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Abstract

In certain applications of formal methods to development of correct
software one wants the requirement specification to be monomorphic,
i.e. that every two term-generated models of it are isomorphic. Conse-
quently, the question arises how to guarantee monomorphicity (which
is not decidable in general). In this paper we show that the task of
proving monomorphicity of a specification can be reduced to a task
of proving certain properties of procedures (with indeterministic con-
structs). So this task can be directly dealt with in the KIV system
[4] which was originally designed for software verification. We prove
correctness and completeness of our method.
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1 Introduction

Formal software development starts with making up a formal requirement
specification that describes the features required of the software system to
be developed. Requirement specifications may be(come) an essential part
of a contract between a customer, who wants to get bug-free software for
his (safety-critical) application, and the software developer: the customer
assures to accept the software if (and only if) it meets this specification.

In general, the requirement specification must not be monomorphic, i.e.
the specification must not determine one model uniquely (up to isomor-
phism). Quite the reverse holds: in order to provide the software developer
with freedom that may facilitate more efficient implementations, it may be
desired to specify only the relevant features. However, on the other hand,
non-monomorphicity (i.e. ambiguity) can be very dangerous, especially if one
is unaware of the (whole extent of the) gaps in the specification. In [6] we
illustrate the risk of such ambiguity on an example and argue that (in cer-
tain applications) the customer should insist on a monomorphic requirement
specification.

The question arises how to guarantee that a specification is monomor-
phic. Unfortunately, in general’ monomorphicity is neither easy to see nor
decidable at all. The set of all monomorphic specifications is not even ef-
fectively enumerable. However, it is possible to prove monomorphicity of a
given specification, for example by meta-reasoning [3, 5].

In this paper another approach to this problem is presented. We show
that the task of proving monomorphicity of a specification can be reduced
to the task of proving certain properties of potential indeterministic proce-
dures. This allows one to directly employ well-established techniques known
from software verification. In fact, using our method, the task of proving
monomorphicity can be directly dealt with in the KIV system (Karlsruhe In-
teractive Verifier) [4] which was originally designed for program verification.

We prove correctness and completeness of our method in a great detail,
but leave out examples and motivations. Thus, this is a very technical paper,
made for internal use rather than for external readers.

To keep the paper selt-contained we give all the basic definitions and
a few elementary facts in the next section. In section 3 a theorem (3.9)
is proved, which states criteria necessary and sufficient for monomorphicity.
These criteria are well suited to be formulated as proof obligations in dynamic
logic, which is established in theorem 4.7 of section 4. Finally, in the last
section we draw conclusions and indicate directions for future work.

'If one restricts oneself to freely generated data types enriched by algorithmic specifi-
cations, the things get much simpler, since in this case, determinism and totality of these
algorithms are sufficient for monomorphicity.



2 Basic Definitions

In this section we provide the basic definitions and a few elementary facts.
Some of them are adopted from [2] and [7].

2.1 Sets, Relations, Functions

Definition 2.1 (notions for sets of tuples)

Given a set A, n € IN the set of n-tuples of A is denoted by A". We use
ay---ayor (ay,...,a,) as notations for tuples; the empty tuple (i.e. n = 0) is
written A or (). set(ay---a,) denotes the set {ay,...,a,}. The concatenation
ay---ayby---b, of two tuples @ = ay---a, and b = by ---b,, is written ab.
Furthermore, we set:

o AT =Unemoy A"

o A :=U,en A"

o An ={ (a1,...,a,) | (a1,...,a,) € A% a; #ajforall 0 <i <y <n}
o At = U e oy A"

o A% =, A"

For a set of (so-called) indices I and sets A;, ¢ € [ the family (or system)
of the sets A; is denoted by (A;)ier. For ¢1---1, € I", we use the following
abbreviations:

A
L Allln = { (ah‘ . '7an) (ah‘ . '7an) S Ail"'inv }

a; Zajforall0 <1<y <n

Definition 2.2 (relations)

A (binary) relation R between two sets A and B is a subset of the cartesian
product A x B. The set R~ := {(b,a) | (a,b) € R} is the inverse of R. R is
said to be

e rightunique, if for all @ € A, by, b, € B holds that (a,b;),(a,by) € R

implies by = b,.

e leftunique, if for all ay,a2 € A, b € B holds that (ay,b),(as,b) € R
implies a; = a,.

e righttotal, if for all b € B there is some a € A with (a,b) € R.

e lefttotal, if for all « € A there is some b € B with (a,b) € R.



Definition 2.3 (functions)
A rightunique relation R C A x B is also called (partial) function from
A into B, which is indicated by the notion R : A — B. Furthermore, in
this case we use the term injective instead of leftunique, surjective instead
of righttotal, and total instead of lefttotal. A total function is said to be
bijective, if it is injective and surjective.

For a total function f: A — B, and A’ C A we write f(A’) to denote the
set {f(a)|a € A’'}. For ay---a, € A" the tuple f(ay)--- f(a,) is abreviated
by f(ay---ay,).

Definition 2.4 (families of relations/functions)

For a set of (so-called) indices [ and relations (functions) R;, ¢ € [ we call
R = (Ri)icr a family of relations (functions). If all R; are rightunique
(leftunique, righttotal, lefttotal) R itself is called rightunique (leftunique,
righttotal, lefttotal). In the case of functions the corresponding terms
injective, surjective, total and bijective will be used. Furthermore, the
inverse of R is defined by R™' := (R ')er.

For two families of relations R1 = (R1;);er and R2 = (R2;);e; with the
same index set [ we write B1 C R2 if R1; C R2; for all 7 € [.

Fact 2.5 (totality and uniqueness of relations)
For any family R of (binary) relations holds:

() (R = R
(2) R leftunique iff R™' rightunique.

(3) R lefttotal iff R™' righttotal.

2.2 Signatures, Terms, Algebras

Definition 2.6 (signatures)

A signature S1G = (S, F, P) consists of a finite set S of sorts, a finite set F’
of function symbols, where [ is the disjoint union of sets F; , with s € 5™,
s € 5, and a finite set P of predicate symbols, where P is the disjoint
union of sets P, with s € 5*. For s = s1---s, is F,, the set of all n-ary
function symbols from sorts s;---s, to sort s, and P, the set of all n-ary
predicate symbols over sorts sq - - - s,.

For any signature SIG = (S5, F, P) we assume a system X = (X;)ses
of countable, infinite, and pairwise disjoint sets X, of variables for every
sort s € S, and a system Pid = (Pidy, , )s, s,es+ of countable, infinite, and
pairwise disjoint sets of procedure identifiers for every s,,s, € S*.



Definition 2.7 (terms)
Given SIG = (S, F,P) and a system X of variables for SIG, the family
Tr(X) = (TRS(X)) s of terms over SIG and X is defined as the least

family of sets such that
o X, CTrs(X) for every s € 5, and

o ftelp (X)foreveryse S*, s€ 5, fe€Fys,telr(X).

The family Tr = (TRS) . of variable-free terms (so-called ground terms)
over SIG is defined as the least family of sets such that

o ftecTp,foreveryse S*,s€ S, fe€F,,, t€ Tk,

Definition 2.8 (sensible signatures)
A signature SIG = (S, F, P) is called sensible? (cf. [7]) iff there is at least
one ground term for any sort, i.e. Tps # 0 for all s € S.

Definition 2.9 (algebras, valuations)
For a signature SIG = (S, F, P) a SIG-algebra A is a triple, written A =

((AS)SES, (fa)ser, (pA)pEP), where (Aj)ses is a family of non-empty carrier
sets (domain), (fa)yer is a family of interpretations for the function symbols
in F, and (pa)yep is a family of interpretations for the predicate symbols in
P. Yor f € F;,, with s € 5%,s € S1is fa a total function from A, into A,.
For p € P, with s € 5% is p4 a subset of A,. The set of all STG-algebras is
denoted by Alg(SIG).

For a system X of variables for SIG and an A € Alg(SIG) an A-
valuation v = (v;)ses is a family of total functions v, : X; — A,. In
the setting of dynamic logic, valuations are also called states. Val(X,A)
is the set of all such A-valuations. For s € S*, 2 = y---2, € Xi, and
a=ay--a, € A, we write v$ for the modification of v which assigns a; to
x; and is otherwise the same as v.

Definition 2.10 (disjoint signatures, sum of algebras)

Two signatures STG = (S, F, P), SIG' = (S', F', P') are said to be disjoint,
written SIGN SIG' =0,it SNS"' =0, FNF' ' =0,and PN P = (. In this
case SIGU SIG" := (SUS, FUF',PUP') is again a signature, and from
A e Alg(SIG), B € Alg(SI1G") a (SIG U SIG)-algebra

A+ B = (((A + B)s) sESUS" (fA-I—B)feFuF' ? (pA+B)pEPUP/)

?In fact, the restriction to sensible signatures is sensible in practice.
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can be constructed by (cf. in [1]: amalgamated sum of algebras)

A, Jifse S

(A—I_B)S - { BS 7if8 E Sl
L fA ,iffEF L PA ,iprP
f(A-I—B) = { fB : if f cF! and PAa+n) = s, lfp c P

For two sets of algebras M C Alg(SIG) and M’ C Alg(SIG') we write
M + M’ to denote the set {A+B|Ae M, B e M'}.

Fact 2.11 (disjoint signatures do not mix in terms)
For disjoint signatures SIG = (S, F, P), SIG" = (5", F',P'), and all s €
S U S holds

T - TF,s 5 ZfS s
Fur',s — TF’,g ) ZfS c Sl.
Proof. Induction on the structure of ground terms. [ |

Definition 2.12 (semantics of terms)
Let SIG = (S, F,P) be a signature with a system X of variables, A €
Alg(S1G), v € Val(X, A). The value t, 4 of a term t € U,esTFs(X) in A

under v is given by:

o 1, 4:=vs(x)for x € X, 5 €5,
d (fi)v,A = fA(iv,A) for s € S*, s € Sa f € F§787 L=tly---1lp € TF,é(X)v

where (t1 -+ t,)pa =ty 4" tny, 4. If L is a ground term, its value does not
depend on v; therefore, we sometimes write {4 instead of ¢, 4 in this case.

Definition 2.13 (generatedness)

An algebra A € Alg(S1G), SIG = (S, F, P) is called term-generated or
generated, if for any s € S and any a € A, exists a ground term ¢ € T
with t4 = a. The set of all generated SIG-algebras (which are also called
SIG-computation structures [7]) is denoted by Gen(SI1G).?

Fact 2.14 (disjoint sum of generated algebras)
For disjoint signatures SIG, SIG' is

Gen(SIGUSIG') = Gen(SIG) + Gen(S1G).

Proof. Let SIG = (S, F,P), SIG" = (5", F', P') be disjoint signatures. It
is quite obvious that the sum A + A’ of two algebras A € Gen(SIG), A’ €
Gen(SI1G") is in Gen(SIG U STG"). For the reverse inclusion of the above
set equation, let B € Gen(SIG U SIG"). Define A to be the so-called STG-
reduct of B, i.e. A:= ((BS)Ses, (fB)ser, (pB)pep). Accordingly, define A’ to
be the STG -reduct of B. Then holds A € Alg(SI1G) and A" € Alg(SIG")
with A4+ A" = B. To see, that A and A’ are even generated use fact 2.11. ®

3Notice that Gen(SIG) is empty if SIG is not sensible.
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2.3 Homomorphisms, Isomorphisms

Definition 2.15 (homomorphisms, isomorphisms)
Let SIG = (S, F,P), A,B € Alg(SIG), and R = (R;)ses a family of rela-
tions Ry C A, x B,. R 1s said to be

o closed against /' wrt* A and B, if for all s = s;---s, € S*,
s € S, f € F,, holds that (ay,b1) € R,,,...,(a,,b,) € R, implies

(falar,... an), fis(br.. ... b)) € R

e monotonic in P wrt A and B, if for all s =s1---5, € 5%, p € F;,
(a1,b1) € Rsyy...,(an,b,) € Ry, holds that (ay,...,a,) € pa implies
(bl,...,bn) EpB

A weak (S7/G-)homomorphism % from A to B is a family A = (hs)ses of
total functions h, : A, — B, which is closed against F' wrt A and B and
monotonic in P wrt A and B. If even A™! is monotonic in P wrt B and A,
then A is called a (S71G-)homomorphism. An isomorphism is a bijective
homomorphism. Two algebras A, B € Gen(SIG) are called isomorphic if
there exists an isomorphism & : A — B from A to B.

The following fact says that these definitions of weak homomorphisms,
homomorphisms and isomorphicity are equivalent to the usual ones, e.g. given
in [2].

Fact 2.16 (homomorphisms are defined as usual)
Given SIG = (S, F, P), A,B € Alg(SIG) and a family h = (hs)ses of total
functions hy : Ay — By,

(1) h is closed against F' wrt A and B iff for all s = s1---s, € S*, s € 5,
f € Fﬁ,s; ay -0y € Ai holds that

hs(falar, ... an)) = [folhs(a1),..., hs,(an)).

(2) h is monotonic in P wrt A and B iff for all s =sy---s, € S*, p € P,
ay---a, € A; holds that

(a1,...,a,) € pa implies (hg(a1),..., ks, (a,)) € ps.
Proof. The fact is quite obvious. To see this, remember that in the case

that h is a total function the notion (a,b) € h can be replaced by the (equiv-
alent) notion h(a) = b. [

4wrt = with respect to



Fact 2.17 (inverse of isomorphisms)

Let SIG = (S, F,P) and A, B € Alg(S1G).

(1) A family R = (Rs)ses of relations Ry C A; X By is closed against F
wrt A and B iff R™' is closed against F wrt B and A.

(2) The inverse h™' of an isomorphism h from A to B is an isomorphism

from B to A.

Proof. To prove (1) assume R to be closed against F' wrt A and B, and
f € F,, for some s = sy---5, € 5, s € S. Then for any (by,a;) €
R, ... (bn,a,) € R holds that (ay,by) € Ry,,...,(an,b,) € R,,, and
therefore, by the assumption that (fA(al, cey )y f(be, .., bn)) € R, ie.
(fB(bl, ceybn)y fala, ... ,an)) € R;'. Thus R™! is closed against F' wrt B
and A. The other direction follows from this one together with fact 2.5(1).
Now we turn to the proof of (2). Due to the bijectivity of h is ™! a
family of total, bijective functions, and from (1) follows that A~" is closed
against ' wrt B and A. So, it remains to show that A~! is monotonic in

P wrt B and A and (A™')~! = h is monotonic in P wrt A and B, which is

guaranteed by assumption. [ |

2.4 First-order Logic, Dynamic Logic

Definition 2.18 (atomic formulas)
Let SIG = (S,F,P) and X be a system of variables for STG. The set
AT(S1G, X) of atomic formulas over STG and X is the least set satisfying:

e true,false € AT(S1G, X),
o for s € 5, ty,1 € Tps(X)is (11 =t2) € AT(SIG, X),
o forse S, pe P, telr,(X)ispte AT(S1G, X).

Definition 2.19 (boolean expressions)
Let SIG = (S,F,P) and X be a system of variables for STG. The set
BXP(SIG, X) of boolean expressions over SI/G and X is the least set

satisfying:
o AT(SIG,X)C BXP(SIG, X),

o for p,» € BXP(SIG, X) is
0, (e AP), (p V), (p =), (p = ) € BXP(SIG, X).

Definition 2.20 (first-order formulas)

Let SIG = (S,F,P) and X be a system of variables for STG. The set
FO(S1G, X) of first-order formulas over SI/G and X is the least set sat-
isfying:



o AT(SIG,X)C FO(SIG, X),

o for p,¢p € FO(SIG, X) is
o, (@A), (p V), (¢ =), (¢ =) € FO(SIG, X),

e for p € FO(SIG,X),s€ St and z € Xi is
Va.p, dz.p € FO(SIG, X).

Definition 2.21 (extension by counters)

For the counter signature CSIG = ({ctr}, Fjyor U Feretr, Petrerr) With
Fyyeor = {czero}, Fop er i= {csuce}, and Py oy = {<cr} we fix a standard
algebra A, with the carrier A, = IN, and which gives czero, ¢succ and
<t their usual meanings, i.e. zero, successor-function and less-predicate on
natural numbers.

We assume all signatures STG considered in the following to be disjoint
from C'STG. So the standard extension SI1G, = SIGUCSIG of SIG is
well-defined. Correspondingly, we fix a countable, infinite set X, of variables
for sort ctr, and assume all other sets of variables considered in the following,
to be disjoint from X.,.. So we can define the standard extension X, :=
(Xs)sesufetry of a system X = (X, )ses of variables for SIG. The standard
extension of an A € Alg(SIG) is the STG-algebra Ay := A+ Ay

Definition 2.22 (commands)

Given SIG = (S, F, P), X a system of variables for ST, and Pid a system
of procedure identifiers for SIG. The set CM D(SIG, X, Pid) of commands
over SIG, X and Pid is the least set satisfying:

e (skip, abort)
skip,abort € CM D(SIG, X, Pud),

e (assignment, random assignment)
fors e S,z € X, and t € Tpy(X) is
(x:=1t), (x:=7) € CMD(SIG, X, Pid),

e (nondeterministic choice)
fora € CMD(SIG, X, Pid)* is
Ua € CMD(SIG, X, Pid),

e (composition, conditional)
for a, 0 € CMD(SIG, X, Pid) and e € BXP(SIG, X) is
(a; 3), if e then a else 3 € CMD(SIG, X, Pid),

e (local (random) variable declaration)

for a € CMD(SIG, X, Pid), s € S*, 2z € X, and t € Ty (X) is
var ¢ =tin o, var z =7 in a« € CMD(SIG, X, Pid),
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e (procedure call) )
for S1,89 € 5*7 q € Pid§17§2, te TF7§1(X)7 and z € X§2 18
¢(t;z) € CMD(SIG, X, Pid).

Definition 2.23 (free variables)
Let SIG = (S, F, P), X a system of variables for SI(, and Pid a system of
procedure identifiers for STG. The function

freevars : CMD(SIG, X, Pid) — | X,

SES
is defined by:

o [reevars(skip) := 0,
freevars(abort) :=

0,
o freevars(x:=1):={x} Uvars(t),
{z},

freevars(x :=7) :=

o freevars(a; B) := freevars(a)U freevars(f),
freevars(if e then o else ) := vars(e)U freevars(a)U freevars(f),

in o) := (freevars(oz)\set(g)) UUseser(py vars(t),

o freevars(var z =
freevars(var x =7 in «) := freevars(a) \ set(z),

(
(
(
(
o freevars(Ua) = U,e, frecvars(a),
(a
(if
(va
(va

o frecvars(q(t; z)) := Useser(p vars(t) U set(z).

Here, vars yields the set of variables occurring in a term or in a boolean
expression.

Definition 2.24 (procedure declarations)

Given STG = (S, F, P), X a system of variables for STG and Pid a system
of procedure identifiers for SIG. The set PD(SIG, X, Pid) of procedure
declarations over SIG, X and Pud is defined by:

PD(SIG, X, Pid) :=

81,52 € S* 7q€Plds 159 s L EXS 7y€XS 7xy€X§1§2 }
a e CMD(SIG, X, Pzd) freevars( ) C set(zy) '

{ q(z; var y).a

Definition 2.25 (look-up of declarations)
Given ST a signature, X a system of variables for STG, and Pid a system
of procedure identifiers for STG. For

6 = (ql(gl;var y,)-a1, .., qu(z,;var y ). n) € PD(SIG, X, Pid)”

we set dom(6) := {ql, ...y qn} and for a ¢ € dom(6) we declare the declara-
tion of ¢ in ¢ by ¢, := ¢;(z,;; var y,).c;, where i is the least number with

4 = q.

10



Definition 2.26 (programs)

Let SIG = (S, F, P), X a system of variables for ST, and Pid a system of
procedure identifiers for STG. Let further STGL = (Sy, Fy, Py ) the standard
extension of SIG by counters. The set PROG(SIG, X, Pid) of programs
over SIG, X and Pid is the least set satisfying:

o CMD(SIG, X, Pid) C PROG(SIG, X, Pid),

o for 6 € PD(SIG, X, Pid)* and o € CMD(SIG, X, Pid) is
proc 6 in a € PROG(SIG, X, Pud),

o for 6 € PD(SIG, X, Pud)*, & € Tr, ctr(Xatr),
and o € CMD(SIG, X, Pid) is
proc 6 times x in o € PROG(SIG, X, Pud).

Definition 2.27 (dynamic logic formulas)

Let SIG = (S, F,P), X a system of variables for SIG, Pid a system of
procedure identifiers for STG, SIG, = (Sy, Fy, Py) the standard extension
of SIG, and Xy the standard extension of X. The set DL(SIG, X, Pid) of
dynamic logic formulas over STG, X and Pud is the least set satisfying:

o AT(S1G,,X,) C DL(SIG, X, Pid),

o for p,o» € DL(SIG, X, Pid) is
@, (P AY), (p V), (¢ =), (p =) € DL(SIG, X, Pid),

o for ¢ € DL(SIG, X, Pid), s € ST, and z € Xi is
Va.p, dz.p € DL(SIG, X, Pud),

o for « € PROG(SIG, X, Pid) and ¢ € DL(SIG, X, Pid) is
(o), [a]e € DL(SIG, X, Pid).

Remark. Notice that:
e BXP(SIG,X)C FO(SIG,X) C DL(SIG, X, Pid).
e There are no counters involved in commands.

e We have restricted ourselves to programs without while-loops, local
procedure declarations, and global variables. This allows to simplify
the definition of semantics (in comparison with the one given in [2]).
Especially, we get by without replacement of variables in programs and
without the (so-called) environment construct.

11



Definition 2.28 (semantics of programs and formulas)

Let SIG = (S, F, P) a signature with a system X of variables and a sys-
tem Pid of procedure identifiers, and A € Alg(SI1G). Let further SIG, =
(S4, Fy, Py), X4 and A, the standard extensions of STG, X and A and
v,v" € Val(X4, Ay). For ¢ € DL(SIG, X, Pid) we write A,v |= ¢ if ¢ is
true in A under v, and A, v [~ ¢ otherwise. For o € PROG(S1G, X, Pid)
we write v [a] 4 v if v’ is a state that can be reached from state v by executing
a interpreted under A. The relation [a]4 C Val(X;, Ay) x Val(X;, Ay)
describes the input-output behavior of a under A. These notions are defined
simultaneously® as follows:

o A v Etrue, A v [~ false
L A, v |: by =1, iff tlv,A+ = t2U7~A+
o Avptiff Ly a, € pay

o AvE-piff Ajvlp
Ao lE A iff (Ao @ and A0 E )
Aol Vyiff (AvlE@or Ao lE )
Ao =@ — ¢ iff (A v = implies A, v | )
Aol iff (Ao l=eiff AvE )

o A v = Va.p (where z € Xi for some s € S*) iff for all ¢ € A, holds

Avi =
A, v |= Jz.p (where z € Xi for some s € 5*) iff there is an ¢ € A, such
that A, 0% |=

o A v (a)piff thereisav’ € Val( Xy, Ay) with v]a]av" and A, v E ¢
A, v |= [o]e iff for all o' € Val( X4, Ay) with v [a] 40" holds A, v |= ¢

e v[a]av iff v[proc ()®in a]sv’ for « € CMD(SIG, X, Pid)
v[proc ¢ in af 40" iff there is some ground term & € T, o with
v[proc 6 times « in af 4 v’

e v[proc 6 times « in skip] v’ iff v =o'

v[proc 6 times x in abort] 4 v’ for no v,v" € Val(X,, Ay)
e v[proc 6 times «k in x :=t]4 0" iff o' = vy
v[proc 6 times x in x =7 v (where ¢ € X, for some s € 5) iff
there is some a € A, such that v = v}

®Since the semantics of programs and formulas depend on each other, we have to define
it simultaneously.
SHere () is the empty procedure declaration.
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v[proc ¢ times k in Ja] 40" iff
v[proc 6 times £ in af 4 v’ for some « € set(a)

v[proc 6 times « in (a; B)] 40" iff
there is a v” € Val(X;, Ay) such that v [proc 6 times x in af 4 v”
and v” [proc 6 times « in 3] 40’

v[proc ¢ times « in if ¢ then « else ] 40" iff
either A,v = € and v [proc é times « in af 40’
or else A, v [£ € and v [proc ¢ times « in ] 40’

e v[proc 6 times « in var x = { in o] 4 v’ iff

t
there is a v” € Val( X4, Ay) such that v, [proc 6 times « in a] 4 v”
nv(z)

7T .0
and o' ="

v[proc 6 times x in var ¢ =7 in a4 v’ (where z € X, for some
s € S*) iff there is an ¢ € A, and a v" € Val(X;, A;) such that
nv(z)

v [proc ¢ times & in af 40" and v" = v"]
e v[proc ¢ times « in ¢(t; 2)Jav" iff* ¢ € dom(9), 6, = ¢(z;var y).a,

(v)

koA, # 0, and there is a v € Val(X;, Ay) such that v' = Ugl Y nd

t, v(z . . 1
(ve"") © [proc & times #' in a4 v where &’ € Ty cir 1s the ground
Yy

term with /<;£4+ = Ky, =1

A formula ¢ is said to be true in A, written A | ¢, if for all v €
Val(X;,Ay) holds A,v = ¢. Furthermore, for a set of formulas & C
DL(SIG, X, Pid) an algebra A € Alg(S1G) is called a model of ®, written
Ao, if A ¢ forall ¢ € 9.

Fact 2.29 (formulas of disjoint signatures)
Let SIG, SIG' be disjoint signatures (with X N X' = Pid N Pid = 0),
A e Alg(SIG) and B € Alg(SI1G"). Then holds:

A+BEe & AEqo, foral o € DL(SIG, X, Pid)
A+B =y & By, foraly e DL(SIG X', Pid).
Proof. The proof works similar to the one of fact 2.33, i.e. by generalization

(which introduces valuations) and induction on the syntactical structure of
@ (and 1, respectively). [ |

“Notice that x is bound to the value it had before execution of the var construct.
8Notice, that there may be calls in a program that are not declared. Execution of such
a call is defined to behave just as non-termination.
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2.5 Signature Morphisms

Definition 2.30 (signature morphisms, o-reducts)
For two signatures SIG = (S, F, P) and SIG" = (5, F', P') a signature
morphismo : SIG — SIG from SIG into STG' is a triple of total functions
o= (0s:5 =S5, 0p: F — F' op: P — P, such that for any s € 5%,
s €S, f € Fys p€ P, holds op(f) € Fyy(s),05(s) and op(p) € Pry(s), 1.€.
the types are preserved. We write o(s) for os(s), o(f) for op(f), and o(p)
for op(p). A signature morphism o is said to be injective (surjective,
bijective) if og, oF and op are injective (surjective, bijective). In the case
that o is bijective, 07! 1= (05" : ' = S, 05" : F' = F,o0p': P' = P)isa
signature morphism from S/G” into SIG.

The o-reduct A'|, of a given ST1G"-algebra A" € Alg(SIG’) is the SIG-
algebra

Al = ((Aﬁr(s))sesa (o(f)a)ser, (U(p)A’)peP)-

The function -|, : Alg(SIG") — Alg(S1G) is called the forgetful operation
defined by o (cf. [2]). The obvious extension of o on terms and first-order
formulas will also be denoted by o. Especially, ¢ maps variables in an in-
jective manner. For an A’-valuation v’ we write v’|, for the A’|,-valuation
defined by? v'|, :=v' 0 0.

Fact 2.31 (reduct preserves valuation of terms)

Let SIG = (S, F,P) a signature, X a system of variables for SIG, o :
SIG — SIG" a signature morphism, A" € Alg(SIG') a SIG -algebra, v' an
A'-valuation, and t a term in Tp(X). Then holds:

O-(t)v’,.A’ = tU’|o’7-A/|O"
Proof. Simple induction on the structure of the term ¢. [ |

Fact 2.32 (surjective reduct preserves generatedness)

For a surjective signature morphism o : SIG — SIG' is the reduct A'|,
of a generated S1G'-algebra A" € Gen(SIG') again generated, i.e. A'|, €
Gen(SIG). In short:

Gen(o(S1G))|, € Gen(SIG).

Proof. Let SIG = (S,F,P), A = ((AL)veas) (F ) pearys (0 a)pear)
a generated o(SI1G)-algebra, s € S, and a € A; where A, denotes the domain
of A'|, for s. Due to definition 2.30 holds A, = A;(S), le. a € A;(S). From

°For total functions f: A — B, ¢ : C' — D with f(A) CCisgo f:A— D the total
function defined by (g o f)(x) := g(f(x)).
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generatedness of A’ follows that there is a ground term ' € T, () ,(s) such
that ¢ 4 = a. Because o is surjective there is a ground term ¢ € Tr, with
o(t) =t'. Using fact 2.31 we get @ = t'y = o(t)ar = ta,. Thus, for every
s € S and a € A; exists a ground term ¢ € Tg, with {4, = a, i.e. A, is
generated. [ |

Fact 2.33 (reduct preserves validity)

For a signature morphism o : SIG — SIG', a system of variables X for SIG,
a first-order formula ¢ € FO(SIG,X), and a SIG -algebra A" € Alg(SIG')
holds:

AEole) f Al E e

Proof. We prove the following slightly generalized lemma: For all STG-
algebras A" € Alg(S1G") and all A’-valuations v’ holds

Ao alp) it Ay, o', = .

This lemma is sufficient to prove the above fact, since for any A’|,-valuation
v exists an A’-valuations v’ with v'|, = v, which follows from the assumption
that ¢ maps variables in an injective manner.

The proof of the lemma works by structural induction on the formula ¢

(let SIG = (S, F, P)):

e © € {true, false}:
obvious.

@ =11 =ty (where t1,15 € Tp(X)):
follows immediately from fact 2.31.

@ =pt (where p € Py, t € Tr (X))

from fact 2.31 and o(p)a = pas), follows that:

U(i)v’,A/ - U(p)A/ llcf L]/|U7A/|U & pA/|o"

® V=YL P =PI AP, =91V P2 9= P17 P2, P @1 P
simple application of the induction hypothesis.

o © =Vz.po:
Let z € X,, A" denote the domain of A’, and A denote the domain
of A'|,. By unfolding the semantic definition, applying the induction

hypothesis, and using that for any ¢ € A, holds (v’g(z))‘g = (v’|0)i,

[
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we get:

Al ' o(Vaen)

& AW EVo(z).o(er)

& forall a € A, holds A", 0" ) = o(p1)
=2 fOf ELH a - A/( ) hOldS A/|cr7 ( 0—( )‘cr |: ¥1
& forall a € A, holds Al,, (v/],)" g1

=

Allg, v E Ve

o v = dr.pg:
follows from the above.

Fact 2.34 (reduct by a bijective signature morphism)
For a bijective signature morphism o : SIG — SIG' holds (+|,)™' = |,

Proof. Let SIG = (S, F,P), SIG' = (S, F',P"), 0 : SIG — SIG" a bijec-
tive signature morphism, and A € Alg(SIG). By unfolding the definitions
we get:

(Al=)lr = ((Armo)wes (0 () ) pern (07 () er) |,
(Ao=rota)ses: (07 (0 (F)a)ser (07 (0 (p) wer)
(

As>ses, (f)ser. (Pa)uer)

Il
TN TN TN

|
=~

2.6 Algebraic Specifications

Definition 2.35 (algebraic specifications)

A specification SPEC = (SIG, X, Ax) consists of a signature SIG =
(S, F,P), a system X = (X;)ses of countable, infinite sets X of variables
for any sort s € S, and a finite set of first-order formulas (so-called axioms)
Az C FO(SIG,X). By sig(SPEC) := SIG we denote the signature of
SPEC.

The semantics'® SEM(SPEC) of SPEC is the set of all generated
models of the axioms, i.e. SEM(SPEC) :={A| A € Gen(SIG), A= Ax}.
SPEC is said to be monomorphic if any two algebras in SEM(SPEC)
are isomorphic.!! For a set of formulas ® C DL(SIG, X, Pid) we write
SPEC |= ® to denote that A |= @ for all A€ SEM(SPEC).

10

so-called loose semantics.
' Thus any inconsistent specification is a monomorphic one. In this point our definition
differs from the one given in [7].
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Definition 2.36 (renaming of specifications)

Given a specification SPEC = (S1G, X, Ax) and a signature morphism o :
SIG — SIG', the renaming of SPEC via o, written o(SPFEC), is the
specification o(SPEC) = (SI1G", 0(X),0(Ax)).

Fact 2.37 (semantics of renamed specifications)
For a specification SPEC = (SIG, X, Ax) and a signature morphism o :
SIG — SIG" holds:

(1) if o is surjective, then SEM(o(SPEC))|, CSEM(SPEC).
(2) if o is bijective, even SEM(c(SPEC))|, = SEM(SPEC).

Proof. To prove (1) we consider any A" € SEM(o(SPEC)). Then, by
definition it holds A’ € Gen(o(S1G)) and A’ | o(Ax). Using fact 2.32 and
fact 2.33 we get A'|, € Gen(SIG) and A'|, | Ax,ie. A|, € SEM(SPEC).

For the proof of (2) we assume o to be bijective. Then, because o™ is a
surjective signature morphism too, we get
SEM(c ™ (a(SPEC)))|s-1 € SEM(c(SPEC))
from (1), and so by fact 2.34
SEM(SPEC) = SEM(c ' o(SPEC)))|s-1],
C SEM(o(SPEC))|,. m

Definition 2.38 (disjoint union of specifications)

The union SPEC 4+ SPEC" of two specifications SPEC = (SIG, X, Ax)
and SPEC' = (SI1G', X', Az') with disjoint signatures, i.e. SIGNSIG' = (),
is the specification SPEC 4+ SPEC' := (SIG U SIG', X U X', Az U Ax').

Fact 2.39 (semantics of union specifications)
For two specifications SPEC, SPEC" with disjoint signatures holds

SEM(SPEC + SPEC') = SEM(SPEC)+ SEM(SPEC).

Proof. Let SPEC = (SIG,X,Az) and SPEC' = (SIG', X', Ax") two
specifications with SIG N SIG" = (. Then holds:

SEM(SPEC + SPEC')
= {A| A€ Gen(SIGUSIG), Al AvU Az’ }

= {B+B'|BeGen(SIG),B € Gen(SIG'), B+ B |= Az U Ax’ }
= {B+B'|BeGen(SIG),B € Gen(SIG"). B |= Av, B' = A’ |
= {B+B'|BecSEM(SPEC),B € SEM(SPEC") }

= SEM(SPEC)+ SEM(SPEC").
The second equation is due to fact 2.14, the third equation to fact 2.29. =
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3 Monomorphicity Criteria

In this section we present some criteria for a specification to be monomorphic
(theorem 3.9). We prove that these criteria are both necessary and sufficient
for monomorphicity.

Definition 3.1 (ground term relation)

Let SIG = (S,F,P) and A, B € Alg(SIG). The ground term relation
G'T4 5 between A and B is the family GT sz = (GT}s)ses of relations GTs C
A, x By with GT := {(tA,tB) |t € TF,s}-

Fact 3.2 (properties of the ground term relation)
Let SIG = (S, F, P) a signature and A, B € Alg(SI1G). Then holds:

(1) GTys = GTgs.a.

(2) GTup is lefttotal iff A € Gen(SIG).
(3) GTag is righttotal iff B € Gen(SIG).
(4) GTup is closed against F wrt A and B.

Proof. (1), (2), and (3) are obvious. (4) is proved as follows. Let f € F ,
for some s = 51+, € 5%, s € 5, and (a1,b00) € GTy,, ..., (an,b,) € GTj,.
Then by definition 3.1 there are ground terms ¢y € Tr,,..., 1, € Tr,, with
tigy=ay,....tyqg =a, and t13 =by,...,t,5 = b,. Consequently, we get

(falar,. . an), fo(b,.. . b))
= (faltias-- - tun)s fisltis, - tus))

— (f(tl, cosba)as [, 7tn)B)
e GT;.

Lemma 3.3 (conclusion from closure against F)

Let SIG = (S, F,P) and A, B € Alg(SIG). If a family R = (Rs)ses of
relations R, C A; x By is closed against F' wrt A and B, then holds R D
GTap.

Proof. We have to prove that for all s € S and all ground terms ¢ € T
holds (t4,t5) € Rs. This is done by induction on the structure of ground
terms, and simultaneous on tuples of ground terms. The base case says that
{(ta,tg)|t € set(())} is a subset of R, which is trivial since set(()) = 0.
For the step case we consider any ground term f(¢y,...,t,) with f € F,,
s =518, €5, s € S and ty € Tpy,,...,t, € Tp,,. By induction
hypothesis is (t14,t15) € Rsyy- -+, (taa,tus) € Rs,, and thus, by assumption

(F(trta)as ftrs o ta)s) € R n

18



Lemma 3.4 (characterization of closure against F')'?
Let SIG = (S, F,P), A € Gen(SIG), B € Alg(SIG), and h = (hs)ses a
family of total functions hy : A; — B,. Then are equivalent:

(a) h is closed against F' wrt A and B.
(b) h 2 GTap.

(C) h = GTA,B-

Proof. Since (a) = (b) is a special case of lemma 3.3 and (¢) = (a) is
already shown in fact 3.2(4), it remains to prove (b) = (c). We assume
h O GTy4p and show that hy C GT for any s € S. Let (a,b) € hy. Then,
by generatedness of A there is a ground term ¢ € Tr, with {4 = a. Thus,
(a,tg) = (ta,t5) € GT,, and because of h O GT 4z we get (a,t5) € hy. Since
hs is rightunique, it follows b = t3, and therefore, (a,b) € GTs. [ |

Corollary 3.5 (uniqueness of homomorphisms)
Let SIG = (S, F, P) a signature, A € Gen(S1G), and B € Alg(SI1G). Then
holds:

(1) There exists at most one family h = (hs)ses of total functions hy :
A; — B, which is closed against F' wrt A and B.

(2) There exists at most one weak homomorphism from A to B.

(3) There exists at most one homomorphism from A to .
Proof. (1) is a consequence of lemma 3.4. (2) and (3) follow from (1). =

Corollary 3.6 (ground term relation captures homomorphisms)

Let SIG a signature and A, B € Gen(SIG). Then holds:
(1) For any weak homomorphism h from A to B holds h = GT 5.
(2) For any homomorphism h from A to B holds h = GTy 5.
(3) For any weak homomorphism h from B to A holds h = GTZ .

(4) For any homomorphism h from B to A holds h = GT 4 5.

Proof. (1) and (2) are consequences of lemma 3.4. (3) and (4) follow from
(1) and (2), together with fact 3.2(1). [

12This and the following results are in some sense similar to ([7], Fact 2.2.6).
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Remark. Corollary 3.6 says that the homomorphism from a generated al-
gebra A to an algebra B — if existing at all — can be constructed by building
the ground term relation G145 = (GTy)ses with GT, :={(ta,t5) |t € Trs}.

Lemma 3.7 (isomorphicity and homomorphisms)
Let SIG a signature and A, B € Gen(SIG). Then are equivalent:

(a) A and B are isomorphic.

(b) there is a homomorphism g from A to B and a homomorphism h from

B to A.

(c) there is a weak homomorphism g from A to B and a weak homomor-

phism h from B to A.

Proof. Since (a) = (b) follows from fact 2.17(2) and (b) = (¢) is obvious,
it remains to prove (c) = (a). Let g a weak homomorphism from A to B
and h a weak homomorphism from B to A. We show that ¢ (as well as h) is
even a isomorphism, which is divided up in two assertions:

(i) g is bijective:
Because of corollary 3.6 it holds for any s € S, ¢ € T that:

hs(gs(ta)) = hs(ts) = ta.

Due to the generatedness of A this is sufficient for'® h, o g, = idy,.

Similarly it can be shown that g, o h, = idp,. So'?, g, is bijective with
~1

9. = hs.

(ii) ¢~' is monotonic in P wrt B and A:
This follows from (i), i.e. from ¢g;' = h together with the assumption

that A is a weak homomorphism from B to A. m

Lemma 3.8 (monomorphicity and weak homomorphisms)

A specification SPEC s monomorphic if and only if for any two algebras
A, B e SEM(SPEC) exists a weak homomorphism from A to B.

Proof. If SPEC is monomorphic, then, by definition, there exists a homo-
morphism h from A to B for any two algebras A,B € SEM(SPEC). To

prove the other implication, let A, B € SEM(SPFEC) be any two models of
SPEC. From assumption we get the existence of a weak homomorphism ¢

from A to B, but — using a symmetry argument — also the existence of a
weak homomorphism A from B to A. Due to lemma 3.7 this is sufficient for
A and B to be isomorphic. [ |

13For a set A the identity function ids : A — A is defined by ida(z) := .
14Gee any textbook on analysis.
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Theorem 3.9 (monomorphicity criteria)
Let SIG = (S, F, P), SPEC a specification with sig(SPEC) = SIG. Then

the following statements are equivalent:

(a) SPEC is monomorphic.

(b) for any two algebras A, B € SEM(SPEC) exists a family R = (Ry)ses
of relations Ry, C A, x B, such that:
— R is rightunique,
— R is closed against I' wrt A and B,
— R is monotonic in P wrt A and B.
(c) for any two algebras A,B € SEM(SPEC) exists a family R = (Rs)ses
of relations Ry, C A, x B, such that:
— R is rightunique,
— R D GT4p,

— R is monotonic in P wrt A and B.
(d) for any two algebras A,B € SEM(SPEC) holds

— GTy 5 is rightunique,

— GTap is monotonic in P wrt A and B.
(e) for any two algebras A,B € SEM(SPEC) holds

— GTy 5 s leftunique,

— GTg 4 is monotonic in P wrt B and A.

Proof. The equivalence of (a) — (e) follows from the following implications,
which we prove separately.

(a) = (b): Let SPEC be a monomorphic specification. Then for any A, B €
SEM(SPEC) exists a weak homomorphism A from A to B. By choos-

ing R := h we get a family of relations with all the properties required

in (b).
(b) = (c): Follows directly from lemma 3.3.

(c) = (d): We assume the existence of a family R of relations, which fulfills
the conditions in (¢) and prove R = GT4 5 as follows: Due to the
assumption R O G145 and fact 3.2(3) is R righttotal, and therefore a
family of total functions. Using lemma 3.4 yields R = GT 4 3.
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(d) = (e): By assumption, for any two algebras A,B € SEM(SPEC) is

(T, 4 rightunique and monotonic in P wrt B and A. Using fact 3.2(1)
and fact 2.5(2) we get that GT4 5 is leftunique.

(e) = (a): By assumption, for any two algebras A,B € SEM(SPEC) is

4

G134 leftunique and GT 4 3 monotonic in P wrt A and B. Using fact
3.2(1) and fact 2.5(2) we get that GT4p is rightunique. Due to fact
3.2(3), is GT 4 a family (hs)ses of total functions hs : A; — Bs which
is monotonic in P wrt A and B. Together with fact 3.2(4) follows that
G143 1s a weak homomorphism from A to B. Due to lemma 3.8 this

is sufficient for SPEC to be monomorphic.
|

Proof Obligations in Dynamic Logic

This section aims to reformulate the monomorphicity criteria presented in

theorem 3.9 as proof obligations in dynamic logic (theorem 4.7). The refor-
mulation is based on the following techniques:

e copying the specification:

15

The phrase “for any two algebras A,B € SEM(SPEC)” in theorem
3.9 needs special treatment since formulas (over sig(SPEC')) express
properties of a single model and not relations between two algebras.
We tackle this problem by using a renamed copy SPEC’ := o(SPEC)
of SPEC. If this signature morphism o is bijective, then the above
phrase is equivalent to “for any A € SEM(SPEC) and any A" €
SEM(SPEC')” (where B has to be replaced by A'|,). Provided the
signatures sig(SPEC) and sig(SPFEC’) to be disjoint, this phrase is
equivalent to (cf. fact 2.39) “for any A" € SEM(SPEC + SPEC")”
(where A is replaced by the sig(SPEC)-reduct of A” and A’ is re-
placed by sig(SPEC’)-reduct of A”). To summarize, in order to prove
monomorphicity of SPEC, we reason on the union of SPEC and a
bijective renaming of it.

proving existence constructively:
For proving the criteria (b) or (c) of theorem 3.9 the existence of “a
family R = (R;)ses of relations ...” has to be shown. This can be done

constructively by explicitly giving a family of (possibly indeterministic)
procedures (one procedure for each sort s € 5) and proving that the
input-output relations they compute satisfy the required properties.
Because of the copying of the specification (as mentioned just above)

15The idea of using this technique is due to a hint of Wolfgang Reif.
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this procedures map from sig(SPEC) to sig(c(SPEC)), i.e. the pro-
cedure for s € S maps from s to o(s). We will call such a family of
procedures a mapping program.

o representing GT' by a uniform mapping program:
The ground term relation G745 is a specific family R = (R;)ses of
relations R, C A, x B,. Therefore, it can be represented as the input-
output relations of a mapping program. In fact, such a mapping pro-
gram can be constructed automatically; we will call it the uniform

mapping program.

Definition 4.1 (mapping program)

Let SIG = (S, F, P) a signature, o : SIG — SIG" a signature morphism
with!® STGN SIG" = . X a system of variables for SIGU SIG', and Pid a
system of procedure identifiers for STGU SIG'. A mapping program M P
for o is a pair (mp,d) where mp : S — Pid assigns a procedure identifier
mp(s) € Pid;,(s) to any sort s € S, and 6 € PD(SIG U SIG', X, Pid)* is a
tuple of procedure declarations.!™ Given s € S, t € Tr,(X), y € Xo(s), and
t € Tr, ctr, we abbreviate proc ¢ in begin mp(s)(t;y) end by MP(s)(t;y)
and proc 6 times « in begin mp(s)(t;y) end by k#MP(s)(t;y).

For A € Alg(SIG), A" € Alg(SIG'), and s € S, we set

v, 0" € Val(X, A+ A'), v € X,, y € X,y }
v [MP(s)(x;y)]avar v

MP() ara = { (0(2), (1)

and M Pay = (MP(S)A"'A/)SGS'
Definition 4.2 (uniform mapping program M P*)

Let SIG = (S, F, P) a signature, o : SIG — SIG" a signature morphism
with STG N SIG = (), X a system of variables for SIG U SIG', and Pid
a system of procedure identifiers for STG' U SIG'. The uniform mapping
program M P* := (mp", ") for o is defined as follows. mp* : S — Pid is
any total function with mp*(s) € Pid, ;) for all s € S. For each s € 5 we
fix a v, € X, and a y, € Xy(5). Then we set!®

ot = { (mp“(s))(xs; var y,). | | FRAGS(s, s, ys) ‘ sesS }

15This is required to guarantee the sum A+ A’ of A € Alg(SIG) and A’ € Alg(SIG")
to be well-defined.

17Because we allow 6 to contain (auxiliary) procedures not in the range of mp a mapping
program cannot be described as a family of procedures indexed with S.

18The indeterminism of the uniform mapping program introduced by the | J-command
is inherent in the problem of computing the ground term relation, i.e. in general there is
no effective way to find an ordering {fi,..., fo } of the function symbols in Fj , such that
frag(fiz1, €s,ys) has only to be executed if execution of frag(fi, zs,ys) gets in the else
branch. An example illustrating this point is given in appendix A.
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where!?
FRAGS(s,v0y) = { frag(f.zeys) | [ € Fou,s€ 57}
with the fragments frag(f,z,,y,) for f € F,,, 5= 51---5, € S defined as

follows. Choose new (and different) variables ay - -z, € X, y1---yn € Xy (o).
Then define

frag(f,xs,ys) := var 1 =7,...,2, =7 in
if v = faq, ..., 2,)
then var y; =7,...,y, =7 In

(mp (s (@5 )s -5 mp® (52) (@i )
vs = o (N w0))

else abort.

Remark. The values assigned to 41, ...,¥, in the random variable declara-
tion var y; =7,...,y, =7 in are not used. Therefore, instead of it we can use
any deterministic variable declaration var y; = ty,...,y, = t, In ..., where
the ¢; are arbitrary ground terms of sort o(s;), i.e. t; € T5(F)o(s:)- This is de-
ductively more tractable, since there are less existential quantors (due to the
indeterministic assignments) involved. Notice, that these ¢; actually exist, if
one restricts oneself to sensible signatures. Furthermore, such ground terms
t; can be effectively computed, for instance like in the algorithm “kanonische
Auswahl” presented in ([2], page 173).

Lemma 4.3 (properties of M P")

Let SIG = (S, F, P) a signature, o : SIG — SIG" a signature morphism
with SIGN SIG" = 0, X a system of variables for SIG U SIG', MP" the
uniform mapping program for o, A € Alg(SIG), A" € Alg(SIG'), and s € S.

(1) Forall f € Fy .55 ($1--+8n € S*) and t; € Tps, (1t =1,...,n) with

(tia, o(ti)ar) € MP(si) arar holds (f(tlv o ta)ay o (flt, . 7tn))A’) €
MP“(S)A+A/.

(2) Forallz € X,, y € Xy, v,v' € Val(X, A+ A"), and £ € Tp, o, with
v [k#EMP(s)(z;y)]ara v’ holds (v(x),v'(y)) € {(tA,a(t)A/) te TES}.

(3) MP'(s)apar 2 {(Laso (D)t € Trs}

YMore accurately 6% and FRAGS(s, zs,ys) (cf. definition 2.22) should be tuples rather
than finite sets. However, since semantically the ordering in these tuples turns out to be
irrelevant, we simplify the presentation by abstracting from a potential ordering.
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Proof. The proofs of (1) and (2) are quite technical. They mainly work
by unfolding the definitions, especially definition 2.28. We tacitly make use
of the fact that for all 6 € PD(SIG U SIG', X, Pid)* and all commands
a € CMD(SIGUSIG, X, Pid) holds

[proc 6 in o] = |J [proc é times « in af.

HGJWF_F ,etr

Since 6" is the only procedure declaration occurring in this proof, we sim-
ply write @ as abbreviation for proc 6 in «, and k#a as abbreviation for
proc 6" times k In a.

For the proof of (1) let s = s1---s, € S*, s € S, f € Fy,..5,, and
ti € Trs, (1 =1,...,n) with (tig,0(t;)a) € MP*(3;) a4a. Furthermore, let
v e X,y € Xoy, v1-0 2, € Xy, Y100y € Xy(s) be different variables.
From the assumption (t;4,0(t;)a) € MP*(s;)aya follows that (for ¢ =
1,...,n) there are v;, vl € Val(X, A+ A") with v;(x;) = t; 4, vi(y;) = o(t;) ar,
and v; [M P*(s;)(x;;yi) ] arar vi. As M P* contains side-effect free procedures
only, it is v; [M P*(s;)(x:; yi)] arar vi;(t")*" even for all v; € Val(X, A+ A")
with v;(2;) = t;4. Since all variables x1,..., 2., 91,...,y, are different from
each other, we get

v [mp(si) (@03 yn); - -5 mp"(50) (@ y)] o)) ar o )
for all v € Val(X, A+ A') with v(z;) = t;4 (for « = 1,...,n). Thus, for
all v € Val(X, A+ A") with v(x;) = t;4 exists a v'€Val(X, A+ A") with
v mpt(si) (2 y1); - smpt(se)(@n ¥n)iy = o (f)(y1, . yn)] 0" and

' (y) = o(fHa(c(t)ar, ... ot)a) =a(f(te, ... ) ar

So, for all v € Val(X, A+ A') with v(z;) = tiq (for ¢ = 1,...,n) and
v(x) = f(a1, ..., 2n)vara = f(t1,. .., )4 thereis some v’ € Val( X, A+A")
with

v[if @ = f(o1,...,2,)
then var y; =7,...,y, =7 In
(mp“(sl)(:pl;yl);...;mp“(sn)(xn;yn);
Y= U(f)(yl,...,yn))

else abort o’

and v'(y) = o(f(t1,...,tn))a. Consequently, for all v € Val(X, A+ A)
with v(x) = f(t1,...,t,)4 there is some v’ € Val(X, A+ A") with v'(y) =
o(f(t1,.. . tn))ar and v [frag(f,z,y)] V', i.e. v [MP(s)(x;y)]v'. Since there
is of course a v € Val(X, A+ A) with v(z) = f(t1,...,1,)4, it follows

(St t) s o ([t )) ) € MPU(s) ag .

25



For the proof of (2) let v,v" € Val(X, A+ A"), s € 5, z € X;, and
y € X,(s). We have to show that for all ground terms x € TF, o, holds that
v [kH#EMP(s)(x;y)]ara v’ implies (v(x),v'(y)) € {(ta,ot)a)|t € Trs}.
This is done by structural induction on counter terms . In the base case,
where & = czero, v[k#M P*(s)(x;y)] a+a 0" does not hold, and so the im-
plication is true by triviality. In the step case is k = csuce(x’) for some
k" € Tp, ctr. Assuming v [k#MP"(s)(z;y)]aya v’ we get from definition
2.28 that v [k'# frag(f,z,y)Jaga v’ for some f € F,, (s = s1---5, € S¥).
Consequently, there are some ay ---a, € A, and a v" € Val(X, A+ A’) such
that (21 ---2, € Xy, y1---yn € Xy(s) are new and different variables)

o [ i 2 = [, )
then var y; =7,...,y, =7 In
(mp“(sl)(:pl; Y1)i s mp (Sn ) (@0 ¥n);
y:=o(f)ly,... ,yn))

else abort ] v”

v

and v"(y) = v/(y). Since the else branch aborts the condition of the if
construct must be evaluated to true in A + A’ under v? %, That is, it

S
holds v(z) = vii2n(xz) = fa(as,...,a,). By unfolding the semantics of
var y; =7,...,y, =/ in ... we get that there are b;---b, € A, and a

0" € Val(X, A+ A') with (we abbreviate vy := vt ambi-bn)

L1 Tn,Y1°Yn

vo [K'# mp*(s1)(x1;51); -+ 5mp*(50) (203 Yn);
y=o(f)y1,. .. yn) [0

and v"(y) = v"(y). Let vy,...,v, € Val(X,A+ A’) be valuations with
Vi [K'#mp(si) (s y)]vifore =1,....n, and v, [y := o () (Y1, .-, yn)] 0",
ie. v"(y) = o(f)a(va(y1),...,v(ys)). Then, by induction hypothesis, it
holds (vi—1(x;),vi(y:)) € {(ta,o(t)a)|t € Trs} for i =1,...,n. As MP*
contains side-effect free procedures only and all the variables are different
from each other, it follows that (vo(x;),vn(ys)) € {(ta,o(t)a)|t € Trs,} for
t=1,...,n. So we get

(Falvo(@a)s - vo(@n)) o (Fa(valyn), -, 0(yn)) € {(ta, o (t) )|t € Tro,}-

It remains to summarize the above. We have already shown that

v(a) = falar,...,an) = fa(vo(x1),...,vo(xy))
vi(y) =v"(y) = 0" (y) = o(N)a(valyn), - - v(ya)),

thus (v(z),v(y)) € {(ta,0()a)lt € Trs,}.

The proof of (3) works by structural induction on ground terms and is
quite similar to the one of lemma 3.3. The induction step is already proven
in (1) of the current lemma. [
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Theorem 4.4 (M P" computes the ground term relation)

Let o : SIG — SIG' a signature morphism with SIG N SIG' = (), A €
Alg(SIG), A€ Alg(SIG"), and M P* the uniform mapping program for o.
Then holds:

MPX-I—.A/ - GTA,A'L;—'

Proof. Let SIG := (S, F,P),A € Alg(SIG), and A" € Alg(SIG'). We
have to prove that M P*(s) 4, 4 = {(ta,ta,)|[t € Trs} for all s € S. Since
tay, = o(t)a for all t € Ty (see fact 2.31), it remains to show that for all
s € 5 holds:

MPYs) gpu = {(taso(a) [t €Tr, }.

The inclusion 2 is already proved in lemma 4.3(3). For the other inclusion
we argue as follows (X is a system of variables for STG U STG"):

MP*(8) sy

B o). o v, 0" € Val(X, A+ A'),x € X,y € X,y
- { Wl I Pes) () g v }

B , v, 0" € Val(X, A+ A'), v € X,, y € X,y
= { (U(l')av (y)) K € TF+,ctr, v [[ﬂ#MPu(S)(x;y)]]A_l_A/ '

v, 0" € Val(X, A+ A'), v € X,, y € X,y }
(v(2),v'(y)) € {(taso(D) )|t € Trs}

= {(tA,a(t)A/) ‘tETF,s }

IN
——
S
<
S
&
S—’
4
—
<2
S—’
S—’

In the inclusion C we have made use of lemma 4.3(2). [ ]

We now work out, how the primitives of the criteria given in theorem 3.9
can be expressed in terms of formulas from dynamic logic.

Definition 4.5 (proof obligations)
Let SIG = (S, F, P) a signature, o : SIG — SIG" a signature morphism

with SIG N SIG" =, X a system of variables for STG U SIG', and MP a
mapping program for o. For any s € 5, v, € X,, y; € X,(;) we abbreviate:

MPy(zs,ys) = (MP(s)(xs;2)) 25 = ys

where z, is any variable from X, \ {ys}. For each s € S we denote the
variables in X, by x,x1,, 22, and the variables in X, by ys,yls,y2;. In
all the formulas below we assume all variables with different names not to
be equal.
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VCleftunique(MP7 U) =

U {MPS(:L'ls,yS) N MPg(22;,y5) — xl, = :1;25}
sES

VCI‘ightunique(MP, 0') =

U {MPS(:L'S,yls) N MPs(xs,y2:) — yls :yZS}
sES

Vcclosed against F(MP7 U) =
U U {MPS1(x517yS1) Ao N MP (25,,9s,) —
51 5eee Sn,SES feFSl...SmS
MP(f(ays 23y () Wi Ysn)) |

VCsupset ofGT(MP,O') =
U {MP;(SI?S?ys) — MPS(x57yS) }

SES

VCmonotonic in P(MP, 0') =
U U {Mpsl(xsmysl) JAREEAN MPSn(x5n7ysn) A

5140350 €S pEPs; .5y
U p(awa) = (0() e Ys)
VCinv monotonic in P(MP7 U) =
U U {MPS1(x517yS1) ANRRRA MPSn(x5n7y5n) A
51 4eeey SpnES PEPsy ..oy,
1 (P Wsrre o Ys) = P Ts) )

Lemma 4.6 (semantics of proof obligations)

Let SIG = (S, F, P) a signature, o : SIG — SIG' a signature morphism with
SIGNSIG =0, A € Gen(SIG), A" € Gen(SIG'), and MP a mapping
program for o. Then holds:

(1)
(2)
(3)

(4)
(5)

(6)

MPayar is leftunique iff A+ A" =V Cietunique( M P, 7).
MPayar is rightunique iff A+ A" = VCrightunique( M P, 0).

MPas i is closed against ' wrt A and A'|, iff
A + A’ |: Vcclosed against F(MP7 U) .

MPA_|_A/ 2 GTA7A/|U ZﬁA + A/ |: VCsupset of GT(Mpvo-)'

MPas g is monotonic in P wrt A and A'|, iff
A + A/ |: chonotonic in P(MP7 U)'

MP3: 4 is monotonic in P wrt A'|, and A iff
A + A’ |: VCinv monotonic in P(MP7 U) .
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Proof. We make use of the fact that for all s € 5, z, € X, y, € X,(,), and
v e Val(X, A+ A") holds

A+ Ao MPy(xg,ys) & (v(xs),v(ys) € MP(s)apar
which can be proven as follows (2, € Xo(s) \ {s}):

A+ A v E MPy(5,ys)
& A+ A v (MP(s)(xs;25)) 2s = Us
& thereis a v € Val(X, A+ A’) with
v [MP(s)(xs; z5) ] arar v and A+ A" 0" = z5 =y,
& thereis a v € Val(X, A+ A’) with
0 IMP(5)(rs 20 Lugae  and v/(=,) = v/(5.)
& thereis a v € Val(X, A+ A’) with
o IMP(5)(s 2 Tasae  and v/(=,) = v(y)
& (o) olys)) € MP(s)asn

With this in hand the proofs of (1) — (6) are straightforward. [

Theorem 4.7 (monomorphicity obligations)

Let SPEC = (SIG, X, Ax) a specification, o @ SIG — SIG' a bijective
signature morphism with SIG N SIG' = 0, and MP" the uniform mapping
program for o. Then are equivalent:

(a) SPEC is monomorphic.
(b) there is a mapping program M P for o such that:

— SPEC + U(SPEC) |: VCrightunique(MP7 U)
- SPEC —|— O'(SPEC) |: VCClosed against F(MP7 U)
- SPEC + U(SPEC) |: VCmonotonicin p(MP,O').

(c) there is a mapping program M P for o such that:

- SPEC —|— O'(SPEC) |: VCrightunique(MP7 0')
— SPEC + U(SPEC) |: VCsupset ofGT(Mpvo-)
- SPEC + U(SPEC) |: VCmonotonicin p(MP,O').

(d) it holds:
- SPEC —|— O'(SPEC) |: VCrightunique(MPu,U)
— SPEC + U(SPEC) |: VCmonotonicinP(MPuvo-)'
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(e) it holds:

- SPEC—I— O'(SPEC) |: VC]eftunique(MPu,O')
— SPEC‘I‘ U(SPEC) |: VCinvmonotonicinP(MPuvU)'

Proof. We start with a few preliminaries. Due to fact 2.34 and fact 2.37 is
SEM(c(SPEC)) = (SEM(c(SPEC))|,)|o-1 = SEM(SPEC)|,-
and so, using fact 2.39, we get:

SEM(SPEC + o(SPEC))
= SEM(SPEC)+ SEM(a(SPEC)) (*)
= SEM(SPEC)+ SEM(SPEC)|,.

In the following we show that the single items of theorem 4.7 are equivalent
to the single items in theorem 3.9:

theorem 4.7 (E) (b) < (¢) = (d) (e)
theorem 3.9 (a) < (
4.7(a) < 3.9(a): trivial.

4.7(b) = 3.9(b): Let A and B any two algebras from SEM(SPEC), and set
A" := B|,-1. Then is (see (*)) A+ A € SEM(SPEC + o(SPEC)).
From assumption, together with lemma 4.6, follows that M Pay 4/ is
rightunique, closed against F' wrt A and A’|,, and monotonic in P wrt
A and A'|,. By choosing R := M Paya we get a rightunique family
R = (R;)ses of relations Ry C A, x By, which is closed against F' wrt
A and B and monotonic in P wrt A and B. (The identity A'|, = B is
due to fact 2.34.)

4.7(c) = 4.7(b): From assumption, together with lemma 4.6, follows for all
A e SEM(SPEC), A € SEM(o(SPEC)) that M Pyy 4 is right-
unique and M Py 2 GTy 41,. So (fact 3.2(2)) M Paya is a total
function, and thus, due to lemma 3.4 closed against F' wrt A and A'|,.
Applying lemma 4.6 again, leads to A+ A" = VCosed against 7(M P, o).
Because of (*) we get SPEC + o(SPEC) = VCosed against 7(M P, o).

4.7(d) = 4.7(c): We choose as mapping program M P := M P". Then, the
proof obligations in VCgupset of aT(M P, o) degenerate to tautologies.
The other conditions of 4.7(c) are just parts of the assumption.
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3.9(d) = 4.7(d): Let us assume that 3.9(d) holds. Together with the above
preliminaries follows that for any two algebras A € SEM(SPEC),
A e SEM(a(SPEC))is GT 4 a1, rightunique and monotonic in P wrt
A and A'|,. From theorem 4.4 and lemma 4.6 we get that A+ A" |=
Vcrighmnique(MPu, U) and A+ A’ |: V Cinonotonic in p(MPu, U). By (*)
this is sufficient for SPEC 4 o(SPEC) = VCrightunique( M P*, o) and
SPEC + O'(SPEC) |: chonotonicinp(MPu,O').

4.7(e) < 3.9(e): The implication 3.9(e) = 4.7(e) can be proven just as 3.9(d)
= 4.7(d). On the other hand, from 4.7(e) follows (by (*)) that for any
two algebras A, B € SEM(SPFEC) holds (we abbreviate B|,-1 by A’)
./4 + ./4/ |: VC]eftunique(MPu, 0') U VCinv monotonic inp(MPu, 0'). Due to
lemma 4.6 we get that M P} 4 is leftunique and that MP“;‘}I_A, is
monotonic in P wrt A, and A. Since M P}, 4 = GT4 4|, (theorem
4.4), MPZL 4 = GTa, a (fact 3.2(1)), and A'|, = B (fact 2.34) this
is exactly what 3.9(e) states.

This finishes the proof (cf. diagram above). [

The criteria (b) — (e) of the above theorem suggest four approaches to the
verification of monomorphicity of a specification. All the proof obligations
are accessible to deduction, especially they can be dealt with in the KIV
system. It remains the question which of the criteria (b) — (e) is the best
with respect to tractability. To apply criterion (b) or (c) the existence of a
mapping program has to be proved. This is done constructively by explicitly
providing a program, checking that it is a mapping program (which can be
done automatically) and proving the obligations. In (d) and (e) no program
has to be made up, and the proof obligations can be generated completely
automatically. So one might prefer the latter two criteria. However, on the
other hand, providing a program in (b) or (¢) adds further information to the
proof task, which may be valuable while doing the proof. In some sense the
same information must be “generated” during a proof of criterion (d) (pro-
vided the program is chosen appropriately). We believe that programming
is easier than proving.?® Thus, for reasons of tractability, we give preference
to (b) and (¢) (and not to (d) or (e)). Fortunately, in doing so, we do not
lose anything, since we get (d) as a special case of (b) or (¢) by choosing
MP := MP*. (We suspect that (d) and (e) are of equal tractability since
they are in a sense symmetric.)

Comparing (b) and (c), the difference in VCosed against F(M P, o) and
V Coupset of a1 (M P, o) can be seen in their granularity. In the former there

20This argument is also a criticism of some approaches to program synthesis. We believe
that it is (in general) more tractable to explicitly provide a program and then verify it,
instead of (implicitly) constructing the program while doing the proof.
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is a formula for every function symbol of the signature, in the latter there
is a formula for every sort symbol of the signature, where in some sense the
formula for sort s captures all the formulas for function symbols with tar-
get sort s. On the first sight, following a divide and conquer principle, one
might prefer (b) over (¢). Unfortunately, in general some of the proof obli-
gations in VCosed against F(M P, 0) mutually depend on each other, i.e. they
have to be proven simultaneously (by induction). In this case the greater
granularity in (b) is more of a hindrance than a help. However, if there
are sorts mutually depending on each other, even some of the proof obliga-
tions in V Cyupset of GT(M P, 0) may have to be proven simultaneously. Thus it
seems to be the best to syntactically analyze the sort dependencies in order
to generate a set proof obligations without any mutually dependencies, but
with optimal granularity. Essentially this will be a mixture of (conjunctions
of ) formulas from V Cgupset of GT(M P, o) and V Ciosed against F(M P, o). In ad-
dition, if there is information provided about which function symbols are
constructors or not, it can be exploited to further optimize the definition of
the uniform mapping program and the proof obligations.

5 Conclusion and Future Work

We have presented proof obligations, which are sufficient and necessary for
the monomorphicity of a given specification. These proot obligations express
certain properties of potential indeterministic procedures and are formulated
in dynamic logic. So the task of proving monomorphicity can be directly
dealt with in the KIV system [4] which was originally designed for program
verification.

Currently, we investigate the question about the tractability of such
proofs. We have reasons to hope that proving monomorphicity using the
approach presented here, i.e. by (well-established) program verification meth-
ods, is much easier than using the meta-reasoning approach, which we have
pursued formerly [5]. In the next future we will work on generalizing our
results to parameterized specifications.
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A An Instructive Example

In the process of finding and proving the theorems in this paper we had
formulated the following (faulty) lemma.

(Faulty) Lemma A.1

Let SIG = (S,F,P), A,B € Gen(SIG), and R = (Rs)ses a family of
relations Ry C Ay x By, If R is lefttotal, righttotal and R C GT 4, then is
R closed against F' wrt A and B.

This faulty lemma says that every lefttotal and righttotal subset of GT'4 5
is GT 4 g itself (cf. lemma3.3). To see that this does not hold, look at a simple
example specification:

sorts S
functions a,b,c: s
axioms a=bANa#cVaFbAha=c

This specification has exactly two generated models (up to isomorphicity),
namely one, which we denote by A, with a4 = bs and a4 # c4, and the
other, which we denote by B, with az # bs and ap = ¢z. The relation

R = {(ba,bs),(ca,c5)}

is a lefttotal and righttotal (leftunique and rightunique) homomorphic rela-
tion between A and B. However, since (a4,ap) € R, it is not closed against
{a,b,c} wrt A and B.

Looking at the proof obligations, this result suggests that in general in
the involved uniform mapping programs (cf. definition 4.2) the program frag-
ments for the single function symbols cannot be combined in a fixed order
with if-then-else constructs instead of nondeterministic choice (|J) (which
is the case for uniform restrictions for modules [2]). For example, the input-
output relation (under A 4+ A’) of

map(x;var y). if # = b then y := ¥/
else if x = ¢ then y:=¢
else if + = a then y := ¢’
else abort

(where o' = o(a), b/ = o(b), ¢ = o(c)) is only a proper subset of, but
not equal to G144/, (cf. theorem 4.4). If one would take this procedure
as uniform mapping program, the proof obligations listed in theorem 4.7(d)
could be shown (though the specification is not monomorphic).
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