the total particle number 5x10*, the
total injection time 10s, the injection interval time 2x10~*s; for 2D, the total particle
number 10°, the total injection time 10s, the injection interval time 2x10™s; for 3D,
the total particle number 9.6x10°, the total injection time 4s, the injection interval

time 2.5x10™s. The other parameters are the same as the case of the instantaneous
source.

Figure 7-2-1-2 manifests a good consistency about the particle distributions between
the Green’s function solutions and the GASFLOW simulations. It verifies that the
model about the continuous particle source in GASFLOW performs in a proper
manner. It is worth to mention that, the particle concentration at the origin is infinite
theoretically. The distribution at the vicinity of the origin is not of interest to be
concerned in reality, as can be seen in (b) and (c) of Figure 7-2-1-2.
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Figure 7-2-1-2 Particle diffusion from continuous point source in quiescent flows
in one-, two- and three-dimension

7.2.2 Point source in advective flow

This subsection is contributed to solve or to simulate the diffusion from an
instantaneous or continuous point source to a uniform advective flow. From here on,
the advective flow velocity is assumed to be equal to V = 2 cm/s as an example, if no
additional words are given.

I. Instantaneous point source

The particles are released only once at the time t =0s, then they are transported by
the accompanying advective gas flow and start to diffuse. The mathematical
expressions for the advection diffusion problems are similar to those in the case of
stagnant flow in Section 7.2.1, except the advection term,

u, +Vu, —D(u,, ) =Q,8(X,t), —oo< X<, 0<t<o0,

u, +Vu, —=D(u,, +u,, ) =Q,5(X,y,t), —o<Xy<w, 0<t<o,

(7-2-2-1)
(7-2-2-2)

u, +Vu, —=D(u,, +u, +U,)=Q.38(X,y,z,t), —0<X,y,2<o0, 0<t<oo,
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where the u denotes the particle concentration. The expressions of the solutions are
also similar to those listed in (7-2-1-4) through (7-2-1-6), except that the Green’s
functions in x -direction (advection direction) are replaced by the advective Green’s
functions fund in Table 6-3-1. By the replacements, the solutions for 1D, 2D and 3D
can be obtained as,

u(x,t) = %exp{- %} , (7-2-2-4)

2 2
Q, | x-vor+y

AT

u(x,y,z,t)= Lexp{— (VO +yT+z } (7-2-2-6)

\(4nDt)? 4Dt

If V=2 cm/s, D=0.1 cm?s and Qy =1(N=123), for normalization, the

theoretical particle concentrations at different times are shown in Figure 7-2-2-1 as
solid lines, in 1D, 2D and 3D, respectively. It presents propagating Gaussian
distributions along the x -direction and with decaying amplitudes on time, clearly due
to the advective flow and the diffusion of the particles themselves. Accordingly the
GASFLOW simulations are performed and the results are shown as symbols in Figure
7-2-2-1. The specifications about particles are the same as in Section 7.2.1. The

released particle numbers are 5x10*, 10° and 10° in 1D, 2D and 3D, respectively. It

is obvious that the GASFLOW models reproduce the particle behaviors in a way
following the analytical solutions.

(7-2-2-5)
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Figure 7-2-2-1 Particle diffusion from instantaneous point source in advective
flows in one-, two- and three-dimension

I1. Continuous point source

By applying the GFM, the theoretical particle concentrations caused by continuous
point sources in infinite domains with advective flows can be simply obtained as,

T Q _ (x=Vr)? oo
u(x,t)= }[ JanDn exp[ Do :|d1:, (7-2-2-7)
¢ q, (x=V1)* +y?
Y.t = - dr, 7-2-2-8
1o I J(4nDr)? exp{ 4Dt } ' (r229)
[ 9 _(x=Vr) +y’+ 7 o
0=l oy exp{ 4D }dr’ .

for 1D, 2D and 3D, respectively, where q, is the particle release rate. The

comparisons between the GFM solutions and the GASFLOW simulations are
presented in Figure 7-2-2-2. In the simulations the continuous sources are defined as:
the total particle number is 10° and the injection interval time 2.5x10™*s for 1D, 2D
and 3D, the total injection time is 3 s for 1D and 2D, but 2 s for 3D. The other
parameters are the same as the previous cases. The numerical simulations agree well
with the corresponding Green’s function solutions according to the figure, which also
shows that, a minor part of particles diffuse from the origin (release place) backward
to the upstream while the major are transported away along the advection direction. In
Figure 7-2-2-2 (c), the concentration in the neighborhood of the origin is not shown. It
is not concerned and is infinite at the origin theoretically.
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Figure 7-2-2-2 Particle diffusion from continuous point source in advective flows
in one-, two- and three-dimension

7.2.3 Line source in two-dimensional advective flow

The particle source could be a line, for an instance, in the case that the dust is released
from a tiny gap. In the subsection, two cases of continuous line sources are considered,
depending on the line source distributed in the advection direction or in a transverse
direction. The two cases are shown as (1) and (1) schematically in Figure 7-2-3-1.

A A
y —> y —>
> >
c c
& s S0
hwrd - hwrd |-
y <1>J—> X Xo X, g—» X
0 S S
<\, <,
> >
Q) )

Figure 7-2-3-1 Two cases of line sources in infinite two-dimensional domain
I. Line source in transverse direction
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By appealing to a one-dimensional delta function, the mathematical formulation about
the particle concentration of this case can be described as,

q,6(x), if yelyyvl,

) (7-2-3-1)
0, otherwise,

ut+VuX—D(uxx+uW)={
where —o<X,y<o, O<t<o, q, is the strength of the line source, i.e., the

released particle number in unit time and from unit length. This is purely a source
problem. Based on equality (6-1-8), the solution can be expressed as,

Y1

Gy 8

u(x,y,t) = q,G(&, 7 x,y,1)5(§)dgdndr =

[SY Su——
8'—'.8

IG(Y;a n,7X Y, 0)d(E,n,t)dEdndt = I

8

Yo~

q,G(0,m,7;X, Y, t)dndr—jq,X(O X, t)jv(n Ty, t)dndr. (7-2-3-2)

Yo

o'—.,—p
§-—,<

By looking up the Green’s functions in Table 6-3-1 and Table 6-3-2 and substituting
them into (7-2-3-2), the solution becomes, by noting the communication law of
convolution,

t 2 1Y 2

a, (X=Vo)* It 1 m-y)
u(x,y,t)= | —————exp| — exp| — dndt =
Cy0=[ s p[ 4Dr lj JamDt | 4pr |

a (x=Vr)? (y—ylj (y—yoj
exp| - ——— || erfc| =——= |—erfc dr. (7-2-3-3
v167D1 p|: 4D N4Dr NADr ( )
The analytical particle concentrations at 1s, 2s and 3s along x -axis after
normalization are denoted as solid lines in Figure 7-2-3-2, where D =0.1cm?/s,
V =2cmls, g, =1/cms, y, =-0.5cm, y, =0.5cm. If the total particle injection time

is T, the normalized particle concentration is defined as the particle concentration
(particle/cm?) divided by the total particle number, Qilengin T NAMely,

[SY SE——

u(x,y,t)
y, ) =—""2, 7-2-3-4
unorm(X y ) q I T ( )

1" ength

In this case, gq,=1/cms, I, =Yy,—-y,=1cm, T=3s, thus u,,,=u/3. The

corresponding concentrations in the GASFLOW simulation are represented by
different symbols in Figure 7-2-3-2. To be normalized, the particle concentration
(particle/cm?) is also divided by the total particle number, which is indicated in the
description of the figure. It is clear that good agreements between the two solutions
are obtained in this case.
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Figure 7-2-3-2 Advection diffusion from continuous particle line source
distributed in transverse (y) direction in two-dimensional domain

I1. Line source in advection direction

Analogously, the mathematical formulation about the particle concentration of this
case can be described as,

q,8(y), 1f xe[x,x],

) (7-2-3-4)
0, otherwise,

u, +Vu, = D(u,, +u,,) ={

where —o0 <X,y <00, O0<t<oo, q, is the strength of the line source. Similar to the
last case, the Green’s function solution can be expressed as,

a0y 0= | [ e nrixy, 086 nexieande= [ | fa,66 nriny, vnncds =

=j q,G(£,0,1; xyt)d&dr—jq,IX(ir x,t)d& - Y(0,;y, t)dt . (7-2-3-5)

0 Xo

x

By substituting the Green’s functions into (7-2-3-5), the solution becomes,

(f (E—x+V1) q, y: |
u(x,y,t)= ”\/_exp{ T} g-mexp{—ﬂrm}dr_

X—V1—X X—V1-X y?
erfc) ———= |—erfc| ——2 | |exp| - dt .(7-2-3-6
'!,. 1615D17|: ( 4Dt ) ( V4Dt Ji| p|: 4Dr} ( )

The normalized theoretical concentration distributions and the corresponding
GASFLOW simulations are compared in Figure 7-2-3-3, where, x, =-0.5cm and

X, =0.5cm. The concentrations are along the line of, as an example, y =0.1cm, to
avoid the singularity of the theoretical solution on the source line (X, <X <X, and

y =0), where the concentration is infinite mathematically. Again good consistency
between the theory and the simulation is found in the figure.
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Figure 7-2-3-3 Advection diffusion from continuous particle line source
distributed in advection (x) direction in two-dimensional domain

7.2.4 Line source in three-dimensional advective flow

Like in 2D, two kinds of line sources are considered. One is in a transverse direction,
the other in the advection direction, as shown in Figure 7-2-4-1.

ZA A ZA A

r+++

XV

Yo

Advegtion

Advegtion
vyvvfvvvy
vYVYY

0 (1)

Figure 7-2-4-1 Two cases of line sources in infinite three-dimensional domain
I. Line source in transverse direction

By using a two-dimensional delta function, the mathematical equation of the particle
concentration is formulated as,

q,8(x,2), if yelyoyl

) (7-2-4-1)
0, otherwise,

u,+Vu, — D(uxx+uyy +uzz)={

where —o0 < X,y,Z<©, 0<t<o. In terms of the GFM, Green’s functions are like

building blocks, and the higher dimensional solutions can be created easily on the
basis of lower dimensional ones. Let’s take this problem as an example. Based on the
equality (7-2-3-2), the 3D solution can be obtained simply by using the product rule
and appending a factor of the Green’s function in z -direction, and by utilizing the
property of delta function,
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u(x,y.z,t)= jq.X(O,T;X,t)TY(n,r;y,t)an(O,r;z,t)dr . (7-2-4-2)

Yo

By bringing the Green’s functions into the above equality and making a little
simplification, the solution becomes,

t 2 2
q, (x=V1)° +2 (y—ylj (y—yo]
u(x,y,z,t)=| ——exp| - erfc] —== |—erfc dt.
xy.2.) ! 8Dt p{ 4Dt }[ JaD1 Jaot )1
(7-2-4-3)

The normalized solution and the numerical simulation are presented in Figure 7-2-4-2
for comparison, where y, =-0.5cm and y, =0.5cm. It is obvious that GASFLOW

can reproduce numerically the particle diffusion in a good way.

1.2+

3D,dx=dy=dz=1mm,line source

R _ 6
mg 104 (x=2=0,-0.5<y<0.5),g=2x10"/cms,
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]
o
3
N 024
©
£ ]
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Figure 7-2-4-2 Advection diffusion from continuous particle line source
distributed in transverse (y ) direction in three-dimensional
domain

I1. Line source in advection direction

Similarly, the solution of this case can be obtained based on the two-dimensional
solution (7-2-3-5) or (7-2-3-6). The equation and its solution are listed here for
completeness.

o(y,z), if xe[x, %],
ut+Vux—D(uXX+uW+uZZ)={g' (Ztht)erwise &l x] (7-2-4-4)

where —o < X,y,Z< o, 0<t<o.The solution is,

t 2 2
a, X—V1-X, x—Vr—xo) y’+z

ux,y,z,t)= | — | erfc] =———== | —erfc ———=2 | [exp| — dt.
xy.2.9 -([871:Dr|: ( V4Dt ) ( \4D1 P 4Dt

(7-2-4-5)
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If X, =-0.5cm and x, = 0.5cm, the theoretical curves and the GASFLOW simulation

points are shown in Figure 7-2-4-3, where the concentrations distribute along the line
of y=z=0.1cm instead of the x-axis. According to the figure, the simulating points

fit the analytical curves in a satisfactory way.

0.7 O 3D,dx=dy=dz=1mm,line source
o 1 (-0.5<x<0.5,y=2=0),q,=2x10°/cms,
g 0.6 injection interval 2.5x10™*s
= .
2 054
g O Gasflow,1s
S §0.4— O Gasflow,2s
§ S ——GFM,1s
8o ——GFM,2s
o NO0.3-
g4
8 So.2-
e}
(0]
N
T 01-
£
(=)
z 0.0 T T T T T T 1
1 0 1 2 3 4 5 6

Figure 7-2-4-3 Advection diffusion from continuous particle line source
distributed in advection (x) direction in three-dimensional
domain

7.2.5 Area source in two-dimensional advective flow

As shown in Figure 7-2-5-1, a square of particle source is released in a 2D plane with
advective flow. The particle diffusion problem is formulated as,

d., If Xe[Xy,%] and yelyyyl

) (7-2-5-1)
0, otherwise,

u, +Vu, - D(u,, +u,) ={

where —o <X,y <o, 0<t<o, g, denotes the released particle number in unit
area and in unit time.

Rl

Figure 7-2-5-1 Area source in infinite two-dimensional plane
According to the GFM, the solution is expressed as, based on equality (6-1-8),
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Ty X t

ey, = | [ [ 0.6 m%x,y.O)ednds = a, | X, %%, 0eE ] Y(n, iy, tends
(7-2-5-2)

By substituting the Green’s functions found in Table (6-3-1) and Table (6-3-2), the
solution is obtained as,

Cor
d. X—-Vt-X x—Vr—xoj

ux,y,t)= | 22| erfc| Z——=—"1 | —erfc| Z——=—"0 ||.

(y)£4_ [«/4Dr] (\/4Dr

[ Y—-Y, Y=Y
Jerfol 22 |—erfol 2222 . 2.5
_er c[m) er C[Jﬂﬂdr (7-2-5-3)

The mathematical solutions are compared with the GASFLOW simulations at t=5s
and t=10s in Figure 7-2-5-2, where x, =y, =-0.5cm and x, =y, =0.5cm. In this

case the sensitivity of the numerical simulations on the grid sizes is analyzed.
According to the figure, a rough grid size of 1 cm is too big, while a grid with a cell
size of 0.2 cm is refined enough to reproduce the theoretical solution. The three
simulations show the converging of the numerical simulations to the Green’s function
solution from a bigger cell size to a smaller one.

2D area source(-0.5<x y<0.5),q,=2x10°cm’s,

injection interval 2.5x10"s
—8— Gasflow,dx=dy=1cm,t=5s
—6— Gasflow,dx=dy=1cm,t=10s
—&— Gasflow,dx=dy=1/3cm,t=5s
—v— Gasflow,dx=dy=1/3cm,t=10s
—<— Gasflow,dx=dy=1/5cm,t=5s
—b— Gasflow,dx=dy=1/5cm,t=10s
—— GFM,t=5s
—— GFM,t=10s

Normalized particle concentration,1/cm’

X, cm

Figure 7-2-5-2 Advection diffusion from continuous particle area source in two-
dimensional domain

7.2.6 Area source in three-dimensional advective flow

Two cases of area sources are studied in 3D domain, as shown in Figure 7-2-6-1,
depending on the spatial relationship between the area and the advection direction.
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Figure 7-2-6-1 Area source in infinite three-dimensional domain
I. Area source perpendicular to advection direction
The governing equation about the particle concentration is given as,

6(x), if yely,, and zelz,,z,],
U+ VU, (U +U,, +U,) =1 0, 1f y elyoy.] [2,.2,]
0, otherwise,
(7-2-6-1)
where —0<X,y,z<o, 0<t<o, q, denotes the released particle number in unit
area and in unit time.

According to the GFM and applying the property of delta function, the solution is in
the form as,

u(x,y,z,t)= jan(O,r;x,t)TY(n, r;y,t)dnTZ(C,r; z,t)d¢dt =

Yo Zg

=j'Lexp _(X—Vr)z
vV 64nDt 4Dt

| I—

iz}l

i z2-12 z-12
.| erfc L |—erfc 2 ||dt 7-2-6-2

i (\/4Drj (\/4D1: ﬂ ( )
The solid curves based on the formula, as shown in Figure 7-2-6-2, stand for the
normalized particle concentrations along the x -axis at t=1s and t = 2s, respectively,
if y,=z,=-0.5cm and y, =z, =0.5cm. The different symbols are the GASFLOW

simulating points, which are coincident with the theoretical curves except slight
deviations on some points caused by statistical effects.
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Figure 7-2-6-2 Advection diffusion from continuous particle area source
distributed in transverse (y —z ) plane in three-dimensional

domain
I1. Area source parallel to advection direction
For completeness, the equation and the solution are directly given as,

4.8(2), if xelx,,%] and yely,y,l

u, +Vu, - D(u,, +u,, +U,,)= {0 otherwise

(7-2-6-3)
where —o < X,y,Z< o, 0<t<oo. The solution can be obtained simply,
t Xy Yy
u(x,y,z,t)= IanX(g,r;x,t)dgjY(n,r;y,t)an(O,r;z,t)dr =
0 Xo Yo
=j- d. erfc(x—Vr—xlj_erfc(x—Vr—xoj .
0 \64rD1 V4Dr 4Dt
Y=Y Y —Yo z°
-| erfc| =——= |—erfc| —= | |exp| — dt. 7-2-6-4
[ (MDJ (MDT ﬂ p{ 4DJ e

As an example, the concentration distributions along the line of y=z=0.1cm at
different times are compared between the theory and the GASFLOW calculations, as
shown in Figure 7-2-6-2, where x, =y, =-0.5cm and x, =y, =0.5cm. The figure

shows good consistency between the solid lines and the simulating symbols expect
slight statistical deviations at some numerical points.
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Figure 7-2-6-3 Advection diffusion from continuous particle area source
distributed in x—y plane in three-dimensional domain

7.2.7 Volumetric source in three-dimensional advective flow

As the last case, the advection diffusion from a cube of particle source in a 3D domain
is considered, as shown in Figure 7-2-7-1.

XV

Advegtion
vyvvfvvvy

Figure 7-2-7-1 Volume source in infinite three-dimensional domain
The mathematical description of the problem is,

d,, if xelx,x] yely,y]l and zelz,z],

u, +Vu, - D(u,, +u,, +U,,)= {0 otherwise

(7-2-7-1)
where —o<X,y,z<w, 0<t<o, q, stands for the number of particles released in
unit volume and in unit time. The solution is expressed as, according to the GFM,

u(x,y,z,t)= qufX(g,r;x,t)dgfv(n,r;y,t)dnf Z(¢, vz, tydgdt =

Gy erfc(—x — VT X J - erfc(—X — VT X, ) :
8 4Dt V4Dt

[SY SE———
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-| erfc| === |—erfc erfc —erfc dt. (7-2-7-2
e oo ol e 022
Figure 7-2-7-2 depicts the comparison between the Green’s function solution and the
GASFLOW simulations, while x, =y, =2z,=-0.5cm and x, =y, =z, =0.5¢cm. As
can be seen from the figure, the concentrations along the x -axis, i.e., the advection

direction, agree to each other between the theory and the numerical calculation at the
different times.
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Figure 7-2-7-2 Advection diffusion from continuous particle volume source in
three-dimensional domain
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8. Conclusions

The Green’s function method has been applied to solve the one- and multi-
dimensional advection diffusion partial differential equations in infinite, semi-infinite
and finite domains with the Dirichlet (first type), the Neumann (second type) and/or
the Robin (third type) boundary conditions. A novel image system (Figure 4-3-1) for
an advection diffusion problem is created to solve the Green’s function solution in the
case of semi-infinite domain with the Dirichlet boundary condition, and an extended
image system (Figure 4-4-1) is made in the case with the Neumann or the Robin
boundary condition. The obtained Green’s functions are proofed to be the right
solutions mathematically. The eigenfunction method is utilized to solve the Green’s
function when the advection diffusion problem is defined in a finite domain. In
solving the problem, a coordinate transform based on a “reversed” time scale, a
Laplace transform and an exponential transform (details in Section 5.3) are performed
sequentially to adapt the original Green’s function problem to a standard Sturm-
Liouville problem, which is necessary to apply the eigenfunction method. The
Green’s function in the case is found to be a sum of an infinite sequence of
eigenfunctions with certain coefficients, which vary on the prescribed boundary
conditions of the bounded domain. The advection diffusion Green’s function
problems are solved with nine different boundary condition combinations. A small
library of one-dimensional Green’s functions for advection diffusion problems in
different domains with different boundaries is summarized in form of tables (Table 6-
3-1 through 6-3-3), to supply “building blocks” to construct the multi-dimensional
Green’s function solutions of any other linear advection diffusion problems, based on
the product rule of the Green’s function method in a Cartesian coordinate system.
Initial value problems and source problems are not formulated separately, because an
arbitrary initial value and/or an arbitrary source distribution are default configurations
in the boundary value problems presented in the report.

The mathematical Green’s function solutions have been utilized to validate the two
diffusion models of gas species in a continuous phase and aerosol particles in a
discrete phase in the GASFLOW computer code. As for the gas diffusion model, it is
found that the second-order van Leer numerical scheme can produce more accurate
results than the first-order. The validation calculations indicate that the diffusion
equations are solved numerically in a right way in GASFLOW, therefore, that high
consistencies between the GASFLOW simulations and the Green’s function solutions
are obtained in one- and multi-dimensional cases. The particle model in GASFLOW
is verified systematically in cases of 1D, 2D and 3D, diffusing from instantaneous
and/or continuous point, line, area and/or volume sources of particles in prescribed
advective and/or stagnant flows. The numerical solutions about the normalized
particle concentration distributions in the GASFLOW simulations are compared to the
corresponding Green’s function solutions. It is very interesting that agreements are
obtained between the numerical solutions about the diffusion of discrete particles and
the mathematical solutions about the diffusion of continuous media, if the drag force
of the conveying gas flow on the moving particles satisfies the Stokes’ law for
resistance. The assumption is true when the Reynolds number based on the particle
diameter in microns is much less than unit so that the particle inertia effects can be
neglected. The series of validations manifest that the particle diffusion model can
reproduce numerically the physical process of the particle movement. Meanwhile, the
high consistencies of the comparisons between the numerical simulations and the
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Green’s function solutions have also proved the correctness of the particle transport
model in GASFLOW apart from the particle diffusion model itself.

The Green’s function solutions of the advection diffusion problems accommodate a
host of benchmark test cases for validating CFD computer codes like GASFLOW. It
should be mentioned that the Green’s function method can do much more than what it
does in the report. The Green’s function method is a powerful mathematical tool and
being widely used in many other fields like neutron transport, wave propagation and
SO on.
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