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Abstract

For finite element methods (FEMs) a—posteriori error estimates that base on
the evaluation of the variational equation regarding higher order approxima-
tions are a very successful concept proposed by various authors. This thesis
presents a very general framework for this kind of a—posteriori error estimates
for non-linear variational problems on Banach spaces. The error estimates
consider the errors arising from the FEM approximation, numerical integra-
tion and termination of the iterative solver. By balancing the discretization
and termination error an optimal stopping criterion for the non—linear solver
of the discrete variational equation is constituted. The new projecting a—
posteriori error estimate is derived from the general framework. It reuses
the stiffness matrix assembled during the iteration procedure. Therefore the
projecting error estimate is cost—effectively computable and can be easily
implemented into an existing code. Moreover it can be used for most FEM
applications without any adapting to the treated variational problem. The
abstract formulation is applied to a model problem to illustrate the applica-
tion in the scope of the FEM. It turns out that the quality of the discussed
type of error estimates is mainly influenced by the smoothness of the sought
solution. Various practical examples demonstrate that the projecting error
estimate works successfully for a wide range of FEM applications.
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Chapter 1

Introduction

1.1 Background

The finite element method (FEM) is the most popular method to calculate
approximative solutions of partial differential equations (PDEs). FEMs are
successfully used in a lot of practical applications, e.g. in heat transfer anal-
ysis, see Bathe [17], in structural analysis, see Zienkiewicz [68], and in fluid
dynamics, see Chung [23]. Moreover a well-developed mathematical analysis
is known for a lot of FEM applications, e.g. see Brezzi [21], Ciarlet [24, 25],
Girault [37], Fluegge [36].

To get an impression of what we are speaking, let us look at a simple model
problem on a bounded domain Q C R", see Quarteroni [52]. It is the linear
Neumann boundary value problem
—V(aVu)+bu = f in{
0 1.1
T 0 onoq. (1)
on
The material functions a and b have an upper bound C and positive lower
bound c.

The weak solution u of this boundary value problem is given by the cor-
responding variational problem on the Hilbert space V := H'(Q): find a
solution v € V' with

<v,F(u) >=0forallveV (1.2)
where the residual operator F' is defined by

<, F(u) >:= /Q (a(Vv)(Vu) + (bu — f)v)dx forall u,v e V..  (1.3)



The strong formulation (1.1) is transformed to the weak formulation (1.2)
by multiplying the strong formulation with a so—called test function v, inte-
grating the resulting equation over the domain and using partial integration
to move one V-operator in the term V(aVu) to the test function v. The
arising boundary integrals are removed by inserting the boundary condition
g—z = 0. It is assumed that the involved functions are smooth enough to
execute this procedure. However, in the final formulation (1.2) less restric-
tive requirements on the involved functions regarding their smoothness are
needed to formulate the problem correctly as well as to prove the existency of
a solution. This is the reason why in some applications the weak formulation
is preferred to the strong formulation (e.g. if the material functions have
jumps).

Since the material functions a and b have an upper and a positive lower
bound the operator F' defined by equation (1.3) is V-elliptic. Therefore the
variational problem (1.2) has exactly one solution u € V.

The variational problem (1.2) cannot be solved by a computer since V' has
not a finite dimension. It has to be discretized by reducing the variational
problem to a finite dimensional subspace V), of the space V:

T, denotes a triangulation of the domain Q with mesh size h, which is a
subdivision of the domain 2 into so-called elements T € T, (e.g. triangles)
of maximal diameter h. The triangulation 7, has to fulfil specific properties.
For a fixed order k the set V}, is the vector space of all piecewise polynomials
of maximal order k:

Vi, = {’Uh € V| forall T € T, : Uh|T € Pk} . (14)

Py, denotes the space of all polynomials on R" of maximal order k. The finite
element discretization of the variational problem (1.2) is to find the discrete
solution uy, € Vj, with

< vp, F(up) >=0 for all v, € V}, . (1.5)

By using a suitable basis of V}, this discrete variational problem is equivalent
to a system of linear equations. The coefficient matrix, called stiffness matriz,
is extremely sparse, see Schwarz [57]. It can be shown that the linear system
has an unique solution. For mesh size h — 0 the calculated discrete solutions
uy, converge to the unknown solution u. The convergence order depends on
the smoothness of the solution u and the used polynomial degree k.



1.2 A-Posteriori Error Estimate

"Has the returned discrete solution uy a sufficient accuracy 7’ That is just the
point for the user who has to solve the variational problem (1.2). He wishes to
get an estimate of the approximation error in addition to the returned discrete
solution u,. By a so-called a-posteriori error estimate an approximative
distribution of the true error

ep == u— up (1.6)

is calculated after the discrete solution u, has been determined (here it is
assumed that the discretized variational problem (1.5) is solved exactly).
Naturally the additional costs to get this error estimate should be as low as
possible compared to the costs for the calculation of the discrete solution uy,.
The error estimate allows the user to assess the quality of the result and, if it
is necessary, to start an adaptive refinement procedure to improve the FEM
mesh 7, until a desired accuracy is obtained, see Zienkiewicz [71].

Following the assessments of the participants at the FEM’50-conference "Fifty
Years Anniversary of the Courant Element’ at Jyvéskyla, Finland, 1993, the
a-posteriori error estimate and adaptive approaches for non—linear and non—
elliptic problems are the most outstanding problems in the finite elements
today, see Babuska [5].

A full a-posteriori error estimate has to consider all sources of errors in the
FEM algorithms. Namely these are the following five error sources:

e Interpolation error: The admissible solution as well as the test functions
are only selected from the space of piecewise polynomials V},.

e Integration error: On a computer the residual functional F' can only
be approximatively evaluated by a numerical quadrature scheme.

e Stopping error: If the discrete variational problem (1.5) is solved iter-
atively (e.g. by conjugate gradient methods or in the case of a non—
linear problem by the Newton-Raphson method) a stopping criterion
terminates the iteration. Therefore the returned approximation is not
exactly equal to discrete solution wuy,.

e Domain representation error: In general the triangulation 7, is not
an exact representation of the domain 2, especially if its boundary is
curved.



e Dirichlet condition interpolation error: Instead of a Neumann bound-
ary condition a Dirichlet boundary condition "u|r, = up’ may be pre-
scribed on a boundary portion , p C 0€). The Dirichlet boundary
condition is replaced by an interpolation condition for piecewise poly-
nomials.

In practice the triangulation 7, and the data for the interpolation of the
Dirichlet condition are produced by a mesh generator, e.g. by I-DEAS [44].
Therefore the actual error of the domain representation and the error of
the interpolation of the Dirichlet conditions are unknown for a finite element
solver. As there is this lack in the input data their influence cannot be covered
in the a—posteriori error estimate. This is the reason why these errors are
not considered explicitly in the following discussions although their influence
on the quality of the solution approximation can be significant.

An a-posteriori error estimate 1, € V is called equivalent to the true error
ey, defined by equation (1.6), if there is a value @@ > 0, called an effectivity
index, with

1
— < liminf@;, <l 9, < 1.7
<lim in h_lﬁﬁliph_@ (1.7)
where it is Il
TIh
9h = . (18)
len]|

This notation was introduced by Babuska [6]. Actually the condition (1.7)
expresses that the true error e, and the error estimate 7, have exactly the
same convergence order if the mesh size h decreases to zero. The quality of
the error estimate depends on the value of the effectivity index Q.

Naturally the used norm has a fundamental influence on the effectivity index.
By using the problem depending energy norm instead of the H'-norm some
authors prove that inequality (1.7) holds for their error estimate even with
(Q = 1. Such a—posteriori error estimates are called asymptotically exact as
they represent the exact error level for h — 0. However, the use of an energy
norm is questionable since a conclusion from the energy norm to the H'-norm
can be very risky even if the condition number of the problem is very large.
The situation becomes much more complicated if non-linear problems are
considered as there is no canonical energy norm. Some concepts regarding
energy norms for non-linear problems are presented by Bank [14, 15].



The a—posteriori error estimates currently used can be subdivided into three
classes, see Babuska [13], Verfuerth [62, 63, 64] and Zhu [67]:

e The methods in the first class are called averaging methods, see Zien-
kiewcz [70, 72, 73], Ainsworth [3], Duran [33]. They are probably the
most popular error estimates for FEMs in the engineering sciences. The
basic idea is the construction of a higher order approximation Guy of
the gradient Vu,. Essentially the error is estimated by Guy — Vuy. In
general the reliability and robustness of the estimate depends on the
FEM mesh, see Babuska [11].

e The second class contains the interpolation error estimates, see Demkow-
icz [30] and Johnson [45]. In general these estimates do not work very
reliably and give poor results.

e The estimates in the third class are called residual error estimates since
they essentially base on the evaluation of the residual operator F' for
the calculated discrete solution uy,.

Since the techniques of the residual estimate are those, which are the most
flexible and stable, more details are presented.

The most famous residual error estimate has been introduced by Babuska-
Miller in 1978, see Babuska [10]. It gives an estimate of the discretization
error on every element. It bases on the weighted sum of the residual in the
strong formulation of the PDE (1.1) and the jumps of the derivatives of the
discrete solution uj, over the element boundaries. The estimate is very easy
and inexpensive. Its crucial point is setting of the values for the weights
adapted to the problem. Moreover the evaluation of the strong formulation
for the discrete solution wu, can be very complicated if only the weak for-
mulation is given, the problem is non—linear or higher order polynomials are
used. There are a lot of publications on the Babuska-Miller error estimate,
see e.g. Bornemann [18], Verfuerth [62, 63], Kunert [46].

A more flexible approach than the Babuska-Miller error estimate is the solu-
tion of the error equation

/ (a(Vv)(Veh) + bveh)dx =—<uv,F(uy) > forallveV (1.9)
Q
for the sought error e,. The error equation is set up by inserting the ex-

act solution u = e, + uy, obtained from equation (1.6) into the variational
problem (1.2). By solving the error equation (1.9) the error on the level of



equation expressed by the residual F'(uy,) is shifted to the level of the solution
represented by the error e;, € V. Unfortunately the error equation (1.9) is a
variational problem in the space V' like the original problem (1.2). Therefore
the error equation (1.9) has to be solved approximatively, too.

Regarding the evaluation of the residual function F'(u;) two types can be
distinguished:

e The first type is called strong residual estimate, since it goes back to
the strong formulation (1.1) of the underlying boundary value problem
when building up the right hand side of the error equation. On every
element two residuals occur in the right hand side: One is the residual
from the evaluation of the PDE at the interior of the element. The other
residual is the jump of the normal derivative of the discrete solution u,
on the contact faces to the neighboring elements, see Babuska [9, 10],
Bank [16], Verfuerth [61].

e The second type is called weak residual estimate since these estimates
evaluate the residual for the calculated discrete solution u; in the weak
formulation (1.2), see Zienkiewicz [69], Liu [47], Bank [15], Deufel-
hard [31].

The approximative solution of the error equation (1.9) has to be as inexpen-
sive as possible. Since the mounting and solution of many small, independent,
variational problems (namely one small system for every element or node)
seems to be more inexpensive than the solution of one large problem, the use
of domain decomposition methods is appropriate. A very popular method is
the localization, i.e. the approximative solution of the error equation in the
neighborhood of elements or nodes, e.g. by using a suitable subspace of the
space V. Typically special polynomials of higher order than for the discrete
solution wuy, are used for the construction of such subspaces. Babuska [10]
suggested to solve a local Dirichlet problem on the neighboring elements of
every node. Bank [16] inspected local Neumann problems on every element
(for the Stokes equations see Verfuerth [61]).

Another concept is the application of the hierarchical FEM, see Yseren-
tant [66]. Here the error equation is solved in a larger space

Vh+ = Vh D th (110)

where V)¢ is spanned by refining elements or by higher order polynomials. If
the solution is smooth enough a better approximation than the discrete so-
lution u; can be calculated from the larger space V} . Typically hierarchical
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bases are used to construct the space V¢, see Zienkiewicz [69]. Expecting
that there are only little changes in the components in the space V}, the error
equation (1.9) is only solved in the space V)¢ instead of the total space Vj,y,
see Bank [15]. In some cases the computational costs can be reduced by
approximating the stiffness matrix by a diagonal matrix, see Deufelhard [31],
or by localization which can be done by using bubble-shaped basis functions
over the elements, see Liu [47]. Actually there is a relationship between the
localization and hierarchical methods, see Bornemann [18], Verfuerth [63].

All these error estimates are designed for special variational problems or
PDEs and mostly the analysis is only made for the special model problem,
e.g. for the Neumann boundary value problem (1.1). The application to a
specific problem requires additional development effort by the user especially
as it has to be ensured that the error estimate is well-defined by the discrete
error equation. By way of contrast a program package like VECFEM [38]
which is designed to be applied to a large class of variational problems needs a
more general a—posteriori error estimate concept. It must suit to a wide range
of applications, even if there is another, better error estimate for a specific
application. Especially such an a—posteriori error estimate concept has to
consider non—linear variational problems which are typical for non—standard
FEM applications. In addition it should be embedded into the solution pro-
cedure of the non—linear, discrete variational problem, see Schoenauer [56, 55|
for finite difference methods.

1.3 Outline

In the following a new a-posteriori error estimate is presented. This estimate
can be applied to a large class of non-linear variational problems without
any problem specific modifications. It meets the essential requirements of
an a—posteriori error estimate for a general purpose program package like
VECFEM. The class of applications includes the variational problems in the
heat transfer analysis (e.g. the model problem (1.1)), structural analysis and
fluid dynamics.

The new a—posteriori error estimate uses the idea of the hierarchical error
estimate concept, though the error equation is solved in the original approxi-
mation space Vj,. Therefore this new error estimate is called projecting error
estimate. Since the error estimate is computed in the space V}, it is ensured
that the error estimate is always well-defined. Moreover the stiffness matrix
of the calculation for the discrete solution u; can be reused, which saves the
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mounting of a new stiffness matrix and, if a direct solution method is used,
the calculating of a new LU-decomposition. Only a new right hand side has
to be mounted.

This thesis has three parts: The second chapter reflects on so—called well-
posed non—linear variational problems on a Banach space, see Definition 1.
The discussion considers that on a computer the linear functional F' can
only be evaluated approximatively (e.g. by numerical integration) and that
the discrete variational problem has to be solved iteratively (e.g. by the
Newton-Raphson method). In Theorem 2 the non-linear version of the fa-
mous Lemma of Strang [59] gives an estimate of the error e arising from
the interpolation, integration and stopping error. Basing on the extension
Vit of the original approximation space V}, (see equation (1.10)) a class of
a—posteriori error estimates is introduced. They consider the relevant error
sources mentioned above. In Theorem 4 a criterion is established when the
investigated error estimates are equivalent to the true error in the sense of
inequality (1.7). Bounds for the effectivity index are given. From this very
general framework the new a—posteriori error estimate technique, called pro-
jecting error estimate, is derived and its relationship to hierarchical error
estimates is discussed. The second important result of the second chapter
is the introduction of an optimal stopping criterion for the iterative solver
of the discrete variational problem. Theorem 3 shows that the criterion is
optimal in the sense that the solution approximations calculated with this
stopping criterion converge to the unknown solution u with the same con-
vergence order as the exact discrete solution wu, of the discrete variational
problem (1.5).

The third chapter demonstrates how to apply the projecting error estimate
to the FEM for the non-linear version of the introduced model problem (1.1).
The space V)¢ in extension (1.10) is constructed by higher order polynomials.
The propositions of the general framework are verified. The well-known
analysis of Ciarlet [24] for the FEM on linear problems is quoted and modified
for non-linear problems and the projecting error estimate. In Theorem 14
it is shown that the projecting error estimate for the FEM is equivalent to
the true error in the sense of inequality (1.7) if the sought solution is smooth
enough. The validity of the results for other variational problems than the
model problem is discussed.

In the fourth chapter the practical behavior of the projecting error esti-
mate is investigated for some applications. For the tests a modification of
the VECFEM program package [38] is used. At first a special case of the
model problem is presented to confirm the estimate for the effectivity index

12



which has been given in the third chapter of the thesis. A second example
demonstrates the behavior if the sought solution has a singularity. The third
example is an application from the structural analysis. The last example
shows the use of the projecting error estimate for mixed FEM problems by
solving the Navier-Stokes equations.
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Chapter 2

The Abstract Variational
Problem

For a function f: V — W and any K C V it is set
fIK] = {f(v)]v e K}. (2.1)
The function f|x : K — W defined by
flx() := f(v) for all v € K (2.2)

denotes the restriction of f to K. For a second function g : X — Y with
f[V] € X the function go f : V — Y defined by

go f(v):=g(f(v)) forallv eV (2.3)
denotes the chain of f and g. The mapping Iy, : V' — V defined by
Iy(v) :=vforallveV (2.4)

denotes the identity operator on V. Mostly the index V' will be omitted.

For functions f,g : V — R the following convention is used when suprema
and infima of ratios are computed:

flw) Ju)
sup = sup
uev g(u) uevig£o 9(u) (2.5)
inf @ = inf @ |
weV g(u) — ueVigw#o g(u)

14



Let be (V, ||.|lv) and (W, ||.||w) Banach spaces. The vector space of all linear
and continuous operators L : V' — W defined by u — Lu is denoted by
L(V,W). With the norm

L
1Ll = sup 22w (26

veV ||U||V

the vector space L(V,W) is a Banach space. If L € L£(V,W) fulfills the
following three conditions

1. Lv#QOforall0#veV
2. W =L[V] (2.7)
3. L~

I~

where L=! : W — V is defined by L='o L = Iy, then the operator L is called
an isomorphism. It is
1 | Lv|lw

- —inf .
IL7 ey vev lolly

(2.8)

The operator L' is called the inverse operator of L. The dual space V* of
V' defined by
V* = L(V,R) (2.9)

denotes the vector space of all continuous, linear functionals on V. It is a
Banach space. The duality mapping < .,. >: V x V* — R defined by

<v,F>=FvforallveVandal FeV” (2.10)

gives the value of the linear functional F' € V* for the element v € V. By
equation (2.6) the norm of F' € V* is given by

<uv, F >
1|y~ = sup —
ve

T (2.11)

2.1 The Well-Posed Variational Problem

Let be (V,]|.||) a Banach space and F': K — V* a fixed operator on K C V/
with values in V* defined by u — F'(u). F may be non-linear. The following
problem, called a variational problem, is investigated: find a solution v € K
with

Flu)=0. (2.12)
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Since F'(u) is in the dual space of V' this equation actually means to find an
u € K with
<v,F(u) >=0forallveV. (2.13)

Problems of this type arise from the weak formulation of boundary value
problems (e.g. see the introduced model problem (1.2), Chapter 3 of this the-
sis, Quarteroni [52]), minimizing problems and saddle—point problems (e.g.
see Brezzi [21]). As pointed out in the introduced model problem (1.2) the
evaluation of the term < v, F'(u) > can require the calculation of integrals,
see equation (1.3).

If F' is an affine operator on K := V, i.e. there is an linear operator L €
L(V,V*) and f € V* with

F(u)=Lu-—f, (2.14)

the variational problem (2.12) is a linear problem. The equation (2.13) can
be written as
<v,Lu>=<wv,f> forallveV. (2.15)

The functional f is called the right hand side of the linear variational prob-
lem (2.12). If the linear operator L is an isomorphism the variational prob-
lem (2.15) has the unique solution u = L' f. From the definition (2.6) of
|L|| z(v,v+) and equation (2.8) for the calculation of ||L || (v« v) the operator
F fulfills the following condition for all uy, us € V:

1 (2.8)
o lun — el < [[F(un) = Fug)l[v-
1L~ 2wy ) )16
2.1
L0 Ly — v (2.16)
(2.6)
< e llur = ue| -
Therefore an estimate of the following type holds for all uy, us € K:
Dpinlur — ua|| < [|F(u1) — F(u2)|lv+ < Dinggllur — ualf (2.17)
where D,,;, and D,,,, are real positive constants with
1
Dpin 1= 577
L7 vy (2.18)

Dma:v = ||L||£(V,V*) .

The right estimate in inequality (2.17) ensures that a small perturbation of
uy by u; — uy effects a small change on the image F'(u;). Moreover the left
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estimate in inequality (2.17) expresses that F'(u;) and F(uz) with a small
distance are produced by wu; and us with a small distance. This type of
problems are called well-posed. As this property is essential in the discussions
of this thesis it is noticed in the following definition:

Definition 1 The operator F' : K — V* is called well-posed with condition
number D? if for all u;,us € K :

1
pllur = waf| < |F(ur) = F(un)]

ve < Dlluy — uaf| - (2.19)

Remark 1: The condition number in the sense of Definition 1 is not unique.

Remark 2: If ' : K — V* is well-posed with condition number D? and
f €V*then Fy : K — V* defined by

<, Fr(u) >=<v,F(u) >+ <uv, f> forallue K,veV (2.20)

is well-posed with condition number D?. f is called an additional load. In
this sense the linear functional f occurring in an affine operator defined by
equation (2.14) is an additional load.

If condition (2.17) holds the operator F' is well-posed with condition number
max(D,,3,, D?,..). Especially the affine operator F' defined by equation (2.14)

min’ ~maz

is well-posed with condition number

max (|| L7 ||z vy, | Ll covivey)? - (2.21)

The feature 'well-posed’ ensures that the solution of the variational prob-
lem (2.12) is unique in K. However, it is not guaranteed that a solution
exists. The following theorem gives an easy criterion for the existence of a
solution, if V' is a Hilbert space. It is quoted from the theory of monotone
operators, see Brezis [20]:

Theorem 1 (Brezis, 1973) Let V be a Hilbert space, F : V. — V* and
D > 0 a constant with

1 (ur) = F(us)]

v < Dllur — | (2.22)

and )
5||U1 — ’LL2||2 << uy — UQ,F(Ul) — F(’LLQ) > (223)

for all uy,us € V.. Then the operator F' is well-posed with condition number
D? and the variational problem (2.12) has exactly one solution u € V.
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Proof : see Brezis [20]:

By the Riesz representation theorem it is V' = V* and

<wv,v>=|v||*forallv eV, (2.24)

see Heuser [43]. From the conditions (2.22) and (2.23) it is obvious, that F'
is well-posed with condition number D?. To show the existence of a solution
the operator ® : V' — V is defined by

B(u) = u %F(U) (2.25)

for all w € V. It is shown that ® is a contracting operator on V:
For all uy,us € V it is

1D (uy) — @(u21)||2

D 1
Uy — Uy — ﬁ(F(ul) = F(uz)) >
2
. 2
I L I S )
S F () = Fw)
(2.22)+(2.23) 21 D?
0= 5ap* o)l — vl
1
= (1 — ﬁ)“ul - UZH

By Banach’s fixed point theorem, see Heuser [43], the contracting operator
® has a fixed point u:

u=>(u) =u— %F(u) : (2.27)

Therefore it is F'(u) = 0, thus w is a solution of the variational problem (2.12).
This proves the theorem e

Remark 1: In the framework of monotone operators the operator F'is called
strictly monotone if condition (2.23) holds.

Remark 2: If the operator F' is an affine operator defined by equation (2.14)
the condition (2.23) is equivalent to the condition

1
5||U||2 <<wv,Lv> forallveV. (2.28)
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If L € £(V,V*) fulfills this condition the linear operator L is called V-
elliptic (or coercive). From the well-known Lax—Milgram—Lemma which is
the linear version of Theorem 1 a V-elliptic linear operator L € L(V,V*) is
an isomorphism, see Brezzi [21]. Especially the problem (2.15) has an unique
solution for all right hand sides f € V*.

2.2 The Discretization

The variational problem (2.12) cannot be solved with a computer but an
approximation of the exact solution can be calculated by discretization:

Let V}, be a finite dimensional subspace of the space V' and K, a subset of
the set V, N K. The index h is interpreted as a real number which refers
to a mesh size, see Section 3.4. The space V}, is spanned by a suitable basis
" = {l}icign C Vi eg. in the finite element method by using a nodal
basis, see Zienkiewicz [68].

The original problem (2.12) is now solved in in the finite dimensional space
V}, instead of the total space V: find a discrete solution u, € K with

< vy, F(up) >=0 for all v, € V}, . (2.29)

In general a computer cannot exactly evaluate the real value < vy, F'(u;) >
as numerical integration has to be used to calculate the involved integrals,
see Section 3.5. Therefore it has to be assumed that only an approximation
Fy, : Ky, — V¥ of the operator F' is known. Keep in mind that the discrete
operator Fj, does not have to be defined on the space V and and the set K.
Actually the following discrete variational problem is solved for the sought
discrete solution uy, € Kj,:

As Fy,(up) € Vi the discrete variational problem means to find u;, € K, with
< Up, Fh(uh) >=0 for all v, € V}, . (2.31)

Theorem 1 applied to the discrete operator F}, in the space V}, gives a criterion
for the existence of the discrete solution wy,.

To solve the discrete variational problem (2.30) on a computer the discrete
solution uy, is represented in the basis " by

dh
Uh =D Ui} (2.32)

=1
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where (up;)i—1 a0 € R?. As every element in Vj, can be represented by the
basis ¢" problem (2.31) is equivalent to find a vector (up;)i—; g € R? with
dh

<@ Fu(Q unip)) >=0forall j=1,....d". (2.33)
i=1
This is a system of dj, non-linear equations for the dj, coefficients (up;);—1 4
in the representation (2.32) of the sought discrete solution wy,.
Starting from an initial guess uﬁj’) € K, asequence of approximations (ugc)) welN
is calculated by using their representations by the selected basis ("

dh
k k
ul) =Sl (2.34)
=1

with (uf)),— oo € R” for all k € No. The difference uf” — uff ™" of two
sequential approximations, called the k-th correction, is given by

dh d"
uﬁf) B ugk—l) _ Z(ngz) _ uﬁffl))@? = Augk)gof (2.35)
i=1 =1

where (A'U/Z(-k))izl,dh € R" for all k € N. The correction is calculated from
the following system of dj, linear equation:

dh
Z < @?,Lgk_l)gp? > Augk) = _ < go?,Fh(u;Lk_l)) >
i=1

(2.36)
forall j=1,...,d"

where LE{H) € L(V},, V) is a suitable isomorphism. If the discrete operator
Fj}, is smooth, the isomorphism L;lkfl) can be set to the derivative DF}, of
the discrete operator Fj, at the (k — 1)-th approximation u""V. Then the
iteration (2.36) corresponds with the Newton-Raphson method which is a
very efficient method for solving non—linear equations, see Stoer [58]. If V' is
a Hilbert space, one can set L%k_l) = 1y, with a suitable real value v € R.
That is the method of successive approximation. The proof of Theorem 1

shows that v := % ensures convergence if D? denotes the condition number
h
of Fh.

However, the d" x d" coefficient matrix

k—1 k—1
< LVl >i= (< o LVl )i (2.37)
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which is called the stiffness matriz and the right hand side vector

< SOh,Fh(ngil)) >i= (< W?,Fh(ugkil)) >)j=t,ah 5 (2.38)
called the iteration defect, have to be assembled. The iteration defect has
to be evaluated for the current (k — 1)-th approximation WV in every
iteration step using the basis representation (2.34) for the approximation
u%k_l). If the isomorphism Lgk_l) (e.g. when using the modified Newton—
Raphson method or the method of successive approximation) is not changed
during the iteration the stiffness matrix has to be assembled only at the
beginning but in general a new stiffness matrix has to be assembled in every
iteration step.

If the representation (2.35) of the correction ugk) — u*™ is used and it is

considered that every element in the space V}, can be represented by the basis
¢ it turns out that the linear system (2.36) is equivalent to the equation

< vh,Lgc*l)[ugk) - uslk*l)] >=—< vh,Fh(ugc*l)) > forall v, € V), . (2.39)

Since LV [ul® — ] and F, (u{* ) are in the dual space V;* that means
k=1)r (k k-1 k-1
Ll =) = =B ™). (2.40)

Therefore the iteration procedure (2.36) to solve the discrete variational prob-
lem (2.30) can be written down as

uf = w7 (LR (uf ) (2.41)

for all £ € N where uﬁf’) € Kj, is an initial guess and for all £ € N the linear
(k—1) . . .

operators L, are suitable isomorphisms.

The iteration procedure (2.41) is terminated by a suitable stopping criterion.
Therefore the discrete variational problem (2.30) is not exactly solved, but
an approximation 4, € Kj of discrete solution uy, is computed. Especially
the iteration defect Fj, () is not equal to zero. What is the quality of
the calculated approximation #; compared to the sought solution u 7 The
well-known Lemma of Strang [59] gives an estimate for a linear variational
problem. The following theorem is the non-linear version of this lemma:
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Theorem 2 (Grosz) Let be F : K — V* well-posed with condition number
D?* uw € K with Flu) =0, V, CV, K, C KNV, and F), : K, — V)
well-posed with condition number D%. Then for all u, € K, and v, € K,
the following inequality holds:

|u—dn|| < Dpl[Fh(tn)|v-
+ (14 DDp)||vp — ul| (2.42)
_l’_

Dy || Fy(vn) = F(vn)lv;; -

Proof: Let be 4,,v, € K, C K. Using the fact that the discrete operator
F}, is well-posed it is:

< lan — onll + lon — ul|
< Dpl|Fy(tn) — Fu(vn)llve + [lon — ul] (2.43)
< Dpl|Fn(in)llve + DpllEn(on)llvs + [Jon — ul| .

[lan = ull

Further estimates for the value [|Fj,(vy)||v are obtained by the fact that

F(u) = 0:
1Eu(on)llve = |1 Fu(vn) = F(u)|lvy
< [Fu(on) = F(un)llvy + 1F(vn) — F(u)]lv; (2.44)
< IFulon) — Fon)live + 1 E () — FG)ly-

In the last estimate the fact is used that for all G € V* it is |G|y~ < |G|y~ as
Vi, C V. Since the operator F' is well-posed it turns out from inequality (2.44)
that

[ En(vn)lve < [ Fh(vn) — F(on)llve + Do, — ul] . (2.45)

After this estimate was inserted into inequality (2.43) the inequality of the
theorem was proved e

The first term on the right hand side of inequality (2.42) is called the stop-
ping error or synonymously the termination error since it considers that the
discrete variational problem (2.30) is solved by an iterative method. The sec-
ond term considers the error which is produced by the reduction of the space
V' to the finite dimensional subspace V. It is called the interpolation error.
The third term considers the error from the approximation of the operator
F by the discrete operator Fj, by numerical integration. Therefore this term
is called the integration error.

In the following the behavior of the discretization is analyzed if the 'mesh
size h goes to zero’. This means that a family of finite dimensional subspaces
(Vi)nhen of the space V is given where the set H C R, has the unique
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accumulation point 0. To simplify the following formulations ’(V3)nso’ is
written instead of (V},)pez. Moreover it is written

h—0 (2.46)

to express that a condition holds for every sequence of mesh sizes in the index
set, H which converge to zero.

In this notation the following corollary is a direct consequence of Theorem 2
when it is assumed that the discrete problem is solved exactly. The problem
of a suitable stopping criterion will be discussed below in Theorem 3.

Corollary 1 Let F : K — V* be well-posed with condition number D?, u
an element of the set K with F(u) = 0 and (Vi)ps0 be a family of finite
dimensional subspaces of the space V. For every h > 0 let be

Thwe K, CVpyNK (247)

with Zpu — w for h — 0 at least of order p; > 0, i.e. there is a constant
01 > 0 with
lu — Zhu|| < CLRPY for allh > 0. (2.48)

For allh > 0 let F, : Kj, — V) be a well-posed operator on K}, with condition
number D? and Fy, — F at Tyu for h — 0 at least of order p,, i.e. there is
a constant Cy > 0 with

| Fn(Znu) — F(Zyu)|

v < CohP for all h >0 . (2.49)

If u, € K, with Fy(up) = 0 then up, — u for h — 0 at least of order
min(py, p2), i.e. there is a constant C5 > 0 with

|u — up|| < Csh™nPLr2) for gl h > 0. (2.50)

Proof: The corollary is a direct conclusion from Theorem 2. Essential is
the fact that the condition number D), = D does not depend on A and no
termination error (i.e. Fj,(uy) = 0) occurs e

The assumptions of Corollary 1 state a consistency condition for the approx-
imation space Vj,. If any element Z,u with properties (2.48) and (2.49) is
found then by Corollary 1 the solutions of the discrete variational problems
in the spaces V}, converge to the sought solution. Estimation (2.48) describes
the approximation properties of the sets (K})p~o for the elements in the set
K. The property (2.49) shows the approximation properties of the discrete
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operators (Fj)p>o for the operator F. In the finite element application the
operator Z, is an interpolation operator in the space V},.

Remark : In practice Theorem 2 as well as Corollary 1 are not suitable
to give an estimate of the error v — ;. The reason is that the condition
numbers of the involved operators as well as the constants C'; and C5 in the
inequalities (2.48) and (2.49) are unknown. In the finite element application
there are some ideas to estimate the values for C'; by higher order interpo-
lation, see Demkowicz [30] and Johnson [45], but the computed bounds are
not reliable and overestimate the true error dramatically.

In the next section a very general technique is presented how the discretiza-
tion error u — Uy can be estimated reliablely. Since the estimate is calculated
after the discrete variational problem (2.30) has been solved the technique is
called a-posteriori error estimate.

2.3 A-—Posteriori Error Estimate

If an approximative solution 4, € K, of the discrete variational problem (2.30)
is computed the true error
€p :— U — ah (251)

cannot be determined since naturally the sought solution v is unknown. Yet
an approximation of the true error, called an a—posteriori error estimate, can
be computed. In Theorem 4 an error estimate (more exactly a family of error
estimates) will be introduced and a criterion is proposed to check when the
error estimate represents the true error well.

The main handicap to get the true e is that a computer cannot represent
the space V. It seems to be a good idea to expand the space V}, to a space
Vi+ C V in a suitable way and to calculate a second better discrete solution
up+ from this greater vector space V3, see Zienkiewicz [69], Deufelhard [31],
Bank [15], Bornemann [18]. If the approximation wuy is actually a better
approximation of the exact solution u then one can expect that

Nha ‘= Upy — ah (252)

is a good a—posteriori error estimate. More exactly this works as described
in the following:

Let Vj,, C V be a finite dimensional subspace of the space V with Vj, C V4
and let Fj, : K, — V7 be an operator on Ky, with K C K, C V. NK.
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up+ € Kjy denotes the solution of the discrete variational problem
Fhi(upt) = 0. (2.53)

The situation that the discrete solution wuy, is actually a better approxima-
tion of the solution u than the discrete solution w; is characterized by the
following definition where the elements u, u; and u are not necessaryly the
solutions of variational problems, see Bank [15].

Definition 2 (Bank 1993) Let be u € V and for all h > 0 up,upy € Vj
and r, > 0 with
lu = unill < rallu —upll . (2.54)

Then (up, upy)n>o s called saturated for the element u if there is a constant
ro € R with

0 <limsupr, <rog<1. (2.55)
h—0

The value ry s called a saturation bound.

Essential in this definition is the condition ry < 1 which ensures that at least
for a small mesh size h the discrete solution u;. gives a better approximation
of the solution u than the discrete solution wu,. By using the notations of
Corollary 1 the set of pairs (un, uny)n>o is saturated for the solution u with
saturation bound ry = 0 if for A~ — 0 the discrete solutions u; converge to
the solution v with maximal order p and the approximations wuy, converge
to the solution u at least of order ¢ with ¢ > p.

Before the a—posteriori error estimate is investigated the question of an opti-
mal stopping criterion for the iterative solver of the discrete variational prob-
lem (2.30) is answered: For a given approximation @y, of the discrete solution
up, the norm of the discrete operator Fj,y(ay) can be evaluated to involve it
into a stopping criterion. Using heuristical arguments the stopping criterion
given in the following theorem has been introduced by Schoenauer [56, 55]
for the finite difference method and by Grosz [39] for finite element methods.
The idea is to stop the iteration if the stopping error is in the order of the
(estimated) discretization error. Actually the stopping criterion produces ap-
proximations u; that have the same convergence order to the sought solution
u like the exact discrete solutions uy,.

Theorem 3 (Grosz) Let be V;, CVy CV, K; C Kpy Ny, Kpy C Vi N
K, Fyy: Ky — Vioand Fy, : K, — V7 well-posed operators with condition

number D?, uy, € K}, with Fy,(uy) = 0 and up, € Ky with Fyy (upy) = 0. If
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(Uh, Unt)n>o @8 saturated for the element u € V' with saturation bound ro and
for all h > 0 uy, € K}, fulfills the stopping criterion:

1 Fn(@n)llvy < Al Fha- () |lvye, (2.56)
with fired 0 < XA < A\g := # min(lgrzo, 1), then it is
: lu —dnl] _ 1+710D?A
lim su < 2.57
h_)op||u—uh|| — 1- D2\ (2:57)

Especially the approzimations uy and uy have the same convergence order to
the element u for h — 0. In addition (Gp,uny)nso is also saturated for the
element u with saturation bound

. 14 D?)
o = Tom <1. (258)

Proof: First estimation (2.57) is proved: Since the discrete operator Fj, is
well-posed with condition number D? and Fj,(uy,) = 0 it is

an —unl| < D||Fp(in) — Fn(un)|
D||Fy(a)|

Vi (2.59)

Vi
By inserting the stopping criterion (2.56) and using Fj,y (uny) = 0 one gets

i —unl| < DI Fy(tn)|

Vi
(2.56)
< DA|[Fps(tin)lvy:, (2.60)
= DA|[Fhi(tn) — For(unt) vy,
S DQ)\“ah—UthH .

In the last estimation the fact is used that the discrete operator Fj,, is well-
posed with condition number D?. The approximation u; is introduced into
the right hand side by using the triangle inequality:

lin — unll < D*A|ltn — unll + llun — uns]) - (2.61)
As it is D?X < 1 this inequality is solved for ||d), — up]|:
fin ) < -2
Up — U —_—
M= D2y
After the element u was put into the right hand side the definition of the
factor r, by inequality (2.54) in Definition 2 is inserted:

lun — un | - (2.62)

. D2\
Y L A )
(2.63)
(2.54) 9 1 + 7
< D Am““h —ull .
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Since it is lim sup,,_,o 7, < ro inequality (2.57) is verified.

To show that the set (U, uny )n>o is saturated for the element u an estimation
of type (2.54) with the approximation 4, instead of the approximation wuy
and an appropriate factor r, (denoted by 7,) has to be established: Starting
from ||up, — ul| inequality (2.60) is used to obtain:

lun —ull < lup = @nl] + [Jan — ull
(260 X (2.64)
< DAA||an — ung ||+ o —ull -
By inserting the element u into the first term of the right hand side it is
lun —ull < D2A(flan = ull + |lu = ups|l) + [l@n — ull
(2.54) (2.65)
< (14 DNty — ul|| + 7o D*A||up, — ul| -
As it is 7, D?\ < 1 at least for a small mesh size h this can be solved for
||up, — u|| to get the estimation:

This inequality is inserted into the definition (2.54) of the factor r, and it
turns out that

(2.54)
lu—unil] < raflu—ul
eoy 14 DA (2.67)
< Thmnuh —uf -
Therefore it is for all small mesh sizes h > 0
[ — uni || < Pallu — dal| (2.68)
with Do)
1+
=Ty 2.69
"h "h 1 — ThD2>\ ( )
If lim supy,_, of (7)n>0 is calculated it turns out that
: L 1+ D2\
hr;rll_%lp Py < Py = Tgm (2.70)
as it is 7o D?)\ < 1. It remains to show that 7y < 1:
As it has been assumed that A < Ag it is
1
DA < D?)\y < — 10 (2.71)
27"0
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Therefore the following estimations hold:

. 1+ D%\
o= TO]_—T'()DQ)\
14450
< - = 4J
7“01 _TO1Z_TTOO (2.72)

_ 2rp+1l-—mp
2= (1—rp)

= 1.

This proves the theorem e

The iteration procedure (2.41) for the solution of the variational problem
Fy(up) = 0 should be terminated after the k-th iteration step if the condi-
tion (2.56) given in Theorem 3 holds for @ := ugk). To check this criterion
the value ||Fh+(u§bk))|
step. In spite of the additional effort the use of the stopping criterion saves
much computing time, see Example 2 and Example 4 in Chapter 4. The
stopping criterion (2.56) is optimal in the sense that the returned approxi-
mations (uy)p>o have the same convergence order to the sought solution u
like the exact calculated discrete solutions (uy)nso. The reason is that if the
stopping criterion is fulfilled for the first time during the iteration procedure
the discretization error starts to dominate the termination error. It is empha-
sized that the factor A can be very small as the condition number D of the
discrete operators Fj and Fj can be very large. However a lot of tests have
shown that A = 0.075 is a suitable selection for a large class of applications
although the factor A should be smaller when following Theorem 3.

v has to be calculated or estimated in every iteration
+

Remark 1: The stopping criterion (2.56) can be replaced by

[[Fn(an))|

ve <A P ()|

v, (2.73)

where V; | can be any subspace of V. Actually this condition is stronger

than the original criterion (2.56) but sometimes it is simpler and cheaper to
be checked.

Remark 2: In the propositions of Theorem 3 it has been assumed that
Fy, and Fj, are well-posed with same condition number D. This is not
a restriction as the condition number D can be set to max(D;, Dy) if the
discrete operator Fj, is well-posed with condition number D, and the discrete
operator Fj is well-posed with condition number D,. However, the discrete
operators Fj and Fj should have a condition number which is very close
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to the condition number of the operator F' as they are its approximation.
Therefore it can be assumed that the operators Fj, Fj, and F' are well-
posed with a common condition number D (that is independent of the mesh
size h!).

To assess the quality of an a—posteriori error estimate the following criterion
was introduced by Babuska [6]:

Definition 3 (Babuska 1992) Let be (iy)p>0 C V' a set of approzimations
of the element u € V.. The subset (ny)n>o of V is called equivalent to the true
error if there is a constant () > 0 with

1
— < liminfé;, <limsup@, < 2.74
QQ = h—0+t b= h—>0+ph_Q ( )
where it 18 Il
TIh
0, = ———— . (2.75)
| — |

The constant @ 1s called an effectivity index.

Remark: If the set of error estimates (1,),>0 is equivalent to the true error
this means that they have exactly the same asymptotic behavior for A — 0
like the exact error e;, = u—uy,. If the levels of the error estimates are correct
depends on the value of the effectivity index (). The error estimates become
more fuzzy if the value of the effectivity index () increases. In the case that
one can set ) = 1 the error estimates (1, )x>o represent the correct level of
the true error for h — 0. Such estimates are called asymptotically exact.

The following lemma confirms that the expansion of the space V}, is a suc-
cessful approach to estimate the error of the calculated approximation. It
is essential that the expansion Vj, is large enough which is covered by
(uh, upy)n>o being saturated. The following lemma is important for the fur-
ther discussions:

Lemma 1 (Grosz) Let be V), C Vy CV, K;y C Ky Ny, Fry @ Ky —
Viip and Fy © K, — Vi well-posed operators with condition number D2,
up € Ky, with Fy,(up) = 0, upy € Kpy with Fpy(upy) =0 for all h > 0 and
(Uh, Unt ) n>o saturated foruw € V. If for all h > 0 4y, € K}, fulfills the stopping
criterion (2.56) in Theorem 3 the set (nn+)n>o defined by

Nt 1= Upt — Up, (2.76)
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for all h > 0 is equivalent to the true error in the sense of Definition 3. More
precisely it is

1= 7o < timinf V2 < i sup el g (2.77)
h=0|lexl| hso o leall
where for all h > 0 e, := u — U, denotes the exact error. The constant

0 <7y <1 is defined by equation (2.58) in Theorem 3.

Proof: Because of the triangle inequality it is
(2.51)

2.51 N

leall =" |lu— ]l .
<l =]+ g = (2.78)
< 7pllu = || + {784

Frllenll + l1na ]

where the factor 7, is defined by equation (2.69) in the proof of Theorem 3.
Moreover the following estimation holds:

(2.76) | .

e |
<l =l + flu = e (2.79)
<+ wllenll

By combining both estimates (2.78) and (2.79) one gets
(1 = Fu)llenll < llmnll < (14 7n)lenll (2.80)

which proves the lemma e

The lemma states that the error estimate 7, defined by equation (2.76) is
a reliable a—posteriori error estimate. Yet the calculation of the error esti-
mate 7,4 requires the solution of the non-linear, discrete variational equa-
tion (2.53) in the expansion V,; to get the better discrete solution uy .
Similar to the solution of the discrete variational problem (2.30) for the dis-
crete solution uy this has to be done by using an iterative method which is
analogously to iteration procedure (2.41). Certainly u;, € Kj; C Kj, is a
good initial guess for this iteration procedure. Then one iteration step will
be enough to calculate an approximation u, € Vj4 of the better discrete
solution wy with a sufficient accuracy. The approximation

np =y — (2.81)

of the error estimate 7, will be equivalent to the true error in the sense
of Definition 2. The equation determining the error estimate 7/ is obtained
readily from the formula of the iteration procedure (2.40):

Lysnp, = Lys[tny — @n) = —Fhy (Gn) - (2.82)
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Lyt € L(Viy, V)i,) is a suitable isomorphism. This error equation is a linear,
discrete variational problem in the expansion Vj,,: find error estimate nl €
Vh+ Wlth

< Upts Lh+77fll >= — < Up4, Fh+(1lh) > for all Up4 € Vh+ . (283)

The calculation of the error estimate 7/ requires the mounting of a new stiff-
ness matrix. As in practice the dimension of the expansion V},, is twice the
dimension of the space V}, the dimension of this stiffness matrix is twice the
dimension of the stiffness matrix used in an iteration procedure (2.41) to
calculate the discrete solution u,. Therefore the mounting of the coefficient
matrix for the error equation (2.83) requires at least the fourfold computa-
tional effort. To face the question how these costs can be reduced a more
general concept is introduced to calculate a—posteriori error estimates for the
approximation @ basing on an error equation of type (2.83).

Assume there is a space V; C V where an isomorphism L; € L(V;,V7)
is known. The inverse of L; should be easily computable. Moreover it is
assumed that there is an operator J,4+ € L(V;, Vi1 ) which joins every element
in the space V; with an element in the expansion V. An a—posteriori error
estimate n; € V3 is defined by

< vy, Lpnp >= — < Tnavp, Fry () > for all vy € V3 . (2.84)

Depending on the selection of the space V3 and the joining operator Jj.
various error estimates are defined, see below.

The new error equation (2.84) is deduced from the error equation (2.83):
When it is set 0} := Jninp and vy = Jypivy, with ny,v5 € V3 the error
equation (2.83) is transformed to

< Ina iy Ly Tnamy, >= — < Tpa vy, F}H_(’LAL}L) > for all vy, € V5 . (285)
A new linear operator Ly € L£(V}, V;’) defined by

< vy, Lywy, >=< Jpyvp, Ly Tpywy, > for all vy, wy, € Vj, (2.86)

is introduced. After using the definition of the linear operator Lj the equa-
tion (2.85) was moved to the error equation (2.84). Keep in mind that the
linear operator Lj is not necessarily an isomorphism if the linear operator
Ly, is one. This depends strictly on the used joining operator Jj .

In general, the error equation (2.85) is not equivalent to the starting error
equation (2.83) as the dimension of the space V; can be lower than the
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dimension of the expansion V}. Therefore a loss of information takes place
when going from the error equation (2.83) to the equation (2.85) defining the
error estimate n;. However, it has to be assumed that Lj is an isomorphism.
Moreover it will turn out that under certain circumstances one gets over the
loss of information, i.e. the error estimate 7y is still equivalent to the true
error in the sense of Definition 3.

There are three interesting selections for the space Vj basing on the splitting
Vie =Va® Vyy (2.87)
with V, N V£ = {0}:

e At first one can set Vj := Viy, Jhy = Iy,, and Ly := Lpy. Then
the error estimate (2.84) is equal to the error estimate 1l defined by
equation (2.83). This is called the inflating a-posteriori error estimate.
But still the target to reduce the computational costs for the error
estimate is not reached. But if it is assumed that the components of
the better discrete solution u;, belonging to the space V), are close to
the discrete solution wuy, so it is sufficient to look only to the components
in the space V)’

e This is the idea for the hierarchical error estimate (denoted by nif).
Here V;, = Vi, Jhy = Iy, and L; = Lj € L(Vy,(Vy)*) are set.
The base ¢" is extended by additional basis elements (¢"");_gn; g+
spanning the space V)°. For the calculation of the error estimate the
stiffness matrix

(<O Lipl™ >); jmar g1t (2.88)

and the defect
(< 5", Fug(n) >)j—ar 1,00+ (2.89)

have to be mounted. The operator Lj has to be a suitable isomorphism
and should be selected in a way that the inverse of its stiffness matrix
can be easily calculated. Common selections use a lumped matrix, the
reduction of the matrix (2.88) to its main diagonal elements in com-
bination with hierarchical bases, e.g. see Zienkiewicz [69], Bank [15],
Deufelhard [31], or the solution of element-by-element problems, see
Liu [47]. Although this error estimate works very well for a wide range
of applications, there is no general method for the selection of the linear
operator Lj. The essential problem is that it has to be an isomorphism.

e The new error estimate is called the projecting error estimate (denoted
by n’). Tt bases on the idea of projecting the error equation (2.83) back
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to the space V}, where the solution approximation 1y, is calculated. This
is achieved by setting V; := V}, and Jp4 to an interpolation operator
into V}, for more details see Section 3.6. Then one can set Lj, := LE{H)
which has been used to calculate the returned approximation i, = uslk),
see iteration procedure (2.41). The profit is that the stiffness matrix
and, if a direct solution method for the solution of the systems of linear
equations is used, its LU-decomposition or other manipulations of the
stiffness matrix (e.g. reordering, ILU-factorization for preconditioning)
are reused for the a-posteriori error estimate. Only the new defect

< T ", Fre () >:= (< jh+90?,Fh+(@h) >) =1, (2.90)

has to be mounted.

Returning to the general point of view it is obvious that the error estimate
defined by error equation (2.84) is not a good estimate if the range of 7, is a
subset of the space V},, i.e. J4[V3] C V4. As no contribution out of the space
V}, is involved only the error from the termination of the iteration procedure
and the integration error is considered. To insert the interpolation error the
range of J,, has to be large enough. Here it is assumed that the range of
Jn+ contains all components that are added to the space V}, to construct the
expansion Vj,., i.e. it holds

Ve C Tnt Vi) - (2.91)

In the following a more handy formulation of this condition is used which
says that a right hand side inverse J; € L(V/,V;) of Ju. on the space V)
exists:

ThsTvy, = vy, for all vy € V,©. (2.92)
The conditions (2.91) and (2.92) are equivalent. For the inflating and the
hierarchical error estimate the involved joining operator has the required
property (2.92) because of the definition of the method. For the construction
of the projecting error estimate this property has to be considered when
selecting J,.

The following Lemma 2 and Lemma 4 intend to prove an estimation of the
type

anllnn+ |l < [lmll < Qnllnn+|] (2.93)
for the a—posteriori error estimate 7; defined by equation (2.84) where the
element 7y, is defined by equation (2.76). The positive values ¢, and Q)
depend on the mesh size h. By combining this estimation with the results of
Lemma 1 it is proved in Theorem 4 that an a—posteriori error estimate 7y is
equivalent to the true error in the sense of Definition 3.
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Lemma 2 (Grosz) Let Fj, : Ky — Vi be well-posed with condition
number Dy, tp,upy € Kpy with Fyy(upy) = 0, Ly € L(V;, V7)) and
Tns € L(V3, Viy). Then for the error estimate ny;, defined by equation (2.84)
the following estimate holds with N,y = upy — Up:

1781 < Dnel| T v v 12 ez vl - (2.94)

Proof: With Fj (upy) = 0 and J,,4[V3] C Viy one gets from the defini-
tion (2.84) of error estimate n;:

G20 _ < Tht Vhy Fhy (Gn) >

< Tnthy Py (uny) — Fy (tn) >

[ Tntll e v VR Fs (ung) — Frs ()]
Dui | T\l i v lloalllluns — Gl

< vp, Ly, >

v, (2.95)

VANRVANSI

—
)
N
B

N2

D [|Tntll evivio loallllmn ]

for all v; € V5. From the the definition of the norm ||Lf:1||£(V}{,V,;) it is

(2.8) B
Imall < Ly New: vl Lamgllv-
(221) ||L71|| < vy, Lyng, > (2'96)
< ;o llevev;) Sup ————————
PR e Tl

After inserting estimation (2.95) into estimation (2.96) the inequality of the
lemma has been proved e

Unfortunately the techniques in the proof of Lemma 2 cannot be applied to
obtain a value for g, in the objected estimation (2.93) since in general it
cannot be assumed that Vj,, C J,4[V;]. More refined tools have to be used
by following the techniques from the analysis of two-level iteration methods,
see Eijkhout [34]. In the following the angular distance between the spaces V},
and V)¢ is important. It is measured by the deflection kj, in the Pythagorean
equation for the spaces V, and V)

Lemma 3 Let V), and V¢ be finite dimensional subspaces of V. with VNV, =
{0}. Then for the deflection ky in the Pythagorean equation for the spaces
Vi, and V)¢ the following relation holds:

[lonll* + [lvi]?

1< k2= sup @ < 00. 2.97
L S T E 297)
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Proof: With v, = 0 one gets k;, > 1. To show that x, € R contradiction is
used:

If kj, = oo there are sequences (Uf(ln))neN e VN and (w,(l"))neN e (V)N with
n n ]‘ n n
0 < Il +wi”II* < ~ (Il I” + i |1%) (2.98)

for all n € N. With ~,, := max(||v§bn)||, ||w,(l")||) it is set

~(n) L ) ~(n) L (n)
v, ) = —v; ’ and W, ' = —w 2.99
" Yo " Vo (2.99)
for all n € N. Then

ma‘x(Hﬁf(Ln)“’ ||U~}f(l,n)||) =1 (2.100)

holds for all n € N.
Since the spaces V, and V;¢ have finite dimensions and the sequence ((5\™, &\"

is bounded there is a subsequence of the sequence ((7\™, ﬁ’i(zn)))neN which con-

verges to an element (0p,,wy,) € Vj, x Vif. For simplification this subsequence
is also denoted by ((3\™, zb,(ln)))neN. By using inequality (2.98) one obtains

that

) ~(n (2.99) Uy | W9
[ T [ [ [
h h comy 11 o
< =Sl + el (2.101)
%
< .
n
By taking lim,, ., on this estimate the result is that v, = —wy. Therefore it

has to be o, w, € V, N V)¢ = {0} and consequently o, = @, = 0. But from
equation (2.100) it has to be

max(||tn]], [[@nl]) =1 . (2.102)
This is a contradiction and therefore x; has to be finite e

Remark: If V is a Hilbert space with scalar product < .,. > the deflection
kp has a geometrical interpretation: The value

< Up, v >

<1 (2.103)
EAlEA

Yp = sup
vp €Vp,vf, €VE

is the cosine of the angle between the spaces V}, and V;¢ (The proof for v, < 1
is similar to the proof of Lemma 3). The constant 7, plays an important role
in the multilevel theory, see Eijkhout [34]. There is a relation of 7, to kj:
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For all v, € V}, and vj € V)7 it is

lonll* + llval* loall” + llvg]?
|on + vg |2 lonl[? + [[vi]]* + 2 < vp, v >
2109 fonll? + o5 100
onll? + lvg 12 = 2vallog || Jval]
1
L=
In the last estimation the fact is used that
2[vill lvwll = lonll* + [ofl1* = (lvall = lvgl)?
h 2.105
< flonl® + g (2.105)

By taking the supreme value over v, € V3, and vj, € V¢ in inequality (2.104) it

is shown that k;, < ﬁ Moreover 7, is actually a maximum. By inserting

the location of the maximum it can be proved that even
1
V91—

holds. If the spaces V}, and V)¢ are orthogonal it is k;, = 1.

Kp = (2.106)

Lemma 4 (Grosz) Let Fj, : K, — V' be well-posed with condition
number D, Uy, upy € Kpy with Fyy(upy) =0 and Ly € L(V;, V). More-
over let be Vi =V, @ V)¢ with Vi, N V¢ = {0} and Ty € L(V5, Vi) with left
hand side inverse J;, € L(V)¢, V) on the space V¢ defined by equation (2.92).
Then the error estimate 1y, defined by equation (2.84) fulfills the following
estimate with M. = Upy — Up:

In+11” < Dy y sy (1| Fi (@)

%/h* + ||LE||%(VB,V{) jﬁ“%(v,f,v,—L)HUE“Z) (2.107)

where ky, 1s the deflection in the Pythagorean equation for the spaces Vi, and
Vi¢ defined by equation (2.97).

Proof: For every element v, € Vj,, one gets from splitting (2.87)
Upt = Up + U} (2.108)
with v, € Vj, and vy € V)£, It is

vy = Tne T (2.109)
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because of the condition (2.92) for the joining operator J. and its right
hand side inverse J;. By involving the definition (2.84) of the error estimate
75, one obtains:

< Vg, Fpg () >

2.108 ~ c o

@108 O, Fry (Up) > + < v, Fpy () >

2.109 ~ c o

CL oy, B (i) > + < s T, Fu (i) > (2.110)
(2.84) .

=" <oy, Fpy (W) > + < Jpop, Ly, >
< onll 1 Fp (@) v+
il I Lallevi v | Talleve vy llmall -

Taking the Cauchy-Schwartz inequality it turns out that
< Uhg, Py (Ug) >

< yllonll® + llvgl?
JIEwc @)% + a2, v [Tz i a2

(2.97)
L (2.111)

T @]

K| Un ||

Nieen)

by using the definition (2.97) of the deflection ;. From the fact that
the discrete operator Fj,, is well-posed with condition number Dj, and
Fyy(upy) = 0 the following estimations hold:

%/,; + ||LB||%(V,;,V}{) jﬁ||%(v,§,v,;)||77ﬁ||2

(2.108)

%/,j + ||LE||%(V;L,V;:‘) «75||%(V,f,v,—1)||775||2

(2.76) N
Il =" luny —
< Dpi|lFht (unt) — Fag () vy,
= Dpy||Fas ()] Ve, (2.112)
. < ’F L >
(2.11) Dps sup Uty Fiur (@)
U+ EVhy ||Uh+||

After inserting estimation (2.111) the lemma has been proved e

Remark: If |[F}, (i)|[v: = 0 Lemma 4 actually establishes an estimation
for ¢, in the wanted inequality (2.93). Even if there is no termination error
(i.e @y = up) the term [|Fpy (dp)|lv- does not vanish. The reason is that in
the practical implementation it cannot be expected that Fj,(uy) = Fjy(un)|v;
holds, i.e. in general the discrete operator Fj is not a continuation of the
operator Fj from the space V}, to its expansion V.. However, it has to be
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requested that the distance of the discrete operators Fj,(up) and Fj,y(up)]|v,
is small enough compared to the approximation error ||u — uyl|, see condi-
tion (2.113) below.

By gathering the results of this section the main theorem of this chapter is
stated:

Theorem 4 (Grosz) Let u € V be a given element in the Banach space V.

e Let for all h >0V, CV be a finite dimensional subspace of the space
V, K, CVy, Fy, : Ky — Vi* well-posed with condition number D? and
up € Ky, with Fy(up) =0 and up, — u for h — 0.

o Let for allh > 0 V. CV be a finite dimensional subspace of the space
Voand Ky C Vg with'Vy, C Viy and Ky, C Kyy. Let Fyy @ Ky — Vi,
be well-posed with condition number D? with

| Fh (un) — Fi(un)|

vy S sh||u - ’LLh“ (2113)

and limy,_,q s, = 0. Moreover let (up, upy)p>o be saturated for the solu-
tion u with saturation bound 0 < rq < 1 in sense of Definition 2.

o Let for all h > 0 V; CV and L € L(V;,VF) be an isomorphism with
lim supy, o || L/l ve) < L oand limsupy, o [|1L3 | cove vy < L.

e Let for all h > 0 be
Vie =Va ® V) (2.114)

with V, N V¢ = {0} and

2 cl|2
sup M < K2 (2.115)
meviwseve  |lun + vl

for firzed k € Ry. In addition let be J; € L(V)E,V;) and Jhy €
L(Vy, Vis) with

TIh+Tpvy, = vy, for all v, € Vy, (2.116)
lim supy, o [|Tntllcovi vi) < P and limsupy,_o | Tgllcve vy < P
If uy, € Ky, fulfills the stopping criterion

[Ew (an) llvy < Al En(an) | 7 vz (2.117)
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with 0 < X < Ag = #min(lgrzo, —5) then also @y, — u for h — 0 and the

a-posteriori error estimate n; € Vi defined by

< v, Linp, >= — < Tnavp, Fpa () > for all vy, € V3, (2.118)

15 equivalent to the true error ey := u — Uy, in the sense of Definition 3.

Proof: Since |[Fyy(n)l| 7,05+ < [|Fht(@n)|lvy, and the factor A used in

stopping criterion (2.117) is less than 35 min(lgr’;o, 1) (it is kD* > 1) the
stopping criterion (2.56) in the propositions of Theorem 3 holds. Therefore
Theorem 3 shows that the approximations , converge to the element u for

h — 0.

First the existence of an upper bound for the ratio

g, = Ll (2.119)

el

is proved when h — 0. From inequality (2.94) in Lemma 2 one obtains

lim sup 2L < (2.120)
h—0 ||77h+||
with
C:=DLP (2.121)

and the error estimate 7, defined by equation (2.76) in Lemma 1. Moreover
by Lemma 1 the inequality (2.77)

lim sup 2t g 4 (2.122)

h—0 ||€h||

with the factor 7y defined by equation (2.58) holds. Therefore an upper
bound for the ratio #, turns out from

lim sup 6, (2119) lim su ||77h+||_ |17
h=0 nso o lenll llmnll (2.123)
(2.122)+(2.120)
< (1+79)-C.

To find a lower bound for the ratio 6;, Lemma 4 is used but an estimate for
the norm || Fj,1 (@p)[v+ is needed:

Using the condition (2.113) and the fact that the discrete operators Fj and
F), are well-posed it is

[y (tin) |

= |[Fuy(n) — Fulun)lv-
< N Fhe (@) — Fag(un)llvyy, +
[ Fh (un) — Fu(un) vy
Dllin, — up|| + | Fry (un) — Fn(un)llv -

Vi

(2.124)
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To get further estimates the definition of the factor s, by inequality (2.113)
is inserted:

2.

—
=

3)
D[y, — up| + spl|lu — up|

Dty — upl| + sp(|lu — @pll + ||an — unl])
(D + sp)||an — unl| + sullenl| (2.125)
(D + sn)D||Fy(tin) — Fu(un)|lv: + sullenll
(D + sn) D|| Fy(tn)||vs + snllen]] -
(

| Fh ()|

Vi

I VAN | I VANRVAN

Using stopping criterion (2.117) and Fj, 4 (usy) = 0 further estimates can be
made:

| Ehy () [lv:
(2.117) X
<MD+ sp) D[ Fi(@n)llvy, + snllenl]
=MD + 5p) Dl Frs (i) = Foi (uns)|lve, + sullenl] (2.126)
< XD+ sp) D |lin, — up g || + snllenl]
2.76
P2 ND + 1) D | + sullenl] -

Inserting this estimate into the inequality (2.107) of Lemma 4 one gets

Inn|I* < D262 (IMD + ) D2l || + sullenl]* + Coullnall®)  (2.127)

where it is set

Ch == DI Lyl e v | Tl evie v - (2.128)
By solving this inequality for the ratio ‘”L"h—’ﬂ"' it is
—21 (1= D*W*[A(D + s,)D* + s, lexl 2) < ”77’3“22 . (2.129)
Chk 171+ 7+

Since it is assumed that limy,_,¢ s, = 0, the ratio ‘Heh”

|7+
and it is A < 57 the left hand side of inequality (2.129) is positive for a small

mesh size h. By Lemma 1 it is

is bounded by Lemma 1

lim inf (U >1—7y>0
el (2.130)
1 .
lim inf el > — >0
h=0 |[mag]] — 1+ 70
and therefore it turns out from inequality (2.129) that
e =0 lenll e (2.131)

(2.130)+(2.129)

> (1= 7o) - g=V1 — D3k2N?
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with the constant C' defined by equation (2.121). The lower bound has a

positive, real value since it is A < #.

After combining the inequalities (2.123) and (2.129) it has been proved that

(2.131)
(1 —7p) - &\/1 — D822 < lign iglfﬁh <
“(2.123) (2.132)
limsupf, < (147 -C.
h—0
So the inequality (2.74) for the error estimate 7; has been verified. There-
fore the error estimate 7y is equivalent to the true error e, in the sense of
Definition 3 e

Remark: If in the condition (2.113) it is

limsup sp, = s9 > 0 (2.133)
h—0

the results of Theorem 4 are still valid with another constant Ay but the limit
so has to be small enough.

The proof has explicitly constructed an effectivity index of the a—posteriori
error estimate 7;. The following corollary of Theorem 4 notes this result for
an exactly solved, discrete variational problem (2.30):

Corollary 2 (Grosz) Under the assumptions of Theorem 4 with X = 0 it

18

175

11 Al

< lim inf < limsu < (1+ry)DLP. 2.134
<DLP = MR e | = TR e = U1 (2430
An effectivity index in the sense of Definition 3 is given by %.

Proof: The inequality (2.134) is a direct consequence of inequality (2.132).
An effectivity index is obtained from the fact that x > 1 and 1 +7ry < —

1—rog

[terative methods, e.g. conjugate gradient methods, do not solve the linear
equation (2.118) exactly. A poor accuracy is sufficient to ensure that the
approximation 7; of the the error estimate 7j; is equivalent to the true error:

Corollary 3 (Grosz) Under the assumptions of Theorem j let for all h > 0
be np € 'V, defined by

< U, Lpiip, >= — < Tnyvp, i (Gn) > + < vp, dj >

for all vy, € V3 (2.135)
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with dj, € V. Then there is a constant 19 > 0 independent of the mesh size
h that for all 7y > 7 > 0 the following statement holds: If for all h > 0

] v: < T Fn (n) || 75,4 v+ (2.136)

the a-posteriori error estimate 7y, is equivalent to the true error.

Proof: From the definitions of the error estimates 7; and »;, it is

135 ~ ~
<wp,dp > =7 <wgp, Lpnp > + < Tnavr, Fua () >

; (2.137)
=" <, Ll — mg] >

for all v; € V5. By using the triangle inequality and condition (2.136) it is

il = lll| < i — al

(2.137) I 1“
< Rolcvive)
o e (2.138)
< TlILy legve ||Fh+( Wl 7 Vi)
1
< 7L leeg v 1R () lvye, -

With Fj (upy) = 0 and the fact that the discrete operator Fy, . is well-posed
further estimates can be made:

all = llall| < 7ILG e | s () v,
< T”LFZIHE(VE:V{) i () — Fry (uny )| Vi,
< TDIL lewi v lin — uns (2.139)
< DLy ez v (= ull + lu — un]))
(269

)(
TDI|L; ey vy (1 + ) el
)

where 7, < 1 is defined by equation (2.69) in the proof of Theorem 3. This
establishes that

7]l [7al (2.140)
lenll  llenl]
with
C:=2DL >0 (2.141)

independent of the factor 7 and the mesh size h.

As the error estimate 7, is equivalent to the true error in the sense of Defi-
nition 3 there is a constant () > 0 with

1 — —
— < liminf (Al < lim sup ||77h|| <Q. (2.142)
Q = w50k [leall = not flenl
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Therefore the lower estimates

et e sl
— ey - €n €h €n
(2.142)+(2.140) c (2.143)
> ——0CT
Q
and the upper estimates
lim sup 17 < limm sup l||7771|| 7l sl ]
h—0+ |lenl] noo+ Lllenll  [llenll  leall (2.144)
(2.142)+(2.140)
< Q+Ct

can be made. When one selects 0 < 7 < 19 := C—IQ the inequalities (2.143)
and (2.144) can be combined to

1 (2.143) A Al (2.144) 1
0<—=—-Cr < liminf {ul < lim sup il < QR+ —=. (2.145)
Q 0+ [lenl] T hsor lenll Q

That proves that the a—posteriori error estimate 7 is equivalent to the true
error in the sense of Definition 3 if the factor 7 is small enough e

The linear functional dj € V;* occuring in equation (2.135) is the defect
arising from the inexact solution of the error equation (2.136) defining the
a—posteriori error estimate 7;. The criterion (2.136) can be used as a stop-
ping criterion for iterative linear solvers, e.g. see LINSOL [65], where dj
is interpreted as the residual of the current approximation in the iteration
procedure.

Remark 1: The value for 75 can be very small since C' defined by equa-
tion (2.141) can be very large. However, a lot of tests have shown that for
the most problems 7 = 10~ delivers reliable error estimates though Corol-
lary 3 determines a smaller value 7.

Remark 2: The results of this section are also valid if the very popular
problem dependent energy norm is used instead of the canonical norm in the
Banach space V. In this case D=L=1 and then the effectivity index is closer
to 1. However, the factor « in the effectivity index produced by the reduction
of the expansion V. does not vanish. It is the price which has to be paid to
reduce the computational effort for the error estimates.
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2.4 Discussion and Summary

Roughly spoken Corollary 2 shows that the effectivity index % for the
error estimate 7; depends on the deflection k in the Pythagorean equation
in spaces V}, and the expansion V)¢, the condition number P? of the joining
operator J, the condition number D? of the operator F' and the condition
number L? of the isomorphism Lj. In most of the cases it is L ~ D especially
if Newton type methods are used. The uncertainty in the a-posteriori error

estimate grows with the increase of the condition numbers and k.

If a hierarchical a-posteriori error estimate is used the effectivity index is
equal to f_D:O since P = 1. That is the reason why the quality of a hierar-
chical estimate is better than the quality of the projecting error estimate.
Using the inflating a-—posteriori error estimate it is additionally x = 1 and
the best effectivity index % of the three discussed types of error estimates
can be expected. The costs for the better quality are additional computa-
tional effort. A more detailed comparison of the projecting a—posteriori error

estimate especially to the hierarchical error estimate is given in Section 3.7.

In the next chapter Theorem 4 is applied to the new projecting a—posteriori
error estimate in the range of the finite element discretization of non—linear
boundary value problems on a domain €2. The space V}, is a space of piecewise
polynomials of order k£ and the expansion V., a space of polynomials of
order 2k. The discrete operators F} and Fj,, are constructed by numerical
integration schemes which exactly integrate polynomials of degree 2k —2 and
4k —1. The construction ensures that the condition (2.113) with limy, .o s, =
0 holds. The joining operators [J,; and J; are polynomial interpolation
operators. The isomorphism Lj is a linearization of Fj,, e.g. its Frechet
derivative.

The proof that the discrete operators Fj, and Fj are well-posed is relatively
simple. On the other hand it is more difficult to prove that the condition num-
bers, the norms || T+ |l cvi i)y 1lleve vy 1Zalleqy vz and 125 e v
and the deflection x in the Pythagorean equation for the spaces V}, and V)
have upper bounds independent of the mesh size h. Fortunately this proof can
be given for a problem type with a wide scope of applications (for instance,
like in the next chapter for the non—linear Neumann problem) independent of
the domain Q and additional loads (see Remark 1 to Definition 1). However,
the most crucial condition is that (us,uns)n>o has to be saturated for the
sought solution u. It will come out that this is related to the smoothness of
the solution u which is typically determined by the shape of the domain €2 and
additional loads. This aspect is investigated by Example 2, see Section 4.5.
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Chapter 3

The Nonlinear Neumann
Problem

3.1 Introduction

In this chapter the abstract theory developed in the previous Chapter 2 is
applied to the finite element method (FEM) for a model problem namely for
a class of non-linear boundary value problems on a polygonal shaped do-
main. More general formulations of the FEM especially for other boundary
value problems are for instance presented in the books of Zienkiewicz [68],
Quarteroni [52] and Ciarlet [25]. Naturally this chapter has not the tar-
get to introduce the FEM but to show the principles and crucial points of
the projecting error estimate in the range of FEMs. The essential result is
Theorem 14 which is the FEM formulation of Theorem 4 for the project-
ing a—posteriori error estimate. Roughly spoken Theorem 14 says that the
projecting error estimate is equivalent to the true error in the sense of Defini-
tion 3 if the solution is smooth enough. To verify the properties of Theorem 4
the analysis follows closely the well-known linear theory of the FEM for ellip-
tic problems given by Ciarlet [25] but some modifications have to be done to
consider non—linear problems and the projecting error estimate. Extensions
to other FEM applications are sketched.
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3.2 Notations

For any dimension n € N and every vector x = (;);—1, € R" the real value

2| := ixf (3.1)

denotes the Euclidean norm of z.

For any matrix B € R™" the determinant of the matrix B is denoted by
det(B). The real value |B| defined by

B
Bl = sup 2 (3.2)
R 17|
denotes the norm of the matrix B. There is a constant C' > 0 that it is

bij| < C|Blforalll <i,j<n (3.3)

for all matrices B = (b;j)i j=1,,» € R". The constant C' depends only on the
dimension n.

For any vector z € R" and § > 0
S(x,0) ={y e R"||ly—z| <} (3.4)
denotes the ball of radius § with center x.

For any set K C R" cl(K) denotes the closure of the set K, int(K) is the
open kernel and 0K is the boundary of the set K. If the set K is bounded
and it is int(K) # () the diameter of the set K is denoted by

hg = KClgl&ﬁ)(S (3.5)

and the diameter of the biggest ball contained in the set K is denoted by

pK = sup O (3.6)
S(z,0)CK

(see Figure 3.1). These values are used in the following lemma, which will
be fundamental in the analysis of the FEM:

Lemma 5 Let be K C R" bounded with int(K) # (). Then there is a con-
stant C' > 0 depending on the set K with

|B| < C hyk (3.7)
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Figure 3.1: The diameter of the set K and the radius of the biggest ball in
the set K.

and )
B~ <C (3.8)
PY[K]
for all affine transformation ¥ : R" — R" defined by
Uz := Bx +b for all z € R" (3.9)

with b € R", B € R"" and det(B) # 0. The value hy(g| denotes the
diameter of the set W[ K| defined by equation (3.5) and the value pyx) denotes
the diameter of the biggest ball in the set W[K| defined by equation (3.6).

Proof: See Ciarlet [27] o

Remark: The inverse transformation ¥~! of the transformation ¥ defined
by equation (3.9) is given by

U~y = B (z —b) for all 2 € R". (3.10)

3.2.1 Sobolev Spaces

In this chapter some Sobolev spaces are used, see Adams [2]: Let n € {1, 2,3}
be a spatial dimension, m € Ny and 1 < ¢ < oo. In addition Q@ C R"
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denotes a domain, i.e. {2 is a bounded, open and connected subset of the real
Euclidean space R"™ with a Lipschitz—continuous boundary.

For a multi-index o = (avy, ..., @) € Ny it is set

lal =) a;. (3.11)
i=1

For all functions v : Q — R and all multi-indices o = (avq, ..., ) € Nj the
function

olely
D% = 3.12
YT g r10%22y -+ - 0% 1y, (3.12)

denotes the a-th partial derivative of the function v being taken in the sense
of distributions. The Sobolev space W™(Q) is defined by

Wmi(Q) = {v: Q= R| / ID%|7 dz < co,a € NI, o] <m}  (3.13)
Q

if ¢ < oo and by
Wm(Q) :={v:Q — R |ess sup |D%(x)| < oo, € N, |a] <m} (3.14)
zEN

if ¢ = oo, where ‘ess sup‘ denotes the essential supreme. The Sobolev space

W™4(Q) is the set of all functions on the domain Q whose derivatives up
to order m have a finite integral of their ¢g-th power (have a finite essential
supreme if ¢ = 00). On the space W™4(Q2) the semi-norm

(> / | D1 dx)é if ¢ < o0
[Ohngoi={ le=n" (3.15)
sup (ess sup |D%(z)|) if g =00

|a‘:m CEGQ

and the norm

Q=

z,q,g) if ¢ < o0

(ki o

sup |v|keon if ¢ =00
0<k<m

(3.16)

[0]lm.g.0 =

are used. For all m € Ny and all 1 < g < oo the space (W"™4(Q), ||.||m,qg.0) 18
a Banach space. Since the case ¢ = 2 is of special interest it is usual to drop
the index expressing ¢ = 2. Therefore the notations

H™Q) = W™2(Q)
[-lme = [l-lm2g (3.17)

|'|m,Q = | m,2,Q
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for all m € Ny are used. The space (H™(2), ||.||m,q) is a Hilbert space for all
m € Ng. Keep in mind that for all 1 < ¢ < oo the following identities hold:

|-Jo.q.0 = [-llo.g. (3.18)

oo = I[llos-

For all m € Ny the set C™(2) denotes the vector space of the real valued
and m-times continuously differentiable functions on the domain Q. It is
C™(Q) C W™>(Q). The norm of the space C™ () is the ||.||;m,00,0-n0orm of
the Sobolev space W™ (). Later the following embedding theorem will be
used, see Adams [2]:

Theorem 5 For all1 < g < oo, m € Ny ands>%itis

Q) € C™(l(Q)) C WTO(Q) (3.19)

Proof: See Adams [2] e

Estimates for the modification of the Sobolev norm are needed if the domain
is transformed by an affine transformation, see Ciarlet [27]. In the following
theorem as well as in the further terms it is set 1/00 := 0.

Theorem 6 Let be 1 < q < oo, m € Ny. There is a constant C > 0
depending on the domain Q2 with the following property: For all affine trans-

formations ¥ : R® — R" defined by
Vg := Br +b for allx € R" (3.20)

with B € R™", b € R" and det(B) # 0 hold: If v € W™4(¥[Q]) then
voW e W™I(Q) and it is

1
[0 Wl g0 < C|B|™|det(B)|™[0]m,quia - (3.21)
If v € W™4(Q) then vo ¥t € W™4(U[Q]) and it is

00 U g uia) < C|B " |det(B)]Fv]mga (3.22)

Proof: See Ciarlet [27] o

Remark: For the norm in the space H°(2) a stronger result than inequali-
ties (3.21) and (3.22) can be proved. By applying the substitution rule one
obtains for all functions v € H%(2) and all affine transformations ¥ defined
by equation (3.20):

|det(B)] - [vo W[5 o = [v]6 pg) - (3.23)
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3.2.2 Product Spaces

Let d € N, 1 < g <00, mée& Ny and 7 be a finite family of pairwise disjoint
domains in R". The product space W™4(T)? is defined by

W) o= {(0)icrd] vilr € W), T € Tyi=1,...,d}  (3.24)

It is the space of all R%valued functions on the set [J7 whose components
belong to the Sobolev space W™4(T') for all sets T € T. The semi-norm

1,
(> |vilhgr)® ifg<oo
V| mg7 =< 1<i<dTeT _ (3.25)
(o Dax |Vi|m, 00,7 if g =00
and the norm
i 1
(O vl e ifg<oo
lollmgr =1 &0 _ (326)
02X [vleoor i g =00
for all functions v = (v;);=14 € W™(T)? are used. The vector space

Wm™4(T)¢ with the norm |||, 47 is a Banach space. The notations and
properties of the Sobolev spaces are extended to the product spaces (espe-
cially the embedding Theorem 5).

For d = 1 it is set W™4(T) := W™4(T)'. If the family 7 has a single
element, e.g. 7 = {Q}, it is set

wma(@) = wm({Qh)? and || [lmg0 = |-llmn.q 0 - (3.27)

The notations that were introduced in the previous Chapter 2 are adopted
in this chapter. Especially the upper index '+’ of Banach spaces denotes still
the dual space (e.g. the space H'(Q2)* is the dual space of H'(Q)). The
lower index of norms indicates Sobolev space norms or norms for operator
spaces defined by equation (2.6). They cannot be mixed up as the types of
the indices are different.

3.2.3 Basic Error Estimates

Now two theorems are quoted that are essential to prove the convergence
order of finite element approximations. They base on the famous Bramble-
Hilbert-Lemma, see Bramble [19].
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Figure 3.2: The 1-simplex, 2-simplex and 3-simplex.

The set 7° C R™ denotes the n-simplex defined by

7o . ) {29l 2§ > 0,20 + 2§ <1} ifn=2 (3.28)
{(29, 29, 29)|2?, 29, 2§ > 0, ifn =3

o) + ) +af <1}

The n-simplexes are plotted in Figure 3.2. In the following locations and
coordinates which are in the n-simplex T° are marked with the upper index
0. The intersections of the n-simplex T° with the hyperspaces

7 =0 (3.29)

ng =1 (3.30)

are called the n+ 1 faces of the n-simplex T°. In the following the n-simplex
T° and its interior int(T°) are not distinguished.

The set P, denotes the space of all polynomials on the set R" with maximal
order k. In case of n = 3 it is

P, = span{xlflxgleﬂkl, ko, ks € Ng and ky + ko + k3 < k} . (3.31)
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Figure 3.3: The local degrees of freedom for order 3 on the 2-simplex.

The set X%* ;= {x?’k}izl,dk C T° defined by

,

k
{f“ﬁENo,/ﬁSk} ifn=1
kit ks .
Xo’k = {(?7 ?)|k17k2 E NO;kl + k2 S k} lfn = 2 (332)
ki ko k
{7 ) ba s € N, if n =3
L ki + ko + ks < k}

denotes the set of the local degrees of freedom of order k, see Figure 3.3. A
polynomial of order £ is uniquely defined by its values at the local degrees of
freedom, see Nicolaides [48].

The linear operator Z¥ : C°(T°) — P, defined by v — Z%v for all v € C°(T"),
where ZFv € P, is the unique solution of the Lagrangean interpolation prob-

lem
Tro(z)*) = v(@)F) for alli =1,...,d;, (3.33)

is called the local interpolation operator of order k. Taking Theorem 5 the
local interpolation operator Z* is defined on the space W™¢(T°%) c C°(T°)
ifm> 12,

q

The next theorem gives an estimate of the interpolation error, see Ciarlet [27]:
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Theorem 7 (Ciarlet 1972) Let 1 < ¢ < oo and I* be the local interpola-
tion operator of order k > % — 1. There is a constant C' > 0 with

|'U — IkU|m7q7T0 S O |'U|k+1,q,T0 (334)

for all functions v € W*H4(T%) and all 0 < m < k.

Proof: See Ciarlet [27] o

A numerical quadrature scheme @' : C°(T°) — R on the n-simplex T° defined
by

q1
Q'(9) =2 we(y) (3.35)
i=1
for all p € C°(T") approximates the integral [rop dz° by the finite sum
Q'(¢). The positive values {w'};—1, C Ry are called integration weights
and the points {y"'};—1, C T° are called integration nodes.

Definition 4 The quadrature scheme Q' : C°(T°) — R is called exact of
order | if

Q' (p) = /Top dz° for allp € P, . (3.36)

In the following the upper index [ of a quadrature scheme @' indicates that
quadrature scheme Q' is exact of order [ in the sense of this definition. Keep
in mind that in this definition as well as in the following the quadrature
scheme Q' may exactly integrate polynomials with higher order than ! and
may also be the exact integration operator.

On the 1-simplex the well-known Gaussian quadrature scheme is the opti-
mal quadrature scheme since it uses the minimal number m of integration
nodes to construct a quadrature scheme that is exact of order 2m — 1, see
Davis [28]. For the 2-simplex and 3-simplex the construction of optimal
quadrature schemes takes more effort, e.g. see Guessab [41]. Difficulties
arise from the requirements that the integration weights have to be positive
and the location of the integration nodes should fulfil some symmetry prop-
erties. When implemented on a computer the product scheme of Gaussian
quadrature schemes on the unit cube [0, 1]" is transformed into the simplex
by changing the variables, see Zienkiewicz [68]. Since the transformation is
not affine there is a loss of accuracy. Moreover the integration nodes are
not symmetrically spaced in the simplex. In spite of this these quadrature
schemes are very popular since they are very easy to implement.
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If Q' : C°(T°) — R is a given quadrature scheme its error functional E' :
C°(T°) — R is defined by

B(o)= [ o da® - Qo) (3:7)

for all functions ¢ € C°(T?). It is obvious that the quadrature scheme @'
defined by equation (3.35) is a continuous, linear functional on C°(T7), i.e.
Q' € C%(T%*. Therefore it is also E' € C°(T°)*. Taking Theorem 5 the
linear functionals Q' and E' are defined on the Sobolev space W (T?) for
all £ > 1. Keep in mind that E'(p) = 0 for all p € P, if and only if the
quadrature scheme Q' is exact of order [ in the sense of Definition 4.

Analogously to the estimate of the interpolation error in Theorem 7 there is
an estimate of the error by a quadrature scheme, see Ciarlet [26]:

Theorem 8 (Ciarlet 1972) Let be E' € C°(T°)* with E'(p) = 0 for all
p€ P and k € N withl >k > 1. Then there is a real value C > 0 with

|El(f p)| < C(|f|lfk+1,oo,T0|p|1,T0 + |f|lfk+2,oo,T0|p|0,T0) (3-38)
and
! op
|E (f' 8x0)| < C|f|l—k+2,oo,T0|p 1,70 (3-39)

for all functions f € W*(T°), all polynomials p € Py, and all spatial direc-
tionsi=1,...,n.
Proof: See Ciarlet [26] o

Remark: In Lemma 5, Theorem 6, Theorem 7 and Theorem 8 the values of
the constants C' are unknown.

3.3 The Variational Problem

This section introduces a class of variational problems arising from the non—
linear version of the model boundary value problem (1.1) presented in the
introducing Chapter 1. It will be verified that these variational problems are
well-posed in the sense of Definition 1.

In the rest of this chapter n € {1,2,3} denotes the spatial dimension and
2 C R" denotes a fixed domain.
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To get simpler formulas the following notation is introduced: For all functions
u € WhH(Q) (1 < ¢ < o0) the vector valued function u. denotes the function
of n + 1 components created by the function u and its spatial derivatives:

ou
L= d)i=1ln = s\ 7 )i=1n) - 3.40
b= (s = (0 ()10 (3.40)
It is u, € W%4(Q)"*! with
wfo,g.0 = llulloge = llullige and
(3.41)
[wloo = llulloe = llullia  ifg=2

where the product space W%4(Q)"*1 and its norm are defined by equa-
tions (3.24) and (3.26).

Definition 5 (Grosz) Let be G : Q x R — R™ ', The function G is
called uniform positive definite with positivity bound D > 0, if

e for all vectors ¢ € R™ the function G(¢,.) : Q@ — R defined by
T — G(C,x) for all x € Q belongs to H°(Q)" !

e for all vectors x € Q the function G(.,z) : R"™" — R""! defined by
¢ — G(¢,z) for all ¢ € R™™ belongs to CY(R™H)™ and the estimates

X+ 0G(¢, 2)§ < DIx|I¢] (3.42)
and .
Il < x-9G(¢ 0)x (3.43)

hold for all z € Q and all ¢,x,& € R™™. In both inequalities (3.42)
and (3.43) the real (n + 1) x (n + 1) matriz

0G;

G (¢, ) = (0;Gi(C, ®))ij=1,n11 = (a—d(Caﬁ))i,jzl,nH (3.44)

denotes the Jacobi—matriz of the function G with respect to the first
n—+1 variables ¢ at the location (C,x) for all x € Q and ¢ = ((;)i=1,n+1-

The mapping F : H'(Q) x H'(Q) — R defined by
<wv, F(u) >:= /Qv; -G(u,,.) dz (3.45)

for all u,v € H'(Q) is called the operator generated by the kernel G.
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In the equations (3.42), (3.43) and (3.45)

n+1

X-€:= Y xidi (3.46)
i=1

denotes the scalar product of the vectors x = (X;)iz1nt1 and € = (&)i=1,n+1

in R"™! and
n+1

0G(¢, )X = (3 05Gi(C, 2)X)i=tn41 (3.47)

=1
denotes the matrix-vector product of the Jacobi matrix of the function G
with the vector x = (x;)i=1ns1 € R"™.

Remark 1: The positivity bound D is not unique. Every constant greater
than D can be used as well.

Remark 2: The operator F' defined by equation (1.3) in the introducing
Chapter 1 is generated by the kernel

G(¢ x) = (b(x)G = (), a(2)Cs, - -, al2)Cupr) (3.48)

for all z € Q and ¢ = (()iz1,n41 € R™""'. The kernel G is uniform positive
definite with positivity bound

D := max(C, 1) (3.49)

c
if a,b, f € H°(Q) and C > a(z) > ¢>0and C > b(x) > ¢ > 0 for all x € Q.

In the following the finite element approximation of the solution u € H'(Q)
of the non—linear variational problem

<wv,F(u) >=0 for all v € H'(Q) (3.50)

is discussed when the operator F' is generated by a uniform positive definite
kernel G. This variational problem is produced by the weak formulation
of the homogeneous Neumann boundary value problem, see Quarteroni [52]:
find a solution u : Q@ — R
= an ; )
G (uy(x), ) = +1éu,(x) 7) = 0 forallze2
T

=1

(3.51)
ni(x)Giv1(u(z),z) = 0 forallz e 0.

1

n
1=

The mapping © — (n;());=1, denotes the outer unit field of the boundary
0%) of the domain 2. The second condition prescribes that the normal com-
ponent of the vector field (Gs,...,G, 1) for the sought solution u has to
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vanish at the boundary of the domain 2. It is a boundary condition of the
Neumann type.

The first equation is a partial differential equation for the sought, scalar
function u. By using the chain rule (it is assumed that the function u and
the kernel G are smooth enough) this equation is equal to

° 0G; " ou n 0%u
Gi—2. 81‘? - ;alGiHa—xi - ajHGiHm =0 (3.52)

i=1 ij=1

where the argument (u,(x),x) of the kernel G is dropped. As it follows from
condition (3.43) that 0;.1G;1 > 0 for all spatial directions ¢ = 1,...,n
the partial differential equation (3.52) has the order two. As the matrix
(0i+1Gi11)ij=1 is even positive definite the partial differential equation has
the characteristics of an elliptic differential equation.

By modifying slightly Definition 5 and the following discussion systems of
n. coupled Neumann boundary value problems for the sought solution u €
H'(Q)™ can be considered. The value n. € N denotes the number of compo-
nents of the solution. Mainly a summation over the solution components has
to be added in the proofs. Especially the kernel GG is now a R DX _yalued
function, more exactly G : RM+Dxme o 5 RFDXme  Other important
modifications are the consideration of non—homogeneous Neumann bound-
ary conditions, which are introduced by additional boundary integrals in the
definition of the operator F'. Moreover Dirichlet boundary conditions can
be introduced by restricting the generated operator F' to a suitable subspace
of the Sobolev space H'(Q), see Quarteroni [52], or by using Lagrangean
multiplier, see Babusgka [4]. It has to be pointed out that the same results
as for the model problem can be verified for these modifications by using the
well-known techniques of the analysis of FEMs for the corresponding linear
variational problems.

At first it has to be guaranteed that the operator generated by an uniform
positive definite kernel G is well-posed and the variational problem (3.50)
has exactly one solution:

Theorem 9 (Grosz) Let G be uniform positive definite with positivity bound
D and F the operator generated by the kernel G defined by equation (3.45).
Then it holds:

e For all fized functions u € H'(Q) the linear functional F(u) : H(Q) —
R defined by v —< v, F(u) > for all v € H'(Q) belongs to the dual
space H'(Q)* of the Sobolev space H'(Q).
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e The operator F : H'(Q) — HY(Q)* defined by uw — F(u) for all u €
HY(Q) is well-posed with condition number D?.

e The variational problem (3.50) has exactly one solution u € H'(Q).

Proof: Let be uy,ug, w € H'(Q). It is for all x € Q:

w;(2) - [Gu;(2), 2) = G(ug(7), 7)]

1
— / w,(z) - OG(t - uy,(x) + (1 — 1) - ug,(2), ) (3.53)
0
[ur; () = ug;(w)]dt
< Dlugy(w) = ug;(w)]|w;(w)]
where in the last estimation the condition (3.42) of Definition 5 is used.

By setting u; := u and uy := 0 it follows from inequality (3.53) that

w;(z) - G(u(), ) w;(x) - G(0,2) + Dluy(z)] |w, ()]

0.)] (G(0, )| + Dluy ()] (3.54)

<
<

for all x € Q. After this inequality has been integrated over the domain €2
the following estimates can be made

< w, F(u) > (349 / w, - G(u,,.) dr
Q
< [ (G(0,.)] + Dlu) do (8.35)
< Jwla (IGO0, Joa + Dlufo)

where in the last estimate the Cauchy-Schwartz-inequality in the Hilbert
space H°(Q) is used. As from equation (3.41) it is |w,|o.0 = [Jw]|1,q it can be
shown that the norm of F'(u) is bounded:

(2.11) < w, F(u) >
[E@lla@- =" sup
wermi@)  |[wllia (3.56)

(3.55)
< |G(0, )|o0 + Dlulli0 -

This proves that the functional F'(u) belongs to the dual space H'(Q)*.

To prove the second and third claim of the theorem the propositions of The-
orem 1 are verified for the operator F' in the Hilbert space H'(Q):
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By integrating the inequality (3.53) over the domain 2 and using the Cauchy-
Schwartz inequality in the Hilbert space H°(€2) one gets

(349 [ w,- [Glur, ) = Gy, lda
(3;3) D/ g, — 1 [ (3.57)
< Dluy, — uyfo0lwon
2 Dl — sl gl
So condition (2.22) of Theorem 1 has been proved:
[1F(u1) — F(u2)|| @) < Dllur — usll10 - (3.58)
If uy,up € HY(Q) it is for all z € Q
[ur; () = ug ()] - [Gur;(2), 7) — Glug(x), 7)]
= /Ol[ul;(x) —ug.(z)] - 0G(t - uy,(x) + (1 — t) - ug,(2), x) (3.59)

[ug; (%) — ug(x)]dt
> pluy (@) — ug ()]

where in the last estimation the condition (3.43) of Definition 5 is used. By
integrating over the domain 2 it is

< up _UQ,F(UI) —F(Ug) >

Dy = ] (G, ) = Gz, da
(3.59) (3.60)
>

1 2
5/ |ur; — ug,|“dx
1 2
5|U1; - “2;|0,Q
1 2
= pllur i
This verifies condition (2.23) of Theorem 1. From this theorem one obtains

that the operator F' is well-posed with condition number D? and the varia-
tional problem (3.50) has exactly one solution e
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Figure 3.4: Example of a triangulation of a 2-dimensional domain.
3.4 The Finite Element Space

This section deals with the construction of the approximation space V) C
H'Y(Q) of the finite element method (FEM). The construction bases on a
subdivision of the domain €2 into small subdomains, called elements. Essen-
tial results of this section are two theorems on the approximation properties
of the finite element space basing on the application of Theorem 7 and Theo-
rem 8. Here only simplex elements of a fixed polynomial order are considered.
More general approaches are presented in Ciarlet [25].

The starting point is the triangulation of the domain €2, see Figure 3.4:

Definition 6 The family T, of subsets of R" is called a triangulation of the
domain §, if the following conditions hold:

1. The family Ty, is a subdivision of the domain : cl(2) = Urer, cl(T)
2. The elements are disjoint: for all Ty, Ty € Tp: int(T1) Nint(Ty) =0

3. The elements have an affine representation: for all T € Ty, there is a
transformation W : T — T defined by

Urz? := Bra’ + by (3.61)
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for all 2° € T° with By € R™", det(Br) # 0 and by € R™. T° denotes
the n-simplex defined by equation (3.28).

4. The elements are adjacent: any face of any Ty € Ty, is either a subset
of the boundary 02 of the domain Q or it is a face of an other Ty € Tp,.
The faces of T € Ty, are the ranges of the faces of the n-simplex T°
mapped by its parametrical representation V.

T € 7Ty, is called element. The affine transformation Vr defined by equa-
tion (3.61) is called the parametrical representation of the element T. The
value

h:= max hr (3.62)
names the mesh size of the triangulation T, and the value
h
op = sup — (3.63)
TeT, PT

names its mesh quality, where the values hr and pr denote the diameter of
element T and the diameter of the biggest ball in the element T defined by
equations (3.5) and (3.6), see Figure 3.1.

Remark: In any case it is 0, > 1 and h < hqg. Taking Lemma 5 (with
K = T°) the mesh quality o, is mainly the maximal condition number of
the matrices By over all elements 7" in the triangulation 7,. Keep in mind
that for the one dimensional case n = 1 it is hy = pr for all elements T" and
therefore it is always o, = 1.

There are a lot of powerful program packages to generate triangulations of
a given domain, e.g. see [-DEAS [44], PATRAN [50]. Figure 3.5 shows
the subdivision of the 2-dimensional unit circle by [-DEAS. This example
demonstrates that a triangulation in the sense of Definition 6 exists only for
polygonal domains. If the boundary of the domain is curved the subdivision
can only be an approximation of the domain. To improve the approximation
of the boundary curved elements can be used. In the following discussion
curved triangulations are not considered but the results can be adapted to
the more general situation especially when using isoparametrical elements,
see Ciarlet [25].

The behavior of a family of triangulations with mesh sizes having the unique
accumulation point zero is analyzed. The notation with respect of the index
h for the space V}, introduced in Chapter 2 is adopted to the family of tri-
angulations (75,)x>0- Analogously to the n-simplex TP the element T and its
interior is not distinguished.

61



N

Figure 3.5: Triangulation of the unit circle by I-DEAS (h ~ .15, o), = 4).

For a triangulation 7, and order £ € N the space
Vik .= {y e C%c(Q))| for all T € Ty, : v|p 0 ULt € P} (3.64)

is called the finite element space of order k by the triangulation 7. As the
transformations W, are affine transformations the function v|y o Ut is a
polynomial of order k if and only if the function v| is a polynomial of order k.
Therefore the space V¥ is the set of all continuous functions on the domain
Q) which are piecewise polynomials of order k. The following lemma ensures
that the space VF suites when discretizing the variational problem (3.50):

Lemma 6 For any triangulation T, of the domain Q2 and k € N it is

Vil c HY(Q) . (3.65)

Proof: See Ciarlet [25] o

In addition to an approximation space V}, an approximation for the integral
in the functional equation (3.50) has to be introduced as the integral cannot
be evaluated on a computer. If a local quadrature scheme @' on the n-
simplex is given this scheme can be extended to a quadrature scheme over

62



the domain © in the following way: For any function ¢ € C°(cl(f2)) it is by
the substitution rule:

/ngdx: Z[p o dx

TeTh (1] (3 66)
= Z|detBT|/ oWy da? .
TET, e

Therefore a quadrature scheme Q™" approximating the integral [, ¢ dz is
introduced by the quadrature scheme @' on the n-simplex 7° by setting

Q" (p) == 3 |det(Br)|Q (¢ o Wy) (3.67)
TeT

for all functions ¢ € C°(cl()).

The discrete variational problem which is solved to get an approximative
solution for the variational problem (3.50) is now: find a discrete solution
up, € VPE with

Q" (v, - G(up,.)) = 0 for all v, € V. (3.68)

It has to be verified that the FEM approximations u;, converge to the sought
solution w if the mesh size h goes to zero. A corresponding result can be
obtained from Corollary 1 in the previous Chapter 2. Therefore now the
propositions (2.48) and (2.49) of Corollary 1 have to be verified where the
global interpolation operator Z™F in the space V7* (see below) is used for
the operator Zj:

The set of the global degrees of freedom for order k by the triangulation 7,
denoted by

XMk = [ Wpad*|T € Ty, 2" € X0k (3.69)
are the images of the local degrees of freedom X%* defined by equation (3.32)
under the parametrical representations of the elements in the triangulation
Tn. The number of points in the set of the global degrees of freedom X"k

is denoted by the integer value d**. The global degrees of freedom are
enumerated from 1 to d™*:

D T (3.70)

For all elements T € 7T, the key list ##(T) € N% joins the local degrees of
freedom X% in the n-simplex T° to those global degrees of freedom belonging
to element T'. Exactly the list 7*(T") is defined by

Upah = g"F (3.71)



forall j =1,...,d}, i.e. the number W?’k(T) is the id number of the point as-
signed to the j-th local degree of freedom via the parametrical representation

U of element T

In practical implementations the 7"*-list is used to gather values given at
the global degrees of freedom for the local degrees of freedom. The following
lemma shows that an interpolation problem in the space V"* at the global
degrees of freedom can be broken into many interpolation problems in the
space of polynomials P, at the n-simplex T° by using the 7/*-list:

Lemma 7 Let T, be a triangulation, k € N and {v;};—y gn.r € R, Then
the global interpolation problem

op(a) = v; fori=1,... d"* (3.72)

)

at the global degrees of freedom has ezactly one solution v, € V™*. For all
elements T € Ty, the restriction vy|r of the function vy, onto the element T
s given by

V|7 = vp o ULt (3.73)

where the polynomial vy € Py s the unique solution of the interpolation
problem

UT(xE’k) = Ughi(p) forallj=1,... dy (3.74)

on n-simplex T°.
Proof: see Nicolaides [49]. In the proof the location of the local degrees of

freedom as defined in equation (3.32) is essential to ensure that the function
vy, defined by the equations (3.73) and (3.74) belongs to the space V" o

The linear operator Z"* : C%(cl(Q2)) — V"* defined by the unique solution
Ik € VE of the global interpolation problem

ThEp(ah®y = o) fori=1,...,d"" (3.75)

for all v € C%cl(Q)) is called the global interpolation operator of order k
by the triangulation 7,. From Lemma 7 and the definition of the local
interpolation operator Z* in equation (3.33) the global interpolation operator
can be represented in the following manner:

(I"*v) o Wp = I%(v 0 ¥y) on T° (3.76)

for all functions v € C°(cl(2)) and all elements T € T,. This property
shows the fundamental localization principle of the finite element method: A
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property on the domain €2 is restricted to an element of a given triangulation
and then transformed to the n-simplex where handling is easier.

The next theorem is another, very typical application of this principle. It
gives an error estimate of the global interpolation operator which is an ex-
tension of the local version in Theorem 7, see Ciarlet [27]:

Theorem 10 (Ciarlet 1972) Let be1 < g < oo and k > 7 —1. Then there
is a constant C' > 0 with

v = I v| g0 < C ot P Holkiag0 (3.77)

for all triangulations T, with mesh quality oy, all functions v € WkHL4(Q)
and all 0 <m < k.

Proof: The proof is given in Ciarlet [27] but to show the so—called ’scaling
argument’ that is a standard argument in the FEM analysis the proof is
presented here:

Let be v € W*L9(Q) and T € T;. The parametrical representation of the
element 7" denoted by Wy is defined by equation (3.61).

By applying Theorem 6 (with Q := T°) and Lemma 5 (with K := T°) it is

o =T 0lmgr = (0= T"v) 0 Wy o Wp gy
(3.22)+(3.8
S Clp}m|d6t(BT)|% (378)
|(U — Ih’kv) @) \IIT m,q,T0 -

After using the local representation (3.76) of the global interpolation operator
I™* one can profit from the error estimate of the local interpolation operator
Z* in Theorem T:

3.76
(0= T0) 0 Uplygro 2 (0 Wr) = T 0 U g0

(3.34) (3.79)
< Cylvo Wrfgp g0 -

Theorem 7 can be applied since the function v o ¥, belongs to the Sobolev
space Wk+L4(T0) by Theorem 6. More over it holds

(3.21)+(3.7) . .
[voWr|ppigr < Cshy™|det(Br)| 2 |v|ksrgr - (3.80)
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By combining estimates (3.78), (3.79) and (3.80) it comes out that

1
v —=T"]per < Cipy™|det(Br)|e|(v — I"*v) 0 Uy, 40

C4PEm|d€t(BT)|E |U © \I]T|k+1,q,T0 (3.81)

.7

<

s —m p k+1

< Cspp™hg" [vler1,qr
6

< Csopthyt T ol
where in the last estimation the definition (3.63) of the mesh quality oy, is

inserted. By summing over all elements T € 7, (when ¢ = oo the Y77 has
to be replaced by ess sup) one obtains

TeTy
|U - Ih,kU|?n,q,Q = Z |U - Ih,kvwn,q,T
TETs
(3.81) . B
<Y Coot T Tl g (3.82)
TETs
(3.62

)
q(k—m+1) 9™, |49
< Cgh Jof [[fi100 -

In the last estimation the definition (3.62) of mesh size h is used. So the
theorem is proved e

If Theorem 10 is applied for m = 0,1 and ¢ = 2 it turns out that for all
functions u € H*(Q) the interpolation Z"Fu converges to the function u
with convergence order k£ when the step size h goes to zero. Therefore, if the
function u is smooth enough, the functions Zyu := Z"*u fulfills the propo-
sition (2.48) of the Corollary 1 which will be used to prove the convergence
of the discrete solution uy, of the discrete variational problem (3.68) to the
sought solution u of variational problem (3.50). It remains to prove that the
discrete variational problem converges to the original problem in the sense
of proposition (2.49) of Corollary 1.

For a given quadrature scheme Qh’Ql defined by equation (3.67) the error
functional Q™' : C°(cl(Q)) — R is defined by

Q" (o) = [ 0 da— Q" (o) (3.83)

for all ¢ € C°cl(€2)). By using the local error functional E' defined by
equation (3.37) the error functional Q"F' can be written as

Q" () = Y |det(Br)|E' (¢ o Wr) (3.84)
TeTh
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for all functions ¢ € C°cl(€)). Since the local error functional E' is a
continuous, linear functional on the space C°(T°) the error functional Q"'
is also continuous on the space CO(cl(Q)), i.e. QMF" € CO(cl(Q))*.

The following theorem is the global version of Theorem 8, see Ciarlet [26]. Tt
is pointed out that the local error functional E! may be any continuous, linear
functional on the space C°(7°). It does not need to be the error functional
of a quadrature scheme on the n-simplex T°.

Theorem 11 (Ciarlet 1972) Let be | > k > 1 and E' € C°(T°)* with
E'Y(p) = 0 for all p € P,. Then there is a constant C > 0 so that for all

triangulations Ty, of the domain Q with mesh quality oy, the linear functional
QME": COcl(Q)) — R defined by

Q" (p) = Y |det(Br)|E' (¢ o Wr) (3.85)
TeTh

for all ¢ € C°cl(Q)) belongs to the dual space C°(cl(Q))*. Moreover for
all functions v, € VM and f € WI=F22(T,) the following estimates hold

1=1.....n):
(i=1,...,n)
l _
Q" (f - on)| < CRF2 max (| fli—ks 100,70 | li=ka2,00,7) lUnlle - (3.86)

and P
v
S < Conh ™ fli iz o7 |vnlig (3.87)

2

QM (f

Proof: The proof can be found in Ciarlet [26]. Here only the proof for in-
equality (3.87) is presented to show the ’scaling argument’ used for quadra-
ture schemes since it is not standard to consider the integration errors in the
FEM analysis.

Let be vy, € VPF f e WIThT220(T ) and i € {1,...,n}. From the definition
of the error functional Q™*' by equation (3.85) it is

8vh 8vh

QI (F- S < X lder(Br)] [B((f - 5) o )]
B TETh i (3.88)
a .
= 3 [det(B)| |E'((f 0 ) - (5 0 W)
TETL 3
Now let T € T}, be fixed. Then it is
Pr = Up O \IJT € Pk . (389)
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By Theorem 6 (with ¢ := 2 and m := 1) and Lemma 5 the inequality

lpr|i 70 < CIhT|d€t(BT)|_% (3.90)
holds. In addition let be
fri= f oWy e Wikt2eo(0) (3.91)

Again by using Theorem 6 (with ¢ := 0o and m :=1 — k + 2) and Lemma 5
the following inequality holds:

hl]“_k+2|f|l—k+2,oo,T . (3.92)
If it is Bi;l = (ﬂg)iyjzl,n it results from Lemma 5 that

| frli—k 42,0010 < Co

185 eyt (3.93)
for all 4,7 =1,...,n. In addition it is by the chain rule
0 0
3:3}2 (Urz?) Z . ap:g ) for all 2° € T° . (3.94)

Using this equation and the fact that the local error functional E' is linear
the following estimates can be made:

8vh (3 94) 8pT
(s own) - (g ol S LI G )
J (3.95)
(3.93 1yl dpr
S ZC4PT |E (fTW” :
7=1 .’L']
Theorem 8 is applied to the term |E'(fr - 3pT)| to get
8vh
E'(fo¥ v
[E((f o Wr) - (55~ 0 ¥r))]
(3.39) n .
< Z Cspr |fT|l—k+2,oo,T0|pT|1,T0 (3-96)
=1
(3.90)+(3.92)
< Copp WP flicksaer haldet(Br)| 3
When inserting this estimate into estimate (3.88) the consequence is
nit (g, O
@ (7 2
< Y Cshi P f e k—|—2ooT |d€t(BT)| valir (3.97)
T€Th Pr
< Csonh" | fliskrooom D Idet( BT)|2|Uh|1,T

TET,
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where in the last estimate the definition (3.63) of the mesh quality o}, is used.
A further estimate is done by applying the Cauchy-Schwartz inequality for
sums:

ov
Q" (f - P ) < Csonh ™ 2| fli i r2.00,m,
T
. (3.98)
> ldet(Br)l | > lvalis -
TET, TETh
As the volume vol(Q2) of the domain € is given by
vol(Q2) = > |det(Br)]| (3.99)
TeT,
and it is
> lonlir = lvnlig (3.100)

TET

inequality (3.98) can be written as

9o

. )| < C5Uhhlik+2|f|lfk+2,oo,7'h\/UOZ(Q)|Uh|1,Q . (3.101)

2

QME'(f

By setting C' := C54/vol(€2) inequality (3.87) is proved.

The proof for inequality (3.86) is analogous to the proof of inequality (3.87).
As it is obvious from the definition (3.85) that Q™' € C°(Q)* the theorem
is proved e

Theorem 11 shows that the discrete variational problem (3.68) converges
to the original problem (3.50) for h — 0 if a quadrature scheme on the n-
simplex T° with an accuracy greater than k—2 is used (assuming the function
x — G(up,(x),x) on the domain Q is smooth enough and its derivatives up
to order [ — k + 2 are bounded for h — 0, see Lemma 9).

Remark 1: In the proofs of Theorem 10 and Theorem 11 it was essential
that the parametrical representations of the elements are affine transforma-
tions. The proofs for non-linear parametrical representations are much more
difficult but the results are essentially the same, see Ciarlet [25].

Remark 2: The actual values of the constants C' occurring in the esti-
mates (3.77), (3.86) and (3.87) are unknown as only the existence but not
the values of the corresponding constants in the underlying Theorem 7 and
Theorem 8 are known.
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3.5 The Finite Element Discretization

Theorem 10 shows that for a function u on the domain €2 there are elements
in the spaces V¥ namely Z"*u, which converge to the function u if the mesh
size h goes to zero. Moreover Theorem 11 ensures that the approximation of
the integrals by numerical integration converges to the integral if the mesh
size goes to zero. Both hold if the involved functions are smooth enough and
the quadrature scheme is exact of order £k—1 in the sense of Definition 4. From
this point of view the discrete variational problem (3.68) has the potential
to deliver approximative solutions converging to the sought solution if the
mesh size decreases.

To confirm this expectation it has to be proven that the discrete variational
problem (3.68) has an unique solution and that the involved operator is
well-posed with a condition number independent of the mesh size. Then the
convergence of the FEM approximations results from Corollary 1.

The next lemma, is essential to obtain condition numbers independent of the
mesh size, see Ciarlet [26]:

Lemma 8 Let Q?*72 be a quadrature scheme that is exact of order 2k — 2
in the sense of Definition 4. Then a real constant C' > 0 exists with

o < QM (Junl’) < Cllualli o (3.102)

1||

—||u

olln
for all triangulations Ty, of the domain Q and all functions v, € V",

Proof: See Ciarlet [26]. First it is shown that the mapping p — /Q%*~2(|p.|?)
defines a norm on the finite dimensional space Py. Therefore inequality (3.102)
holds for all polynomials of order k on the n-simplex T°. Using the scaling ar-
gument in the proof of Theorem 11 the inequality is shifted from polynomial
space P to the space V"F o

The following theorem which is the discrete version of Theorem 9 guarantees
the existence of the FEM approximation u;, € V"*. More important for the
discussions in this thesis is the result that the involved discrete operator is
well-posed with a condition number that is independent of the mesh size:

Theorem 12 (Grosz) Let k > 1 and Q* 2 be a quadrature scheme on the
n-simplex T° which is exact of order 2k —2 in the sense of Definition 4. Then
there is a constant C' > 0 so that for all uniform positive definite kernels G
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with positivity bound D, all triangulations Ty, of the domain Q and all spaces
Vi, C VMK the operator Fy, : Vi, — Vi© defined by

< v, Fy(up) >:= QM (v, - Glup,, ) (3.103)

for all vy, uy, €V}, is well-posed with condition number D? - C. Moreover the
variational problem

< vp, Fp(up) >=0 for all v, € V}, (3.104)

has exactly one solution u, € V.

Proof: The proof resembles the proof of Theorem 9 but some modifications
have to be introduced to verify the propositions of Theorem 1 in the Hilbert
space Vj, C Vb C HY(Q).

Analogously to inequality (3.57) in the proof of Theorem 9 it is for all func-
tions wy, uip, Uy € V), C VIE:

< wp, Fi(uin) — Fy(ugp) >
_ Qh’Q%J (wh; . [G(Ulh;; ) - G(U2h;7 )])
D\JQ 2 (Jurn; — vana2)y/ Q2 ()

10
< C Dlluip — uslliollwnllio

(3.105)

where in the last estimate Lemma 8 is applied. So it has been shown that
for all functions wuyy, uap € Vi:

[ En(uin) = Fh(uan)llvy < C Dllurp — uanllia - (3.106)

To prove the condition (2.23) the estimate (3.60) in the proof of Theorem 9
is slightly changed: For all functions wuyp, ug, € Vj, it is

< Upp — Uzp, Fh(Ulh) - Fh(UZh) >

( _) QM ([uan; — wan) - [Glurn;, ) — Gluans, )
3.59 1 _
> BQh’Q% (Jn; — an]?)
(3.102) 1 9
> @Hulh - U2h||1,Q .

(3.107)

In the last estimate Lemma 8 is used again. As the assumptions of Theorem 1
were verified in the Hilbert space V}, the theorem is proved e
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By applying this Theorem 12 to the uniform positive definite mapping

n+1
() = X - 0C (un,(2),2) = (3 GO Cilung(@),2))icrass (3.108)
j=1
for all x € Q and ¥ = (x;j)j=1nt1 € R*™ with positivity bound D (the
function uy, € V¥ is fixed) the following corollary is derived:

Corollary 4 With the propositions of Theorem 12 there is a constant C' > 0,
so that for all uniform positive definite kernels G with positivity bound D,
all triangulations Ty, of the domain Q, all fived functions u, € V** and all
subspaces Vi, C V' the linear operator DFy(uy) : Vi, — Vi© defined by

< Up, DFh(uh)wh >= Qh’Q2k72(Uh; : 6G(uh;, .)wh;) (3109)
for all vy, wy, € V3, is an isomorphism in L(V}, V;¥) with

||DFh(uh)||L'(Vh:V;f) S DC (3110)
|IDFy(up) Hlewewy < D-C.

Remark: This Corollary 4 is the classical existence theorem for the finite
element approximation of linear variational problems, see Strang [60)].

The propositions of Corollary 1 are verified to prove the convergence of the
FEM approximations to the sought solution u. For this the next lemma is
important:

Lemma 9 (Grosz) Let be | +2 >k >0, E' € C°(T°)* with E'(p) = 0 for
allp € P, G € C'7F+2(R" x cl(Q))"*! and M > 0 fized. Then there is a
real constant C' > 0 with

1
sup
wnevir [|un

Q" (vh, - G(us, )| < Coph!*+2 (3.111)

1,0

for all triangulations Ty, of the domain Q0 with mesh quality oy, and all func-
tions u € CFP3(Ty) with ||ulli—ki3.007, < M.

Proof: Let T, be a triangulation of the domain Q and u € C'"**3(T;) with
ull1-k43,007 < M . (3.112)

Theorem 11 is applied to the terms of the sum on the left hand side of
the inequality (3.111). It remains to prove that for a fixed component i €
{1,...,n+ 1} the function f: Q2 — R defined by

f(z) = Gi(u,(z),z) for all z € Q (3.113)
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belongs to the Sobolev space W' *2(T) and || flli—k12.00,7, < C1 with a
constant C'; > 0 that may depend on the value M but must be independent
of the function w.

Let be a € Ny with |a| <[ —k+ 2 and
do = card({# € N"| |B| < |a| +1}) (3.114)

where card(Z) denotes the number of elements in the set Z. Then there is a
function g, € C*F+27121(cl(Q) x R™) with

D*f(z) = galz, (Dﬂu(x))ﬂgNg,|ﬂ‘§|a‘+1) (3.115)

for all € Q. This can be easily proved by using induction over |«| and the
chain rule.

Since for all multi-indices a with |a| < 1 —k+2 the function g, is continuous
on the compact set cl(Q) x [—M, M]% it exists the constant

Cy:= max
la|<I—k+2 9

For all elements T' € Ty, it is D*flp € C%(T) as g, € C%((cl(Q) x R™) and
u € C'(Ty,). Moreover it is

0,00,¢l(€) X [— M, M]dac - (3.116)

(3.115) (3.116)
0o = |90l (DPu()) 4N gciaps) 0o < Co (3.117)

since for all multi-indices § € Ny with |f| < |a|+1<l—k+3andallz € T
the estimate

|D*f

|D%u(@)| < [ulli—k43.00,m < M (3.118)

holds. It is proved that f € W' 2°(T) with || flli—rs2.00,7, < Co where
the constant Cy depends on the bound M and the kernel G.

Therefore the lemma is proved by Theorem 11 e

Now the convergence of the finite element approximations which are the
solution of the discrete variational problems (3.104) to the solution of the
variational problem (3.50) for decreasing mesh sizes h is proved. It is the
non-linear version of the famous result of Zlamal [74] for linear variational
problems and the result of Ciarlet [26] considering in addition the integration
error.

Theorem 13 (Grosz) Let | >k >1, F: H'(Q2) — H*(Q)* be the operator
generated by the uniform positive kernel G € C'(R™™ x cl(Q))"*! and u €
WkHL2(QO) be the unique solution of the variational problem

< v, F(u) >:= /Qv; -G(u;,.)de =0 (3.119)
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for all v € HY(Q). In addition let (Ty)nso be a family of triangulations of
the domain Q with bounded mesh quality oy, < o, V3, be a subspace of H'(Q)
with VPV, € VP and Q%2 be a quadrature scheme on the n-simplex
T which is exact of order 21 — 2 in the sense of Definition 4.

Then the discrete variational problem
< Op, F(up) >:= Q%" (vp, - Gluny, ) =0 (3.120)

for all vy, € V}, has exactly one solution u, € V},. Moreover there is a constant
C > 0 independent of the mesh size h with

|u — up|l1o < ChE (3.121)

for all h >0, i.e (up)p>o converges to the solution u with minimal order k.

Proof: The propositions of Corollary 1 are verified for K := V), and Z, :=
IMk: By Theorem 12 the operator Fj, : Vi, — V;* defined by

< v, Fy(up) >:= QM7 (g, - Glup,, ) (3.122)

for all vy, uy, € Vj is well-posed with a condition number which is independent
of the mesh size. Moreover the discrete variational problem (3.120) has
exactly one solution uj, € Vj,. From Theorem 10 (for m := 0,1 and ¢ := 2) it

is
(3.77)
|u—T"ullio < Cih*\/B? + of|ulksr0 (3.123)
< Coh¥lufitr 00

as h < hq and o3, < 0. That is proposition (2.48) of Corollary 1.

To verify proposition (2.49) Theorem 10 (for m := 0,...,k and ¢ := o0) is
used again and one gets

IZ"*ulli41,00,7, 12"l 00,7

< lulleoog + llu = I ullk 0,7,
(3.77) 3.124
< lullg,00,0 + €3 max Ufrbnhk_m+1|u|k+1,oo,f2 ( )
0<m<k
< Clfullpsr,000 =2 M

since all terms a}fh,’“*m“ are bounded for all 0 < m < k and all mesh sizes
h < hq.

The linear functional E#=2 € C°(T°)* defined by

B2 (p) = | ¢ da’ = Q" () (3.125)

74



for all o € C°(T°) has the property
E?=2(p) =0 for all p € Py_, (3.126)

as the quadrature scheme Q%2 is exact of order 2/—2. Lemma 9 for [ := 2[—2
and M defined by inequality (3.124) shows that

||F(Ih’ku) — Fh(Ih’kU)| Vi
(3.120)+(3.125)

]_ 2l—-2
= sup Q" (v, - G([Tu], )]

v €V ||,Uh

1,0
]_ hE'Zl—Z h.k (3127)
< sup Q""" (v - G([T""u);, )]
vp €V ||Uh 1,0
(3.111)
< Csh!

with a constant C5 > 0 which is independent of the mesh size h. After using
Corollary 1 the lemma has been proved e

Remark 1: In the propositions of Theorem 13 it has been assumed that
the solution u belongs to the Sobolev space W#T1:(Q) to guarantee that
the values ||Z"*u|;41 07, are bounded independently of the mesh size h,
see inequality (3.124). For linear problems it is sufficient to have that u €
H*+1(Q), see Ciarlet [26]. That can be achieved by the smoothness of the
kernel G, see Grisvard [51].

Remark 2: Even if the finite element space V"% < V! with k' > k is used
to construct approximations of the solution u (i.e. piecewise polynomials of
higher order than k are used) but u & W¥+! no better convergence order
than k can be achieved, see also Example 2 in Section 4.5.

Theorem 13 states: By using piecewise linear polynomial FEM approxima-
tions and a quadrature scheme which is exact for polynomials with constant
values the FEM approximations converge to the sought solution u of order one
if u € W2°(Q). If even u € W3*(Q) and piecewise quadratic polynomials
together with a quadrature scheme that is exact for quadratical polynomials
are used the FEM approximations converge with order two. Even after all
used estimates have been gathered the constant C' in inequality (3.121) is
unknown as it contains constants whose values cannot be computed. More-
over the true error would be highly overestimated as some rough estimates
are applied. Therefore it is necessary to have an a—posteriori error estimate
to get an acceptable estimate for the true error.

In the next section the projecting error estimate introduced in Section 2.3
is applied to the FEM in the scope of the variational problem (3.119). The
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Figure 3.6: The subdivision of the n-simplex for the global refinement.

result of Theorem 13 that the FEM approximation by higher order polyno-
mials has a higher convergence order shows how the expansion Vj,, has to
be selected namely by adding higher order polynomials to the space V}, to
obtain that (up,upi)p>o is saturated for the sought solution u in the sense
of Definition 2.

3.6 The Projecting Error Estimate

A special kind of triangulation 7, which is produced by a global refinement
of a given triangulation 75, is introduced as follows:

The n-simplex T° is subdivided into 2" subsets T, ..., Ty, as it is shown in
Figure 3.6. The set

To = {Tio}izl,Zn (3.128)
is a triangulation of the n-simplex T°. For all i = 1,...,2" the subelement

T? has an affine representation Wyo : T° — T defined by
Wrox := Brox + byo for all z € T° (3.129)
where it is byo € R™ and Bpo € R™*" with det(Bqo) # 0.

This subdivision of the n-simplex creates a new triangulation out of a given
triangulation:

Definition 7 Let be T, a given triangulation of mesh size 2h. Then
Tn = {(Vg, 0 Upo)[T°] | i =1,...,2" and T € Ton} (3.130)

is called the global refined triangulation of the triangulation Tap of mesh size
h. The triangulation Tap s called the coarse mesh and the triangulation Ty
15 called the fine mesh.
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TO o \ LIJTio !

Figure 3.7: The parametrical representations W of a refined element 75.

It becomes clear that the family 7} is again a triangulation. The parametrical
representation Wy of an element 1" € 7T}, is given by

\I/T = \I/T2 o) \IjTiO (3131)

for any T, € T, and any i € {1,...,2"}, see Figure 3.7.

For the following discussions it is useful to introduce some additional spaces:
The set Sy defined by

Spi={s € C(T")| forall i =1,...,2" : s|z0 € P} (3.132)

denotes the space of all continuous function on the n-simplex 7° which are
polynomials of order k£ on the subelements in 7y. The space

Stk = fv e COc(Q))| for all T € Ty, : v|p o UL € Si} (3.133)

is the set of all continuous and piecewise S¥functions on the domain Q. As
the functions in the space S* are piecewise polynomials the space S™* is not
a new space but it is the space of piecewise polynomials of order k£ on the
fine mesh.
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Lemma 10

Vik = gk (3.134)

Proof: By Definition 7 of the global refined triangulation 7, of the coarse
mesh 73, the function v, belongs to space V»* if and only if for all elements

T, € Ty, in the coarse mesh and all subelements ¢ =1,...,2"
vpo WUy oWpo € Py . (3.135)
As all the parametric representations Wro, ..., \IJTZOn are affine transformations

this holds if and only if
Up, © \IIT2 € S (3136)

for all elements 75 € T5;,. This exactly means that v, € S?"*. So the lemma
has been proved e

Lemma 10 allows to use the space V/* defined on the fine mesh 7}, as a space
basing on the coarse grid 7Ts.

As discussed in the foregoing section an approximation u of the sought solu-
tion u is computed from the space V}, :== V"* by using piecewise polynomials
of order k£ on the fine mesh. The space V},, involved in the definition for
the a—posteriori error estimate introduced in Section 2.3 is the expansion of
the space Vj, in such a way that the space V2"2* becomes a subspace of the
expansion Vj,., i.e. the space Vj, contains piecewise polynomials of order
2k on the coarse mesh. The approach is motivated by the fact that a better
approximation of the solution u from piecewise polynomials of higher order
than k£ can be expected.

Lemma 12 will show that it is sufficient for the construction of the expansion
Vit by equation (2.92) to add

Ve = ViR = oy € VR T2hky, = 0} (3.137)

to the space V¥ to achieve that the space V?"?* is a subset of expansion
Vii. The space VOZh’Zk is the set of all piecewise polynomials of order 2k on
the coarse mesh that vanish at the global degrees of freedom of order £ on
the same mesh.

At first Lemma 12 is proved for polynomials on the n-simplex 77:

Lemma 11 Let be
Py = {p € Py, | TFp = 0} (3.138)
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the space of all polynomials of order 2k that vanish at the local degrees of
freedom of order k. Then the following identities hold:

Py, = Po, N Sy (3.139)

and
Py, C Py o® S C Sy (3.140)

with Png N Sk = {0}

Proof: The equation (3.139) is obvious.

To prove inclusion (3.140) it has to be shown that Py o N Sy = {0}: Let be
p € Py, NSy, with Z¥p = 0. From equation (3.139) it is p € P, and therefore
it is p = Z%p = 0. Hence it is actually Py o N Sy = {0}.

In addition for any p € Py, the function Z¥p belongs to P, C S, and it is
q:=p—TFp € Py, (3.141)

with Z#q = 0. Therefore it has been verified that the polynomial p = ¢+ Z*p
is in the space Py ¢® Sk. The second inclusion of inclusion (3.140) is evident.
So the lemma has been proved e

Now the proof of the following lemma becomes very simple:

Lemma 12 With the space V" defined by equation (3.137) it is
vk c Yt g ik 2k (3.142)

where it is Vi"*" 0 vk = {0}.

Proof: By using Lemma 10 inclusion (3.142) can be reformulated to
vk c Yt g gk o g2h2k (3.143)

Moreover property (3.76) allows to break off the global interpolation operator
Z?M* into the local interpolation operator Z* on the n-simplex 7°. Then the
statements of the lemma are shifted to the n-simplex by the parametrical
representations of the elements in the coarse mesh 75,. The effort now is to
prove that

Py, C Porog @ Sk C Sop - (3.144)

As this is exactly equation (3.140) in Lemma 11 the lemma is proved e
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It has to be shown that the norm of the global interpolation operators Z2"2

and Z™* which will play the rule of the joining operator Jj,, and its right
hand side inverse J; have a norm that is independent of the mesh size h. To
do so the quotient space technique is used, see Heuser [43]:

For any function v € H'(T?) the set
v]:={v+clce R} (3.145)

contains all functions in the Sobolev space H'(T°) which differ from the
function v by a constant. By introducing vector addition and scalar multi-
plication in a canonical manner the quotient space

HY(T°) /R :={[v] | v € HY(T")} (3.146)

is a vector space. Moreover it is a Banch space when using the norm defined
by

[v]]|120 == |v]1 10 (3.147)
for all v € HY(T?). For any subset Z C H'(T") it is set

Z/R:={[v] |ve Z} c H(T")/R. (3.148)

It is evident that the global interpolation operators Z?"2* and Z"* are contin-
uous on the finite dimensional space V2. Moreover there are upper bounds
for their norms that are independent of the mesh size:

Lemma 13 Let be k > 1. Then there is a constant C > 0 with

1222 upy |10 < Copllunsa

3.149
I unslhe < Conlluns g (3.149)

for all triangulations Ty, with mesh quality o), and all functions uy,, € V™2,

Proof: Since the space Sy, has a finite dimension there is a constant C'; > 0
depending on the n-simplex and the order £ with

1Z%plo,r0 < Ciplo,ro (3.150)

for all functions p € Sy The linear operator [Z?*] : Sor, /R — H'(T?)/R is
defined by
[p] = [Z%*][p] := [Z7"p] (3.151)

for all [p] € Syx/R. This definition is senseful as Z*[R] C R. Since the
quotient space Soi/R is finite dimensional there is a constant Cy > 0 with

IZ**]pllhzo < Coll[plllro (3.152)
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for all [p] € Sa,/R. Then it holds for all functions p € So:

(3.147)

|Ika|1,T° ( = : ||[I%P]||1,T°
3.151

=" Z*1plllro

(3.152) (3.153)
< Goll[pllli o

3.147

( = ) C2|p|1,T0 .

Inequality (3.149) is now shown by the scaling argument used in the proof
of Theorem 10:

Let be uy,, € V2 = §22k - Ag for all elements T € Ty, it is up, o Up € Sy
the inequalities (3.150) and (3.153) can be used in the following manner
(m=0,1):

T
=Y
T€T2n
(3.22)+(3.8) . . ,
< Cs Y pr™"|det(Br)| [T (uny © Wr) [ 0
T€T2n
(3.150)0r(3.153) ,
< Cy D pr"|det(Br)] [uns o Ul zo (3.154)
T€T2n
(3.21)+(3.7) .
< Cs Z hy pr |uh+|3n,T
T€T2n
< Cs03 [un+ 7,0
< Csonlluntli g -

By combining the both cases m =1 and m = 0 the first estimate in inequal-
ity (3.149) is proved.

To prove the second estimate the same proof like for the first estimate can be
used but the space of piecewise polynomials Sy is replaced by the polyno-
mial space Py, the global interpolation operator Z?*2¥ by the interpolation
operator Z"* and the coarse mesh 7Ty, by the fine mesh 7, o

The next lemma confirms the proposition (2.115) of Theorem 4 with a de-
flection k in the Pythagorean equation that is independent of the mesh size.
In the range of multilevel methods Eijkhout [34] has shown a similar result
with a more difficult proof but for a more general situation.

Lemma 14 Let be k > 1. Then there is a constant C > 0 with

lonll; @ + lons |0 < Copllon + vas|lf g (3.155)
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for all triangulations T, with mesh quality oy, all functions vy, € V™* and
S

Proof: It is known from Lemma 11 that
Sk N Pyo = {0} . (3.156)
Therefore by Lemma 3 there is a constant C; > 0 with
Pl 2o+ IslZ00 < Cilp + sliro (3.157)

for all functions s € Sy and all polynomials p € Py. From equation (3.156)
it is
Si/RN Pyoyo/R = {[0]} (3.158)

and so, again by Lemma 3, there is C'y > 0 with

(3.147)

[ 0 + |13 1o TP 7o + 11151117 70
2.97

(2.97)
< Golllp+ 812 7o (3.159)

(3.147) Calp + 53 1o

for all functions s € S and all polynomials p € Py,. Using the scaling
argument in the proof of Lemma 13 the inequalities (3.157) and (3.159) are
shifted from the space Sy to the space V* and from the space Py to the
space VOZh’Zk via the triangulation 73,. So the estimate of the lemma has been

proved e

The following theorem is the main result of this chapter. It introduces the
projecting a—posteriori error estimate to the FEM.

Theorem 14 (Grosz) Letbek > 1, G € C?F(xR" ! xcl(Q))"*! be uniform
positive definite with positivity bound D and let be Q*~" and Q*~? quadra-
ture schemes on the n-simplex T° exact of order 2k — 1 and 4k — 2 in the
sense of Definition 4. Let u € W*2°(Q) be the solution of the variational
problem

< v, F(u) >i= /Qv; Gluy, ) dz =0 (3.160)

for all v € H'(Q). Let (Ton)nso be a family of triangulations of the domain
Q with global refined triangulations (Tp)p>o and bounded mesh quality oj, <
o. Let for all mesh sizes h > 0 uy, € V™ be the solution of the discrete
variational problem

Qh’szil('Uh,; -Glup,.)) =0 (3.161)
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for all v, € VPF and let be C, > 0 with
|unllkc0m < Ch (3.162)

for all mesh sizes h > 0.

If up, — u for h — 0 with maximal order k, e.g. there is constant Cy > 0
with
Coh® < |Ju— w10 for all h >0 (3.163)

then the projecting a—posteriori error estimate nf € VPF defined by the dis-
crete linear variational problem

Q" (i 06, Juf) =~ (T, Glun, ) (3.164)

for all v, € VM is equivalent to the true error e;, := u — uy, in the sense of
Definition 3, where u) is an arbitrary function in V**. More ezactly there
s a constant C' > 0 which depends only on the order k and the quadrature
schemes with

P P
< lim inf “nh I < lim sup “nh I

- < Co’D*. 3.165
Co3D* =~ "h>0+ ey h—so+  lenll — ( )

Therefore an effectivity index is given by the value Co3D* = max(Co3D*, Co?D*).

Proof: It has to be verified that the propositions of Theorem 4 in the Banach
space V := H'(Q) with A = 0 hold if it is set

Vi = Vg = VIE
Vi = Ve ViE C V2k with (3.166)

where the space V2"?* is defined by equation (3.137). By Theorem 12 the
discrete operator Fy, : V}, — V,* defined by up, — Fj,(uy) for all u, € V,, with

< vy Fy(up) >= QM (v, - Glup,, ) (3.167)

for all v, € V}, is well-posed with condition number D? - C5. Again by The-
orem 12 the discrete operator Fj; : Vi1 — Vj¥, defined by upy — Fy (upy)
for all up, € Vi, with

< Uns P (uny) >= Q%" (s - Glunss, ) (3.168)

for all v, € Vj, is well-posed with condition number D?-C. Moreover there
is a solution upy € Vjy with Fjy(upy) = 0. Theorem 12 can be applied as
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Viy C V2% and the quadrature scheme Q* 2 is exact of order 2 - (2k) — 2.
The constants C3 and Cy are independent of the mesh size and the mesh
quality oy,.

It has to be proved that (up,uny)n>o is saturated for the solution u in the
sense of Definition 2. If it can be shown that

lu — upy |10 < Csh* ™ forall h > 0. (3.169)

Then condition (2.54) holds with 7, := C5C5 'h because of assumption (3.163).
Therefore (up, up)p>o is saturated for the solution u with saturation bound
0.

To verify estimate (3.169) Theorem 13 cannot be applied directly since the
approximation space for the better solution u;, and the quadrature scheme
for the definition of the operator Fj,, base on different triangulations. But
it is possible to use a slight modification:

By Lemma 10 for m := 0,1 and ¢ := 2 there is Cs > 0 with
|lu — T+t o < Csh*! for all h > 0 (3.170)

(analogously to estimate (3.123)). In addition one obtains analogously to
estimate (3.124) that Z?k+1y € WHF2°(T,) with

[T 1oy < [Tl i <€ (317)

where C; > 0 is a constant independent of h. The error functional E*~2 :
C%(T°) — R defined by

EY(p) = [ o da® - QU (p) (3172

for all ¢ € C°(T°) is equal to zero for all polynomials of order 4k — 2. Taking
Lemma 9 for [ := 4k — 2 and k := k + 1 one gets

|25 ) — By (T ) |

h+
< sup  ————|QME"? vy, - G((T2H 1),
onsevioos [|[Unell1 ( (( )ir )l (3.173)
(3.111)
S CSth

for all mesh sizes h > 0 with a constant Cs > 0 which is independent of the
mesh size h. Since it is

T2kHLy @ YRR+ -y (3.174)
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and the estimates (3.170) and (3.173) hold the inequality (3.169) is proved
by Corollary 1.

As next proposition (2.113) of Theorem 4 is verified: The error functional
E?=1 ¢ C%T)* defined by

E% 1) = Q% 2(p) — Q% () (3.175)

for all ¢ € C°(T?) is equal to zero for all polynomials of order 2k — 1. Using
proposition (3.163) it is

koo, < Ch (3.176)

unllk+2,00,7 = llun

for all mesh sizes h > 0. Especially the discrete solution u; belongs to the
Sobolev space W*+2°°(T;). Lemma 9 is applied for [ := 2k — 1 and k := k

to obtain
| Fhr (wn) — Fiu(un) vy

hE2k72
= su ’ Up. - G(up., .
sup |Uh“m|Q (0n; - G (uns, -))| (3.177)
(3.111)
S Oghk+1

with a constant C'y > 0 which is independent of the mesh size h. Applying
proposition (3.163) the condition (2.113) holds with s, := CyCy5 'h. Actually
it is limy_,q sp, = 0.

Corollary 4 shows that for any u; € V"* the linear operator Ly, := DF},(uy) :
Vi — V) defined by

< Up, DFh(uh)wh >= Qh’QQk_l(Uh; : 8G(u2’, .)wh;) (3178)

for all vy, w;, € V; = V,, = V¥ is an isomorphism from the space V}, to its
dual space V' with
| Lalleqivey < CiD
||L1€1||£(V;:‘,V,;) < CpD

(3.179)

where Cp > 0 is a constant. It is independent of the mesh size h and the
mesh quality oy,.

Taking Lemma 14 a bound for the deflection in the Pythagorean equation
defined by inequality (2.115) is given by k = Cy; - 0. The constant C7; > 0
is independent of the mesh size and the mesh quality.

The operators
jﬁ = Ih’k

T = e, (3.180)
' h
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fulfil the condition J;[V,¥] € V™F = V; and by Lemma 12 the condition
Tni[Vi] € V2 C V.. Thereforeitis J; € L(VE,V;) and Ty € L(Vi, Vi)
Moreover Lemma 13 turns out that

| Tillcve vy < Crao

3.181
1T et as 0y < Claor (3.181)

The constant C'5 > 0 is independent of the mesh size and the mesh quality.
Since the global interpolation operators Z"* and Z?*? use the same global
degrees of freedom X?"2F = X"k (see equation (3.69)) it is

IZh’Zk o (Ih’k V2h,2k) = Iv2h,2k . (3.182)
Since it is V¢ C V2"2k the proposition (2.116) of Theorem 4 holds, too.

As all propositions of Theorem 4 and Corollary 2 have been verified the
theorem has been proved e

Theorem 14 establishes that the projecting a—posteriori error estimate based
on higher order approximation on a coarser mesh is equivalent to the true
error in the sense of Definition 3 if the kernel G' and the sought solution u
are smooth enough. To calculate the projecting error estimate from equa-
tion (3.164) the variational problem (3.160) has to be evaluated with a
quadrature scheme of higher exactness than used for the calculation of the
discrete solution wuy of the discrete variational problem (3.161). It is not
necessary to assemble a new stiffness matrix as the stiffness matrix in equa-
tion (3.164) is the same like the stiffness matrix in the Newton-Raphson
iteration to calculate the discrete solution wu, € V},.

Remark 1: To simplify the formulation of the Theorem 14 it is assumed that
the discrete variational problem (3.161) is solved exactly. Certainly Theo-
rem 14 holds for the more general situation if the stopping criterion (2.56)
with sufficiently small factor A is used when solving the discrete variational
problem (3.161). Naturally the bounds for the effectivity index are different.

Remark 2: It has to be pointed out that the quadrature scheme Q%!
used for the calculation of the discrete solution uy is exact for polynomials
of order 2k — 1 although it is sufficient that it is exact of order 2k — 2 to
get a convergence of order k. The greater exactness is necessary to ensure
that condition (2.113) holds with limj,_,os, = 0 (see also the remark to
Theorem 4). However, it is possible to use a quadrature scheme of exactness
2k —2 to mount the stiffness matrix in the equation (3.164) when calculating
the projecting error estimate.

Remark 3: It is essential to build the expansion of the space V* by piece-
wise polynomials of order 2k on the coarse mesh as it is then X2k = X"k,
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i.e. the global degrees of freedom for order 2k on the coarse mesh are the
same like the degrees of freedom for order k£ on the fine mesh. This condition
is fundamental to prove equation (3.182) and proposition (2.116). The order
of the polynomials has to be doubled to get a reliable projecting a—posteriori
error estimate. If the order £ is large this increases extremely the computa-
tional effort when mounting the right hand side for the linear system defining
the error estimate as the kernel GG has to be evaluated at plenty of quadrature
nodes. Moreover stability problems can appear.

Remark 4: To prove that (up,ups)pso is saturated for the solution u it
is essential that u € W*2°0(Q). If the solution u is not belonging to the
Sobolev space W*+2°0(Q)) there is the danger that the saturation bound is
positive or even the situation occurs that (us, .y )n>o is not saturated for the
solution u. Example 2 in Section 4.5 illustrates that under these conditions
the error estimate becomes fuzzy.

Remark 5: The propositions (3.163) and (3.162) have a very technical
character. In practice both conditions are mostly fulfilled. Mainly propo-
sition (3.163) says that the solution w is not a polynomial of order k. A
handy criterion has been given by Babuska [7]. Condition (3.162) can be
shown from u € W*t2(Q) if the kernel G' meets additional requirements.

3.7 Discussion

In this section the results of this chapter are compared with well-known
a—posteriori error estimates. To simplify the presentation the discussion is
restricted to the model problem (1.2) considered in the introducing Chapter 1
for the two dimensional case and the FEM approximation by piecewise linear
polynomials V!, Moreover it is assumed that all integrals are computed
exactly, i.e. the error from the numerical integration is ignored. As shown in
Chapter 1, see equation (1.9), the error ey, := u—uy, is given by the variational
problem

/Q (G(Vv)(veh) + bveh) dr =
/ (G(Vv)(vuh) + (bun — f)“)dx for all v € H'(Q) .

Q

(3.183)

The right hand side of this error equation defines the residual of the discrete
solution wu;, which is a linear functional on the space H'(£2). One possibility
to interpret some a—posteriori error estimates is the approach to estimate the
norm of this residual functional, see Verfuerth [64]. An alternative view, that
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Figure 3.8: The edge bubble function b%, on edge E on the fine mesh 7j.

is followed here, is the approximative solution of the error equation (3.183).
The error estimates vary in the selection of the used approximation space
and the method to solve the discretized error equation.

For the assumptions made here the error equation (3.164) defining the pro-
jecting error estimate i} € V! is the following:

/Q (“(Wh)(vnff) + bvnf)d:v =

3.184
- /Q (a(VIZ"*0p]) (Vun) + (bun — )T 04])dav (3.184)

for all v, € V' Tt is obvious that the residual functional for the discrete
solution wuy, is only evaluated for the space Z?"?[V!] = V2?22 je. for the
space of piecewise quadratic functions on the coarse grid, instead of the
whole space H'(Q2). On the other hand the error equation is not solved in
V?h2 but is interpolated to the space of piecewise linear functions on the fine
mesh. This can be interpreted as a reduction step in a multi-level procedure
going from a quadratic to a linear approximation. The difference to standard
multi-level methods is that the global degrees of freedom are kept which has
the effect that high frequencies can be represented as well on the lower level
as on the higher level.

A similar idea can be found in the hierarchical error estimate technique, see
Zienkiewicz [69], Deufelhard [31], Bank [15]. Here Deufelhard’s representa-
tion is quoted:

The error equation (3.183) is solved on the space

VE = vt eV with Vi = span{dh} pee, (3.185)
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where &, denotes the set of the edges of the elements in the triangulation 7j,.
The function »% is the edge bubble function for the edge E € &, which is a
continuous, piecewise quadratic function on the triangles 7} and 7, sharing
the edge E and has the value one at the middle point of the edge E, see Fig-
ure 3.8. The expansion of the usual nodal basis of piecewise linear functions
by the edge bubble functions {b%}zce, can be taken as a hierarchical basis
of order 2 for the space V}/1. The solution of the error equation in space V;/
requires an assemblage of a new stiffness matrix for the hierarchical basis
and the solution of a linear system with a higher effort than needed for the
calculation of the discrete solution u;. Therefore the stiffness matrix is re-
duced to its diagonal. The significant solution components of this simplified
linear system are given by

- _m [ () () + (b~ Fpl))dr (3.186)

for all edges E € &, where the bilinear form B : H*(Q) x HY(Q)) — R is
defined by

B(vy,vy) = —/

(a(Vvl)(va) + bvlvg)dx for all vy, v, € HY(Q) . (3.187)
Q

The value n¥ delivers an estimation for the discretization error at the middle
point of the edge F € &,. It can be proved that the a—posteriori error

estimate

wl= Y il (3.188)

EEE,

is equivalent to the true error in the sense of Definition 3, see Deufelhard [31],
Bank [15]. (Remark: Theorem 4 can be used to get this result). For the proof
two assumptions are needed: the saturation condition in the sense of Defi-
nition 2 and the fact that the bilinear form B defined by equation (3.187)
is symmetric and positive definite. This last condition restricts the appli-
cation of the hierarchical error estimate drasticly as in many applications,
especially for non—linear problems, the involved bilinear form B is neither
symmetric nor positive definite. However, Bornemann [18] and Verfuerth [64]
have shown that the error estimator nff cannot be expressed in terms of the
Babuska—Miller residual error estimator which is equivalent to the true error
without using any saturation condition (if the material functions a and b and
the right hand side f are piecewise constant, see Babuska [7]). Therefore
the saturation condition is an indispensable assumption for the hierarchical
a—posteriori error estimate .

It is obvious that the space V) = V02h’2 added to the approximation space

V™1 to define the expansion Vj,, for the projecting error estimate can be
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Figure 3.9: The edge bubble function b2 on edge E on the coarse mesh Ty.

expressed by using edge bubble functions:
V2 = span{b?} peeon . (3.189)

Differing from the space V}"\ used to define the hierarchical error estimate
nH the space V™! is expanded by edge bubble functions on the coarse mesh
Top, instead of using the fine mesh 7, see Figure 3.9. The construction of
the space VOQh’2 builds up the macro—elements in the coarse mesh 75, from
the elements in fine mesh 7,. At the end no new node coordinates have to
be generated as the middle points of the edges in the coarse mesh that are
associated with the edge bubble functions are vertices of elements in the fine
mesh. However, it is

Vig = VP72 c vl (3.190)

This confirms that the projecting error estimate 7}’ and the hierarchical error
estimate nff are closely related. The property (3.190) shows that it is not
possible to express the projecting error estimate in terms of the Babuska—
Miller residual error estimator. Therefore the saturation condition in the
sense of Definition 2 has to be assumed to prove that the projecting error
estimate is equivalent to the true error in the sense of Definition 3.

The reflection on the hierarchical error estimate has emphasized some ad-
vantages of the projecting error estimate compared to other error estimates.
The calculation of the projecting error estimate is possible as for most FEM
schemes a higher order scheme and a suitable interpolation operator from
the lower to the higher order scheme is available. In this sense the projecting
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error estimate is defined for most FEM problems without additional assump-
tions, like symmetry or positivity. Since the higher order scheme uses the
double polynomial order than the lower order scheme stability problems can
occur if the projecting error estimate is applied to a FEM approximation
based on polynomials of high order.

The special quality of the projecting error estimate is the new idea to reuse
the stiffness matrix for the calculation of the a—posteriori error estimate.
This approach saves the assemblage of a new stiffness matrix. Moreover
there is the possibility to profit from the reordering of the matrix, the LU-
factorization or the preconditioner matrix, that were set up to calculate the
discrete solution uy, efficiently, for a second time when solving the error equa-
tion.

3.8 Summary

The projecting a—posteriori error estimate for the finite element method of
order k is equivalent to the true error in the sense of Definition 3 if poly-
nomials of order 2k for the error estimate are used. The effectivity index
indicating the quality of the error estimate depends on the condition number
D? of the Jacobi matrix of the kernel G’ and the mesh quality o of the finite
element mesh. This holds under the assumption that the sought solution is
smooth enough. As proved in Corollary 2 the effectivity index is increased for
a non-smooth solution u and the a-posteriori error estimate becomes more
fuzzy.

Though only the homogeneous Neumann boundary value problem has been
discussed the result is also valid for non-homogeneous Neumann boundary
value problems including homogeneous Dirichlet boundary conditions and
systems of such boundary value problems. The reason is that for these
problem types a modified uniform positivity of the kernel G involved in the
formulation of the boundary value problems can be specified as well. Non—
homogeneous Dirichlet boundary conditions can be considered by introducing
a Lagrangean multiplier which produces a saddle—point problem.

Saddle—point problems, e.g. see Brezzi [21], are not belonging to the class of
problems investigated in this chapter but they can be treated by the abstract
analysis of Chapter 2. The essential problem is to verify that the involved
operators are well-posed. It is necessary to use various polynomial orders for
the components of the solution. However the projecting a—posteriori error
estimate can be applied to this kind of problems, too. By using Theorem 4
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it can be shown that this projecting error estimate is also equivalent to the
true error (see Example 4 in Section 4.7).

Further extensions consider curved domains. That requires the introduction
of curved elements with non-affine parametrical representations (e.g. isopara-
metrical elements). In principle the results of this chapter can be adapted
with some modifications considering the bending of the elements, see e.g.
Ciarlet [24, 25]. If the projecting error estimate shall consider the error from
the approximation of the domain the formulation of the algorithm, espe-
cially the definition of the global refined triangulation, as well as the analysis
becomes more difficult but the line of the thoughts and the results remain
mostly unchanged.

92



Chapter 4

Examples

4.1 Introduction

In the following some examples are presented to demonstrate the projecting a-
posteriori error estimate for piecewise linear FEMs based on an expanding by
piecewise quadratic polynomials in practice. For the calculations a modified
version of the program package VECFEM [38] is used, see Section 4.2. The
first example is a very smooth problem to get a feeling for the actual values of
the effectivity index given in Theorem 14. In the second example the influence
of the smoothness of the solution on the effectivity index is examined. In
the third example the calculation of the displacements of a loaded linear
elastic body is presented. To illustrate that the projecting error estimate
also works for saddle—point problems the fourth example is the solution of
the two—dimensional Navier—Stokes equations.

4.2 The VECFEM Program Package

VECFEM [38] is a program package to solve non-linear variational problems
by the finite element method. The solution can have more than one com-
ponent. The user can select between isoparametrical elements up to order
three and mixed finite elements of arbitrary order on lines, quadrilaterals,
triangles, hexahedrons, prisms and tetrahedrons. The variational problem
has to be entered in the formulation (3.50). Among other terms surface
integrals can be additionally introduced to consider non-homogeneous Neu-
mann boundary conditions. Moreover Dirichlet boundary conditions can be
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considered. The variational problem and Dirichlet boundary conditions are
specified symbolically. A code generator transforms the variational problem
into a FORTRAN program which solves the problem by calling suitable rou-
tines of the VECFEM library. In particular the code generator calculates
the Jacobi matrix G by using the computer algebra program MAPLE [22].

By introducing a suitable basis of V}, the discrete variational problem is
reduced to the system of non-linear equations (2.29). It is solved by the
Newton-Raphson method (2.41). This requires the assemblage of the stiff-
ness matrix (2.37) by evaluating the Jacobi matrix 0G. For the numerical
integration on lines, quadrilaterals and hexahedrons Gaussian quadrature
schemes are used. The quadrature schemes for triangles, prisms and tetra-
hedrons are constructed by transforming the Gaussian quadrature schemes
in a suitable manner. The mounted linear system is solved by the program
package LINSOL [65]. LINSOL uses iterative methods of the conjugate gra-
dient type. The stopping criterion for LINSOL is optimally set by VECFEM
to compute the Newton—Raphson correction with a minimal number of con-
jugate gradient steps to not destroy the quadratic convergence order of the
Newton—Raphson.

The basis of the approximation space V"* is constructed by a basis for the
polynomial space P, on the n-simplex. This local basis is assembled to a
global basis of V** by using the parametrical representations of the elements
in the triangulation 7,. The local basis is defined by a table that gives the
values of the basis functions and their first derivatives at the integration
nodes. Therefore it is very simple to modify the basis and the quadrature
scheme for the space V"* without changing other parts of the code. More
details are presented in Grosz [40].

A simple implementation of the projecting error estimate for FEM approx-
imations of order two could be found by exchanging the standard table of
VECFEM: FEM data for an order two approximation on a coarse triangula-
tion 73, are handed over. By using piecewise linear polynomials on subele-
ments, see Figure 4.1, a FEM approximation of order one on the refined tri-
angulation 7y, is calculated. The right hand side of the error equation (3.164)
bsed on the order two method on the coarse triangulation 7y, is assembled
by using the original FEM data. In detail this procedure works as follows:

When implementing the FEM approximation and its projecting error esti-
mate by error equation (3.164) the main difficulty arises from the fact that
two triangulations are needed, namely the triangulation 7, for the FEM ap-
proximation and the coarse triangulation 75, for the error estimation. But
Lemma 10 allows to interpret the space V™! as a FEM space based on the
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Figure 4.1: Three local basis functions of the space S; on the 2-simplex and
integration nodes for a quadrature scheme that is exact of order 1.

coarse triangulation 7, with local basis of the space S; defined by equa-
tion (3.132). Therefore for this test implementation of the projecting error
estimate it is assumed that FEM data are handed over to VECFEM which
are normally used to construct an approximation by piecewise polynomials
of order two on a coarse triangulation 75,. Yet the local basis for polyno-
mials of order two belonging to this FEM data is replaced by a basis for
the space S;. This can be done since both spaces have the same dimension.
Figure 4.1 shows three of the needed six local basis functions for the space
S1 of piecewise linear functions on the 2-simplex.

For a given local quadrature scheme @' and the triangulation 7, the global
quadrature scheme has to be calculated by formula (3.67). Because of the
identity (3.131) the global quadrature scheme can be interpreted as a global
quadrature scheme of the coarse triangulation 75, and a local quadrature
scheme that is composed by quadrature schemes on the sets of the subdivision
To of the n-simplex defined by equation (3.128). The composed quadrature
scheme is constructed by formula (3.67) where the subdivision 7y plays the
role of the triangulation 7. Figure 4.1 shows the location of the integration
nodes for a composed quadrature scheme that is exact of order 1 in the sense
of Definition 4.
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Figure 4.2: 7, interpolation of the basis of the space S; shown in Figure 4.1
and integration nodes for a quadrature scheme that is exact of order 3.

After the FEM approximation in the space V! has been calculated the right
hand side of the error equation (3.164) has to be assembled to calculate the
projecting error estimate. For that purpose the image of the basis of the
space V™! for the global interpolation operator Z?*? has to be specified. By
applying formula (3.76) this global interpolation is reduced to an interpola-
tion of the local basis of S; by the local interpolation operator Z2. Therefore
the assembling routine of VECFEM can be used for the right hand side of
the error equation if the local basis is selected to the Z?-interpolation of the
basis of the space S;. As above the quadrature scheme is constructed by a
composed quadrature scheme. Figure 4.2 shows the Z%-interpolation of the
Si-basis functions shown in Figure 4.1 and the location of the integration
nodes that are exact for polynomials of order two on the subelements.

The new linear system of the new right hand side and the stiffness matrix used
for the solution of the discrete variational problem is solved by LINSOL to
get the projecting error estimate. In the same manner FEM data for an order
4 method on a coarse triangulation 75, could be processed. In this case a
FEM approximation of order two on the refined triangulation 7}, is calculated
by using a local basis of piecewise polynomials of order two. The right hand
side for the error equation is assembled by using the given FEM data for the

96



order 4 method on the coarse triangulation 75,. It is obvious that in any
case the selected implementation based on the coarse triangulation is not the
most efficient way to implement the projecting error estimate. However, it
is a simple way as one does not need to write a new FEM code and it is
sufficient to check if the projecting error estimate works successfully.

4.3 Common Terms

The following test problems are solved by finite element approximations of
order one with various mesh sizes. The meshes are generated by hand or by
the commercial mesh generator [-DEAS [44]. The small problems are solved
on a workstation IBM RS6000 and large scale problems on a vector computer
Fujitsu VPP300. Some comparative computations for problems of medium
order (= 5000 unknowns) have shown that the results are independent of the
used platform.

The discrete variational problems are solved with an accuracy TOL = 1010
on the level of solution, see Grosz [38, 39]. This very small accuracy ensures
that the error from terminating the Newton-Raphson iteration can be ne-
glected compared to the discretization error. The stopping criterion (2.136)
presented in Corollary 3 is used when solving the equation (3.164) that de-
fines the projecting error estimate. For all problems 7 = 107* is set.

Since the exact solutions of the example problems are known the dependence
of the ||.||1 o-norm of the true error (that is the difference of the exact solution
and the calculated FEM approximation) on the mesh size is presented. The
values of the errors are the absolute errors, i.e. they are not scaled by the
norm of the solution. In the diagrams logarithmic scales for the mesh sizes
and the true errors are used. In a second diagram the ratio of the ||.||1 q-
norm of the projecting error estimate and the ||.||; o-norm of the true error
with a linear scale is shown. In all diagrams the actually measured values
are marked by points. Points which are connected by lines are produced by
meshes with approximately the same mesh quality, see equation (3.63).
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4.4 Example 1: The Model Problem

The first example should get the actual order of the effectivity index given
in Theorem 14:

Let © := [0,1]" be the n-dimensional unit cube (n = 1,2,3). The sought
solution u : 2 — R is determined by the linear Neumann boundary value

problem
—Au+u—f=0 on
ou (4.1)

%:0 on GQ

g—z denotes the derivative of the function u with respect of the outer normal
of the boundary 0f2 of the domain 2. The function f : Q2 — R is determined
by the exact solution

n

u(z) = [] cos(myma;) for all @ = (2;)i—1,, € (4.2)
i=1
with fixed (mq,...,m,) € Nj. The value m := m; + ... + m, scales the

number of oscillations of the function u. The H'(2)-norm of the solution is
in the order of (7m)™.

Actually the boundary value problem is solved in its weak formulation: find
the solution v € H'(Q) with

/Q(u—f)vaZz;aa;aa; dx =0 for allv € H'(Q) . (4.3)

In the notations of Chapter 3 it is set

G(¢,z) = (G — f(2), Gy oy Cuy) (4.4)

forallz € Qand all ( = ((;)ic1nt1 € R, This kernel G is uniform positive
definite with a positivity bound 1. For the construction of the finite element
space the n-dimensional unit cube is subdivided into n-simplexes basing on
a rectangular grid. For the three as well as for the two dimensional case the
values for the mesh qualities s are in the order of 4.

In the first test the dependence of the true error on the mesh size is in-
vestigated. Various numbers of oscillations of the solution indicated by the
value m are selected to inspect the influence of the solution on the results.
Figure 4.3 shows the dependence of the true error on the mesh size for the
1-dimensional case, Figure 4.4 for the 2-dimensional case and Figure 4.5 for
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Figure 4.3: Example 1, n = 1: The true errors in the H'(Q)-norm for various
numbers of solution oscillations m.
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Figure 4.4: Example 1, n = 2: The true errors in the H'(Q)-norm for various
numbers of solution oscillations m.
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Figure 4.5: Example 1, n = 3: The true errors in the H'(Q)-norm for various
numbers of solution oscillations m.
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Figure 4.6: Example 1, n = 2: The true errors in the H'(Q)-norm for various
mesh qualities s (m = 10).
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Figure 4.7: Example 1, n = 1: The ratios of estimated and true errors in the
H'(Q)-norm for various numbers of solution oscillations m.

the 3-dimensional case. Corresponding to the result of Theorem 13 the true
errors converge to zero if the mesh size goes to zero. The convergence order
is independent of the solution and the mesh quality (see Figure 4.6). On
the other hand the actual error depends on the solution as well as the mesh
quality. The tests confirm the well-known behavior of the FEM.

The Figures 4.7 to 4.10 present the dependencies of the ratio of the estimated
and true error in the H'(2)-norm on the mesh size for the projecting a-
posteriori error estimate. As shown in Figures 4.7 and 4.8 the ratios of
estimated and true error seem to converge to the value 0.577 = @ for a
one or two—dimensional domain. Even if the mesh quality is increased this
value does not change, see Figure 4.10. For a three dimensional domain
the situation is undetermined since the computational effort to process FEM
meshes with a mesh size less than 0.01 exceeds the limit of the available
computer capacity. But the results give no counterargument to conclude
that the ratios of estimated and true errors converge to a value in the order
of 0.577, too. Summarizing these tests it has to be stated that at least for
small mesh sizes the projecting a—posteriori error estimate underestimates
the true error by a factor in the order of 0.577.
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Figure 4.8: Example 1, n = 2: The ratios of estimated and true errors in the
H'(Q)-norm for various numbers of solution oscillations m.

1.3
o} m=1 —<—
1.2 o m=10 -+--

N m=45 -&---

1.1+

0.9
0.8 g o

0.7+

ek
> ?—:—'ll@v”—kw—a—/»a——/—/ + N

0.5

estimated/true error

0.4 o
0.3
0.2

0.1

T
0.01 0.1 1
mesh size h

Figure 4.9: Example 1, n = 3: The ratios of estimated and true errors in the
H'(Q)-norm for various numbers of solution oscillations m.
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Figure 4.10: Example 1, n = 2: The ratios of estimated and true errors in
the H'(Q2)-norm for various mesh qualities s (m = 10).

4.5 Example 2: Singularities

Now the dependence of the effectivity index on the smoothness of the solution
is investigated. The domain is the two-dimensional, L.-shaped domain

Q= [-1,1]*\[-1,0]%, (4.5)
see Figure 4.11. It is set
, v =[—1,0] x {0} U {0} x [-1,0] (4.6)

and , p := 00\, y. The test problem is the Poisson equation with Neumann
and Dirichlet conditions for the sought solution u : 2 — R:

—Au+f=0 on

u=0 on ,p
o (4.7)
— = on .
an Y N

f is a given function on the domain 2.

The corresponding weak formulation is given by the variational problem on
the space H}(Q) := {v € H(Q) | v|[r, = 0}: find the solution u € H}(Q)
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Figure 4.12: Example 2: The true error in the H'(Q)-norm for various powers
a indicating the smoothness of the solution.

with

/(fv—i— ou Ov N ou Ov
0 0x; 0xry  0xy 0To

The function f is determined by the exact solution

)dz =0 for all v € Hy(9). (4.8)

u(wy, @2) = (2] + 23)" (21 — 1) (23 — 1) (4.9)

for all (z1,22) € Q (a € R). Depending on the value for the power a the
solution u has a singularity at (0,0). The solution u belongs to the space
H}(Q) if the power a is positive or equal to zero. The solution u belongs
to H?(Q) if the power a is greater than 3 or equal to zero. If a < 0 the
resulting right hand side f = —Awu does not belong to H°(Q) and therefore
the variational problem (4.8) is not properly formulated. Triangulations of
the domain were generated by the commercial mesh generator I-DEAS [44],

see Figure 4.11.

In Figure 4.12 the true errors of a series of meshes with decreasing mesh
size and almost constant mesh quality are shown. The abscissa gives the
mean value of the element size. If the solution belongs to H?(f2), that is for
a = 0.75 and a = 1.00, the convergence order is actually of order 1 but for
a = 0.25 and a = 0.10 the convergence order declines since the solution is
not smooth enough (¢ H?(Q2)).
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Figure 4.13: Example 2: The ratio of estimated and true error in the H'(Q)-
norm for various powers a indicating the smoothness of the solution.

Naturally the ratio of the estimated and true error for the projecting error
estimate is the most interesting value in the test, see Figure 4.13. Analo-
gously to Example 1 in Section 4.4 the ratio of the estimated and the true
error seems to converge to a specific limit but the value of this limit depends
on the smoothness of the solution u. For the case a > % tested by a = 1.00
and a = 0.75 the approximations from the expansion V;, by polynomials of
order 2 have a higher convergence order to the solution u than the approxi-
mations u, from the space V. Yet the convergence order will not be equal
to 2 as the solution does not belong to the Sobolev space H?({2) but it is
greater than one. Therefore (up, upy)p>o is saturated for the solution u with
saturation bound 0. This is the reason why the ratio of true and estimated
error converges to the limit ~ 0.577 that appeared before in Example 1. The
situation changes if the value of a is less than % For a = 0.25 or a = 0.1
the saturation bound is not equal to zero since the addition of piecewise
polynomials of order two to the approximation space V}, cannot improve the
convergence order for ~ — 0. The projecting error estimate becomes more
inaccurate as predicted in Corollary 2. The actual value of the saturation
bound cannot be determined by a practical calculation as it is very expensive
to modify the VECFEM code to solve the discrete variational problem on
Vi
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Figure 4.14: Example 2: True errors in the H(Q2)-norm by the optimal
stopping criterion relative to the true errors in the H'(£2)-norm when using
accuracy TOL = 10710,

In a second test the optimal stopping criterion (2.117) is investigated. The
calculation is repeated with the optimal stopping criterion set to A = 0.075.
Figure 4.14 shows the ratio of the true errors when using the optimal stopping
criterion and using the high accuracy of TOL = 107!, As seen in this figure
the ratio is in the order of one. That means that the errors for the solutions
computed with a high accuracy and with the optimal stopping criterion have
nearly the same value. For ¢ = 1 and a small mesh size the ratio increases
up to 1.4 since the optimal stopping criterion prevents VECFEM to execute
the next Newton-Raphson step. When applied in practice this deviation is
acceptable. Further refinement of the mesh would admit the execution of this
additional iteration step. This could not be tested since the needed number
of elements exceeds the limit of the available I-DEAS installation.

Figure 4.15 shows the ratio of the CPU-time using the optimal stopping crite-
rion and the high accuracy of TOL = 10~'° on a Fujitsu VPP300. For both
calculations the zero function is the initial guess for the Newton—Raphson
iteration. Although the evaluation of the optimal stopping criterion requires
the assemblage of a second right hand side in every iteration step the usage
of this criterion saves more than 60% of the computing time. Naturally it is
questionable whether an accuracy TOL = 107'° is reasonable. Moreover the
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Figure 4.15: Example 2: Computing time when using the optimal stopping
criterion relative to the computing time when using accuracy TOL = 1010,

implementation is not optimal and therefore the actual profit may be less.

4.6 Example 3: Structural Analysis

To illustrate that the projecting a—posteriori error estimate works also for
systems of boundary value problems the equations of the linear elasticity are

examined, e.g. see Dawe [29], Zienkiewicz [68]:

The displacement u = (uy, ug, uz) of a linear elastic body  under the ac-
tion of internal and external forces is determined. The vector £(u) of the

(linearized) strains is defined by

e(u) = (e1(u),e2(u),e3(u), y2(u), v23(u), v13(u))
8u1 8uz a’u?, 8u1 8u2 8u2 8u3 8u1 +8u3

= (al’l, alb'g, 8273, 6372 33:1’ alb'g alb'g, alb'g a.ﬁUl

For linear elastic and isotropic material the stress vector

o(u) := (o1 (u), oa(u), o3(u), T12(u), 723(w), T13(u))
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is calculated from the strain vector £(u) by Hooke’s law:

O'l(u) = 011 51(U) + 012 62(U) + 012 53(U)

O'QEU; = glg €1EU; + gn €QEU; + gu €3EU;

o3 U = 12 €1(u) + Chg e2(u) + Chq €31

ma(u) = Cus 1o(w) (4.12)
To3(u) = Cug Yo3(u)

mi3(u) = Cu 713(u) .

The parameters Cy;, Ci2 and Cy4 are material constants depending on the
modules of elasticity and Poisson’s ratio. In this example it is set C; = 1,
Cio = % and Cyy — i corresponding to the non—dimensionalzed modelling of
steal. The stress vector has to fulfil the equilibrium condition

oy (u) 0112 (1) 0713 (1)

81'1 + 8x2 + 81'3 B fl - 0
87'12 (U) 80'2 (U) 87'23 (U) . . 4.13
a.ﬁUl + alb'g + 0x3 f2 =0 ( )
0113 (1) O0To3 () dos(u) fo= 0

aib'l + 8:62 * 81'3

The function f = (f1, f2, f3) denotes the vector of internal forces (e.g. grav-
itation). Via the equations (4.10) and (4.12) the equilibrium condition is a
system of three partial differential equations of order two for the sought dis-
placement u. To make the solution of the equilibrium condition (4.13) unique
boundary conditions have to be set. Boundary conditions for the stress intro-
ducing external surface loads are boundary conditions of the Neumann type.
Restraint conditions prescribing values for the displacement are boundary
conditions of the Dirichlet type.

The weak formulation of the boundary value problem arising from the equi-
librium condition (4.13) and the boundary conditions is given in the following
form: Set

V= {('Ul,UQ,Ug) € HI(Q)B | ’U1|F1 = 0,U2|F2 = 0,'U3|F3 = 0} . (414)

The sets , 1,, 2,, 3 C 02 denote the locations of the restraint conditions for
the displacement. The sought solution v € V is given by the variational
problem

/Q( o1(u)e1(v) + oa(u)ez(v) + o3(u)es(v) +

Ti2(u)112(v) + Ti3(u)113(v) + Tas(u)ye3(v) +
fivi + fove + favs) do

+ /(,m(pﬂh + pave + p3v3) d, =0

(4.15)
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for all v € V. The function p = (p1, pa, p3) : 92 — R? describes the surface
loads. If , { =, 5 =, 3 has a positive surface measure it can be shown by
Korn’s inequality that the operator on V' C H'(Q)? involved in the varia-
tional problem (4.15) is well-posed, see Fichera [35].

The domain of the test problem is the tetrahedron with a unit triangle as
base-surface and height 1.5. The tetrahedron has been rotated in a way that
it is standing on the vertex with the most acute degree and this vertex is
the origin, see Figure 4.16. Triangulations were generated by I-DEAS [44].
At the point (0,0,0) the mesh size is the fourth part of the mesh size at
the opposite face. The displacements u; and wu, are prescribed to be zero
at all vertices of the tetrahedron. The displacement w3 is only prescribed at
the origin. The internal force f and the surface load p are set by the given
displacement

Uy = £U1(15 — £U3)
us = 1—e".

Figure 4.17 shows the convergence of the true errors to zero for decreasing
mesh size. The ratio of estimated and true error shown in Figure 4.18 seems
to converge to a value in the order of 0.65. Therefore the projective error
estimate is equivalent to the true error for the solution of systems of boundary
value problems as well. As one has already realized in the foregoing examples
the projecting error estimate underestimates the true error. The corrective
factor seems lightly to deviate from the known value 0.577.

4.7 Example 4: Navier-Stokes Equations

The velocity field v := (uy,us) of an incompressible Newtonian fluid in
a domain €2 is the solution of the Navier-Stokes equations. In the non-—
dimensionalized formulation this is a system of three partial differential equa-
tions:

—Au+ R(uT -V)u—Vp = f

T — 0 (4.17)

on the domain €2. The unknown function p : 2 — R denotes the pressure.
R, is called the Reynolds number. The function f = (f1, f2) describes an
internal load working on the fluid. For both velocity components Dirichlet
boundary conditions are set on the total boundary 0f2 of the domain 2. As
the pressure is unique apart from a constant a norming condition for the
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Figure 4.16: Example 3: Tetrahedron standing at one of its vertices.
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Figure 4.17: Example 3: The true error in the H'(Q2)*-norm.
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Figure 4.18: Example 3: The ratio of estimated and true error in the H'(€2)3-
norm.
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pressure has to be set, e.g.
/pd:v:(). (4.18)
Q

Surveys on the numerical solution of the Navier-Stokes-equations by finite
elements are given by Gunzenburger [42] and Chung [23] and a mathematical
analysis is given by Girault [37].

The weak formulation of the Navier-Stokes equation (4.17) is given by the
non-linear variational problem: find (u,p) € X x Y with

vy, Ouy Juy Oy
/Q (3—361(8—351 +p) + v (Re(ula—xl+u28—m)_fl) +
Ovy  Ous Ouy Ouy
vz (T2 U2 |, 22y 4.1
8x2(8x2 +p) + v (Re(ulaxl + UanZ) f2)  + (4.19)

81)1 81)2 8u1 8u2 8u1 8u2 .

for all (v,q) € X x Y. The vector space X x Y is defined by

Y = {qge H'Q) | /Qq dr = 0} (4.20)

and
X := {ve HYQ)? | vi]sq = va]on = 0} . (4.21)

The variable ¢ in the variational problem (4.19) is the Lagrangean multiplier
to consider the continuity condition V7 - u = 0.

For Reynolds number R, = 0 the problem becomes a linear variational prob-
lem called Stokes problem. Using the well-known analysis of saddle—point
problems it can be shown that the operator involved in the variational prob-
lem of the Stokes problem is well-posed, see Brezzi [21]. Unfortunately the
construction of suitable finite element approximation spaces is more diffi-
cult than for the previous examples. The selected spaces have to fulfil the
Ladyzhenskaya-Babuska-Brezzi (or LBB) condition to ensure that the dis-
crete operator is well-posed, see Brezzi [21]. Typically the approximation
order of the pressure has to be one order less than the approximation order
of the velocity. The general variational problem (4.19) has an unique solu-
tion for sufficiently small forces f and sufficiently small Reynolds numbers
R, only. In this case the properties of the Stokes problem are also valid. For
larger forces or greater Reynolds numbers special solution techniques have
to be used when solving the Navier-Stokes equations.

The test domain is the channel [0, 3] x [0, 1] of length 3 and height 1. The
force f is selected in such a way that the exact solution of the Navier-Stokes
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pressure element B velocity elements

Figure 4.19: Example 4: Macro—element for pressure approximation.

equations is given by

_ W
Uy = 8—302
- o (4.22)
0xq
p = 0

where the stream function ¢ is defined by

D, 79) = (%)4 (1 (3 —21) 2 (1 — 19))2 . (4.23)

From the definition it is evident that the selected velocity w fulfills the con-
tinuity condition VT - u = 0 and the boundary condition u|gn = us|sq = 0.
The treated problem does not describe a physical fluid (as the channel has
only walls and there is no inlet or outlet) but it is a test problem.

For the approximation of the velocity polynomials of order one are used.
The pressure is approximated by piecewise constant polynomials on macro—
elements composed by six elements that are used for the velocity approxi-
mation, see Figure 4.19. In the discretization the norming condition (4.18)
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Figure 4.20: Example 4: The true error of the velocity in the H'(Q)*-norm
for various Reynolds numbers.

for the pressure is replaced by a Dirichlet type condition at a single node in
the interior of the domain. For the projecting error estimate the approxi-
mation space is expanded by Taylor-Hood elements (or P, — Pj-elements).
They use quadratic polynomials for the velocity and linear polynomials for
the pressure on the same element, see Cuvelier [1]. For smooth solutions
(u,p) the approximation has the convergence order 1 and the approximation
space for the error estimate produces a convergence order of at least order 2.
Therefore the pair of approximations by macro—element approximations and
by the extension with P, — Pj-elements is saturated for (u, p) with saturation
bound 0 in the sense of Definition 2.

Figure 4.20 shows the dependence of the true error of the velocity components
u = (uy,uz) in the H'(2)?-norm on the mesh size for various Reynolds num-
bers. The error of the pressure in the H°(Q2)-norm is shown by Figure 4.21.
The true errors are independent of the Reynolds number (as the selected
values for the Reynolds number are small). Reynolds numbers greater than
10 could not be tested as then the iterative methods in VECFEM did not
converge. More interesting for the discussion is the behavior of the ratio of
estimated and true errors for the velocity u which is shown in Figure 4.22 and
for the pressure p which is shown in Figure 4.23. For the velocity components
the H'(2)>-norm and for the pressure the H'(2)-norm is used. Indepen-
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Figure 4.21: Example 4: The true error of the pressure in the H°(Q)-norm
for various Reynolds numbers.
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Figure 4.22: Example 4: The ratio of estimated and true error of the velocity
in the H'(Q2)?-norm for various Reynolds numbers.
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Figure 4.23: Example 4: The ratio of estimated and true error of the pressure
in the H°(Q2)-norm for various Reynolds numbers.

dently of the Reynolds number the ratios for the velocity converge to a value
in the order of 0.577 which is known from the previous two dimensional ex-
amples. The ratio of estimated and true error of the pressure converges to
one. The reason for that is that another interpolation operator and another
norm for the pressure like for the velocity components is used. However, this
example shows that the projecting error estimate applied to saddle—point
problems is also equivalent to the true error in the sense of Definition 3.

The optimal stopping criterion (2.117) is investigated. Figure 4.24 shows the
ratio of the true error of the velocity u when using the optimal stopping cri-
terion and a high accuracy TOL = 1078, Similar to Example 2 in Section 4.5
the ratio is in the order one. This demonstrates that the optimal stopping
criterion works in an optimal manner. Figure 4.25 shows the ratio of the
CPU time when calculating the solution with the optimal stopping criterion
and the high accuracy on a Fujitsu VPP300. The saving of computing time
is greater than 80%.
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Figure 4.24: Example 4: True error of the velocity u in the H'(Q)%-norm by
the optimal stopping criterion relative to the true error in the H'(Q2)?-norm
when using accuracy TOL = 1078,
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Figure 4.25: Example 4: Computing time when using the optimal stopping
criterion relative to the computing time when using accuracy TOL = 1078.
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Chapter 5

Conclusions

A general theory of a—posteriori error estimates for variational problems has
been presented. The theory can be applied to non-linear well-posed varia-
tional problems. The basic idea is that a better solution approximation can
be calculated by expanding the original approximation space V}, to a larger
space Vjy =V, @ V°. The analysis includes the hierarchical error estimate
which solves the error equation in V)¢ and the inflating error estimate which
solves the error equation in the total expansion Vj,. In addition to these
well-known error estimate techniques a new a—posteriori error estimate was
derived from this general framework. It is called projecting error estimate
since an approximation of the error is computed from the space V},. Theo-
rem 4 shows that all three error estimates are equivalent to the true error,
i.e. they have exactly the same convergence order for decreasing mesh size
like the exact error.

Moreover in Theorem 3 a stopping criterion for any iterative procedure to
solve the non-linear discrete variational problem has been suggested. Bal-
ancing the discretization error and the stopping error ensures that the con-
vergence order of the returned approximation towards the sought solution
is optimal. The presented examples have shown that more than 60% of the
arising computing costs can be saved by using this stopping criterion when
the total error of the return approximation has to be minimal for the given
FEM mesh and quadrature scheme. Under this condition the discrete varia-
tional problem can only be solved with a high accuracy as a—priori the size
of the discretization error is unknown.

The projecting a—posteriori error estimate has been applied to the finite el-
ement method basing on the addition of higher order polynomials to the
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original approximation space. Theorem 14 proves that the projecting error
estimate for the FEM is equivalent to the true error in the sense of Defini-
tion 3. The proof has been given for a non-linear model problem but the
results are valid for other elliptic variational problems and can be extend
to saddle—point problems. The projecting error estimate considers the in-
terpolation error as well as the error from numerical integration. Reusing
the stiffness matrix which is available from the non-linear solver the cal-
culation of the projecting error estimate is very cost—effective. It is always
well-defined independently of the variational problem dealt with, no mat-
ter if it is linear or non—linear. This property in addition to the fact, that
there are no specific conditions to the used FEM meshes, are the advantages
of the projecting error estimate compared to other estimate techniques. As
no deepened knowledge on the variational problem and no adapting are re-
quired the projecting error estimate is perfectly suitable for the application
in black—box solver software for partial differential equations like VECFEM.

The presented two and three dimensional examples have confirmed the the-
oretical results for a FEM approximation by piecewise linear polynomials
estimated by piecewise quadratic polynomials. The variety of the examples
has shown that the projecting error estimate works for the analyized model
problem as well as for other elliptic and saddle—point problems. It turned
out that for most problems the true error is underestimated with a factor
in the order of 0.577 ~ ? (in particular for two dimensional problems, for
saddle—point problems the factor holds for the components approximated
from H'(Q)). As the theoretically obtained bounds for the ratio of esti-
mated and true error (see inequality (3.165)) contain unknown constants it
is not possible to verify this factor. Under- and overestimating of the true
errors can be observed by other a—posteriori error estimate techniques, see
Babuska [6, 8], Bank [16, 53], Duran [32], Rodriquez [54]. The extensive
investigation of some known a-posteriori error estimates by Babuska [12]
considering many problem parameters shows that underestimating by factor
0.577 is in the usual range of other error estimates.

The bounds for the ratio of estimated and true error for the projecting error
estimate given in Theorem 3/Corollary 2 depend on the smoothness of the
solution, the mesh quality and the condition number of the involved opera-
tors. But the examples have shown that only the smoothness of the solution
influences the quality in a significant manner. However, for linear FEM ap-
proximations the results of the projecting error estimate based on piecewise
quadratic polynomials and corrected by the factor 1.5 give a safe, reliable
and robust estimate of the true error with a wide range of applications.
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Appendix A

List of Notations

Sorted by appearance in the thesis.

FIK] (range of f) oo (2.1), page 14
flx (restriction of fto K) ... (2.2), page 14
go f (chainof fand g) ........ ... (2.3), page 14
Iy, I (identity operator on V) ..., (2.4), page 14
(VL ]I.]) (Banach space) ............ooiiiiiiiiiii i page 15
L(V,W) (continuous, linear operators) ...............ccoooeuien.... page 15
|- lzevwy (morm in L(V,W)) oo (2.6), page 15
L~ (inverse operator of L) ..........ooiiiiiiiiiiniinaian.. (2.8), page 15
V* (dual space of V) ... (2.9), page 15
<v,F> (valueof FeV*forveV) .................... (2.10), page 15
I|F ||y« (dual norm) ... (2.11), page 15
Fy (operator with additional load f) ....................... (2.20), page 17
Vi, (finite dimensional subspace of V) .............. ... ..., (2.29), page 19
F}, (non-linear operator in V) ..., (2.30), page 19



lek) (iteration isomorphism in Vj) ...l (2.40), page 21

" = {l}iz1 g (basis of vector space Vi) ................. (2.35), page 20
Gy, (approximation of wy) ... (2.41), page 21
ep = U — Up, (LTUE ITOT) ..ottt e (2.51), page 24
Vit (extension of Vi) ..o (2.52), page 24
Fyy (non-linear operator in Vi, 4 ) oo, (2.53), page 25
ro, 7 (saturation bound for (up, upt)) «ovoviiiii i, (2.54), page 25
7o, 7p (saturation bound for (Gp, upt)) «ovoovoioii L. (2.58), page 26
Nhe = Upy — Uy (error estimate) ..., (2.76), page 29
Ly, (iteration isomorphism in Vi) ... oL, (2.82), page 30
n! (inflating error estimate) ................ccooiiiiiiiii., (2.83), page 31
V5 (finite dimensional space for error estimate) ............. (2.84), page 31
Ly (isomorphism on V) ..o (2.84), page 31
Jh+ (joining operator from V3 into Viy) «oovvviiiiintt (2.84), page 31
N7, (general error estimate) ..............c.oiiiiii. (2.84), page 31
V¢ (added components to V3,) ... (2.87), page 32
nf! (hierarchical error estimate) .................ccooiiiiiiiiiiiin.. page 32
nt (projecting error estimate) ................iiiiiiiiiiiiiii. page 33
J;, (left hand side inverse operator of Jp) «.oovvviniii... (2.92), page 33
Ky, (deflection in the Pythagorean equation) ................ (2.97), page 34
|z| (Euclidean norm of vector ) ............ccocoviiiiii... (3.1), page 46
|B|, det(B) (norm, determinant of the matrix B) ............ (3.2), page 46
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S(x,0) (ball with radius § and centre ) ..................... (3.4), page 46

cd(K), int(K), OK (closure, interior, boundary of K) .............. page 46
hx (radius of smallest ball in K) ................coco... (3.5), page 46
pr (radius of biggest ball containing K) ..................... (3.6), page 46
U (affine transformation) ............ ... i, (3.9), page 47
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