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Abstract

The coupled RELAPS/PANBOX code has been developed for the analysis of postulated nuclear plant
accidents which lead to significant changes in core reactivity and power distribution. The simple point
kinetics model in RELAPS is replaced with the core simulation program PANBOX, by using a general
interface routine for RELAP developed at Siemens. Instead of the simple point kinetics model,
RELAPS5/PANBOX now solves the time dependent, three-dimensional multigroup diffusion equations to
simulate the reactor core. With the new code, transients in which local or asymmetric reactivity
contributions are important can now be more accurately analyzed. In order to be able to identify such
transients, the option has also been created to examine reactivity contributions from separate physical
effects. In particular, the reactivity contribution of the redistribution of the neutron flux can now be
calculated. When this contribution is relatively large, it is necessary to use a three-dimensional neutron
kinetics model.

The main goal of this work was the development of a dimensionally adaptive neutron kinetics algorithm,
that automatically and adaptively switches between three-dimensional, one-dimensional, and point kinetics
models. In order to develop this algorithm, it was first necessary to develop point- and one-dimensional
models that were consistent with the three-dimensional model. The point kinetics model which was
implemented was taken directly out of the literature. Perturbation theory is used to calculate the core
reactivity more accurately, and is formulated using the nodal expansion method (NEM) solution of the
three-dimensional flux. The continuous form of the one-dimensional model is, similar to the point kinetics
model, derived from the factorization of the three-dimensional flux into a shape function and a one-
dimensional amplitude function. The three dimensional neutron diffusion equations are then integrated over
the plane perpendicular to the reactor axis. The resulting one-dimensional differential equations are then
discretized with the NEM. Correction factors, which resemble the well-known heterogeneity or
discontinuity factors, are defined in order to hold the one-dimensional solution equivalent to the three-
dimensional solution.

The three-dimensional and one-dimensional models, and also perturbation theory, are closely tied with the
NEM solution. It is therefore necessary to discuss the theoretical foundations of the NEM. Therefore, the
consistency of the NEM is proved, and stability criteria for the different kinetics models are developed.

Criteria for activation of the different kinetics models are also derived. The criteria for switching from the
three-dimensional to the one-dimensional model and from the one-dimensional to the point kinetics model
are determined with the time variation of the shape function. The criteria are motivated from the fact that
the one-dimensional and point kinetics models are derived from the three-dimensional model using the
adiabatic quasi-static approximation. The time variation of the shape functions can not be accurately
determined during time periods in which a lower dimensional models is active. For this reason, the
reactivation of the three-dimensional model is triggered by different complementary criteria. One criterion
is determined from the extrapolation of the last known time derivative of the shape function. An error
estimation procedure, adapted from those used for finite element methods for the NEM, is also derived.
Additional criteria are developed which are based on the reactivity and absolute changes in the reactivity.

Example calculations have shown that the adaptive algorithm produces satisfactorily accurate results, with
from 30% to 70% less computation time then reference cases calculated with only a three-dimensional
model. The transients which were used as examples were all characterized by a relatively large
redistribution of the neutron flux. The dimensionally adaptive algorithm would likely use even less
computation time for transients with less flux redistribution. The results generated by the adaptive
algorithm were all slightly shifted in time in comparison to the reference calculations. If these shifts in time
are tolerable, then the adaptive algorithm can be considered to deliver very accurate results.




Ein effizientes und in den rdumlichen Dimensionen adaptives
Verfahren fiir neutronenkinetische Berechnungen im Rahmen
von Reaktorsicherheitsanalysen

Zusammenfassung

Das gekoppelte Rechenprogramm RELAPS/PANBOX ist fiir die Analyse von postulierten Stérfillen in
Kernkraftwerken entwickelt worden, die zu signifikanten Reaktivititsdnderungen und Leistungsumvertei-
lungen im Reaktorkern fithren. Uber eine allgemeine von Siemens fiir RELAPS entwickelte Schnittstelle ist
im Rahmen dieser Arbeit das einfache punktkinetische Modell von RELAPS5 durch den Kernreaktorsimula-
tor PANBOX ersetzt worden. Statt des einfachen punktkinetischen Modells 16st jetzt RELAP5/PANBOX
die zeitabhingige dreidimensionale Mehrgruppen-Neutronendiffusionsgleichung zur Simulation des Reak-
torkerns. Mit diesem Rechenprogramm koénnen jetzt Storfdlle, in denen lokale oder asymmetrische Reakti-
vitdtsbeitrdge wichtig sind, genauer analysiert werden. Um solche Storfille identifizieren zu konnen, ist
auch die Moglichkeit geschaffen worden, einzelne Komponenten der Reaktivitit zu untersuchen. Insbeson-
dere kann der Reaktivititsbeitrag der Umverteilung des Neutronenflusses berechnet werden. Wenn dieser
Beitrag relativ grof} ist, dann ist ein dreidimensionales neutronenkinetisches Modell notwendig.

Das Hauptziel dieser Arbeit war die Entwicklung eines dimensional-adaptiven Kernmodells, das zwischen
dreidimensionalen, eindimensionalen und punktkinetischen Modellen automatisch umschalten kann. Um
das Verfahren zu realisieren, mufiten zuerst punkt- und eindimensionale neutronenkinetische Modelle ent-
wickelt werden, die mit der dreidimensionalen Losung iibereinstimmen. Die hier implementierte Version
des punktkinetischen Modells konnte direkt aus der Literatur iibernommen werden. Die Stérungstheorie, die
verwendet wird, um die Reaktivitit genauer zu bestimmen, basiert auf der Lésung des dreidimensionalen
Flusses mit der Nodalen Entwicklungs-Methode (NEM). Die stetige Form des eindimensionalen Modells
ist, dhnlich wie beim punktkinetischen Modell, durch die Separation des dreidimensionalen Neutronflusses
in eine Formfunktion und eine eindimensionale Amplitudenfunktion gewonnen worden. Die dreidimensio-
nalen neutronenkinetischen Diffusionsgleichungen werden dann iiber die Ebene senkrecht zur Reaktorachse
integriert. Die resultierenden eindimensionalen stetigen Gleichungen werden weiter mit NEM diskretisiert.
Korrekturfaktoren, die den schon bekannten Heterogenitits- oder Diskontinuitdtsfaktoren dhneln, werden
definiert, um die eindimensionale Losung dquivalent mit der dreidimensionalen Losung zu halten.

Dreidimensionale und eindimensionale Modelle und auch die Storungstheorie sind eng mit NEM verbun-
den. Es ist deshalb erforderlich, die theoretischen Grundlagen von NEM zu erértern. Insbesondere wird die
Konsistenz von NEM hier bewiesen; auch sind Stabilititskriterien fiir die verschiedenen kinetischen Mo-
delle entwickelt worden.

Kriterien zur Aktivierung der verschiedenen Modelle sind auch entwickelt worden. Die Kriterien zur Um-
schaltung vom dreidimensionalen auf das eindimensionale Modell bzw. vom eindimensionalen auf das
punktkinetische Modell werden durch die Formfunktionen festgelegt. Die Kriterien ergeben sich daraus, daf3
eindimensionale und punktkinetische Modelle durch die quasi-statische adiabatische Néherung aus der
dreidimensionalen Losung abgeleitet worden sind. Wihrend der Zeit, in der eine niedrigdimensionale Lo-
sung aktiviert ist, kann die Zeitableitung der entsprechenden Formfunktion nur ungenau bestimmt werden.
Deshalb kann die Wiedereinschaltung des dreidimensionalen Modells von verschiedenen sich ergidnzenden
Kriterien ausgeldst werden. Ein Kriterium wird durch die Extrapolation der letzten bekannten Zeitableitung
der Formfunktion bestimmt. Auch ist ein Fehlerschitzer entwickelt worden, der von der Finiten Elemente
Methode auf NEM adaptiert wurde. Zusétzlich sind Kriterien entwickelt worden, die auf absoluten und re-
lativen Anderungen der Reaktivitét beruhen.

Beispielrechnungen haben gezeigt, dal das adaptive Verfahren ausreichend genaue Ergebnisse liefert, und
zwar mit 30% bis zu 70% weniger Rechenzeit. Die Storfille, die als Beispiele benutzt worden sind, werden
alle durch eine relativ groBe Umverteilung des Flusses charakterisiert. Fiir Storfdlle mit geringerer Umver-
teilung werden die Rechenzeiten vermutlich noch kleiner. Die Ergebnisse, die mit Hilfe des adaptiven Ver-
fahrens gewonnen werden, werden im Vergleich mit dreidimensionalen Referenzrechnungen meist zeitlich
etwas verschoben. Sind diese Verschiebungen tolerierbar, kénnen die Ergebnisse des adaptiven Verfahrens
als sehr genau betrachtet werden.
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III. Notation
Lowercase Roman

m m m m ; $ g ieanti
ewr Cogr Vi Ay — NEM flux expansion coefficients, for group g, direction u, and node

m
aj — the dimension of the node with index m, parallel to the u axis, u € {x,y,z,&,7,6}
?L, d'gf’R — heterogeneity (‘discontinuity’) factors for node m, group g

€ — absolute error in the flux

fg’”‘, Jfg/,'? — correction factors to force equivalence between 1-D and 3—-D NEM for node of

index m, group g
j,;;?l —3-D model face averaged negative partial current of group g, on the nodal face O7.
J g*;,i” —3-D model face averaged positive partial current of group g, on the nodal face @7
¢t — time
¥— position vector in 3-D space
s; — eigenvalues of the matrix under discussion for the stability analysis
v — velocity for neutron group g
X, y — Cartesian coordinates perpindicular to z
z — axial coordinate

Uppercase Roman

A — matrix operator used for stability analysis
A — combined neutron absorption and scattering operator,

APGE, 1) = 2,G,E,0¢,F,E, 1) — f S,F,E — E,0¢C,E', )dE’
0
A, — A for steady—state calculation

Ag, Ay — the multigroup form of A and 4,

B, — radial buckling coefficient for the axial kinetics model
B, By, By — matrix operators used for the stability analysis
C(At) — amplification matrix used for the stability analysis
C; — precursor amplitude function for precursor group i

C/— C; at time step j

i
Cf K _ precursor amplitude for the point kinetics equations

ct  cL

Tew Cogw cL ., CL — coefficients of the NEM outgoing partial current equation for the

3gu’ “dgu




3-D model, for group g, direction «, on the left side of the node (node index m is

suppressed)
Clews Chor Cgr Chigy, — as above, for right side of the node

Cierr Cogrs Cgrr Cagrs Cigrr Cogry Cagrr Cagr — coefficients of the NEM outgoing current

equations for the 1-D model, see Appendix C.
D — matrix operators used for the stability analysis
D7 - homogenized diffusion coefficient for the node of index m and energy group g

E — energy
Fg’g, — fission source operator for the node of index m, which gives the source of fission
N,
neutrons in group g from a flux of neutrons in group g, F ?g, = Z x{;vfzgi’
j=1

G — matrix operator used for the stability analysis
H- matrix operator used for the stability analysis
I - the unit matrix

J ez

Jg“zl’”, J;;lm— 1-D model average negative and positive partial currents of group g, on the left

face of the node of index m
e J ;Z,'”— 1-D model average negative and positive partial currents of group g, on the right

J é';z — continuous partial currents of the one—dimensional axial kinetics model

face of the node of index m
L — neutron diffusion operator Lo, E,t) = V - DG, E, OV, E, 1)
L, - L for steady—state calculation
L(At)
N — matrix operator used in stability analysis
N, — envelope function or ‘axial flux’ of energy group g for 1-D model
N7 - the average of N, for plane m of the axial grid m € (1,...,N,) in the 1-D NEM model
N —number of nodes in the 3—-D NEM discretization of S
Ng — number of energy groups
N; — number of neutron precursor groups
Ny —number of fissible isotopes in the core
N, — maximum number of nodes in the x direction
Ny — maximum number of nodes in the y direction
N, —number of nodes in the z direction
P —neutron amplitude function for the point kinetics equations

PJ - P at time step j
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P(At) — matrix operator used in stability analysis

Ny
P — neutron production operator, PO(F, E, 1) = Z 2XE) ] VZJ{(?, E' 0¢G E', O)dE'
j=1
P, — P for steady state calculation
Q(At) — bounded matrix used in the stability analysis
R — matrix operator used in stability analysis
R - the space of real numbers
S — the boundary of V
T — total diffusion or transport operator T=P-A-L
T, — T for steady-state calculation

TID  T.D. ~ user-requested minimum and maximum 1-D model integration time

TPK  TLK, — user-requested minimum and maximum PK model integration times
W — weight function

W, — weight function for energy group g

Wic— weight function for the precursor concentrations in the axial 1-D model

V — the domain of the neutron diffusion equation: the core and the reflector

Vi — an axial partition of V consisting of all the nodes £2 in one axial plane, m € (1,...,N,)

Lowercase Greek

P — total delayed neutron precursor fraction for the point kinetics equations
B;— delayed neutron precursor fraction for precursor group i for the point kinetics equations

B IJ — delayed neutron precursor fraction for precursor group i and isotope j

N, _
= Bl
i=1

y? l;’ ~ prolongation factor of the nodal face—averaged current for the node of index n, group
g, on the right side of the node in the z direction, prolonged from time 7 to ¢

y?’g — prolongation factor of the nodal face—averaged current for the node of index », group

g, on the left side of the node in the z direction, prolonged from time # to
0p 4 by d calculated change in reactivity due to changes in flux shape, leakage, and

normalization
30 ppm> 0P s S0 mts OP yp> O pmer — c@lculated changes in reactivity from changes in boron

ppm, fuel temperature, moderator temperature, moderator density, and other effects
0P pomag> OP s OP midgy OP man g OP oierng — higher order calculated changes in reactivity
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from the related effects and changes in flux shape, combined
o — spectral radius of a matrix
€ — user—specified tolerable global error

LD—=3D _ yser-specified tolerable global error for switching from lower dimensional model

€

to 3—~D model
€; — user—specified tolerable local error
g, — relative error in the flux

n — the coordinate within a node parallel to the y axis, normalized by a}’
6 « — vector of phase angles of mode & for the local mode stability analysis

6, the uth [with u € {x, y, z}] component of 6  With the & index omitted

% — the position vector of the node m, in terms of discrete co—-ordinates:
Km = (i,jk) € (1..Ny, 1..Ny, 1..N})

A — eigenvalue of the stationary solution of the neutron diffusion equation

A; — decay constant of neutron precursor group i

1/ — number of neutrons released per fission for isotope j
& — the coordinate within a node parallel to the x axis, normalized by ay’

& f K _ precursor shape function of precursor group i for the point kinetics equations

& }D ~ precursor shape function of precursor group i for the axial kinetics equations

£ Z,- — amplitude of the kth mode of the ith precursor group at time step » for the local mode
stability analysis

p — reactivity, p, — reactivity from steady—state calculation

P max — Maximum absolute reactivity at which lower dimensional models can be active

¢ — the coordinate within a node parallel to the z axis, normalized by a7’

¢ — neutron flux

¢ ¢ — neutron flux of energy group g

¢% —nodal averaged flux in node m for energy group g

@ — polynomial expansion of the 3-D flux for energy group g and the node of index m, in

the local normalized coordinates of the node.

Xig ~ fraction of neutrons born through fission in group g from fissionable isotope j
4 Zig ~ fraction of neutrons born in fission group g from precursor group i
X keLu™ amplitude of the kth mode of the gth group of the partial currents on the left side of

each node in the direction u
X koRu — amplitude of the kth mode of the gth group of the partial currents on the right side
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of each node in the direction u
1y — flux shape function
Y — flux shape function from steady—state calculation

2/)2,) K _ flux shape function of group g for the point kinetics model
3P — flux shape function of group g for the axial kinetics model
1,5:8 — amplitude of the kth mode of the gth group of the flux at time step » for the local mode

stability analysis
o™ — dynamic frequency found from the exponential transform method

Uppercase Greek

I’ — surface integral for perturbation theory calculations of the reactivity
I

&l
prolonged from time # to 4

r Z l;’ — prolongation factor of the nodal face-averaged flux for the node of index », group

~ prolongation factor of the nodal averaged flux for the node of index n, group g,

&, on the right side of the node in the z direction, prolonged from time # to

I g’l']' — prolongation factor of the nodal face—averaged flux for the node of index n, group
&, on the left side of the node in the z direction, prolonged from time 4 to 4

At — time step size, At =t — ¢,

AA,AL, AP, AT — changes in A,L,P,T since the steady—state calculation

AA ppmy AL iy AP ppr, — the respective contributions to 44,4L,AP from changes in boron

concentration
AAﬁ, ALﬁ,APﬁ ~ the respective contributions to 44,4L,AP from changes in fuel

temperature
44, AL, AP, — the respective contributions to 44,4L,AP from changes in moderator

temperature
4A,, AL, AP, ;— the respective contributions to 4A4,4L,AP from changes in moderator

density
AA e AL oo AP oner — the Tespective contributions to 4A,4L,AP from other changes

4p 4 ¢ — first order change in reactivity due to change in flux shape

Ap 4r— first order change in reactivity due to change in the operator T
4p 4744 — higher order changes in reactivity due to changes in both the flux shape and T

Apy, — change in reactivity due to a change of the normalization factor

Ap ™ — maximum change in reactivity when reactivity is positive before reactivation of the

ix




3~-D model

4p ~ - maximum change in reactivity when reactivity is negative before reactivation of the
3-D model

A — neutron lifetime

I - prolongation factor for the node averaged precursor concentration of node index »,

n
ip
precursor group i, from time #, to 7,

27, — homogenized macroscopic removal cross section of node m and energy group g

2 Z’g, — homogenized macroscopic scattering cross section of node m, for neutrons scattering

from energy group g’ to g

2};’7 — homogenized macroscopic fission cross section of isotope j, node m, and for neutrons

of energy group g,

2 — cross sections of the one dimensional model, see definitions (5.17)

@7~ the face of node £ perpindicular to # € {&,#,&}, on the left side (u=0) of the node

O’ — the face of node 2" perpindicular to u € {&,7, &}, on the right side (u=1) of the node

@7’ — polynomial expansion of the 3-D flux for energy group g and the node of index m
in the coordinates of V

¥, — transverse integrated 1-D nodal expansion function of the neutron flux, for energy
group g, and direction u € {x,y,z,§,7,¢}

W2 — 1-D nodal expansion function for the neutron flux of the axial kinetics model, for group
g and axial level m

'IJZ’I, W7 — values of W' at the left (#=0) and right (»=1) hand sides of the axial level of index
m

Q= (@4,..,0M, {Q™ C §,m € I, 1 < m < N} the set of N nodes into which S is
partitioned.

0™ — the node of index m in the set 2

Q7 — the member of £ which neighbours £ on side ui

Other Definitions

ot

( de )PK
ot

Q

1D 1D
(95) , (-‘3—‘:—) — estimated rates of global and local error accumulation for the 1-D model
L
de
“\at

PK
( )G — estimated rates of global and local error accumulation for the PK model

Q




Additional Superscripts

* — adjoint

h — an approximation to the function without the / subscript
3D — quantity from the reference 3D calculation

AML — quantity from a calculation with the adaptive algorithm
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1. Introduction

A major task in the safety analysis of nuclear power plants is the simulation of postulated
accident scenarios. These scenarios hypothesize undesired disturbances or failures in ther-
malhydraulic systems, control systems, plant machinery, or the reactor core. It is the task
of the safety analyst to assess the consequences of these initially local disturbances on the
plant as a whole. Among the most serious of accident scenarios are those which cause the
reactivity of the core to increase. If the reactor becomes prompt supercritical, then the result-
ing rapid power excursion may ultimately cause fuel rods, and in the worst case, the reactor
containment, to fail. A number of postulated accident scenarios which affect the core can
be initiated in some other part of the power plant. The computer simulation and analysis of
these accidents for light water reactors became possible with transient codes like RELAP,!
TRAC,? and CATHARE.3 The predecessors of the current versions of these codes were ini-
tially limited by the computer resources, and to a lesser extent by the available numerical
methods, of the 1970s. For these reasons, the neutron kinetics models of these codes have
remained simplified point or one—dimensional neutron kinetics models until only recently.
Inclusion of three—dimensional neutron kinetics models into such codes significantly extends
their range of applicability, and can greatly improve their accuracy for postulated accident
scenarios in which the power shape of the core varies significantly in time. Several codes
capable of performing coupled three~dimensional neutron kinetics and plant thermalhy-

draulics now exist.45:6:7

Despite the current state of the art in both numerical methods and computer hardware, the
computational overhead of using a three—dimensional neutron kinetics model may still pro-
hibit its utilization. This is especially true if a code user deems that a point kinetics or one—di-
mensional model is accurate enough for the application at hand, or if many calculations must
be performed for simulation times on the order of hundreds or thousands of seconds. Indeed,
it is recognized that during many postulated transients, there are large periods of simulation
time in which a three—-dimensional neutron kinetics model is not necessary. During these pe-
riods, use of a point kinetics or one~dimensional kinetics model would be sufficient. An effi-
cient code would only activate the three—dimensional model when it was necessary, and
would use a lower dimensional model during other periods of the transient. The goal of this
dissertation is to develop an algorithm which automatically and adaptively switches between
three—dimensional, one-dimensional, and point neutron kinetics models.

Published methods for finding efficient approximations to neutron kinetics problems began
in the late 1950s. In their classic textbook, Weinberg and Wigner® present a derivation of the
reactor kinetics equations. They begin with the time dependent neutron diffusion equation




for a bare homogeneous reactor. Because of this simplified geometry, they were able to write
the flux solution as a superposition of orthogonal spatial modes. The time dependence of
these modes form the reactor kinetics equations, which are in structure similar to the point
kinetics equations. In the same year, Henry® showed how the point kinetics equations could
be derived directly from the time dependent transport equation, and presented a method for
approximating the point kinetics coefficients from the stationary flux solution of a heteroge-
neous core. Henry’s method is based on the idea of separating the flux into a shape function
and an amplitude function. The shape function is then approximated to be time independent.
This procedure is refined and repeated by Henry in later works,!%!! and has come to be

known as the adiabatic quasi—static approximation.

Computer hardware of the 1960’s enabled the use of finite difference schemes to solve the
space dependent neutron diffusion equation. However, with the technology available, only
solutions of one—dimensional problems were at this time tractable, and time dependent prob-
lems in three dimensions remained far out of range for efficient simulation. To overcome
this difficulty, flux synthesis methods were introduced by Kaplan et. al.12 and Yasinsky.!3
These methods synthesized asymptotic flux shapes with time—dependent amplitude func-
tions. The time—dependent amplitude functions were generally found using either weighted
residual methods or a variational principle. In the late 1960’s, Ott!4 and Ott and Meneley!3
significantly extended Henry’s adiabatic quasi—static approximation method by recalculat-
ing the flux shape using either the quasi-static!* or the improved quasi-static'S approxima-
tion. In each of these cases, an equation for the shape function is derived from the time depen-
dent neutron diffusion equation: in the quasi—static case, the time derivative of the shape
function is neglected; in case of the improved quasi—static method, the time derivative is con-
sidered, but the equation is integrated implicitly over large time steps. Quasi-static and flux
synthesis methods were presented in a unified form in the note of Kessler!® which also seems
to be one of the earliest works analyzing space dependent reactor kinetics coupled with a
space dependent fuel temperature model.

In 1970, Reed and Hansen!” applied alternating direction finite difference methods to solve
time dependent neutron kinetics problems in two dimensions. Although their computing re-
sources were still too inadequate to treat three—dimensional problems of large heterogeneous
cores, they did develop the exponential transform method, which is examined in chapter 3
of this thesis. In 1973, Ferguson and Hansen!8 extended this method to three dimensions,
and used a semi~implicit time integration scheme. With the computer technology of the time,
this method was still too inefficient to be applied to production engineering applications. In
the same year, Kang and Hansen!? presented the first application of finite element methods
to the time dependent neutron diffusion equation. With this method, they were able to direct-




ly calculate transients in two spatial dimensions. In 1976, Buckner and Stewart?0 presented
another finite difference scheme for three dimensions: their work concentrated on the itera-
tive method which was used to solve the finite difference equations.

Despite the advances being made in computer technology, it was apparent in the 1970s that
finite difference and even finite element methods were too expensive to be used for the accu-
rate analysis of transients in large reactor cores. For this reason, considerable effort was be-
ing made to develop accurate coarse mesh or so called ‘nodal’ methods. The origin and
evolution of these methods is fully described in the detailed review article of Dorning.2! The
first coarse-mesh method efficient and accurate enough for general applications was the nod-
al expansion method (NEM) presented in 1975 by Finnemann.?2 Further extensions to the
NEM were presented in subsequent years by Finnemann et. al.23:2425 Ideas from the NEM
were then later adapted by Lawrence and Dorning26-27:28 in their development of the nodal
Green’s function method. Both the NEM and the Green’s function method are to this day
considered state—of-the—art. They form the basis for dozens of other ‘nodal methods’ found

in the literature.

From the beginning of the 1980s, the development of more efficient methods to solve reactor
kinetics equations in three dimensions became less focussed. Coarse mesh finite difference
methods (CMFD) were developed at the MIT,29:30:31.32 byt their range of accurate applica-
tion remains questionable. Other approaches concentrate on simplifying the two—group dif-
fusion equations through various approximations.3334 Further developments of the quasi—
static approximation have been more of a theoretical nature, with no identifiable advantages
in efficiency.35:36:37 (Integration of the improved quasi-static method into modern nodal
codes does of course improve their efficiency.38) Coarse mesh rebalancing® and other mul-
ti~level methods#0 have been extensively applied to accelerate the convergence of the nodal
methods.#! Time discretization procedures have also been improved: the stiffness confine-
ment method, developed by Chao and Risher*? is an extension of the exponential transform
method developed eatlier by Reed and Hansen.!7 Crouzet and Turinsky“? have also recently
developed an adaptive time—step method which selects optimal time step sizes based on the
temporal truncation error of the implicit scheme. The parallelization of neutron kinetics
codes has also demonstrated significant wall—clock speedups provided that several computer
processors are available for a calculation.#445:46 Finally, a totally different approach has
been taken by Favorite and Stacey*” who have effectively developed second—order perturba-
tion theory expressions for the coefficients of the point kinetics equations. Their method is
reasonably accurate and efficient provided that a pre—calculated sensitivity library has been

generated and stored.




Critical examination of these recent advances in the efficiency of neutron kinetics codes
shows that a reduction of 50% in the required computing time is a good achievement. Com-
bination of the efficient numerical methods, such as nodal methods, the improved quasi—stat-
ic approximation, multi-level coarse mesh rebalancing, adaptive time step selection, and
code parallelization, can indeed result in an efficient code. Such an approach is highly advan-
tageous when compared to cruder approximation techniques such as the simplification of the
two—group diffusion equations. These simplifications are only useful if the code knows
when they are valid. By applying an adaptive approach to the adiabatic quasi~static approxi-
mation initially presented by Henry,%10:11 this thesis converts an outdated and not always
applicable method into a useful tool for reactor safety analysis.

As a starting point, the core simulation code PANBOX has been coupled to the best—estimate
plant transient code RELAPS. The current version of the PANBOX code system“8 (PAN-
BOX 2) is capable of calculating three-dimensional neutron kinetics transients using various
coarse mesh nodal methods, such as the polynomial? and analytical*® nodal expansion
methods. In—core thermalhydraulic conditions may be calculated by PANBOX using an in-
ternal module based on COBRA 3-PC.50 Typically, one one—dimensional thermalhydraulic
channel is defined per fuel assembly, although coarser channels may be used, and subchannel
analysis may be performed for specified assemblies. The one-dimensional thermalhydraulic
solution is augmented by a crossflow model between channels. The features of PANBOX
make it an appropriate state of the art code system for the simulation and safety analysis of
pressurized light water reactor cores. RELAPS is a code for the analysis of the thermal-hy-
draulic behaviour of light water systems. Originally designed for the analysis of loss—of—
coolant accidents (LOCAs) in pressurized water reactors, the range of validity of the code
has over many years been expanded to cover a wide range of postulated accident scenarios.
RELAPS models two-phase flow using a nonequilibrium, nonhomogeneous, six—equation
model. Boron concentration and non—condensible gases may also be simulated with a sepa-
rate equation for each material. RELAPS also has the ability to simulate heat transfer to and
from materials adjacent to the fluid. A one—dimensional temperature distribution in these
materials is calculated by solution of the Fourier heat conduction equation. Equipment con-
trollers, balance—of—plant equipment (e.g., pumps and turbines), and lumped—-parameter rep-
resentations of other processes may also be crudely simulated with the code. The neutron
kinetics model in the currently released version of RELAPS is the point kinetics model. The
point kinetics coefficients can be made dependent on the thermalhydraulic state of the core,
thus permitting simulation of feedback between thermalhydraulic and neutron kinetic beha-
viour. It is this simple point kinetics model in RELAPS which is replaced by the three—di-
mensional multigroup model of PANBOX.




Chapter 2 of this thesis describes the interface which has been developed between RELAPS
and PANBOX. Three different coupling options are possible, depending on how the user
wishes to use the COBRA modules internal to PANBOX. The usefulness of a three—dimen-
sional neutron kinetics capability is then demonstrated by the calculation of a boron dilution
transient. Through a reactivity edit option, developed here for RELAP/PANBOX to aid in
the explanation of transient phenomena, it is shown that changes in the flux shape can have
a major effect on the evolution of a transient. Indeed, it is when the flux shape is changing
that a spatially dependent model is needed. When the flux shape is not changing, however,
then the point kinetics model is sufficient. This observation motivates the need for a dimen-

sionally adaptive algorithm.

The three—dimensional neutron kinetics model of PANBOX uses the NEM discretization of
the multigroup diffusion equation. In later chapters, it will be seen that coefficients for the
point and one-dimensional models are ultimately dependent on the three—dimensional flux
solution found with the NEM. For the point kinetics model, perturbation theory expressions
are derived from the nodal flux expansions of the NEM. The one—dimensional model is also
discretized with the NEM. These observations show that the computed solutions of the NEM
are essential to the adaptive algorithm. Therefore, the consistency and stability>1:52 of the
"NEM are addressed in Chapter 3.

The point kinetics model for the algorithm is developed in Chapter 4. Here, the point kinetics
equations are derived in the classical manner from the three-dimensional multigroup neutron
diffusion equation, as first done by Henry.? Implementation of this point kinetics model di-
rectly in PANBOX allows the point kinetics coefficients to be calculated from the three—di-
mensional flux solution and the three—dimensional neutron cross section data base. The
question of how perturbation theory can be used to calculate the reactivity is addressed, and
a method is presented for how the operator formulation, originally identified by Cacuci et.
al.,’3:54 of perturbation theory may be implemented with solutions of the NEM. This con-
trasts the methods proposed by previous authors,3556:57:58:59.60 and rigorously examines the
method sketched by Delmolino.6!

Chapter 5 presents the one—-dimensional axial kinetics model which has been derived for this
dissertation. As per the point kinetics equations, the one—dimensional model is derived di-
rectly from the three—dimensional multigroup neutron diffusion equation. The NEM discre-
tization is applied to the continuous representation of the one-dimensional model, and
correction factors are defined to force equivalence between the three— and one—dimensional
solutions. These correction factors are compared to the heterogeneity or ‘discontinuity’ fac-
tors developed for homogenization procedures.52:63.64 In contrast to previously existing




one— dimensional diffusion models in the literature,65:66.67.68,69 this is the only known model
derived directly from the three-dimensional flux solution of a heterogeneous core.

The multi-level algorithm is developed and described in Chapter 6. The mechanics of
switching from one model to another are detailed, and prolongation operators® are defined
for approximating the three~dimensional flux. Criteria for switching from three—dimension-
al to one—dimensional and one-dimensional to point kinetics models are derived. An error
estimation procedure based on the work of Ainsworth and Oden”%71,72 is developed to deter-
mine criteria for when the three—dimensional model should be reactivated. Some reactivity—
based switching criteria are also presented to complement the performance of the error esti-

mator.

In Chapter 7, some sample problems are calculated. Through the calculation of control rod
ejection, main steam line break, and boron dilution transients, it is shown that the adaptive
algorithm can save 30%~70% of CPU time, while preserving much of the accuracy of a fully
three—dimensional reference calculation. The accuracy is acceptable if the user can tolerate
small shifts in time of the calculated results. Conclusions and future work are presented in

Chapter 8.




2. Coupled Thermalhydraulics/Neutron Kinetics
Calculations
2.1 Description of RELAPS5/PANBOX

The first development version of the coupled RELAP5/PANBOX system was described by
Knoll and Miiller.”® Further development in the coupling was necessary to bring the code
system to a stage where it was user—friendly and applicable to a wider range of problems.
Herein is briefly described the features of the version developed for use with this thesis. The
coupling of the two codes is achieved via the interface EUMOD74 (External User MODels),
developed previously at Siemens AG. EUMOD is a set of subroutines which enables the user
to link external codes to RELAP5. Under this system, PANBOX becomes a subroutine of
RELAPS which is called at the end of every RELAPS time step. The flow logic is depicted
in Figure 2.1.

RELAPS

| | PANBOX
Input : |
Processing 1 :
|
: Interface level ! —
: First time npu
giacr‘l;;:tlilg;drauhc | : step? Processing
l Subroutine |
| [EUMOD |
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Figure 2.1: Illustration of available options of the coupled RELAPS/PANBOX system.

The coupling of external codes to RELAPS via EUMOD is restricted in that the codes may
be coupled only explicitly, i.e. external routines can be called only at the end of every RE-
LAPS time step, and no iteration is performed between the RELAPS solution and any itera-




tive solution of the external user model. This coupling procedure is assumed to be accurate
and stable for the selected time step sizes. The RELAPS time step size is chosen as the small-
est requested by either PANBOX or by the stability criteria internal to RELAPS. The PAN-
BOX adaptive time step criteria is based on changes in the fast flux and the changes in fuel
temperature. Additional stability—based time step restrictions for the NEM are derived in
chapter 3 of this thesis. Thus, both neutronic and thermalhydraulic behaviour are considered
for the selection of time step size, although the interplay between the phenomena is not con-
sidered. For the time step sizes of interest, no numerical instability problems have been de-
tected with this explicit coupling.

In the first development version of RELAP5/PANBOX, only the core averaged thermalhy-
draulic boundary conditions of core pressure, inlet temperature, and inlet mass flow rate were
passed from RELAPS to PANBOX. With these boundary conditions, PANBOX calculated
core thermalhydraulics using its internal COBRA-based modules. This option has been ex-
tended to pass the boundary conditions of more than one RELAPS core channel to PANBOX.
The boundary conditions are transferred to the appropriate COBRA channels by a mapping
procedure, as illustrated in Figure 2.2 for a RELAPS nodalization that models the core using
four channels. The power distribution calculated in PANBOX is collapsed back onto the RE-

Mapping between PANBOX/COBRA
RELA}P core RELAP channels and nodalization
__._Dodalization fuel assemblies T T
Mapped to COBRA Fine channel COBRA

thermalhydraulic calculation

channels

Cross section update

3-D neutron kinetics

iplet Enthalpy
“and Flow Rates

3-D power distribution
mapped to RELAP channels

Figure 2.2: Depiction of the first coupling option for RELAP/PANBOX: cross section
update from COBRA.

LAPS nodalization with the same mapping procedure. This option has the advantage that

feedback effects are simulated using a thermalhydraulic model which is very detailed spatial-

ly. Additionally, thermal margins such as DNB ratios may be calculated by the COBRA code.

The problem with this coupling procedure is that the COBRA solution algorithm converges




quite slowly, leading to long computing times, and often diverges in low flow or low pressure
conditions. This rendered the RELAPS/PANBOX system unable to calculate transients
which began in, or evolved into these core conditions, such as after a small break LOCA

event.

To provide the user with a more flexible system, two more options were implemented in the
interface routines of the codes. Option 2 utilizes no COBRA calculation at all. Rather, the
thermalhydraulic and fuel temperature data from RELAPS are used to update the neutronic
cross sections. This option is depicted in Figure 2.3 for a four channel RELAPS nodalization
of the core. Because no COBRA solution is calculated, CPU demands for this option are sig-

Mapping between
RELAP core RELAP channels and PANBOX
nodalization fuel assemblies nodalization

A I T T T I T . T T T T T N

Mapped to PANBOX — Cross section update
fuel assemblies v

3—D neutron kinetics

mapped to RELAP channels

Figure 2.3: Depiction of the second coupling option for RELAP/PANBOX: no COBRA
calculation, cross section update from RELAP data.

nificantly less than for the other two options. The drawbacks of this method are that the feed-
back effects are simulated using only a very coarse thermalhydraulic mesh, and RELAPS has
no inherent routines for calculating thermal margins.

Option 3, depicted in Figure 2.4, also uses RELAPS data to update the PANBOX cross sec-
tions; however, the core boundary conditions and PANBOX power distributions are used in
a ‘parallel’ COBRA calculation, This COBRA calculation has no influence on the neutron
kinetic or RELAPS calculations, but is useful for computing thermal margins needed for
reactor licensing. In future, this option can be extended so that the COBRA calculation is
only activated only during those periods of the transient when safety margins need to be cal-
culated.

The channel to fuel assembly mappings for the coupled calculations are input by the user.
With these mappings, the three dimensional power profiles from PANBOX are collapsed
onto the much coarser nodalization in RELAPS. The same mapping is used to transfer RE-
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Figure 2.4: Depiction of coupling option 3 of RELAP/PANBOX: cross section update
from RELAP, parallel COBRA calculation for thermal margins.

LAPS thermalhydraulic data to the neutronic nodes, and thermalhydraulic boundary condi-
tions to the COBRA channels. In addition to the radial mapping of channels, appropriate
axial interpolation of data is performed automatically when the axial mesh sizes of the RE-
LAPS and PANBOX nodalizations differ.

Not shown in figures 2.2-2.4 is the transfer of boron concentrations from RELAPS to PAN-
BOX. This is performed in a manner similar to the transfer of fuel temperature, with the add-
ed consideration that the total amount of boron in the core is conserved in the interpolation

procedure,

The new coupling options 2 and 3 involve a significant amount of data exchange between
the two codes. The verification and validation of this data exchange was performed by using
RELAPS5/PANBOX to calculate cases Al and A2 of the NEACRP control rod ejection
benchmark problem.75 The results of these calculations were presented in reference 76, and
were found to agree quite well with the reference solution’” and the solution calculated with
the coupled RELAP/NESTLE code.”

2.2 Proof of the Usefulness of RELAP5/PANBOX: a sample calculation

In this section, it will be shown why a 3-D neutron kinetics model is necessary for the calcula-
tion of some transients. To do this, a sample calculation of a boron dilution transient has been
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selected; and a method for quantitatively explaining the phenomena of the 3-D neutron ki-
netics solution is also presented.

In the simple point kinetics approximation of the standalone RELAPS code, coupling be-
tween the core and the thermalhydraulic system is achieved by the input of fuel temperature,
moderator density and boron concentration reactivity coefficients. In contrast, with the RE-
LAPS/PANBOX code, coupling between the core and the thermalhydraulic system is accom-
plished via the dependence of the macroscopic cross sections on local thermalhydraulic
conditions and boron concentrations. The point kinetics model produces results which are
intuitively understandable: the contributions to the reactivity from fuel temperature, coolant
density, and boron density are readily obtained and interpreted. In contrast, when the reactor
kinetics are calculated using a three~dimensional multigroup neutron diffusion model, these
reactivity contributions are no longer apparent . Thus, it was found that the incorporation of a
three—dimensional kinetics model into RELAPS created a new challenge for the analyst to
explain transient phenomena, despite the fact that the transient could be calculated with

greater accuracy.

To help explain transient phenomena, a ‘reactivity edit option’ was developed for PAN-
BOX. The option uses the neutron flux distribution at each time point to calculate the total
core reactivity, as well as the contributions to this reactivity from changes in the core state.
These changes include changes in fuel temperature, changes in moderator density, and
changes in neutron flux distribution. In section 2.2.1, these contributions are derived from
the general definition of reactivity. In section 2.2.2, it is described how these contributions
are calculated in PANBOX. Finally, the method is demonstrated in section 2.2.3 with re-
sults from the calculation of a boron dilution transient.

2.2.1 Definition of Reactivity and Reactivity Contributions

The general definition of reactivity is!©

P = WG E), PGE, )WG.E. ) > '
where P is the fission source operator, and T is the total diffusion— or transport— theory opera-

tor,

TG E,f) = P(r,E,?) — A(,E,t) — L(,E, {)
The operator A contains absorption and scattering terms and the operator L accounts for leak-
age effects. W is some weighting function (to be chosen later), ¢ is the neutron flux shape,
and < -, - > denotes integration over all space and energy. The neutron flux shape is normal-
ized from the neutron flux through
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P, E, 1)
WG, E), (7, E, 1))

w@E0=(

For an initial flux distribution ¢y, which satisfies the eigenvalue problem

[(1 = PP E) — AyF E) —~ Ly B)po E) = 0 2.2)

and the usual specified boundary conditions, equation (2.1) takes the form
_ < WG,E),Ty7 EXof,E) >
0T SWEE), PG EW D) >

which is stationary for all non-trivial choices of W. During a transient calculation, the opera-
tors P, A, and L all change due to changes in neutron cross sections. These changes can be

(2.3)

expressed as contributions from various sources. For example,
AP E,f) = PG,E,f) — PO(?,E) = AP,y + APﬁ + AP, + AP, ; + AP ;..
AAGE,f) = A E, 1) — AO(?, E) = AAppm + AAﬁ + dA,,; + 44, , + 44 ., 2.4)

AL(,E,1) = L(7,E,1) — Ly(F,E) = ALypy, + AL; + ALy + AL, + AL 4,

where the subscripts stand for changes in boron ppm, changes in fuel temperature, changes
in moderator temperature, changes in moderator density, and other changes, respectively.
It is assumed here that these different contributions to the cross sections are separable effects,
which is the approximation made in most three-dimensional neutron kinetics codes. For ex-
ample, if cross sections are determined by partial derivatives with respect to the various ef-
fects, then definitions (2.4) are valid. The goal of this section is to identify a quantitative
measure of how these operator changes contribute to changes in reactivity.

The total change in reactivity from the initial condition is equation (2.3) subtracted from
equation (2.1):

Ap(®) = p(f) — _ < W@, E), T E,DY(rE, 1) > _ < W(F,E),To(r-‘:E)z/)O(ﬁE) >
PO = PO = P0 = WG ) PG EWG.E ) > | < WG,E), P, EXpo7.E) >

The expression on the right hand side is conveniently divided into four main contributions

Ap@®) = ApA¢(t) + 4p () + ApATA¢ + Apy(1)
These are defined as
oy = SWEBTGEWGED > < WEE), TEEWGRE) > ;5
PasD) = WG B, PG WD) > | < W@E)PyF EWoF.E) > |

p _ < WGFE)ATG,E, iy, E) >
Par) = ), PG E WG ED >

(2.6)
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_ < WG,E),AT(, E, DAY, E, 1) > .
AP 449 = — WG B PCE WG ED S Q2.7

< WF,E), TG EW({,E, 1) > (2.8)

Ap)’(t) =9y < W(?,E),PO(I?,E)T/}(?,E, t) >
where
1+ Y = 1 (2 9)
|+ <W@FE) AP E HY(T,E f) > :
<W@F.E),P(r.E0W(r.E)>

The meaning of the first three terms is clear: (2.5) is the reactivity change due only to changes
in the neutron flux shape, (2.6) is the reactivity change due to direct changes in cross sections,
and (2.7) are the combined changes due to changes in cross section and flux shape. The
meaning of the 49, term becomes clear once a suitable weight function W is chosen.

The goal in choosing the weight function is to make the different reactivity components (2.5)
to (2.8), at least as strongly dependent on the changes in operators as on the changes in flux.
It is seen directly from (2.6) and (2.7) that Ag47 and Agg7144 already have this strong depen-
dence on AT. Expanding (2.9) in a series, the leading terms of y are

_ _ < WG E),APG.E,)WG,E,1) > < WG E),APG.E,0W(F.E,1) >2
Y T TS WG E), Py Eo 7. E) > < WG E), Py, Eypo7. E) >2

which shows that Ag, is also dependent on AP to first order. Therefore, only (2.5) does not
have this first order dependence on the change in the operator. The natural choice for the
weight function is therefore the solution to the adjoint of equation (2.2):

(1 = pPIF.E) — AYG.E) — LiG.B)}p () = 0
(Appropriate boundary conditions must also be chosen for the adjoint problem.) When this
weight function is used, equation (2.5) may be expressed as

tp ) = STEESCOYVGED > _ < 6" GELTGENGGE) >
< Py7E) G.E)LYFE, D > < ¢'(.E), P, E)p(F, E) >

=Po ™ Po

=0
for all nontrivial ¢~ and 1. Thus, the use of the adjoint function as a weight function elimi-
nates the first order reactivity contribution due to flux change. This is indeed the usual argu-
ment for using the adjoint function as a weight function for perturbation theory calculations
of the reactivity. The main difference between this method and perturbation theory lies in
its intended use. The contributions calculated here serve to explain the physical phenomena
of the transient; they do not serve to estimate the reactivity, which is known. The use of the
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adjoint weight function additionally casts light on the meaning of Ag,, which now may be

written as

4py(1) = Ypy
< W@, E), AP, E, (. E, 1) > 5
= — + O AP
PO W E), PG, EYp o, E) > ©AP")
That is, 40, may be interpreted as a shift of the initial core reactivity gp due to a change in

the production operator. When the initial core reactivity is zero, 4g, is also zero.

The two main reactivity contributions 4947 and 404744 may also be split up into contribu-
tions from the different core physics phenomena. Using (2.4) in (2.6), for example, the fol-
lowing different contributions are defined:

< W(?’ E)rATppm(;:E’ t)’/)()(?’ E) >

Appprlt) = — W(,E), PG E. 0y, E, 1) >
< WG, E), AT, E, 07, E) >

Apyt) = — W@, E),PG,E, WG,E, 1) >
_ < WG, E), AT (. E, typo(, E) >

Apm(®) = — W@, E), PG.E, W@, E, ) >
Ao = < W@, E), AT, /(. E, typ (7, E) >

< W@, E), P(r,E, W, E, t) >

o iy = S WEELAT @, 0)oF. ) >
Pother’) = W& B, PG.E, DY, E, 1) >

such that

Ap 4r(®) = Apppm(t) + Apa(8) + APmt) + AP (D) + AP 511 (D)

Similarly, using these contributions in (2.7) the second—order terms are defined as

ppm
, < WG E), AT yy, (7, E, DAY E, 1) > fi
Paeatd?) = WG ) PG E G E ) > - elfect € mcti
m
other

such that

AP 4146 = AP ppag® + AP 1400 + 40,450 + A0 004@) + AP oieras®

The reactivity shift term 4@, is not separable because of its nonlinear terms in AP. However,
if the fission cross sections do not change much during a transient, this term may be negligible

compared to the others.
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2.2.2 Implementation in PANBOX

In PANBOX, equation (2.2) is solved with the nodal expansion method (NEM).23:2441 Un-
der the NEM discretization, auxiliary variables are defined for the neutron leakage L.
Equation (2.2) is then discretized as the ‘nodal balance equation’ or ‘zeroth moment equa-

tion” which has the form
(] —in
[ = pPy — A)By — Tuero = 0 (2.10)
Here, the subscript m denotes the node number, and the vector notation denotes a vector of

multigroup fluxes and net leakages. .7::,,0is determined with the NEM outgoing current and
auxiliary moment equations, as described in references 23, 24, and 41. What is important for
the purposes of the implementation of the reactivity edit option, is that under the NEM discre-
tization, the L operator does not appear explicitly in equation (2.10). While the auxiliary
NEM equations could be involved in this analysis — in order to isolate the reactivity contribu-
tions from changes in the L operator — it has instead been chosen to lump these different ef-
fects together. Thus, the following reactivity contributions have been defined for the imple-
mentation in PANBOX
00 4 0) = < W, [Py — AGlp(®) — Joul®) > < W,[Py — Aglpg — Jyyp0 >
¥ < W,P@)p(t) > < W,Pypg >

) < WAL®WYo > < W,ALOAY() >
=040 T A0~ T PGty S < W PGP0 >

5 _ < W,[4P eﬁect(t) - AAeﬁ‘ect(t)]wO > ppm
0 effeci(!) = < W,PQuG) > ft
, tE L mt
’ < WP — Aoy > [ TS T
pejj‘ecﬂd)(t) = < WPy > other

Thus, the entire change in reactivity since the beginning of the transient is expressed as a sum

of all the components:
Ap(®) = Opppys + OPppm  +Ops  + 0Pm  + OPpy 0Py,
+ 00 pomdp T Ppag T Pmug + P masg + OPoerae

In the next section, it will be shown how these reactivity components may be used to explain
core phenomena during a boron dilution transient. Interpretation of these phenomena dem-
onstrates the usefulness of a coupled code system like RELAPS/PANBOX.

2.2.3 Boron Dilution Calculation

Under natural circulation flow conditions, boron dilution transients can exhibit a strong cou-
pling between the plant thermalhydraulics and core neutron kinetics phenomena. The reason

15




for this is twofold: firstly, the core power is the driving force of the coolant flow; and sec-
ondly, the local boron concentration in the coolant has a direct influence on the core reactiv-
ity.

The postulated accident scenario evolves according to the following sequences. A small
break loss of coolant accident (LOCA) has occurred, and the core is shut down with an auto-
matic scram. Steam which formed in the upper plenum of the reactor during the LOCA event
is transported through the primary coolant system to the steam generators, where it recon-
denses. This steam entrains relatively few boron particles, and the subsequent condensate
has a very low boron concentration. As all the steam condenses, a large slug of unboronated
water forms in the primary coolant system. Eventually, decay heat from the core leads to the
establishment of natural circulation conditions, and the slug of deboronated water is swept
uniformly into all coolant channels of the core. As a hypothetical scenario, conditions are
assumed such that the slug is large enough and has little enough boron so that the reactor will
be rendered prompt critical.
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Figure 2.5: Power history and input reactivity of example transient.

The calculated total power and reactivity (in pcm=105) of the core are shown as functions of
time in Figure 2.5. Figure 2.6 shows the important contributions to the change in reactivity
over time. As expected, when the boron dilution begins, the largest contribution to reactivity
is due to changes in boron concentration. When the reactor reaches a prompt critical state, the
strong power surge gives rise to an increase in the fuel temperature and a reduction in the
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moderator density. The feedback effects are seen in the strong negative reactivity compo-
nents during this time period. Of great interest are the reactivity contributions between times
t; and t;. The contributions are plotted along with the total reactivity in Figure 2.7. Reactiv-
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Figure 2.6: Important reactivity contributions of the transient.
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Figure 2.7. Total reactivity and reactivity contributions.

ity contributions are translated to zero at the time when the reactor first becomes critical so
that the phenomena are more clearly examined.

From Figure 2.7, it is possible to study which feedback mechanisms are most important in
abating the power surge. As the time of maximum reactivity is approached (t3), increases in
the fuel temperature decrease the core reactivity. There is also some reduction of reactivity
due to changes in the moderator density, however this effect is somewhat delayed until the
energy generated during the surge is transferred from the fuel to the moderator. At first sur-
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prising is the reactivity contribution due to boron between times t3 and t4. Despite the fact
that the boron concentration in the core is decreasing, the reactivity contribution of boron also
decreases.

Figure 2.8 shows the separate contributions of dgppm, 5QppmA¢ translated to zero from the
time of maximum reactivity (t3). It is seen from Figure 2.8 that the reduction in reactivity
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Figure 2.8: Separation of the reactivity contributions due to changes in boron
concentration.

contribution due to boron comes from the second order term 0QppmAg, Which is the reactivity
contribution of the change in boron concentration combined with the change in flux shape.
Why this reactivity contribution is negative can be seen in Figure 2.9, where the core axial
boron distribution and axial flux shape are plotted at times t3 and t4. The flux distribution in
the core changes such that the net neutron absorption due to boron increases. Thus, the
change in the flux shape is the primary phenomenon which abates the power surge. It is es-
sential to note that this effect could not be accounted for if only first order perturbation theory
had been used to calculate the reactivities for a point neutron kinetics model, since d@ppmAg
would be neglected in that case. Therefore, for some transients, changes in the neutron flux
shape have a crucial influence on the reactivity of the core. In this case, the perturbation is
largely uniform in the radial direction of the core, and a one-dimensional kinetics model
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Figure 2.9: Axial flux and axial boron distributions at time of maximum reactivity
and time of recriticality.
would likely describe transient reasonably well. However, three dimensional neutron kinet-
ics calculations would definitely be needed if the diluted boron slug entered only a fraction of
the total number of channels in the core.

2.3 Summary

The simple reactivity edit option which has been developed here highlights the necessity of
space dependent models for the simulation of some postulated accident scenarios. In the case
presented, the abatement of a power surge during a hypothetical boron dilution transient can
be fully explained with the calculation of the various reactivity contributions. Here, it was
shown that the change in the flux shape during the calculated boron dilution transient is the
largest contribution which brings the reactor back to a subcritical state after the power surge.
This observation identifies the importance that a space dependent neutron kinetics model be
used to analyze such a transient; it also demonstrates the value of an analysis tool like RE-
LAPS/PANBOX. However, it would be wrong to claim that a three-dimensional kinetics
model is necessary for the calculation of all postulated accident scenarios. In fact, even with
transients that require a three—dimensional kinetics model during some time period, it may
not be necessary to use this model the during the entire transient. When the flux shape is not
changing, a point kinetics model can be used; when only the axial flux shape is changing,
a one—dimensional model can be used. The previous calculation highlights the importance
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of the flux shape, and changes in flux shape, on the development of the transient. This con-
cept will reappear in chapters 4, 5, and 6.
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3. Consistency and Stability Considerations

Before the adaptive multi-level algorithm is developed, this chapter will address some theoretical
considerations of the numerical discretization method used in PANBOX, the NEM. Both
consistency and stability of the NEM will be examined. The fact that the NEM is consistent will
be used in the perturbation theory formulation found in Chapter 4. The consistency and stability
of the NEM are furthermore fundamental to its convergence.

It is well known that a discretization of a partial differential equation (PDE) initial value problem
(IVP) should be consistent, convergent and stable. Consistent discretizations reduce to the
original PDEs in the limit as the discretized parameters are reduced to zero. Stable schemes have
solutions which are in some way bounded. When the solution of the discretized equations
converges to the solution of the IVP as the discretized variables are reduced to zero, then the
discretization is also convergent. Lax’s Equivalence Theorem states the following relationship
between consistency, stability and convergence:

‘Given a properly posed initial-value problem and a finite—difference approximation

to it that satisfies the consistency condition, stability is the necessary and sufficient

condition for convergence.’5!
In this chapter, it will be shown that the NEM is consistent with the multigroup neutron diffusion
equation. Furthermore, stability conditions will be derived for various neutron kinetics models,
including the NEM.

3.1 Consistency of the Nodal Expansion Method

Huang and Zhang’® have shown that the M2B2 variant of the NEM is a special case of the
generalized primal hybrid finite element method. In this section, a simpler proof is presented that
a more general class of nodal expansion methods is consistent with the multigroup diffusion
equation. i.e. the equations of the NEM converge to the continuous form of the multigroup

diffusion equation as the mesh spacing is reduced to zero.
3.1.1 Notation and Preliminaries

Consider the NEM equations to be defined on a simply connected Cartesian geometry domain
VC R3 with a boundary SCR? consisting of a finite number of smooth planes. The position
vector within this domain is (x,y,z)T € V. The domain V is partitioned into N subdomains Q%
{QmCV, m€EI, 1 <m<N}. The set of these subdomains is 2=(27,...,2N). The subdomains
are hereafter referred to as ‘nodes’. The nodes are rectangular prisms, of dimension (a¥, a}’, a7),
with vertices located in Vv at ™, y™, 2™, ™+ ag,y™, 7™,
™ y™ + a2,y "+ a), "+ ald,y" + a7, "+ af,y", 2" + af), and
™ + af,y™ + af, 7" + a7). Ineach node 2™ a coordinate space is defined by {(£,7,6), 0<
§=<1,0=n <1,0< ¢ <1}. The coordinates in V and 2" are related by the transformation
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x a’ 0 0 § x™
y| =10 470 nl+1y
z 0 0 a7 c z

Each node has six rectangular boundaries, denoted by @g}, g, @,’7",, N ;"1, and @F,. The

boundary of a node £27is denoted by 02"={ @g’l, g‘r, @,’;‘I, On @Z_’}, ©Z}. These boundaries

are planes perpendicular to the coordinate direction indicated by the first subscript, and located
at the left (u=0, u € {&n,¢}) orright (u=1, u e {&n,c}) side of the node, as indicated by the second
subscript: /, or r, respectively. A node may also have up to six neighbour nodes. Neighbour nodes

of node £2™are denoted by .Q"S”l, Qg’r , Q,’;’l, Q7. ;’;, and Q7. { Q’g”l, Qg’r , Q,’;‘l, (9748 Q;”,, QUICL.
The intersection of a node with its neighbour node is the nodal face: 902™ m 00 = @Z'I‘., for

u=§&n,¢, i=Lr. The intersection of any two nodal faces is denoted by @™ = 9Q™ ﬂ ",

where @™ = @7 if Qz = Q" otherwise @™ = {0}. The intersection of a node with S is

om0 = 3Q™ (M S.

Within each node £™, there is identified a set of system parameters: DZ, 27, (g=1,...Ng), Zglg,

and F™, (g=1,...NG; §'=1,...Ng).

For a general class of nodal expansion methods, the following quantities are defined in each node:
(a) the nodal averaged flux for group g, {g=1,....Ng} : ¢%;

(b) two nodal face—averaged partial currents for each group g and face ui: j™

qui * and j;l;", ue
&nch i e {lr}; and

(c) 1-D “transverse integrated” nodal expansion functions for each group g {g=1...,G} and
direction u {u=§,m,¢}: ¥i,(u), 0<u<1. These functions are continuous and possess continuous
first derivatives with respect to u on 2. This means that they belong to the first Sobolev space
of functions on 27 V7%, € H'.

A general class of nodal expansion methods solves the following system of equations:

DmdPm (u)
g gu ctm o i—m o _
u=0
D7 4P (u)
4 8u L4 —m
a du e + Jgur — Jgur =0 (3.2)
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1

f P () du = §7 (3.3)

0
wr(l) = 2 +Jgur] (3.5)
NG
17,
; a;[JéZr — Jgur * Jgul —Jguz] +2npy = 'ZI[Z;';W” + /{F?gqﬁ”‘] (3.6)
u=&ns g'=

(where ag = ay, etc. ). The solutions of individual nodes are coupled by

Jgm = jgw, for Q"= Qm (3.7
and
Jgul' = Jgur»  for Q" = Q7 (3.8)
for u=£,;,c. Boundary conditions are given by
Jgl =0, Y On ) S={0 (3.9
and
Ja =0, ¥V @R () S = {0} (3.10)
for u=§7,¢.

3.1.2 Consistency with the Multigroup Neutron Diffusion Equation

First it will be shown that the solutions of equations (3.1) to (3.6) reduce to the solution of the
continuous variable multigroup neutron diffusion equation in the limit as the dimensions of the
node go to zero. The 3-D nodal expansion function ¢7(§,7,¢) is defined on 2™ as,

PFE.n,0) = Vg + Vg©) + Vi®) — 207 (3.11)

This function obeys the relation
11
X d¥7.(w) ,
ay | | i VoFdvaw = ——— , wv,w = cyclic€,m9)  (312)
00

Substitution of equation (3.12) into equations (3.1) and (3.2) yields
11

Dgffu Vo3, —odvdw +]gul ~Jeut =0 (3.13)
00

and
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11

Dgff& - Vo, _dvdw + jgy = jeur = 0 (3.19
00
Substitution of the 3—-D expansion function (3.11) into (3.3) yields,

111
fff%’dfdﬂdg = ¢% (3.15)
000
Equations (3.13) through (3.15) may be substituted into equation (3.6), resulting in
11 11

— z aluDgffu Vgol dvdw-—Dgf[u V(p|_0dvdw

u=bns 00 00
111 111

+2;’;If] "dEdnds = Z[ +F’"M”¢;’*d§dﬂd€

000 000
This equation is multiplied by the volume of the node. The first sum on the LHS of the equation

is rewritten as a surface integral. The other integrals are written as volume integrals, yielding

the result
- Dg f §‘ V@ZI(X,}’,Z)dS +ng J'Qm(xd’,z)dv = (3.16)
aar S Z[ + 2P ] f P, y,2)dV
8 _1 _Qm
where
m xX—x" Yy ym z— 7"
PF(x,y,2) = ( o ) 3.17)

Because the expansion functions ¥ are smooth and continuous within 27, so are the functions
@7, Therefore, the divergence theorem can be applied to equation (3.16) which becomes

NG
J — DV - VO (x,y,2) + 2, PF(x, 3, D z (Z‘Z‘g, + %F;}; ,)(D?(x, Y, z)}dV =0
on =1
In the limit as the nodal volume goes to zero, this reduces to the multigroup diffusion equation
in a homogeneous region:
NG
— DGV - VOHx,y,2) + 2,;PF(x,9,2) — z ( v T %F;,)@;”,(x,y, z)=0 (3.18)
g=1 x,y,2) € Q"
Since equation (3.18) has been derived for any homogeneous node in general, it is equally valid

for all nodes.
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3.1.3 Consistency of the Interface Conditions

The coupling conditions between the nodes are now examined. Integration of the expansion

function (3.11) over the nodal boundaries yields
11

f [ Pgl,_odvdw = P (0) (3.19)
00
and -
j f @g| _ dvdw = Wg1) (3.20)
u,v,w = CyCllC(&,ﬂ,g)

00
The 1-D expansion function boundary conditions, equations (3.4) and (3.5), along with the nodal
interface conditions, equations (3.7) and (3.8) may be combined to find

Ve 0) = Weu (1) for Q" =Q, u€ &1} (3.21)
The 3-D nodal expansion function of the ‘ul’ neighbour node 2" = 7 is defined as
@g&:1,6) = W) + W ©) + W6 — 29 (3.22)

Equations (3.19) to (3.22) are combined to yield the following interface condition in terms of the

3-D expansion functions:
11 11

Ijqog’lu:()dvdw = fj¢§lu=1dvdw (3.23)
00 00

By defining &% in the same manner as @’ [see equation (3.17)], equation (3.23) may be written

as

DY(x,y,2)dS = f Pe(x,y,9dS  u=xyz (3.24)
Gn=@m Or,=@m

In the limit as the mesh size goes to zero, this becomes

DY, Dlgm = PEx Y, D gm U= X2 (3.25)

which is one of the two interface conditions of the multigroup diffusion equation between two
regions. The other boundary condition can be found by combining the remaining 1-D expansion
function boundary conditions, equations (3.1), (3.2), with the interface conditions, equations
(3.7) and (3.8), to obtain

m n n
_D_g AV () _ B;lgdlpgu(”) for Q" =gQm  (3.26)
ag dw | _, @y du |, _, “

The relationship (3.12) is used in this equation to obtain
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1

1
D7 j j i - Voldvaw = D} J J i+ Veoldvdw (3.27)
00 00

11

u,v,w = cyclic,n,5)
In terms of x,y,z, this reduces to:

j D7y - VO(x,y,2)dS = f Diu - VOY(x,y,2)dS (3.28)

on=@amn er,=m
U=XY2

As the mesh spacing reduces to zero, equation (3.28) becomes

DZu - VOF(x,y, z)le:Qm = Dgu - VO(x,y, Z)IQEF—"@”'" U= Xxy2z

which is the second interface condition of the multigroup neutron diffusion equation between two

homogeneous regions.
3.1.4 Boundary Conditions

Equations (3.1), (3.2), (3.4) and (3.5) may be combined to yield the following equations for the
partial currents in terms of the 1-D expansion functions:

Dmd¥™ (u)
+m _ 1 _ 178" e
Jgul 4W?“(O 2af du |,_,
3.29
- 1 | Dy d¥5,(u) o
Jgu'r{l = Zglzlu(l) + 527 du .
u:

These equations are substituted into (3.9) and (3.10) and then integrated over @7, and Oy,
respectively. The relationships (3.12), (3.19) and (3.20) can then be used to cast the boundary

conditions in terms of the 3D expansion function, @%. The result is

1 pm Dgl" m m
308 — i VOPlds =0, ¥V 05 () 5= {0} (3.30)
2
and
1 D¢ .
lop+—ti-voplas=o, v oM s= (0 (3-31)
or

As the mesh size is reduced to zero, these equations reduce to

Dm
(-jicpgl - i ch';) =0, VO () S= {0} (3.32)
u=0
and
1 D¢
u=1




Equations (3.32) and (3.33) are the zero—incoming partial current boundary conditions for the

multigroup neutron diffusion equation.
3.1.5 Summary

It has been shown that in the limit as the mesh spacing reduces to zero, the governing equations,
interface conditions, and boundary conditions of the NEM equations reduce to those of the

continuous neutron diffusion equation.

The above derivation is quite general. It may be applied to many different nodal expansion
methods: as long as the expansion functions meet the conditions given in section 3.1.1, any such
expansion function may be used. While this derivation shows that a general class of NEMs are
consistent with the multigroup diffusion equation, it says nothing about the accuracy of the
solution when coarse mesh nodes are used. Accuracy estimates of the M2B2 variant of the NEM
in slab geometry have recently been derived by Penland, Azmy and Turinsky.”® While their
analysis also proves consistency, it only does this for one specific form of the NEM, and only for
slab geometry. The simple development performed here is more general, but gives no accuracy
estimate. Regardless of the accuracy on coarse meshes, it is assured that the 3-D flux expansions
converge to the solution of the multigroup diffusion equation in the limit as the mesh spacing is

reduced to zero.

3.2 Considerations for Stability Analysis

Consider a linear discretization in which %" represents the vector of dependent variables to be

solved for at time step n, given the initial conditions at #~ at time #=fyp. The difference equations
for a one—step time integration method may be explicitly written in matrix form as

Bt = Byi" (334)

The matrices By and By have elements which will depend partly on the time step 4¢ and, should
the associated continuous variable problem be time and space dependent, the spatial
discretization parameters. For the analysis of the numerical scheme, it is usually assumed that
the spatial mesh size is functionalized to the time step size. For instance, in Cartesian geometry,

it is usually assumed that (Ax,4y,472)=[g1(At),82(At),g3(At)]. Supposing that By has an inverse
(however, not supposing that the inverse is known explicitly), the amplification matrix may be

defined as
C(At) = B, 'B,, . (3.35)
In this way, equation (3.34) may be written as
i = c@ni (3.36)

Definition 3.1:>1 The approximation C(At) is stable over the integration period T, if for some
T > 0, the infinite set of operators
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CAY", 0<4dr=<r,

37
O0<ndr=<T, (3-37)

is uniformly bounded.

Essentially, this means that for a stable scheme, there exists a maximum value to which any
component in the solution can be amplified over the specified time period 7, provided that the
time step falls within the range of values between 0 and 7. This concept of stability was
formulated particularly with conservative physical systems in mind, although it can be useful for
analyzing non—conservative systems. Proof of stability follows automatically if the bound
IC(At)Il < 1. However, in other cases the proof may be more difficult. Should the system contain
fixed source terms, or should the physical system be non-conservative, as is the case with reactor
kinetics, then the following theorem of Kreiss and Strang is useful.

Theorem 3.1 [ The Kreiss-Strang Theorem ]:°1 If the difference system
= canE” (3.38)

is stable, and Q(At) is a bounded family of operators, then the difference system

= [c@n + 41QADTE" (3.39)

is also stable.

The proof of Theorem 3.1 is given in reference 51. It is a very useful theorem, since it allows
for some growth of the solution over the time of integration T without the requirement that Q"
be bounded. The growth, however, is bounded. Often it is possible to write an amplification
matrix in the form of [C(At)+AtQ(At)], where it is easier to prove that C*(At) and Q(At) are
bounded than proving that [C(At)+AtQ(At)]” is bounded. This will be demonstrated in sections
3.3.1 and 3.3.2.

Although Definition 3.1 is a strict definition of stability, it is often impractical to apply it to
engineering problems of interest (see, for example the discussions in references 51 and 52). A
somewhat weaker definition of stability was originally formulated by von Neumann in 1938, and
remains a powerful analysis tool to this day.

Definition 3.2: Let o be the spectral radius of the amplification matrix C(At). Then the von
Neumann stability criterion is

o<1+ 0d). (3.40)
It is shown in reference 51 that the von Neumann stability criterion is a necessary condition for
stability defined by Definition 3.1. However, it is not always necessary and sufficient. It is

necessary and sufficient when the amplification matrix C(At) is a normal matrix (a matrix A is
normal when AA*=A%A).5!

Not to be confused with the von Neumann sufficient condition for stability is the von Neumann
method for stability analysis. This method will be called the local mode analysis method, to avoid
confusion with the von Neumann criterion. Local mode analysis may be performed on a linear
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system of algebraic equations. Because of the linearity, error components of the solution obey
the homogeneous form of the system of equations. For example, consider the system of equations

1
B =By +q . (3.41)
Here the vector U represents the exact solution of the discretized equations. Suppose only an

approximate solution to (3.41) is known. This approximate solution, which is denoted as iih, has

an error component ¢ such that
o (@) 3.42
i =|u) +¢ (3.42)
_h n+1
When the approximate solution is used to solve (3.41) for (u ) at the time step n+1, i.e.

n+1 n
B(i) = By(i) +7, (3.43)

then the error components will evolve according to the equation
Bt =BZ" . (3.44)

1t is because the operators Bg and By are linear that the error term can be separated out from the
exact solution. The error can then be decomposed into a discrete Fourier series, provided that
the boundary conditions are periodic. Then the evolution of Fourier modes may be analysed
individually. The numerical scheme is stable when the growth of all Fourier modes is bounded.
In practise, the local mode analysis is also used when nonperiodic boundary conditions are
present: it is considered that the Fourier series representation is still good ‘away from the
boundary,” and in practical applications this approximate treatment of the boundary conditions
does not usually detriment the validity of the stability criteria.>2

In this chapter, three separate methods of deriving stability criteria will be considered. The first
method utilizes Definition 3.1 and Theorem 3.1 to derive sufficient stability conditions for the
point kinetics equations. Unfortunately, this method turns out to be too impractical to apply to
one and three dimensional neutron kinetics models. The second method utilizes the von Neumann
necessary conditions for stability, applied to the point kinetics equations. The third method, local
mode analysis, applied to the discretized NEM equations, examines the equations only at an
isolated (but general) node. It ignores the effects of boundary conditions and inhomogeneous
parameters. In sections 3.2.1 and 3.2.2, sufficient stability conditions are derived for the point
kinetics equations. In section 3.3.3, necessary von Neumann conditions are derived using the
matrix method. Section 3.3.4 compares these conditions to numerical experiments. It will be
shown that the sufficient conditions yield time step sizes too conservative to be of practical use,
and that the necessary conditions yield time step sizes adequate for practical use. This motivates
the approach used in section 3.4, where local mode analysis is combined with the matrix method
in order to derive necessary stability conditions for the one and three dimensional NEM models.
Before these stability issues are addressed, the time discretization techniques of PANBOX will

be examined.
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3.2.1 Time Discretization Techniques Used in PANBOX 2

PANBOX makes use of the exponential transformation fully implicit time discretization method,
which was originally developed for an alternating semi-implicit scheme for the multigroup
diffusion equation in two—dimensional geometry by Reed and Hansen in the late 1960s.17

The exponential transform technique as applied to the NEM is described in Appendix A. With

this technique, the time derivative of the nodal averaged flux is approximated as,

dgr(®) _ (1 + omAngu(s) — e sy (3.45)
dt At

The discretized form of the neutron precursor equation is

No N,

111 = e~ @m+ipa: A 4
] 1 Dol (3.46)

A o™+ 4;

() = cMte A +
g'=1j=
The dynamic frequencies, @™ are determined in the iterative solution of the NEM equations by

(N, )

> b

g=1
In | (3.47)
> oty

(g=1 )

1
m— 4.
AP

The exponential transform technique was adapted to the NEM by Finnemann?4, however no
theoretical stability analysis was performed for the discretization. Reed and Hansenl7 had earlier
performed a rigorous stability analysis of their alternating semi—implicit scheme using Definition
3.1. It must be noted that the @™s are not constant in time. More importantly, due to the
dependence of @™ on the nodal averaged flux, the expressions (3.45) and (3.46) are nonlinear
in the flux. Therefore, the scheme must first be linearized before a linear stability analysis can
be performed. Reed and Hansen linearized their equations by assuming that the @™’s remained
constant in time. In a later paper,!8 Ferguson and Hansen extended the alternating semi—implicit
scheme to three dimensions, however they did not significantly extend the theoretical analysis
performed by Reed and Hansen. They relied on numerical experiments to demonstrate the
stability of the numerical scheme. Later, Buckner and Stewart?0 applied the exponential
transformation technique to a direct finite volume discretization of the multigroup neutron
diffusion equations in three-dimensional geometry. They attempted to generalize the theoretical
stability analysis performed in reference 17, however, they were unable to prove stability in the
general case or derive any kind of applicable stability criterion.

It has often been assumed in the literature that implicit treatment of the new independent variable
[T in Appendix A] will yield a stable numerical scheme. The experimental computational
evidence:17:18:20.24 certainly supports this assertion. These numerical investigations are further
necessary to investigate the nonlinear effects which cannot be analysed in a linear stability
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analysis. However, despite the presence of a large data base of experience with this method,
theoretically—derived stability criteria are still highly desirable. Sections 3.3 and 3.4 give
derivations of stability criteria for this time integration method applied to point kinetics and one
and three dimensional NEM models. Of these neutron kinetics models, the simplest to analyze
is the point kinetics. It, therefore, is where the analysis will begin.

3.3 Stability Analysis of the Point Kinetics Model

The point kinetics equations with / precursor groups may be written in the form,

P_P-B,. -
w4 PT Zlﬂic,- , (3.48)
l=
ac; p; ,
Zi_Lip_ ¢, = 3.49
=P —AC, i=L..,L (3.49)
where
1
B=>8 (3.50)
i=1

In the most accurate representations, the terms p and f; are dependent themselves on P through
thermalhydraulic coupling. This dependence makes the system of equations (3.48) and (3.49)
nonlinear. However, in the following analysis, the system of equations (3.48) and (3.49) will
be linearized by treating the o and the B;’s to be piecewise constant functions of time, independent
of P.

3.3.1 Exponential Transform Method Discretization

When the exponential transform discretization is applied to the point kinetics equations,

equations (3.48) and (3.49) become

6
A \pi+t _ et p; _ 0 = B) pjs it
(a) + At)P P P+ > Ac (3.51)

i=1
and

c{“ = {.’e”M’ +%’1 —af;(w;}"'mtpﬂ‘l i=1,.,6 (352
i

Equations (3.51) and (3.52) may be written in matrix form as
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— -r -
B -1 e @+ipd] :
Z w + j’l 1 0 0 le+1
W APEYRTE 0 1 o flc+!
A L o+ 2, 2
.—_’16. 1 - e—(w+l6)At (.) 0. X i CJ"‘"I
A o + Ag | R
e®4! 0 0 0 P/
0 A 0 . 0 ci
=10 0 —hAt L0 a
0 0 0 R | e
b -—— — L
Equation (3.53) may be written in the more compact notation
where the matrices A and B are shown respectlvely in equation (3.53).
3.3.2 Sufficient Conditions for Stability
The first sufficient stability condition will be given by the following theorem:
Theorem 3.2: Let the matrix R be defined as
At(w —’271——@) — A, — Atk ~ Atkg
B, _1 — e‘(w"‘li)dﬂ
- — 0
R= N /_32 r1 — e——(w+ﬂ,.)AtT 0 0 0
A w + A’i ’
:36 -1 — e_(w*‘li)ﬁf-
L — =
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then the scheme given by (3.53) is stable if IRll<1.

Proof

The proof will show that if lIRII<1, then Theorem 3.1 is satisfied. First, the difference system of
equation (3.54) is cast into the form of (3.39), by writing (3.54) in the form of

L+l g =
Wl =A"BY . (3.55)

For this case, the matrix A is relatively simple to invert — it may be done, for instance, by row
reduction. However, direct inversion of A is not useful in this situation because it is difficult to
show that the resulting matrix A~1B results in a stable system of equations. Instead, since if
IIRIi1, then the inverse of A may be expressed as

ATl=0+R)!
=I-R+R*?-R3+ .. (3.56)

The matrix B may be written in the form of

B = I + A/P(At) (3.57)
where P is bounded (since P is diagonal and its individual diagonal elements are all bounded).

‘Therefore
ATB=T+APAYI-R+R2-R+ . J+[-R+R-R+ .|  @s8)

I" has an upper bound of 1 for all », so it satisfies the stability requirements for the matrix C in
equation (3.39), Theorem 3.1. What remains to be shown is that the remaining terms,

APAOI- R+ B2~ B3+ .|+ [~ R+ R - R® + .. (3.59)

can be cast into the form 4#Q(At), such that Q(At) is bounded. The matrix R can be written in

the form

R = AN
where
- —

<w—p;1ﬁ) T S

B, (w + A4t (0 + A,)Ar
- —A— 1 - 2 + 30 - :l 0 0 0

N fomend /_3_2 o + lz)At ((0 + /12)24“2 oo
- 1 — o1 + T - 0 0 0

B (W +idt (v + A)udr

_Zﬁ{l Jloddod, @t AgAr ] 0 0 w. O
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Let the bound of R be

IR|=dt|N|= adt < 1 (3.60)
then
II-R+R2—R3+...| =< |I|+]—-R|+|R*|+]|-R3|+..
< I +|R] +[R*| +]R*| + ...

< [T+ R +IRJ? +| R + ..
< 1+ adt + (@D? + (@d)? + ...

_ 1
== (3.61)

Therefore, the matrix series -R+R2-R3+... is bounded if IRIl<1. Note also that the matrix series
—~R+R?-R3+... may be written in the form

~R+R?-R°+.. = —RI-R+R2-R*+..]
= —ANI-R+R2-R%+ ]

and
INT-R+R2-R*+..]| < [N| [I-R+R*-R*+ .|

a
1 —adt ” (3.62)
ie. I N[I-R+R2-R3+...] Il is bounded. Thus (3.59) may be written as

APAYI-R+R2-R*+..]+[-R+R2 - R + .. ]

- At[P(At)[I ~R+R2-R*+..|-NI-R+R -~ R>+ ]]

= AK(AY (3.63)
The product of bounded matrices is bounded, and the sum of bounded matrices is bounded. Since
(3.61) and (3.62) show that [I-R+R2-R3+...] and -N[I-R+R2-R3+...] are bounded, and since

P(At) is bounded, then K(At) is bounded. Then, using (3.59) and (3.63) the difference system
(3.54) becomes

Pt = [+ AR @AY)F (3.64)

Since K(At) and 1" are bounded, the difference system satisfies the conditions of the Kreiss
—Strang theorem, Theorem 3.1, proving that the difference system is stable if lIRlI<1.

O

IIRII<1 is therefore a sufficient condition for the stability of the difference system. We note that
the choice of matrix norm here is
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IR = max B = max[
v=0

=) (3.65)

v=0 Wl

(R, R@}

This norm is reasonably straightforward to evaluate. Itis

IR|= Jo®R™R) , (3.66)

where o(RTR) is the spectral radius of the matrix RTR. The eigenvalues of RTR are determined
as

S1 =85, =53 =5,=255=0

2
6 6 6 6
Sgr 87 = % P+ >R +dyx [b2 + >+ d%)] + 421),?241? (3.67)
i=1 =] i=1

i=1 i
where

b

lif

At(co _P_A'_‘_ﬁ)
c & 1 — e~ @+t
i A o + li
. = Ath;

Thus, {IRll may be calculated directly, and it may be immediately determined if the sufficient
stability condition lIRIl<1 is satisfied.

i

3.3.3 Alternate Sufficient Conditions

In the last section, a sufficient condition for stability was derived for the difference system given
by equation (3.54). The problem with sufficient conditions is that they may specify a time step
which is too small to be of practical value. The ideal condition is both necessary and sufficient.
Arriving at such a condition, however, is not always possible when the amplification matrix (in
this case A~!B) is non—unitary (as is true in this case). Instead of trying to find a necessary and
sufficient condition for stability, an alternative sufficient condition will be derived here which
turns out to admit larger time steps than the one derived in the last section.

Theorem 3.3: Let the matrix S be defined as

0 i —Atﬂ,] cos —Atﬂzﬁ )
1+At[a)—(pA_'B)J 1+Atlw—<p£ﬁ)J
Pr| 1= ezorh 0 0

w
I
1
|

] a)'+/11 } . .

bs 0 0
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then the difference system (3.54) is stable if

IS]<1 (3.68)
and
“’*(p/:ﬁ)>0' (3.69)
are satisfied.
Proof
First the matrix A is written in the form
A=DId+S) (3.70)
where
r _ —
A
D= 0 0O 0...0
0 0O 0..0
(3 0O 0..90
o o

Then the difference equation (3.54) may be rewritten as

7l = a+9" DB . (3.71)
D! is found by direct inversion, and the matrix D~!B is given by
§ et o . 0 |
1+ At[w - Q/—T@]
0 e M1 0 0
—1ln

DB = 0 0 e .. 0

0 0 0 e @A

The exponential terms may be expanded in series expansions and the matrix D~!B is split into
the form

DB =G+ AMH

where
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[~ 1 =
1+A,[w__@/}@] 0 0 .. 0

0 1 0 .. 0

G = 0 0 1 .. 0
0 0 0 . 1

o P

Here, H is bounded and G™is bounded for positive n due to the inequality (3.69). By expanding
(I+S)~! in the same way as (I+R)™! is expanded in equation (3.56), the amplification matrix
becomes
A7IB = 0+ S)"XG + 4rH)
=I-S+82-8%+ . .)G+4H) for|S|<1
=G+A4I-S+8? -8+ JH+(-S+8*-8+.)G (3.72)

Following the same argument for S that was made for R in section 3.3.2, the matrix T can be
defined by

T

Ls
Vi
Then the norm of S is given by
|S||= 4z| T|= bdt < 1 (3.73)
and the following relationships hold:
-~S+82-8+ .. = —AMI-S+8 -8 +..] (374

_ 2 _ Q3 b
Ir-s+82 -8+ . ]| = =%

1
1 — bAt

[I-S+82-8+ .|| =
Using (3.74) in (3.72), the amplification matrix becomes
ATBB=G+A4{d-S+8 -8+ JH-TA-S + 8- 83+ ...)G].
Since (I-S+S2-S3+...), H, TI-S+S2-83+...) and G are all bounded matrices, then the matrix
L(At) is defined as
LA)=I~-S+82-8+ )H-TA-S +82-8*+ ..)G
which is also a bounded matrix. Then the difference system of equation (3.54) may be written

as

77 =[G + ALY . (3.75)
It has therefore been shown that, if the inequalities (3.68) and (3.69) are satisfied, then G" is
bounded for positive n and L(At) is bounded. Therefore, under these conditions, the difference
system (3.75) [and hence (3.54)] satisfies the conditions of the Kreiss—Strang Theorem (Theorem
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3.1) and the difference system is stable.

]
Remark: The bound of S is calculated from the spectral radius of STS, the same way as in
equation (3.66) for R. The eigenvalues of STS are
S1=S2=S3=S4=S5=0
6
Atz 12

7 i
[1 +At(w - @7_@)] i=1

6 ﬁ 2 @+ 2
_ __l l_e—a) Mt
o= 2fa) [

Thus, the sufficient stability condition is inequality (3.69) combined with max(lsgl,Is7l) < 1.

S6=

3.3.4 Von Neumann Necessary Condition for Stability

To apply the von Neumann stability criteria to the exponential transform discretization of the
point kinetics equations, the matrix method32 will be used. Equations (3.51) and (3.52) are
rewritten as

n+1
— _ A -
(1 + wA t)I I;t evaiTy - S i{,n+1 (3-76)
where the matrix S is here defined as
B ©-B ]
A Al o6 246
'_é_;_l Fe—(w+/11)dt -1 1 + wAdt — e@+iat e 0
A ] At + Ay) At
S = . - . . (.77,
Bo[ e~ +ioar _ 1] 0 oo Ltodi— il
A At + A9 At

. . S . L+t
Let the eigenvalues and eigenvectors of S be s; and 4, respectively. The vectors i and il

can be decomposed into linear combinations of the eigenvectors /Z,, in the form

and

Since

the amplification of a single component of # may be written as
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(1 + 0ddbr+1 — godipn
At

— ﬁb?+1
n+l _ g4t n
= b; T+ A —s5y” (3.78)

If (w—s;) > O then the amplification factor satisfies.

b4+1
i

bn
i

<14 0.

If (w—s;) < 0, then provided that A #(w—s; )| < 1, the denominator of the right hand side of (3.78)
can be expanded in a Taylor series. Then,

pn+l
‘| < 1+ 54t + 0

b"
1
< 1+ 0y (3.79

This is equivalent to the von Neumann stability criterion, Definition 3.2. The necessary stability

criteria are therefore summarized as

1
Ia) — Sl-l for (w - Sl) < 0 (3.80)

0<AdAt< o for (w—sp) =0

Note that the eigenvalues of S are most practically found through numerical solution methods.

At <

The condition (3.80) must obviously apply for all eigenvalues.
3.3.5 Comparison of stability criteria versus numerical experiments

In order to verify the stability criteria derived in sections 3.3.1-3.3.3, the stability boundaries
predicted in these sections are compared against some numerical experiments. In all cases, the
problem is solved using the precursor coefficients shown in Table 3.1, a delayed neutron lifetime
of A=2.345E-5 s, and variable reactivity. These values are typical of a PWR.

Bi M (s

3.802 2.060E-4
1.4005 8.070E-4
0.3268 2.085E-3
0.1241 9.990E—4
0.0315 1.119E-3
0.0128 1.620E-4

QN[ | B W] N =] ™

Table 3.1: Point Kinetics Coefficients

The stability boundaries using the first sufficient condition (Theorem 3.2, section 3.3.2), the
second sufficient condition (Theorem 3.3, section 3.3.3) and the von Neumann necessary
condition (section 3.3.4) are shown in Figure 3.1. Time step sizes to the left of the curves are
predicted by the respective criteria to be stable. Numerical tests were performed by using
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equations (3.51) and (3.52) to integrate the point kinetics equations over a finite time interval.
The initial condition was a steady state condition, found with p=0.0 and P=1.0. The transients
were initiated by using an instantaneous insertion of reactivity at time r=0.0 s, and time steps
from 4¢=0.01 s to 4¢t=10.0 s were used to integrate the equations (3.51) and (3.52).

1 1st sufficient z / A
J e, i K A
1.8 condition 2Ky /\
°. 5 - > {.Necessary > »
— T ' condition ><
2 o.0- b < .
¢ T2-57] N 2nd sufficier 4P
i i condltlon ><
-1.8 { .>< AN ><
P l |
— Ty —r—r , Ty T———rrrry
103 1@ 2 109 101
Time step size (S) A Numerical test — unstable
>< Numerical test — stable

Figure 3.1: Maximum time step size to satisfy stability criteria.

In analyzing the numerical solutions, it can be difficult to identify when instability effects begin
to occur. In contrast to the behaviour of unstable schemes for hyperbolic problems, the difference
between stability effects and accuracy effects are difficult to identify with this discretization of
the point kinetics equations. The criterion chosen here was that when the solution of P at the end
time differed by more than 50% from the solution using the next smallest time step, then the
scheme was deemed unstable. As can be seen from Figure 3.1, the von Neumann necessary
conditions for stability agree well with the stability regime which was found numerically. The
sufficient stability conditions are seen to be too conservative, and would lead to excessive

computation time if implemented in a production code.
3.4 Local Mode Analysis for the 1-D and 3-D NEM

In this section, stability conditions for the one and three dimensional forms of the NEM are
derived. Section 3.3 demonstrated that although sufficient stability conditions can be derived for
the exponential transform discretization of the point kinetics equations, these conditions yield
admissible time steps which are often too small to be of practical value. It was also shown that
the von Neumann necessary conditions are adequate for predicting an admissible time step size.
This is also the experience found by other authors in a wide spectrum of examples.’? For these
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reasons, and for the fact that the calculation of sufficient conditions would be far too
compute—intensive, only the von Neumann stability conditions are derived for the NEM
discretization of the time dependent neutron diffusion and delayed precursor equations.

The time dependent NEM-M2 equations are a coupled system of nonlinear equations. The
nonlinearities come into play not only from the dynamic frequencies in the discretization of the
time derivative, but also from the higher order moment equations, which are derived through the
use of several nonlinear approximations. The higher order flux moment coefficients, azg, and
a4gy, of the NEM-M2 discretization can be treated as corrections to the outgoing current
equations of the NEM-MO discretization. In the NEM-M2 formulation, the current equations
take the form of

—m L .+ L :—m
-]gu)ln - lgu(¢m "+ a ) + C2gu-]gu;n + C3gu]g“" C4gu 3gu

(3.81)
+m — ¢m,n + amn + CR itm + C
Jgul lgu 3gu-lgul 2gngW 4gu 3gu
whereas in the NEM-MO formulation, they take the form of
jé;;n = Clgu g T C‘2gngul + C3gujgur
(3.82)

+m
Jg"’ Clgu Zm + C3gngul + ngu.]gur

The approximation will be made here that the coefficients terms azg, and agg, are such that they
can be considered as small corrections to (3.82), and that these corrections are linearly dependent
on the nodal averaged flux. This approximation enables consideration of the moments equations
to be left out of the stability analysis, and the outgoing current equations (3.81) may be written

as
Jg_u'ln = u¢mn + C2gngul + C3guj8“;'n (3 83)
.+ , R -
Jg“;‘n 1gu¢mn + C3gu-]gul 2gu]8")rn
with
mn . qmh L amn
L _ lgu(¢ a4gu) C4gua3gu
Clgu = ¢m n
s (3.84)
m, R N
. 1gu((ﬁmn +a n) + C4gua'3”gu
1 —_
gu G
For the stability analysis, the approximation is made that the coefficients Cll‘ and CR/ lou A

constant in time. Furthermore, as in section 3.3, the approximation is made that the dynamic
frequencies are constant in time. These approximations linearize the NEM equations to the form
of the NEM-MO approximation, which is written as equations (3.83) along with
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(1 + wAt)qb’"’" — ewAr¢m,n-—1
8ngt 8 +Erg¢mn — Zzgg ¢m,n

g<g'
1 G G
x> D= Py g + Zxdg ernt S Llem — oo — i)
g=1j=1 »
(3.85)
and
mn — mn—1,—At 1 S e m 1 — e~ @+A)Ar
o ™ le + l;;ﬂivzfg’gbg'( oV L, (3.86)

Now the procedure of local mode analysis is applied. This method approximates that all
coefficients are not spatially varying, and ignores the effects of boundary conditions. Despite
these approximations, it is the most practical method of finding stability criteria for space
dependent problems. The dependent variables are expanded as Fourier series:

_ ~n a2 mn _ £ ié"??,,,
o = S = SE
& k
c—m = 10, m - 6, %,
-]gul - ZxkgLue , ngl;‘n - ZngRuel K (3.87)
k k
sbem o l§ '7_6?,,, — i@ (L / /R 3 15 'ﬁnl 0 u
Joul = ZngLue * (e k") Jour = ZngRue * (el k)
k k

Here, the summation is over all Fourier modes and the 1,5, %, and §~ coefficients are the amplitudes

of the respective modes k. 5,( is the vector of phase angles for the mode: (7,( ranges from
(— &, — m, — 7)to (w7, 7) for the 3-D NEM, with discrete steps of (7 /Ny, 0, 0), (0,7 /Ny, 0)
and (0, 0,7 /N). K, is the position vector of the node, &, = (i, j, k). Further clarification of the
method of local mode analysis may be found in Hirsch.5?

The following terms are now defined to simplify the development:

_ 1 ;
Spey = 2 + 12(1 - ﬁf)x{,gvz:},

1 — e—(@+Ap4t
>
2cig = Z'B fg( w + 4, )

The Fourier expansions (3.87) are substltuted into the neutron and precursor balance equations
[(3.88) and (3.85)]. With the utilization of the orthogonality property of the Fourier modes, the
amplitude equations for one mode (omitting the subscript of the mode, k) may be written as

~n—1

1+ wAt)ng — e, n n .
vedt + 2y = ZEFgg’wg' + 2%28/1151
g i

+ Z [XgLu(e B = 1) + gm(e® = 1)] (3-:89)




and

~n ~n—1 -

E =& Mt N3, (3.90)
g

Similarly, the partial current equations (3.83) may be solved for the amplitude of the current

modes in terms of the amplitude of the flux modes:

CL' (1= CR ¢=.) + CR/ CR o
gu 3gu lgu " 2gu -n

ot = 1 —(CL efut CR ¢=#) + CL CR — L R |7°
3gu 3gu 3gu " 3gu 2gu " 2gu
-1
= RgLu(Ou)wg
CL' CL ¢=ibu 4 CR! (1 — CL eieu)
. lgu " 2gu lgu 3gu 1
XgRu = g

— L 9, R ,—i0, L R —_ L R
1 <C3guel + C3gue : ) + C3guc3gu C2guC2gu

~N
= R gRu(eu)w g
These expressions may be substituted into the balance equation. With further manipulations the
nodal balance and precursor equations may be written as

. ~n—1
(1 + wAtyp, — evAnp" ) ) o )
viAt S+ Ty = > Zpy + > ahAEL + D LeOu),
& i u 3.9
and
~h ~n—1
— w4 (w+A)Mrs
1+ wAr)ézt e 1+ wAtA—-t e(w+l.-)4t~t"1 N ze Atzagy;; (3.92)
4
with the definition

Lou®) = 2| Ryr®)e™® = 1) + Ry, Bu)(e™ - ]

Most PANBOX data bases for PWR analysis use two energy groups and six precursor groups.
For these cases, the vector of mode amplitudes is defined as

T
~n ~n gZh R sn
-LG = |:¢1’¢2’ gla §2’ ees 56]
and equations (3.91) and (3.92) may be written as

s /) _ wAt—)ﬂ—l
a+ a)At)uAt e?dty — g7 (3.93)

where the matrix S is defined by
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ap Ay Vidi Vidy e Vidg
021 022 O O (X2 O
bll b12 Cl 0 s e O

b21 b22 0 C2 oo 0

b6l b62 0 0 e C6
ayy = vi| ey + D Ly 6) = Zrl] apy = viZy
u
ay; = vy2iy = V2[;L2u(0u) ) ErZJ
_ e(w+l;)AtZ'Cig 1 + war _ e+A)At
big = ——— €= At

The procedure shown in section 3.3.4 is now applied to equation (3.93). The eigenvectors and

. . —> N - —n—1
eigenvalues of S are given as s; and [, respectively. The vectors ¥ and u can be

decomposed into linear combinations of the eigenvectors i » in the form

7= di
i

and the amplification of the eigenmodes are given by

&= i a1 (3.94)
i 1+ A4 t((l) S t) i :
The stability criteria are derived as in section 3.3.4, and are summarized as
1
<< — .
At < I 57 for (w—s5) <0 (3.95)

0<dt= o for (w—s5) =0

These criteria are calculated for each material region of the data base. Because of the different
burnup histories and thermalhydraulic conditions of materials within the core, this usually means
that the stability criteria must be evaluated for each coarse mesh node. For a full core calculation,
calculation of the stability criteria involves finding the eigenvalues of several thousand 7x7
matrices. To save computation time, stability criteria for all the nodes is evaluated only at the
first time step. The least stable nodes are then identified as the ones for which the criteria (3.95)
admit the smallest time step. During the transient calculation, the stability criteria is recalculated

only for these least stable nodes.
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3.5 Summary

In this chapter, some theoretical foundations for the numerical methods used in this thesis have
been set. In section 3.1 it was shown that the NEM is consistent with the multigroup neutron
diffusion equation. Section 3.2 introduced stability analysis and time integration techniques used
in PANBOX. Section 3.3 derived three separate stability criteria for the PANBOX time
integration method applied to the point kinetics equations, and compared these criteria to
numerical experiments. From the results of these experiments, it was concluded that the
necessary stability criteria are appropriate for practical use. Section 3.4 builds on the analysis
of section 3.3 to derive necessary stability criteria for the NEM by using local mode analysis.
Because the numerical methods are stable and consistent, it is expected that the solutions which
will be calculated are also convergent to the solutions of the PDEs which are being modelled.
Furthermore, the consistency of the NEM is used in the next chapter to develop an operator

formulation of perturbation theory.
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4. Point Kinetics Model

The point kinetics equations, already presented in section 3.3, are well known as the simplest ki-
netics model of a nuclear reactor. The derivation of the point kinetics equations in this chapter
is similar to that of Henry® who seems to be the first person to have derived the point kinetics
equations by separating the neutron flux into a shape function and an amplitude function. Henry’s
formulation was later used by Ott!4to formulate the quasi—static approximation, which has prov-
en to be an efficient and accurate method for approximating the solution to the time—dependent
neutron diffusion equation.!5:35:36:80 While some variant forms of the point kinetics equations
have been proposed (see for example, Becker3!), the advantages of these methods are not neces-
sarily relevant to this thesis. For this reason, the classical textbook formulation of the point kinet-
ics equations will be derived.!%11:82 The derivation is included in section 4.1, and not in the

appendix, for reasons of continuity.

During many accident scenarios, the reactivity of the core is the greatest varying parameter in
the point kinetics model. Accurate determination of the core reactivity is crucial to achieve an
accurate description of the transient. It is well known that first order perturbation883 or sensitiv-
ity theory>3:54 can be used to make reasonably accurate approximations of the reactivity. What
was not known, until recently, were the technical details of how perturbation theory approxima-
tions can be implemented in a code utilizing the NEM. This is the main technical contribution
of this chapter, and will be presented in section 4.2.

4.1 Derivation of the Point Kinetics Equations

Derivation of the point kinetics equations begins with the space—time continuous multigroup
neutron diffusion equations, coupled with the delayed neutron precursor equations:

0
L5 V- Dy + Sy = ZE o5 + Z —_ +Zxdgll’ 1)
g = 1,...,NG
ac; 1 Y
i_ — | =
_a_t_ _ I_ 211215/1;2] 1 = ]., "’NI (4.2)
where

Pg = 97 1) g§=1.,Ng
¢; = Ci(?,t) i= 1,..,NI

and

N;
Do = %Z (1 —Bw,
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Ny
B=208
i=1
The flux is separated into a time dependent amplitude function P and a time and space dependent

shape function z,bgK

¢ 1) = YEEFEDP® (4.3)
and the neutron precursor concentrations are separated in a similar way,
0 = E7XFENCTR@) (44)

Equations (4.3) and (4.4) are substituted into (4.1). The neutron diffusion equation is then multi-
plied by a weight function (see the next section for the choice of a weight function) W,, and inte-

grated over the volume of the core.

No w PK(7, f)
% P(t)j Z _g_i.%(_?_-_dv — I—;O(t?/l(t)ﬁ(t)] P(t) + Z/‘L CPK(t)J’ Z Wg(‘)xdgEPK(_‘ t)dV

y &=l v &=l (4.5)

where the reactivity is defined as

NI J
fZWgOV VDVt — Z¢PK+Z[E + 2 'Uzzxdgﬂ’ ]

Vgl i=1j=

p) =

Ng G N, N, o
[ S0 S o135 S
7 &1 g=1 i=1j=1 (4.6)

the delayed neutron fractions are defined as

jzmﬂ[ii%ﬂmwﬂ

T=1
v 8 J=

1
B = D B @)

Ne Ne N, N, =
[ S0 X o -3 St s
|4

Bio) =

g=1 g'=1 i=1j=1

and the neutron lifetime are defined as

N, N,

A®) = JZWA'G) Z[ 'Uzzxdgﬂ’v ] gV (4.8)
=1 g'=]

i=1j=

The separation of variables (4.3) and (4.4) admits non—unique solutions of P, ng, CPK ;1 and §P K

In order to admit a unique solution, the following constraints are applied to the shape functions:
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=1

f Oy = “9)
v 8

Ne
f Z WPl ET5@ nav = 1 (4.10)

These constraints reduce equation (4.5) to
N,
dap _ p® = O N PK 411
=" ro+ zxic,. ) (4.11)
l =
which is the first equation of the point kinetics model. The precursor equations of the point kinet-
ics model are derived by multiplying equation (4.2) by W,(7, ?) xfi x summing over the energy

groups, and integrating over all space. The result yields

Ng
;% Cf’K(t)J Z}Wg(?)xf}gtﬁf’ KF nav | = /’318 P() — A,CPR() ] z W@ ,E 5 av
\4 £= V

which, upon application of the constraint (4.10), becomes
K

dctt _ B

dt — AQ)

Equations (4.11) and (4.12) are the well known point kinetics equations. They are ordinary dif-

ferential equations which may be integrated in time, given initial conditions and the time-depen-
dent coefficients p, f;, 4; and /. Initial conditions may be found from an initial three dimensional

solution by multiplying (4.3) and (4.4) byW,(F)/v, and W,(7) Xilg respectively, summing over

all energy groups, and integrating of the volume of the core. Due to the normalizations (4.9) and

“EP@) — ALCPE() (4.12)

(4.10) the initial conditions become,

Ne
P(tg) = J > Wgw:( Ly (“.13)
y &=!
and
Ne
CH(p) = J D WP xciF 10dv (4.14)
g=1

The point kinetics parameters are found by approximating the integrals in equations (4.6) to (4.8).
The main approximation used in this calculation is the adiabatic quasi—static approximation, in
which the flux shape function is approximated to be slowly varying in time, such that

YEEG ) = wEEG 1) (4.15)
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The weight function which is chosen is the solution of the equations adjoint to the time—indepen-
dent neutron diffusion equation, so that the reactivity is determined using perturbation theory.
The implementation of perturbation theory within the NEM is the subject of the next section.

4.2 Adjoint method of sensitivity theory for the NEM

There is been some confusion in the literature33:56:5758:59:60 about how perturbation or sensitivity
theory formulations can be implemented in codes which use variants of the NEM. The authors
of these papers have all distinguished between the so called mathematical and physical adjoint
equations of the NEM, terms which were posed by Lawrence in 1984.55 The physical adjoint
equations were deemed as the equations adjoint to the differential multigroup diffusion equa-
tions, discretized with the NEM. The mathematical adjoint equations was the name given to the

adjoint of the discretized NEM equations.

The terminology physical and mathematical adjoint is misleading, because all equations are in-
herently mathematical. The problem which confronted Lawrence was in fact first solved in 1980
by Cacuci et. al.,>3 when they observed that in general, two different classes of adjoint equations
could be formulated from a set of discretized equations. They defined two different formulations:
the operator formulation is based on the discretization of the equation adjoint to the forward dif-
ferential equation; and the matrix formulation is based on the adjoint of the discretized equations.
For the example of the thermalhydraulic equations studied by Cacuci et. al.,53 both adjoint for-
mulations were consistent with the continuous variable adjoint equation, however the formula-
tions did have different truncation errors.

Although in some cases it is favourable to use the matrix formulation, some serious difficulties
have arisen with this formulation applied to the NEM. The first difficulty was that it took nine
years from Lawrence’s identification of the matrix formulation>5 before someone found a con-
vergent iterative solution scheme for his equations.5%%0 Further problems occur because there
are many variants of the NEM: the original NEM-M2B2 variant developed by Finnemann?3 has
its own characteristics which are not addressed in the solution scheme for the variant developed
by Yang, Taiwo and Khalil.5%60 The main advantage of the operator formalism, on the other
hand, is that the existing NEM solution scheme may be applied without having to wait nine years
before it converges. None of the earlier works33:56:5758,59.60 which developed a matrix perturba-
tion theory formulation for the NEM properly considered the possibility of using the operator
formulation. Most of these authors recognized the fact that the perturbation theory formulas in-
volve dot products of flux gradients integrated over the nodes, and that the use of the nodal aver-
aged fluxes to approximate these gradients would be too inaccurate.55:56:60  However, what
previous authors did not recognize is that the NEM solution provides not only average nodal
fluxes, but also flux expansions within the node. It was shown in chapter 3 that these flux expan-
sions converge to the solution of the multigroup neutron diffusion equations as the mesh spacing
reduces to zero. Therefore, they can be used in an operator theory formulation.
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It must be noted that a very similar formulation to the one presented here has been recently pub-
lished in the doctoral dissertation of Delmolino.®! Delmolino implies that the use of flux expan-
sions is necessary only in the implementation of generalized perturbation theory, and he uses
simple inner products of the nodal averaged flux to determine perturbations in the reactivity.
However, he shows no results for perturbations in the diffusion coefficient: it is this type of per-
turbation in which the accuracy of his proposed method breaks down. Delmolino also does not
identify how the inner products of the gradients are calculated in his formulation. Additionally,
he does not make the important theoretical connection that the flux expansions converge to the
solution of the multigroup neutron diffusion equation. Without this consistency consideration,
blind use of the operator formalism can be erroneous. The methods presented in the next section
were developed independently of Delmolino’s findings, and the differences described above dis-

tinguish this work from his.
4.2.1 Operator Formulation for the NEM

Here, the eigenvalue perturbation expression is derived from the differential multigroup forward
and adjoint equations. As suggested by Delmolino’s results,®! the methodology may also be used
with more general perturbation and sensitivity theory analyses. The initial, unperturbed forward
multigroup neutron diffusion equation is written in compact form as

— 1 —_ .
V DoV 0 — Ay + A_OFgO% =0, g=1.,Ng (4.16)
Here, the vector of multigroup fluxes is

$o = @D 10P200 P50 (4.17)

and the operators Ag and F,, are given as

Ng
Ag0¢0 = ngO(ng - Z Z:gg'0¢g’0 (418)
g'=1g'#g
and
— NG
Foop0 = Xs z V2P g0 (4.19)
g'=1

The perturbed forward equation is

VDVos — Agh +1Fgh =0, g=1...Ng (4.20)
The perturbations are thus defined as

0pg = ¢g — D0 04, = Ay — Ay,

6Dy = D, — Dy, 0Fy = Fg — F, (4.21)

y_1_1
6(1)‘/1 Ao
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The unperturbed adjoint equation is
V - DioVs0 — Agedy + /%onq‘b’o =0, g=1,..,Ng (4.22)
0

where

o

¢0 = (¢TO>¢;O’ ""¢;/GO)T

x 2 Xe

rdmn * *

Ag0¢0 = 2rg0¢80 - Z 2g'g0¢g'0
g'=lg'=g

* ——.* NG 0
Foopy = v po z Xo®e'0
g'=1

An exact expression for the perturbation in the eigenvalue may be obtained by multiplying equa-
tion (4.20) by ¢, ¥, summing over all groups g, and integrating over the volume of the core. The
result is

N
— j ¢ZO[V DV, — Agh + /%;ng)]dv
(1) = ! (4.23)
Ng )
j D, ProFsbdV
g=1
The adjoint equation (4.22) is now multiplied by ¢,, summed over all groups g, and integrated
over volume. The right hand side of the resulting equation is still equal to zero, and thus may

be added to the numerator of equation (4.23) without any loss of generality. Using the definitions
of the operators in (4.21), the exact expression for the perturbation becomes

Ng
- j Z[¢ZOV "DeVpg — ¢V * DoV gy — PoodAgp + /%¢’205Fg¢]dv

5(/%) _ v - . (424
f > pioF pav
y &=l

Using the vector relation
fV-g=V-(®-p-g,
this becomes
Ng
- f > [ — 0DVl - Vg — BihAD + %‘PZ@F&]"V

_ v < -
) = - - I¢hd,) (429
f D bsoFsbav

g=1

1%

1
0
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where

Ne
j A [$50DgV g — $gD g0V sodA
- g=1
I¢sp) = = o (4.26)
f . ProFspdV
y &=1

The first order accurate perturbation expression may be written as

_ J z[_ SDgVé0 * Vb0 — ProdAey + 71L¢;°6Fg$ O]dv

g=1 - -
o(1) ~ - - T@30.6,0
J’ zlﬁbzoFgo‘PodV 4.27)
v &7

The first term of equation (4.27) is the commonly used perturbation theory expression which can
be found in most textbooks on reactor core analysis.81082 The second term, I, is an integration
over the boundary of the volume being considered, and over all interface surfaces on which the
fluxes or currents are discontinuous. While the true solution to the PDE does not have such dis-
continuities, an approximation to the solution may possess such discontinuities. In the operator
formulation, these possible discontinuities must be considered.

The first term of equation (4.27) involves the inner product of forward and adjoint flux gradients,
and the inner product of forward and adjoint fluxes. It is assumed that all coefficients do not vary
over the volume of a coarse mesh node. This assumption neglects higher order burnup84 or con-
trol rod corrections,?4 where the cross sections are approximated as polynomials or piecewise
constant functions within the node. The integrals over the entire reactor volume in equation
(4.27) may be represented as sums of integrals over nodal volumes. For example,

f Z¢go«sAg¢odv Z 2 o f Pr0 g0 dV — Z > f $robg0dV | (428)
V Qn

m=1g=1 g'=1

Qm
where the superscript m denotes the node index, and N is the total number of nodes in the discreti-
zation of the core. Similarly, the expression for the dF operator is

T

G G
j Yosiarduv = 3. 3. 3ol [dimon| @2
m=1g=1g'=1 G
and the expression for the F operator has a form similar to (4.29). From equations (4.28) and
(4.29) it is seen that the inner products of the forward and adjoint fluxes must be evaluated over
nodal volumes. Additionally, because of the first term in the numerator of (4.27), the inner prod-
ucts of the forward and adjoint flux gradients must also be evaluated over the nodal volumes.
These integrals can all be approximated by expanding the nodal flux in a series expansion, using
the one-dimensional flux expansions of the NEM. In Cartesian geometry, the nodal flux then
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takes the form

~ g Y (it BV At DRI G B
Peolgn = Pexy,2) = ¥l —- o\ & g\ ~a 2% (4.30)

for the forward flux, and

G50l = P, 3,2) = WZ?( ;xx) Wj;;”( ;yo) +sv;;"( _a:) 2,™(4.31)

for the adjoint flux. The functions ¥ are the one—dimensional transverse integrated flux expan-

sions of the form

4
W) = ¢ + > all h(w) (432)
i=1

for the forward expansion functions, and

4
Vi) = ¢35 + Z ajguiu) (4.33)

for the adjoint expansion functions. The NEM polynomials h; are given in Appendix B. It was
shown in chapter 3 that when the functions ¥ are determined with the NEM, then the flux expan-
sions of equations (4.30) and (4.31) reduce to the solution of the forward and adjoint multigroup
diffusion equations, as the nodal mesh spacing is reduced to zero. These expansions are therefore
consistent with the solution to the continuous equations used to derive the perturbation expression
of equation (4.27). If the expansions are used to evaluate the integrals in (4.27), then the result
of the integration will converge to the true result of (4.27) as the mesh spacing is reduced to zero.
The gradients of (4.30) and (4.31) are evaluated to be

oym oy oy

m __82 &3 82 4.34
Vo7 ax)c+ 6yy+ 3z 2 (4.34)
and
om oy;m oy;m
*m — 88X A &Y A 82 A (4-35)
Vo, axx+ ayy+ 3 %
With these expressions, the necessary integrals over the nodal volumes are evaluated to be
* _ % _ 1 * 1 *
u= xyz

Qm
+ S gmam, 4 Zgmgm oy Lgingm, 4 ogimam
35 “3gu3g'u 35 “dguT4g'u 5 \“3gu"1g'u lgu”3g'u

* 4.36
- 33 (a4guazgu + aZZ’uaTg,u)H X (4.36)

and
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I3 (@40, 40 = f dV[Vdizm : Vgp';] =

Qm
= 1 36 m 36 m
= Axlyd, 2 [a [4a'1ngu lgu + 12a;.ngu 2gu = 5 a3gu 3gu + _7—a4gu 4gu]} (4.37)
u=xyz\ Y
The next step in this development is the evaluation of I', definition (4.26). The NEM continuity
conditions between two neighbouring nodes n and m are such that the following equations are

satisfied by the flux expansions:

j PFdA = J(PZdA (4.38)
@mn @mn
and

(Dpvey - i), = (DVeE - i), (4.39)
Because of these interface conditions, I'=0 provided that the boundary conditions of the adjoint
problem are appropriately chosen. It should be emphasized that the interface conditions (4.38)
and (4.39) may not be met by all ‘nodal’ schemes. Very likely, they are not satisfied by many
finite element schemes. Also, care should also be taken when constructing the expansions (4.30)
and (4.31) in the case where the 3-D NEM method uses discontinuity factors. In all of these cases,
it may be true that I is non—zero.
With the assumption that I'=0 (as is true in this case) and that the coefficients are constant within
anode, equations (4.36) and (4.37) may now be used in equation (4.27) to calculate first-order
accurate eigenvalue responses. The final form of (4.27) then becomes

NT NG NG
S 2[513’87’1'2”@;0,%0) + > (sam, — dorm @y, ¢glo>]
1 m=1g=1 g'=1
5(1) ~ (4.40)

Ny Ng Ng
21 Z Zl Fgg’ 1(¢8O’ ¢g 0)
m=1g=1g=

The form of (4.40) is particularly convenient to calculate during a point kinetics calculation, since
the integrals I7(®™, ®7) and (@™, &) may be calculated and stored at the beginning of the
period during which the point kinetics model is to be used.

4.3 Example Calculations Using the Operator Formulation

An appropriate method to test the accuracy of the above formulation is to use the exact expression
for the perturbation, given by (4.25). In this case, the perturbed forward flux is recalculated, and
equation (4.40) may be expressed as

57




'=1

>= mols ] (4.41)

N Ng Ng
Z Z Z Fr I 50,6 )
m=1g=1g=1

The result of (4.41) can be compared with the known change in eigenvalue between the unper-
turbed and the perturbed forward calculations. If the flux expansions were exactly the flux solu-
tions of the PDE, then there would be no difference between (4.41) and the change in eigenvalue
calculated from the forward solutions. Thus, comparison of (4.41) with the known perturbation
of the eigenvalue indicates how accurately the operator formulation performs with the selected
NEM mesh size. This method of calculating exact changes in the eigenvalue is known as ‘exact

Ny Ng Ng
2 2[513?1'2”@20,%) + > (6Ag ~ 1opm )1';1(¢§o,¢g1)]

1
(s(A

perturbation theory,” and is described by Williams.3>

The methodology described above has been implemented into the PANBOX code. The calcula-
tions presented here have been made using a 2—group NEM calculation for a typical PWR core
database in octant symmetry. Both the adjoint and forward NEM solutions were calculated with
a convergence criteria of 10~ for both nodal fluxes and eigenvalue. The calculations were per-
formed as follows: first a critical boron concentration search was made in a hot full power core
condition, and all necessary components of the forward solution were stored. Then the physical
adjoint solution was calculated, and the results from that calculation were also stored. Perturba-
tions in cross sections were made in the input deck by selecting nodes and cross sections to be
perturbed. The changes in the cross sections were then used with the forward and adjoint solu-
tions to estimate the first order response, as described in the last section. A second forward cal-
culation was made to calculate the new eigenvalue. Finally, an exact perturbation theory
calculation using the first term of equation (4.41) was made.

Perturbation A determined A determined A determined

in 10 selected by the operator by second by equation

nodes. formulation forward calculation (441
-40% 1.00020993 1.000291 1.00029111
-30% 1.00015748 1.000198 1.00019896
-20% 1.00010502 1.000122 1.00012195
-15% 1.00007880 1.000088 1.00008798
-10% 1.00005257 1.000056 1.00005639
+10% 0.99994767 0.999951 0.99995106
+15% 0.99992144 0.999929 0.99992877
+20% 0.99989522 0.999908 0.99990791
+30% 0.99984276 0.999870 0.99986959
+40% 0.99979031 0.999836 0.99983543

Table 4.1: Results of perturbation of the diffusion coefficient in 10 selected nodes.
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Fig. 4.1: First order perturbation theory results for perturbation of the
diffusion coefficient in 1Q selected nodes.

Table 4.1 shows the results of perturbations made in the diffusion coefficient. Of particular inter-
est here are the exact perturbation theory calculations: the agreement is excellent, and this con-
firms that the method of approximating the nodal fluxes and flux gradients is accurate in this
instance. The first order perturbation theory calculations are also compared against the perturbed
forward calculations in figure 4.1.

4.4 Summary

In this chapter, the point kinetics model was derived from the multigroup neutron diffusion equa-
tion by separating the neutron flux into a shape function and an amplitude function. The main
technical contribution of this chapter was to show how the operator formulation of sensitivity
theory, as originally defined by Cacuci et. al.,>> can be implemented with the solution of the NEM
equations. The contributions are distinct from those of Delmolino,®! who laid down no theoreti-
cal foundations with respect to the consistency of the NEM, and did not properly consider the
potential importance of the I" term (4.26).
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5. Axial Kinetics Model

In this chapter, a one—dimensional approximation to the time—-dependent multigroup dif-
fusion equation is derived. The continuous variable representation of this one—dimen-
sional model is then discretized with the NEM. The resulting discretized equations, here-
after referred to as the ‘axial kinetics model,” are purposely cast into forms resembling
the NEM discretization of the three—dimensional multigroup diffusion equation. In this
way, existing numerical solution algorithms and PANBOX subroutines can be used to

solve the equations of the axial kinetics model.
5.1 Continuous variable derivation

A review of the recent literature65:66:67.68.69 shows a common trend in the development
of one—dimensional kinetics models for coupled neutronics/thermal-hydraulic code sys-
tems. The axial kinetics models are generally derived from a one-dimensional form of
the differential multigroup neutron diffusion equation55:66.67 and implemented in the
thermalhydraulics code. Then the users of the program are obliged to devise a method to
choose one—dimensional coefficients such that an agreement exists between the one—di-
mensional solution and a three—dimensional solution from a core analysis or design
code.%8:%9  This approach is unsatisfactory from two perspectives. Firstly, it requires
that the user spend time and resources to develop a methodology to produce appropriate
coefficients for the one—dimensional model. Secondly, it increases the possibility that the
user will obtain unrealistic results, because modified coefficients may not be correct coef-

ficients.

It will be shown in this chapter that if the three—dimensional solution is considered in the

derivation of the one—dimensional model, then agreement between the three— and one-di-
mensional solutions can be imposed automatically. Not only does this save user time and
resources, but it also eliminates the chance that unwanted errors are introduced in the pro-

cess of coefficient generation for the axial model.
5.1.1 Governing Equations

In accordance with the above discussion, the starting point for the derivation of a one—di-
mensional model in the axial direction are the space—time continuous multigroup neutron
diffusion equations, coupled with the delayed neutron precursor equations:

199 ol N N
g=1 g=1 i=1

g = 1""’NG
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- %— ' ,B?Z}g,(/)g, —Ac; , i=1,.,N; (5.12)

where

Ci = Ci(;::t) l == 1,..,NI
| &
%g512¥gu—ﬂwv,
J::

Ny
F=208
i=1
A one—dimensional model may be formally derived by separating the neutron flux into a

shape function ¥.P(7, £) and an envelope function N,(z, ?) as follows:

Ge(F1) = Nz, il 7 ) (5.13)
It should be noted that this separation involves no ansatz. The shape function 1//§D #0

may vary as a function of z, so the flux is not assumed to be separable in the z direction.
The purpose of this separation will become apparent later, when the one—~dimensional

analogue of the adiabatic quasi—static approximation is made, and wéD (7, t) is approxi-

mated to vary weakly in time.
The neutron precursor concentrations are separated in a way similar to the neutron flux:

a7 D) = CPE,HEPF 1) (5.14)

The expressions (5.13) and (5.14) are now substituted into equations (5.11) and (5.12).
Equation (5.11) is multiplied with a weight function W(7) and integrated over the plane

perpendicular to the z axis, represented as A4,. Integration yields:

oN aylD
71; = f W, PYPF ndA, + Ny(z, 1) f W) —5,—dA,
A, A,
1D aNg 1D ST
= | We®V - | Dgyy 7 |4 WAV - (NngVWg )dAk + 2N =
F A,
Ng Ng N,
= > S Ng+ D TNy +> 14 ACPGH (519
g'=1 g'=1 i=1
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Equation (5.12) is also multiplied by a weight function WZC and also integrated over A,

giving
CID 9EID
o f WEDEIPE, DA, + CIP(z, 1) f WEPD——dAy =
Ap

A,
No 1
= > TNy — > ACPGE, 1 f WEPEIPE HdAL  (5.16)
g'=1 i=1 i
g

The new coefficients defined in this process are as follows:

E—rg(?, n = jWg(?)ng(?’ t)"/)i’D(;’ ndA,

Ay
o Tn = JWg(f)Zgg,(?:typ;PG: NdA,
A,
Z—pgg'(?’ = ‘[Wg(;‘)ngg/(?, t)’l/)ép(?, t)dAl_
6.17)
A,
—i 1 Moo
Zpgit) = j WED > BYY G, iy PG, 1)dA,
A /=1
Tag = JXZgWgG)‘f}D(;: HdA,
Ay

Equations (5.11) and (5.12) have been transformed from a set of linear equations with a
unique solution to a set of nonlinear equations. While the solution of the neutron flux

should remain unique, the individual functions 1/;&1[’ 1), Ne(z,1), EIP(F,£) and C1P(z,1)
are no longer unique. In order to impose a unique solution upon the envelope functions

N and C }D , the following constraints are imposed on the shape functions:

:
WPy LF HdA, = 1

J

A? (5.18)

J WEREILE, HdA, = 1

A

These constraints are effectively normalizations of the shape function. They reduce the
one—dimensional model equations (5.15) and (5.16) to
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1 9N, ¥s” g
vl 3 T Ne@ ) Wg(_) dA | = | WOV - (Dgyg” 5z ¥ J9A:

A, A

N, Ng
- j Wo@)V - (NeDVyiP)dA, + TNy = > S, Ny + > Z,..N,

A '=1 g';—-l
zxdg,{ CP,p  (5.19)

i=1

and

lD §1D Ng _ I
—— + CIP(z 1) f WEP——dA, = leﬁg,Ng, - 2%6’3”(2, fH  (5.20)

A, &= =

For the development of the one—dimensional model, the adiabatic quasi—static approxi-
mation is made which approximates the shape functions to be so slowly varying in time
that the time derivatives of the shape functions are negligible. Mathematically, this
approximation is expressed as ‘

apiP B
ot
65 1D
o
which reduces equations (5.19) and (5.20) to

~ 0

1 ON Ny »
Ay -
Ng Ng N
+ 2Ny = Z 2Ny t+ Z 2 peeNg T Z%gAiC}D(Z’ ) (5.21)
g'= g,_l l=1
and
acip Mo A/
il

— = > SpeNy = D AC1P@ ) (5.22)

!

g'=1 i=1

Terms @) and (@ from equation (5.21) must now be further evaluated. Assuming that the
diffusion coefficient is homogeneous in the z—direction (this assumption will be justified

in section 5.2), term @ becomes
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ONg pON,
fWg(?)V : (ng/;};D_(gz.éik)alAF = JWngaz ('(/) )dA,_

Term (2) may be written as,

oYy
fWg(?)V . (NngV‘Q/J;D)Ml_ = fWng'aa—z‘(N )dA}. gNg(Z, f)

The radial leakage coefficient is defined in Cartesian coordinates as

_ oyl g
B, = Jwg[ax( & 9x ) ay(Dg 3y )}CMI- (5.23)

Ay
The freely chosen weight function is now restricted to have no z— dependence. Then,

equation (5.21) may be written as

Voot 52|V J WeDgs dA, | + BeNy(z )
A
+ 3N, = z SNy + z T eNg + z TACP@1) (524

g'=1
Most one-dimensional models in the literature nnphcltly make the assumption that the
shape function has no z dependence. In this case equation (5.24) reduces to the simple

form of
1 BNg — 62Ng — — _
vear Dsga (Bg + Zyg)Ny(z, 0) =
— D
Z TN, + Z SNy + Z Ty CP( 0 (5.25)
g'=1 i=1
where

D, = ] WD gy ;P (dA,
A,
Howeyver, as indicated by equation (5.13), the shape function is dependent on z in the
general case, and thus the discretization of the continuous variable equations must begin

from equation (5.24) and not equation (5.25).
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5.1.2 Boundary and Interface Conditions

The interface conditions of the diffusion approximation are that the neutron flux and the
component of neutron current normal to the interface are continuous for all energy
groups. This is equivalent to stating that positive and negative partial currents are contin-
uous across the interfaces. The partial currents in the z direction are given by

¢g Dg a¢g
-+ — Fs T e"TS
Je =3 T2 o (5:26)
— _ Ps Ds30 (5.27)
Jez =7 2 0z

The partial currents of the one—dimensional axial model are defined as

. Ng DyoN; N, Hpg”
s = [ Weigddr =7~ 55 — 7 | Wele—5, s (5:28)
v b
_ — Ng  DyaN, N, PP
Joo = | WeigdAr =+ 57+ 75 | WeDg dz Ay (5.29)

Definitions (5.28) and (5.29) are a crucial part of the derivation. Continuity of the partial
currents of the three dimensional model also implies that these one~dimensional model
partial currents must be kept continuous across any interfaces. The one—dimensional
model expressions for the partial currents, equations (5.28) and (5.29) have an additional
term in comparison to the expressions for the partial currents of the three dimensional
model, equations (5.26) and (5.27). The extra term accounts for the varying z—depen-
dence of the shape function. This term arises from the explicit treatment of the three—di-
mensional flux shape in the one—dimensional model, and is the primary distinguishing
feature of this derivation from that of other works.65:66:67

Boundary conditions of the three dimensional model are treated in a similar way: where
incoming partial currents are required to be zero, the corresponding condition must also
hold true for the incoming partial currents of the one—dimensional model. Boundary con-
ditions on surfaces normal to the z—direction are considered implicitly in the radial leak-

age coefficient, equation (5.23).
5.2 Nodal Expansion Method Discretization

Discretization of the continuous variable form of the one—-dimensional model with the
NEM follows the general procedure outlined in references 23, 24, and 25. Here, the
parts of the derivations distinct to the axial kinetics model are described. Details external
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to the distinct features of the axial kinetics model may be found in Appendix C and the
references.232425 The full set of discretized equations which describe the M2-B2 variant
of the NEM include the nodal balance equation, the outgoing partial current equations,
and the moments equations. Derivation of each of these equations is described below in

separate subsections.
5.2.1 Nodal Balance Equation

The NEM shares characteristics of both finite volume and finite element methods. The
discretization requires that the integral of equations (5.22) and (5.24) be satisfied over
homogeneous regions called nodes. The nodal averaged axial fluxes and precursor con-

centrations are defined as

Zm

m = _.._1_
Ng() = de JNg(z,t)dz (5.30)

Lyt

Zm

Ci'@) = A—i— J C1P(z,0dz (5.31)

m
Zm-1

Here, z;,,_| and z;,, are the lower and upper coordinate boundaries of the homogenized
node in question, and Az, = z—zm_1. Equations (5.22) and (5.24) are integrated over

the axial node to yield,

N, N,
acy _ i SN ZI}L-C’.”(t) (5.32)
dt Pg Vg ' g’
g'=1 i=1
and
dNm™
17 1 9 1D 1 8 D
A =1, A, ——
NG NG N,
+ (Em’g + B—?)NZZ = z Sglg'N e T Z Eﬁgg'NZl'+ zfdgﬂicsn(t) (5.33)
g'=1 g'=1 i=1

Equations (5.28) and (5.29) can be used to cast the leakage terms of equation (5.33) in
terms of the partial currents of the axial model. The incoming and outgoing partial cur-

rents of a node of index m are defined by
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.N ( -

= | - 22N, f WDy PdA, (5.34)
- L A M=,
: i .

Jgn = ]-% + 221N, j WDayildA, (5.35)
i L 4 =z,

The partial currents on the left hand side of the node, Jg“;l’” and Jg;l’", are similarly de-
fined, except that they are evaluated at z = z, _, instead of z = z, . From these defini-

tions, it can be seen that the relationships

Ter" = g = 565 Ng I WeDgysPdA, (5.36)
A, z=2
and
T =T = N I WeDgpgPdA, (5.37)
Ar 252y
hold.

Using equations (5.36) and (5.37) in equation (5.33), the time dependent axial nodal bal-
ance equation is derived as

1 dvg

- Sm | —=m
Vg dt - Jgu;‘n) + (Erg + Bg)Nm =

- +
+ ( gu’ln + ]gu;n Jgul

Ng o Ng o
= Zzgg,N;z + Znggw + z XA
r=1 g'=1 i=1

Equation (5.38) is discretized in time using the exponential transformation method out-

(5.38)

lined in the Appendix A. The result yields the following expression for the time deriva-
tive
dN? _ (1 + @™AnNT(r) — e IN™(20)
dt At

which may be substituted into the balance equation (5.38) to yield the following implicit

(5.39)

equation for the node—-averaged flux:
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——_(Jgul + J;;l;n - Jgul - 814") + (ZRS _m)N? =

%‘ SeN™ + z ShegN™ + Z C™O + ST 40
=1 o =1
where
Sy = %%?‘Q + 2
5 = 2N

The advantage to have the nodal balance equation in this form is that it retains the same
structure as the nodal balance equation of the three dimensional model.23-2425 Thus, ex-
isting solution routines may be used once the coefficients and the effective source terms

have been determined.
The time discretization of the precursor equations is shown in Appendix A.
5.2.2 Outgoing Current Equations

The second stage in the NEM discretization of the one—dimensional model is the deter-
mination of the outgoing current equations. To begin the derivation, Ny(z, ) (referred to

as the axial flux) is expanded in the NEM polynomials to a degree of fourth order

4
Ng(z,1) = Yiiu, f) = N2 + > al(Oh) (5.41)
i=1
where
_z— g1
u = YT (5.42)

In the rest of this subsection, the time dependence of the variables will be suppressed.
The first two expansion coefficients a7, and a are given as follows: 232425

o = i (5.43)
1g 2
Ym + 'Ifgzl
ayy = Ng' = ——%— (5.44)
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where

1l
5
&

= 1) = Ny(zm)
= 0) = Ng(z,,—1)

=S w3
o§

Expressions for the higher order expansion coefficients, a%’fg and ag’z,, are derived in the

following section. The first derivative of (5.41) may be evaluated at z;;, and zp,,_; to ob-

tain the following expressions:

&N%v aqﬁ? l)g m m m m
e Z- " (5.45)
D i ~ D ' = Ds (2a"‘ ~ 6ay, — 6aF — 6a’")

The following factors fo7, and fr are defined:

1D 1D
o = JWnga—idAk fer = jWng‘Fg_dAr

Ar Z A Zm

m-1

Then the partial currents of the node of index m may be written in the form,

om (1 _ T _ DgiNg (1, T Dy aNg
JgZIm - (4 2 )ng 2 oz p ngl 14 + 2 ng + 7 oz
m-1 m-1
D. = (5.46)
&r 4 2 i 2 oz 2 &r 4 2 g 7 oz i

Equations (5.43) , (5.44), and (5.46) may be substituted into equations (5.45) to arrive at
the following coupled equations for the partial currents:

—_m T
gem_gem o~ Ds oy e mgam 4 gam
gl el T Az, g '7L‘ g — D3, T 0y,
i g
_ (5.47)
J+m—J_m=-—l—2?— 4gl§+2¥/ + 6N — 64 + 64
gar gr AzZm fg:R gl 8 3 4g

here, the new coefficients are defined as
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fy = —2— fip=—2

o= Ay R Az fw (5.48)
D; D;

Equations (5.47) look similar to the equations which are used to derive outgoing current
equations using heterogeneity factors, or so called ‘discontinuity factors’ to force agree-
ment between solution of heterogeneous assemblies and the solutions of the homoge-
neous problems derived from them.®4 If dg, and dgp, are the heterogeneity factors, then
the corresponding partial current equations in the heterogeneity factor formulation take

the form of
'l w ¥,
+m _jg-m — _ 8 | _ & _ 4 _8& — &M m
ngl ngl a7, ngR dgL + 6Ng’” 6a3g + 6a4g]
ol w, ¥, (5.49)
+m _ y—m — _ £ & 8 — m m
Jar" — It Tz 4d——gR + 2-——dgL + ONg' 6a3g + 6a4g]

Both sets of partial current equations (5.47) and (5.49) involve correction factors to the
‘standard’ partial current equations of the NEM. It is instructive to compare how equa-
tions (5.47) and (5.49) have been derived. Equations (5.49) stem from the ‘equivalence
theory’ developed by Koebke®2:93 and Smith.%* Using the equivalence theory, extra de-
grees of freedom are introduced in the nodal solution of a homogenized reactor region so
that the leakage and reaction rates can be forced to match that of the solution to the corre-
sponding heterogeneous problem. Equations (5.47) also stem from a homogenization
process — the process of collapsing a three—dimensional model to one dimension. The
definitions of the partial currents of the one dimensional model, definitions (5.28) and
(5.29), contain an extra term not found in the definition of partial currents for the three
dimensional model [ equations (5.26) and (5.27) ]. Itis this extra term that gives rise di-
rectly to the ‘correction factors’ in equation (5.47). In contrast, the heterogeneity factors
of equations (5.49) have been introduced in almost an ad hoc manner, to provide extra
degrees of freedom with which to match two solutions.

PANBOX has the built in capability of solving the NEM equations with or without heter-
ogeneity factors. Therefore, it is advantageous to relate the two sets of factors, and then
calculate heterogeneity factors from the correction factors. The heterogeneity factors can
then be used in the existing PANBOX routines without them having to be changed.
Equations (5.47) and (5.49) will have the same solutions provided that the heterogeneity
factors satisfy the following relationships:
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(5.50)

The heterogeneity factors are calculated with equation (5.50), during the inner iterations
of a time step. This yields results equivalent to those as if the partial current equations
(5.47), with the correction factors, were solved for the outcoming currents. The common
industry practice is to hold heterogeneity factors constant in time during a transient cal-
culation. While Gehin and Henry32 proposed to update heterogeneity factors periodically
during a transient calculation, their method relied on recalculating the heterogeneous
problem to do so. In contrast, a relationship between the standard heterogeneity factors
used in the industry and a more rigorously derived correction factor based on the shape
function is used here to update the heterogeneity factors.

The final form of the outgoing current equations is found by eliminating one outgoing
partial current from each of equations (5.47) to yield two equations which take the form:

— o + — _
T = O N+ Ay + CR 4+ CR T — CRpal

1gL 2L gzl
o ' _ (5.51)
Jgm = CPp(NT + aity + CopJtm + CRJom + Cltpalt

The constants C;gs, i=1,..,4; s=L,R; are given in Appendix C. These equations, like the

nodal balance equation (5.38) also retain the same form as that of the three dimensional

model.
5.2.3 Moment Equations

If ag’;=ag’§=0, then equations (5.38) and (5.51) form the MO approximation of the NEM,

in which the flux is expanded in quadratic polynomials across the nodes. To achieve
greater accuracy, auxiliary equations must be derived to determine the higher order flux
moments a’3’§ and ang. These moments appear as small correction terms in the outgoing

current equations (5.51). For the determination of the higher order axial flux moments
a%’é and aZ;, the polynomial expansion of the axial flux [equation (5.41)] is substituted

into equation (5.24), to yield

72




owm :
1% 92 1D
Ve ot 3|8 fWngWg dAy | + Lg(2)
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+Z W= > S W+ Y 5 z TurCiat)  (552)
g'=1 g'=1 i=1

The radial leakage BgN,(z, ) is here approximated as a quadratic polynomial Lg(z), in
keeping with the B2 transverse leakage approximation of the NEM. Furthermore, for the
moments equations, the approximation is made that the shape function is not a strong
function of z locally within the node, so that the second order partial derivative with re-

spect to z is approximated as

92 ~
% [ WeDgpiPdA, Dg p=) (5.53)
A

Since approximation (5.53) may introduce some small inconsistencies between the 3-D
and 1-D discretized solutions, these inconsistencies are corrected by adjusting the correc-
tion factors derived in subsection 5.2.2. This procedure of forcing an equivalent solution
between the 3—D and the 1-D model solutions is described in section 5.3.

Using approximation (5.53), the one dimensional local diffusion equation may be written
in terms of u as
—tl 2
1 9% D, oW}

g —
Ve ot A2 ou? + Lg(u) + 2,505 =

= z fgg'qj;n’ gg'qjm' + Zxdgl ) (5.54)

g'=1 g'=1
In terms of the NEM polynomials, Lg(z) may be written in the following form:

Lgu) = bgg + byy() + boghy(u)

where
bOg = E? Ny’
= %(Lgr - L )
byg (Lgr + L)
and
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| _ ANy + AzmBy T INm—1
g Azm=1 + Azm

Hm+1

Az BN + AzmBy T Nm+1

Azm+1 4 Azm
This formulation is consistent with the M2-B2 variant of the NEM.23,24,25

Lgr"“

9% /ot and Cy(z,t) are approximated in the standard way for the moments equations (see
Appendix C), and the resulting time—discrete moment equation is multiplied by the
weight function 4; (1), and integrated over the node. This gives rise to the first discrete

moment equation,

__rn
4 —
[60 +5 ]ag; ——Zga1g+ z (3 " +a3g> +

s (5 5
g'=1

Multiplying the time-discrete moment equation by the weight function /() and inte-

(5.55)

grating over the node gives rise to the second discrete moment equation,
D '
g 7 T gm
{14OZZ—Z+S;"]a4g 35 + § ( 3% +a{4"g) +

7
+ Z qug( a2g + a4g) + §b2g
g=1

(5.56)

The new coefficients f? and f;ngg: are given in Appendix C.
5.3 Restriction of Variables and Coefficients

In this section, the details of computing the one—dimensional coefficients and initial con-
ditions of the axial kinetics model are described. The procedure is outlined in Figure 5.1.
The prerequisite to the activation of the 1-D axial kinetics model is the calculation of the
3-D kinetics model prior to that period. Thus, the beginning of every axial kinetics time
integration period begins with a solution of the 3—D NEM equations for the first time

step. The purpose of this first 3—D kinetics calculation is to calculate the shape function,
the initial conditions of the axial model, and the correction factors for the 1-D model.

Nodal averaged quantities for the 1-D model are calculated by using the nodal averaged
quantities of the 3-D model. Let V,, be the set of the 3-D model nodes belonging to ax-
ial plane m of the 1-D model. ¢g, i’ and Wy, Q" € V), are respectively the nodal aver-
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Beginning of time step
At=t—tg

Yes [ Calculate time step Calculate nodal averaged envelope and
of 1-D calculatiop with 3-D model [?-] shape functions from 3-D variables;
calculate 1-D partial currents
g — N, Y,
¢g,0 — N, g0
Calculate effective 1-D cross sections J
]ys g5
from 3-D data base
>3, ?
* Calculate effective 1-D cross sections
from 3-D data base
Solve for N, by calculating time step 3 >3
with the 1-D model NEM equations £ * 2
Solve for heterogeneity factors, dg1, Solve for heterogeneity factors, dgr,
anq dgr dm.rlng t!le iteration procedure, and dgg, and from them fyg’ £,
using the time—independent values of
for’ fgr.
>— Next time step £

Figure 5.1 Outline of the strategy for determining 1-D coefficients from 3-D data.

aged fluxes, precursor concentrations and weight functions on the mesh of the 3-D NEM

model. The 3-D model nodal areas transverse to the z direction are given as A7,
Q" € V,, . Then the shape function is determined by
¢n
§ n
Yy = , V" €V,
1 ! 4l
>, Wil
LR'ES,,

The axial model neutron flux and precursor concentration functions are initially deter-

mined by
Ny = > Wypdl
LQES,
and

cr

L

1 41
> WichAl
LR'ES,,
These discretized expressions are consistent with the continuous variable derivation,
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equations (5.13), (5.14) and (5.18). The partial currents of the one—dimensional model
are determined through the use of definitions (5.28) and (5.29) to give

ngs B Z Wi’] gzsA k
LQ'ES,

The one-dimensional cross sections and diffusions coefficients are all determined in a
similar way according to
5= > WAl
LQIES,,
or
S = >, WSl
LQIES,,
depending on whether the coefficient acts on the in—group or out—of—group flux, respec-
tively. When the above restriction procedure is performed, the one—~dimensional nodal
balance equation (5.40) is satisfied automatically to within the same accuracy as the origi-
nal 3-D model equations are solved. However, it is not true that the outgoing current
equations (5.51) together with the moment equations, (5.55) and (5.56), will be automati-
cally satisfied. They can be satisfied if

(a) the NEM-MO approximation is used in both 3-D and 1-D models and the correction
factors (5.48) are accurately determined; or

(b) the NEM~M2 approximation is used in both 3-D and 1-D models and the correction
factors (5.48) are adjusted so that the satisfaction of the equations (5.51), (5.55) and
(5.56) is forced.

Condition (a) is unsatisfactory from the point of view of computation costs: the
NEM-MO (quadratic expansions) approximation is not accurate enough to be used in
coarse mesh approximations to model reactor cores. Use of finer meshes may be too ex-
pensive for general applications. NEM-M2 (quartic expansions) is the preferred method,
and it has been demonstrated in the past that it is accurate enough for many coarse mesh
applications. Adjustment of the correction factors eliminates the inconsistencies
introduced by assumption (5.53) for the moments equations. Method (b) is therefore cho-
sen and the correction factors (5.48) are adjusted so that all of the axial kinetics model
equations are satisfied at the time of transition from the 3-D to the 1-D model. After this
time of transition, the adjusted correction factors are approximated as constant in time,
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although the heterogeneity factors are updated by (5.57). Calculation of the correction
factors is described in the following subsection.

5.3.1 Calculation of Correction Factors

At the time of transition from the 3-D to the 1-D model, the correction factors f° ;’Z' and

f ;’I‘?’ must be determined so that the restricted one-dimensional model parameters Ny,
+
mx
e
This is done by substituting (5.43) and (5.44) into the moment equations (5.55) and
(5.56) and using the resulting equations with (5.49) [ from which equations (5.51) are de-
rived ] to form a system of 4G equations with 4G unknowns for each axial node. The un-
knowns are d;”L, d;"R, ag”gu, and aﬁ’gu, g=1,...,Ng. For the usual practical case of Ng=2,

and C7' satisfy the one—-dimensional model equations (5.51), (5.55) and (5.56).

solution of these equations involves inverting an 8x8 matrix which can be performed effi-
ciently by direct inversion techniques, for instance through L-U decomposition.°

Equations (5.50) can then be used to calculate fg/zz and fg% from the heterogeneity fac-

tors d'gf’L and d;”R. This procedure is repeated for each axial node.

5.4 Solution Procedure

Once the shape function, correction factors, and initial conditions of the one—~dimensional
model have been generated at the time of transition from the 3—-D model, subsequent time
steps are calculated using these quantities to generate coefficients for the one~dimension-
al model. Equations (5.40), (5.51), (5.55) and (5.56) are the NEM equations which must

be solved in these subsequent time steps.

The one—dimensional NEM model equations have been purposely constructed to retain
the same form as the NEM equations of the three—dimensional model. This has the dis-
tinct advantage that the same solution algorithms may be used for the one-dimensional
model as have been developed for the three—dimensional model. As previously reported
for the three-dimensional model, a coarse mesh rebalancing scheme greatly improves the
convergence rate of the one—-dimensional model equations. In the one—~dimensional case,
the coarse mesh rebalancing scheme described by Finnemann et. al.4! immediately re-
duces to a tridiagonal system of equations on the first coarse mesh rebalancing grid.
These equations can be solved directly, so that iterative solution schemes are unnecessary

on the coarse mesh rebalancing grid.
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5.5 Test Cases and Discussion

Three test cases will be presented in the following subsections. For the first test case, the
solution of the axial 1-D model will be compared against the analytical and 3—D model
solutions of a homogeneous reactor in slab geometry. The two subsequent test cases use
real PWR databases with both axially uniform and local perturbations to initiate the tran-
sient. Results of the 1-D axial model using both heterogeneity and correction factors are
compared against the 3—-D PANBOX model.

5.5.1 Analytical Test Case

The first suitable test of the 1-D model is to calculate a case where the solution has only one-
dimensional dependence. For this case, a 3—D data base was generated with reflective bound-
ary conditions in the radial direction, zero incoming current boundary conditions in the axial
direction, and with spatially constant cross sections throughout the core. No thermalhydraul-
ic coupling was used, and a critical condition was imposed so that the solution remained sta-
tionary in time. For the PANBOX calculation, the 3~-D NEM model was first used to generate

Node index “ Group 1 nodal averaged flux Group 2 nodal avcraged flux
/ Centre

height (cm) || Analytical 3D NEM (1D NEM || Analytical 3D NEM | 1D NEM

1/15.0 2427414656 |2.4303  |2.4303 0.6898091435 {0.6861 ]0.6861

2/45.0 I 6.434524059 |6.4350  |6.4350 1.828526974 |1.8289 |1.8289

3/ 750  [|10.16707516 [10.1670 |10.1671 [|2.889222383 [2.8892 [2.8892

4/105.0 13.46581459 1 13.4660 |[13.4660 | 3.826640129 |[3.8267 |3.8267

5/135.0 16.18997574 116.1911 |16.1910 [ 4.600776672 |4.6011 4.6011

6/165.0 18.22334099 [ 18.2269 |[18.2260 ||5.178606987 |5.1796 |5.1794

7/195.0 "19.47912407 19.4835 [19.4826 [5.535468102 |5.5367 |5.5365

8/225.0 "19.90376091 19.9078 119.9072 |5.656138897 |5.6573 |5.6571

9/255.0 J|19.47912407 19.4828 [19.4821 [5.535468102 [5.5365 |[5.5363

10/ 285.0 "18.22334099 18.2260 [18.2253 [15.178606987 |5.1794 15.1792

11/315.0 "16.18997574 16.1904 |16.1904 | 4.600776672 |4.6009 |4.6009

12/3450 [|13.46581459 | 13.4655 |[13.4655 |3.826640129 [3.8266 |3.8266

13/375.0 |/10.16707516 |10.1667 |10.1668 | 2.889222383 |2.8891 ]2.8891

14/405.0 }16.434524059 16.4347 |6.4348 1.828526974 |1.8288 |1.8289

15/435.0 [|2.427414656 | 2.4302 ]2.4302 || 0.6898091435]0.6861 ]0.6861

Table 5.1 Comparison of analytical, 3D-NEM and 1D-NEM solutions of a one—-dimensional
two group diffusion problem.
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a steady-state solution and initial conditions. Several time steps were integrated with the
3-D NEM model and then the 1-D NEM model was activated. During time integration
of both the 3—-D NEM and the 1-D NEM models, the flux distribution does not change
appreciably. Axially averaged fluxes of both calculations are compared against the ana-

lytical solution in Table 5.1.

The correction factors for the I-D-NEM model were all calculated to be equal to 1.0,
within the accuracy of the convergence criteria (here 10). This result is exactly as ex-
pected, because for the truly one dimensional solution, the shape function has no z—de-
pendence, and correction factors, which account for the z-dependence of the shape func-

tion, should be equal to unity.
5.5.2 Transient Initiated by a Radially Uniform Perturbation

This section compares a 3-D calculation with two separate 1-D calculations. The first
1-D calculation uses time independent correction factors, while the second uses time in-
dependent heterogeneity factors, as they are described in section 5.2.2. The initial condi-
tion of the transient is a critical PWR reactor core operating at 1000 MW thermal power
with all rods out. The initial power is peaked heavily towards the top of the core. The
transient is initiated at t=0.5 seconds by decreasing the boron concentration from 1050
ppm to 950 ppm at the core inlet. An infinite slug of 950 ppm boronated water is as-
sumed to traverse the core at a steady rate until it reaches the core exit at 10.5 seconds. It
is noted that this transient is not realistic, since the actual transport of the boron-diluted
slug would occur at the (much faster) speed of the coolant. However, the example is a
good one for demonstration and discussion of the 1-D axial kinetics model.

In the case of the 1-D calculations, the axial kinetics model was activated at time t=0.5
seconds — at the beginning of the perturbation — and not reactivated. Tables 5.2 and 5.3
show the correction and heterogeneity factors, respectively, of the two axial model cal-
culations. These factors are based on the steady—state flux shape, since the axial model is
initialized as the transient is initiated. Important to note is the fact that the factors are
here not equal to unity, as was true in section 5.5.2, because the shape function now has a
z—dependence. Furthest from unity are the factors of the second energy group in the node
at the top of the core. Here, the shape function is strongly varying due to the control rod
tips protruding into the top of the core.
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Node index/ " Group 1 correction factors Group 2 correction factors
Centre height (cm) qLeft Right Left Right
1/15.0 1.00000 1.00000 1.0000 1.0000
2/45.0 0.995397 1.00263 0.999137 1.00821
3/ 750 0.999094 1.00074 0.997651 1.00130
4/105.0 | 0.996862 1.00226 0.996047 1.00240
5/135.0 Il 0.997396 1.00156 0.997278 1.00157
6/165.0 0.996421 1.00007 0.999602 1.00022
7/195.0 0.999780 1.00015 0.995955 1.00036
8/225.0 1.00021 0.999830 1.000 1.00001
9/255.0 1.00059 0.999020 1.00032 0.999380
10/285.0 1.00186 0.997402 1.00154 0.997545
11/315.0 1.00204 0.997280 1.00191 0.996726
12/3450 1.00029 0.999690 1.00057 0.999041
13/375.0 1.00219 0.996905 1.00408 0.992661
14/ 405.0 1.00087 0.998051 1.00596 0.999892
15/435.0 0.999412 1.00000 0.923327 0.919940
Table 5.2 Correction factors for 1-D model of boron dilution transient.
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Figure 5.1: Total Power and Axial Offset During a Boron Dilution Event
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Figure 5.1 shows the total core power and the relative axial power offset as a function of
time during the transient for all three calculations. The two 1-D calculations are nearly
indistinguishable, indicating that both the methods of using heterogeneity and correction
factors are comparable in this case. The total core power of the 3—D model calculation
differs from that of the 1-D model calculation, although the qualitative prediction of the
transient by the 1-D model calculations is quite good. This is most likely due to the 3—D
dependence of feedback effects in the heterogeneous core, as the deviation between the
results does not occur until 2.5 seconds from initiation of the transient.

The 1-D models do predict the relative axial power offset quite well. In addition, the ax-
ially averaged power shapes, shown in figure 5.2 are very similar for all three calcula-
tions. The good agreement between the axial power shapes of the 1-D and 3—D models
is expected for this kind of transient, since the perturbations (excluding feedback effects)
are uniform in the radial directions.results does not occur until 2.5 seconds from initiation
of the transient.

Node index/ " Group 1 correction factors Group 2 correction factors
Centre height (cm) [y oy Right Left Right
1/15.0 1.00000 1.00000 1.00000 1.00000
2/45.0 1.01421 0.995830 1.009596 0.988799
3/ 1750 1.00184 0.998547 1.004246 0.997027
4/105.0 [ 100605 0.995280 1.007241 0.994628
5/135.0 1.00470 0.996421 1.004851 0.996342
6/165.0 1.00053 0.999703 1.000695 0.999481
7/195.0 1.00041 0.999666 1.000809 0.999285
872250 0.999596 1.00035 1.00004 0.999927
9/255.0 0.998482 1.00166 0.999108 1.00102
10/285.0 0.995691 1.00465 0.996224 1.00426
11/315.0 0.995540 1.00505 0.995339 1.00570
12/345.0 0.999416 1.00063 0.998649 1.00170
13/375.0 0.995765 1.00643 0.991449 1.01417
14/ 405.0 0.998495 1.00483 0.992059 1.00545
15/435.0 1.00078 0.996705 1.107997 0.691086

Table 5.3 Heterogeneity factors for 1D model of boron dilution transient.

5.5.3 Transient Initiated by Local Perturbations

The third transient is similar to that of section 5.5.2. In this case, the initial conditions is
that of a critical PWR core operating at 1000 MW power with two rod banks inserted
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fully in. This is obviously also not a realistic operating condition, but serves as a good
comparision with the previous transient. At time t=0.5 seconds, the rod banks begin to be
steadily withdrawn, until they reach the upper stop at t=10.5 seconds. The heterogeneity
and correction factors are not shown for this calculation, as they do not qualitatively dif-
fer from those of section 5.5.2. The total core power and relative axial power offset of
the 3-D and 1-D calculations are shown in figure 5.3. Again, there is no large difference
between the two 1-D calculations. This indicates that holding either heterogeneity or
correction factors constant in time is a good approximation relative to the approximation
made that the shape function remains constant in time. As was true of the transient de-
scribed in section 5.2.2, the power prediction of the 1~D model in this calculation is qual-
itatively good compared to that of the 3-D model. It is seen, though, that the relative ax-
ial power offset and the axial power shapes (shown in Figure 5.4) calculated by the 1-D
models diverge from that of the 3-D model.
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Figure 5.3: Total Power and Axial Offset During a Rod Withdrawal

The larger differences between the axial power shapes of the 1D and 3-D models is ex-
pected in this case. This is because the shape functions change more strongly with the
local perturbations of a bank withdrawal, as compared with the radially uniform perturba-
tions of the transient in section 5.5.2.
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5.6 Summary

In this chapter, an axial kinetics model was developed from the three—dimensional neu-
tron multigroup diffusion equation. The distinguishing feature of this development was
the separation of the three-dimensional neutron flux into a shape function and an enve-
lope function. This parallels the derivation of the point kinetics model in chapter 4,
where the model was derived by separating the flux into a shape function and an ampli-
tude function. The NEM equations of the axial kinetics model were kept in the same
form as that of the NEM equations for the 3-D model. To force equivalence between the
3-D and 1-D model solutions, correction factors were introduced. These correction fac-
tors were compared with the heterogeneity factors used for coarse mesh homogenization
in most industry codes. In the transient calculations performed, no significant differences
could be found between the results of the 1-D calculations using either correction factors

or heterogeneity factors.
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6. Adaptive Muiti-Level Aigorithm

The previous two chapters derived point and one—dimensional (axial) neutron kinetics mod-
els which, together with the three—dimensional NEM model in PANBOX, form the three
‘levels’ of the adaptive multi-level algorithm. This chapter first considers sow the algorithm
will switch from one level to another. Secondly, criteria will be derived for when such switch-
ing should occur. The purpose of switching to lower dimensional models is to save computa-
tion time, while the purpose of switching back to the three dimensional model is to retain or
restore accuracy. Switching from one model to another essentially entails finding initial con-
ditions for the newly activated model. These initial conditions can be found from the pre-
viously activated model. In addition to initial conditions, it is necessary at all time steps to
have an approximation of the three—dimensional multigroup flux. The flux is used to deter-
mine the power distribution in the core, which is then passed as a heat generation term to the
thermalhydraulic models. Because it is always necessary to have an approximation of the
three dimensional flux, it is convenient to consider all level-to-level switching modes [de-
picted in Figure 6.1(a)] as combinations of switching between the three-dimensional kinetics
model and either the axial or point kinetics models. Thus, a switch from the axial to the point
kinetics models is calculated as a switch first from the axial to the three—dimensional model,
and then an immediate switch from the three dimensional to the point kinetics model. The
reduced set of switching modes is depicted in Figure 6.1(b).

A Point kinetics model ﬁ
Axial (1-D) kinetics model
, Y 3-D kinetics model | Y
(a) possible modes of switching (b) reduced set of switching
modes

Figure 6.1: Modes of switching for adaptive multi-level algorithm.

6.1 Mechanics of Switching Between Models

An adaptive calculation always begins from the three dimensional model. This is necessary
because the respective flux shape functions for the point and axial kinetics models are deter-
mined from the three—dimensional multigroup flux. A switch to either of the lower dimen-
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average flux quantities of the lower dimensional model. The y prolongation factors are the
factor changes in the z component of the net currents. During a 1-D model calculation time

the I factors are computed by

. = Ny () v er
= NGy € Vi
o Jut(@) +J2s @) .
ros = vore vy, (6.3)

&l Jm+(t) +J zr (tz)

pon It O oy
&l Jm d+(t,) +Jn ()’ "

and the y prolongation factors are

Zf,n~Jm+(t)_J ( ) VQIZEV
'}Ig,lj - Jm+(t) g” (tl) m (6.4)

+ _ —
an _ Ted W~ I @)

Vg,g Jm+(tz) _ Jml (1)

vyerev, (6.5)

During a PK model calculation time, these prolongation factors are determined by,

. = JI7" = rzln — ,yzr,n = yzln = (J)

&l 7 g gi e Tai  P@t)’ Vet evV.g €{l...N} (6.6)

The 3--D fluxes are prolonged with the equation,

$ut) = I" . pe) 6.7)
The partial currents in the radial direction are prolonged in the same way. For Cartesian ge-
ometry, the prolongation of the partial currents in the radial direction is given by

Jeust) = Ty jgis@), YV u € {x,y},s € {I,1} (6.8)
In the z direction, changes in the net axial currents and nodal face averaged fluxes are pro-
longed to the 3-D grid, resulting in the following equations for the partial currents:

@) =3 (rzg vz + (rog - vz )| 69)
{ Vse b}
B = 3| (rzg ~ vl + (7 + vl ) .10

Equations (6.7) to (6.10) prolong the change in time of either lower dimensional models to
the average fluxes and partial currents of the 3-D NEM model. This prolongation procedure
is consistent with the separation of the flux into shape and amplitude or envelope functions,
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(4.3) or (5.13), as well as with the definition of the 1-D model partial currents (5.28) and
(5.29). For the point kinetics model, equations (6.9) and (6.10) reduce to the form of (6.8).

In addition to prolonging the 3-D fluxes and currents, the 3-D precursor concentrations must
also be prolonged. This is done in the same fashion as the nodal averaged flux. The precursor
prolongation factors are defined as

CPK(z,)
- _i P
Tioa = CrRGy @1
13
for the point kinetics model and
CIDm(s,)
ig i Ynes, (6.12)

Lpq CfD’m(tq) ’
for the 1-D model. The 3-D nodal averaged precursor concentrations in the NEM discretiza-

tion are prolonged by

cl(tg) = IT7,,ch(ty) (6.13)

The prolongation of the precursors, equation (6.13), is consistent with the separation of the
precursors into a shape function and an amplitude or envelope function, equations (4.4) or

(5.14), respectively.

The prolongation methods described above provide an approximation to the 3-D flux solu-
tion which is based on the flux shape from the last known solution of the 3-D NEM model
and the current solution of either the 1-D or point kinetics model. This approximation to the
3-D flux can be used to recalculate nodal averaged powers, to perform interpolations of fuel
pin powers, or to approximate new initial conditions for the 3—D model. Additionally, in sec-
tion 6.3, it will be shown how this approximate reconstructed 3—-D solution is used to estimate
the error made by the 1-D or point kinetics models. These errors accumulate if the lower
dimensional models are activated during time periods in which the quasi—static approxima-
tion does not hold. Before this aspect is examined, criteria will be developed to determine
when the quasi-static approximation of the lower dimensional models is satisfied. This will
motivate criteria for the activation of the lower dimensional models.

6.2 Adaptivity from Higher to Lower Dimensional Models

In both derivations of the point and the axial kinetics models, the approximation is made that

the time variation of the shape functions,y;<(7, #) and 9P, ), is negligible. For most tran-
sients in real postulated accident scenarios, the shape functions will very rarely be time inde-
pendent. The heterogeneity of both the reactor core and disturbances to the core will cause
the shape functions to vary in time during most transient periods. If a lower dimensional
model is activated during a time when the shape function does vary strongly in time, then
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the approximation of the 3-D flux solution found with the lower dimensional model will di-
verge from the flux solution which would have been calculated with the 3~D NEM kinetics

model. To determine when a switch to the 1-D model is allowable, 61/)? (7, £)/ 3t is moni-

tored during calculations of the 3-D model. From the value of azpéb (¥, 1)/ 3¢, an estimate can
be made of how quickly the flux solution from the 1-D model would accumulate error should
it be activated. From this estimated rate of error production, the code can calculate the time
period after which a user-given error tolerance € would be exceeded by the 1-D model. If
this calculated time period, T12, exceeds the user—selected minimum 1-D integration period,
Tllnlfn, then the 1-D model can be activated. Otherwise, the 3—D model must remain active.
This idea is illustrated in Figure 6.2. Similar criteria will also be developed for the switch

from the 1-D axial to the point kinetics model.

() T2 < T2, Don’t switch to 1-D (® T2 = TI2 Switch to 1-D
— TID <if— TlD .
D | - | ——=o PG -~
Model l P 4 I i |
/ %12?5&1?5 vv&;l;glllderror P Extrapolate when error
/ be exceeded by 1-D 7 tolerance € would
3D l‘ model. / be exceeded by 1-D
- ———0——o0—& P & model.
Model
(D Calculate Callcll)llate
aplP /ot g/t
Time ——

Figure 6.2: Illustration of switching criteria from 3D to 1D models.
6.2.1 Criterion for Activating the Axial Kinetics Model

Consider a situation in which the 1-D kinetics model has been activated for » time steps.

The approximation to the 3—D flux is given by
G5 1) = YPE 1INz 1) (6.14)

The superscript # denotes that the flux and envelope function solutions are only approxima-
tions of the solution which could have been calculated by the 3—D NEM neutron kinetics
model. Had the 3-D NEM solution been calculated, it could be separated into a shape and

envelope function as

@G tn) = PIPF tIN(2, 1) (6.15)

The space dependent error of the 1-D model is defined as
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eg(?’ ) = ¢ — ¢§ = WéD(?’ tn)Ng(Za th) = "/jéD(?’ to)Ng(Z’ tn) (6.16)

The approximation is made that the shape function w2, 1) is close to Y127, #) so that the

axial kinetics model coefficients are accurate enough that N% ~ N,. Then

e tn) = Niz t)|WIP G 1) — wiPF 10| 6.17)

z/)éD(F, t,) is expanded in the following Taylor series:

1D

VLG 1) = YPG re) + ﬂaf— Aty + ... (6.18)
11
With (6.18), equation (6.17) may be written as ’
a¢1D
€5, tn) = Ni(@, te)—5,—| At (6.19)
fo
The relative error in the flux is therefore
gg(?’tn) = eg(? n) ~ IDI wg Atn
¢s(itn) PP O |

L 1 At”a¢§D+ At
— Ty - 1 sse n
pi o) pIp ar B

0 [

At, awiP
~ (1/211’; = (6.20)
8 =1,

0

to first order in az/)éD /at. Using equation (6.20), the rate of accumulation of global error in
an L2 norm is defined by

2

1D Ng awlD 2
de — 1 1 g
(737>G - VNGZI(’Q/):;D ot )di (6.21)

g=1V

and the rate of accumulation of local error in an L norm is

1D awID
ae — 1 g

Let the user—selected tolerable local L1 relative error be €; and the tolerable global L2 rela-
tive error be €. Definitions (6.21) and (6.22) can be used to approximate the time periods

TP and TP after which the errors € and €, respectively, would develop. The time period
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after which an error €; would develop is therefore approximated as

1D '
1D _ de
TP = ./ (%) (6.23)
and the time period after which a local error €; can develop is approximated as
1D
1D __ Je
P = e f (%), (6.24)

The smallest time period after which either of the tolerable error bounds can be exceeded is

therefore

T2 = min(TIP, TP) (6.25)

est

Therefore, TP is the estimated allowable integration period for the 1-D model. Determina-

tion of 7ZE relies on knowing (3y%P/81)/y1P. Because the time dependence of the shape

est

function is not known when the 1-D model is activated, (89 1P/d1) /[P can be tracked only
during the periods when the 3-D model is activated. If dy.P/a¢is a slowly varying function

in time, the behaviour of 61//§D /dt during a 3-D model integration period can be used to infer

its behaviour during the subsequent 1-D model integration period. If

TID > T2 (6.26)

est
for a number of consecutive time steps on the 3—-D level, then the 1-D model can be activated
and the 3-D model deactivated. An alternate statement of criterion (6.26) is, using (6.23)
and (6.24),

1D
de 1D 6.27
(5{) G Thin = €c ( )
and
ae\'? 1D 8
(&) 1o =< (6.28)
Tanm is the minimum 1-D integration period, selected by the user. It should be chosen to be

greater than the maximum allowable time step size. A value of Tfnli)n on the order of the time

step size will mean that the algorithm will switch often back and forth between the 3—-D and

TI D

1-D models. Larger values of T'; will reduce the frequency of transitions between models,

and will tend to activate the 1-D model only as the transient approaches an asymptotic state.

The algorithm implemented in PANBOX activates the 1-D model if (6.26) is fulfilled for
three consecutive checks. Then, the 1-D integration period is defined by

TP = min(TI2, TIR) (6.29)
T2 is the user selected maximum 1-D integration period. Its selection ensures an occasion-
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al return to the 3—D model. This is useful, for example when

) -

If the 1-D model is activated at time ¢ = ¢, then the 3—D model will be reactivated at time
typ = to + TP,
6.2.2 Criteria for Activating the Point Kinetics Model

The criteria for switching to the point kinetics model are similar to those developed in the
last section. In this case, the point kinetics shape function can be written in terms of the 1-D
model shape and amplitude functions as,

Ny(z, typIP (7, 1) 6.31
VG = g @0
The 1-D/PK shape function is defined as
lD/PK( p = Ne(z, 1) (6.32)
P()
so that
vERG 1) = Y PP HYiPE ) (6.33)

The point kinetics analogue of equation (6.17) is

e 1) = PR )WE G 1) — wERG 1) ] (6.34)

so that the relative error is approximated as in (6.20) by

awPK
1 3 (6.35)

eg(F,ty) =

Using equation (6.33), angK /0t may be expressed as

oPER, 1) oy P/PK(z, 1) Wy} <* )
e = 9P + 9P PR — (6:36)
Thus,

&G tn) = | 5| At (6.37)

Ve / Vs =1,

1\D/PK
awg ! l + __e_L__ ¢
= wlD/PK ot l TlD 4
t=fo
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The approximated rate of accumulation of global error in an L2 norm is given by

-

PK

= e |

1
anD/PK . 2
1 8 + L[ av
1 ,(/}JD/PK ot T1D
g=

i pLe

| G (
B LZNGZJ

‘ 1D/PK 2 g
oy
1 g €L
[ DIPR 91 + Tw] daz (6.38)

i 0
and the rate of accumulation of local error in an LI norm is approximated as

S

5), :maxlwéD/PK ET; |+T1D

The smallest time period after which an error € can develop is therefore

PK
PK __ d€
T = <o/ (37)6

and the smallest time period after which a local error €; can develop is

PK
PK _ e
"= EL/ (E)L

The smallest time period in which neither one of the error bounds can be exceeded is

(6.39)

(6.40)

(6.41)

TEX = min(TPX, T7K)

(6.42)
Similar to the criteria presented in the last subsection, if

PK PK
Toyr = T

(6.43)
for three consecutive calculations of 72X,

«st» then the point kinetics model can be activated and
the axial kinetics model deactivated. An alternate expression of (6.43) is,

PK
J¢ K 6.44
(57) G Y < g (6.44)
and

o€ PK PK
(57) . Thin = €L

(6.45)
The point kinetics integration period is defined by

K .
TPK = min(T7X, TFK,)

(6.46)
TFX, is the user selected maximum PK integration period. If the PK model is activated at
time 7 = ¢, then the 3—D model will be reactivated at time #5,,, given by
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tsp = min(tg + T'D), (1) + TFK)] (6.47)
The algorithm presented here requires the axial kinetics model always to be activated before

the point kinetics model is activated. This requirement, combined with criterion (6.43), are

the criteria for activation of the point kinetics model.
6.2.3 Alternative Adaptive Criteria

The adaptive criteria presented in sections 6.2.1 and 6.2.2 are by no means unique. For exam-
ple, different criteria were presented in reference 92. The tolerable errors in sections 6.2.1

and 6.2.2 are measured according to the norm

2

Ne

©)g = W{/E > Isﬁ(ﬁ Hav (6.48)

g=1y
for the global error, and according to
(&), = maxe, 9] (6.49)

for the local error. In contrast, the measures presented previously®2 were in norms

[ Cd

- -

Ng
> f (7, AV
g=1V

Ng
> j 3, DdV
5=ty ]

(6.50)

© =

and

(e)£ _ max[eif(?, t)] (6.51)

¢

Since €, = eg/¢,, these measures are not completely dissimilar. The error measures of
(6.48) and (6.49) weight relative errors more strongly than absolute errors, whereas the mea-
sures (6.50) and (6.51) weight the absolute errors more strongly. The strongly weighted rela-
tive criteria from sections 6.2.1 and 6.2.2 were chosen because the error measures to be evalu-
ated tend to be smoother functions of time than those of (6.50) and (6.51). Additionally, the
criteria presented earlier®? approximated that the time dependence of the 1-D shape function
1/)§D was completely negligible by the time the point kinetics model is switched on. For more

generality, this approximation has not been made in subsection 6.2.2.
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6.3 Adaptivity from Lower to Higher Dimensional Models

In addition to determining when the lower dimensional kinetic models should be activated,
the criteria developed in section 6.2 estimate a time point #p when the 3-D kinetics model
should be reactivated. The time #3p is determined mainly by how rapidly the shape functions
are evolving, but it can also be limited by the maximum user-requested integration periods

T1P and TEK,. Unfortunately, the time dependence of the shape function is not known dur-
ing time periods when the 3-D model is deactivated. During a time period in which the lower
dimensional models are calculated, the time—dependent behaviour of the shape function is
inferred from the previous period in which the 3—D model was used. While this inference
may be satisfactory when the neutron flux evolves asymptotically, it may not be true if the
neutron cross sections are strongly perturbed during a period in which the lower dimensional

models are activated.

With the use of a coupled thermalhydraulics/neutron kinetics simulator like RELAP5/PAN-
BOX, such perturbations are expected during some part of most postulated accident scenar-
ios. Changes in fuel temperature, moderator density and temperature, poison concentration,
and control rod position all perturb the neutron cross sections. The effects of such perturba-
tions must somehow be assessed, so that the 3—D model can be switched back on when the
lower dimensional models become too inaccurate. This concept is illustrated in Figure 6.3.

'4 T'P —

1-D —o o ¢ o —o—o0—o0—0—0}
Model e e——
Extrapolated ~ _ ———""" t3p
1D pegcgl,/’ Strong local
g perturbation in
il cross sections gives
/ . s anydD
/ rise to change in¥g
l\i_fi) | T o —o—o—
ode .
Calculate 3-D model reactivated
apIP /ot before end of 7P

Time ——»

Figure 6.3: Illustration of reason to switch from 1D to 3D models earlier than t3p.

The following sections deal with estimating the error during integration of the lower dimen-
sional models. When the error becomes too great, the 3—D kinetics model must be switched

back on.
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N,
. At
fo= D xhAe@n + —5:;, :#50 1) (6.55)
i=1

Errors in the precursor concentrations, el.C, and the neutron flux, eg, from a previous time step

will cause equation (6.53) to look like

Ng N,
, wdt
-V Dquﬁg + Zqu)g = z ET88'¢2' +fe—rgt inigﬂ'ieic + _—\Zﬁteg (6.56)

g=1 i=1
These errors are neglected for the following reasons:
(a) Errors in the precursor concentrations will tend to be very small compared to the precur-
sor concentrations themselves. This is especially true if the initial conditions of the transient
are at operating power, because then the initial precursor concentrations will be relatively
high. Errors in the flux are transferred over into errors in the precursors, but it takes time
on the order of the precursor half-life before the relative errors are noticeable. Transients
beginning from low power with a subsequent power increase will be influenced much more
by the errors accumulating in the precursor concentrations.
(b) The last term of equation (6.56) also tends to be small in comparison to f;. The term
becomes more important the higher the reactivity, and the smaller the time step.
(c) To consider these last two terms, the spatial dependence of the error must be known.

Calculation of this spatial dependence is too expensive.

For these reasons, only the error in the time—discrete form of the diffusion equation is to be
estimated, with equation (6.54). Section 6.4 presents a method for how the error accumula-

tion in time can be approximated.
6.3.2 Mathematical Preliminaries

Recalling the notation introduced in chapter 3, let VC R3be an open bounded domain with
a boundary SC R? consisting of a finite number of smooth planes. The domain V is parti-
tioned into N nodes 2% {Q¥CV, k€I, 1 <k=<N}. The set of these nodes is 2=(2,...,.2N).
The boundary of a node QFis denoted by 0¥, and the intersection of two nodes is given by
O = aQk (M) a€2'. The intersection of a node with S is @0 = 9% () S. The unit nor-
mal on @"’, is denoted as 7, and points from the node with the lower index to the node with
the higher index. The partition £ is such that

I. N< o,

2. V=2,

3. If QF = Q' then Q% (M) @ is empty.

4. QF are Lipschitzian domains with piecewise smooth boundaries aQk,
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Let the function space T be defined as

ou! duk
T C [HYP)Ye () H (@)1 € T = D - rf’ = ’g?—g , &= 1,...,Ng (657)
oL nion

Here, ufgf is the g—th component of the restriction of u to the single node 2%. H% and H! are
the first and second Sobolev spaces with the usual norms. It is noted that Ainsworth and

Oden70:71.72 worked with the first Sobolev space [H*(P)]Vc instead of T. However, it has
not been shown that the solution to the multigroup diffusion equation in a heterogeneous me-

dium belongs to [H1(P)]Ve: this is due to the fact that the partial derivatives of the flux are
not required to be continuous across interfaces. Introduction of 7" does not, however, change
the results of Ainsworth and Oden. This is because all of the equations in their development

which deal with the continuity of du/ on have a D, term as a multiplier of the ou/ on. There-

fore, introduction of T merely extends the range of applicability of their method since
[H'P)eC T.
Let X CT,Y C Tand B : X X Y — R denote the bilinear form

Ng Ng
B(u,w) = f Z{ng * DgVug + Xpweug — Z Zng,wgug}dV (6.58)
g=1 g'=1
s

where u = (ul,...,uNG), w = (wl,...,wNG). LetL :Y— Rbe

L(w)

I

Ng
f > fawgdv (6.59)
5 871
where f; is a function given on V.
The time—discretized form of the multigroup diffusion equation, (6.52),

Ng
— VDV + g5 = Z 2peeP e + fo (6.60)
g'=1

has boundary conditions

0
qig = 0, on Sl (6.61)
on
$g =0, onS (6.62)
and interface conditions
k )
pr 2l _ i 2% (6.63)
on o1 on oM
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¢§l@u = ¢é|@kl (6.64)
Assuming that there exists a unique solution ¢ € X of
B(g,w) = Lw), VweEY (6.65)

then the solution of (6.65) is the weak solution of equations (6.60) to (6.64).

For general values of the coefficients Dy, 2 Re and X Tgg'» 11O proof of existence of a unique

solution of (6.65) is available. Kang and Hansen!? give a flawed argument: they rationalize
that since B(¢, @) is positive for subcritical systems, then B(u,v) is positive definite. How-
ever, their argument contradicts the definition of positive definiteness, and thus does not
prove existence of a solution. Dautray and Lions analyze the problem more rigorously.°
They are able to show that unique solutions exist for sufficiently subcritical systems, but not
for the general case. Their analysis examines the coercivity of the bilinear operator B(u, v).
The concept of coercivity is important not only for the proof of existence of a solution, but
also for the application of the error estimation theorems developed by Ainsworth and
Oden.70.71,72

The bilinear operator B(u,w) is said to be weakly coercive on X X Y if there exists a positive

constanty such that

-Y” ly, YeEXweEY (6.66)
oy II ll

1 1
Here || u ||y= [(u,u)X]2 and | w [ly= [(w, w)Y]z, where (-, *)yand (-, -)y are inner prod-
ucts on X and Y. Many residual-based error estimation methods?3:94:95,70.7L.72 require condi-
tion (6.66), because it can be used as a starting point to find a strict upper bound of the error.

For example, consider that ¢ € X is the approximation to ¢. Then the errore = ¢ — ¢
satisfies

B(e,w) = L(w) — B(g",w), YV wEY (6.67)
If £ € Y is defined so that
(&: v)Y = B(e1 V) » Vvey (6.68)
then it can easily be shown’! that
1
lelx=51&ly (6.69)

Inequality (6.69) shows that estimating an upper bound of || § ||y is equivalent to estimating

an upper bound of || e ||y. Although the original bilinear operator B(u,w) is non—symmetric,
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estimation of the upper bound of || £ ||y is practical, because the inner product (-, * )y is a
symmetric positive definite bilinear operator and the RHS of (6.68), given by (6.67), is
known.

The difficulty in applying this error estimation procedure to the neutron diffusion equation
lies in finding appropriate inner products (-, *)y-and (-, - )y such that the coercivity condi-
tion (6.66) is satisfied. While possible for highly subcritical cores, (6.66) is not readily ful-
filled for geometries and coefficients Dg, 2 Re and X Teg' that reflect real physical situations.
The approach taken here is to divide B(u,w) into a symmetric and non—-symmetric part. The
symmetric part of B(u,w) becomes the norm in which the error is estimated. The asymmetric
part will be treated as an additional residual source term, using a local approximation tech-
nique. With this method, the error estimate is no longer a rigorous upper bound of the true

error.
6.3.3 Approximation of the Asymmetric Terms

The operator B(u,w) is split into two operators,

B(u,w) = a(u,w) — b(u,w) (6.70)
where
Ng
a(u,w) = ;ag(u,w) ) 6.71)
ag(u,w) = [{ng " DgVug + Enggug]dV
S
and
Ng Ng
b(u,w) = j 2 ZZng,wgug,dV (6.72)
3 8=lg'=1
An equation similar to (6.67) is now written as
ale,w) = L(w) — B(¢h, w) + ble,w), VvEY (6.73)
The strong form of (6.73) is

Ng
— V- DVey + Spgey = fy + V- DVGh = Zpgh+ > Tro(oh +e,) (679
g=1
with boundary and interface conditions on ¢ as in (6.61) to (6.64). The bilinear operator
a(u,w) is symmetric and positive definite. Because of this, if the right hand side of (6.74)
is known, then an upper bound of a(e,e¢) may be estimated according to the method presented
by Ainsworth and Oden.”? However, the right hand side of (6.74) can only be found if the
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local values of the error ¢ are first known. Direct calculation of the error e is of no practical
value, since it is as expensive as solving the NEM equations of the 3—D model. In fact, if
the error e was known, there would be no value in estimating a(e,e), because a(e,e) is simply
a conveniently calculated measure of e. If ¢ were known exactly, then any measure of the

error could be constructed quite easily.

The method of Ainsworth and Oden’? solves partial differential equations on a local basis
using the residuals of the elliptic equations as source terms. The solutions of these partial
differential equations are then used to calculate local error indicators, the sum of which is

the global error estimate. The local residuals, réf , are given for the neutron diffusion equation

by

Ng
¥ § = {fg +V- D8V¢2 - ERgd’g + z Zng'¢§"} (6.75)
fol

g'=1
The approach taken here is to first approximate e locally, in order to find an approximation

of the right hand side of (6.74). This local approximation of e is denoted as . With e”, the
augmented residual is defined as

Ng
R’é = r’é + {z Zng,ez} (6.76)
_Qk

g'=1
so that the strong formulation of the error equation (6.74), is approximated as
— V- DgVey + Zp.e, = RS (6.77)

Given the augmented residuals, an upper bound of a(e,e) may be estimated according to the

procedure described in reference 72.

Determination of e is performed by node-wise group rebalancing. The procedure of group
rebalancing solves for the nodal averaged flux with the approximation that either

(a) the leakage term is accurate,

ik = ] V - DVpedV = J V - DVolav (6.78)
2k Qk

or (b) the leakage term is accurate relative to the flux,

(98) &

In case (a) the group rebalanced fluxes are found by solving
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SrePe Z SrpePy + fy + Ep &= 1,....Ng (6.80)
=1

for ¢TZ in each node. In case (b) the group rebalanced fluxes are found by solving

(= — 827, = ZEngtﬁ +fer 8= 1,.NG (6.81)

for {5; in each node. The two different methods are used because equation (6.81) tends to

be accurate in fueled regions, but is very sensitive to rounding errors in unfueled regions.
Equation (6.80) is less accurate in fueled regions, but does not exhibit the singular-like beha-
viour of (6.81) in unfueled regions. To avoid overprediction of the local errors by equation
(6.81), the group rebalanced flux for any given node is taken to be the minimum of the two
different solutions:

b . —b
¢, ~ min(@,,$,) (6.82)
and the approximate error is determined according to
k=5, — ¢ (6.83)

Results of equation (6.83) are used in (6.76) to determine the augmented residuals, R Ke

The group rebalancing procedure has been developed here to provide a local estimate of the
error for the purposes of determining the augmented residuals. The global flux problem, giv-
én by equations (6.60) to (6.64), is reduced to a series of isolated nodal problems by approxi-
mating that the leakage is good, and that any error in the approximate solution lies in the way
the flux is distributed between the different energy groups. The augmented residuals are then
used in equation (6.77), and the method of Ainsworth and Oden is used to find a global error
estimate of ag4(e,e). In contrast to the group rebalancing procedure, estimation of a,(e,e)
decouples the global problem into a series of local problems through the proper choice of a
Lagrangian multiplier (see reference 72). The two methods are here combined to comple-
ment one another: the local group rebalancing finds the augmented residuals and decouples
the group dependence of the global estimate; the global estimate provides an upper bound

of the error, only provided that the Rg ’s are accurate.,

6.3.4 Global Error Estimate

The development of the global error estimator is fully described in reference 72. Here, only
the details distinct to this application are discussed. The residuals of the neutron diffusion

equation are found by expanding the approximation to the nodal flux, ¢g, and the source term

¢ in the NEM polynomials. These expansions are used in (6.75), which is subsequently used
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in (6.76) to find a polynomial expansion for the augmented residual Réf. The expansion is

given as

4
REH) = > Zriguhi(a‘iu) (6.84)

u=xyzi=0
It is noted that for this application, the nodal boundary residuals (defined in reference 72)
are equal to zero, because the approximation of the flux ¢§ exactly satisfies the interface con-
ditions (6.63) and (6.64). This greatly simplifies the choice of boundary conditions for the
local error indicator problems. The local problems are given as:”?
(a) on nodes 2F : 9Q¥ ﬂ Sy # 0, find rgf EH 1(Qk) such that

- V%% = Rt in Q* ]
ar]‘é =0 on QNS (6.85)
on ! ( '
r§ =0 on aQ* ﬂ S

(b) on nodes Q% : 9Q* S, = 0, find 7% € HY(2%) such that
1 g

— vk = {R’g - > rogu} in Q*

U=xy2 (6.86)
ark
£ =0 on 9@k
on
The local error indicators are given by
e T2 { = - 1 . 2
[773(178)} = szg . pg +E’;(V ' pg + RKg) av (687)
0k
where
p, = Vit (6.88)
The global error estimate is
N2
agle,e) < Z(n'g) (6.89)
k=1

The origins of equations (6.85) to (6.89) are found in reference 72. Using the polynomial
expansion of equation (6.84), problems (6.85) and (6.86) have been solved analytically. The
analytical solutions may be substituted into (6.87) to yield:
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(a) on nodes 2% : 9% (M) S; = 0,

KA ]2 = j {Elgﬁg : p’g]dv

Ok
= 7k > L2yl 41,2 4 Lo 12
D, 3°0gu © 30 lgw © 210 2gx 70 3su 770" 4eu
U=xyz
1 1 1 1
- (grlgu - §6r2gu + 1_0r3gu + %r4gu)r0gu
3 1 2
+ %rlgur&gu - mr2gur4gu}au (6.90)
k. =
and (b) on nodes 2% : 9% () S, = 0,
2
2
ke - 1> = 1
o & Re\u=xyz
=le_ Z _1_r2 +_1._.r2 +_1__,.2 +_1_r2
D, 30 1w 2107 28u © 70" 3ex T 770 4su
U=xy 5
70 lgur3gu 210r2gur4gu Qu > rOgu (691)
Re | u=xy2

The relative global error estimate is defined to be

N
= L N s [ 969 (6.92)
fet = N ey 4@ ,;(”g) = a¢h o)

When ¢, = eéD =3D then the error produced by the lower dimensional kinetics model is

too great, and the 3-D kinetics model must be reactivated. Here, eléD —3D s the tolerable

error before a switch from lower dimensional to 3—-D kinetics models is necessary. eléD —3D

is distinct from € ; presented in section 6.2, because of the different measures of error which

are used. However, the measures do produce qualitatively similar results and eéD 3D = €G

has been used quite successfully with this algorithm (c.f. Chapter 7).
6.4 Reactivity Based Criteria

The error estimator developed in the last section neither accounts for error accumulation in
time, nor does it provide a true upper bound measure of the time-discrete error. For these
reasons, further switching criteria are developed to act as an accuracy safeguard for when the
performance of the error estimator is poor. These criteria are all based on the reactivity, and
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are therefore treated here together. Section 6.4.1 describes how the error accumulation in
time is approximated. Section 6.4.2 describes criteria based on changes in reactivity, and
section 6.4.3 describes an absolute reactivity criterion.

6.4.1 Approximation of the Time Dependence of the Error

To account for the time dependence of the error, it is recognized that the error in the precursor
concentrations has not yet been considered. Errors in the approximate neutron flux will prop-
agate to the precursor concentrations, which then reappear as slowly decaying error sources
in the neutron diffusion equation. This implies that the time dependence of the error in the
precursor concentration, and its influence on the neutron flux, must be estimated. The sim-
plest model for analyzing the interplay between the flux and precursor concentrations is the

point kinetics equations.

The approximation is made that the relative error in the reactivity is equal to &,g, the result
of the global error estimator of section 3.3. Although it is obvious from section 6.3 that ¢,
is not a measure of the error in the reactivity, it is a relative measure of the error in the flux.
Since it is the error in the flux shape which gives rise to any possible error in the reactivity,
use of ¢, is not completely unjustified. Most importantly, ¢, has already been calculated,
so use of it spares computing time needed to calculate some other measure of the error.

During a period where either the 1-D or point kinetics models is activated, two additional
systems of point kinetics equations are also integrated: each set of equations uses the calcu-
lated reactivity of the core plus or minus a factor of ¢,,. These systems of equations are

dpL _ [(1 — Eo5)P _ﬂ]PL(t) n i},-cé‘(t)

dt A - p
= 93
ﬁ = ‘-6—"1314(;‘) — A.CE@) o
a A i
and
dPH _ [(1 + eest)p - ﬁ] H, d H
= o PH() + zaic,. #) 6
b= 94
dof ‘—9-"13”@) — ACH(z) o
da A i
The initial conditions of these equations are determined at time t=t, using
PL(ty) = PH(ty) = P(zy) 695)

CHty = CHip) = CPR(ty)

where equations (4.13) and (4.14) are used to find P(¢,) and CF K(to)-
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The systems of equations (6.93) and (6.94) are used to try to bracket the real value of P(?)

with PL(£) and PH(f). The relative error in the reactivity is approximated as &4, found by
the global error estimate at each time point.

The time—accumulated error at any time 7 is approximated by

IPH — pL

—L_pHgy — ply| = 2= L1
e IPF(@) — PHo)| =~ St

est,t = 2P(t) (696)

Ife,,, = eéD =3D_then the accumulation of the error is too great, and the 3-D model must

be reactivated.
6.4.2 Criteria Based on Changes in Reactivity

Because a PWR core is heterogeneous, even uniformly distributed cross—section perturba-
tions can give rise to a significant change in the shape function. The magnitude of a core
perturbation can be measured quite well by the change in reactivity 4p(f) = p(f) — p(t;).
As an extra safeguard to preserve the accuracy of an adaptive calculation, the code user can
specify a maximum Ap during a lower kinetics period. Once the reactivity has changed by
4p, the 3-D model is reactivated. Because, from a reactor safety standpoint, changes in reac-
tivity are less important when the core is subcritical than when the core is supercritical, two

separate user parameters are specified: 4p Tand 4p ~. The 3-D model is reactivated when

Up@l > 4p*, Vp =0
UpOl > 4p~, Vp <0

(6.97)

6.4.3 Criteria Based on Absolute Reactivity

In addition to the above criteria, it is supposed that there is some threshold reactivity above
which the user always wishes to use a 3-D model. For example, as the core approaches a
prompt-supercritical state, the 3-D model should always be activated to fully capture the
rapid evolution of the evolving spatial modes. The user can specify a maximum reactivity,
Pmax SO that when p > pnay, the 3—D model is reactivated and stays activated.
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7. Example Calculations

In the following sections, several postulated accident scenarios are calculated to demonstrate
the performance of the algorithm. The transients calculated with the dimensionally adaptive
algorithm are compared with a calculation using only the 3D neutron kinetics model. Both
the required CPU time and the accuracy of the adaptive algorithm with respect to the 3D ref-
erence are examined. The behaviour of the adaptive algorithm is also examined according
to how the adaptive parameters presented in the last chapter are chosen.

TlD TlD TPK

The adaptive algorithm is controlled by the following parameters: €, €;, Ty s Trmax Tppirs

TEK., eIéD —3D, Pmax 40T, and Ap ~. To reduce the number of variant adaptive algorithms

to be tested, the following conventions relating the parameters have been chosen.

Ty = T2, = 2%
Tmax = Tiiax = T
eg = €P73P = (¢, — 0.05)
For both the adaptive and reference calculations, the nodal averaged fluxes are stored on disk
as a function of time, and these fluxes can be compared according to the following measures:

J
=

S 38" - (o] v
ERR = 4”’"“_; rm— T
2T

These errors are compared against the errors predicted by the error estimator, although it is
important to note that the measures of error are not the same.

7.1 Control Rod Ejection Transients

The rapid ejection of a single control assembly is a postulated accident scenario which is not
characterized by strong coupling between plant and core phenomena. For this reason, a
coupled program system like RELAPS/PANBOX is not necessary to calculate such tran-
sients. Indeed, the standalone PANBOX core simulator can be used to calculate such tran-
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sients, and the PANBOX calculations of the NEACRP control rod ejection benchmark prob-
lem’> recently produced good results.”” The NEACRP benchmark problem was calculated
with the RELAP5/PANBOX system to verify the data exchange between the two codes.”®
A control rod ejection problem also serves as a good test of the adaptive algorithm, because
the transient is characterized by very strong local perturbations in the flux shape as the control
rod is ejected out of the core. Following the ejection, the power increase in the core gives
rise to a global, non—uniform increase in fuel temperature, which also perturbs the cross sec-
tions through the Doppler effect. Ideally, the algorithm should select the 3D model during
the movement of the control rod, and lower dimensional models should be selected in the

asymptotic period of the transient.

Calculations of cases Al and A2 of the NEACRP control rod ejection problem are presented
here. Case Al is the ejection of a fully inserted central control assembly from a reactor core
at hot zero power conditions. Case A2 is the ejection of a partially inserted assembly from
a reactor core at hot full power conditions. It is known that the results of case A1 are highly
sensitive to mesh size and time step size, whereas case A2 is in comparison not so sensitive.

7.1.1 Control Rod Ejection from Hot Zero Power Conditions

Because rod ejection transients require relatively little computing time, and because the
strong local and global perturbations serve as a good test for the algorithm, the sensitivity
of the results of case Al to some of the adaptive algorithm parameters has been examined.
The calculated results of this study are depicted in Appendix D. Here, the last calculation
shown in Appendix D is described in detail. Table 7.1.1 presents the parameters chosen for

this calculation.

€c 0.15

€1 0.20

T iin 0.1 s
Tmax 50 s
Pmax $2.0
Ap ™ $0.1
4p~ $10.0

Table 7.1.1: Parameters for case Al of the NEACRP control rod ejection transient.

The calculation was performed from a restart of a 100 s calculation used to generate a con-
verged stationary condition. This restart calculation begins at 100 seconds without any per-
turbations; between 101.0 and 101.1 seconds, the central control assembly is ejected from
the core. The calculation is continued to 111.0 seconds, when the transient is in an asymptotic
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state. The total core power, maximum nodal power peaking factor, and axial offset of the
adaptive calculation is compared with those of a 3D reference calculation in figure 7.1.1.
It is seen that the adaptive algorithm models the transient quite well.

»— Reference

Total Power (MW) e-— Adaptive
4000 -
3000 i
2000
1000 -
J —n
e e S S .

100 102 184 106 1e8 110

Maximum Nodal Power Peaking Factor

6 ]

S D i

4-

3

2 T T T T T T T T T T T T T T Y
100 102 104 106 108 110

Axial Offset
0.0 __‘1__\

] e U R —
_6.1 2.9
-9.2
-9 .3 e T T

100 102 184 106 108 118

Time (s> —
Figure 7.1.1: Comparison of Adaptive and Reference Calculation of HZP Rod Ejection

Figure 7.1.2 shows which models are activated at various periods of the transient. It is seen
that first the 1D and then the point kinetics model is activated at the beginning, stationary
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part of the calculation. The 3D model is reactivated when the rod is ejected. The algorithm
switches back to the lower dimensional models once the rod is out of the core, but makes
frequent returns to the 3D model until the transient reaches an asymptotic state, where the
point kinetics model is activated during most time steps.

Total Power (MW)
4000

3000

2000 - \

1000

¢ +-—r—rr<4r——rrr—rpr—r—rrrrrr— e

100 102 104 186 1@8 110

Dimension of Model Activated

2

1 ¢ o X %

X

8 ~T IS0 MMM DIRGIMPRMGIENMNRA00C XK
100 182 194 106 108 110
Time (s) —

Figure 7.1.2: Dimension of Model Activated by Adaptive Algorithm During HZP Rod
Ejection Transient

Figure 7.1.3 shows the power, model dimension, errors, and error estimate of the adaptive
calculation between times 101.0 seconds and 102.0 seconds. When the rod ejection begins,
the adaptive algorithm is using the point kinetics model. The error estimator detects some
of the error generated by the movement of the control rod during the point kinetics calcula-
tion, but does not quantitatively detect the error which develops. It is the change in reactivity
criterion, Ap * which finally reactivates the 3D model. Once the 3D model is reactivated,
the rate of change of the flux shape function is so great that the lower dimensional models
are not reactivated until after the control rod has stopped moving. For the next 0.9 seconds,
the lower dimensional models are activated with brief returns to the 3D model when the error
estimator predicts that the error is too great. It is noted here that the return to the 3D model
does not correct the actual errors which are developing. This is because the errors are primar-
ily in the amplitude of the flux, and not in the shape of the flux. It is seen in the power plot
of figure 7.1.3 that the adaptive algorithm predicts the power surge to occur approximately

112




0.012 seconds later than that of the reference model. It is this time discrepancy, due to the

»— Reference

o-— Adaptive
Total Power (MW)
4000 -
“1 >
? 2000 - RN
] 7 ~=__
h 4 n
-] Ty A G A o e e 7T T T T T T ---;
101.0 101.2 101 .4 101.6 101.8 182.0

101.90 101 .2 101 .4 101.6 101 .8 102.0

0 .9 Yr—r i e YS
101. 101.2 101 .4 101 .6 101.8 102.0
ERR-MAX
1.0
bt
- J—
L R i B T o e -
161.0 101.2 101 .4 101.6 101 .8 102.9

Estimated Error

? 0.2
9.8 tr+rorr o e B N N
101 .0 181 .2 101 .4 101 .6

Time ¢s) ———

Figure 7.1.3: Behaviour of Adaptive Algorithm During HZP Rod Ejection Transient

delayed activation of the 3D model during the rod ejection, which is the main source of the
calculated error. Figure 7.1.4 shows the powers and global errors, with the results of the
adaptive algorithm shifted —-0.012 seconds in time. This demonstrates that the results of the
adaptive algorithm are actually very close to that of the 3D calculation. If a slight delay in
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the calculation of the power surge is acceptable, then the adaptive algorithm yields good re-
sults, The savings in CPU time in this case was 74.1%.

»— Reference

e-— Adaptive
Total Power (MW) o-— Shifted
4000 ]
‘ i L
3000 ] "4/; \‘\\\\\
~
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] x‘/:'/ \\\\\\
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ik / “\\\n\_
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Figure 7.1.4: Global Error when the data from the adaptive calculation is shifted —-0.012

seconds in time.

Table 7.1.2 presents selected results of the sensitivity study of this problem from
Appendix D. In all of these cases, Tyqr=5.0 seconds and dp~ = $10.0. Ty, €g> 4o ™,
and p™®are all varied. The CPU times and savings in CPU are presented in the table, along
with the peak maximum calculated error after the return to power. Here, all the calculations
exhibit a behaviour similar to the adaptive calculation presented above, in that most of the
error is due to a shift in time of the power peak. Regardless, the maximum error ERRpax
in the time period after the return to power is also shown in the table. The strong peak of error
which occurs during the actual rod ejection is not considered: because it occurs at near zero
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Table 7.1.3: Parameters used for Case A2 of the NEACRP rod ejection transient.

Parameter|] Case 1 Case 2
€G 0.15 0.05
€L 0.20 0.15
T in 0.1 s 0.1 s
Tmax 50 s 50 s
P max $2.0 $2.0

dAp* $0.1 $0.1
A4p $10.0 $10.0

Total Core Power (MW)

»— Reference
e~ — Adaptive

-

ir.‘

2000
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ERR-G
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a-as - {\.]
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Figure 7.1.5: Behaviour of adaptive algorithm during transient initiated by a rod

ejection from hot full power. £g=0.15

116

P10
P11







7.2 Main Steam Line Break at Hot Zero Power

The hot zero power main steam line break is a postulated accident scenario in which a main
steam line on the secondary coolant loop breaks completely at the exit of a steam generator
nozzle. This causes rapid depressurization of all four steam generators which feed the main
steam mixing header. Flow through the three intact steam generators is eventually stopped
through the closure of isolation valves, however the steam generator with the broken line will
continue to release steam. This results in a relatively fast depressurization and asymmetric
cooling of the primary coolant system, and hence the reactor core. The cooling of the reactor
fuel rods gives rise to an increase in reactor reactivity through the moderator temperature co-
efficient and the Doppler effect. For conservative evaluations, these postulated accident sce-
narios are analyzed with the most reactive control rod stuck out of the core. Additional con-
servatism is applied by offsetting the initial reactivity of the subcritical core.

The asymmetric cooling of the core, as well as the presence of the stuck control rod, can give
rise to large changes in the neutron flux shape during the MSLB event. It is for this reason
that a program system like RELAPS/PANBOX is useful for analyzing this accident scenario.
The greater accuracy afforded by the 3D neutron kinetics models can replace some of the
conservatism used in the point kinetics calculations. For example, Feltus has shown that if
the HZP MSLB is calculated with a 3D neutron kinetics code, then the 3D kinetics do not
predict recriticality of the core; however, a point kinetics calculation with conservatively
chosen coefficients usually does predict a recriticality. It remains a licensing question as to
whether or not lifting some of the conservatism becomes an acceptable practise when a 3D
kinetics code is used.

In the series of calculations presented here, the conservatism has been included so that a re-
criticality is predicted by the calculation of the MSLB. This means that the averaged neutron
flux changes by orders of magnitude, with a significant change in the flux distribution over
the course of the transient. It is thus an appropriate test for the adaptive algorithm. Table
7.2.1 shows the parameters which were used for the adaptive algorithm. Cases 1 to 3 test the
algorithm with varying values of €. Tpin and Tpax are set to 4.0 and 15.0 seconds respec-
tively. These are much larger than the periods for the rod ejection case, because the transient
evolves more slowly and is calculated for a longer period of simulation time (400 seconds
in this case). omax is set to 0.9, which yielded accurate results for the case of the rod ejection,
but reduced potential savings in CPU. The total core power, maximum nodal power peaking
factor, and axial offset of the adaptive calculation are compared with the respective values

of the 3D reference calculation in figure 7.2.1.
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Parameter| Case 1 Case 2 Case 3
€; 0.15 0.10 0.05
€ 0.20 0.15 0.10
Thin 4.0 s 4.0 s 4.0 s
Tmax 150 s 150 s 15.0 s
P max $0.9 $0.9 $0.9
dp* $10.0 $10.0 $10.0
Ap~ $10.0 $10.0 $10.0

Table 7.2.1: Adaptive parameters for HZP main steam line break.
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Figure 7.2.1: Adaptive vs. 3D Reference calculation for HZP MSLB.
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Figures 7.2.2 and 7.3.3 shows how the algorithm switches from level to level as the value
of € is varied. The case with €;=0.15 activates the 1D and point kinetics models for longer
periods than the other two cases. As € is decreased from 0.15 to 0.10, the point kinetics
model is deactivated approximately 5 seconds sooner before the initial power surge. With
€5=0.05, there is a continuous switching process between the 1D and 3D kinetics models,

until the flux shape function starts to evolve strongly as a function of time, beginning at
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Figure 7.2.2: Model Dimensions chosen by the adaptive algorithm during the first 50

seconds of the HZP MSLB transient for different values of €.
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approximately t=6.5 seconds. After the initial power surge has occurred, and pmpax drops be-
low the $0.9 threshold, the adaptive algorithms switch back to the 1D model. The 3D models
are occasionally reactivated with a frequency which decreases as € increases, and the point
kinetics model is reactivated only by the €;=0.15 calculation at about t=43 seconds. As the

transient becomes asymptotic (Figure 7.2.3), the €5=0.10 and 0.05 calculations also activate
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Figure 7.2.3: Model Dimensions chosen by the adaptive algorithm during the start of the
asymptotic period of the HZP MSLB transient for different values of eg.
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error before the return to power is not important for safety calculations, it has been included
here to show how the errors increase with increasing € for this case. In all cases, the maxi-
mum error after the return to power occurs during the first power surge, where the shift of
the peak in time is the greatest source of error, as it was with the transient initiated by the
control rod ejection at HZP.

l Global Error Maximum Greatest Actual | Greatest Actual
CASE Criterion | Error Criterion || Global Error |Maximum Error
Adaptive — Case A 0.15 0.20 18.6% 10.1% | 26.2% 10.7%
Adaptive — Case B ‘F[ 0.10 0.15 59% 11.1% 72% 11.9%
Adaptive —Case C || 0.05 0.10 1.7% 5.0% 1.1% 5.0%

Table 7.2.2  Error Criteria and Maximum Actual Errors over Transient for Adaptive Main
Steam Line Break Calculation

The performance of the error estimator is similar for all three cases, so only the first case will
be examined here. Figure 7.2.5 depicts the total core power, the dimension of the model
which is activated, ERRG, ERRpmax, as well as the error estimate for the first 40 seconds of
this case. The point kinetics model is activated for about the first 15 seconds of the simula-
tion. At time 13p=14.76 seconds, the 3D model is reactivated due to the end of the lower ki-
netics period. The error estimate at this time is 13.6%, compared with a global error of
18.6%. From this point in the transient until the power surge, the lower kinetics models are
not reactivated due to the strong temporal changes in the shape function. After the power
surge, the 1D model is activated. The error estimator predicts a development of the error
which is qualitatively matched by the development in time of ERRG and ERRpax. This re-
sults in an occasional reactivation of the 3D model, occurring less frequently as the transient
approaches an asymptotic state.

The total savings in CPU as well as the savings in CPU of only the neutron kinetics routines
are shown in Table 7.2.3 for the three different adaptive cases. Total savings of 36.9% to
50.6% were achieved for this parameter range.

GlobalError [ Total CPU | Savingsin |[CPUused by| Savings in
CASE Criterion time total CPU neutronics neutronics
(s) (s) CPU
Reference 3D || — 2.687E+4 — 2.298E+4 —
Adaptive — Case 1 || 0.15 1.328E+4 50.6% 0.945E+4 58.9%
Adaptive — Case 2 || 0.10 1.502E+4 44.1% 1.110E+4 51.7%
Adaptive — Case 3 H 0.10 1.695E+4 36.9% 1.305E+4 43.2%

Table 7.2.3 Savings in CPU times for Adaptive Main Steam Line Break Calculations
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7.3 Boron Dilution Transient

The event sequence of a postulated boron dilution transient has been described in section
2.2.3, where it was demonstrated that spatially dependent kinetics models are needed to accu-
rately model this kind of event. The boron dilution transient differs from that of the MSLB
transient in that in this case, the perturbations to the cross sections are to a large extent axially
uniform. Thus, it is expected that the adaptive algorithm would make efficient use of the 1D
kinetics model during the traversal of the deboronized slug through the core. Table 7.3.1
shows the adaptive parameters for the two adaptive cases which were calculated. In these
cases, pmax is decreased with €, to select the 3-D model more often.

Parameter] Case 1 Case 2
€ 0.15 0.05
€L 0.20 0.10
Toin 40 s 4.0 s
Tmax 150 s 150 s
P max $0.95 $0.9
dp* $10.0 $10.0
Ap~ $10.0 $10.0

Table 7.3.1: Adaptive parameters for boron dilution transient.

Figure 7.3.1 shows the total power, maximum nodal power peaking factor, axial offset, and
core averaged boron concentration for the whole transient. The differences between the ref-
erence and adaptive calculations are difficult to see on this scale, so the same quantities dur-
ing the power surge, between times t=5338.0 s and t=5345.0 s, are shown in Figure 7.3.2.
The results of the adaptive cases compare quite well with the reference: as seen for both the
rod ejection and the MSLB calculations, the main discrepancies are a slight shift in time.
Figure 7.3.3 shows which models are selected by the adaptive algorithm during the transient.
It is seen in both cases that the point kinetics model is selected for the first part of the boron
dilution, with occasional returns to the 3—D model. As the reactivity of the core increases,
the algorithm stops switching from the 1-D model to the PK model: this happens earlier for
the €;=0.05 case than for the €5=0.15 case. During the power surge, the 3— D model is se-
lected more and more frequently to update the shape functions. Figure 7.3.4 shows the core
power, the relative error in the average flux, ERRg, the error estimate, and the chosen model
dimension for Case 1. It is seen that the error in the average flux follows that of ERRg. This
implies that the errors are not due to errors in flux shape, but rather the magnitude of the flux.
Again, this is due to a small shift of the results in time. Figure 7.3.5 shows a detail of the
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power peak for the reference and two adaptive cases. If the small shifts in time can be toler-

ated, then the algorithm is quite accurate for these cases.
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8. Conclusions

The coupled RELAPS5/PANBOX code has been developed for the analysis of nuclear plant
accidents in which the reactivity of the core changes significantly. With this code, accidents
in which local or asymmetric positive reactivity contributions occur can now be more accu-
rately analyzed. A reactivity edit option has also been developed to help explain transient
phenomena: in particular, it can identify when changes in flux shape are important during
a transient, and thus whether or not RELAPS5/PANBOX is useful for the transient being cal-
culated.

Consistent point and one—dimensional kinetics models have also been developed. The point
kinetics model uses perturbation theory for accurate determination of the reactivity, and a
method for using the operator formulation of perturbation theory with the NEM has been de-
veloped. The one-dimensional axial kinetics model has been developed directly from the
three~dimensional neutron kinetics equations using an approach unified with the develop-
ment of the point kinetics model. Correction factors have been defined so that the discretiza-
tion of the axial kinetics model provides equivalent solutions to the three dimensional NEM

model.

Adaptive criteria have been developed to determine during which times of a transient the var-
ious models should be activated. Criteria for switching from the three dimensional to the one
dimensional and the one dimensional to the point kinetics models are based on the shape
function. These criteria were motivated from the observation that both lower dimensional
models employ the adiabatic quasi—static approximation. Criteria for switching back to the
three dimensional model are based on a global error estimation procedure developed for fi-
nite element analysis and also on changes and absolute values of reactivity.

Calculations show that the algorithm can produce quite accurate results, while decreasing
total CPU time by roughly 30% to 70%. The calculated examples were all for transients
where significant three—dimensional changes do occur in the core. For calculations of more
benign transients, the savings will be greater. The results of the adaptive algorithm tend to
be slightly shifted in time compared to the results of the respective reference calculations,
which are calculated totally with a 3D model. If these shifts in time can be tolerated, then

the algorithm may be considered very accurate.

Future work should concentrate on improving the performance of the error estimator, or even
the whole adaptive strategy. Development of a newly improved quasi—static method would
also augment the performance and the accuracy of the algorithm: an improved quasi-static
method would serve to reduce some of the error which accumulates in time in the precursor
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concentrations, and would also permit larger time step sizes during time periods when the
three—dimensional kinetics model is primarily selected.
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Appendix A: The Exponential Transformation

The exponential transform method!7 is a time discretization technique in which the node av-
eraged flux is transformed according to

PT(t) = T OTH(Y) (A.1)
The @™ is called a dynamic frequency, and is calculated according to equation (3.47). The
partial derivative of the flux with respect to time is therefore expressed as

m m(t)
_g;_ = ") + ¢ om(t—tp) 8 "7 7 (A2)
Equation (A.2) is discretized with the first order Euler implicit method, yielding
m T78) — T(t0)
%g— = o"PP() + 2"¢ 0 E T 0
(1 + w™Anpm() — e*4ipm(zy) (A3)
= 7 .
The precursor equations may be expressed in integral form as
t
- —A 1 1 i ' (' - '
D) = cPtge ™ + 7 Z Zﬁ; j vE) gt M dr (A4
g J

i
Substitution of the exponential transform, equation (A.1), into (A.4) yields

t
) = cMtge M + ;%Z > B I vE}g,e‘”m("“’O)eli("_’)Tg,(t')a't’ (A.5)
&

fo
Approximation of the integral yields,

_ _ 1 C i 1 — —(wm+A)At
(O = cM(te A + IZ Zﬂ{vE}g, < RO (A.6)
8 J
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Appendix B: The NEM Polynomials

The NEM?22:23.24 polynomials are given as

hy(w) = 2u — 1
By = 6u(l = u) — 1 B.1)

hy(u) = 6u(l — w)2u — 1)
hyu) = 6u(l — w)(5u® — 5u + 1)

These polynomials obey the following integral relationships:

1 1 1
[
| iy =0 i =104 J%@w=% f@@m=%
0 0 0
% 1 f 1
2 =56 2 =2 =1 = -3
J hs(v)dv = 38 ] hy(v)dv 35 J hihsdv 5 I hohdv 35 (B.2)
0 0
1 1 1 1
0 0 0 0
and the following differential relationships:
dhy _  dhy ~ dhy _dh,
7{‘- = 2, 7{; = 6h1, _(-Et— = 6h2, _El;_ = 10h3 - 6h1
&h, &h, &h,
—= = - 12 ——= = —36h; — = 60h, — 12
du? du? P au? 2
, (B.3)
The transverse integrated fluxes, expande(}1 as
qlgu = z a,-guhi(u) (B.4)
u=0
therefore have a second derivative equal to
a2y
Wf=-4%%@+%w*3®mh+ﬁw%h (B.5)
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Appendix C: Details of the Axial Kinetics Model

C.1 Coefficients of the Qutgoing Partial Current Equations

The coefficients of the outgoing partial current equations are found to be

6D | D, |
ClgR = D—E—f l + 4d—g2
6Dg | D]
_ ) -
1 Dgz\[| _ Pe Di.
Cogr = DET (1 + sdgL)(l sng) + 16dnggR
[ 2
_ 1 Dge\[ | _ ¢Psz £
Cogl = BET (1 + sng)<1 sdgL) + 16dnggR
- - (C.1)
c T 8D,
%R ™ d,; DET
c o T 8D,
%L " d. DET
6D, Dy,
C4gR = DET 1+ 12@;
6D, o
where
D
Dy = 5.
, (C.2)
D D D
DET = {1+ 8=-23M1+8-2]- 16"
dyr oy dyrdgp

and the node index m has been suppressed.
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C.2 Approximations and Abbreviations of the Moments Equations

The time derivatives of the 1D flux expansions are approximated by

oy 1 dNZ
KA (C3)
which, upon using the exponential transform method (see Appendix A) yields
oyn N7(2,)
1 & _ 1 _ TN Ay
Vs o1 vgdt[wAt+ 1 _—_—Nfg”(t) e ]'I’fg” (C.49)

The same approximation is made for the 1D precursor concentrations

o1 = 6{57 Ci(u, t) (CS)
which yields
A
Zl Zﬂg'q/;’i
Clut) = CP— (C.6)
i
> SpyN™
g'=1

Using these expressions in equation (5.54), the new coefficients in (5.55) and (5.56) become

sm _ s 1+ odr _ NgWo) godr
Ze =28 T T NG vt €D

and

= = =i |+ /‘(.e(w"'/li)df T“,gf;;;g'/licm(to)
2g88 = Zpgg’ ~ Zfdgzﬁg’[ P 1+11' + Z !
i ]

— (C.8)
7D ZpeNT)
gl
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Appendix D: Parameter Study of Rod Ejection
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Figure D.1: Case 1 of Control Rod Ejection Transient from Hot Zero Power
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Figure D.7: Case 7 of the Control Rod Ejection Transient from Hot Zero Power
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Figure D.8: Case 8 of the Control Rod Ejection Transient from Hot Zero Power
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